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We prove the quantization of the Hall conductivity for general weakly interacting
gapped fermionic systems on two-dimensional periodic lattices. The proof is based
on fermionic cluster expansion techniques combined with lattice Ward identities, and
on a reconstruction theorem that allows us to compute the Kubo conductivity as the

analytic continuation of its imaginary time counterpart.

1. INTRODUCTION

Two-dimensional condensed matter systems often present remarkable transport proper-
ties. A famous example is the Integer Quantum Hall Effect (IQHE): the Hall conductivity of
thin samples at very low temperatures, exposed to strong transverse magnetic fields, is equal
to an integer times the von Klitzing constant e?/h, [43]. This measurement is amazingly
sharp: the observation of the Hall plateaux is by now used to measure the fine structure
constant, at a very high level of accuracy. In view of the complexity of the underlying micro-
scopic Hamiltonian, which depends on several material- and sample-dependent parameters,
the universality of the Hall conductivity is a very remarkable phenomenon.

The quantization of the Hall conductivity for non-interacting fermions has a beautiful
topological interpretation [4, 53], and the intrinsic robustness of a topological quantity offers
a natural qualitative explanation of the observed universality. The universality of the Hall
conductivity in the presence of disorder has later been established in full mathematical rigor
in [2, 6, 8].

A similar universality property is expected to be valid in the presence of many-body inter-
actions, as well. However, while in the non-interacting case the features of the many-body
problem can be deduced from the single-particle Schrodinger operator, in the interacting

case one needs to consider the full N-particle Schrodinger equation, which is much harder to



study. This explains why a mathematical proof of the quantization of the Hall conductance
for interacting electrons remained open [5] for many years.

Effective field theories [15, 26-29, 55, 56|, have been used for explaining a possible topolog-
ical mechanisms underlying both the integral and the fractional QHE in interacting electron
systems. However, they are based on certain phenomenological assumptions, such as the
incompressibility of the “quantum Hall fluid”, which may be very hard to check from first

principles in concrete models.

More recently, the quantization of the Hall conductivity has been rigorously proved [38].
The proof of [38] is based on the hypothesis that the interacting ground state is non-
degenerate and, as in the effective field theory approach, incompressible, which amounts
to say that the interacting ground state is gapped, uniformly in the system size. This
assumption is unproven in most physically relevant cases, at least in the context of interact-
ing fermions. As far as we know, the only cases for which it is proved are perturbations of
“topologically trivial” classical reference states [24, 25], or of “frustration free” Hamiltonians
[16-18, 48], that is of Hamiltonians that can be written as sums of projectors geometrically
localized around the sites of the underlying lattice.

In this work, by using a different approach, we prove the quantization of the Hall conduc-
tivity for general interacting fermionic systems, under the assumptions that the reference
non-interacting system is gapped, and that the interaction is weak and short-ranged. In par-
ticular, our result applies to the interacting versions of the Hofstadter [1, 39] and Haldane
[37] models. See also [54] and [41] for numerical and experimental results on the interacting
Haldane model. We stress that our proof does not require any a priori assumption on the
interacting spectrum of the system. It is based on constructive cluster expansion techniques
combined with lattice Ward Identities. We write a convergent power series expansion for the
conductivity, defined in terms of the Kubo formula, and we show that all the interaction-

dependent corrections vanish exactly, in the infinite volume and zero temperature limits.

The idea that the universality of Hall conductance follows from Ward Identities is well
known [23, 40]. However, their implementation was so far limited to continuum effective
quantum field theory models plagued by ultraviolet divergences, and their use was combined
with formal manipulations of non-convergent Feynman graph expansions. Here, we consider
lattice Hamiltonian models, and we develop a strategy similar to [23, 40], based on lattice
Ward Identities. The convergence of the perturbative series is achieved by re-summing
the usual Feynman diagram expansions in the form of a suitable determinant expansion,
which admits improved combinatorial estimates. Similar techniques, combined with an
infrared Renormalization Group analysis, were used earlier for constructing the ground state
of several low-dimensional interacting Fermi systems, and for proving universality relations
among critical exponents, amplitudes and conductivities [9-14, 35, 36, 47]. In this paper we

apply these ideas for the first time to the study of the transverse (Hall) conductivity.

An informal statement of our main result is the following.



Consider a fermionic system on a two-dimensional periodic lattice, with grand canonical
Hamiltonian Hy + UV, where Hy is a quadratic gapped Hamiltonian, V is a density-density
interaction, decaying faster than any power at large distances, and U is its strength. If U is
small enough, then the interacting correlation functions are analytic in U and decay faster
than any power at large distances, uniformly in the system size and in the temperature. The
conductivity matriz, defined by the Kubo formula, is analytic as well, and its infinite volume
and zero temperature limit is independent of U. In particular, the longitudinal conductivity

18 zero, while the transverse one is quantized.

The rest of the paper is devoted to the proof of this result. In section 2 we define the
general class of Hamiltonians we consider, we define the current observable and the con-
ductivity, and state our main theorem in a mathematically precise way. In section 3, we
introduce the imaginary-time counterpart of the conductivity and state a “reconstruction
theorem” that guarantees its equivalence with the standard (real-time) Kubo conductivity.
In section 4, we prove the quantization of the conductivity, under the assumption of ana-
lyticity and smoothness of the multipoint current correlations at imaginary times. The key
ingredient in the proof is the use of Ward Identites, which are nothing but the restatement
of the continuity equation for the density at the level of correlation functions. In section 5
we prove the analyticity and smoothness of the imaginary-time/Matsubara frequency cor-
relations, by using multiscale fermionic cluster expansion techniques. Strictly speaking, the
content of section 5 is a straightforward adaptation of previous results, but we include it
here for the sake of self-containedness. In section 6 we prove the reconstruction theorem
stated in section 3, thus concluding the proof of our main result. In the appendices we
collect some auxiliary results: in appendix A we reproduce the well known result that the
non-interacting Kubo conductivity is equal to the Chern number of the filled Bloch bands;
in appendix B we apply our main result to the interacting Haldane model, and show that it
displays a non-trivial topological phase diagram; in appendix C we discuss the existence of
the infinite volume dynamics, required in the proof of the reconstruction theorem.

2. THE MODEL AND THE MAIN RESULT

In this section, we give a mathematically precise formulation of the class of models we
consider. First, we introduce the periodic lattice and the fermionic operators associated with
its sites. Next, we define the grand-canonical Hamiltonian and state our main assumptions
on its quadratic and interaction parts, including the gap condition for the non-interacting
theory. We proceed by introducing the current and conductivity observables, and finally we

state our main result.



A. Lattice fermionic operators

We let A = {mlz + ngﬁg, n; € Z} be the Bravais lattice generated by the two linearly
independent vectors E:, ly €R2. Given L €N , we also let A, = A/LA be the corresponding
finite torus of side L, which can be thought of as the set

Ap={Z|Z=nly +nols, n; €Z, 0 <n; < L}, (2.1)

with periodic boundary conditions (i.e., endowed with the euclidean distance on the torus,
denoted by |Z—7|, = mingeze |f—§+n1[1L+n2[2L|). The number of sites of Ay is denoted by

|Az| = L?. With each site & € A, we associate fermionic creation and annihilation operators
+
Z,00

possibly corresponding to the spin, or to different sublattices. In particular, the fermion

with 0 € I, and I a finite set of indices, which can be thought of as “color” labels,

labeled by o can be thought of as living on a physical lattice obtained by translating A, by
a fixed amount 7, € R (possibly equal to 0, in the case that, e.g., o is a spin index).

The fermionic operators satisfy the usual canonical anticommutation relations:

{wg,a’ Z{a’} = 55,—6’ 650‘,37 50,0’ s (22)

where ¢, = &, 7,y € A, 0,0’ € I, and .. is the Kronecker delta. Consistently with the
periodic boundary conditions, we identify the fermionic operators obtained by translating
Z by an integer multiple of L¢;. We let él, Gs be a basis of the reciprocal lattice A} of A,

ie., éz . E_; = 2md; j, and we define the finite-volume Brillouin zone as
BL:{E|E:%él+%ég,nzéz,0§TL1<L} (23)

We will also denote B = B,,. We let the Fourier transforms of the fermionic operators be:

1 L ) . B
+ E +ik- + = + k- +
1/]5’0 = _L2 & ? $¢E7U , V{L‘ & ALa < ¢E70— — E e:FZ z¢i7a ; Vk, c BL )

keBr, TEAL
(2.4)
Note that, with this definition, the fermionic operators in momentum space are periodic
. . . T+ T4 .
over the first Brillouin zone, that is ¢E,a = ¢E+@i,a’ 1 = 1,2. Moreover,
(V5. U5 ) = L2 o0 1000 - (2.5)

B. The Hamiltonian and the Gibbs state

The grand-canonical Hamiltonian of the system is assumed to be of the form:

Hy — uNp =HO + UV, — uN (2.6)



with

1O = S N wk HO(@ - g,

Z,geN] o0’ €l

V= Z Z ng Voo (T — ¥) ng/ ,  where ng= w%gwagg , (2.7)

Z,geN] o0’ €l

and  Np = Zan

relAp o€l

The operator H(LO) is called the free Hamiltonian, while UV, is the many-body interaction,
and U plays the role of the interaction strength. The constant p is the chemical potential,
or Fermi level.

We assume the hopping function H(g?f),(a_c’) = Hg?()m,(f) to be a function on the torus (i.e.,
ez? Hég;)aa/@ +m b L+ nalsL), and

HY) (0) = 0. In order for the free Hamiltonian to be self-adjoint, we require [Hg?,(f)]* =

a periodic function on Ap), such that HY (@) =

oo’

H ((,9(),(—3?) Moreover, we assume that H Qw, decays faster than any power at large distances,
so that: N
HO@® | < —X _ vN>0. 2.8
IHO@) < T V2 (23)

As a consequence of these assumptions, we see that the Bloch Hamiltonian

HOk) =Y e HO(7) | (2.9)

is a self-adjoint matrix, so that the spectrum o(H© (k) = {e,(k)}oer is real. The functions
k — (k) are called the energy bands. We let

o = sup || O (B)]. (2.10)
keB
which sets the energy scale. Note also that the infinite volume limit of H (0)(/2) is infinitely
differentiable in k.
Concerning the interaction, we assume, similarly, that v,/ (Z) is periodic on Ay, equal
to the sum over the images of its infinite volume limit, such that v, (0) = 0, Vee (T — ) =

Voro (¥ — ) and
Cn

o(B)| < —N
@ < 1

YN >0. (2.11)

In particular, the infinite volume limit of

Voo (D) = Y €7 0501 (E) (2.12)

TEAL

is infinitely differentiable in p.



Finally, concerning the choice of the Fermi level, we assume the following gap condition:
8, = inf dist(u, o(HO(K))) > 0. (2.13)
keB
One of the important implications of the gap condition is that the projector over the “filled
bands”, i.e., over the bands with energy smaller than p, is smooth in k: more precisely, the

operator P_(k) =3 . _ 7, Pa(k), with P,(k) the projector over the a-th energy band, is

a projector itself and, in the infinite volume limit, it is infinitely differentiable in k.

Remark. The assumptions that H®(Z) and v(Z) decay faster than any power are far
from being optimal. It is easy to adapt the following discussion to the case of sufficiently fast
power-law decay of the hopping matrix and of the interaction. Since we are not interested in
optimal bounds, for simplicity we illustrate our method in the case of faster-than-any-power
decay. Note also that, if the hopping matrix decays exponentially fast at large distances,
then the Bloch Hamiltonian and the projector P,(l;) are analytic in /;, rather than just
infinitely differentiable.

In the following, we construct the grand-canonical Gibbs state associated with (2.6), which
is characterized by its correlation functions, defined as follows. Given an observable O, that
is a self-adjoint operator on the fermionic Fock space F, its expectation value is:

e~ BHL—pNL)
(Odppr = Trrppur Oy Pt = T 5=y (2.14)

where F is the fermionic Fock space. The chemical potential p should be thought of as
being fixed once and for all, so that (2.13) is verified. Therefore, for notational convenience,
we shall drop the label p from the symbol for the Gibbs state and for the density matrix:

()L = () and pg 1 = psL-

C. The current and the conductivity

Let us preliminarily define the current observable on the infinite lattice A. Given 7 € A,
we let ¥, := ¥ + 7, be the location of the fermion labeled by ¢ € I, see the discussion
following (2.1). The total position operator is defined as X = Y oet 2ozen Tong, while the
d.c. current is

Ji=i[H,X] . (2.15)

where H is the formal infinite volume limit of H;. Note that J = i{H(O),X }, because
V commutes with X. Moreover, X can be naturally decomposed as X = X® + X®,
where X = > #o 2 ng represents the position of the “centers” of the cells of the Bravais
lattice, and X® the displacement with respect to the centers. The current J inherits this
decomposition. As we shall see below, the “displacement current” J®@ does not contribute

to the conductivity, in the infinite volume and zero temperature limits.



By using the definition of H, we can rewrite J more explicitly as

Z > G —T0) I (2.16)

Z,yeN o,0'el

where
57 = iV Ho (T = g0 — Vg Hoy (7 = Tz, (2.17)
is the bond current flowing from 7, to y,». The bond current satisfies a natural continuity
equation, which is reviewed in the next section. The finite volume current (to be still denoted
by J in the following, with some abuse of notation) is defined by an expression analogous to
(2.16), with the sums over & and ¢ restricted to Ay, and the vector (y,» —Z,) to be interpreted
s (] — @)1 + Ty — T, where, if § — Z = (n1ly,nols), then (§ — F)r = ({ni}rly, {na}ibs),
with {n}, =n—L[%+3].

The conductivity matrix in the infinite volume and zero temperature limits is defined via
the Kubo formula [44] as:

1 1 . 0 w [ —1
Uij<U) = Z wli)%lJr ; (Z /_OO dte t ([6 HtJie Ht, Jj])oo - (HH, Xz], XJ] )oo) s (218)
where A = ]ﬁ?/\@| is the area of the fundamental cell, and (O) o, = limg_,oo limy, 00 L™2(OL)5 1.
The second term in parentheses is known as the diamagnetic term, or Schwinger term. This
formula describes the response of the system at ¢ = 0 after adiabatically switching on at

t = —oo a time-dependent external field, whose amplitude is damped by a factor e**; see [2,
Eq.(A.7)].

D. The main result

We are finally in the position of stating our main result in a mathematically precise way.

Theorem 2.1 [Universality of the conductivity matrix| Let 0;;(U) be the conductivity
matriz of the model with Hamiltonian (2.6), as defined in (2.18). Under the assumptions
on the Hamiltonian spelled out after (2.7) (see (2.8), (2.11) and (2.13)), there exists Uy > 0
such that

0:;(U) = 045(0) , Vi,j=1,2, (2.19)

as long as U € (—Uy, Up).
Remarks.

e The non-interacting conductivity o;;(0) is well-known to be quantized [2, 4, 53|. The
proof that the non-interacting conductivity is equal to the first Chern number is re-

produced for completeness in appendix A. Therefore, theorem 2.1 tells us that, if



|U| < Uy, 0,(U) € Z/(2m), which is the usual quantization formula of the Hall con-
ductivity, in units where e = A = 1. Moreover, the computation in appendix A shows
that J®, which was defined after (2.15), gives a vanishing contribution to 0;;(0) and,
therefore, in light of theorem 2.1, it gives vanishing contribution to the interacting
conductivity, as well.

e The infinite volume and zero temperature current correlations entering the definition
of conductivity are defined by first sending the volume to infinity and then the tem-
perature to zero. However, in the situation we are considering, the two limits can be
interchanged, thanks to the gap condition.

3. IMAGINARY TIMES AND MATSUBARA FREQUENCIES

In this section we introduce the notion of Euclidean (imaginary-time) correlation func-
tions, which are the most natural class of correlations that can be studied by the many-body
thermodynamic formalism. We also introduce their Fourier transform, which are known as
the correlations at imaginary (or “Matsubara”) frequencies. Next, we define the imaginary
time/Matsubara frequency counterpart of the Kubo conductivity, and state a “reconstruc-
tion theorem” about the equivalence between the two definitions of conductivity, to be
proved in section 6.

