The ground state construction
of bilayer graphene

Alessandro Giuliani
Dipartimento di Matematica e Fisica, Universita degli Studi Roma Tre,
L.go S.L. Murialdo, 1, 00146 Roma, Italy.

Ian Jauslin
University of Rome “Sapienza”, Dipartimento di Fisica
P.le Aldo Moro, 2, 00185 Rome, Italy.

Abstract

We consider a model of half-filled bilayer graphene, in which the three domi-
nant Slonczewski-Weiss-McClure hopping parameters are retained, in the presence of
short range interactions. Under a smallness assumption on the interaction strength
U as well as on the inter-layer hopping €, we construct the ground state in the ther-
modynamic limit, and prove its analyticity in U, uniformly in e. The interacting
Fermi surface is degenerate, and consists of eight Fermi points, two of which are
protected by symmetries, while the locations of the other six are renormalized by
the interaction, and the effective dispersion relation at the Fermi points is coni-
cal. The construction reveals the presence of different energy regimes, where the
effective behavior of correlation functions changes qualitatively. The analysis of the
crossover between regimes plays an important role in the proof of analyticity and in
the uniform control of the radius of convergence. The proof is based on a rigorous
implementation of fermionic renormalization group methods, including determinant
estimates for the renormalized expansion.
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1 Introduction

Graphene, a one-atom thick layer of graphite, has captivated a large part of
the scientific community for the past decade. With good reason: as was shown by
A. Geim’s team, graphene is a stable two-dimensional crystal with very peculiar elec-
tronic properties [NGe04]. The mere fact that a two-dimensional crystal can be synthe-
sized, and manipulated, at room temperature without working inside a vacuum [Gel0]
is, in and of itself, quite surprising. But the most interesting features of graphene
lay within its electronic properties. Indeed, electrons in graphene were found to have
an extremely high mobility [NGe04], which could make it a good candidate to replace
silicon in microelectronics; and they were later found to behave like massless Dirac
Fermions [NGe05, ZTe05], which is of great interest for the study of fundamental Quan-
tum Electro-Dynamics. These are but a few of the intriguing features [GN07] that have
prompted a lively response from the scientific community.

These peculiar electronic properties stem from the particular energy structure of
graphene. It consists of two energy bands, that meet at exactly two points, called the
Fermi points [Wad7]. Graphene is thus classified as a semi-metal: it is not a semi-
conductor because there is no gap between its energy bands, nor is it a metal either
since the bands do not overlap, so that the density of charge carriers vanishes at the
Fermi points. Furthermore, the bands around the Fermi points are approximately con-
ical [Wad7], which explains the masslessness of the electrons in graphene, and in turn
their high mobility.

Graphene is also interesting for the mathematical physics community: its free
energy and correlation functions, in particular its conductivity, can be computed non-
perturbatively using constructive Renormalization Group (RG) techniques [GM10, GMP11,
GMP12], at least if it is at half-filling, the interaction is short-range and its strength is
small enough. This is made possible, again, by the special energy structure of graphene.
Indeed, since the propagator (in the quantum field theory formalism) diverges at the
Fermi points, the fact that there are only two such singularities in graphene instead
of a whole line of them (which is what one usually finds in two-dimensional theories),
greatly simplifies the RG analysis. Furthermore, the fact that the bands are approxi-
mately conical around the Fermi points, implies that a short-range interaction between
electrons is irrelevant in the RG sense, which means that one need only worry about the
renormalization of the propagator, which can be controlled.

Using these facts, the formalism developed in [BG90] has been applied in [GM10,
GMP12] to express the free energy and correlation functions as convergent series.

Let us mention that the case of Coulomb interactions is more difficult, in that
the effective interaction is marginal in an RG sense. In this case, the theory has been
constructed at all orders in renormalized perturbation theory [GMP10, GMP11b], but
a non-perturbative construction is still lacking.

In the present work, we shall extend the results of [GM10] by performing an RG
analysis of half-filled bilayer graphene with short-range interactions. Bilayer graphene



consists of two layers of graphene in so-called Bernal or AB stacking (see below). Before
the works of A. Geim et al. [NGe04], graphene was mostly studied in order to understand
the properties of graphite, so it was natural to investigate the properties of multiple
layers of graphene, starting with the bilayer [Wa47, SW58, Mc57]. A common model
for hopping electrons on graphene bilayers is the so-called Slonczewski- Weiss-McClure
model, which is usually studied by retaining only certain hopping terms, depending on
the energy regime one is interested in: including more hopping terms corresponds to
probing the system at lower energies. The fine structure of the Fermi surface and the
behavior of the dispersion relation around it depends on which hoppings are considered
or, equivalently, on the range of energies under inspection.

In a first approximation, the energy structure of bilayer graphene is similar to
that of the monolayer: there are only two Fermi points, and the dispersion relation is
approximately conical around them. This picture is valid for energy scales larger than
the transverse hopping between the two layers, referred to in the following as the first
regime. At lower energies, the effective dispersion relation around the two Fermi points
appears to be approximately parabolic, instead of conical. This implies that the effective
mass of the electrons in bilayer graphene does not vanish, unlike those in the monolayer,
which has been observed experimentally [NMe06].

From an RG point of view, the parabolicity implies that the electron interactions
are marginal in bilayer graphene, thus making the RG analysis non-trivial. The flow
of the effective couplings has been studied by O. Vafek [Val0, VY10], who has found
that it diverges logarithmically, and has identified the most divergent channels, thus
singling out which of the possible quantum instabilities are dominant (see also [TV12]).
However, as was mentioned earlier, the assumption of parabolic dispersion relation is
only an approximation, valid in a range of energies between the scale of the transverse
hopping and a second threshold, proportional to the cube of the transverse hopping
(asymptotically, as this hopping goes to zero). This range will be called the second
regime.

By studying the smaller energies in more detail, one finds [MF06] that around
each of the Fermi points, there are three extra Fermi points, forming a tiny equilat-
eral triangle around the original ones. This is referred to in the literature as trigonal
warping. Furthermore, around each of the now eight Fermi points, the energy bands
are approximately conical. This means that, from an RG perspective, the logarithmic
divergence studied in [Val0] is cut off at the energy scale where the conical nature of the
eight Fermi points becomes observable (i.e. at the end of the second regime). At lower
energies the electron interaction is irrelevant in the RG sense, which implies that the flow
of the effective interactions remains bounded at low energies. Therefore, the analysis of
[Val0] is meaningful only if the flow of the effective constants has grown significantly in
the second regime.

However, our analysis shows that the flow of the effective couplings in this regime
does not grow at all, due to their smallness after integration over the first regime, which
we quantify in terms both of the bare couplings and of the transverse hopping. This puts
into question the physical relevance of the “instabilities” coming from the logarithmic



divergence in the second regime, at least in the case we are treating, namely small
interaction strength and small interlayer hopping.

The transition from a normal phase to one with broken symmetry as the interac-
tion strength is increased from small to intermediate values was studied in [CTV12] at
second order in perturbation theory. Therein, it was found that while at small bare cou-
plings the infrared flow is convergent, at larger couplings it tends to increase, indicating
a transition towards an electronic nematic state.

Let us also mention that the third regime is not believed to give an adequate
description of the system at arbitrarily small energies: at energies smaller than a third
threshold (proportional to the fourth power of the transverse hopping) one finds [PP06]
that the six extra Fermi points around the two original ones, are actually microscopic
ellipses. The analysis of the thermodynamic properties of the system in this regime (to
be called the fourth regime) requires new ideas and techniques, due to the extended
nature of the singularity, and goes beyond the scope of this paper. It may be possible
to adapt the ideas of [BGMO6] to this regime, and we hope to come back to this issue
in a future publication.

To summarize, at weak coupling and small transverse hopping, we can distinguish
four energy regimes: in the first, the system behaves like two uncoupled monolayers,
in the second, the energy bands are approximately parabolic, in the third, the trigonal
warping is taken into account and the bands are approximately conical, and in the fourth,
six of the Fermi points become small curves. We shall treat the first, second and third
regimes, which corresponds to retaining only the three dominant Slonczewski-Weiss-
McClure hopping parameters. Informally, we will prove that the interacting half-filled
system s analytically close to the non-interacting one in these regimes, and that the
effect of the interaction is merely to renormalize the hopping parameters. The proof
depends on a sharp multiscale control of the crossover regions separating one regime
from the next.

We will now give a quick description of the model, and a precise statement of the
main result of the present work, followed by a brief outline of its proof.

1.1 Definition of the model

We shall consider a crystal of bilayer graphene, which is made of two honeycomb
lattices in Bernal or AB stacking, as shown in figure 1.1. We can identify four inequiva-
lent types of sites in the lattice, which we denote by a, b, @ and b (we choose this peculiar
order for practical reasons which will become apparent in the following).

We consider a Hamiltonian of the form
H=Ho+H; (1.1)

where the free Hamiltonian Hg plays the role of a kinetic energy for the electrons, and
the interaction Hamiltonian H; describes the interaction between electrons.



Figure 1.1: @ and B represent atoms of type a and b on the lower layer and O and
[] represent atoms of type @ and b on the upper layer. Full lines join nearest neighbors
within the lower layer and dashed lines join nearest neighbors within the upper layer.

Ho is given by a tight-binding approximation, which models the movement of
electrons in terms of hoppings from one atom to the next. There are four inequivalent
types of hoppings which we shall consider here, each of which will be associated a different
hopping strength ~;. Namely, the hoppings between neighbors of type a and b, as well as
a and b will be associated a hopping strength ~y; @ and ba strength v;; @ and b a strength
v3; @ and a, and band b a strength 4 (see figure 1.2). We can thus express Hy in second
quantized form in momentum space at zero chemical potential as [Wad7, SW58, Mc57]

1 ) .
Ho=— > Al Ho(k) Ay (1.2)
[A] keA
i A " 142(k) 702" (k)
. 2 A Q(k Q" (k
Ay = Qk and Hy(k) := — n oS2(k) 782 ( )k
ag 1 (k) 702 (k) 0 V3Q(k)ehs
% W02k) (k) R)eFRe 0
(1.3)

in which ag, l;k, aj and Bk are annihilation operators associated to atoms of type a, E, a
and b, k = (kg ky), A is the first Brillouin zone, and Q(k) := 1 + 2e sk cos <§ky)
These objects will be properly defined in section 2.1. The A parameter in Hy models a



shift in the chemical potential around atoms of type a and b [SW58, Mc57]. We choose
the energy unit in such a way that vy = 1. The hopping strengths have been measured
experimentally in graphite [DD02, TDD77, MMD79, DDe79] and in bilayer graphene
samples [ZLe08, MNe07]; their values are given in the following table:

bilayer graphene [MNe(7] | graphite [DD02]
" 0.10 0.12
V3 0.034 0.10 (1.4)
Y4 0.041 0.014
A 0.006 [ZLe08] —0.003

We notice that the relative order of magnitude of v3 and 74 is quite different in graphite
and in bilayer graphene. In the latter, 1 is somewhat small, and =3 and 74 are of the
same order, whereas A is of the order of v7. We will take advantage of the smallness of
the hopping strengths and treat v; =: € as a small parameter: we fix

! 73

A
N1, B33, 2~ 040, 5 =058 (1.5)
€ € € €

and assume that ¢ is as small as needed.

Remark: The symbols used for the hopping parameters are standard. The reason why
v was omitted is that it refers to next-to-nearest layer hopping in graphite. In addition,
for simplicity, we have neglected the intra-layer next-to-nearest neighbor hopping ~(, ~
0.171, which is known to play an analogous role to v4 and A [ZLe08§].

The interactions between electrons will be taken to be of extended Hubbard form,

Hp = Ugy:)v(x _y) (n _ ;) (ny _ ;) (1.6)

where n, := aLaw in which «; is one of the annihilation operators ay, b,, @, or b,; the
sum over (x,y) runs over all pairs of atoms in the lattice; v is a short range interaction
potential (exponentially decaying); U is the interaction strength which we will assume
to be small.

i.e.

We then define the Gibbs average as
1
()= S Tr (™)
Z ="Tr (e*m{> = e AN/,

The physical quantities we will study here are the free energy f, and the two-point
Schwinger function defined as the 4 x 4 matrix

where

So(x1 — x2) == <<T(04;(104L2 (1.7)

)>> (o a)€{ab,a,b}?’



Figure 1.2: The different types of hopping. From top-left to bottom-right: a <> b, @ < b,
a < l;, b+~ a, a<+ a, b+ b. Atoms of type a and a are represented by spheres and
those of type b and b by cubes; the interaction is represented by solid red (color online)
cylinders; the interacting atoms are displayed either in purple or in blue.



where x; := (t1,21) and xy := (t2,x2) includes an extra imaginary time component,
t12 € [0, ), which is introduced in order to compute Z and Gibbs averages,

Qp g 1= eota e 0t for o € {a,b,a,b}

and T is the Fermionic time ordering operator:

o ol ift >t
T(a:fl z1a:€rz 332) = 1 t27,1‘2 : ' ’ ’ (18)
, , — Uy 2y 1y if t1 <ty

We denote the Fourier transform of §2(x) (or rather of its anti-periodic extension in
imaginary time for ¢’s beyond [0, 3)) by sa2(k) where k := (ko, k), and ko € %W(Z +3).

1.2 Non-interacting system

In order to state our main results on the interacting two-point Schwinger function,
it is useful to first review the scaling properties of the non-interacting one,

0 . _
80 (k) = —(ikol + Ho(k)) ™",
including a discussion of the structure of its singularities in momentum space.

1 - Non-interacting Fermi surface. If Hy(k) is not invertible, then sgo) (0, k)
is divergent. The set of quasi-momenta Fy := {k, det Hy(k) = 0} is called the non-
interacting Ferm: surface at zero chemical potential, which has the following structure:
it contains two isolated points located at

27 27
Proi=| —w——], we{-1,+1 1.9
o= (oways ) w e (-14) 1.9)
around each of which there are three very small curves that are approximately elliptic
(see figure 1.3). The whole singular set Fy is contained within two small circles (of
radius O(e?)), so that on scales larger than €2, Fy can be approximated by just two
points, {pfo}, see figure 1.3. As we zoom in, looking at smaller scales, we realize that
each small circle contains four Fermi points: the central one, and three secondary points
around it, called {pf i JE {1,2,3}}. A finer zoom around the secondary points reveals
that they are actually curves of size €.

2 - Non-interacting Schwinger function. We will now make the statements
about approximating the Fermi surface more precise, and discuss the behavior of séo)
around its singularities. We will identify four regimes in which the Schwinger function
behaves differently.

2-1 - First regime. One can show that, if piEO = (O,pfo), and

o Ky K1 1= (/4 + ()2 + (k)2

7



Figure 1.3: Schematic representation of the Fermi points. Each dotted square represents
a goom into the finer structure of the Fermi points. The secondary Fermi points are
labeled as indicated in the figure. In order not to clutter the drawing, only one of the
zooms around the secondary Fermi point was represented.



Figure 1.4: Eigenvalues of Hy(k). The sub-figures b,c,d are finer and finer zooms around
one of the Fermi points.

then
~ —1
(07, + K) = (SApE +K))  (1+O(KILeK ) (1.10)

in which €4 is a matrix, independent of Y1, ¥3, ¥4 and A, whose eigenvalues vanish
linearly around pI{EO (see figure 1.4b). We thus identify a first regime:

e K <1

in which the error term in (1.10) is small. In this first regime, 71, 73, 74 and A are
negligible, and the Fermi surface is approximated by {pfo}, around which the Schwinger
function diverges linearly.

2-2 - Second regime. Now, if

kyd (k)
(Ko, kgs )l = \/’f% + 2) +-3
7 7

then
~ -1 _
) (0F +K) = (SndEg +K)) (140K, 2K IE) ()

in which £114 is a matrix, independent of 3, ¥4 and A. Two of its eigenvalues vanish
quadratically around pfo (see figure 1.4c) and two are bounded away from 0. The latter

9



correspond to massive modes, whereas the former to massless modes. We thus identify
a second regime:
e < K| < e

in which 3, 74 and A are negligible, and the Fermi surface is approximated by {pfo},
around which the Schwinger function diverges quadratically.

2-3 - Third regime. If piij = (o,pfj), j=0,1,2,3, and

(o, s K ) rns = B + 3]0 + 2300, )2
then
0 ; -1 _ _
s (0%, + K)) = (Smy AR, +K)) (140K I ) 1I51) - (112)

in which SHLJ-A is a matrix, independent of 74 and A, two of whose eigenvalues vanish
linearly around p}i ;= (0, p}i j) (see figure 1.4d) and two are bounded away from 0. We
thus identify a third regime:

et < K| < €

in which v4 and A are negligible, and the Fermi surface is approximated by {pfﬁ j} j€{0,1,2,3}>
around which the Schwinger function diverges linearly.

Remark: If 4 = A = 0, then the error term O(e4||k9|]I_Hl) in (1.12) vanishes identically,
which allows us to extend the third regime to all momenta satisfying

1 1 << €.

1.3 Main Theorem

We now state the Main Theorem, whose proof will occupy the rest of the paper.
Roughly, our result is that as long as |U| and € are small enough and 74 = A = 0 (see
the remarks following the statement for an explanation of why this is assumed), the
free energy and the two-point Schwinger function are well defined in the thermodynamic
and zero-temperature limit |A|, 5 — oo, and that the two-point Schwinger function is
analytically close to that with U = 0. The effect of the interaction is shown to merely
renormalize the constants of the non-interacting Schwinger function.

We define

2 2w 2 2
Boo =R x (R?/(ZG) + ZGy)), Gy = (> 2= <_>
( [(ZGy 2)) 1 33 2 37 V3

where the physical meaning of R?/(ZG1 + ZG3) is that of the first Brillowin zone, and
G1,2 are the generators of the dual lattice.

10



{ Main Theorem \
If 74 = A = 0, then there exists Uy > 0 and ¢y > 0 such that for all |[U| < Uy and € < €,
the specific ground state energy

1
ep = — lim lim —— log(Tr(e P
0 B—s00 |A|—oo B|A] g(Tr( )
exists and is analytic in U. In addition, there exist eight Fermi points {f)‘}é j Yo=t,j=0,1,2,3
such that:
f)U}:{"O = pQFJ‘,O7 ’f)"}?‘,] - pU}“i',]’ g (COHSt.) ’U‘Ezv .7 = 172737 (113)

and, Yk € By \ {P% j}w:i7j:0,17273, the thermodynamic and zero-temperature limit of
the two-point Schwinger function, limg o limjy|o0 s2(k), exists and is analytic in U.

L I

Remarks:

e The theorem requires 74 = A = 0. As we saw above, those quantities play a
negligible role in the non-interacting theory as long as we do not move beyond the
third regime. This suggests that the theorem should hold with 4, A # 0 under
the condition that f3 is not too large, i.e., smaller than (const.) e~4. However, that
case presents a number of extra technical complications, which we will spare the
reader.

e The conditions that |U| < Up and € < ¢y are independent, in that we do not
require any condition on the relative values of |U| and e. Such a result calls for
tight bounds on the integration over the first regime. If we were to assume that
|U| < €, then the discussion would be greatly simplified, but such a condition
would be artificial, and we will not require it be satisfied. L. Lu [Lul3] sketched
the proof of a result similar to our Main Theorem, without discussing the first two
regimes, which requires such an artificial condition on U/e. The renormalization
of the secondary Fermi points is also ignored in that reference.