A. Euclidean correlation functions

Given an observable O, we let O, with ¢ € [0, #) be its imaginary time evolution, namely
O, = lHL=ND) p—t(HL—uNL) (3.1)

Given n observables Oﬁll ), ce Oﬁ:), each of which can be written as a polynomial in the

—t(Hp—pNL)

. . 1. . + o t(HL_NNL) +
time-evolved creation and annihilation operators w(t’f)’a =e Yz e , we

define their time-ordered average as:

| Tir e—ﬁ(HL—uNL)T{O;U . Ot(:)}
AL TI‘]: e‘ﬁ(HL_NNL) ’

(TO - 0 (3.2)

where the (linear) operator T is the fermionic time-ordering, acting on a product of fermionic
operators as:

{¢ B warszn)ﬂn} — Sgn(ﬂw(&;u) B w(ﬂ(n) : (3.3)

ﬂ(l)vx‘/r(l) U‘/r(l) ‘rr(n): 7r(n) 01 (n)

where 7 is a permutation of {1,...,n} with signature sgn(r) such that ¢ty > ... > t @) If
some operators are evaluated at the same time, the ambiguity is solved by normal ordering.
Moreover, we denote by (T Ot1 p o O(n)> 3,1 the time-ordered truncated correlation

function, or cumulant, of Ot1 e Ot:). If the observables are all even, i.e., if they are linear



combinations of even monomials in the creation and annihiliation operators, the cumulant
is defined as follows [3]:
@ ... oy . o
MO O -1 Oy = grmmog {14 30 ADTOM}| L (34)

A=0
Ic{l 2a 51 }

where A(I) = [[;c; i and O/ ) [ L Oi For n = 1, this definition reduces to <Ot(11)) =
(OW). For n = 2 one gets (T Ot1 ; Ot2)> (T 0(1)0(2)> <O )(0(2)> and so on. A similar
definition of time-ordered truncated expectation is valid in the case that Og) is replaced by
an operator depending on multiple times, e.g., by OS)OS ), with O another even observable.

We also introduce the notion of Fourier transform with respect to the imaginary time.
Consider, again, the case of n even observables 08 ) ,Og:), with t; € [0, ). We denote
by 6&) = foﬁ dt e~wit Ot(i) their Fourier transforms, where w; € %Z are called Matsubara
frequencies. By using the definition of time-ordered correlations and the cyclicity of the
trace, it is straightforward to check that

B B
/ dtl . / dt —Zwltl “—iwnln <T Otl R O(:)>B,L =
0 0
= Owi+-~4wn,0 <T Owl ) 3 ng;i)’ O(—n()w1+~~-+wn71)>ﬁﬂL ? (3'5>

which sets our convention on the Fourier transform of the truncated correlations.

B. The continuity equation

As anticipated in section 2 C, the (imaginary-time) evolution of the bond current satisfies
a natural continuity equation, Wl/liCh reads as follows: if NGz and ( g;’) , are the imaginary
time evolutions of n% and of JZ7, respectively, then

Oz =i ) D (7). (3.6)
yeAr o’el

The continuity equations (3.6) for different values of o can be conveniently combined in a
single equation, by letting

o =D )€ TNl (3.7)

relA; o€l
with p' e {lg F=m él + %ég, n; € Z}. The observable jO,(t,ﬁ) satisfies
OJoepy + 0 Jup =0, (3.8)
where

Tep=5 XX PG g () (55, (39)

Z,yeA o,0'€l
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and
1 — e~ P (Ypr —7s)

037 (9) = (3.10)

with the understanding that 137 (0) = 1, if §i» # &, and n2% (§) = 0, if ji» = Z,. Note
that, in general, jo,(t,p) and j(t@ are not periodic in p’ over the Brillouin zone.
C. The conductivity at imaginary frequency. A reconstruction theorem

The natural counterpart of the Kubo conductivity (2.18) at imaginary time/Matsubara
frequency is defined as follows (cf., e.g., [46, Eqs.(3.388) to (3.391)] and [52, Eqgs.(6) to (10)]):

_ . 11~ o ~ .
0i5(U) := — lim -~ [Kij(w,0) — K;;(0,0)] (3.11)
where
= . ) 1 N .
Kij(w,p) = Jim lim @<Tji,(w,ﬁ)5 Jj(—w9) a1 (3.12)

and ji,(w@ = foﬁ dt e’i“’tjh(t@ is the Fourier transform of the current-current correlation.
Note that the labels i, j € {1,2} in the previous two equations refer to the basis é; = (1, 0),
és = (0, 1). Now, if the infinite-volume current-current correlation function IA(ij(w, 0) is
differentiable at w = 0, then (3.11) reduces to:

(0,0), i=1,2. (3.13)

This is in fact the case for the class of systems we are considering, as we shall prove on
the basis of fermionic cluster expansion methods, by taking advantage of the gap condition
(2.13) on the non-interacting spectrum. See proposition 4.1 below.

Remarkably, for the class of gapped systems we are considering, the Kubo conductivity at
imaginary frequency, in the limit of zero frequency, is the same as its real-time counterpart
0ij(U) defined in (2.18). This is summarized in the following proposition.

Theorem 3.1 [Reconstruction of the real-time Kubo formula] Under the same as-

sumptions as theorem 2.1,

for allU € (=Uy, Up).
This theorem will proved in section 6. It allows us to study the Kubo conductivity via

its imaginary time counterpart, which is more directly accessible to constructive many-body

techniques, to be described in the following two sections.
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4. UNIVERSALITY AND WARD IDENTITIES

In this section, we prove theorem 2.1, by combining the use of exact lattice Ward Identities
with the information that the multipoint density and current correlations are analytic in U
and smooth in the momenta. More in detail, we first introduce the definition of multipoint
density and current correlations, and state a result, to be proved in section 5, concerning the
regularity of these correlations. Next, we introduce the notion of Ward Identities, and prove
an important consequence thereof, in the form of an identity relating certain correlations
to the derivatives of other correlation functions. We then proceed to prove the so-called
Schwinger-Dyson equation for the correlation functions. Finally, we put together all these
ingredients and prove that ¢,;(U) = 7;;(0), for U small enough. In light of theorem 3.1, this
implies theorem 2.1 for o;;(U).

A. Multipoint density and current correlation functions

For n > 2, we let p; = (w;, 7)) € (2n/8)Z x Dy, and o; € {0,1,2} U I, with Dy = {k :
k= %61 +%ég, n; €Z} andi=1,...,n— 1, and we define:
s8I 1 A s
Kai,...,an(plv ce 7p’I’L—1) = rs /BLQ <T ‘]0617131 y T 7 Jan—lvpn—l ’ ‘]Oén,—Pl—---—Pn—1>ﬁ7L ? (41>
where, if @ = p € {0,1,2}, then J,, = foﬁ dt e~ ' J, 15, With J, .z as in (3.7) and (3.9),
while, if « = 0 € I, then JAg,p = ng = foﬂ dt e~ ! ﬂ‘(’t@, in which case the vector p' € Dy,
should be identified with its image in B, modulo vectors in Aj. If n = 1, we introduce the
one-point correlation as

~ 1 ~
KoL .= Ja 4.2
n BLQ( 0)B.L - (4.2)
Moreover, for p; € R?, we let
[?ah,.ﬂn (P1y- -y Pno1) i= hm lim Kfi (P1,---1Pn-1) - (4.3)
B—00 L—00 @

Note that these correlations are invariant under the exchange of the indices (o, p;) with
(a;,p;) (and, if either ¢ or j are equal to n, p, should be interpreted as —ps — -+ — pp—_1).

A crucial fact for the following is that the infinite volume and zero temperature correla-
tions functions are analytic in U and infinitely differentiable in the momenta, as summarized

in the following proposition.

Proposition 4.1 [Existence and regularity of the interacting correlations| There
exists Uy > 0, independent of B and L, such that, for |U| < Uy and B, L sufficiently large,
the correlations [/(\'gf'.7an(p1, .y Pn_1) are analytic in U, uniformly in 5, L and in their
arguments. Moreover, the infinite volume and zero temperature limits of the correlations in
(4.3) exist, and define a sequence of functions l?al _____ an(P1s- -+, Pno1) that are analytic in U

in |U| < Uy, and are C* in their arguments.
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The proof is given in section 5. The C* regularity of IA(m’..‘,an(pl, .., Pn_1) could be
improved to analyticity, in the case that both H(®(Z) and v(#) decay exponentially at large
distances.

B. Ward Identities

The components of ja,p with o = p € {0,1,2} are related among each other by the
continuity equation (3.8), which is an exact identity at finite volume and temperature. If
plugged into the definition of correlation functions, this equation implies exact relations
among the correlations, known as Ward Identities.

Proposition 4.2 [Ward Identities] Under the same hypotheses as proposition 4.1, if n >
2 and p; = (wi, Pi) € 2w /B)Z x D, Vi=1,...,n — 1, the following identity holds:

2 n
D @O P)uK I, , (P1 P2, Pao1) = ) Sf}fgj(lh, - Pn-1) (4.4)
p=0 7=2
where a; denotes the sequence o = (ag,...,ay) with the element o; removed, and
S;;L@j(plap% ey Pno1) = (4.5)
- /BLQ <T Aoéj (p17 pj) ) Ja27P2 YT ‘]aj—hpj—l ) Jaj+17pj+1 3T, Jan,_pl'”_pn71>ﬂ’L .
with 5
As(p1,p2) = / dt e Mt [Jo s Jo), - (4.6)
0

The identity (4.4) is also valid for the infinite volume and zero temperature limits of the

correlation functions.

Remarks.

e In the right side of (4.5), if j = n, then the vector p,, in the argument of Aan should be
interpreted as —p; — -+ — pp_1. In (4.6), ja,ﬁ = ja’(t@ ‘t:O’ and I:j(),ﬁla JNG@L denotes

the imaginary time evolution of [j()’ﬁl, Jogi]-

e The term in the right side of (4.4) is called the Schwinger term. It is, of course, absent
it the observables jo,ﬁl and ja@ commute, i.e., for a =0 or a € I.

Proof of proposition 4.2. By integrating by parts with respect to t;, we find (noting

that the boundary terms cancel)

1
pL?

A

B , - .
/ dtl e_lwltlatl <T JO,(tlyﬁl) ; Jaz,pz T, J,
0

anvp”>,8,L Y (47)

iwlf?()ﬁ,é(ply oy Pno1) =
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where p, = —p1 — - - - — Pn_1. Recalling the definition of time-ordered correlation function,
we see that the derivative with respect to ¢; can act either on the observable j07(t1, ), 1N
which case we can apply the continuity equation (3.8), or on the characteristic functions
entering the definition of time-ordering. Therefore, (4.7) can be rewritten as

~ 1 . . 1 B n
. L S . ) . §
w)lKOB,g (P1,- s Pu1) = _Wpl : <T Ip1 i Jaspas Jan7pn>B7L + W/O dty X
Jj=2

Xe—i(w1+wj)t1 <T [JOpl - - J

O‘]vp]:|t1 ; ‘]0627132; s dajpion Jaj+17pj+1; T Janypn>/37L

(4.8)
where, for any collection of even observables OM ... O™,

<T [0(1); 0(2)] .0(3).

tl’ t3 7”'; tn >B’L

. O™
<T Ot1 7Ot2 7Ot3 7t Otn >g,L ta=t1+0~

—(TOR;0;0;--;0) (4.9)

B,L1ta=t1+0% ~

Now, a straightforward implication of the definition of time-ordered truncated expectations
is that

(TOL: 01 Of) s = (TOYO s - 015
— > ATO O Of s (T O 0P s O (420)
{7;17"’72'17}
{71,---da}
where the sum in the second line is over all the partitions of {3,...,n — 1} in two disjoint

subsets, {i1,...,4,} and {j1,...,j,}. By plugging this identity in the right side of (4.9), we
obtain that

(4.11)

t37 t37

D.H271 . HB. . _ 1 271 .G, .
(T[01;00],:09;--- ;00 = (T[0W,09)], ;0% ;00 |
(Note the comma between Ot(l1 ) and Og ) in the right side, instead of the semicolon). Finally,
by using (4.11) in the second line of (4.8), we obtain (4.4). By taking the limit as the
volume goes to infinity and the temperature to zero, and using the existence and analyticity
of the limiting correlations stated in proposition 4.1, we obtain that (4.4) is also valid for

the limiting correlations. L]

The Ward identities have important consequences on the momentum-dependence of the
current-current correlations. The following corollary will play a crucial role in the proof of

our main result.

Corollary 4.1 Under the same hypotheses as proposition 4.1, the infinite volume and zero

temperature correlations satisfy the following identities:
(1) Ifn>2, j€{1,2} and ¢ = (03,...,0,) € [",

~ . . 0Ky,
Kj7g<(w70)ap27--'apn—l) = —ww 07#((w70)7p27"'apn—1) . (412>
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(2) Ifn>3, 4,7 €{1,2} and o = (03, ...,0,) € ["2,
8§-/.J =, =,

I?j,j’,g((wba)? (w276)7p37 e 7pn71> — apjl"i((wb())’ (w270)7p37 e 7pn71) == (413)
7]
82-[?000' ~ ~
= — —_— = 0 0 e Pne1) -
W1wzﬁp1,jap2,j/((W1’ )7((")2’ )7p3a P 1)
Remarks.

e These equations are just two special examples of relations among the correlations and
their derivatives that can be obtained from the Ward Identities, by using the differen-
tiability of the correlation functions stated in proposition 4.1. We limit ourselves to
stating these two equations, because they are only the ones playing a role in the proof

of our main result.

e Similar consequences of the Ward Identities have been used by Coleman and Hill [23]
to prove that all the contributions to the topological mass of QED,,; beyond one-loop
vanish exactly.

Proof of corollary 4.1. In order to prove (4.12), consider the limit as 8, L — oo of
(4.4) with (aw,...,a,) = o, which reads
~ 2 ~
1w Kog(P1s- - Pnet) + ZpLiKi,g(pl, cesPno1) =0 (4.14)
i=1
Recall that these correlations are differentiable, by proposition 4.1. Therefore, we can derive
this equation with respect to p; ;. If we do so, and then compute it at p; = (w, 6), we obtain
(4.12).
In order to prove (4.13), let us proceed as follows. Consider the 8, L — oo of (4.4) with

(g, ..., ) = (', a), which reads
2
'éWlK[)7j/7g<p1, e apn) —l— Zpl,iKi,j’,g(ph e 7pn) = Sj’;g(pb Ce 7pn) . (415)
i=1

By deriving it with respect to p; j, we obtain

~ o ~
Kj,j’,g(ply e 7pn—1) - apl ) j’;g(pb e 7pn—1> =
7]

d -~ 2 9 ~
= —iw1—— Ko o(P1se s Prot) — i——Ki 1 (P1s -+ P 4.16
iwy Fpr; 0d «(P1 Pn-1) ;pl, Fpry i «(P1 Pn-1) (4.16)

Similarly, consider (4.4), with (s, ..., a,) = (0,a). By using the invariance of l?ah__’an(pl, .

under the exchange of (o, p1) with (ag, pa), we obtain

2
w2 Koo, (P15 -+ Pn) + ZpuKo,i,g(pl’ o Pa) =0, (4.17)

i=1

. Pn)



15

and by deriving this with respect to ps j/, we find:

Ko,j/,g(ph cee 7pn—1) = —2'602a /KO,O,g(ph ces ,pn_1)

0 ~
_ Z pQ’i%KO,i,g(pla e 7pn—1> . (418)

By plugging this equation into (4.16) and then setting p; = (wy,0) and py = (ws,0), we
obtain (4.13). u

C. Schwinger-Dyson equation

In this section we derive an equation relating the two-point current-current correlation,
which enters the definition of conductivity, with higher-point correlations, known as the
Schwinger-Dyson equation. The equation will be expressed order by order in perturbation
theory, which is not a limitation, since, in light of proposition 4.1, the correlations are
analytic in U, if |U| < Uj.

The starting point is the convergent perturbative expansion of the current-current corre-

lation. By using the Duhamel’s formula, one can easily prove that

~ Uk: R k:
K’ (p) = Z(—l)kgKf}L’( '(p) (4.19)

k>0

where, if v, = foﬁ dt (V1) is the integral of the imaginary-time evolution of the interaction,

5 1
B,L,(k
Ki,j ( )(p) BLQ <TJ7P7 J], vaL > (420)
Here 17Lk is a shorthand notation for le ; 17L R lej . and the superscript (9 is a shorthand
k 1’;;‘168

for | y—o: this means that both the Gibbs state and the time evolution of the operators
in (4.20) are computed at U = 0, i.e., with respect to the grand canonical Hamiltonian

HLO) - l,LNL

Note that 17L can be conveniently rewritten in momentum space as

’7L:ﬁ DD e (@) 27y (4.21)

qEQ”ZXBL o,0'el

Now, plugging (4.21) in (4.20), we obtain that, for all k£ > 1,

~ 1 ~.
B,L,(k k=1, ~g ~o’ (0
R0 (p) = 0% SN b @T dip: Jips VIF aZAT )Y, (4.22)

qe2"Z><BLGU el
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By using the combinatorial identity (4.10), we can further rewrite the average on the right
side as

q’

k—1
L ~. , s oA ~. k—1
k=1, ~o ~o’ \(0 . L yik—l. so . no’ (0
(Tdips Jjmps Vi g7 ) = (T dips Jimps ViF o0 aZ) ) + ( ) x
g Pim . oy (0 L N CONC Joo V™ @e
< (T dips Jjmps Vi 00y S, TV DD, + (T s VM5 2y, -
(T J; V™ )é)L—i—terms obtained by replacing ng <—n? } . (4.23)

The translation invariance of the Gibbs state implies that (denoting q = (&', 7)):

2 - yy;m . ~o\(0 T .7 Cym. so\ (0
<T ‘]Z}P; ‘]J}—P; VL J q>(67)L = 6w’,05*q<T JiP? Jj -pP> VL ) n0>,(8,)L
7 ysmo. ~o\(0 im . ~o \(0
(T Jip: Vi 05 = 00z 55 (T Jips Vi3 27 )5 (4.24)
~; ~0 U . O
(V™5 17 )5, = 00075 (TV;™ 3 i) 5

If we now substitute (4.23) and (4.24) into (4.22), we obtain the following remarkable iden-

tity, summarized here as a proposition.

Proposition 4.3 [Schwinger-Dyson equation| For all k > 1, i,j € {1,2}, and p €
%”Z X Dy, the following identity holds:

7>8,L,(k 1 ALkl
KGO0 =55 X X @K (P -pa)

qEQ“ZXBL o,0'el

k—1
k-1 ~ N\ 7 m 7> —1-m
23 (1) St ORI e )
m=0 m o,0’el
k—1 k 1
- ~ ,L,(m) >B,L,(k—1—m
+2 < . ) > b (=P K (p) K '(—p).

o,0'el

Note that 0,4/ (—p) = Uy (P), and the argument of 0, should be identified with its image
in By, modulo vectors in A7 .

D. Proof of theorem 2.1

We are finally in the position of proving our main result, theorem 2.1. The proof is based
on a combination of the three results discussed in the previous subsections, namely: the
analyticity of the correlation functions (proposition 4.1), the Ward identities (proposition
4.2), and the Schwinger-Dyson equation (proposition 4.3).

Proof of theorem 2.1. In light of theorem 3.1, it is enough to prove that ,;(U) = ;;(0),
for U small enough. First of all, by the analyticity of the current correlations stated in
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proposition 4.1, we have that 7;;(U) is analytic in U as well, as long as |U| < Up. In this

domain, 7;;(U) can be written in convergent perturbation series as

_ _ —_(k
oy(U) =g + Y (-1 e (4.26)
k>1 ’
where ] 9
=(k) _ = LW a8
0 = A}}L% GwK (w,0) . (4.27)

Since the series in (4.26) is convergent, in order to prove theorem 2.1 it sufficies to show
that:
7 =0, forallk>1. (4.28)

This will be proved by showing that the derivative of Rg; ) (w, 5) with respect to w vanishes
linearly as w — 0. To this aim, we plug the Schwinger-Dyson equation (4.25) into (4.27),
thus getting, for all k > 1, 5. = 1<’f> +1I® 4+ 111 | with
1 " "
MN:——hm/‘ X:%J@—-ZNU« ,0), (—w,0),q) (4.29)
]RXB ‘B‘

A w—0

2 k-1 0 ~
M = — = lim 3" b (0) - K7 (w0, 0), (—w, 0) KU
A Ow
B

w_>0m:0 oo’'el
2 k-
k) . _ =2 - A >(m) N 7 (k—1—m) —’i|
1™ AUIJILI%) §0< . >U§/€IUUU (0)3w [K (w U)K (—w,0)] .

Now, by using corollary 4.1, we prove that the three contributions are separately zero.

The contribution I®) . First of all, note that

0 2 (e-1) 0 [ (k-1 0S}ia)
v I~ . =~ _ — ~ i ~ 70,0 ~ . ~
5K bseon (@0, (<. 0).a) = 5o K50 ((,0), (-,0), ) =522 ((,0), (-, 0),0) |

(4.30)
simply because, by the very definition (4.5)-(4.6) of SJ 0.0’ (P1, P2, P3), this function depends
on wp and wy only upon the combination w;+ws, so that, in particular, S],U,a’ ((w,0), (—w,0),q)
is independent of w. We can now use (4.13), understood as an order by order identity be-
tween convergent power series in U, and we thus obtain

82 7o (k—1)

W= & w0
= 3im | e ] 2 D[ o (w.0), (0. )| (31
1

. (k—1) 9 +(k—1)
- Akﬁéw\ I%Qﬂ”F (@) + P E Vw0
where

/82
k: 1) 0,0,0,0" ~ ~ /
— 4.32
) = /Qﬂmm%w«@manMwm» (4.32)

(k—1) (k—1
k 1) , agKOOO’O’ a3[(000)0
w, ) = [ (@,

0), (—w,0), (W, ) .
27T 8w18p“3p2] 80026]91,@8]92,] )( )( CD)
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Now, the key remark is that Fl(kfl) (w,q) and Fz(kfl)(w, ¢) are bounded uniformly in w and
¢, for all ¢ = 1,2,3, which immediately implies that the second line of (4.31) is zero, as
desired. In order to prove that |Fl-(k_1)(w, ¢)| < C, uniformly in w and ¢, we rewrite

k-1

7>(k—1) _ —iwy t—iwat —iwst” —ip) T—ipey—ip3Z = —
Kiopr(P1,P2,P3) = > _ [dL> e € 1 voro (@ = 3i) | %
z

o =1

X <n((7to,f) ; n((:gﬂﬁ) ; n((Tt”vfj ) ng/ ; n((:fll,fl)ni(ftll,ﬁl) »T nl(jzjcill:fkfl)nzzjc:ll’gkfl)> ’ (4.33)
where: (i) ¢ is a shorthand for (09,0}, 01,0%,...,0%_1,0,_,), and is summed over I%* (ii)
t is a shorthand for (t,#',¢",1,...,t,_1), and is integrated over R¥*2 (iii) Z is a shorthand
for (Z,4, 2, %1, %1, .., Tx_1,Yx_1), and is summed over A?**! where A = {7 : 7 = nily +
naly,m; € 7}, (iv) ()9 stands for lims_ e limy o <>(50)L By using (4.33), we can rewrite
Fl(k_l) as

k—1

k—1 —iw(t—t") —iqZ (=2 (.~ - -
F ) == 3 @Y e e (@) @) [ [] ooy - 0]
a z =1
X<nao . n"é - nl . ncr’. nol an/l e n”kfl nU;ﬁl >(0 (4 34)
@) ) 100,2) 0 0 0 Ty, @) (i) P (-1, Tk —1) " (te—1,Tk—1) . )

The truncated expectation value of the number operators in the second line can be computed
via the Wick rule, which is the following. Write each number operator in the form nf ) =

5,
w(t’w)’p@/)(_s @) and consider all the possible pairings of the creation/annihilation operators
such that each annihilation operator ¢@,w),p is paired with a creation operator 1/1(?@,)#,, with
the additional constraint that the resulting pairing p is “connected” in the following sense.
Consider the directed graph G, = (V, E,) whose vertex set is V = {Z,7, 2,0, Z1, %1, . . . , Jr—1},
and whose edge set £, consists of the ordered pairs (7, 4;), { = 1,...,k — 1, as well as of
the ordered pairs (w, W) associated with the elements ¢ = (¢ ; , w(J;’,w’),p’) of the pairing
p: we shall say that the pairing p is connected if the graph G, is connected. Then associate
each connected pairing p with a value, given by the sign o, of the permutation required
to move every creation operator to the immediate right of the annihilation operator it is
paired with, times the product over the pairs of the corresponding propagators, where the
propagator corresponding to the pair ¢ = (w(;,zﬁ),p7 w(t,,,m,)’p,) is

G = gpp(s—s,w—d')= lim lim <Tw(_s,u7),pw+ B )(0) = (4.35)

800 L—oo (s"@").p' Mg r,

PP

_ / ﬁe—ig(ﬁ—uj’) 6—(5—5’)(ﬁ(0)(E)—u) (]1(8 = S,)P+(E) o 1(8 < 8/> P_(E)):| :
5 B

- -

where P_(k) is the projector over the filled bands (see the lines after (2.13)), and P, (k) =

-

1 — P_(k). As already observed after (2.13), under the gap condition, P_(k) is infinitely
differentiable in k. Therefore, Joor (s — &', — ') decays exponentially in s — s" and faster

than any power in @ — /. For later convenience, if ¢ = (@D(_s ) p,@/JEL ,), we denote by

s',@"),p
Ax, the space-time difference associated with ¢, namely Ax, = (At,, AZy) = (s— &', 0 — ).
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On the basis of the Wick rule explained above, (4.34) can be rewritten as

kal)(w,d):—Z/dtZ et =10 (), ( [valg yl]z&pﬂgfv

pEGe  Lep

(4.36)
where G, is the set of connected pairings. In order to bound this expression, for each pairing
p we arbitrarily choose a connected tree subgraph of GG, denoted by T, consisting of all the
pairs (27, 4;), with [ = 1,...,k — 1, and of other k + 2 edges of G,. With some abuse of
notation, we shall denote by 7T}, also the subset of p whose pairs are graphically associated
with edges of T),. Next, we decompose (Z); along the path Cf‘ﬁ on T, from & to 0. By
walking along the path Cf"a from 7 to 0, some of the edges e € Cf_’ﬁ may be oriented in the
same direction as the walk, in which case we set o, = +1, and some others in the opposite
direction, in which case we set a. = —1. We can then rewrite (7); = zeecﬁ@ ae(AZy, )s,
where £, is the pair graphically associated with e. We use a similar decomposition for (7);.

In terms of these definitions, we can finally bound (4.36) as

|ka‘1><w,@|s<2k+1>222[ﬁ||v||1,2][ IT lella] | TT loelle] . (437)

a pEGe =1 LepnTy Lep\Tp

where [[v]|1m = SUP, 5 X ze | Voo (F)], | gellrim = $UDsor [ dt 3 gen 1217900 (£, T)], and
9¢lloc = SUD, ov SUD; |90 (t, T)|. Now, using the fact that v and g decay to zero at large
distances faster than any power, as well as the fact that number of terms in the sums over
o and over p € G, are bounded, respectively, by |/|** and by (2k + 2)!, we obtain that
|F1(k71)(w,(j)\ < (k!)*(const.)*, where the constant depends, in general, on the gap d,. By

proceeding analogously, we see that FQ(kfl) can be bounded exactly in the same way. This
concludes the proof of the uniform boundedness of Fi(k_l) and, as observed after (4.32), of

the fact that I%) = 0.

Remark. The (k!)? dependence in the bounds on Fl(kfl) and FQ(kfl) naively suggests
that the k-th order coefficient in the expansion (4.26) behaves like ~ k! at large k (note the
extra 1/k! in the right side of (4.26)), which seems incompatible with the stated analyticity
of ;;(U). In fact, there is a better way of bounding the k-th order coefficient of the series,
which is smaller by a factor ~ k!, as compared to the bound presented above, which implies
the analyticity of the series and will be discussed in the next section.

The contributions II® and III®). The proof of the fact that II®) and III® are zero
goes along the same lines as the proof that I¥) = (0. By using the independence of
:S’\j;g((w,ﬁl), (—w, P>)) on w and the identity (4.13), we find that

0 =m) - o 0 [

K 0 0 0 85 0 0
% i,j,o-((w7 )7(_w7 )) 8(JJ :|

R ((@,0), (—w,0)) —

1,],0

9, 0°K, o . .
:&,u[ apuaoggj ) } ’
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so that 5
k) — _ 21 S0 (k—1) 2 p(k—1)
o = — lim j{:lvmﬂﬂn[wa% (W) + W2F (w)], (4.39)
o,0'€
where
. k—1\ Koy - AP
FF D) = < >¢ w,0), (—w,0)) - K2 4.40
3 ( ) mhzm2: my apl,japlj’ (( ) ( )) o ( )
mi+mo=k—1
B E—1 63}?(7”1) a3l/€(m1) ~ . N
FFD(0) = ( )[ 009 _ 002 ] w,0), (—w,0 LK)
! ( ) m;Q: my 8(«0152?1,3‘8]92,]" 6)<4128101,j5]92,j' (( ) ( )) 7
mi+mo=k—1

Similarly, using (4.12), we can rewrite

. oK™ B oK™ .
K (w,0) = —iw——""—(w, 0 K" (~w,0) = iw—r""(~w,0 4.41
7, 0) = —iw T ), R 0) = im0, (44D
so that
P =~ 1im ™ 500(0) [20F*V(w) + 2R D (w)] (4.42)
o,0'el
where
Y = ) (k—l)af(o(ﬁl)< 0255 ) (4.43)
w) = w, —w,0), )
° mi,ma: my 8]71 8p]
mi+mo=k—1
. k—1\ (PR L OKM L R L PRy
F(k 1) _ [ 0,0 g 00 7 — 0,0 ) 00 Ml
6 (w) mhzm2: my awapl (wa ) (9pj ( w, ) 8]91 (Cd, )awapj ( w, )

mi+mo=k—1

By proceeding as in the proof of (4.37), one obtains that E(k_l)(w) are bounded uniformly
in w, which implies that II® = IIT® = 0, as desired. This concludes the proof of (4.28),
and of theorem 2.1. "

5. ANALYTICITY

In this section we prove proposition 4.1, concerning the analyticity in U and the smooth-
ness in p of the multi-point current/density correlation functions. Roughly, the strategy
will consist in: (i) reformulating the correlation functions in terms of a Grassmann inte-
gral, in the limit where a suitable cutoff function is removed; (ii) proving the analyticity of
the Grassmann integral, uniformly in the cutoff parameter; (iii) using Vitali’s theorem on
the convergence of holomorphic functions (also known as Vitali-Porter theorem, or Weier-
strass’ theorem), to conclude that the correlations themselves are analytic. The analysis

of this section is a straightforward adaptation of previous works, see, e.g., [34, Appendices



21

B,C,D] or [33, Section 6] for two recent reviews in the context of graphene with short-range
interactions, and is included here just for the sake of self- containedness.

As we shall see, our proof of analyticity uses a multiscale analysis, which seems like
overkill in a situation like ours where the propagator decays faster than any power in space
and time, uniformly in 8 and L. Before we delve into the proof, which is quite technical, let
us then explain why a naive single-scale approach fails, and what are the main ideas that
led us to use a multiscale analysis.

The generic order in perturbation theory can be expressed as a sum over connected
pairings, in complete analogy with the representation of the second line of (4.34) discussed
after that equation. Each pairing is associated with a value, which is bounded uniformly in
the parameters involved, in analogy with (4.37). However, after summing over the possible
pairings, the bound on the k-th order coefficient scales like C*k!, where k! should be thought
of as the product of the factor 1/k! appearing in the Taylor expansion (cfr., e.g., with
(4.26)) times the number of possible pairings, which grows like (k!)?, see the lines after
(4.37). In other words, if we bound pairing by pairing the contributions to the k-th order
in perturbation theory, we get a contribution that is not summable over k, because it is off
by a combinatorial factor ~ k!.