In addition to the Main Theorem, we will prove that the dominating part of the
two point Schwinger function is qualitatively the same as the non-interacting one, with
renormalized constants. This result is detailed in Theorems 1.1, 1.2 and 1.3 below, each
of which refers to one of the three regimes.

1 - First regime. Theorem 1.1 states that in the first regime, the two-point
Schwinger function behaves at dominant order like the non-interacting one with renor-
malized factors.

11



{ Theorem 1.1 \
Under the assumptions of the Main Theorem, if Ce < [[k — p%g[[1 < C~! for a suitable
C > 0, then, in the thermodynamic and zero-temperature limit,

—ikg 0 0 £

1 0 —ikg & 0

S kY= ———— " g 1 +7r k 1.14
2( ) k0k0+‘§|2 Q é- —’Lk() O~ ( ( )) ( )
£ 0 0 —iko
where

r(Pfo + k) = O((1 + |U]|1og [|X'|[x]) 1 [|1, e[| %/[I1), (1.15)

and, for (ko, k7, ky) :== k — p%y,
Fo = 2ko, o= ko, &= Sy (iK + wh! 1.16
0 ‘= Z1r0, 0 ‘= Z1Kr0, f-—ivl(lx+wy) (1.16)

in which (21, z1,v1) € R3 satisfy
I1— 2| <ClU|, |1—=|<CU|, |1—-v|<C|U] (1.17)

for some constant C; > 0 (independent of U and e).

L 1

Remarks:
e The singularities of so are approached linearly in this regime.

e By comparing (1.14) with its non-interacting counterpart (3.8), we see that the
effect of the interaction is to renormalize the constants in front of ky and € in (3.8).

e The inter-layer correlations, that is the {a,b} x {a, b} components of the dominat-
ing part of sy(k) vanish. In this regime, the Schwinger function of bilayer graphene
behave like that of two independent graphene layers.

2 - Second regime. Theorem 1.2 states a similar result for the second regime.
As was mentioned earlier, two of the components are massive in the second (and third)
regime, and we first perform a change of variables to isolate them, and state the result
on the massive and massless components, which are denoted below by §éM) and §§m)

respectively.

12



Theorem 1.2

r

1

Under the assumptions of the Main Theorem, if C'e® < ||k — p“ﬁ,o||11 < C~ e for a suitable
C > 0, then, in the thermodynamic and zero-temperature limit,

(1 M) M 1 0
32(k)(0 ! )( A (M(k) l)(]l—i—r(k)) (1.18)

where:
w — 1/2 —1/2
r(pfo +K) = O V2K 1%, /2K |12, [U]e | log e]), (1.19)
227 = (%2 ~—1
NP (Wllﬂo () > (M):_< 0 % ) 190
So ( ) ;y%k3+|§‘4 ,7152 Z’?%ko ,  So ,7;1 0 ’ ( . )

M(K) = —— ( 0 2_ ) (1.21)

and, for (ko, k},, ky) = k — p%,

x) Yy

- - -3 .
1 =mev1, ko = zko, &= ivz(lk’; + wky) (1.22)

in which (s, 22, v2) € R3 satisfy

|1 —ma| < Co|U, |1—2|<C|U|, [1—wf <Co|U| (1.23)

for some constant Cy > 0 (independent of U and ).

L

Remarks:

The massless components {a,b} are left invariant under the change of basis that
block-diagonalizes sp. Furthermore, M is smallin the second regime, which implies
that the massive components are approximately {a,b}.

As can be seen from (1.20), the massive part §§M) of s9 is not singular in the

neighborhood of the Fermi points, whereas the massless one, i.e. §§m), is.

The massless components of so approach the singularity quadratically in the spatial
components of k.

Similarly to the first regime, by comparing (1.20) with (3.18), we find that the
effect of the interaction is to renormalize constant factors.

3 - Third regime. Theorem 1.3 states a similar result as Theorem 1.2 for the

third regime, though the discussion is made more involved by the presence of the extra
Fermi points.

13



{ Theorem 1.3 \
For j = 0,1, under the assumptions of the Main Theorem, if ||k — ij||1H C1e for
a suitable C' > 0, then

(1 M) sM 1 0
sa(k) = < 1 Mg ) ( S, < Mo 1 ) A+rk)  (1.24)

where
(P + k) = O(e * K]l (1 + e|log [ |m[|U]), e(1 + [ log e||U])) (1.25)
T x 1
_(m) 1 ( ikoj 3Z; ) ) ( 0 7 )
S k)= —4——— ” = =—( __ J , 1.26
2 () kg + 31752\ Ty tkoy ? Y O (1-26)
1 =X
M(K) = ——— ( i Y ) (1.27)
71,j 0 =5
and, for (ko, ky, ky) ==k — %,
]_ﬂojj = Z3’j]€0, Y,5 = Thg,j"}/l, T = 17370%@]6; — wk;) =: —ES
- (1.28)
Ty = 5 (30311k], + w3 1wk,) .  E1 = m31y17y3 + U311k, + Ws 1K),
in which (7713 3> M35, 23,5, U3 5, 773’j, w3, j, 1D37j) e R’ satisfy
Ims; — 1|+ [ms; — 1 < C3|U|, |z — 1] < C5|U],
(1.29)

035 = 1+ |35 =1 < C3[U|,  [w3; = 1| + |w3; — 1] < C3|U]

for some constant Cs > 0 (independent of U and ¢).

L

Theorem 1.3 can be extended to the neighborhoods of PF,; with j = 2,3, by taking
advantage of the symmetry of the system under rotations of angle 27 /3:

\ Extension to j =2,3
For j = 2,3, under the assumptions of the Main Theorem, if [k — p% ;[ < C~ 1e3 for
a suitable C' > 0, then

iy 1 0 » 1 0
s2(Kj + Pf;) = < 0 TTk;-+f>°§j,w ) s2(TK; + PF ) ( 0 7}tk, > (1.30)

+Fju.:

where T'(ko, ks, ky) denotes the rotation of the k, and k, components by an angle 27 /3,

.3 V3
ik — Lk i
T(koka ky) = € i(gka=23 ?/)"3, and Pry =Pr;-
L

Remarks:

e The remarks below Theorem 1.2 regarding the massive and massless fields hold
here as well.
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e The massless components of sy approach the singularities linearly.

e By comparing (1.24) with (3.25) and (3.32), we find that the effect of the interaction
is to renormalize the constant factors.

1.4 Sketch of the proof

In this section, we give a short account of the main ideas behind the proof of the
Main Theorem.

1 - Multiscale decomposition. The proof relies on a multiscale analysis of
the model, in which the free energy and Schwinger function are expressed as successive
integrations over individual scales. Each scale is defined as a set of k’s contained inside
an annulus at a distance of 2" for h € Z around the singularities located at Pf;- The
positive scales correspond to the ultraviolet regime, which we analyze in a multiscale
fashion because of the (very mild) singularity of the free propagator at equal imaginary
times. It may be possible to avoid the decomposition by employing ideas in the spirit
of [PS08]. The negative scales are treated differently, depending on the regimes they
belong to (see below), and they contain the essential difficulties of the problem, whose
nature is intrinsically infrared.

2 - First regime. In the first regime, i.e. for —1 > h > h, := logy €, the
system behaves like two uncoupled graphene layers, so the analysis carried out in [GM10]
holds. From a renormalization group perspective, this regime is super-renormalizable:
the scaling dimension of diagrams with 2 external legs is 3 — 2I, so that only the two-
legged diagrams are relevant whereas all of the others are irrelevant (see section 5.2 for
precise definitions of scaling dimensions, relevance and irrelevance). This allows us to
compute a strong bound on four-legged contributions:

W™ (k)| < (const.) |U[22"

whereas a naive power counting argument would give |U|2" (recall that with our con-
ventions h is negative).

The super-renormalizability in the first regime stems from the fact that the Fermi
surface is 0-dimensional and that Hj is linear around the Fermi points. While performing
the multiscale integration, we deal with the two-legged terms by incorporating them
into Hy, and one must therefore prove that by doing so, the Fermi surface remains 0-
dimensional and that the singularity remains linear. This is guaranteed by a symmetry
argument, which in particular shows the invariance of the Fermi surface.

3 - Second regime. In the second regime, i.e. for 3h, < h < h,, the singu-
larities of Hy are quadratic around the Fermi points, which changes the power counting
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of the renormalization group analysis: the scaling dimension of 2[-legged diagrams be-
comes 2 — [ so that the two-legged diagrams are still relevant, but the four-legged ones
become marginal. One can then check [Val0] that they are actually marginally relevant,
which means that their contribution increases proportionally to |h|. This turns out not

to matter: since the second regime is only valid for h > 3h,, \Wih)\ may only increase by
3|h¢|, and since the theory is super-renormalizable in the first regime, there is an extra
factor 2R in Wihe), so that Wih) actually increases from 2"¢ to 3|h.|2", that is to say
it barely increases at all if € is small enough.

Once this essential fact has been taken into account, the renormalization group
analysis can be carried out without major difficulties. As in the first regime, the invari-
ance of the Fermi surface is guaranteed by a symmetry argument.

4 - Third regime. In the third regime, i.e. for h < 3h, the theory is again
super-renormalizable (the scaling dimension is 3—21). There is however an extra difficulty
with respect to the first regime, in that the Fermi surface is no longer invariant under
the renormalization group flow, but one can show that it does remain 0-dimensional, and
that the only effect of the multiscale integration is to move pf ; along the line between
itself and PEo-

1.5 Outline

The rest of this paper is devoted to the proof of the Main Theorem and of Theo-
rems 1.1, 1.2 and 1.3. The sections are organized as follows.

e In section 2, we define the model in a more explicit way than what has been done
so far; then we show how to compute the free energy and Schwinger function
using a Fermionic path integral formulation and a determinant expansion, due to
Battle, Brydges and Federbush [BF78, BF84], see also [BK87, AR98|; and finally
we discuss the symmetries of the system.

e In section 3, we discuss the non-interacting system. In particular, we derive de-
tailed formulae for the Fermi points and for the asymptotic behavior of the prop-
agator around its singularities.

e In section 4, we describe the multiscale decomposition used to compute the free
energy and Schwinger function.

e In section 5, we state and prove a power counting lemma, which will allow us to
compute bounds for the effective potential in each regime. The lemma is based on
the Gallavotti-Nicolo tree expansion [GN85], and follows [BG90, GM01, Gil0]. We
conclude this section by showing how to compute the two-point Schwinger function
from the effective potentials.

e In section 6, we discuss the integration over the ultraviolet regime, i.e. scales h > 0.
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e In sections 7, 8 and 9, we discuss the multiscale integration in the first, second
and third regimes, and complete the proofs of the Main Theorem, as well as of
Theorems 1.1, 1.2, 1.3.

2 The model

’From this point on, we set v4 = A =0.

In this section, we define the model in precise terms, re-express the free energy
and two-point Schwinger function in terms of Grassmann integrals and truncated expec-
tations, which we will subsequently explain how to compute, and discuss the symmetries
of the model and their representation in this formalism.

2.1 Precise definition of the model

In the following, some of the formulae are repetitions of earlier ones, which are
recalled for ease of reference. This section complements section 1.1, where the same defi-
nitions were anticipated in a less verbose form. The main novelty lies in the momentum-
real space correspondence, which is made explicit.

1 - Lattice. As mentioned in section 1, the atomic structure of bilayer graphene
consists in two honeycomb lattices in so-called Bernal or AB stacking, as was shown
in figure 1.1. It can be constructed by copying an elementary cell at every integer

combination of
3 V3 3 V3
= —_, — = s 21
ll <27 9 50>> l2 <2a 2 70) ( )

where we have chosen the unit length to be equal to the distance between two nearest
neighbors in a layer (see figure 2.1). The elementary cell consists of four atoms at the
following coordinates

(0,0,0); (0,0,¢); (—1,0,¢); (1,0,0)

given relatively to the center of the cell. c¢ is the spacing between layers; it can be
measured experimentally, and has a value of approximately 2.4 [TMe92].

We define the lattice
A= {nlh + nala, (n1,n2) € {0,---,L — 1}2} (2.2)

where L is a positive integer that determines the size of the crystal, that we will even-
tually send to infinity, with periodic boundary conditions. We introduce the intra-layer
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Figure 2.1: decomposition of the crystal into elementary cells, represented by the blue
(color online) rhombi. There are four atoms in each elementary cell: @ of type a at
(0,0,0), [] of type b at (0,0,¢), O of type @ at (—1,0,c) and B of type b at (0,0, c).

nearest neighbor vectors:

61 :=(1,0,0), &y := (—i?@) 3 = <—1 —?,0) (2.3)

The dual of A is

A= {%Gl + %GQ, (m1,ms) € {0, | L — 1}2} (2.4)

with periodic boundary conditions, where
27 27 2 27
Gi=|—,—&,0], Go=|—=,——=,0]. 2.5
=(5%0) o= (5-%9) (29

It is defined in such a way that Va € A, Vk € A,

Singe the third component of vectors in Ais always 0, we s}}all drop it and write vectors
of A as elements of R%. In the limit L — oo, the set A tends to the torus Ao =
R?/(ZG4 + ZG3), also called the Brillowin zone.
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2 - Hamiltonian. Givenz € A, we denote the Fermionic annihilation operators
at atoms of type a, b, @ and b within the elementary cell centered at x respectively by a,
by, az—s5, and byys, . The corresponding creation operators are their adjoint operators.

We recall the Hamiltonian (1.1)
H="Ho+Hs
where H is the free Hamiltonian and Hj is the interaction Hamiltonian.

2-1 - Free Hamiltonian. As was mentioned in section 1, the free Hamilto-
nian describes the hopping of electrons from one atom to another. Here, we only consider
the hoppings 9,71, 73, see figure 1.2, so that Hg has the following expression in x space:

0:= —Y Z (Tbx+5 ~l—bx+5az—|—b Az —5; +ax 5; ) 712(@51—1—5;%)

TEA €A
j=1,2,3

-3 Z (I51z616+bx 515a:c 51)

TEA
Jj=12,3

(2.6)
Equation (2.6) can be rewritten in Fourier space as follows. We define the Fourier
transform of the annihilation operators as

ag == g e*ay by = Zelkxbel , Q= Z e’kxdx_(gl , b= E elkxbel

TEA TEA TzEA TEA
(2.7)
in terms of which
Ho = I ZA Hy(k (2.8)
keA
where |A| = L2, Ay, is a column vector, whose transpose is A7 = (ag, z?k, ak, lA)k),
0 7 0 702" (k)
gl 0 YoS2(k) 0
olk) 0 (k) 0 pQk)e (29)
Y0$2(k) 0 730" (k)e3ike 0

and
. . 3
Q(k) = Z (0 =01) = 1 4 9¢™i2ke cog ({k@) .
=1
We pick the energy unit in such a way that vo = 1.

2-2 - Interaction. @ We now define the interaction Hamiltonian. We first
define the number operators n$ for a € {a,b,a,b} and = € A in the following way:

nt = ala, =bib,, ni= dl_aldx,(;l . nd= bl+61bz+51 (2.10)
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and postulate the form of the interaction to be of an extended Hubbard form:

Hi=U Y S (@t da—y— do) <ng - ;) <ng’ - ;) (2.11)

(z.9)€A? (a,0’)e{a,b,d,b}?
where the d, are the vectors that give the position of each atom type with respect to
the centers of the lattice A: d, := 0, d; := (0,0,¢), dz := (0,0,¢) — 01, dp := 01 and v
is a bounded, rotationally invariant function, which decays exponentially fast to zero at
infinity. In our spin-less case, we can assume without loss of generality that v(0) = 0.

2.2 Schwinger function as Grassmann integrals and expectations

The aim of the present work is to compute the specific free energy and the two-point
Schwinger function. These quantities are defined for finite lattices by

fa = _B\lA\ log (Tr (e_’BH)> (2.12)

where [ is inverse temperature and

(2.13)

X1 X2

' Tr(e_fBHT(a;laL2))
)> - Tr(e=PHM)

in which (a, O/) e A% = {a, l~7, a, b}z; X12 = (t1’2,$1,2) with t12 € [0, B), Qx =
eMtaye ™" and T is the Fermionic time ordering operator defined in (1.8). Our strategy
essentially consists in deriving convergent expansions for fy and §, uniformly in |A| and
B, and then to take 3, |A| — co.

So/.a(X1 — X2) 1= <T(o/ of

However, the quantities on the right side of (2.12) and (2.13) are somewhat diffi-
cult to manipulate. In this section, we will re-express fa and § in terms of Grassmann
integrals and expectations, and show how such quantities can be computed using a de-
terminant expansion. This formalism will lay the groundwork for the procedure which
will be used in the following to express fa and § as series, and subsequently prove their
convergence.

1 - Grassmann integral formulation. We first describe how to express (2.12)
and (2.13) as Grassmann integrals. The procedure is well known and details can be found
in many references, see e.g. [GM10, appendix B] and [Gil0] for a discussion adapted
to the case of graphene, or [GMO1] for a discussion adapted to general low-dimensional
Fermi systems, or [BG95] and [Sall3] and references therein for an even more general
picture.

1-1 - Definition. We first define a Grassmann algebra and an integration
procedure on it. We move to Fourier space: for every a € A := {a, b, a, b}, the operator
Q(4,7) 1s associated

1 B ,
Q= (ko k) *= ﬂ/o dt eitho gHot 4 o= Hot
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with kg € 2r871(Z + 1/2) (notice that because of the 1/2 term, ko # 0 for finite 3). We
notice that k € By := (28~ 1(Z + 1/2)) x A varies in an infinite set. Since this will
cause trouble when defining Grassmann integrals, we shall impose a cutoff M € N: let
Xo(p) be a smooth compact support function that returns 1 if p < 1/3 and 0 if p > 2/3,
and let

By 1 =B N {(ko, k), xo(2~"|ko| # 0)}.