This problem is reminiscent of the problem of convergence of the virial (low-density/high-
temperature) expansion in classical statistical mechanics, where the k-th order coefficient is
the sum of several contributions, each of which is easily seen to be bounded. However, the
number of contributions to the k-th order of the virial expansion is too large (~ C"“Q) and,
therefore, the convergence of the series requires the exhibition of cancellations among the
various contributions.

In the fermionic problem at hand, the required cancellations arise from the fermionic
statistics: the k-th order coefficient in perturbation theory can be expressed in the form
of a determinant, whose norm is in many situations much smaller than the sum of the
norms of the single contributions to the determinant. For instance, if the generic element
of the matrix A is expressible in the form of a scalar product, A;; = (u;,v;), then det A
can be conveniently bounded (via the so-called Gram-Hadamard inequality) as: |det A| <
IL lJwll - [|vill, where | - || is the norm induced by the scalar product. Such a bound is free of
bad factorials and seems to make the job. Unfortunately, in the case at hand, the elements
of the matrix of interest are propagators gy, (t; —t;, #; —Z;), which are not expressible as the
scalar product of two vectors on any separable Hilbert space [51], due to a jump singularity
in the time dependence of the propagator. The jump singularity is induced by the time
ordering arising from the Duhamel’s formula. There are several ways out of this problem.
One is to expand the determinants in the form of “chronologically ordered” determinants,
each of which is free from jump singularities and can be bounded by the Gram-Hadamard
inequality, as in [51]. This approach has the advantage that it allows to obtain constructive
bounds without any multi-scale analysis, but in order to do so, it is crucial that the free

propagator decays sufficiently fast (as it is the case, e.g., in gapped systems). Recently,
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it has been shown that single-scale constructive bounds can also be obtained without the
use of chronologically ordered determinants, via non-commutative Hélder inequalities [20].
Another possibility is to impose an ultraviolet cutoff on the imaginary frequencies, and to
re-express the regularized propagator as the sum of single-scale propagators, each admitting
a scalar product representation, in terms of vectors of uniformly bounded norm. In this
way, we get rid of the combinatorial factor related to the k! explained above, at the cost of
analyzing a simple multiscale problem. Even if slightly more technical than the first method,
this approach has the advantage of being adaptable to massless situations, with propagator
decaying slowly (in a non-integrable way) at large distances, such as those studied in [11-
14, 34-36]. We believe that, by applying the multiscale methods of these papers, our theorem
2.1 could be extended arbitrarily close to the massless line §, = 0. In this perspective, we
prefer to present here a multiscale proof of the analyticity of the correlations, and we plan
to come back to the problem of extending it to the infrared regime in a future publication.

A. Grassmann representation

Let us preliminarily recall a few known facts about perturbation theory for the free energy
and correlations of interacting fermionic systems, which we need for justifying their Grass-
mann representation. We first discuss the free energy, which is simpler. Using Duhamel’s
expansion, we can rewrite the (a priori formal) series expansion of the interacting partition
function in the parameter U as:

Tr e BHL—1NL) tn—1 Trre BHL —#NL)) (¢ Vit
re — 1Y n/ dtl---/ dt, 7 L)(l) 1(tn)
Tr}'e_’B(HL _.U'N TL>1 0 TI'].‘G_B(HL _HNL)

(5.1)
where Vi (t) = UL —uNL)Y, o=t —1NL) s the non-interacting (U = 0) version of the
imaginary time evolution of Vp, cfr. Eq.(3.1). Symmetrizing over the permutations of

t1,...,t,, this can be rewritten as

Tr]__e—ﬁ(HL—uNL

Trre- BHO ) —1+Z /dt1 /dt (TVL(t) -+ Vi (t )) (5.2)

n>1

where we recall that the label () on the expectation symbol indicates that we are computing
it at U = 0. Since HS-JO) — pN7 is quadratic in the fermionic creation/annihilation operators,
(>(50)L can be computed via the fermionic Wick rule, which is completely analogous to the one
described for the infinite volume and zero temperature truncated expectation after (4.34),
with the following minor differences: (i) since the expectation in (5.2) is not truncated,
after having re-expressed Vi (t1)---Vi(t,) as a linear combination of monomials of order
4n in the creation and annihilation operators, we have to sum over all possible pairings of

these creation/annihilation operators, rather than just on the connected ones; (ii) the finite
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volume and finite temperature propagator associated with the pair (w(’t )0 z/J(J;, ) o) is

L - — — (0)
Goigr(t =17 = T') = (T gy V) .00) s, (5.3)
_B(HO) (B~
:_l_E:frﬁﬁ%f>F—w4wﬁwu@—m< Lt>t)  AE<t)e X0 m>] .
L? eB 1+ e—ﬁ(H(O)(k)_#) 1+ e—B(H(O)(k)_.“) o,0’
ebr

In the following, we denote by ¢g%%(t,Z) the matrix whose elements are gff, (t,7). Note
that, if 0 < t < 3, then ¢*L(t — 3,%) = —¢?L(t,¥). Therefore, it is natural to extend
g”E(t,T), which is a priori defined only on the time interval (—3, 3), to the whole real line,
by anti-periodicity in the imaginary time, i.e., via the rule ¢>L(t +ng, ¥) = (—=1)"g*L(t, 7).

The resulting extension can be expanded in Fourier series w.r.t. ¢, so that, for all ¢ £ nf3,

= 1 —ik-T—ikot ~ 7
gﬁ’L(tax):@ Y e m Ik 8L (ko k) (5.4)
k‘oEBﬁ
EEBL

with By = %7(Z + 3) and

1
—ikog+ HO(K) —

P (o, k) = (5.5)

If, instead, t = ng3, then ¢>L(nB,%) = (—1)"lim,_o- ¢°>*(t,Z). Note that, by the very
definition of the propagator and the canonical anti-commutation relations, gg(f, (0*,7) —
gfv’UL,(O_, T) = 0z 05,0, S0 that the only discontinuity points of g7 (t, ) are (nf, 6)

In the following we will also need a variant of g%%(t, Z), to be denoted by g** (¢, ¥), which
coincides with ¢%%(t, &), Y(t, Z) # (nf,0), and with the arithmetic mean of ¢>*(0*,0) and
g% (07,0) at the discontinuity points:

_ g%E(0%,0) + gPF(07,0)

B,L
(X) |x:(n5,i’) - 2

g )

(5.6)

The function g#%(x) is a natural object to introduce, in that it is the limit as M — oo of a
regularization of g%%(x) obtained by cutting off the ultraviolet modes |kg| > 2™ in the right
side of (5.4). More specifically, if we take a smooth even compact support function xo(t),
equal to 1 for |t| < 1 and equal to 0 for |¢| > 2, and we define

B 1 Cikx. (o N
PN = g D e (2 Mho/6,)57 (), (5.7)
keBgx By,
then
g (x) = lim g+ M (x). (5:8)
—00

These propagators can be used to re-express the formal perturbation theory in (5.2) in

terms of the limit of a regularized theory with finitely many degrees of freedom, which
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is advantageous for performing rigorous bounds on the convergence of the series. More
precisely, we note that (5.2), as an identity between (a priori formal) power series, can be
equivalently rewritten as

TI'}_G*B(HL*MNL) (—U)n B 38 B ) .
= i [1 dt,--- | dt,E ( t) - Vit )]7
Tl"]:e_ﬁ(H(LO)—MNL) Mlinoo * Z n! /0 1 /0 gom | Vi(th) Vi (tn)

where

. 1 L . 1
> <¢<+t,f>,o¢(t,f>,a + 5)“00’@ —9) (%,zn,o“/’(ag‘),af + 5) (5.10)

Z,geNy o,0’'€l

and Es 11/ (+) acts linearly on normal-ordered polynomials in ¢(it )00 the action on a normal-
ordered monomial being defined by the fermionic Wick rule with propagator

Eﬁ,L,M(w&,f)ﬁw(t/,f/),g/) = gfi M(t — 7~ f/)'

In order to check that the right side of (5.9) coincides order by order with the right side of
(5.2), it is enough to note the following (assume, again without loss of generality, that the

times t1,...,t, are all distinct):

e all the pairings contributing to (TVp(t1)--- V(¢ ))5L without tadpoles (i.e., with-
out contractions of two fields at the same space-time point) give the same contrlbu—

tion as the corresponding pairing in limy/ o Eg 1.0s (VL(tl) e VL(tn)> , simply because
97t (%) = gPE(x), ¥x # (n, 0);

e in the pairings contributing to (TVy(t1) - -- Vi (t )>(50 1, that contain tadpoles, every tad-
pole corresponds to a factor <¢(t ) ¢(t 2 >0 L= = —glk(0~ ,0), while the corresponding
tadpole in lim ;s Eg LM (VL (t1) - > contributes a factor

1

—5 1055 (0,0)) + 977 (07, 0)].

. — + _
Jdim B pr (V5 0, 050.,) = ~305(0.0) =

The difference between the two is

—,

1 = _ 1
2 [gaa(0+ 0)) - .gf:o['/(o ’O)] - _57

~307(0,0) + 95:7(0,0) =
which is compensated exactly by the +%’s appearing in the definition (5.10).
A concise way of rewriting the series in brackets in (5.9) is in terms of Grassmann integrals:
B _ _
1+Z / dty - / dt, E@L,MO}L(tI) . VL(tn)> = / Py (d)e UVar() - (511)
0

n>1

where V3 1,(U) and [ P<p(d¥) are, respectively, an element of a finite Grassmann algebra,

and a linear map from the even part of the same algebra to the real numbers, defined as



25

follows. Let By = Bs N {ko : x0(27"ko) > 0}, with By defined after (5.4), and Bj, =
Bj; x By. We consider the finite Grassmann algebra generated by the Grassmann variables
{\ilffg igéfu and we let

B B 1 - 1
Vip(0) = 3 /0 At (V2o Vo + 5) Voo @ =D (Voo Vigpor +3): (512)
AT
U,?{TG’EIL
where |
\Ifiazm DG (5.13)

KeBy

Moreover, [ P<p(d¥) acts on a generic even monomial in the Grassmann variables as follows:
it gives non zero only if the number of Wy  variables is the same as the number of ¥, _

variables, in which case

1,07 km,om MmO L\ P By Mg J1]=1,.

/PSM(d‘I’)‘III; 01\11; / \I/_ \I/; o = det[C(kz, 0;; pja U;)]i,j:l ms (514)
where C(k,0;p,0’) = BLzék,pXO(Q_Mko/éﬂ)gf”gL, (k). In particular,

[ Peanyu g =gt x— ). (5.15)

If needed, [ P<p(d¥) can be written explicitly in terms of the usual Berezin integral [ dW0,
which is the linear functional on the Grassmann algebra acting non trivially on a monomial

only if the monomial is of maximal degree, in which case

/ av TT %95, =1

keB; , o€l

The explicit expression of [ P<p/(d¥) in terms of [dV is

R M 4B 1g— (.
/PSM(d\IJ)( ) = B,L’M/d\llexp{ i k; Xo 2 Mko) B [627] qfk,,}( ),
with  Napa= [] [BL*Xx0(2 Mko/6,)]"! det g | (5.16)
keB;‘LL

which motivates the appellation “Gaussian integration” that is usually given to the reference
“measure” P<j(d¥). Because of (5.15), P<p(d¥) is also called the Gaussian integration
with propagator g*HM.

It is straightforward to check that the definitions above are given in such a way that the
two sides of (5.11) coincide, order by order in U. Note, by the way, that (5.11) is a (finite)
polynomial in U, for every finite 3, L, M, simply because the Grassmann algebra entering
the definition of the right side of (5.11) is finite.
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Summarizing,
Tr e BHL—1NL)
A = lim [ Pep(dW)e UVert®), (5.17)
TI‘]_.efﬁ(HL 7ILLNL) M—o0 n

as an identity between (a priori formal) power series in U. In a similar way, one can show
(details left to the reader) that the power series expansion for the truncated multipoint bond

current-density correlations can be rewritten as

(P i s ), amitis o minin),, = (5.18)
m-+n
= lim 0 1Og/p<M(d\I,)6—UVg,L(\If)+(d>,n)+(A,J)
M—o00 8A01U1 . a¢imin = A0 )
X1,¥1 m+n

where

(6n) = /OdtZasm 1oVt 3) (5.19)

(4,7) = / ED 2D AT g1V o Hooh (B = D),y = 10, o Hog (5= D)W, ]
2§ o0

The goal of the incoming discussion is to show that (5.17) and (5.18) are not just identities
between formal power series, but rather between analytic functions of U. Recalling the
connection between the total current and the bond current, (3.9), it is clear that this will
in turn implies the same for the multipoint (total) current-density correlations. Therefore,
from now on, we shall restrict our attention to the bond (rather than total) current-density
correlations.

In order to prove that that (5.17) and (5.18) are identities between analytic functions, it
actually suffices to prove the uniform analyticity in M, as M — oo, and the existence of the
limit as M — oo of the regularized free energy per site and correlations, as the following

elementary lemma shows.

Lemma 5.1 Assume that, for any finite B and L, there exists €z, > 0 such that the regu-
larized free energy per site

1

JoLm = —@log/PSM(d\I/)e_Uvﬁ’L(q’) (5.20)

and the reqularized truncated correlations
KB7L7M(Xlagla01>0/1;- .- ;Xm—i-nao_m—i-n) = (521)

8m+n

log / Peng(d0)e Vo () +@m+(A)
8Aa1a'l .. a¢am+n = A==0
X1,Y1 Xm+n

are analytic functions of U in the domain Dg;, = {U € C : |U| < egr}, uniformly
in M as M — oo. Moreover, assume that in any compact subset of Dg, the sequences
{foomtast and {KPEM(x), 41,010,005 .3 Xintny Omin) bars1 converge uniformly as M —

0o. Then (5.17) and (5.18) are valid as identities between analytic functions of U in Dg .
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Remark 1 In the following we will prove the assumption of this lemma, and actually much
more: namely, we will prove the analyticity of fa.ra and KP2M(xy, 41, 01,005 .. 5 Xmtn, Tmn)s
uniformly in B, L, M (not just in M ). We will also prove that these functions converge not
only as M — oo, but also as L — oo and [ — 0o, which in turn implies that the limit-
ing correlations in the thermodynamic and zero temperature limits are analytic as well, as
claimed in Proposition 4.1.

Proof of Lemma 5.1. Let us start by proving (5.17), which is equivalent to

Tr]_.efﬁ(HL —uNT)

. = lim e PWerm (5.22)
Tr}_e—B(HL —uNL)  M—oo

The first key remark is that, if 5, L are finite, the left side of this equation is an entire
function of U, as it follows from the fact that the Fock space generated by the fermion
operators 1/1::;0, with £ € A, o € I, is finite dimensional. On the other hand, by assumption,
fs.r,a 1s analytic in Dg; and uniformly convergent as M — oo in every compact subset
of Dg . Hence, by Vitali’'s convergence theorem for analytic functions, the limit fg; =
limy/ 00 f5,0,m 1s analytic in Dg and its Taylor coefficients coincide with the limits as
M — oo of the Taylor coefficients of fg 1 3. Moreover, by construction, as discussed after
(5.9), the Taylor coefficients of e=#%*/5.1 coincide with the Taylor coefficients of the left side
of (5.22), which implies the validity of (5.22) as an identity between analytic functions in
Dg 1, simply because the left side is entire in U, the right side is analytic in Dg, and the
Taylor coefficients at the origin of the two sides are the same. By taking the logarithm at
both sides, we also find that

f 1 | Tr]_.efﬁ(HL*#NL)
=— o
B,L BLQ g Trfe_B(H(LO)_MNL)

as an identity between analytic functions in Dg . In particular, the left side of (5.22) does
not vanish on Dg .

In order to prove the analogous claim for the correlation functions, we note that the trun-
;11;11),5 e ( ;:;?f)tm§ X3 izmm are linear combination

of ratios of entire functions, simply because they are linear combinations of products of

cated correlations (T (

non-truncated functions, each of which is a ratio of entire functions. The denominator in
these ratios is proportional to a power of the left side of (5.22) that, as observed earlier, does
not vanish on Dg . Therefore, the truncated correlations are analytic in Dg 1, which allow
us to repeat the same argument used above for the free energy, to conclude the validity of

(5.18) as well, as an identity between analytic functions in Dg ..