To every (dy, &L) for a € A and k € B}, we associate a pair of Grassmann variables
(wk o wk o), and we consider the finite Grassmann algebra (i.e. an algebra in which the
v anti-commute with each other) generated by the collection {@ZJk a}ﬁgég E We define

the Grassmann integral
acA

[ 11 i,
keB |
as the linear operator on the Grassmann algebra Whose action on a monomial in the
variables wk o, 18 0 except if said monomial is er B ¢k awk ,, up to a permutation of

the variables, in which case the value of the 1ntegral 1s determined using

acA R . acA . R
/ [T @iaddn| TI Yeatiia] =1 (2.14)
keBy | kEB; |

along with the anti-commutation of the 1&

In the following, we will express the free energy and Schwinger function as Grass-
mann integrals, specified by a propagator and a potential. The propagator is a 4 x 4
complex matrix g(k), supported on some set B C Bj 1, and is associated with the Gaus-
sian Grassmann integration measure

Py(dy) = (H(BIAI)“det@(k)(H d@;;adq/;k,a))exp( i |Zwkg—1 wk>

keB acA keB
(2.15)

Gaussian Grassmann integrals satisfy the following addition principle: given two prop-
agators ¢ and go, and any polynomial 3(¢) in the Grassmann variables,

/ P+, (dp) B(¥) = / o (A1) / o (db2) P(1 +2). (2.16)

1-2 - Free energy. We now express the free energy as a Grassmann integral.
We define the free propagator

g (k) := x0(2~Mko|)(—ikol — Ho(k)) ™" (2.17)
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and the Gaussian integration measure P<ps(dy) = Py_,,(di). One can prove (see e.g.
[GM10, appendix B]) that if

AN log/P<M dy) e (2.18)

is analytic in U, uniformly as M — oo, a fact we will check a posteriori, then the finite
volume free energy can be written as

Fa = fon— log / Poyg(dip) eV (2.19)

hm
B!AI

where fj 4 is the free energy in the U = 0 case and, using the symbol [ dx as a shorthand
B
for [ dt> > ca

=U Z /dxdy Wa,o (X — Y)U5 405 aw;a,wy o (2.20)
(a,0’)€A2

in which wq o (x) := 0(zo)v(x + do — do), where 6(zg) denotes the S-periodic Dirac

delta function, and
Vo = a0 Z Ui et (2.21)

kEB*

Notice that the expression of V(1) in (2.20) is very similar to that of H, with an added
imaginary time (zg,y0) and the ax replaced by vk «, except that (a;r(ax —1/2) becomes
w,t a¥x.o- Roughly, the reason why we “drop the 1/2” is because of the difference between

the anti-commutation rules of ax and ¥y (i.e., {ox,ak} = 1, vs. {vF o Vxat = 0).
More precisely, taking x = (x9,x) with xg € (=0, B), it is easy to check that the limit as
M — oo of gepr(x) := [ Pepr(dip)hctbg is equal to §(x), if x # 0, and equal to §(0)+1/2,
otherwise. This extra +1/2 accounts for the “dropping of the 1/2” mentioned above.

1-3 - Two-point Schwinger function. The two-point Schwinger function
can be expressed as a Grassmann integral as well: under the condition that

[ Pep(dp) eV it
J P<pr(dyp) e=V¥)

is analytic in U uniformly in M, a fact we will also check a posteriori, then one can prove
(see e.g. [GM10, appendix B]) that the two-point Schwinger function can be written as

P d g—V(¢) h— Tt
Say.0p(K) = lim J Peu(dv) Yo Vheas (2.23)
’ M— o0 ngM(dd)) e_v(¢)
In order to facilitate the computation of the right side of (2.23), we will first rewrite it
as

(2.22)

R R -~ R it -
Saq,az (k) = lim dJk_,a1dJl_<‘—,a2 IOg/PgM(dw)e V(w)Jer’alwk’al+¢k’a2Jk’a2 (224)

M—o0
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where jk_ . and J;’“ o are extra Grassmann variables introduced for the purpose of the

K. acts
as a functional derivative with respect to the same variables, due to the Grassmann
integration/derivation rules). We define the generating functional

W, Jia) == V(@) — fiaﬁ;al — q[);az jkjaz. (2.25)

computation (note here that the Grassmann integral over the variables j1: a9 -

2 - Expectations. We have seen that the free energy and Schwinger function
can be computed as Grassmann integrals, it remains to see how one computes such
integrals. We can write (2.18) as

- o~ (=D o~ (DY
log / Pepr(dp)e™¥ ) = NS (Vo V) =y Ly (ViN). (2.26)
N=1 N times N=1
where the truncated expectation is defined as
T N MVt An Y
ElnWVi, - VN) = —————log [ Pcpr(dyp) et NVN (2.27)
= 8>\1 cee 8/\1\7 A =-=Any=0
in which (Vi,---,Vn) is a collection of commuting polynomials and the index < refers

to the propagator of P<ps(di). A similar formula holds for (2.22).

The purpose of this rewriting is that we can compute truncated expectations in
terms of a determinant exrpansion, also known as the Battle-Brydges-Federbush for-
mula [BF78, BF84], which expresses it as the determinant of a Gram matrix. The
advantage of this writing is that, provided we first re-express the propagator g<as(k) in
x-space, the afore-mentioned Gram matrix can be bounded effectively (see section 5.2).
We therefore first define an x-space representation for g(k):

1 oo
g<m (X) 1= —— E ezk'xggM(k). (2.28)
”B|A| keB; I

The determinant expansion is given in the following lemma, the proof of which can be
found in [GMO1, appendix A.3.2], [Gil0, appendix B].

{ Lemma 2.1 \
Consider a family of sets P = (P, - - - , Ps) where every P; is an ordered collection
of Grassmann variables, we denote the product of the elements in P; by Wp, := Hwe P, 1.

We call a pair (¢x 4, 1/’,?0/) € P? a line, and define the set of spanning trees T (P)
as the set of collections T of lines that are such that upon drawing a vertex for each
P; in P and a line between the vertices corresponding to P; and to P; for each line
(1#;70[,11):,@,) € T that is such that ¢, € P; and w:{,ﬂ, € Pj, the resulting graph is a
tree that connects all of the vertices.
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For every spanning tree T' € T(P), to each line I = (v ,, ¢t ) €T we assign a
propagator g := goo (x — x').

If P contains 2(n + s — 1) Grassmann variables, with n € N, then there exists a
probability measure dPr(t) on the set of n x n matrices of the form t = M7 M with M
being a matrix whose columns are unit vectors of R", such that

EL(Upy, - W)= > JTHgl/dPT(t) det ) (1) (2.29)
TeT(P) €T

where o7 € {—1,1} and GT)(t) is an n x n complex matrix each of whose components
is indexed by a line [ € T and is given by

G (t) = tug
(if s = 1, then T(P) is empty and both the sum over T" and the factor or [ [;c7 gi should
be dropped from the right side of (2.29)).

L I

Lemma 2.1 gives us a formal way of computing the right side of (2.26). However,
proving that this formal expression is correct, in the sense that it is not divergent, will
require a control over the quantities involved in the right side of (2.29), namely the prop-
agator g<s. Since, as was discussed in the introduction, g<s is singular, controlling the
right side of (2.26) is a non-trivial task that will require a multiscale analysis described
in section 4.

2.3 Symmetries of the system

In the following, we will rely heavily on the symmetries of the system, whose
representation in terms of Grassmann variables is now discussed.

A symmetry of the system is a map that leaves both

ho =Y kg (x - y)uy (2.30)
Xy

and V(¢) invariant (V(¢)) was defined in (2.20)). We define

5;3:<1&lta @;IJ{F,E)’ ék:Z(igE;)’ ¢31t2=<@zlt& @;;b>¢gk:<1€i&>

(2.31)
as well as the Pauli matrices

01 0 —z 1 0
o1 = 10 ) o9 1= i 0 , 0g3:= 0 -1 )
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We now enumerate the symmetries of the system, and postpone their proofs to ap-
pendix E.

1 - Global U(1). For § € R/(2nZ), the map

b s G
{ d;i N eiwqgi (2’32)
k k

is a symmetry.

2 - 27/3 rotation. Let Tk := (ko,e_i%w"?k), ly == (3/2,—/3/2) and Ty :=
e~l2’k)os the mapping

{ G & (2.33)
i — Trdpie O — S The
is a symmetry.
3 - Complex conjugation. The map in which
b — &
{ N (2.34)
qSk — ¢,k-

and every complex coefficient of hy and V is mapped to its complex conjugate is a
symmetry.

4 - Vertical reflection. Let Rk = (ko, k1, —k2),

é:l: — é:l:
{ o (2.35)
Pk = PRk
is a symmetry.
5 - Horizontal reflection. Let R k = (ko, —kq, ko),
{ € — 010 G & o 2.36)
P > T10510 Pi > O, 101
is a symmetry.
6 - Parity. Let Pk = (ko, —k1, —kg),
b — i(Eh)"
{ N (2.37)
dic > {(Ohy)
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is a symmetry.
7 - Time inversion. Let Ik = (—kg, k1, k2), the mapping
{ 51: — _‘7351_1(7 éli_ — é;rkgi’) (2.38)
951; — _0-3(;5;k7 ¢i — ¢3ka3 .

is a symmetry.

3 Free propagator

In section 2.2, we showed how to express the free energy and the two-point
Schwinger function as a formal series of truncated expectations (2.26). Controlling
the convergence of this series is made difficult by the fact that the propagator g<as is
singular, and will require a finer analysis. In this section, we discuss which are the sin-
gularities of g<js and how it behaves close to them, and identify three regimes in which
the propagator behaves differently.

3.1 Fermi points

The free propagator is singular if kg = 0 and k is such that Hy(k) is not invertible.
The set of such k’s is called the Fermi surface. In this subsection, we study the properties
of this set. We recall the definition of Hy in (2.9),

0 0 Q* (k)
o Y1 0 Q(k) 0
Q(k) 0 3Q¥(k)e ke 0

so that, using corollary B.2 (see appendix B),
|2
det Ho(k) = ’QQ(k) — s (ke Btk | (3.1)

It is then straightforward to compute the solutions of det Hy(k) = 0 (see appendix A for
details): we find that as long as 0 < 1793 < 2, there are 8 Fermi points:

w . (2«7 2
Pro = (3 ’w3\/§)

Pr1 = (
( ) (3.2)
—(2m 2 VItyys(2-y173) 2 1+y17s
Pro = ( 3 T3 arccos( 5 ) ,w\/g arccos< 5
w . (2r _ 2 VIty173(2=7173) 2 1+7173
Pp3 = ( 3 — 3 arccos ( 5 ;W5 Arccos 5 .
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for w € {—,+}. Note that
2= 1o + (03n) + O, B = P + (Lomrs —wdn) + O(e)
Pr1 pF70+( ,w3v17Y3) + O(€7), Pra pF,()"’ \/g')’l')’?n wzv1y3 ) + O(e7),

Ps = Pio+ (‘%%73, —w%’h'yg) + O(e*).
(3.3)
The points P‘}fﬂ,j for j = 1,2,3 are labeled as per figure 1.3.

3.2 Behavior around the Fermi points

In this section, we compute the dominating behavior of g(k) close to its singu-
larities, that is close to p%; := (0,p% ;). We recall that A(k) := (—ikol + Ho(k)) and

3(k) = xo(2~ M [kol) A~ (k).
1 - First regime. We define k' :=k — p}, = (ki ky), k' := (ko, k'). We have
Qg + k) = 5 (ik; + why) + O([K'*) = € + O(K'|*) (3.4)
so that, by using (B.2) with (a,b,¢,1,3) = — (71, Q(k), y3Q(k)e**= ko, ko),

det A(pfp + k') = (k5 + [€1)° + O(IK'|IF, €[1K'|IF) (3-5)

K l[x == /K + 1€] (3.6)

in which the label 1 stands for “first regime”. If

where

ke < ||k < Ro (3.7)

for suitable constants k1,ko > 0, then the remainder term in (3.5) is smaller than the
explicit term, so that (3.5) is adequate in this regime, which we call the “first regime”.

We now compute the dominating part of A~! in this regime. The computation is
carried out in the following way: we neglect terms of order 1, v3 and |k'|? in fl, invert
the resulting matrix using (B.3), prove that this inverse is bounded by (const.) ||k'||{*,
and deduce a bound on the error terms. We thus find

—ikp O 0 &

1 0 —ikp & 0

K+l 0 & —iko 0
&0 0 —ik

AN (P +K) = (T +O(IK I, el x'IITH)

(3.8)
and R
|A™ (p% + K')| < (const.) K[l (3.9)
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Note that, recalling that the basis in which we wrote A~! is {a, 5,&, b}, each graphene
layer is decoupled from the other in the dominating part of (3.8).

2 - Ultraviolet regime. The regime in which ||k’[|; > Fo for both w = +, and
is called the wultraviolet regime. For such k' =: k — p¥ 70, one easily checks that

| A7 (k)| < (const.) k|7t (3.10)

3 - Second regime. We now go beyond the first regime: we assume that
|K'||1 < k1€ and, using again (3.4) and (B.2), we write

det A(pg +K') = 43k2 + [€]* + O(E2|K 132, 1K/ |, el |K'|I3:) (3.11)
where
K/ |l == k2 + ’5‘ (3.12)
1
If
Ky € < ||K||n < Ry € (3.13)

for suitable constants kg, k1 > 0, then the remainder in (3.11) is smaller than the explicit
term, and we thus define the “second regime”, for which (3.11) is appropriate.

We now compute the dominating part of A1 in this regime. To that end, we
define the dominating part £11A of A by neglecting the terms of order 43 and |K'|? in A
as well as the elements A, and A ; (which are both equal to —ikg), block-diagonalize
it using proposition C.1 (see appendlx C) and invert it:

(Enfl(k)) 1 _ < ]é Mll]ik)T ) ( a%/[) (m())(k) ) ( M;l(k) ]01 ) (3.14)

ary
where
—1 - *)2
(M) _ 0 m > M) w . N < imko (€% )
= , YKy = 4 3.15
ayy ( i 1 0 ary (pF,O ) ,y%kg + ‘§|4 52 Z,ylko ( )
and
1 /& 0
Mu(p%y+ k) = —( ) 3.16
(PFo + k) ol G (3.16)
We then bound the right side of (3.14), and find
- 1 1 12| |22
[ (endlpto +1)) | < (const. ( A “!,H_”P NE RS
11
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in which the bound should be understood as follows: the upper-left element in (3.17) is
the bound on the upper-left 2 x 2 block of (£;14)~!, and similarly for the upper-right,
lower-left and lower-right. Using this bound in

-1

A0 = (20d00) " [1+ (400 - 20d00) (20d00) ]

we deduce a bound on the error term in square brackets and find

e (1 My(k)t a0 1 0
Al(pF’°+k)_<0 1 >< 0 a\™ (k) <Mn(k) ]1>‘

(L ORI, 21 )
A (3.18)
which implies the analogue of (3.17) for A=%

|A71( w —l—k/)| < ( t) < e ! 671/2”k/HI_11/2 ) (3 19)
Pro < (const. B _1/9 - . .
VK K

Remark: Using the explicit expression for A‘l(p%O + k') obtained by applying propo-
sition B.1 (see appendix B), one can show that the error term on the right side of (3.18)
can be improved to O(e_lHk’HH,63/2||k’||ﬁ1/2)). Since we will not need this improved
bound in the following, we do not belabor further details.

4 - Intermediate regime. In order to derive (3.18), we assumed that ||k/||;1 <
Rie with i small enough. In the intermediate regime defined by rie < ||k'||i1 and
|K'||1 < k1€, we have that [|K||{ ~ [|k||11 ~ € (given two positive functions a(e) and b(e),
the symbol a ~ b stands for ¢b < a < Cb for some universal constants C > ¢ > 0).
Moreover,

det AP + k') = (K§ + €1°)" + 1TK5 + O(€) (3.20)
therefore | det A| > (const.) e* and
|A™ (P, k)| < (const.) e (3.21)

which is identical to the bound at the end of the first regime and at the beginning of the
second.

5 - Third regime. We now probe deeper, beyond the second regime, and assume
that ||K'||i1 < x2€3. Since we will now investigate the regime in which |k’| < (const.) €2,

we will need to consider all the Fermi points Pr with j € {0,1,2,3}.

5-1 - Around Pro- We start with the neighborhood of p%
det A(pg + k') = 11 (kg +131€1%) + O |K/|[F) (3.22)
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where

(K|l == \/ k3 +31¢1% (3.23)

The third regime around pf, is defined by
1K || < Foe® (3.24)

for some Ko < k3. The computation of the dominating part of A1 in this regime around
P is similar to that in the second regime, but for the fact that we only neglect the
terms of order |k'|? in A as well as the elements A, and fll;g. In addition, the terms
that are of order e 3||k’||%; that come out of the computation of the dominating part of

A in block-diagonal form are also put into the error term. We thus find

(M)
i1 (1 Mmp(k)t a0 0 1 0 3L/
At = () M 10 oo ) (g 1) (0 ORI
11L,0 ,
(3.25)
where
1 .
(M) _ 0 > (m) ( w no._ 1 (—Zko ’st)
M — (7 , tK) = 0 3.26
111,0 < o 1 0 aIII,O(pF,O ) k,(Q) + ’732,|§|2 y3€ —iky ( )
and
1 /¢ 0
M, W+ k)= —< ) 3.27
IH,O(PRO ) " 0 ¢ ( )
and _ , 1 2
| A7 (P + k)| < (const.) =l ) (3.28)
€ | HHI

5-2 - Around Pr1-  We now discuss the neighborhood of Py, We define
Ky =k —pp = (K, K ,) and ki := (ko, k7). We have

Qg + k1) =73 + & + O(2[K] ) (3.29)

where 3
& = 5(2]{:’1@ + wk'l’y).

Using (B.2) and (B.4), we obtain
det A(p%, +Kk)) = 77k3 + Q7 — y1732% e ¥ 2 1 O (e ko |?) (3.30)
where ( is evaluated at pj; + K. Injecting (3.29) into this equation, we find

det A(pfy + K1) = 27 (k8 + 13121 [*) + O 1K i, €Ik 1) (3.31)
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where
3 ain /
x1 = 5(31/{:1@ + wki ).

The third regime around pf, is therefore defined by
% [ < Ro €

where K2 can be assumed to be the same as in (3.24) without loss of generality. The
dominating part of A~! in this regime around p“ﬁl is similar to that around P‘ﬁw except

that we neglect the terms of order 62k’1 in A as well as the elements fl,m and /155. As
around p%,, the terms of order e 3|k} [|?; are put into the error term. We thus find

A*®:<ﬂﬂmﬂw> oy 0 ( 1 0>
0 1 0 agf’)l (k) Mmpa(k) 1

(L4 O(e, € ||K|lm))

(3.32)
where
,1 - *
(M) . 0 7 (m) /w no._ 1 iko  Y3x]
1 < yhooo ) oy (Pry + k) = k3 + 3|z |? ( vawy ik (3:33)
and
M1 (Piy + ki) = 3l — 1 < i 0 > (3.34)
’ ’ m\0 &
e - It el
|A= (p%, + k)| < (const.) < LT AL ) ) (3.35)
’ 6||k1||111 Hk1HIH

5-3 - Around p% ;. The behavior of g(k) around p% ; for j € {2,3} can be
deduced from (3.32) by using the symmetry (2.33) under 27 /3 rotations: if we define

K=k —pp,; = (K, K},), Kj == (ko, k}) then, for j = 2,3 and w,

RIUTECR I SR PRIV (O Jors
J Fy 0 ,TTk; P J Fi—w 0 7}1(; +PE i —w

where T' and Ty were defined above (2.33), and pp, = pp;. In addition, if kj and kj
= 67

are in the third regime, then 77y | po iwios 4 O(é€?).
J s

J

6 - Intermediate regime. We are left with an intermediate regime between
the second and third regimes, defined by

R263 < Hk,HHI s ||k/||H < I€2€3 and R263 < ”k;HIHa Vj e {1,2,3}, (337)
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which implies
1K lrx ~ ([ [lrr ~ [ |rr ~ €

and
A (W *|2
det A(p%o + k') = 1ikg + |€% — ms€*|” + O("). (3.38)

One can prove (see appendix D) that injecting (3.37) into (3.38) implies that | det A| >
(const.) €%, which in turn implies that

1w el 2
|A 1(PF,O+k/)| < (const.) ( 2 -3 (3.39)

which is identical to the bound at the end of the second regime and at the beginning of
the third.

7 - Summary. Let us briefly summarize this sub-section: we defined the norms

¢t
K[l := \/k§ + €2, (K|l = [ kG + |72‘» K[|t == £/ k3 +51€1%, (3.40)
1

and identified an wultraviolet regime and three infrared regimes in which the free propa-
gator g(k) behaves differently:

for ||k'||1 > Fo, (3.10) holds.

for k1e < ||[K||1 < Ro, (3.8) holds.

for E263 < ”k/”H < R1€, (318) holds.

for ||k < Roe?, (3.25) holds, for ||K) |1 < Ree, (3.32) holds, and similarly for
the 7 = 2,3 cases.

4 Multiscale integration scheme

In this section, we describe the scheme that will be followed in order to compute
the right side of (2.26). We will first define a multiscale decomposition in each regime
which will play an essential role in showing that the formal series in (2.26) converges. In
doing so, we will define effective interactions and propagators, which will be defined in k-
space, but since we wish to use the determinant expansion in lemma 2.1 to compute and
bound the effective truncated expectations, we will have to define the effective quantities
in x-space as well. Once this is done, we will write bounds for the propagator in terms
of scales.
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4.1 Multiscale decomposition

We will now discuss the scheme we will follow to compute the Gaussian Grass-
mann integrals in terms of which the free energy and two-point Schwinger function were
expressed in (2.19) and (2.24). The main idea is to decompose them into scales, and
compute them one scale at a time. The result of the integration over one scale will then
be considered as an effective theory for the remaining ones.

Throughout this section, we will use a smooth cutoff function xo(p), which returns
1 for p < 1/3 and 0 for p > 2/3.

1 - Ultraviolet regime. Let by := |log,(&o)| (in which % is the constant that
appeared after (3.40) which defines the inferior bound of the ultraviolet regime). For
he{ho,---, M} and ' € {ho+1,---, M}, we define

Few (&) = x0(27" [Kol),  Fay (k) = Yums X0 (27l = PEg D),
S (k) == fan (k) = fen-1(k) (4.1)
Bfth’ s Bg.r, N supp f<h, Bé L) := B, Nsupp fi,
in which || - ||1 is the norm defined in (3.40). In addition, we define
(k) = fw()AT(K),  gen(k) == fan(k) A7 (k) (4.2)
so that, in particular,
g (k) = genmr—1(k) + gur (k).
Furthermore, it follows from the addition property (2.16) that for all h € {h¢,--- , M —1},
<h

/ Pepy(dy) eV = e AT / P (A VP @ED)

/p<M(d¢) Wt Ji,a) — 65A|Fh/P<h(dw(<h)) W @D i)

where Py (dg(<0) = Py, (dih(<),

(4.3)

—ﬂ|A|Fh _ V(h) (w(gh)) = —5|A|Fh+1 —+ log / Ph+1(d¢(h+1)) e—v<h+1)(¢(h+1)+¢(<h))

= —B|A|Fpy1 + Z (N?EEH(V(hH)(w(hH) + ¢(<h));N)
N=1 )

(4.4)
and
—BIA|(Fn = Fhyr) = WP (S i )
o~ (DY or (1) (g (4D 4 (B
= Sy (W (¥ + S Jia); N)
N=1 ’

(4.5)



in which the induction is initialized by

V(M) = V7 W(M) — W, Fyr:=0.

2 - First regime. We now decompose the first regime into scales. The main
difference with the ultraviolet regime is that we incorporate the quadratic part of the
effective potential into the propagator at each step of the multiscale integration. This is
necessary to get satisfactory bounds later on. The propagator will therefore be changed,
or dressed, inductively at every scale, as discussed below.

Let by := [logy(k1€)] (in which k; is the constant that appears after (3.40) which
defines the inferior bound of the first regime), and || - |1 be the norm defined in (3.40).
We define for h € {b1,--- ,ho} and b’ € {h1 +1,--- ,ho},

f<h,w(k) = XO(Q_h”k - pUﬁOHI)a fh/,w(k) = féhﬁw(k) - fgh’—l,w(k)

w » (4.6)
BEL}L’ ) = Bﬁ,L N SUprgh,w B,gfL’ ) = Bﬂ,L N suppfghzw

and ) )

i w(k) = frw®ATK),  Genwk) = fanw(k) AT (K). (4.7)
For h € {b1,--- ,ho — 1}, we define
—BIAI(F) = Fia) — QM (157) = v (51
— CDN or S (1) (<)
= N S V(W +PSY);N)
N=1 ’

Q(Eo)(¢(<50)) + V(Eo)(w(éﬁo)) — V(ho)(d,(ého))

(4.8)

and
—BIA[(Fp — Fpy1) — QW (pSM)y - W (p(shJ )
o) -1 N _ B )
= =) EL L WD (D) (SR G ) N)

1
0 ho )(¢(<b0)) + W00) (4)(<ho) Jiea) = WO0) (4)(<ho) Jica)
(4.9)
in which Q" is quadratic in the 1, V) is at least quartic and W has no terms that
are both quadratic in ¢ and constant in Jka; and 5 he1 is the truncated expectation

(h+1) h+1 . . S .
defined from the Gaussian measure P, +(dw ) )P, (dw(_ * )); in which gp41, is

the dressed propagator and is defined as follows. Let WQ(h)(k) denote the kernel of QW)
ie.

Q(h)(w(gh)) = L Z Z wkiil)oj—w ( )wl({ifba, (410)

w,(a,a’) keBEth w)
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(remark: the ,, index in ﬁfw ., is redundant since given k, it is defined as the unique
w that is such that k € B/ﬁfg ’w); it will however be needed when defining the x-space
counterpart, of @fw ., below). We define gp., and g<p, by induction: égﬁo,w(k) =

(G=1 (k) + W k)" and, for h e {b1 +1,..., b0},

<bow
éh,w(k) = fh,w(k)fg_]iw(k)ééh,w(k)
o -1 -1 2 -1 | 13,(h—1) (4.11)
(G<h-10®) " = fo1,(K) (Genwk) — + W (k)
in which fg}iw(k) is equal to 1/ f<p w(k) if f<nw(k) # 0 and to O if not.
The dressed propagator is thus defined so that
/ Par(d) e=V®) = ¢=INIE / Py (M) =V @)
(4.12)

/PM(d¢) oW ia) _ e—,B|AFh/ (<)) WO W) i)

in which Pj, = P, (d@!)(fh))Ps (d@b(fh)). Equation (4.11) can be expanded into a

9<h,+ 9<h,—

more explicit form: for A’ € {h1 +1,...,ho} and h € {by,--- ,ho},

~ 2 -1 R N —1
an w (k) = frw(k) <Ah’,w(k)) v 9<hw(k) = fenw (Ah,w(k)> (4.13)
where 5
Apo(k) = AK) + feno W)+ Y W (k) (4.14)
h'=h-+1

(in which the sum should be interpreted as zero if h = ).

3 - Intermediate regime. We briefly discuss the intermediate region between
regimes 1 and 2. We define

Forw(k) = x027" [k = PEollt) — X027 [k — PEgln) =t fepy w(k) = foj, (k) (4.15)

where by := [logy(R1€)], from which we define gy, ., (k) and g, (k) in the same way
as in (4.13) with
<hw

: i oo
Ag, (k) == A(K) + o W™ (k) + Y W (k). (4.16)
=b1

The analogue of (4.12) holds here as well.
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4 - Second regime. We now define a multiscale decomposition for the in-
tegration in the second regime. Proceeding as we did in the first regime, we define
by := [logy(kae3)], for h € {ha,--- ,b1} and A’ € {bha +1,--- , b1}, we define

fenw(k) == x027 "k = pEolln),  fwrw(k) = fanrw(k) = fan—1.0(K)

o s (4.17)
Bl(i’%[},h ) = Bﬁ,L N Suppféh,o.n Bg’l[: ) = Bﬁ7L N suppfghlw
The analogues of (4.12), and (4.13) hold with
n i h—1) o, n
Ap-10(k) = A(K) + fep1,0(k) Wy Z W)+ Y W (k). (4.18)

5 - Intermediate regime. The intermediate region between regimes 2 and 3
is defined in analogy with that between regimes 1 and 2: we let

Fraw®) = x02 2k —pfoln) — > X027k — p%,lm)
j€{0,1,2,3} (4.19)

S<how 7](k) Xo(2™ hZHk ]HIH)

where hy := |logy(F2e3)| from which we define g, (k) and J<iy (k) in the same way
as in (4.13) with

) ] o o
Apyo(8) = AK) + o, WA () + Y Wm0+ > W (k). (4.20)

The analogue of (4.12) holds here as well.

6 - Third regime. There is an extra subtlety in the third regime: we will see
in section 9 that the singularities of the dressed propagator are slightly different from
those of the bare (i.e. non-interacting) propagator: at scale h the effective Fermi points

P%; with j = 1,2, 3 are moved to p(w ) with
h
1By — Pl < (const.) [U]e®. (4.21)
The central Fermi points, j = 0, are left invariant by the interaction. For notational
uniformity we set f);f[’)h) = Py, Keeping this in mind, we then proceed in a way

reminiscent of the first and second regimes: let g := |logy(7/3)], for h € {hg,--- , b2}
and &' € {hg+1, -, b2}, we define

Fenwj(k) == xo0(27 "k — pF]h+1)||III) Inwi(K) = fan wj(K) = fen—1,0,5(k)

B(<h w,])

B P
8,L = Bﬁ LN SUpr<h w,j B( wj)

= Bg,, N supp f<n w,j
(4.22)
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and the analogues of (4.12), and (4.13) hold with
Ap10g (1) 2= AQ) + fenorwg (W5 (1)

b2 b1
A h/ A h h/
SRR PRI 2:(
h'=h h'=ha
(4.23)

7 - Last scale. Recalling that |kg| > 7/, the smallest possible scale is hg :=
llogy(7/B3)]. The last integration is therefore that on scale h = hg + 1, after which, we

are left with
/ Pers(dip) eV @) = ¢ HNIFy
(4.24)
/P<M(d¢) W Jia) — o BIAF g W) (i)

The subsequent sections are dedicated to the proof of the fact that both Fy, and wbs)
are analytic in U, uniformly in L, 8 and e. We will do this by studying each regime, one
at a time, performing a tree expansion in each of them in order to bound the terms of
the series (see section 5 and following).

4.2 x-space representation of the effective potentials

We will compute the truncated expectations arising in (4.4), (4.5), (4.8) and (4.9)
using a determinant expansion (see lemma 2.1) which, as was mentioned above, is only
useful if the propagator and effective potential are expressed in x-space. We will discuss
their definition in this section. We restrict our attention to the effective potentials
V(1) gince, in order to compute the two-point Schwinger function in the regimes we are
interested in, we will not need to express the kernels of W in x-space.

1 - Ultraviolet regime. We first discuss the ultraviolet regime, which differs
from the others in that the propagator does not depend on the index w. We write Y(h)
in terms of its kernels (anti—symmetric in the exchange of their indices), defined as

v B Z( \A\)m . > Wélzv(kl’ ko)

=1 a=(a1,,az;) (kl,-",kzz)GBthm
1—ko+-+koy_1—ko =0

~(<h)

(<h)+ 7
wk1 a1 QZ)k2 az wkzz 15 0121 1wk2170¢2l
(4.25)
. A(<h)E -
The x-space expression for v, ™ is defined as
<h)* 1 x 7 (<h)E
(Sh* = oA Y ke (4.26)
keBSS)
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so that the propagator’s formulation in x-space is

1 ik (x=y) 5
X—Vy)i=—— e k 4.27
keBS)

and similarly for g<p, and the effective potential (4.25) becomes

> 1
V(M) =3 %" FA| /dX1 s dxg WQ(ZL(M — Xy, ,Xg1-1 — X21)°

=1 «
&)+ (k)= (Sh)+ w(éh)f
X1,01 X2,02 X2]—1,02]—1 7 X2[,2]
(4.28)
with
h 1 i1 (1) ik, o) 13 (h
WQ(Z,;(UM e, Ugy) = W Z iz (ki u’)WZ(L;(kh ko).

(ki,- ko —1)€BY !
(4.29)

Remark: From (4.25), WQ(lh ;(k) is not defined for k; ¢ B/Sff ), however, one can easily

check that (4.29) holds for any extension of WQ(lh ; to Bélzl, thanks to the compact support

properties of ¥(S%) in momentum space. In order to get satisfactory bounds on WQ(th (x),
that is in order to avoid Gibbs phenomena, we define the extension of Wz(lh L

to (4.25) by relaxing the condition that () is supported on ngg) and iterating (4.4).

In other words, we let WQ(lh ()1 (k) for k € Bgf’zl be the kernels of V*() defined inductively
by B

(k) similarly

* > —1 N *
Bl v O ) = S DL 0 ) ey ) (430)
N=1 ’

in which {‘i’k,a}kesg,L,aeA is a collection of external fields (in reference to the fact that,
contrary to ¥(S" | they have a non-compact support in momentum space). The use of
this specific extension can be justified ab-initio by re-defining the cutoff function x in
such a way that its support is R, e.g. using exponential tails that depend on a parameter
€y in such a way that the support tends to be compact as €, goes to 0. Following this
logic, we could first define W using the non-compactly supported cutoff function and then
take the €, — 0 limit, thus recovering (4.30). Such an approach is dicussed in [BM02].
From now on, with some abuse of notation, we shall identify V*() with V" and denote
them by the same symbol V", which is justified by the fact that their kernels are (or
can be chosen, from what said above, to be) the same.

2 - First and second regimes. We now discuss the first and second regimes
(the third regime is very slightly different in that the index w is complemented by an
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extra index j and the Fermi points are shifted). Similarly to (4.25), we define the kernels
of V:

V Z 5|A| (BIADZ-T Z Z Wéﬁ;(klv"' ko)
1—2

S ( S 7k2l)€B£§Lh'£>
ki —ko+-+ko—1—koy=0

(<h)+ ~(<h)+ 2(<h)—
¢k17061 w1wk27062,w2 kal 1,021 —1,W21— 11/]1(21 Oéz(z,wzz )
4.31
where B(;Lh @) B[(;h @) B(<h “20)  Note that the kernel W2(l ) s independent of

w, Wthh can be easily proved usmg the symmetry w; — —w;. The x- space expression
for wk,a,w

1
i = T D (4.32)

(<h,w)
keBy “

Remark: Unlike &k@,w, the ., index in w,(fc? Li is not redundant. Keeping track of

this dependence is required to prove properties of ng(k) and g (k) close to P} while
working in x-space. Such considerations were first discussed in [BG90] in which ¢y o w
were called quasi-particle fields.

We then define the propagator in x-space:

) 1 o Y i
Jhw(x—y) = A Y PRI )G, (k) (4.33)
keBSS)

and similarly for g<j ., and the effective potential (4.31) becomes

V) () ZZ BIA] /dxl ~dxy Wg(l()lw(xl — Xoy, -+ ,Xg1-1 — X31)*
=2 w,a
(Sh+  (<h)—  (Sh)+ (<h)—
X1,01,W1 ¥X2,002,W2 X21—1,02]—1,W21—1 ¥ X2[,02],W2]
(4.34)
and
\h -
QM) = 3 iy AW D (4
in which
WQ(;?;,Q(ula e, ug)
50 2 (—1)ipd L 2i-1 ; wj .
= J:/; AT > ¢/ Eo=r GV OG=Pr) WM 1y o kgyy).
(5‘ D (kl,v~-,kgl,1)632{21 o
(4.36)
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As in the ultraviolet, the definition of Wz(lh;(k) is extended to B%lzl by defining it as the
kernel of V*(M):

* - -1 N *
= BIAJer, = V(@) = (N?g;{ﬂ(v D (D) 4+ W); N) (4.37)
N=1 '

in which {‘i’k,a}keBﬁ,L,aeA is a collection of external fields. The definition (4.36) suggests
a definition for Ay, (see (4.14) and (4.18)):

Apo(X) 1= —— Z ¢k PRI* 4, (k). (4.38)
kEBBL

3 - Third regime. We now turn our attention to the third regime. As discussed
in section 4.1, in addition to there being an extra index j, the Fermi points are also shifted
in the third regime. The kernels of V and Q are defined as in (4.31), but with w replaced

by (w, j). The x-space representation of 12)1(50? Lij is defined as

(w1 ilk—pEM ) x 1 (<h):
wx,a,w,j T ,B‘A’ Z € wkaw,] (439)

(Sh,w,j)
keBy

and the x-space expression of the propagator and the kernels of V and Q are defined by
analogy with the first regime:

. 1 o w,h) .
Ghsws(x=¥) = g S g, k) (4.40)
keBS Y
and
o e o
W(S2=1_1yn ~ (wn,h) ) h
Z ¢! (n=1 (=1)" (kn =P 7)) J)Wz(l}f;(kh“' ko).
(kl,"',k2171)682{21
(4.41)
In addition ) o
1 i(k—p5 x
Ah,w,j(x) = m Z 6( Prj ) Ah’w’j(k). (4.42)
keBg 1,

4.3 Estimates of the free propagator

Before moving along with the tree expansion, we first compute a bound on g in
the different regimes, which will be used in the following.
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1 - Ultraviolet regime. We first study the ultraviolet regime, i.e. h €
{1) ) M}

1-1 - Fourier space bounds. We have

2 , _ 1 Ho(k)\ ™
1._ _ 1__ = 0
A(k)™" == —(ikol + Ho(k)) ik <]1 + ko >
and R
19 ()] = | fn (k) A~ (k)| < (const.) 27",
where | - | is the operator norm. Therefore
1
—— > 1gn(k)| < (const.). (4.43)
B,L

Furthermore, for all mg + my < 7 (we choose the constant 7 in order to get adequate
bounds on the real-space decay of the free propagator, good enough for performing the
localization and renormalization procedure described below; any other larger constant
would yield identical results),

\2hm°a,§’j)08;”kgh(k)| < (const.) 27" (4.44)

in which 0, denotes the discrete derivative with respect to ko and, with a slightly abusive
notation, 0y the discrete derivative with respect to either kq or k9. Indeed the derivatives
over k land on ikg A1, which does not change the previous estimate, and the derivatives
over kg either land on fy, 1/(ikg), or ikoA~1, which yields an extra 27" in the estimate.

Remark: The previous argument implicitly uses the Leibnitz rule, which must be used
carefully since the derivatives are discrete. However, since the estimate is purely di-
mensional, we can replace the discrete discrete derivative with a continuous one without
changing the order of magnitude of the resulting bound.

1-2 - Configuration space bounds. We now prove that the inverse Fourier
transform of gy,

gn(x) = i > e (k) (4.45)
EnpY

satisfies the following estimate: for all mg + mg < 3,

/dx 20 ™| gy (x)| < (const.) 27mol (4.46)

where we recall that [ dx is a shorthand for f(;B dty ,ca- Indeed, note that the right
side of (4.45) can be thought of as the Riemann sum approximation of

dky —Zk~XA
/ /A e (4.47)
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where Aoy = {t1G1+12G4 : t; € [0,1)} is the limit as L — oo of A, see (2.4) and following
lines. The dimensional estimates one finds using this continuum approximation are the
same as those using (4.45) therefore, integrating (4.47) 7 times by parts and using (4.44)

we find
(const.)