B. Uniform analyticity of the regularized correlation functions

In this section, we prove the uniform analyticity of the regularized free energy per site

and regularized correlations, in a domain D independent not only of M, but also of 3, L.
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Later, we will discuss the existence of the limit as M, L, 3 — oo of the regularized functions,
thus proving the assumptions of Lemma 5.1, as well as the existence and analyticity of the
infinite volume and zero temperature limits. Throughout the proof, C,C;, ¢, ¢;, ..., stand
for unspecified constants, independent of 3, L, M and of J,,, unless specified otherwise. The
key result proved in this section is the following.

Lemma 5.2 There exists ¢g = €0(d,) > 0 such that the reqularized free energy farm and

correlations Kﬁ’L’M(Xl,gl,al,ai; e 3 Xtny Oman) are analytic in the common analyticity
domain Dy = {U : |U| < eo}. Moreover, the regularized correlations are translation
wmvariant and they satisfy the cluster property with faster-than-any-power decay rate, i.e.,
for any collection of integers m = {mi,j’mk};;i:l,l.:h%n > 0, there ezists a constant C,, =
Cin(0,) such that
1
nro dX Z ‘Kﬁ’L’M@(la gla 01, U,l; s X Um+n)‘ dm(Ka ?7) < C’m (523)
/BI/2 Ang—n geAm B - o
’ A L

Here x = {X1,.. ., Xpmin}, ¥ = {V1,-- -, Un}, Mg = (0,8) x Ag, fAB,LdX is a shorthand

for [ dwo S acn, - and iy (x,5) = TT57% I — %™ [Ty [k — 2l7*, where, if || s =

min,z |zo+np| is the distance on the one-dimensional torus of size 5 and |Z|y, is the distance

on the torus Ay, we denoted |x| = eo|zo|s + |Z|L, with e the energy scale defined in (2.10).

Proof of Lemma 5.2. The proof is long and, therefore, we split it into three main steps:
we first define the multiscale decomposition of the Grassmann integral, which we intend to
perform in an iterative fashion; next, we explain in detail how to integrate the first scale;
finally, we explain the iterative procedure, whose output is conveniently organized in the

form of a tree expansion.

Multiscale decomposition. In order to prove the analyticity of the regularized free energy
and correlations, we perform the Grassmann integration in a multiscale fashion, by rewriting
the propagator g™ as a sum of smooth “single scale” propagators ¢, h = 0,1,..., M,

each decaying faster than any power on a specific time scale ~ 2"

M

_ 1 ik fn(ko)

B8,L,M — (h) (h) _ ik-x

P =YX, M) =—5 Y e L (5.24)
h=0 BL? keB —iko + HO(k) —

Here f5(ko) = x0(27"ko/0,) — x0(27" " ko/d,) for h > 1 and fo(ko) = xo(ko/d,). For later
use, note that the single scale propagator g™ (x) satisfies the bound

< Cr
S T @00l + (G el FI)K

for all h, K such that 0 < h < M, K > 0. In particular,

9" (x) (5.25)

971 = [ dx g6 " < €t (5.20)
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where [dx = [ A, 0 is a shorthand for foﬂ drg >

19" |10 Moreover, g® (x) admits a Gram decomposition, which will be useful in deriving

If n = 0, we shall denote ||g™]|, =

TEAL"

combinatorially optimal bounds on the generic order of perturbation theory:

gc(r1 o) (X y) (Ahxffu Bhy 02 Z / dz A;;,Xcrl ,) ’ Bh,y,@ <Z7 OJ) ’ (527)
with
Anno(2,0) = — ts=2) /7, (o)
hx,o\4,0 ) = ——= € h\r0 ~ = )
A K+ (oD — 2],
1 . ] .
Bhxo(z,0") = ﬁ_ €Zk(xfz)v fn(ko) [iko + Ho(k) — p] .
B
and
||Ah,x,a‘|2 = (Ah,x,ovAh,x,o) < C(5M2h>73 ) HBh,x,UH2 < C<5u2h>3 : (5-28)

The decomposition (5.24) of the propagator allows us to compute the regularized Grassmann

generating function,
Wi (¢, A) = log / Py (dW)eUVar(+@n)+A) (5.29)

in an iterative way, by first integrating the degrees of freedom corresponding to ¢, then

g(M 1)

those corresponding to , and so on. Technically, we make use of the so-called addltlon

formula for Grassmann Gaussian integrations: if g;, go are two propagators and g := g1 + ¢o,
then the Gaussian integration P,(diy) with propagator g can be rewritten as P, (dy) =
Py, (dyn) Py, (di)s), in the sense that for every polynomial f

/ () F () = / Py (di) / P (o) £ (1 + 1) (5.30)

In our context, we rewrite P<pr(dV¥) = [[r_, Po(d¥™), where P,(d¥™) is the Gaussian
integration with propagator ¢'®, so that

6WM(¢’A) _ \/Po(d\Ij(O)) . Ph<\Ij(h))6—V(h)(\I/(Sh)7qb,z4)7 (531)
where W(=h) .= Z?:o W) 5o that

MW, ¢, A) = —log / Prpr (AU D) o Py (WD) o= UVan (U e WD) () (A, )

(5.32)
and VO (W, ¢, A) = UV 1 (F) — (6,1) — (A, J).
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The first integration step. In order to compute the sequence V) iteratively, let us start
by explaining in detail the first step:

VI, 6, 4) = —log / Py (dwM))e V0 revion (5.33)

The logarithm in the right side can be expressed as a series of truncated expectations:

log / PM(d\IﬂM))e*V‘M)”*“’(MW”A) = (5.34)

-> 5

s>1

(VOO 0D g A); VD (WD g A)) (5.35)
s times

where

85
ET (X (TMDY; o X (BODY)) = mlog/PM(d\I/(M))exlxl(\mM)HmHSXS(

(5.36)
and the X;’s are all even elements of the Grassmann algebra generated by the field W)
we are integrating over and by the “external” Grassmann field ¥. The functional &7, is
multilinear in its arguments, the action on a collection of monomials being defined by the
truncated Wick rule with propagator ¢'™) . which, as already explained above, is similar to
the usual fermionic Wick rule, modulo the extra condition that, if the number s of monomials
involved is > 2, then the pairings one has to sum over are only those for which the collection
of monomials X, ..., X, is connected (this means that for all Z C {1, ..., s}, there exists at
least one contracted pair involving one variable in the group {X;};cz and one in {X;};eze).
A convenient representation of the truncated expectation, due to Battle, Brydges and
Federbush [7, 21, 22], is the following (for a proof, see, e.g., [32, 33]). For a given (ordered)
set of indices P = (fi,..., fp), with f; = (x4, 0, ), let

Up = \IJE(fl) \IIE(fp)

x(f),0(f1) T E x(fp) o (fp) (5.37)

where x(f;) = x;, etc. It is customary to represent each variable \I/i((?) o(f) @S an oriented

half-line, emerging from the point x(f) and carrying an arrow, pointing in the direction
entering or exiting the point, depending on whether (f) is equal to — or +, respectively;
moreover, the half-line carries the labels o(f) € I. Given n sets of indices P, ..., P,, we
can enclose the points x(f) belonging to the set P; in a box: in this way, assuming that all
the points x(f), f € U; P, are distinct, we obtain n disjoint boxes. Given these definitions,

if Y7, | P is even we can write

E(Wps.. 5 0p) =Y ar[[o / (t) det GPV (1) | (5.38)

TeT LeT

where:



31

e any element T of the set Ty = Ty (P, ..., Ps) is a set of lines forming an anchored
tree between the boxes Pi,..., P,, i.e., T is a set of lines that becomes a tree if one
identifies all the points in the same box; each line ¢ corresponds to a pair of half-
lines indexed by two distinct variables f, f' € U;P; such that e(f) = —e(f’) (i.e., the
directions of the two half-lines have to be compatible); if ¢ is obtained by contracting
f and f’, we shall write ¢ = (f, f'), with the convention that ¢(f') = —e(f) = +.

e ar is a sign (irrelevant for the subsequent bounds), which depends on the choice of
the anchored tree T

o if /= (f,f), then géM) stands for gggc))va(f/)(x(f) —x(f");

o ift ={t;s €10,1],1 <4,7’ <n}, then dPr(t) is a probability measure (depending on
the anchored tree T') with support on a set of t such that ¢;;; = u; - uy for some family

of vectors u; € R* of unit norm;

o if 2N =37  |P, then G J(t)isa (N—s+1)x (N —s-+1) matrix (depending both on
the sets P, and on the anchored tree T'), whose elements are given by [G(TM) )]sy =

tiigicrdis . Where fof' € UiPi\ Uper{fy . £/} (with £ = (f, £})), and i(f) €
{1,..., s} is the index such that f € P;.

If s =1 the sum over T is empty, but we can still use the Eq.(5.38) by interpreting the
r.h.s. as equal to 1 if P, is empty and equal to det GT(1) otherwise.
In order to use (5.38) in (5.33)-(5.34), we first rewrite VM) as

MW, ¢, A) = Ey(o +Z Z / dxdyK? ,(x,y)|¢%] pl[A;fy’}ap’Q\I/pp, (5.39)

p=1 o,0’cl

where Ep(¢) = ﬁLQUZU Vo — 50, [ dx ¢, with vy = Yoy D s Voo (Z). Moreover,
A?{g: — Aia Aaa

y.Z
K%)= ~0oarb(x —y) . Kp(xy) = —id(eo —yo) Hyh(F = §) , (5.40)
Koy (x,y) = Utolowd(x —y) . Kopu(x,y) = Ud(zo — y0)voe (T — 9) ,  (5.41)
and
P =P*=P = ((x,0,+),(y,0",-)), (5.42)
Pt = ((X, o,+),(x,0,-),(y,0',+), (y, 0, —)) ) (5.43)
Plugging (5.39) into (5.33)-(5.34), we obtain
VMU ¢ A) = Epy(o) — Z / dx,dy, - - dx, dy, %
521 '01,51’1'1”32
<[ TT o210 T A%5.]1 H KL (x5, ya) |3 (W A+ 0D pors o (0 00D )

i pi=1 1 p;=2 =1
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The truncated expectation in the right side can be further rewritten as

M
En (U)o s (U UMD o) = N apWpsl, (U P,JI\Q;-- W) (5.44)

PCU; P/

where ap is a sign, and Q); = P N P/, so that, applying (5.38), we find

V(M_l)(qja ¢a A) = EM(¢ Z Z/dx dy H ¢Ul H Aifyl

s>1 1 p;=1 1 p;=
S
<[TIKE xiy)] > e Y apr[Jo™ /dPT (6)det GMD(8) ,  (5.45)
i=1 PCuy; Plp'” TeT LerT
where p, ¢, x and y are shorthands for (p1,...,ps), (01,0%,...,0,,00), (X1,...,%X,) and
(¥1,...,¥s), respectively, and apr = apar. Eq.(5.45) can be equivalently rewritten as
V(W 6, A) = Ex(¢) + (5.46)
S51+52
IS DO KA B [m I Az (11w
n>0 s1,52>0 o, 1=s1+1 =1

with

*

(M-1) _
Wonsr ocXy,2) = Y 51'52'33'34 Z / [1 dxidyi] x (5.47)

s3>0 1>81+82
sazn—1 2>51+52
<[[IKZ, (xioy)] Y 0(P=Pu) Y apr ][ /dPT (t)det GY(t) ,
i=1 PCU; Pzpl' TeT )\ LeT
|P|=2n

where s = s1 + s2 + 53 + S4, the x on the sum indicates the constraint that s > 1, and p; is
equal to 1if 7 < sy, isequal to 2if 0 <7 — 51 < s9,is equal to 3if 0 <@ — 51 — 59 < 53, and
is equal to 4 otherwise. Moreover, Poyy = ((z1,07,€1), ..., (Z2n, 0%,,€20)), and 6 (P — Peyt) is
a shorthand for the product of delta functions []; .p ( (fi) = 2i)00(f),070c(f:).c;» Where the
labeling P = (f1, ..., fan) is understood. Note that, in the case that n = s; = s = 0, in the
right side of (5.46) there are neither sums over g, ¢ nor integrals over x,y, z, and W()(,J(\){o_ Y is
a constant, given by (5.46), with the understanding that the meaningless factors or sums or
integrals should be replaced by one.

We are finally in the position of proving the analyticity of the integral kernels of VM~

By using (5.46) we obtain

1
5L2 /dxdydz‘Wgn 51,52,aa(x Y,z )| < (5.48)

* |]’283+254

5.1 (254 284 (M)
< _ KJ J] 3! (M) Al det G .
= 20 silsolsals,] [Hll ] ( o )( sIlg™]]1 - || det G3]] ,

$32
sq>n—1
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where: [I[*3%2% hounds the number of terms in the sum over o;,0}; |[K’||; = sup,
[ax|K?_,(x,0)[; (*12**) bounds the number of terms in the sum over P; (C*s!) bounds

the number of terms in the sum over 7. Recalling (5.26) for n = 0 and the definitions
(5.40)-(5.41), from which ||K7||; < C|U|%3%%4  we find that (5.48) implies

1 _
L2 / dxdyda[ Wy, ), o . < 3 O MY det G40 (5.49)
s3>0
sg>n—1

In order to bound det G(TM), we use the Gram-Hadamard inequality, stating that, if M is a
square matrix with elements M;; of the form M;; = (A;, B;), where A;, B; are vectors in a
Hilbert space with scalar product (-,-), then

| det M| < [T 1Al - 1|Bi]] - (5.50)

where || - || is the norm induced by the scalar product. In our case, [G%M) ()] . = Wiy -
Wy (Arx(p).0(F) Brmx(),0(57)), 50 that, using (5.28) and recalling that GFEFM) isa(sg —n+

1) x (s4 —n + 1) matrix,
|| det GPM|| o < C177HL (5.51)

Plugging this last ingredient into (5.49), we finally obtain

1
ar [ asavae W sy m] < Y o
53>0
sq>n—1

< C«n|[]|[n—1]+(6;3»2—M)[51—5—32—}—11—2]4r 7 (552>

where []4 = max{-,0} denotes the positive part. Eq.(5.52) proves the analyticity of the

kernels of VM) for U small enough uniformly in M (but not in §,, in general).
-1)

Moreover, the kernels WM S1.59.0.6

(X,¥,2) decay faster than any power, on scale 5;1, in
the relative distances between the coordinates x;,y;, z;. In order to prove this, we multiply
the argument of the integral in the left side of (5.48) by a product of factors of the form
™, etc. We denote by m = > i j(mij+mi;+---) the sum of these

exponents. Again, we use the representation (5.46), and we decompose each factor “along

|x; — x|, or |x; —y;

the anchored tree 77, that is we bound it by using

_X]|<Z|X fo)—x(ff |‘|‘Zdz, (5.53)

LeT

x(f) —x(f)| and Pr; = User{f;, "} N P?. In this way, the right
side of (5.48) is replaced by a sum of terms, each of which is obtained by replacing some
of the factors ||K7[|; and |[g*)|; by ||K7|[1n, = sup,, [dx|K? (x,0)|[x|™ < C,, and
by ||g(M)||1,n§, respectively. Recall that, by (5.26), the dimensional estimate of ||g(M)||1,n;

where d; = maxy pecp,,
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differs from that of ||gi*)||; just by a factor 5,;"2. Moreover, the total sum of the expo-
nents n;, n;, etc., equals the exponent m introduced earlier. Therefore, the product of the
extra factors 0, " is smaller than 6,™. All in all, the dimensional estimate on the kernels
mij etc, is the same as (5.52),

M=) (x,y,2), multiplied by the extra factors |x; — x;

2n,s1,52,0,€
up to an extra factor Cm(S;m, for all m > 0.
The iterative integration procedure and the tree expansion. We are now in the position of
iterating the procedure used above for computing the integral over the scale M. By using
(5.32) and the definition of truncated expectation £ (which is the same as (5.36), with M
replaced by h), we obtain

(W, ¢, A) = —log / Ph(d\Il(h))e*V(h)(‘I’”’(h)"f”A) = (5.54)

VO 40 6 A)- V(W 0M g, A))

s>1 : ~
s times

Eq.(5.54) can be graphically represented as in Fig.1. The tree in the left side, consisting

h+1
h+1
h-1 h h-1 h h+1 h-1 h h-1 h h+1
— @ = o—o—@ + + +
h+1
+1

FIG. 1. The graphical representation of V(=1

of a single horizontal branch, connecting the left node (called the root and associated with
the scale label h — 1) with a big black dot on scale h, represents V*~1). In the right side,
the term with s final points represents the corresponding term in the right side of (5.54): a
scale label h — 1 is attached to the leftmost node (the root); a scale label h is attached to
the central node (corresponding to the action of £I'); a scale label h + 1 is attached to the
s rightmost nodes with the big black dots (representing V).