1+ (2"|zo| + [2)”

lgn(x)] <

so that by changing variables in the integral over g to 2"z, and using

mO Mk
dx < (const.
J % T ot < ot

we find (4.46).

2 - First regime. We now consider the first regime, i.e. h € {h1 +1,--- ,ho}.

2-1 - Fourier space bounds. From (3.8) we find

|Gn.w(k)| < (const.) 27"

therefore )
BIA] > onw(k)| < (const.) 22 (4.48)
keBgﬂL
and for m < 7,
129 g, (k)| < (const.) 277 (4.49)

in which we again used the slightly abusive notation of writing dx to mean any derivative
with respect to ko, k1 or ky. Equation (4.49) then follows from similar considerations as
those in the ultraviolet regime.

2-2 - Configuration space bounds. We estimate the real-space counterpart

of gh,wv
1 —i(k—p% )X~
Gheo(X) == BIA] Z e~k Pko0) Inw(k),
keB{'y
and find that for m < 3,
/ dx [x™gp ,(x)] < (const.) 2~ (1Hm)h (4.50)

which follows from very similar considerations as the ultraviolet estimate.

3 - Second regime. We treat the second regime, i.e. h € {ha +1,--- b1} in
a very similar way (we skip the intermediate regime which can be treated in the same
way as either the first or second regimes):
1

A D 19nw(K)] < (const.) 2Mthe (4.51)
keBy |
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and for all mg +m; < 7,

h+he

2 O™ ghw (k)| < (comst.) 27" (4.52)

|2moh )02
where h. := logy(€). Therefore for all mg + my < 3,

h+he

/dx |20 2™ gp, ., (x)| < (const.) 27 h—moh=me TR (4.53)

4 - Third regime. Finally, the third regime, i.e. h € {hs+ 1, -+, ha}:
1

A kezB; |Gh.w(k)| < (const.) 22h—2he (4.54)
5L
and for all mg + my < 7,
|2mohgrogmih=hag, , (k)| < (const.) 27" (4.55)
Therefore for all mg + my < 3,
/ dx |20z g o, 5(x)| < (const.) 27 hmmoh—mi(h=he) (4.56)

where

1 ) k—N(w’,h+1) > n
gh,w,j(x) = ﬁ|A| Z . € i Prg )xgh,w(k)‘
keBgf’L“‘J)

5 'Tree expansion and constructive bounds

In this section, we shall define the Gallavotti-Nicolo tree expansion [GN85], and
show how it can be used to compute bounds for the ey, V™, Q") and VM) defined
above in (4.4) and (4.8), using the estimates (4.46), (4.50), (4.53) and (4.56). We
follow [BG90, GM01, GM10]. We conclude the section by showing how to compute the
terms in W that are quadratic in JAk7g from V" and §p,.

The discussion in this section is meant to be somewhat general, in order to be
applied to the ultraviolet, first, second and third regimes (except for lemma 5.2 which
does not apply to the ultraviolet regime).

43



5.1 GGallavotti-Nicolo Tree expansion

In this section, we will define a tree expansion to re-express equations of the type

_ v(h)(w(éh)) BRI (w(éh)) — Z (71)Ngg+1 (V(hﬂ)(w(éh) + ¢(h+1)); N) (5.1)

for h € {h3,---,hi—1} (in the ultraviolet regime h3 = ho, b} = M; in the first h5 = by,
hi = bo; in the second h3 = b2, h] = b1; and in the third, h = bg, hi = b2), with

<h <h)— <h)+ -
ZZ/dX W >(<1,1%—1~_ 5:2,1%2 ' >(czz )1,W2l 17/})(21@21

o (5.2)
<h)— <h <h)—
v(h) (w(gh)) = Z Z/dx WQ[ w( )T/Jxl,W1 X;ﬂgz >(<§l7)1_~:772l71 3(;1,1)?21
=0 =

(¢ = 1 in the ultraviolet regime and ¢ = 2 in the first, second and third) in which @w and
x are shorthands for (wy, -+ ,wy) and (x1, -+ ,X9); w denotes a collection of indices:
(a,w) in the first and second regimes, (a,w,7) in the third, and («) in the ultraviolet;
and W2(l ) ( ) is a function that only depends on the differences x; —x;. The propagator

associated with €h+1 will be denoted g, 41), () (X — X ') and is to be interpreted as the
dressed propagator g(41w),(a,o’) in the first and second regimes, and as g(p41.0,j),(a,a)
in the third. Note in particular that in the first and second regimes the propagator is
diagonal in the w indices, and is diagonal in (w, j) in the third. In all cases, we write

1 —itk—pPt Iy (x—x/) A
9(h+1),(w,=’) (X - X/) = m Z e (k=ps ) )g(h+1)’(w7w/) (k) s (53)
keBg 1,

where p£ﬂ+ ) should be interpreted as 0 in the ultraviolet regime, as p‘f;’o in the first and

second, and as p(w ) i the third, see (4.21).

Remark: The usual way of computing expressions of the form (5.1) is to write the right
side as a sum over Feynman diagrams. The tree expansion detailed below provides a
way of identifying the sub-diagrams that scale in the same way (see the remark at the
end of this section). In the proofs below, there will be no mention of Feynman diagrams,
since a diagramatic expansion would yield insufficient bounds.

We will now be a bit rough for a few sentences, in order to carry the main idea
of the tree expansion across: equation (5.1) is an inductive equation for the V(") which
we will pictorially think of as the merging of a selection of N potentials V1 via a
truncated expectation. If we iterate (5.1) all the way to scale h3, then we get a set of
merges that fit into each other, creating a tree structure. The sum over the choice of
N’s at every step will be expressed as a sum over Gallavotti-Nicolo trees, which we will
now define precisely.
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Given a scale h € {h3,---,hi — 1} and an integer N > 1, we define the set T]\(,h)
of Gallavotti-Nicolo (GN) trees as a set of labeled rooted trees with N leaves in the
following way.

e We define the set of unlabeled trees inductively: we start with a root, that is
connected to a node vy that we will call the first node of the tree; every node
is assigned an ordered set of child nodes. vy must have at least one child, while
the other nodes may be childless. We denote the parent-child partial ordering by
v < v (v is the parent of v). The nodes that have no children are called leaves or
endpoints. By convention, the root is not considered to be a node, but we will still
call it the parent of vg.

e Each node is assigned a scale label b’ € {h+1,--- ,hi+1} and the root is assigned
the scale label h, in such a way that the children of the root or of a node on scale

B’ are on scale h' + 1 (keep in mind that it is possible for a node to have a single
child).

e The leaves whose scale is < hj are called local. The leaves on scale h] + 1 can
either be local or irrelevant (see figure 5.1).

e Every local leaf must be preceeded by a branching node, i.e. a node with at least
two children. In other words, every local leaf must have at least one sibling.

e We denote the set of nodes of a tree 7 by U(7), the set of nodes that are not leaves
by (1) and the set of leaves by &(7).

Remark: Local leaves are called “local” because those nodes are usually applied a
localization operation (see e.g. [BG95]). In the present case, such a step is not needed,
due to the super-renormalizable nature of the first and third regimes.

Every node of a Gallavotti-Nicolo tree 7 corresponds to a truncated expectation
of effective potentials of the form (5.1). If one expands the product of factors of the form
( ,(fg)i + @D,(f;rl)i) in every term in the right side of (5.1), then one finds a sum over
choices between (&P and (" for every (x,w0,£). We will express this sum as a sum
over a set of external field labels (corresponding to the labels of (SM) which are called
external because they can be factored out of the truncated expectation) defined in the
following way. Given an integer £y > ¢, whose purpose will become clear in lemma 5.2
(we will choose ¢y to be = 1 in the ultraviolet regime, and = 2,3, 2 in the first, second,
third infrared regimes, respectively), a tree 7 € T]\(,h) whose endpoints are denoted by
(v1,-++ ,vN), as well as a collection of integers I := (ly,,- - ,luy) € NV such that [,, > ¢
and, if v; is a local leaf, [,, < ¢y (in particular, if £y = ¢ there are no local leaves), we
introduce an ordered collection of fields, i.e. triplets

F = ((x1,@1,+), (x2, @2, =), -, (X2r—1, war—1, +), (Xar, @ar, —)) - (5.4)
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which are local and 6 irrelevant. Local leaves are represented as empty circles, whereas

Figure 5.1: example of a tree on scale h up to scale hj + 1 = h + 5 with 11 leaves, 5 of
irrelevant leaves are represented as full circles.
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where L := [, +---+1,,. We then define the set of external field labels of each endpoint
v; as the following ordered collections of integers

Ly i= (1, 20y) oo Loy o= (2o, + 1,00, 20)

We define the set Pr;_ g, of external field labels compatible with a tree 7 € T]\(,h) as the
set of all the collections P = {P,},cq(r) Where P, are themselves collections of integers
that satisfy the following constraints:

e For every v € U(7) whose children are (vy,--- ,vs), P, C P,, U---U P, in which,
by convention, if v; is an endpoint then P,, = I,,; and the order of the elements of
P, is that of P,, through P, (in particular the integers coming from P,, precede
those from P,, and so forth).

e For all v € Y(7), P, must contain as many even integers as odd ones (even integers
correspond to fields with a —, and odd ones to a +).

e If v has more than one child, then P, # P, for all v/ = v

e For all v € U(7) \ {vo} which is not a local leaf, the cardinality of P, must satisfy
|Py| = 24p.

Furthemore, given a node v whose children are (v1, - - - ,vs), we define R, := (J;_; P, \ Py.

We associate a value to each node v of such a tree in the following way. If v is a
leaf, then its value is

hy—
poi=WiH ) (x,) (5.5)

where |P,| denotes the cardinality of P,, and w, and x,, are the field labels (i.e. elements
of F) specified by the indices in P,. If v is not a leaf and R, # 0, then its value is

poi= Y om Hg(hu),l/dPTv(t) det G (t) = Y~ p{I) (5.6)

T,eT(R,)  l€T, T,€T(Ry)

where T(Ry), g(n,),, dPr, (t) and G(Tvhv) are defined as in lemma 2.1 with g replaced by
gh,, and if the children of v are denoted by (v1, - -+ ,vs), then R, := (Py,\ Py, . .., Py, \Py).
If v is not a leaf and R, = (), then it has exactly one child and we let its value be p, = 1.
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{ Lemma 5.1 \
Equation (5.1) can be re-written as

) () _ Z 3 ZZ/dx oo 11 SV

- Sy!
N=1_crh I, =, PEP-1_ 10 vel(r)

(5.7)
where L. = (ly,, -+ ,lyy) (see above), w, and x, are the field labels in F, s, is the
number of children of v, p, was defined above in (5.5) and (5.6), vg is the first node of

T and oy
<h) (<h)e;
PUO . H /(/)x17wl
i€Py,

where ¢; is the third component of the i-th triplet in F.

L I

Remark: The sum over P € Pr; 4, is a sum over the assignement of P, for nodes
that are not endpoints. The sets I, are not summed over, instead they are fixed by [_.
Furthermore, if Pr; 4 = 0 (e.g. if £o = ¢ and 7 contains local leaves), then the sum
should be interpreted as 0.

By injecting (5.6) into (5.7), we can re-write

—p (w(éh)) —_yW (¢(<h))

YYD Zz/de > 1 <51v>!pgv>
N=1 TET(h)T eT(r) I, @, PePr 110 veY(T)

(5.8)

where T(7) is the set of collections of (T, € T(Ry))yen(r)- Moreover, while p( ) \as

defined in (5.6) if v € (1), it stands for p, if v € &(7) (note that in this case T, = ().

Idea of the proof: The proof of this lemma can easily be reconstructed from the
schematic description below. We do not present it in full detail here because its proof
has already been discussed in several references, among which [BG95, GMO01, Gil0].

The lemma follows from an induction on h, in which we write the truncated
expectation in the right side of (5.1) as

h+1 h
Z Z / X dXy W2(l1+w)( ) WQ(l;lg)N(KN)'

lN w17 77

£ (<h)+ (h1)+ (< (h+1)— ..
gh"!‘l H(¢{L’1 25—-1,%W1,25—1 + wxl ,25—1,T01,25— 1)(1/}:E1 251,25 + wzl 2]7774'1 2])

] (<h)+ (h41)+ (<h)— (h41)—
’ H(¢IN,2J' 1, N, 2j—1 + ¢1N 2j—1, N, 25— 1)(1/}901\7 ,25 TN, 25 + ,¢1'N 25,7N, 23)
j=1
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which yields a sum over the choices between (5" and ¢+ with each choice corre-
sponding to an instance of P,: each 1/1,((%)6 “creates” the element (x,w,e€) in P,. The
remaining truncated expectation is then computed by applying lemma 2.1. Finally, the
WQ(;; +wl) with [; < {p are left as such, and yield a local leaf in the tree expansion, the
other?are expanded using the inductive hypothesis.

Remark: For readers who are familiar with Feynman diagram expansions, it may be
worth pointing out that a Gallavotti-Nicolo tree paired up with a set of external field
labels P represents a class of labeled Feynman diagrams (the labels being the scales
attached to the lines, or equivalently to the propagators) with similar scaling properties.
In fact, given a labeled Feynman diagram, one defines a tree and a set of external field
labels by the following procedure. For every h, we define the clusters on scale h as the
connected components of the diagram one obtains by removing the lines with a scale
label that is < h. We assign a node with scale label & to every cluster on scale h. The set
P, contains the indices of the legs of the Feynman diagram that exit the corresponding
cluster. If a cluster on scale h contains a cluster on scale h + 1, then we draw a branch
between the two corresponding nodes. See figure 5.2 for an example.

Local leaves correspond to clusters that have few external legs. They are consid-
ered as “black boxes”: the clusters on larger scales contained inside them are discarded.

A more detailed discussion of this correspondence can be found in [GMO1, sec-
tion 5.2] among other references.
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hs hy hs ha hy ho

Figure 5.2: Example of a labeled Feynman diagram and its corresponding tree. Three
clusters, denoted by vy, vo and v3, on scale hi, ho and hy respectively, are explicitely
drawn as dotted ellipses. There are 4 more clusters (2 on scale hy, 1 on scale hy and 1
on scale h3) which are not represented. The scales are drawn in different colors (color
online): red for hs, orange for hy, for hs, green for he and blue for hj.
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5.2 Power counting lemma

We will now state and prove the power counting lemma, which is an important
step in bounding the elements in the tree expansion (5.8) in the first, second and third
regimes.

In the following, we will use a slightly abusive notation: given x = (x1,...,Xy),
we will write x™ to mean “any of the products of the following form”

Lirir """ Lim,im

where i, € {0, 1,2} indexes the components of x and j, € {1,--- ,n} indexes the compo-
nents of x. We will also denote the translate of x by y by x —y = (X1 —y,...,Xpn — ¥).
Furthermore, given x™, we define the vector m whose i-th component is the number of
occurrences of z.; in the product x™ (note that mg + m; + mg = m).

The power counting lemma will be stated as an inequality on the so-called beta
function of the renormalization group flow, defined as
» Wilntd Wyl it
B2l’z(§) = (5.9)
Wi (x) ifl<q.

l,w

In terms of the tree expansion (5.7), Bé?) is the sum of the contributions to WQ(lh) whose

field label assignment P is such that every node v € U(7) \ {vg} that is connected to
the root by a chain of nodes with only one child satisfies |P,| > 2. We denote the set of
such field label assignments by 737&7 4, for any given 7, [ and {y. In other words, B;?)
contains all the contributions that have at least one propagator on scale h+ 1. If | < ¢,

then all the contributions have a propagator on scale h + 1, so By = Wo,.

f Lemma 5.2 I
Assume that the propagator g(s) (=) (X — X') can be written as in (5.3). Given h €
(h%, - b3 — 1), if Vm € {0,1,2,3}, and

/dX |Xmgh/(X)‘ < C92_Cgh/8"h/(m)

vh' € {h+1,---  hi} (5.10)
1 . o —c , 9 9 s 11 S
BIA| Z |G (k)| < C2len—eolh
kEB@L

where cg4, ¢, Cy and Cg are constants, independent of h, and §/(m) is a shorthand for
AS”OATlAgnQ2_h/(d0m0+d1m1+d2m2)

in which Ag, Ay, A2 > 0, do,dy,d2 > 0, and m; is the number of times any of the z;;

appears in x; if
Ck

CLp— Cqg

f0>

(5.11)
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and

1 / /
/B|A‘/dx ’(X_XQl)mWQ(l}?E)(X) < Q:Zl’U‘max(l,lfl)Qh (Ck*(Ck*Cg)l)%'h,(m%

he{h+1,--- hi}
(5.12)
where ¢ <1 < {y for ¥ < hi, | > q for k' = h} (in particular, if ¢ > £y, then b’ = hY),

and €y are constants, then

e}
B|A‘ /dx X — X2l)mB§l) (x )‘ < 2Mlen—(er—cq Z)Sh (ee ZZ Z Z

N=1 e L,

> oM (G, e H 2(er=enmen) ) I (C:Co)'vey, Uttt
PeﬁTiT’gO veY(T vEE(T)
| Py =21
(5.13)
where C1, U2 and C3 are constants, independent of ¢4, ¢, Cy, Cq and h.

L I

Remarks: Here are a few comments about this lemma.

e Combining this lemma with (5.9) yields a bound on WQ(lh ZL(;) In particular, if
[ > {p and h < h7, then

|A|/dx x — xo1)" WL (x )‘<2th (k=€) (m) (C5C5 " Z oy

N=1 e7—(h) 1

- — cx—(cx—c 1Pyl max -
Z C{V(Cchl)N 1 H 9(ex—(ck—cg)=-) H (CQCG)ZUQ:2IU|U| (1,l,—1)
PePr 110 veU(T vEE(T)
| Py =21

(5.14)

e The lemma cannot be used in this form in the ultraviolet regime, since in that case
the right side of (5.11) is infinite, because ¢, = ¢4 = 1. In the ultraviolet we will
need to re-organize the tree expansion, in order to derive convergent bounds on
the series, as discussed in section 6 below.

e The lemma gives a bound on the m-th derivative of Wz(lh z)v (k), which we will need
in order to write the dominating behavior of the two-point Schwinger function as
stated in Theorems 1.1, 1.2, 1.3; however, we will never need to take m larger than
3, which is important because the bound (5.13), if generalized to larger values of
m, would diverge faster than m! as m — oo.

e Recall that the propagator g; appearing in the statement should be interpreted as
the dressed propagator g in the first, second and third regimes. Since g, depends
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on WQ(lhg for b’ > h, we will have to apply the lemma inductively, proving at each
step that the dressed propagator satisfies the bounds (5.10).

Similarly, the bounds (5.12) will have to be proved inductively.

In this lemma, the purpose of £g, which up until now may have seemed like an
arbitrary definition, is made clear. In fact, the condition that €y > cx/(ck — ¢g)
implies that ¢, — (¢ — ¢g)|Py]/2 < 0, Vv € B(7) \ {vo}. If this were not the case,
then the weight of each tree 7 could increase with the size of the tree, making the
right side of (5.13) divergent.

The combination ¢ — (¢, — ¢g)|Py|/2 is called the scaling dimension of the cluster
v. Under the assumptions of the lemma, the scaling dimension is negative, Vv €
G(7) \ {vo}. The clusters with non-negative scaling dimensions are necessarily
leaves, and condition (5.12) corresponds to the requirement that we can control
the size of these dangerous clusters. Essentially, what this lemma shows is that
the only terms that are potentially problematic are those with non-negative scaling
dimension. This prompts the following definitions: a node with negative scaling
dimension will be called irrelevant, one with vanishing scaling dimension marginal
and one with positive scaling dimension relevant.

We will show that in the first and third regimes ¢, = 3 and ¢, = 1, so that the
scaling dimension is 3 — |P,|. Therefore, the nodes with |P,| = 2 are relevant
whereas all the others are irrelevant. In the second regime, ¢, = 2 and ¢4 = 1, so
that the scaling dimension is 2 — |P,|/2. Therefore, the nodes with |P,| = 2 are
relevant, those with |P,| = 4 are marginal, and all other nodes are irrelevant.

The purpose of the factor §p(m) is to take into account the dependence of the
order of magnitude of the different components kg, k1 and ko in the different
regimes. In other words, as was shown in (4.46), (4.50), (4.53) and (4.56), the
effect of multiplying g by z;; depends on 7, which is a fact the lemma must take
into account.

The reason why we have stated this bound in x-space is because of the estimate
of det(G 1)) detailed below, which is very inefficient in k-space.

Proof: The proof proceeds in five steps: first we estimate the determinant appear-

ing in (5.6) using the Gram-Hadamard inequality; then we perform a change of variables
in the integral over x_ in the right side of (5.8) in order to re-express it as an integration
on differences x; —x;; we then decompose (x —xg;)"; and then compute a bound, which
we re-arrange; and finally we use a bound on the number of spanning trees T(7) to
conclude the proof.

1 - Gram bound. We first estimate | det G(Tv:hv)|.
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1-1 - Gram-Hadamard inequality. We shall make use of the Gram-
Hadamard inequality, which states that the determinant of a matrix M whose compo-
nents are given by M;; = A; © B; where (A;) and (B;) are vectors in some Hilbert
space with scalar product ® (writing M as a scalar product is called writing it in Gram
form) can be bounded by

|det(M)| < [ VA © Aiv/Bi © B (5.15)

The proof of this inequality is based on applying a Gram-Schmidt process to turn (A;)
and (B;) into orthonormal families, at which point the inequality follows trivially. We
recall that G(Tvw) is an (ny — (sy — 1)) X (ny — (s — 1)) matrix in which s, denotes
the number of children of v and if we denote the children of v by (vy,---,vs,), then
ny = [Ry|/2 = (3272 |Po;| — [Pu])/2. Tts components are of the form tg,), (see
lemma 2.1), with ti ) = ui-uj in which the u; are unit vectors.

1-2 - Gram form. We now put (g(n),(a,a’)(X = X)) (x,a),(x/,ar) in Gram form
by using the k-space representation of gy, in (5.3). Let # = £2(Bg.p, x {a,b,a,b}) denote
the Hilbert space of square summable sequences indexed by (k, ) € Bg 1, x {a, b, a,b}.
For every h € {h},--- ,h% — 1} and (x,a) € ([0,8) x A) x {a,b,a,b}, we define a pair of

vectors (A((lh) (x),B&h) (x)) € H? by

1 —ik-X Y N
(AP e = e V00 AP 9
5.16
(R) _ 1 —ik-xpr(h) 5 (R) ( )
(BY (Diear = e L0, 06) AL (1)

IIB‘A’ C%,a/
where ng) (k) denotes the a-th eigenvalue of \/g,ﬁ(k)gh(k) (i.e. the singular values of
gn(k)) and V" (k) and U" (k) are unitary matrices that are such that
an (k) = V(a0 D (k) U™ (1),

where D™ (k) is the diagonal matrix with entries S\gL)(k). We can now write gy, as

9 (e (x — %) = Al (x) © BY (x) (5.17)

where © denotes the scalar product on H. Furthermore, recalling that |g, (k)| is the
operator norm of g, (k), so that |g, (k)| = max spec\/g;rl(k)gh(k), we have

1

AP X) 0 AL (x) =Bl (x) 0B (x) < o D lan(k)[ < G2 (5.18)
ﬂ’ ‘ kEBB,L
The Gram form for G(Tv"v) i then
i I (i) (Xi — X5) = (U - 1) (A, (Xi) © B, (x5)) (5.19)
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so that, using (5.15) and (5.18),
| det GUTvm)| < (Cgaler—calhoyno=(so=1) (5.20)

2 - Change of variables. We change variables in the integration over x_. For
every v € U(7), let P, =: (ji”), . ,]g;)). We recall that a spanning tree T € T(7) is
a diagram connecting the fields specified by the I,’s for v € &(7): more precisely, if we
draw a vertex for each v € &(7) with |[,| half-lines attached to it that are labeled by the
elements of I,,, then T' € T(7) is a pairing of some of the half-lines that results in a tree
called a spanning tree (not to be confused with a Gallavotti-Nicolo tree) (for an example,
see figure 5.3). The vertex v, of a spanning tree that contains the last external field, i.e.
that is such that jgf) € I,,, is defined as its root, which allows us to unambiguously
define a parent-child f)artial order, so that we can dress each branch with an arrow that
is directed away from the root. For every v € €(7) that is not the root of T', we define
J®) € I, as the index of the field in which T enters, i.e. the index of the half-line of T
with an arrow pointing towards v. We also define J(*r) : j(l 0) Now, for every v € &(7),
we define

Zj(w) 1= Xj) — X ()

for all ;) e I, \ {J®}, and given a line of T connecting 7 to J*'), we define

Zyeh = Xy T X
We have thus defined (}_,c¢(, [1v]) —1 variables z, so that we are left with x ;u,), which

we call xg. It follows dlrectly from the definitions that the change of variables from x.
to {xo, {Zj}jeL\{J@r)}}v where 7, = Uvee(T) I,,, has Jacobian equal to 1.

3 - Decomposing (x—xg;)". We now decompose the (x —xg;)™ factor in (5.13)
in the following way (note that in terms of the indices in Py, Xoi = X j(ur)): (X — X97)™
is a product of terms of the form (z;; — = @, ;) which we rewrite as a sum of zj ;’s
for v € (1) on the path from J (r) to 4, a concept we will now make more precise. j
and J(r) are in I v(j) and I, respectively, where v(j) is the unique node in €(7) such
that j € I,(j). There exists a unique sequence of lines of T" that links v, to v(7), which

we denote by ((j1,71), -+, (Jp,Jp)), the convention being that the line (j,;’) is oriented
from j to j'. The path from J) to j is the sequence Zj s Zj, By and so forth, until
j is reached. We can therefore write
p
Tji = Tyn g = Y (i + Zjpi)-
p=1

4 - Bound in terms of number of spanning trees. Let us now turn to the
object of interest, namely the left side of (5.13). It follows from (5.2) and (5.8) that

SEEES DI 3D 5 3) LD VRS | (- s ]

N= 1T€T<h) TeT(r) I, @, P€757,£710|pvo|:zz veV(T)
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Figure 5.3: example of a spanning tree with s, = 5 and |P,, | = |Py,| = |Pus| = |Po,| = 4,
| Py | = 6; whose root is vs.

Therefore, using the bound (5.20), the change of variables defined above and the decom-
position of (x — x9;)™ described above, we find

‘A’Z/dx x_xzszézw ( iiZ ZZZ/CZXO 3

= reT(M TET(r) L, =
| Py |=21
1 ny—(sp—1)
Z H 87 (CG2(Ck Cq) ) H </dZ[ ’ZK g ) (Z[)’)
(me)eer(mo)pee(r) vED(T) LET,

> (mytmy)=m

L [ i e
veE(T) o
(5.22)
(we recall that by definition, if v € &(7), I, = P, and |I,| = 2[,) in which we inject (5.10)
and (5.12) to find

i f s [l < X 5 2 T 5 el

N=1,c7(W TET(r) L. Pep,, i

| Py |=21

H : Cnv te e Loy ((ex—cq)nv—ep(su—1)).
veY(T) v!
. H B gy |7l =1) g =1) (ex—(ex—eq)b)
veE(T)

(5.23)
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in which C{¥ is an upper bound on the number of terms in the sum over (m;) and (m,)
in the previous equation, and co denotes the number of elements in the sum over co,.
Recalling that n, = |Ry|/2 = (322 |Puw| — |Pul)/2, we re-arrange (5.23) by using

Y hulRol = —h|Py| - Z 1Pol+ D (hy =D)L

veY(T) veY(r vEE(T)
7 ha -y 1 + Z hy — 1)
veY(T) veY(T) veEE(T
and
Z |Ro| = [Lug| = [Puo]
veY(7)
> (sv—1)=N-1
veY(T)
to find

mM/dx X — X2l)mBélw ‘ Z Z Z Z CfV(CgCEl)Nil
N= TI\(]h)

TeT(r) L, Pe,ﬁﬂl—,—lo
| Pyg |=21

[T (@) ea, [t
vEE(T)

.Qh(ck—(Ck—Cg)l)gh (m) H igck—(ck —cg) ‘szl

Sy
veY(T) v

(5.24)

5 - Bound on the number of spanning trees. Finally, the number of choices
for T' can be bounded (see [GMO1, lemma A.5])

o< ] 03 sv. (5.25)

TeT(T) veY(T)

so that by injecting (5.25) into (5.24), we find (5.13), with Cy = cc3 and C3 = c3'. O

5.3 Schwinger function from the effective potential

In this section we show how to compute W™ in a similarly general setting as
above: consider

—B|Aep — oM (¢(<h)) _ W(h)w(@)’ Ak’g)
o (DN o (i) (k) L o (ht])
= > G (Y g0 )N

(5.26)
for h € {h%,--- ,hj—1}. This discussion will not be used in the ultraviolet regime, so we
can safely discard the cases in which the propagator is not renormalized. Unlike (5.1), it
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is necessary to separate the « indices from the (w, j) indices, so we write the propagator
of S,CLFJFI as J(h+1,w),(a,a’) Where w stands for w in the first and second regimes, and (w, 7)
in the third.

We now rewrite the terms in the right side of (5.26) in terms of the effective
potential VM. Let

MW, Jia) = VP (@) = W (4, Jic o). (5.27)

Note that the terms in X" are either linear or quadratic in jkg , simply because the two
J variables we have at our disposal, j; ar? jk_ ay ATE Grassmann variables and square to

zero. We define the functional derivative of V") with respect to lﬁlf o

I VO () = / adi, VI ()

{ Lemma 5.3 \
Assume that, for h = hJ,

~

A h B
‘X(h) (¢’ Jka ) = Jk+a1 gq a2 k , Q2 + Z k,aq a1 fe% ¢k [o% + ,Qbk o' Qo (a)g (k) k,ag)
_ h
3 (% W R, J;:alef % ()05, VP ()

+(h — = _
+ Z (Jl—(}—alGoqoz )alta’ak,oe”v(h)(w)Ga( ) (k)Jk ag)

(5.28)
for some sg{}i{&(k), qi(;l)(k), G&,a' (k). Then (5.28) holds for h € {h3,...,h} — 1} as
well, with

G (k) = G+(h+1)(k) + q;rgl+1)(k)§(h+1 @), (a0 (K)

5.29)
h h 1 h+1 (
Ga(a)( )'_ +) Zgh-i-lw (ao/’( ) /g—}/—)(k)
o' w
+(h) (h+1 +(h (h)
Qoo (k) = ZG )W, o ()
(5.30)
h —(h h) h
qa(a)(k) =4, (o/+1 ZWQ( (a, a“ Ga’(’ 3/( )
and
h+1 ~ —(h+1
5P, (00 = s D) + 3 ¢ )44 m) (00 (K gah s (K)
o +h) (h) ~—(h)
Z GOél of W2 J(a!,a) (k)Ga”,aQ (k)
(5.31)
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in which the sums over « are sums over the indices of g.

L I

The (inductive) proof of lemma 5.3 is straightforward, although it requires some
bookkeeping, and is left to the reader.

Remark: It follows from (4.24) and (2.24) that the two-point Schwinger function sa(k)
is given by so(k) = 58)(k) (indeed, once all of the fields have been integrated, X(5) =
jk+ s(h)(k)jlz ). Therefore (5.31) is an inductive formula for the two-point Schwinger
function.

6 Ultraviolet integration

We now detail the integration over the ultraviolet regime. We start from the tree
expansion in the general form discussed in section 5, with ¢ = ¢g = 1 and h} = M;
note that by construction these trees have no local leaves. As mentioned in the first
remark after lemma 5.2, we cannot apply that lemma to prove convergence of the tree
expansion: however, as we shall see in a moment, a simple re-organization of it will allow
to derive uniformly convergent bounds. We recall the estimates (4.46) and (4.43) of gy,
in the ultraviolet regime: for mg+ my < 3

/dx 2 ™| gy (x)| < (const.) 27moh

. (6.1)

—— grn (k)| < )
BIA] k; 9n(10)| < (const.)

Equation (6.1) has the same form as (5.10), with

cg=c,=1, Fnp(m)= 9—moh

We now move on to the power counting estimate. The first remark to be made
is that the values of the leaves have a much better dimensional estimate than the one
assumed in lemma 5.2. In fact, the value of any leaf, called Wfaw) (x), is the antisymmetric
part of o

dar 003,040 (X1 — X2)0 (%3 — X4)Uwa 0y (X1 — X3) (6.2)

so that )
— [ ax |(x — xa)" WM (x)| < €U 6.3
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1 - Resumming trivial branches. Next, we re-sum the branches of Gallavotti-
Nicolo trees that are only followed by a single endpoint: the naive dimensional bound
on the value of these branches tends to diverge logarithmically as M — oo, but one can
easily exhibit a cancellation that improves their estimate, as explained below. Consider
a tree 7 made of a single branch, with a root on scale h and a single leaf on scale M + 1

with value W4( ). The 4-field kernel associated with such a tree is K, ( )( )= W4(AO/[I) (x).
The 2-field kernel associated with 7, once summed over the choices of P, and over the
field labels it indexes for h + 1 < h, < M, keeping P,, and its field labels fixed, can be
computed explicitly:

h y
Ké’()aa = 2U Z (wa o’ &703/( - Oéal(s Z/dy Wy a2 gé27)02(0)> .

=h+1
(6.4)
If one were to bound the right side of (6.4) term by term in the sum over h’ using
the dimensional estimates on the propagator (see (4.46) and following), one would find
a logarithmic divergence for fdx|Kgl()a’a,)(x)|, i.e. a bound proportional to M — h.
However, the right side of (6.4) depends on propagators evaluated at zp = 0 (because

w(x) is proportional to §(zg)), so we can use an improved bound on the propagator gy :
the dominant terms in gp,(k) are odd in kg, so they cancel when considering

> k).

ko€ 2F (Z+3)
From this idea, we compute an improved bound for |g;(x)| with zo = 0:

91 (0, 21, 72)| Z Zgh < (const.) 27",

k1,k2 | ko

All in all, we find

1
Jax w0l < vl g [l -x)m KR <@ (6
for some constant €4. We then re-organize the right side of (5.7) by:

1. summing over the set of contracted trees 72]\(,h), which is defined like T]\(,h) but for
the fact that every node v = vg that is not an endpoint must have at least two
endpoints following it, and the endpoints can be on any scale in [h + 2, M + 1];

2. re-defining the value of the endpoints to be p, = Ké?:il), with [, = 1, 2.

2 - Contracted tree expansion. We can now estimate the “contracted tree”
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expansion, by repeating the steps of the proof of lemma 5.2, thus finding

1
TR HEIED DD DD D DED DI
N= 1T€T]\(]h) TET( ) Lr Pepf_hl) N
|Pyy =21

H 81!2—}111(51;—1) H C%¢4’U‘
veY(T) vEE(T)
(6.6)
for two constants ¢; and ¢y in which the sum over [ is a sum over the [, € {1,2}. It
then follows from the following equation

Y hu(so=1)=h(N-1)+ Y (N,—1)
veY(T) veY(T)

in which N, denotes the number of endpoints following v € 7, which can be proved by
induction, that

1 myyr(h)
6IAI/ x| = 3" W4 )

oo
SOMAMEEREEED DI DD DI | R
N=1 reT L PePiZ)WIUG‘B(T)

| Pyg |=21
(6.7)
Furthermore, we notice that by the definition of P ST |P,] < 2N, + 2. In particular,
for v = vg, 21 < 2N + 2, so the sum over N actually starts at max{1,l — 1}:

s [ WA o)

0o
DR GV DD DED DR | B
N=max{1,l—1} TETJSM L. PEPSLL)T,I veW(T)

Py |=21
(6.8)

3 - Bound on the contribution at fixed N. We temporarily restrict to the

case N > 1. We bound
Z > > H 27,

TET 17— PePTl 1'U€(n
Since N, > 2 and |P| 2N, + 2, Vu € (0,1),

1P|

—(Ny — 1) <min {2 — 5
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so that

SY Y Y L e

reFP L PEPLL 1 veB(r)

3-1 - Bound on the field label assignments. We bound

SO 20

PePr ;1 veW(T)

We proceed by induction: if vy denotes the first node of 7 (i.e. the node immediately

following the root), (v, -+ ,vs) its children, and (71, -+ ,75) the sub-trees with first node
(v, ,vs), then
[Poy |44 | Pu |
Py |+ -+ |Py,]
9—(1—p (’ v1 s )
> H > X .

PE'PTL 1 vEY(T PeP(m1) P.eP(rs) pvofo

S
.2—1%‘%01_1 H o—(1—p) ' 2el
=1 veW(r;)

S

S (14 27555 Pul I1 o—(1—p) &

i=1 \P;eP(r;) veY(Ty)

so that by iterating this step down to the leaves, we find

4N
M—h

SO 2 <[ 2| <ok (6.9)

PePr ;1 veB(7) p=0

for some constant Cp.

3-2 - Bound on trees. Finally, we bound

I 2

T€T1£,h) veW(T)

We can re-express the sum over 7 as a sum over trees with no scale labels that are such
that each node that is not a leaf has at least two children, and a sum over scale labels:

2. =2 2

reTM  TTETS heHy(r7)

in which 75 denotes the set of unlabeled rooted trees with N endpoints and Hj(7%)
denotes the set of scale labels compatible with 7*. Therefore

Y [M2r-X ¥ [ ot

reT(h) veY(T) T*ETN heHy (%) veW(r*)
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in which p(v) denotes the parent of v, so that

> I ere X I e ¥ oo

TET(h) veY(T) THETH veY(r*) g=1 T*ETN

for some constant C'r 1, in which we used the fact that [U(7*)| < N. Furthermore, it is
a well known fact that > .1 <4V (see e.g. [GMO1, lemma A.1], the proof is based on
constructing an injective map to the set of random walks with 2N steps: given a tree,
consider a walker that starts at the root, and then travels over branches towards the
right until it reaches a leaf, and then travels left until it can go right again on a different

branch). Therefore
oIl 2r<er (6.10)
7.67-1&711) veW(T)

for some constant Cr.

3-3 - Conclusion of the proof. Therefore, by combining (6.9) and (6.10)
with the trivial estimate }3; 1< 2N we find

Ty < (const.)N. (6.11)

Equation (6.11) trivially holds for N =1 as well. If we inject (6.11) into (6.8) we get:

o0

L _ myy7(h) NN o—h(N—1)
B L e D W oo e

N=max{1,l—1}

for some constant C’ and h > 0. In conclusion, if |U] is small enough (uniformly in h
and 1),

1
—ﬁw /dx ‘(z— X2l)mW2(l}?;(§)‘ < (|U|Co)max{l,t—1}2_h(max{1,l_1}_1) (6.13)

for some constant Cy > 0.