Iterating the graphical equation in Fig.1 up to scale M, and representing the endpoints
on scale M + 1 as simple dots (rather than big black dots), we end up with a graphical
representation of V) in terms of Gallavotti-Nicolo trees [30, 31], see Fig.2, defined in terms
of the following features.

1. Let us consider the family of all trees which can be constructed by joining a point r,
the root, with an ordered set of N > 1 points, the endpoints of the unlabeled tree, so
that r is not a branching point. N will be called the order of the unlabeled tree and
the branching points will be called the non trivial vertices. The unlabeled trees are

partially ordered from the root to the endpoints in the natural way; we shall use the
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h h+l hy

FIG. 2. Atree T € ﬁv[;h,N with N = 9: the root is on scale h and the endpoints are on scale M + 1.

symbol < to denote the partial order. Two unlabeled trees are identified if they can
be superposed by a suitable continuous deformation, so that the endpoints with the
same index coincide. It is then easy to see that the number of unlabeled trees with N
end-points is bounded by 4% (see, e.g., [32, appendix A.1.2] for a proof of this fact).
We shall also consider the labeled trees (to be called simply trees in the following);
they are defined by associating some labels with the unlabeled trees, as explained in
the following items.

2. We associate a label 0 < h < M — 1 with the root and we denote by %M;h,N the
corresponding set of labeled trees with N endpoints. Moreover, we introduce a family
of vertical lines, labeled by an integer taking values in [h, M + 1], and we represent
any tree 7 € %M;h,N so that, if v is an endpoint, it is contained in the vertical line
with index h, = M + 1, while if it is a non trivial vertex, it is contained in a vertical
line with index h < h, < M, to be called the scale of v; the root 7 is on the line with
index h. In general, the tree will intersect the vertical lines in set of points different
from the root, the endpoints and the branching points; these points will be called
trivial vertices. The set of the vertices will be the union of the endpoints, of the trivial
vertices and of the non trivial vertices; note that the root is not a vertex. Every vertex
v of a tree will be associated to its scale label h,, defined, as above, as the label of the
vertical line whom v belongs to. Note that, if v; and vy are two vertices and v; < vy,
then h,, < hy,.

3. There is only one vertex immediately following the root, called vy and with scale label
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equal to h + 1.

4. Given a vertex v of 7 € %M;h, ~ that is not an endpoint, we can consider the subtrees
of 7 with root v, which correspond to the connected components of the restriction of
T to the vertices w > v. If a subtree with root v contains only v and one endpoint on

scale h, + 1, it is called a trivial subtree.

5. With each endpoint v we associate one of the terms contributing to VM) (¥, ¢, A), see
(5.39). In order to distinguish between the various terms in the right side of (5.39),
we introduce a type label p, € {0,1,2,3,4}. If p, = 0, then we associate the endpoint
with a contribution Ej;(¢), while, if 1 < p, < 3, then we associate the endpoint with
a contribution K7” , (Xy,yv) (6] Gpy.1 [Ai’;f;é’vrp”g vy, .

The field labels attached to the endpoints v of 7 are denoted by I,. If p, = 0,
then I, = 0; if p, = 1,2,3, then I, = ((xv,00,+), (yv, 0}, —)); if py = 4, then I, =
(%0, 00, +), (X0, 00, =), (Yo, 00y ), (Yo, 04, —)). Moreover, given any vertex v € 7, we de-
note by I, the set of field labels associated with the endpoints following the vertex v; given
f e, x(f), o(f) and e(f) denote the space-time point, the ¢ index and the € index of the
Grassmann variable with label f. In the following, the “sum” over the field labels associated
with the endpoints should be understood as Z f dx

7, 8, = Uger,{o(f)} and x, = Uyer, {x(f)}-

In terms of trees, the effective potential V*), —1 < h < M (with V=V identified with
W), can be written as

X,,» Where vg is the leftmost vertex of

Z > VO uE) (5.55)

=l reTarn N
where, if vy is the first vertex of 7 and 7, ..., 7 (s = s,,) are the subtrees of 7 with root vy,
VW (7, W(=M) is defined inductively as:
. ) .
VO (7, WED) = EL VD (O ERHDY, oY) (2 p(ShEDY) (5.56)

s!

where, if 7 is a trivial subtree with root on scale M, then V) (r, W(EM)) = YO (G(<M)) (for
lightness of notation, we are dropping the arguments (¢, A), which are implicitly understood
here and in the following).

For what follows, it is important to specify the action of the truncated expectations
on the branches connecting any endpoint v to the closest non-trivial vertex v’ preced-
ing it. In fact, if 7 has only one end-point, it is convenient to rewrite ]7('1)(7', \IJ(Sh)) =
ENEL, - ELV(WEM)) = VI (BED) as

ﬁ(h)(qj(ﬁh)) _ V(M)(\I;(Sh)) + ggﬂ .. .gj\j;[ (V(M)(\I;(SM)) _ V(M)(\I/(Sh))) ‘ (5.57)
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The second term in the right side can be evaluated explicitly and gives:

ELy - EL (VD (WEM)) _ YD (g(shy) —6h+1M1+Z / dxdy kb M (%, y) 0,0

Yy.,o
(5.58)
where, denoting g!"+1M(x) = ST nir 97 (%),
L) = e (6 A Z / dxcdy { [, (%, )05 + K2, (%, ¥) AT, + Kl (x,y)]

g o (ool

h+1,M h+1,M h+1,M h+1,M
90 0) + K () [g M ¢ = )l y = %) = gl 0) gl 0)]
and

KM y) = 206" M (0,2 = §))6 (20 — Y0) [Voor (F — §) — Voboa (@ —§)] . (5.59)

oo

Therefore, it is natural to shrink all the branches of 7 € %M;h,n consisting of a subtree 7/ C 7,
having root 7’ on scale b’ € [h, M] and only one endpoint on scale M + 1, into a trivial
subtree, rooted in r’ and associated with a factor ﬁ(h/)(\ll(gh/)), which has the same structure
as the right side of (5.39), with Ej(¢) replaced by Epn (¢, A) = En(¢) + epri1,a (9, A),
K3,(x,y) replaced by K}, . .(x,y) = K2.(x,y) + kP PM(x ), and U replaced by
U(=R) | Note that kg:,rl’M] (x,y) is bounded proportionally to U, and decays faster than any
power, uniformly in M, in the sense that

B = Sup/dx|k([::1’M](x, 0)| - |x|" < C.27"U|, Vn>0. (5.60)
In particular, the (1,n)-norm of K}, is bounded uniformly in A’ and M, proportionally to
|U|. By shrinking all the linear subtrees in the way explained above, we end up with an
alternative representation of the effective potentials, which is based on a slightly modified
tree expansion. The set of modified trees with N endpoints contributing to V® will be
denoted by Tyr.pn; every 7 € Ty n is characterized in the same way as the elements of
Tan N, but for two features: (i) the endpoints of 7 € Ty, v are not necessarily on scale
M + 1; (ii) every endpoint v of 7 is attached to a non-trivial vertex on scale h, — 1 and is
associated with the factor V=1 (W(<h=1) " See Fig.3. In terms of these modified trees,
(5.56) is changed into

Z > VO wE) (5.61)

N=17€Tm;n,N

where

s—1
VO (7, wEN) = (_1)' &l [V(h+1)(7'1, sy, oyt () w(ghﬂ))} (5.62)
s!

and, if 7 is a trivial subtree with root on scale k € [h, M], then V&) (7, W(R)) = P(W(<h),
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FIG. 3. A tree 7 € Typ,n with N = 9: the root is on scale h and the endpoints are on scales
<M +1.

Using its inductive definition Eq.(5.62), the right hand side of Eq.(5.61) can be further
expanded (it is a sum of several contributions, differing for the choices of the field labels
contracted under the action of the truncated expectations E}Z associated with the vertices
v that are not endpoints), and in order to describe the resulting expansion we need some
more definitions (allowing us to distinguish the fields that are contracted or not “inside the
vertex v”).

We associate with any vertex v of the tree a subset P, of I,,, the external fields of v. These
subsets must satisfy various constraints. First of all, if v is not an endpoint and vy, ..., v;,
are the s, > 1 vertices immediately following it (such that, in particular, h,, = h, + 1),
then P, C U;P,,; if v is an endpoint, P, = I,. If v is not an endpoint, we shall denote by
(0, the intersection of P, and P,; this definition implies that P, = U;Q,,. The union Z, of
the subsets P,, \ @y, is, by definition, the set of the internal fields of v, and is non empty if
s, > 1. Given 7 € Ty~ and the set of field labels I, associated with the endpoints v of T,
there are many possible choices of the subsets P, associated with the vertices that are not
endpoints, which are compatible with all the constraints. We shall denote by P, the family
of all these choices and by P the elements of P,. With these definitions, we can rewrite
VO (7, WM as:

VO (7, w0y = / dx,, Y KIVwEh, (5.63)

N PEP;

where K ;h;,rl) is defined inductively by the following equation, which is valid for any v € 7
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that is not an endpoint,

(ho)
T7 - S’U' H ghv 111 \Qv \I] ’US,U \stv] (564>

=1

Here 1,..., 7, are the subtrees with root v, v; are their leftmost vertices (such that, in

v

particular, h,, = h, + 1), and P; = {P,,w € 7;}. Moreover, if v; is an endpoint, then
K" = K, with

(252

Ey, - A if =
Kv = }:; 1(¢7 ) . ol 16 1 Pu 0 ; (565)
Khv;dvo',{) (XU7 yv) |: xZ] 7 [qu),;v} ' lf p’U > 0 )

where K fli:;auo’ should be identified with K7’ , in the case that p, = 1,2,4. Combining
(5.61) with (5.63) and (5.64), and using the determinant representation of the truncated
expectation, see (5.38), we finally get:

VIW(WEN) = B (g, A +Z Z Z/dXUOZZW w0 T U (5.66)

N=17€Tn;n,N g PeP, TET

where the * on the sum over 7 indicates the constraint that there are no endpoints of type
0, and T is the set of the tree graphs on x, obtained by putting together an anchored tree
graph T, for each non-trivial vertex v and by adding a line (which is by definition the only
element of T},) for the couple of space-time points belonging to the set x, for each endpoint

v. Moreover,

WT,P,T(xvo,gvo)zaT[ H / dPr, (t,) det G3”)(t,) T] o . (5.67)

v e.p. v not LeT,

where a7 is a sign and G% “)(tv) is a matrix analogous to the one defined after (5.38), with
g™) replaced by ¢"). Note that W, pr depends on M only through: (i) the choice of the
scale labels, and (ii) the (weak) M-dependence of the endpoints v of type p, = 3, whose
value is Kj; =K ., + kgi“gf], with krgivgiw] as in (5.59). From (5.66) and (5.67) we see
that V) (W) can be rewritten as in (5.46), with M — 1 replaced by h, and

WQn ,81,582,0,€ —7Y7 Z Z Z/ Uo Z 5 ea:t ( ISIt)é(PUO - PEH) X

NZ217€TM;h,N Ty “]D?E'Pr
v |=
h'U 'U
<[ L 52 (0 90)] 3 r H / APr(6) det GI (6 T o™, (5.68)
v e.p. TeT U not LeTy

where the %% on the sum over 7 indicates the constraint that 7 has s; endpoints of type 1, so

of type 2, and no endpoints of type 0. Note also that, in order for |P,,| to be equal to 2n, the
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number of endpoints of type 3 and 4 must be > n—1, that is N > s;+ s, +n— 1. Moreover,

Ielxt = ((Xh 01)7 cey (XSN 081))7 [e2xt = ((X81+17 Ys14+1, 051415 U;H—l)’ R (Xsw Ys250s9, 0;2))7
Pyt = ((z1,07,21), ..., (Z2n,0%,,€2,)), and the functions §(1} — I,), etc, are shorthands

of products of delta functions, in the same sense as 6(P — P,;) in (5.47). Using the explicit
expression (5.68), we obtain a bound analogous to (5.48):

1
% / dxcyda| Wi, 00055, 2)| < (5.69)
kK 1
< > o 3 3 [ TT ) X0 | TT ollaee a2l TT a1 -
N>1: T€TMm;h, N PEPr: v ep. TeT v not Y’ LET,
N>s1+s24+n—1 | Pyy|=2n e.p.

Now: (i) the contribution of the endpoints is bounded as ||K*v||; < C|U|[%v3+%va_ (ii) the
I-norm of the propagators is bounded as in (5.26), that is Hgéh“)Hl < (6,327 and (iii) the
determinant, recalling the Gram representation of the propagator (5.27), can be bounded

by using the Gram—Hadamard inequality (5.50) in a way analogous to (5.51), that is

Hdetngv)Hoo < OZii [Poy|=IPol=2(s0-1) (5.70)
where vy, ..., v,, are the vertices immediately following v on 7. Plugging these bounds into

(5.69), and using the fact that >, . Q2 [P,

Z CN’U|N—51—S2 Z Z Z |: H 5(06;32—%)511—1] ‘ (571)

N>1: T7€TMm;n,n PEPr: TET v not
N>s1+so+n—1 \PUO\:Qn e.p.

—|P,|) < 4(N — s1 — s2), we obtain

Using the following relation, which can be easily proved by induction,

Z hv(sv - 1) = h(N - 1) + Z (hv - hv’)(”(“) - 1) ) (572>

v not v not
e.p. e.p.
where v is the vertex immediately preceding v on 7 and n(v) the number of endpoints

following v on 7, we find that Eq.(5.71) can be rewritten as

Z Z Z Z C«N(S;?,(N—l)|U|N—sl—522—h(N—1)[ H L'Q(hv—hv/)(n(v)—l) .

Sy
N>1: T7€Tmn,n PEP;: TET v not Y
N>s1+so+n—1 |Pv0|:2n e.p.