7 First regime

We now study the first regime. We consider the tree expansion in the general form
discussed in section 5, with hi = ho and ¢ = £y = 2, so that there are no local leaves,
i.e., all leaves are irrelevant, on scale hy+ 1. Recall that the truncated expectation Sh 1
in the right side of (5.1) is with respect to the dressed propagator g1 in (4.13), so that
(5.1) is to be interpreted as (4.8). A non trivial aspect of the analysis is that we do not
have a priori bounds on the dressed propagator, but just on the “bare” one g, see
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(4.50), (4.48). The goal is to show inductively on h that the same qualitative bounds
are valid for gy, .,, namely

/dx X" ()| < Cy2~h2—mh

, A B (7.1)
BIA| > 1gnw(®)] < Ca2
keBg 1,

which in terms of the hypotheses of lemma 5.2 means
k=3, cg=1, Fn(m)=2"""
Note that £y = [ci/(ck — cg)| > ci/(ck — ¢g), as desired.

7.1 Power counting in the first regime

It follows from lemma 5.2 and (6.13) that
1 / (h)
- dz (x — x21)" By, o (X ’
BIA| 21)" B0 (%)

<2h3 21) 2—mhz Z Z Z CiN H 23 |Py|) H C//l |U‘max

N= 1T€T(h) L. PEP(h) veY(T) ve&(r
| Pyg |= 2l
(7.2)
for two constants C and C7'.

1 - Bounding the sum on trees. First, we notice that the sum over [ can be
written as a sum over li,--- Iy, so that it can be moved before ) _. We focus on the

sum Z Z H 9(3—|Pul) (7.3)

reT{) PPl ven(r)
Py, |=21

We first consider the case [ > 2. For all € (0,1),

Z Z H o(B3—IP]) _ Z Z H 9(0+(1-0)) (3| Pu])

reTy Pe7>(h> veB(r reT P€75£,h;>7,2 ve(7)
| Pyg |= 2[ | Pyg |=21
and since ¢y = 2, |P,| > 4 for every node v that is not the first node or a leaf, so that

3—|Py < —|Py ]/4 Now, if N > 2, then given 7, let v} be the node with at least two
children that is closest to the root, and hZ its scale. Using the fact that |P,| > 2[ + 2 for
all v < v} and the fact that 7 has at least two branches on scales > h}, we have

H 90(3—|Py]) < 90(21—1)(h—h})9260h;

veY(T)
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If N =1, we let hl := 0, and note that the same estimate holds. Therefore

Z Z H 2(9+(1—9))(3_|Pv‘)
reT(" peplt) , vEB(M\{wo}
|PU0|:2l

Z 90(21—1)(h—h3)+20h Z Z 9—(1— g) Ll

—htl reT W PEPr1, 2 v€B(r)\{vo}

which we bound in the same way as in the proof of (6.11), i.e. splitting

a-ol = —pa - a0 0 —nn - oo

for all © € (0,1) and bounding

3 [ 200w

PE,PTYLT 2 UG‘B(T)\{U()}

N
i=1 li

and

R | e

reT M vEB(T)\{vo}

Therefore if [ > 2, then

N
Z Z H 9(0+(1-6)(3—Pu) < 220h N Hcllé' (7.4)
reT(M Peﬂ?p2 veB(T)\{vo} i=1
|Pog | =21

Consider now the case with [ = 1. If N = 1 then the sum over 7 is trivial, i.e., 7'1(h)
consists of a single element, and the sum over P can be bounded as

SN EEEE D M | 5
P€75£hz) 2vem(q-) P€75£h> veY(T):
L A2 gy
| Pyg |=2 | Pyo|=2

where v is, if it exists, the leftmost node such that |P,| > 4, in which case 4 — |P,| <
—|Py|/3; otherwise, we interpret the product over v as 1. Proceeding as in the case [ > 2,
we bound the right side of (7.5) by

0
2hCl1 Z 229hvl < 2hc/cl1. (76)
hv/:h+2
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If N > 2, then we denote by 7* the subtree with v : v* as first node, and 7’ the linear
tree with root on scale h and the endpoint on scale h*, so that 77/ U 7*. We split (7.3)
as

SN L-N+1 2

)SDYEDS (H23‘P”)(Z D H2‘°"P“)- (7.7)

[*=2 h*=h PeP_; jx 5: vEV(T - €T<h ) PeP L2 cveY(T*)
| Py |=2 |Pe |=20"

The sum in the last parentheses can be bounded as in the case | > 2, yielding C2-:i2200"
The remaining sum can be bounded as in (7.5)-(7.6) so that, in conclusion,

Z Z H 2(3—\Pv Cl e 1 Z 2h h* Z 220 (h'—=h*) 220h*
reT e | veT(r) =h2 (7.8)
‘on ‘:2

g (C”)Zi\;l li2h.

2-1-1=1. Therefore, if | = 1, (7.2) becomes (we recall that ¢ =2 > 1 so
that By = W, see (5.9))

/dX ‘ mWQ(Z)a( < 22h2 mh Z Z ///‘U| = 1max(ll -1) (79)

N=1 Iy, zN>2

Assuming |U| is small enough and using the subadditivity of the max function, we
rewrite (7.9) as

/ dx (xmwg,@&(x)‘ < 2%ho—mh ey |U| (7.10)
which we recall holds for m < 3.

2-2 - [ > 2. Similarly, if [ > 2

1 Cymp(®
iy [ o e B o)

0o oo
< 2h(3—2l+20)2—mh Z Z (C///|U|) 1max(ll -1)
N=1 l1,,In22

(1= 4+(In—-1)2l-1+0N1
(7.11)
in which the constraint on Iy, --- , I arises from the fact that, if N > 1,

|on| < ‘Iv()’ - 2(N_ 1)’
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while, if N =1, |P,,| < |Iy,|- Therefore, assuming that |U| is small enough and sum-
ming (7.11) over h, we find

1
gt [ Jo=xomwi 0] <2 el
AIA] we -
1 .
6|A| /dX ’(K . X2l)mW2(l}?)£7g(§)’ < 2h(372l+29)27mh(01’U‘)Zfl

for l > 3 and m < 3.

Remark: The estimates (7.2) and (7.8) imply the convergence of the tree expansion

(5.8), thus providing a convergent expansion of WQ(lh)g L inU.

7.2 The dressed propagator

We now prove the estimate (7.1) on the dressed propagator by induction. We
recall (4.13)

() = £ L0 AT (1) (7.13)
with _
A hO !
AP (k) = AK) + fenu W)+ Y Wi (k)
h=h+1

whose inverse Fourier transform is denoted by A("*). Note that (7.10) on its own does
not suffice to prove (7.1) because the bound on

bo
Fanw®W )+ ST Wi (k) (7.14)
h/=h+1

that it would yield is (const.) |U| whereas on the support of fi, ,, 71 ~ 2", which we
cannot compare with |U| unless we impose an e-dependent smallness condition on U,
which we do not want. In addition, even if (7.14) were bounded by (const.) |U[2", we
would have to face an extra difficulty to bound g in x-space: indeed, the naive approach
we have used so far (see e.g. (4.46)) to bound

/ dx |X™Gn o (%)

would require a bound on gy, (k) with n > m + 3 (we recall that the integral over x
is 3-dimensional), which would in turn require an estimate on

/ a5 |X" G (X))
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for K’ > h, which we do not have (and if we tried to prove it by induction, we would
immediately find that the estimate would be required to be uniform in n, which we
cannot expect to be true).

In order to overcome both of the previously mentioned difficulties, we will expand
Wéh) at first order around p%,. The contributions up to first order in k — p%, will

be called the local part of WQW). Through symmetry considerations, we will write the
local part in terms of constants which we can control, and then use (7.10) to bound the

remainder. In particular, we will prove that WQ(h) (P%o) = 0 from which we will deduce

an improved bound for (7.14). Furthermore, since the k-dependance of the local part is
explicit, we will be able to bound all of its derivatives and bound g in x-space.

1 - Local and irrelevant contributions. We define a localization operator:

L Apw(x) — §(x) /dy Apw(y) — 0x0(x) - /dy YA (Y) (7.15)

where 0(x) := 0(20)0z,,002,,0 and in the second term, as usual, the derivative with respect
to x1 and z9 is discrete; as well as the corresponding irrelevator:

R:=1-L. (7.16)

The action of £ on functions on k-space is (up to finite size corrections coming from the
fact that L < oo that do not change the dimensional estimates computed in this section
and that we neglect for the sake simplicity)

LA (k) = Apw(PFo) + (k= Pho) - AAnw(Pho)- (7.17)

Remark: The reason why L is defined as the first order Taylor expansion, is that its
role is to separate the relevant and marginal parts of WQ(h) from the irrelevant ones.

Indeed, we recall the definition of the scaling dimension associated to a kernel VVQ(h,) (see
one of the remarks after lemma 5.2)

ek — (g —cg) =1

which, roughly, means that WQW) is bounded by 2er—(ex—cg))h” — 9h' =~ Ag was remarked
above, this bound is insufficient since it does not constrain ), WQ(h) to be smaller
than 2" ~ g=!. Note that, while Wéh/)(k) is bounded by 2", irrespective of k, (k —
p“j,—;o) : 8kW2(h )(k) has an improved dimensional bound, proportional to 2"~"'2" where
20 ~ |k — p“lé,o\; in this sense, we can think of the operator (k — p‘l‘fm) - O as scaling
like 201", Therefore, the remainder of the first order Taylor expansion is bounded
by 22(h=h"Joh" — 92h—h" 4nq thereby has a scaling dimension of —1 (with respect to
h'). Thus, by defining £ as the first order Taylor expansion, we take the focus away
from the remainder, which can be bounded easily because it is irrelevant (i.e., it has
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negative scaling dimension), and concentrate our attention on the relevant and marginal
contributions of WQ(h ). See [BG95, chapter 8] for details.

We then rewrite (7.13) as

31019 = w19 (£40009) " (14 (RAL0)) (Lapy()) (7.15)

where Lﬁ[h]’w is a shorthand for

. A -1
Lapo(€) = (Fent1w(k) = fen20(9) (LAnu(K))
(we can put in the (f<pt1,w(k) — f<n—2w(k)) factor for free because of the initial fj,(k)).

2 - Local part. We first compute Ezflhw(k).

2-1 - Non-interacting components. As a first step, we write the local
part of the free inverse propagator as

ikp m 0 &
i | o m ik €0
T B (7.19)

€ 0 938" ko

where

£ e g(ik; +wkl). (7.20)

2-2 - Interacting components. We now turn to the terms coming from
the interaction. We first note that V(") satisfies the same symmetries as the initial
potential V (2.20), listed in section 2.3. Indeed, V") is a function of V and a quantity
similar to (2.30) but with an extra cutoff function, which satisfies the symmetries (2.32)
through (2.38). Therefore

Wi k) = W (—k)* = WM (Ryk) = oy W) (Rpk)oy = —as W) (TK) oy
_ G r (1 0 3(h) (1 1 0
T = TkT) (g ).

(7.21)

This imposes a number of restrictions on EWQW): indeed, it follows from propositions F.1
and F.2 (see appendix F) that, since

Pho = —Pry = Rubri = Ribho = IP%o = Ppri = TPE (7.22)
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in which R,, Ry, I, P and T were defined in section 2.3, we have

iCrko  Yifine 0 vp&®
~ ’ (L7 ik 1% /€ 0
EW(h) k/—l- w — Y1h ZCh 0 . h N 7 7.93
2 Piro) 0 vw&* ko v3UwE (7.23)
vi§ 0 vow&™ iuko
with (5}#, B Uy Gy Vi) € RS, Furthermore, it follows from (7.10) that if A’ < b, then

|| < (const.) [U[2", |G| < (comst.) [U[2", || < (const.) [U[22¥ R,

/ / 7.24
ln| < (const.) |U|2Y,  |7p| < (const.) |U|20 ~he, (7:24)
Injecting (7.19) and (7.23) into (4.14), we find that
izpko  y1my 0 vpg*
- nn iZpk vpé 0
LA (K +pg)=—| Tt =0 Uh - 7.25
h7w( pF,O) 0 Uhf Zth() 'Y?,Uhé- ( )
v 0 UpE" dzpko
where _
bo bo ho
Be=14 ) Qv =14 ) i, =14 ) i,
h'=h h'=h h'=h
ho ho (7.26)
Zhizl—i-zghl, Uh::1+ZVh/.
h'/=h h'/=h
By injecting (7.24) into (7.26), we find
|y, — 1| < (comst.) |U|, |z — 1| < (const.) |U|, |zp — 1| < (const.) |U], (7.27)
2

|op, — 1] < (comst.) |U|, |vp — 1| < (const.) |U].

2-3 - Dominant part of Ejl;w. Furthermore, we notice that the terms
proportional to my or vy, are sub-dominant:

LApo(K +p%ho) = LA, (K + poo) (1 + 01 (K)) (7.28)
where
ighko 0 0 ’Uhf*
CApu(K +ppg)=—| O ko mE 0 (7.20)

0 Q}hf* izhko 0
vpE 0 0 izpko

Before bounding o1, we compute the inverse of (7.29): using proposition B.1 (see ap-
pendix B), we find that if we define

];}0 = th(), ];70 = fhko, 5:: ’Uhf (7.30)
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then

~ . N
det £4; L (k) (K + p) = (Foko + [€]°) (731)
and
i —ikg 0 0 £
A koko + €]?) 0 —iko £ 0
CATL (K)(K + pg) = — Foko F [EF) - > 7.32
syl B ) (7.32)
’ 3 0 0 —iko
In particular, this implies that
184, (K + p%o)| < (comst.) 27" (7.33)
which in turn implies
o1 (k)| < (const.) 2", (7.34)

3 - Irrelevant part. We now focus on the remainder term R;lhw (k) Lﬁ[h}’w(k)
in (7.18), which we now show to be small. The estimates are carried out in x space. We
have

/ dx ‘RWQ(Z') . Lﬁ[h],w(X)‘

— [ ax

which, by Taylor’s theorem, yields

/ dy W) (3) (Lapa(x — ¥) — L) + yoxLap.(x))

[ R s Ly )| < 5 e [y
) ) ’L,]

vy Wi (v)]
'ngz;x/dx ‘Bxiﬁijﬁ[th(x)‘
in which we inject (7.10) and (4.49) to find,
/dx ‘RWQ(}Z;) *Lﬁ[h},w(x)‘ < 2" (const.) |U|. (7.35)
Similarly, we find that for all m < 3,
/ dx‘meWQ(Z) *Lg[h],w(x)‘ < 2h27™" (const.) U] (7.36)
This follows in a straightforward way from

/dy yRWz(Z)(Y)Lﬁ[h},w(X -y)= /dy sz(Z)(Y) (Lgp)wx —y) — Lp)w(x))
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and, for 2 < m < 3,
/ dy y"RWs") ()L w(x — y) = / dy y" W) (y)Lapyw(x — y)-

Remark: The estimate (7.36), as compared to the dimensional estimate without R, is
better by a factor 22("="') This is a fairly general argument, and could be repeated with
LLg[y) . replaced by the inverse Fourier transform of fp, .

/dx ’meWQ(Z:’l) * fhw(x)‘ < 22h=mh (const.) |U. (7.37)

Finally, using (7.36) and the explicit expression of g, we obtain

/dx )mejl(h’“’) * Lﬁ[hw(x)’ < 2M27 ™ (const.) (1 + |U||h|). (7.38)

4 - Conclusion of the proof. The proof of the first of (7.1) is then completed
by injecting (7.29), (7.34), (7.28), (7.27) and (7.38) into (7.18) and its corresponding
x-space representation. The second of (7.1) follows from the first.

7.3 Two-point Schwinger function

We now compute the dominant part of the two-point Schwinger function for k
well inside the first regime, i.e.

ho—1
keB = |J suppfu-
h=b1+1

Let
hy := max{h : f (k) # 0}
so that if h & {hy, hx — 1}, then f, (k) = 0.

1 - Schwinger function in terms of dressed propagators. Since hy < by,

the source term j;’ al@; o T &; s jk_ «, 18 constant with respect to the ultraviolet fields,

so that the effective source term X" defined in (5.27) is given, for h = b, by
X, Jca) = K icar T s S (7.39)
which implies that X®0) is in the form (5.28) with

qi(ﬁo) =1, S(Eo)(k) =0, GEo) _ .
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Therefore, we can compute X for h € {b1,---,ho — 1} inductively using lemma 5.3.
By using the fact that the support of g, is compact, we find that G(h)(k) no longer
depends on h as soon as h < hyx — 2, i.e., é(h)(k) = G=2) Vi < hy — 2. Moreover, if
h < hy — 2, the iterative equation for s(") (k) (5.31) simplifies into

50 0y () = st (k) Z G W, L )G (), (7.40)

o, ,(Oc o' o

We can therefore write out (5.31) quite explicitly: for by < h < hx — 2

2 2 2-(hk—1) 2
S(h) (k) = Ihw — ghk,wWQ( « )ghk,w

( f]hk,wWQ(hk_l w)> ghk 1w <]l - WQ(hk l)ghk,w>

hic—2
hi—1) (h")
(ghk,erghk 1w = G Wz( “ ghk 1W) (Z W2 )

~ ~ k—1) 2
'(ghk,w_"ghkfl,w Ghy— 1wW2( )ghk, )

(7.41)
where all the functions in the right side are evaluated at k. Note that in order to get
the two-point function defined in section 1, we must integrate down to h = hg: sa(k) =

s(8)(k). This requires an analysis of the second and third regimes (see sections 8.3
and 9.3 below). We thus find

52(k) = (I (k) + Gn—1,0(k)) (L — o (k) — ocp, (k)) (7.42)

where

h hye—1) ~ h
o(k) := Wg( k- 1)ghkw+(9hk,w+ghk 1) Ghpw Wg( K )ghk 1w(1 WQ( e 1)ghk,w)

(7.43)
and
hy—2
EN ~ -1 2 S 1) ~ S (R
U<hk(k) = (11 - (ghk,w +ghk—1,w) ghk,wWQ( a )ghk 1w) Z W2( )
h'=bg
A E S 2-(hk—1) 2
: (ghk,w + Jhy—1w — ghkfl,wWQ(’wk l)ghk,w
(7.44)

in which Wéh/) with ' € {ba+1,--- ,ho—1}U{h1+1, - ,h; — 1} should be interpreted
as 0.