(5.73)
where, by construction, if N > 1, then n(v) > 1 for any vertex v of 7 € Ty, v that is not an
endpoint (simply because every endpoint v of 7 is attached to a non-trivial vertex on scale
h, — 1, see the discussion after (5.59) and item (ii) after (5.60)). If N = 1, the only tree
contributing to the sum in (5.73) is trivial, with four possible type labels attached to the
endpoint. The corresponding contribution to (5.73) is (const.)|U|%1+s2:0. The contribution
to (5.73) from the terms with N > 2 can be bounded as follows: first of all, the number of
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terms in Y p.p is bounded by CN T, . ep. 50! (see, e.g., [32, appendix A.3.3]); moreover,

|P,| < 4n(v) and n(v) — 1 > max{1, "(2”)}, so that n(v) —1 > 3+ “;gl, and, therefore,

1
@/dXdde|W2(Z7)51’S27U75(XaXag)‘ S Z CN5;3(N—1)|U|N—S1—822—h(N—1) X
N>1:

N>s1+so+n—1
*kk

< S (I 220y ST ([ 2. (5.74)

TE€TM:n N ¥ 1O €. @f&én v, ot
Now, the sums over 7 and P in the second line can be both bounded by (const.)", see [32,
Lemma A.2 in appendix A.1 and appendix A.6.1], which implies the uniform analyticity of
the kernels of the effective potentials on scale h, for all —1 < h < M, provided U is small
enough, namely |U| < (const.)d?. Note that the regularized free energy and correlation
functions are nothing but the constant part and the kernels of the effective potential with
h = —1. Therefore, the regularized free energy is analytic in U, uniformly in g, L, M.
Similarly, the regularized correlation functions are uniformly analytic and satisfy (5.23),
uniformly in 8, L, M, for m = 0 and |U| small enough. The proof of (5.23) for general choices
of m follows similarly, by combining the previous strategy with the idea of decomposing the
factors |x; — x;| along the tree T', as in (5.53) and following discussion. This concludes the
proof of (5.23) and of Lemma 5.2. L

C. Proof of Proposition 4.1

We are left with proving the existence of the limit as 8, L, M — oo of the regularized
free energy and correlation functions. In order to prove it, we show that these regularized
functions form a Cauchy sequence. Let us start by showing that, for fixed 5, L, and M’ > M,
for all 0 < 6 < 1, there exists Cy > 0 such that

[KGEM — KEEM, < Co2~™ (5.75)
where
HKgL’f{M”l,r = W sSup S}vlmp d& Z ‘Kﬁ’L’M<Xla g‘lv 01, lel; oo Xmtns O—ern)} dm(§> g) :
o :

m Am+n 2 ™
T ml=r T AL JEAT

(5.76)
As already remarked above, the regularized correlation function are the kernels of the effec-
tive potential on scale —1. Therefore, both K#EM and KM can be expressed in terms
of the tree expansion described above. As already remarked after (5.67), the expansions for
KALM and KPLM' differ among each other only because of: (i) the choice of the scale labels
(the trees contributing to K*XM  resp. K%LM' have endpoints on scales < M + 1, resp.
< M'+1); (ii) the dependence on the ultraviolet cutoff of the endpoints of type 3, whose value
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. 3
is K -

=K .+ ki’;y] in the trees contributing to K»M  and similarly for K%M’
This means that the difference K#5M — 8LM" can be expressed as a sum over trees whose
root is on scale —1 and: (A) either there is at least one endpoint on scale > M + 1, or (B)
there is one endpoint of type 3 associated with a difference kgfj;y] — kg:;iw] = kg‘:[azl’M/].
The contributions from the case (A) can be bounded as in (5.73), with h = —1 and the
extra constraint that there is at least one endpoint on scale > M + 1. This means that the

factor v not 2+~ )(®®)=1) is smaller than 2= . The idea is then to split this term into
e.p.

two factors, in the form [[Jo not 200 =R )(n®)=D] 5 [T, poy 20O e=hu)(()=1] = The firs
e.p. €.p.
factor is smaller than 279 while the sum over the scale and field labels of the second factor

can be bounded exactly in the same away as it was explained after (5.74).
[M+1,M']

- is proportional to

Concerning case (B), it is enough to note that the norm of &
27M "see (5.60), which implies that the overall contribution from these trees is smaller than
the norm of K#%M by a factor 27V,

In conclusion, we obtain (5.75). By Vitali’s uniform convergence theorem for analytic
functions, we conclude that the limit as M — oo of any weighted integral of the regularized
correlations (with weights growing at most polynomially at large space-time differences, and
the integral normalized by 1/(8L?)) is analytic, and its Taylor coefficients are the M — oo
limit of the coefficients of the regularized correlations. Analogously, one proves the same
for the correlation functions at fixed space-time positions. Moreover, the same argument is
valid for the limit as 3, L — oo, see [34, appendix D] for a thorough discussion of this limit.
Of course, the same claims are valid for the regularized free energy, too.

Finally, the statement of proposition 4.1 follows from the remark that that the correlation
functions in momentum space can be expressed as the Fourier transforms of their space-time
counterparts, and that their derivatives of order r are controlled by the (1,r) norms (5.76)
of the space-time correlation functions, which are finite and bounded uniformly in £, L, M,

as we just proved. L]

6. RECONSTRUCTION OF THE REAL-TIME KUBO FORMULA

In this section we prove theorem 3.1, which says that the Kubo formula (3.11), which
can be expressed as an imaginary-time integral of the current-current correlation, can be
analytically continued to real times. In other words, we rigorously prove the validity of the
Wick rotation for the Kubo conductivity of the class of systems under investigation. In the
language of Quantum Field Theory, we prove a reconstruction theorem for the conductivity
matrix of weakly interacting gapped fermionic systems.

The proof of theorem 3.1 is based on the existence of the real-time correlation functions
in the infinite volume and zero temperature limits, as well as on the decay of the complex

time correlations, as summarized in the following proposition.
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Proposition 6.1 [Properties of the current-current correlations at complex times]
Let J;i(2) := e*ML Jie=*"e 2 € C, with J; defined in (2.15)—(2.17) and following lines. Under
the same assumptions as theorem 2.1, and if in addition U € R, the following is true.

e (i) Let z€ C" ={z € C|Rez>0}. Then, the limit

lim lim = ((2)7(0)) 5z = (Ji(2)7;(0) (6.1)

B—00 L—00

exists, and it is analytic in z € CT. Moreover, it decays faster than any power in Re z,

i.e.,

Cur n
[(Ji(2) w|—m, ze€CT, (6.2)
for all M >0 and a suitable Cy; > 0.
e (ii) Let t € R. Then, the limit
| :
Jim - Tim §< [Ji(it), J;0)]) 5., = {[Jilat), J;(0)] )oe (6.3)

exists and is finite, uniformly in t.

Proof of proposition 6.1. To begin with, let us prove item (i). The starting point is to
notice that the positive temperature, finite volume current-current correlation

Tr e BHL—1NL) p2HL J; e~ ?ML Jj

(KOs = — et (6.4)

is entire in z. By the Cauchy-Schwarz inequality and the cyclicity of the trace, recalling
that U € R, we get:

() T30 8| < (2120 J(2/2) g |2 [ (T (=2/2) T 5 (=2/2)) .
= [(Ji(Re 2)J, 5L’1/2| (Rez)J 5L’1/2

1/2

(6.5)

Thus, for 0 < Re z < 3, the right side of (6.5) can be estimated via (the proof of ) proposition
4.1. This implies, in particular, that, if 0 < ¢t < 8, the imaginary-time correlation function
L72(J;(t)J;(0)) s,z decays faster than any power in |t|s = min,z [t + nf|, uniformly in 3, L
(see Lemma 5.2 and section 5 C). Therefore, (6.5) implies that, for every fixed z € C*, there
exists [y such that, for 8 > fy,

Cwm

LQ‘ sl < 1+ (0,Rez)M "’ (6.6)

for all M > 0 and a suitable Cp; > 0, independent of (3, L,z. Moreover, the proof of
proposition 4.1 implies that the limit

lim lim —= (J:()75(0)) st (6.7)

B—00 L—00 L2
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exists, for all ¢ > 0. Therefore, by Vitali’s theorem on the convergence of holomorphic
functions, we conclude that the limit

lim Jim ()00} = (i) 5(0) (6.5)
exists and is analytic in 2z in the whole open right half-plane C*. Moreover, the convergence
to the limit is uniform on any compact subset of C*. By (6.6), the limit satisfies (6.2), which
concludes the proof of item (i).

Let us now prove (ii). By using the translational invariance of the Gibbs state, we rewrite
(recalling (2.16)-(2.17)):

50D, =5 X X o= iy~ 202700 T2,

(6.9)
where, again, A(it) = e*rt Ae=Lt, Now, the summand in the right side of (6.9) is absolutely
summable, uniformly in 8, L. This can be proven using Lieb-Robinson bounds; see, e.g.,
[45, 49, 50] for a derivation of these bounds for quantum spin systems and [19] for an
extension to fermionic systems. The key result is (see, e.g., [49, Theorem 2.1}, or [19,
Theorem 3.1]):

gLz gsoal |l < || JgL2 9394 Care”™
172572 @), T3] || < 1252 1 Tge H s ] (6.10)

for all M > 0 and suitable constants C; and v, independent of 8, L,¢. Here || - || denotes the

0102

operator norm. By using the fact that ||J7.7?[| < 2||Hy,,, (¥ — )|, which decays faster than

any power in |Z — ¥, we see that the sum in the right side of (6.9) is absolutely convergent,
uniformly in £, L

Therefore, in order to prove the existence of the limit of (6.9) as 3, L — oo, it is enough to
prove, term by term, the existence of the limit of the summands in the right side. The proof of
this fact is a straightforward consequence of the existence of the infinite volume dynamics (see
[19, 49, 50]) and of the existence of the 5, L — oo limit of the Gibbs state. In appendix C, we
reproduce this proof; that is, we prove that the limit limg_, o limy,_, o <[(J§;U2) (it), gif"‘} >57L
exists, thus concluding the proof of the existence of the limit in item (ii). The uniform
boundedness of the limit is a consequence of (6.5)-(6.6). u

We are now in the position of proving theorem 3.1.

Proof of theorem 3.1. We start from the very definition of imaginary-time conductivity
(3.11), that is 7, (U) = — limy, o+ (Aw) ™ [K;(w, 0) — K;;(0,0)], where

S~ 1
Kij(w,0) = lim lim 512 ), dt/ dt'e™ T () J;() 5, (6.11)

B—00 L—00
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Note that there is no semicolon between the two current operators in the right side (that is,
the expectation is untruncated): the reason is that the Gibbs average of J; vanishes, simply
because J; is proportional to the commutator of H; with X;. With some abuse of notation,
we denoted by the same symbol the frequency w in the two sides of the equation. However,
it should be recalled that the (Matsubara) frequency in the right side is an integer multiple
of 2w /f, i.e., it should be understood as being equal to w, = (27/5)n, with w, — w as
B — oo.

We start by analyzing and suitably rewriting l?ij(w, 0), with w > 0. By the cyclicity of
the trace and the fact that w, is an integer multiple of (27//), we can rewrite

1 8 B A , B/2 ,
3 /0 dt /0 dt'e= (T g (1) Ji()) 5, = / » dt e (T Ji(t) J;(0)) 5 1, (6.12)

so that

% N : : 1 Piz —iwnt
Riy(w,0) = Jim Jim 7 AT 0),, (6.13)

Recalling that L=2(TJ;(t) J; (0)) 5,1, decays faster than any power in [/¢||s, uniformly in 3, L,
and that it converges as 5, L — oo, we find that, for any 7" > 0,

T
Riy(w, 0) = / dt e (T T ()75(0)) e + R () (6.14)
-T
where o
M
< M 1
|RL7T(("'})| =14 (5MT)M’ (6 5)
for all M > 0 and a suitable Cy; > 0, independent of 7" and w. Therefore,
T
Kij(w,0) = lim [ dte T J;(t)J;(0))oo - (6.16)
T—oo J_p
We rewrite:
T ) T ) 0 ]
/ e i (£).;(0)) 0 = / e (8)(0) oo + / I 0) (D) . (6.17)
-T 0 -T

We study the two integrals in the right side separately, starting from the first. Recall that
the integrand is analytic in C*: therefore, by Cauchy theorem, the integral along any closed
path in C* is identically zero. We choose the closed path consisting of the union of: the
segment [¢,7] on the real line (¢ being a small positive number, to be eventually sent to
zero), directed from left to right; the quarter circle of radius 7' — e centered in ¢, connecting
the point 7" with the point —i(7T'—¢) +¢, in the clockwise direction; and the vertical segment

connecting —i(7T — ¢) + ¢ with ¢, in the upwards direction. We thus rewrite:

/OT dt e (T (1) J;(0)) 0o = lim [—i/oﬂ dt e =) (T (it 4 €)J;(0)) e (6.18)

0 _ ‘
+i(T —¢) / df e~ T (] (o 4 (T — £)e®) Jj(()))oo} :

—7/2
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Recalling (6.2), we can bound the term in the second line by:

0
T lim do 6w(T—s) sin 6 CM —
=0 ) 72 1+ [6,(e + (T — ) cos )]

1
L+ @I/
(6.19)
which tends to zero faster than any power as T' — oo, for every w > 0. Repeating the same

< -CyT [e_wT/\/i—f‘

s
4

argument for the second integral in the right side of (6.17), and plugging the result back
into (6.16), we find that, for every w > 0,
0
Rij(w,0) = =ilim [ dte" |(JiGit +2)15(0))oe — {J5(0)Ji(it = 2))oc] (6.20)

e—0 PN

By adding and subtracting the expression in square brackets at € = 0, we get

Koy, 0) = —i / At ([T (i1). J;(0)] Yoo + im Rleo, ) (6.21)

— 00

where

R(w,e) = lim lim — / dt ([Tt + ) — T(it)] J;(0) — J;(0)[Ju(it — &) — Ji(it)]Vsz

B—o00 L—00

- (6.22)
The term ([J;(it + ) — J;(it)] J;(0)) 5, can be bounded by rewriting it as:
; ; : d it+s —(it+s
([Tt + &) = ()] J;(0))p.0 = /0 ds (el e lrt )HLJ]->B’L
= /0 ds ([Hr, Jiit + )] Jj), , - (6.23)

By proceeding as in the proof of proposition 6.1, via the analogues of (6.5)-(6.6), we obtain
[([Jiit + &) — Ji(it)] J;(0)) g | < L*Ce (6.24)

with C' > 0 independent of 3, L, e. The same estimate is valid for (J;(0) [J;(it—e)—J;(it)]) ...
Plugging these estimates back into (6.22), we find that |R(w,e)| < Ce/w, so that, using
(6.21), we finally get that, for all w > 0,

Kij(w,0) = —i /_ dt e“{[Ji(it), J;(0)] Yoo + (6.25)

which is our final expression for I?Z-j (w,0), with w > 0.
Concerning K;;(0,0), in order to rewrite it conveniently, we use (4.4) with n = 2 and
ay = j in the thermodynamic and zero temperature limits, which reads (denoting p = (w, p))

iwKo;(p) + p1K1;(P) + p2K2;(p) = S5(p) - (6.26)
If we derive this expression with respect to p; and then set p = 0, we obtain

~ 95,
Ki;(0,0) = 0p]-

(0) = —([[H, Xi], X;]) oo - (6.27)
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Using (6.25) and (6.27) in (3.11), we finally recognize that &;;(U) =(2.18), as desired. L
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Appendix A: The non-interacting conductivity

In this appendix we reproduce the well known result that, in the absence of interactions,
and under the gap condition (2.13), the Kubo conductivity (3.11) reduces to the usual
formula for the Chern number:

70) =i [ (jf) T P (B, P- (), 0, P_(F)] (A1)

where P_(k) is the projection onto the filled bands, defined after (2.13). In light of theorem
3.1, the same is true for ;;(0).

Our starting point consists in rewriting the infinite volume limit of the current operator
defined in (2.15)—(2.17) in Fourier space:

Z 1/}* [ AV FJ)FI(S?,(E)]&%

o
b
UJGI

(A.2)

/

The term 7, — 7, can be reabsorbed by conjugating the Bloch Hamiltonian and the fermionic
fields with a suitable unitary transformation: if we define U (k) diag(e ik e i),
HOV(E) = UMHO (UK. o= = ot Uk

HO(k) = U(k)H® (k)U (k)', o= = U(k )1/)” and - w U(k)', then the current in (A.2)
can be rewritten as:

Zw Vil ()] g, (A.3)

o,0’'el
Its imaginary-time evolution, J_;, is obtained by replacing Jl%ta by its imaginary-time evolu-
. T+ . . . 7 . 7
tion, ¢(t,E),a' Note that J;,; is the same as (the infinite volume limit of) J@(t@‘ﬁ:a, where

Ji (1.5 was defined in (3.9).
The conductivity matrix (3.11) at U = 0 can then be re-expressed as:

K’
7:;(0) = ——1 — it A4
75(0) A w50 A / dte / |B| |B| ) (84

-----

+ ©) (K e i (0)
(Tt o B, (F) i 7%,%’), O, T, (R s o )

,02 04
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where <-)(0) = limg oo limy o0 <>(BO)L The expectation in the second line can be evaluated

via the Wick rule, so that

5:;(0 /‘B‘/dttTr{g —t,k) O, HO (k) 3(t, k) O, HO(K) } (A.5)
where the trace is over the ¢ indices, and
G(t, k) = e tHO R []1 (t > 0)Py (k) —1(t < 0)13_(1;’)] , (A.6)

with P_(k) = U(k)P_(F)U(k)t, and P, (k) = 1 — P_(k). Plugging (A.6) into (A.5), and
noting that A|B| = (2m)?, we find

70 =i [ oo [ [ ane (TP B 0 O TP () 0y, 7))

0 L - e, -
+ / dt t Te e ® P, (k) 0, HO(K) e B p_(k) 8,@.H(0)(k;)}}

—00

-y /B % PRGESRE (A7)

where El](lg) = fooo dttf”(t, E), with
fis(t,B) = Te{ T OB P (K) 0, HO (k) e OB By (K) 0, HO(F)} . (A.8)

Note that f;;(t, E) decays exponentially to zero as t — oo, uniformly in k , due to the presence
of the projectors in the trace and to the gap condition. Now, the key observation is that

fis (6, F) = O2F(t,F),  with  Fy(t, k) = Te{e "B B_(K) 9, P_(K) e "B g, P_(K)}
(A.9)
and Fj;(t, lg) decays exponentially to zero as t — oo, uniformly in k. Let us first show how
this identity implies (A.1), and let us then come back to its proof. In light of (A.9), we can

rewrite
iy (k) = /O At G2 F (1, F) = Fy(0,F) = Te{ P_(k) 0, P_(k) 0, P_ (k) } .
Plugging jhis back into @.72, we find that 7,;(0) is equal to the same expression as (A.1),
with P_(k) replaced by P_(k). In order to see that we can drop the tilde, note that
Oy P- (k) = U(R)dy, P-(E)U (k)T + U (k)[Ai, P-(K)]U (k)" (A.10)
where A; = U(E)TakiU(E) = idiag((7); , -+, (Fz);). Using this formula, we find that

Tr P_(K) [0, P_(k), O, P_ (k)] = Tr P_(k) [0, P_(k), O, P_ (k)] + total derivative , (A.11)

so that the integral over the Brillouin zone of the left side is the same as the integral of
Tr P_(k)[0), P_(k), O, P (k)], and we thus get (A.1).
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We are left with proving (A.9) and that Fj;(¢, k) decays to zero as t — co. For this
purpose, we rewrite (dropping for notational simplicity the arguments of H® and P.)):

0, HO =3 (ak P, HOP, + P8, HOP, + P,H9, P ) . (A.12)

a=+

Plugging this identity into (A.8) we find

fii (6, F) = Te{e?P_ (0, P, HO + HO9, P e " P, (0, P- HO + H"9, P,)}
= {0, P8y, Py 01 PLoy, Py + Te{ " P_ oy, Py 027" P, oy, Py}
+Tr{02e " P9, P e 1P, o, P} — Te{0,e"" P8, P 0, " P, P, } .

Using the fact that 0, P+ = —8k , this is easily recognized to be equal to
fi; (t, l;) = GfTr{etﬁm)ﬁ_ 8ki]3_e_tﬁ(0) ]3+8kj]5_} (A.13)

which is the same as (A.9), simply because (ﬁk )P, = P_ Ok, P_. Note that, writing
F(t, E) = Tr{etﬁ(m P 8kzﬁ_ —tH 0>P+8k]. P_}, it is apparent that Fj;(t, k;) decays exponen-
tially to zero as t — oo, thanks to the projectors under the trace sign and to the gap
condition.

Appendix B: The Haldane model

An interesting model that falls into the general class of two-dimensional systems studied
in this paper is the interacting version of the Haldane model [37], which describes fermions
hopping on the hexagonal lattice, exposed to a suitable external magnetic field. For sim-
plicity, we neglect the spin degrees of freedom. Let Aj be the triangular lattice, generated
by the basis vectors

[, = %(3, —\/5), ZZ = %(37 \/g) : <B1>

The reciprocal lattice A} of Ay is the triangular lattice generated by the vectors

Gy = 2;%1 ~V3), égz%u,@. (B.2)

The hexagonal lattice where the electrons hop on can be thought of as the union of two
translates of Az, denoted by A(LA) = A; and A(LB) = Ar+(1,0). The creation and annihilation
operators associated with the sites of ASLA) U AE-JB) are denoted by w;a, with & € Ay and
o € {A, B} = I: the operators w% 4 create or annihilate a particle at ¥ € A(LA) = A, while
w;f p create or annihilate a particle at © + (1,0) € A(LB). In the notation of section 2, this
corresponds to choosing the displacement vectors as 74 = 0 and 7 = (1,0).
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The interacting Haldane model is described by the Hamiltonian (2.7), where the non-
interacting part is

0 — — _
H(L) = _tl Z W%A%,B + iﬂ%A%f@ﬂhB + %{A%%B + h.C.]

ZEAL

i, |+ - —iah, 1+ _
~tr Y D [0 U ara € B g, 8]
ZeAL ‘C!::‘:
7j=1,23

W WEavna — Visves), (B.3)

ZeAL

where ¥, = Fl — Fg, o = EQ, V3 = —E:. See Fig.4.

FIG. 4. The honeycomb lattice of the Haldane model. The empty dots belong to A(LA), while the
black dots belong to A(LB). The ovals encircle the two sites of the fundamental cell, labeled by
the position of the empty dot, i.e., of the site of the A sublattice. The two pairs of creation and
annihilation operators associated with the two sites of the fundamental cell Z are denoted by w;; A
and w:%t,B‘ The nearest neighbor vectors (i, with 51 =rp, 52 =7g — Fl and 53 =7g — Zg are shown
explicitly, together with the next-to-nearest neighbor vectors %;, and the two basis vectors 57172 of
Ap.

For definiteness, we assume that t; > 0 and ¢, > 0. The term proportional to ¢; describes
nearest neighbor hopping on the hexagonal lattice. The term proportional to ¢, describes
next-to-nearest neighbor hopping, with the complex phases e modeling the effect of an
external magnetic field, orthogonal to the plane of the sample, with zero net flux through
the hexagonal cell. Finally, the term proportional to W describes a staggered potential,
favoring the occupancy of the A or B sublattice, depending on whether W is negative or
positive.

Let us compute explicitly the Bloch Hamiltonian and the Bloch bands associated with
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’H(LO): the Bloch Hamiltonian is

HOF) —2t5 Cosgbal(@ + m(k) —119 & ) ) (B.4)
—t1Q(k) —2ty cos pay (k) — m(k)
with
ar(k)= > cos(k-7), aa(k)= > sin(k-7),
j=1,2,3 j=1,2,3 (B.5)
m(k) =W — 2ysinpas(k), Q) =1+ e Fh 4 ikl
The corresponding energy bands are
ex (k) = =2ty cos d oy (k) £ \/m 2+ 2|Q(k)2 . (B.6)

To make sure that the energy bands do not overlap, we assume that t5/t; < 1/3. The two
bands can only touch at the Fermi points kg = (&, + 32\’}) which are the two zeros of Q(k).
The condition that the two bands touch indeed at k%, with w € {4+, —}, is that m, = 0,
with

My = m(k2) =W + w3V3tysing . (B.7)

The critical line of the non-interacting Haldane model (i.e., the line in parameter space
where the model becomes massless) is then {(¢, W) : W = £3+/3t,sin ¢}. The complement
of the critical line consists of four disconnected regions in the (¢, W) plane, denoted by Ry =
{mi,m_ >0}, Ro={my >0>m_}, Ry ={m; <0< m_}, and Ry = {my,m_ < 0}.
Our theorem applies in the complement of the critical line, non-uniformly in the distance
from it. It tells us that, if the Fermi level is chosen inside the gap and U is small enough,

then the interacting conductivity is equal to the non-interacting one, which is [37, 42]

1 .. .
711(0) = 792(0) =0, 712(0) = —91(0) = yy [sign(m_) — sign(m,)] . (B.8)
For completeness, let us derive this formula. The starting point is (A.1), which immediately
implies the vanishing of the longitudinal conductivity. In order to compute G12(0) from
(A.1) we need an expression for the projector P_(k), which can be computed from the Bloch

function u_:
) - (Jmu?)? +BI0(F)2 - m<E>) | (B.9)
(k) t192(k)
where N(F) = [2y/m(B)2 + ()R (y/m(F)2 + BlQF)R - m(12>)]1/2. The Bloch fune-

tions are deﬁned only up to a phase. For instance, another possible choice for the Bloch
function of the negative band is

) B (k) B.10
E (\/m + 2|0 IZ)|2+m(l§)> (B.10)
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LNT1/2
with N'(k [ \/m 2 4 4]Q(K)[2 <\/m 24 2|1Q(k) |2 + m(k))] . The two functions
are related by a phase, namely, v_ (k) = %((:))‘u (k) = em(’z)u_(lg). Note that, if (¢, W) € Ry

(resp. (¢, W) € Ry), then v_ (resp. u_) is real analytic in k over the whole Brillouin zone B.
If (o, W) € Ry (resp. (¢, W) € R3), then neither u_ nor v_ are analytic over the whole B:
u_ is singular at k. (resp. k) and v_ is singular at k. (resp. kj;). Of course, in any of the
regions R;, the projector P,(/;) is independent of the specific choice of the Bloch function,
and is analytic over the whole B.

If (p,W) € Ry, recalling that v_ is analytic over the whole Brillouin zone, we write

P_ = |v_){v_|, and we thus find
Te P (R)[0h P_(F), O P_(F)] = (0,0 (R), Opyv_(F)) — Opsv_ (), Opv_(B)) . (BAL)

Integrating over B we get zero, which proves that g12(0) = 0, for all (¢, W) € Ry. The same
argument, with v_ replaced by u_, shows that d12(0) = 0, for all (¢, W) € Ry4.

If (¢p,W) € Ry, recalling that u_ is singular at /2;: and v_ is singular at lg;, we write:
P =|v ) ov_|,if k€ By, and P_ = [u_)(u_|, if k € B_, where By = {k € B: ||k — k| <
Ik — kE |}, and [|q]] = ming, ., |7+ n1G1 + n2Ga| is the norm on the torus B. Note that
B = (B, UB_). We thus get

70 =i[ [ (jf) (Do (B). By () — Orao-(B). 00 (F))  (B.12)

-l—/B (dk (<ak1 ( )7ak2u—(E)> - <ak2u—(lz)’ak1u_(l;)>>} )

2m)?
By Stokes’ theorem, this can be re-expressed as

1 . R o
700 = G ]g& V(R) —U(k)] - di | (B.13)

where the integration path is run counterclockwise. Moreover, V(k) = (v_(k), iVEv_(E» and
Uk) = <u,(E),2VEu,(E)) are the Berry connections of v_ and u_, respectively. Recalling
that v_ = e"u_ (see the lines after (B.10)), we get

1 L.
Ve (k) - di =

019(0) = —— -
012( ) (271')2 98, o )

(B.14)

which is the same as (B.8). The same argument, with v_ replaced by u_, shows that
712(0) = 1/(2n), for all (¢, W) € Rs.

Appendix C: Infinite volume dynamics

In this appendix, we prove the existence of the thermodynamic and zero temperature

limits of real-time correlations, as stated in section 6, see in particular the discussion after



93

(6.10). The proof is a simple adaptation of [19, 49], the only difference being the choice
of boundary conditions (periodic, rather than free). We consider two bounded operators
A, B on the fermionic Fock space, even in the fermionic operators, with supports X and Y,
respectively, independent of L. We shall think the torus A; as a subset of A ‘centered’ at
the barycenter of X and Y, to be denoted z;. In this way, the ‘boundary’ of A; is more
and more far from X and Y as L — oo. Periodic boundary conditions are enforced by
properly choosing (in an L-dependent way), the local potentials contributing to Hy — uNf,
see section 2 B. For notational convenience, we rename these potentials ®%, via the following:
Hi — N = Yy, @5 We also drop the vector symbol from the elements of A. For any
fixed X (at a fixed distance from the barycenter zy) and for L > R/,

|0k — % -0  as R — oc. (C.1)

The main result of this appendix is that the following limit exists:

ﬁlg}élo Lh—>Holo (A (it) B(O)>5,L (C.2)
for all t € R and with A(it) = et Ae= et
It is convenient to introduce the following norm:
oL 1
9 ara, = sup Y7 ] Fur(dy(x.9)) = (©3)

ewehy o, Far(di(z,y)) (1 +dp(z,y)™

XCAL

with dy, the distance on the torus Ap: dp(z,y) := inf,cp |* — y + nL|. Notice that, by the
assumptions on Hy, the potentials satisfy the bound || ®%| x4, < Chy, for all M > 0 and
suitable C'y; > 0, independent of L.

Let L > R' > R. In order to prove (C.2), we rewrite

<AL Zt >ﬂL = <AL L(lt>B(0>>B,L
= (Ap r(i)B(0)), , + ((Ap1(it) — A a(it)) B(O)),

<(AL R(Zt) — AR’,R(it))B(O)>B’L s (C4)
where Ay, g(it) is the operator evolved with the dynamics generated by
HL,R = Z (I)g 5 (C5)
ZCAR
that is,
Ay p(it) = eMrrt femHLRE (C.6)

By [49, Eq.(2.28)],

Cx.u(t)
(1+dp(x,y))M”’

HALL(it) Ap g(it) H < sup Z
reX yEAL\AR

VM €N, (C.7)
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with Cx a/(t) independent of L (exponentially growing with ¢, as t — oo). In particular,
|Az,z(it) — Apr(it)|| < e(R), for some e(R) — 0 as R — oco. (C.8)
Moreover, the difference Ay, (it) — Ar g(it) can be bounded as follows:
| Apr(it) — Arp(it)]| = || A — e=Montcitn at Ae—Ha nteiHont|

t
S / ds H [HL,R — HR’,R , eiHR’,RSAefiHR/,Rs] ||
0
t
= / ds Y ||[®F — ®F Ap,r(is)] |
0

g/o dsCs)[|A] S @k = 32 Fuldn (w, o)) .

ZCAR weZ xeX

where in the last step we used the Lieb-Robinson bound (see [49, Theorem 2.1], or [19,
Theorem 3.1]). We now use >,z D ez " < D, wenn dunpnozszw o S0 that

|ALr(it) — Ap gr(it)|| <
(I)L . (I)R’
< C’(t) Z Z FM(dR/(z,w))[ sup ZARDZBz,wH Z VA ||

2€EAR WEAR zweAR FM(dR' (Z7 ’U)))

| > Futdn (w,2)).
zeX

Now, using (C.1) and the fact that the norm in (C.3) is bounded uniformly in L, the sup in

square brackets is smaller than a suitable (R, R'), with (R, R’') — 0 as R’ — oo. Moreover,

ZweAR FM(dR/ (Z, U)))FM(CZR/ (w, x)) < (COHSt.)FM(dR/(Z7 I)), so that

|ALR(it) = Ap r(@)|| < C"(1) Y Y Fuldp(z,2))e(R,.R) =0  as R — oco. (C.9)

zEAR zeX

We now plug (C.8), (C.9) into (C.4), thus getting
‘(AL(it)B(o» o~ (Arr(it) BO)) M‘ <2(R,R), (C.10)

with (R, R') — 0 in the limit R’ — oo, then R — oco. Also, it is easy to see that the limit
limg 100 (Ap r(it) B(0)) 5.1, €xists, for every fixed ', R. In fact, using the boundedness of
the fermionic operators and the fact that ||Hp gl < CR?,
. " n n n p2n
App(it) =) —adyy, (A), fadg, (A)] < [A]@C)" R, (C.11)

n>0

where ad%Rl’R(A) is the n-fold commutator of A with Hp g, and C is a constant in-
dependent of R, R. Therefore, the existence of the limit limg o <AR/7R(it)B(0)>/B7L =:

(Ap r(it)B(0)) follows from the existence of the (time-independent) limit limg 7o <ad"HR,!R (A)B(O)>/3,L
for all n, which can be proved along the lines of the proof in section 5.
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We now let L — oo in (C.10), so that

—&(R,R) < 151? inf (AL(it)B(0)) , , — (Ar r(it)B(0)) < (C.12)
< 1/152525 (AL(it)B(0)) 5L (Ap r(it)B(0)) < &(R,R'), (C.13)
that is:

limsup (AL (it)B(0)), , — E(R, R') < (A r(it)B(0)) < liminf (A (i) B(0)), , +E(R, R').

B,L—00 B,L—o0

Therefore, letting R', R — oo, we find that the liminf and limsup coincide, as desired. n
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