2 - Bounding the error terms. We then use (7.1), (7.10) as well as the bound
(s + 1)1 < (const.) 2 (7.45)

which follows from (7.29) and (7.27), in order to bound o(k):
lo(k)| < (const.) 2" |U|. (7.46)
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Furthermore, if we assume that
b
S Wi (k)| < (const.) 22 (U] (7.47)
h'=bg

which will be proved when studying the second and third regimes (8.42) and (9.63), then

o<, (K)| < (const.) 2"|U|. (7.48)

3 - Dominant part of the dressed propagators. Furthermore, it follows
from (7.32) that

—ikg 0 0 £
. . 1 0 —ikg & 0 ,
oK)+ on 1uk)=———— — o= 1+ 7.49
9hy, ( ) Ihy—1, ( ) kok’o + ‘£|2 Q 5 7”{0 0~ ( U) ( )
13 0 0 —iko
where we recall (7.30)
]_{70 = thko, ];‘0 = 2hkk07 5:: ’Uhkf (7.50)

in which 2z, zp, and vy, were defined in (7.26) and satisfy (see (7.27))

k
=2, <CPWL -z <P 1 -u,] < U]

where (:“%Z), sz) and ny) are constants (independent of hy, U and €). Finally the error
term o’ is bounded using (7.38) and (7.34)

|0’ (k)| < (const.) (14 |U||hy|)2Me + 2he=Pic), (7.51)

4 - Proof of Theorem 1.1. We now conclude the proof of Theorem 1.1, under
the assumption (7.47): we define

21 1= 2Zp,, 21:1= 2y, V1= Uy
and use (7.24) to bound
|zn, — 21| < (comst.) |U|2M<, |2, — 21| < (const.) [U[2M<  |vp, —v1| < (const.) |U]2"

which we inject into (7.49), which, in turn, combined with (7.42), (7.46), (7.48) and (7.51)
yields (1.14).
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7.4 Intermediate regime: first to second

1 - Integration over the intermediate regime. The integration over the
intermediate regime between scales h; and by can be performed in a way that is entirely
analogous to that in the bulk of the first regime, with the difference that it is performed
in a single step. The outcome is that, in particular, the effective potential on scale h;
satisfies an estimate analogous to (7.10) (details are left to the reader):

o

/dx ‘me2(ii) (X)‘ < 0122612_m61]U|

dw,a

mlM/dx =)W, ()] < a2 P (7.52)

1 z - _
s [ [ =Wl o] < e

lw,a
for | > 3 and m < 3.

2 - Improved estimate on inter-layer terms. In order to treat the second
regime, we will need an improved estimate on

/ dx XMWy (%) (7.53)

where (i,7) are in different layers, i.e. (o,a’) € {a,b} x {a,b} or (a,/) € {a,b} x
{a,b}, B’ > bh;. Note that since W) is proportional to 0q, o/ 0ay a0y, a0y

4,(a1,0 ,02,04)
contribution to W (',2)
27w7(a7a/)

i.e. g(h”,w)(éz,&’) with A" < h” < 60 Or g(n"),(a,a') with A" > 0, and (O_é, 54/) S {a,b} X
{a,b} U {a,b} x {a,b}. This can be easily proved using the fact that if the inter-layer
hoppings were neglected (i.e. 73 = 3 = 0), then the system would be symmetric under

must contain at least one propagator between different layers,

Vka = Vkar Vip = —Urjr Yka = —Yka Yy~ Yk

which would imply that Wz(i:,)(a’a,) = 0. The presence of at least one propagator between
different layers allows us to obtain a dimensional gain, induced by an improved estimate
on each such propagator. To prove an improved estimate on the inter-layer propagator,
let us start by considering the bare one, g . (a,a1) With (&, @) € {a, b} x{a, byu{a,b} x
{a,b} and b < h” < b (similar considerations are valid for the ultraviolet counterpart):
using the explicit expression (2.17) it is straightforward to check that it is bounded as in
(4.50), (4.49), times an extra factor €2, We now proceed as in section 7.1 and prove
by induction that the same dimensional gain is associated with the dressed propagator
I w),(aar), With (a,a’) € {a,b} x {a, b} U {a,b} x {a,b}, and, therefore, with (7.53)
itself.

2-1 - Trees with a single endpoint. We first consider the contributions
o)

2,w,(a,a’

) to Wéﬁ:)(a o) from trees 7 € 7'1(h) with a single endpoint. The Fx(m) factor
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in the estimate (5.23) can be removed for these contributions using the fact that they
have an empty spanning tree (i.e. T(7) = (), which implies that the z"™’s in the right
side of (5.22) are all z(*)’s and not z,’s, and can be estimated dimensionally by a con-
stant instead of Fp(m). Therefore, combining this fact with the gain associated to the
propagator, we find that for all m < 3,

/ dx [l (0] < (const) e2¥|U]. (7.54)

2,w,(a,af

2-2 - Trees with at least two endpoints. We now consider the contribu-
: (h") (h")
tions B to W.

2,0‘}’(&7&,) 27w7(a7a/)
has at least two children that is closest to the root and let h} be its scale. Repeating
the reasoning leading to (7.9), and using the fact that the x™ falls on a node on scale

> h%, we find

from trees with > 2 endpoints. Let v be the node that

0

/dx ‘xm%gﬁ(a’a,)(x)) < (const.) € Z 9= mhrg(h'=h7)920h% (7|2
hi=h'+1
for any 6 € (0,1), so that
/dx ‘Xm%éh;)(a a,)(x)‘ < (const.) €2 +min(O.1=m)h" 7|2 (7.55)

where ¢/ :=20 —1 > 1.

Combining (7.54) and (7.55), and repeating the argument in section 7.2, we con-
clude the proof of the desired improvement on the estimate of g, and that

/dx ‘me2(Z7)(a7a,)(x) < (const.) 27U (1 4 2mn(O1=m)h 7)) (7.56)

for m < 3.

8 Second regime

We now perform the multiscale integration in the second regime. As in the first
regime, we shall inductively prove that gy, satisfies the same estimate as gy, ., (see (4.53)
and (4.51)): for all m < 3,

/dx |20 2™ gp, ., (x)| < (const.) 27 h—moh=mx e

1 (8.1)

G 2 lina(9] < (const) 277

(h,w)
keBﬁfL“
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which in terms of the hypotheses of lemma 5.2 means

_ h— h+he
Ci = 27 Cg — 1; Sh(m07mlam2) =2 mo (m1+m2) 2

9

C, = (const.) and Cg = (const.) 2",

Remark: As can be seen from (3.19), different components of gy, scale in different
ways. In order to highlight this fact, we call the {a,b} components massive and the
{a,b} components massless. It follows from (3.19) that the L; norm of the massive-
massive sub-block of gy, ,(x) is bounded by (const.) 27" (instead of 27", compare with
(8.1)) and that the massive-massless sub-blocks are bounded by (const.) 2~ (++7)/2 In
the following, in order to simplify the discussion, we will ignore these improvements,
even though the bounds we will thus derive for the non-local corrections may not be
optimal.

In addition, in order to apply lemma 5.2, we have to ensure that hypothesis (5.12)

is satisfied, so we will also prove a bound on the 4-field kernels by induction (¢y = 3 in
this regime, so (5.12) must be satisfied by the 4-field kernels): for all m < 3,

st [ = WL, 091 < VT ) a2

where C’L is a constant that will be defined below. Note that in this regime,

Ck

by =3 > =2

Ckp — Cqg

as desired.

8.1 Power counting in the second regime

1 - Power counting estimate. It follows from lemma 5.2 and (7.52) that for
all m < 3 and some ¢y, cy > 0,

oo

BllA\ /dx ‘(3_ XQl)mBgL,)g,g(z)’ <2MCE, (m)27 e Y N N M

N=lierlh) L pept |
|Pyg =21

(¢12-he)N=1 H o(2—12ely H (022h5>lv‘U’lv—12llu>2(2—lv+9’)h€
veY(T) vEE(T)
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where 1;,~9 is equal to 1 if [, > 2 and 0 otherwise, and 6’ := 20 — 1 > 0, so that

it [ Jox =)™ BL G| < 240 e 00
1A e
> P,
DD I SID SIRCEEAN ) (EC N | R AR
NoLer®) L pept | vén(r) vee(r)
| Pyg |=21

(8.3)

2 - Bounding the sum on trees. By repeating the computation that leads
o (6.11), noticing that if ¢y = 3, then for v € U(7) we have 2 — |P,|/2 < —|P,|/6, we

bound ™
o> I 27 < (8.4)

reTy) pep) (veT()
| Pyg |=21

for some constant ¢z > 0. Thus (8.3) becomes
1 o mp(h) < oh(2-1) —(=Dhe
B‘A‘ dx (X X2l) le,gvg(z) <2 Sh(m)Q

D ORI SR

N>1 Uy 22
SN (i—1)>1-140n 1
(8.5)
for some ¢4 > 0. Note that, if [ = 2, the contribution with N = 1 to the left side admits
an improved bound of the form C4Sh( )29"|U|2, which is better than the corresponding
term in the right side of (8.5). This implies

[ )0 < 2 gt 0] (3.6)

and

1 /
a7 ] 4 [oe— w0 B, 60 < extiulm) @ + 2 DU

. (8.7)
g [ o %) B (0] < 20D ) )
BIA|
for some ¢5 > 0, with [ > 3. By summing the previous two inequalities, we find
BT i [ Jox = W 00] < Cusnm) U1+ ol elhe )+ )
(8.8)

sy [ o= WAL L G0 < 20O )
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for some cg > 0, which, in particular, recalling that in the second regime h. — h <
—2h, + C, for some constant C' independent of ¢, implies (8.2) with

C,:=Cu(1+cr sup |Ul(eloge| + )

|U‘<UO,€<€()

for some c7 > 0.

Remark: The estimates (8.3) and (8.4) imply the convergence of the tree expansion

(5.8), thus providing a convergent expansion of WQ( ) iU

lw,a

Remark: The first of (8.8) exhibits a tendency to grow logarithmically in 2. This
is not an artifact of the bounding procedure: indeed the second-order flow, computed
in [Val0], exhibits the same logarithmic growth. However, the presence of the e factor
in front of (he — h) < 2|log €| ensures this growth is benign: it is cut off before it has a
chance to be realized.

8.2 The dressed propagator

We now turn to the inductive proof of (8.1). We recall that (see (4.18))
(k) = frw®)A; (k) (8.9)
where
Apao(l) = A(l) + fen (1) 5" (k §jv% §jwa
=h+1

We will separate the local part of A from the remainder by using the localization operator
defined in (7.15) (see the remark at the end of this section for an explanation of why we
can choose the same localization operator as in the first regime even though the scaling
dimension is different) and rewrite (8.9) as

o) = frw(@) (LAnu()) (14 R ALK (LK) (8.10)

where ]Lﬁ[h],w is a shorthand for

L0 = (Fenerwl0) — Fenaw(®)) (£Anu())

Similarly to the first regime, we now compute ﬁ/alh,w(k) and bound R;lh,w (K)Lg[p) (k).
We first write the local part of the non-interacting contribution:

ikp m 0 &
i | motke &0
e T (8.11)

§ 0 & ko
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where 3
£ = §(ik; + wk). (8.12)

1 - Local part.  The symmetries discussed in the first regime (see (7.21)
and (7.22)) still hold in this regime, so that (7.23) still holds:

iCuko i 0 €
~ (P ty 1k vp€ 0
LW W ype = | A ko vy g 7 813
2 '( P:0) 0 vp&* ko v3URE (8.13)
v 0 vow& iCuko
with (G, fun s Oy Cars vp) € R5. Furthermore, it follows from (8.6) that if A’ < b1, then

|C~h'| < (const.) [U|2, |G| < (const.) |U|2, || < (const.) |U[2",

" | he " he 8.14
|vps| < (const.) \U|2h7+h7, |Ups| < (const.) ]U\2h7_h7. (8.14)
If by < B/ < bg, then it follows from (7.10) that
|Cw| < (comst.) [U12%,  |Cw| < (const.) [U|2Y,  |uw| < (const.) [U]2",  (8.15)
and from (7.56) that
|| < (const.) 2°|U|,  |ow| < (comst.) 297 |U| (8.16)
for some 6’ € (0,1). Injecting (8.11) and (8.13) into (4.18), we find that
iznko yimp 0 vpg”
- o ignko  uné 0
LA (K +pg)=—| Tt =0 Uh - 8.17
(K + PEo) 0 wp€"  izpko  Y30RE (8.17)
v 0 30r&" iznko
where ~ B ~
bo ho o
Go=14 ) Gy =14 ) fw, Ghe=14) i,
h'=h h'=h h'=h (818)

ho ho
Zh::1+ZCh’7 Uh2:1+ZVh/
h'=h h'=h

in which G, fips, Dy, G and vy with b/ € {by +1,---,b; — 1} are to be interpreted as
0. By injecting (8.14) through (8.16) into (8.18), we find

|y, — 1| < (comst.) |U|, |z, — 1| < (const.) |U|, |zn — 1| < (const.) |U], (8.19)
|0, — 1] < (const.) U, |op — 1] < (const.) |U]. '
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2 - Dominant part of Ejlhyw. Furthermore, we notice that the terms propor-
tional to Zj or vy, are sub-dominant:

LA (K +p%ho) = LA, (K + poo) (1 + a3(K)) (8.20)

where
0 ymp 0 "
mmy 0 vpé 0
0 vpE*  izpko 0
Uh§ 0 0 izhko

LA (K +Pho) = - (8.21)

Before bounding o3, we compute the inverse of (8.21), which is elementary once it is put
in block-diagonal form: using proposition C.1 (see appendix C), we find that if we define

o= mpy1, ko i= znko, & :=wpé (8.22)
then
- -1 1 My k)t > a0 < 1 0 >
LA L (k = h - 8.23
( o )> ( 0 1 0 ak) )\ Mu(k) 1 (529
where
——1 = - 7, %\ 2
_(M) 0 7 _(m), _w ' gi! nko () >
= (7 : FK) =L s 8.24
e e B R T G R A I
and B
N (p% +k’)-——1< X 0) (8.25)
PEROTEEIT S 0 &) ‘
In particular, this implies that
S0, ghe  9mh
€A}, (K" + PF)| < (const.) o-lbthe g (8.26)

in which the bound should be understood as follows: the upper-left element in (8.26) is
the bound on the upper-left 2 x 2 block of Sf_l;}d o> and similarly for the upper-right,
lower-left and lower-right. In turn, (8.26) implies

he 3he—h

o3 (K')| < (const.) (2h‘z +27 ) (8.27)

3 - Irrelevant part. The irrelevant part is bounded in the same way as in the
first regime (see (7.36)): using (8.17) and the bounds (8.14) through (8.16), we find that
for m < 3 and by < h <A < by,

/ dx‘xmnwgfj;) # L) (%) | < 27§ (m) (const.) |U] (8.28)
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and for hs < h < by < B < by,
/ e [x RIS « Ly ()] < 2§ (m) const.) [U]. (8.29)
Therefore, using the fact that

/dx ‘me(g_l) * ]Lg[h],w(x)‘ < 2/, (m)(const.)

we find
/dx X" R Ap e * Ly w(x)] < 2he &, (m)(const.) (14 |h||U]). (8.30)

4 - Conclusion of the proof. The proof of (8.1) is then concluded by inject-
ing (8.21), (8.27), (8.20) and (8.30) into (8.10).

Remark: By following the rationale explained in the remark following (7.17), one may
notice that the “correct” localization operator in the second regime 1is different from
that in the first. Indeed, in the second regime, (k — p“ﬁo)@k scales like 22 (") instead of
thh’

] Q(h/) is bounded by 2" instead of 22" in the first regime, and is therefore marginal.

However, this is not a problem in this case since the effect of the “marginality” of the
remainder is to produce the |h| factor in (8.30), which, since the second regime is cut
off at scale 3he and the integration over the super-renormalizable first regime produced
an extra 2" (see (8.30)), is of little consequence. If one were to do things “right”, one
would define the localization operator for the massless fields as the Taylor expansion
to second order in k and first order in kg, and find that the |h| factor in (8.30) can be
dropped. We have not taken this approach here, since it complicates the definition of
L (which would differ between massive and massless blocks) as well as the symmetry
discussion that we used in (8.17).

in the first. This implies that the remainder of the first order Taylor expansion of

8.3 Two-point Schwinger function

We now compute the dominant part of the two-point Schwinger function for k
well inside the second regime, i.e.

hi—1
k e Bﬁd) = U supp f. .-
h=bo+1

Let
hy = max{h : fp, (k) # 0}
so that if h & {hy, hix — 1}, then f, (k) = 0.
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1 - Schwinger function in terms of dressed propagators. Recall that the
two-point Schwinger function can be computed in terms of the effective source term X'
defined in (5.27), see the comment after lemma 5.3. Since hy < by, X () is left invariant
by the integration over the ultraviolet and the first regime, in the sense that & 0) =
X 00) | with X(10) given by (7.39). We can therefore compute XM for h € {ho,---,bh1—1}
inductively using lemma 5.3, and find, similarly to (7.42), that

52(k) = (e (K) + Gne-1,0(K)) (1 — (k) — ocpy (K)) (8.31)
where
U(k) = WQ(hk l)ghk,w + (ghk,w + ghk 1 w) 1§hk,wW2(hk_l)§hkfl,w(]l W(hk 3 hk,w)
(8.32)
and
hy—2
S 2 —1 ~ 2 —1)~ ~ (B
U<hk(k) = <]l - (ghk,w +ghk71,w) ghk,wWQ( 1)ghk 1w) Z WQ( )
h'=bg
: <§hk,w + éhk—l,w - éhk—l,wwg(fz_;kil)éhk,w
(8.33)

2 - Bounding the error terms. We now bound o(k) and o.p, (k). We first
note that

| (Grneo + Ghae—1,0) ™ G| < (comst.) (8.34)

which can be proved as follows: using (8.9), we write g, fhk A hk and
Thy—10 = fhk_lfi,;f, (I + fen— 1W2(hk UAhkl, )
Therefore, noting that fy, (k) + fn,_, (k) = 1, we obtain
q i -1z — (he—1) 1—1 =1 _ -1
(ghk,w +ghk—1,w) ghk,w - fhk ]l+fhk—1 (]l+f<hk 1W2 hk, ) ]l : (835)

Now, by (8.6), we see that ]WQ(hk 1)(k)A_ (k)| < (const.) 2, which implies (8.34).
By inserting (8.34), (8.6) and (8.1) into (8. 32) we obtain

lo(k)| < (const.) 2"|U|. (8.36)
Moreover, if we assume that
b2
S WM ()] < (const.) 2t|U| (8.37)
B =hg
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which will be proved after studying the third regime (9.63), then, since 3h, < ha < hy,

o<, (k)| < (const.) 2"<|U. (8.38)

3 - Dominant part of the dressed propagators. We now compute éhk,w +
Ghy—1: it follows from (8.10), (8.20) and (8.23) that

!jhk,w (k) + fjhk—Lw (k)

AN ap” 0 1 0 ,
‘(0 i )( s o ) Uiy 1) 04

(8.39)
where My, , d,(fl\:[) and dglm) were defined in (8.25) and (8.24), and the error term o’ can

be bounded using (8.30)kand (8.27):

hye 3he—hy

0'(1)] < (const.) (275 +2 U2 (8.40)

4 - Proof of Theorem 1.2. We now conclude the proof of Theorem 1.2, under
the assumption (8.37). We define

B, (%) == (1 + 0"(K)) (e (k) + Gin—1.0(K))

(i.e. the inverse of the matrix on the right side of (8.39), whose explicit expression is
similar to the right side of (8.21)), and

’I’?LQ = TNrL{]Q, z9 = Zh2, Vo = th
and use (8.14) to bound
|, — M| < (const.) |U|2hk, |2, — 22| < (const.) \U||h6|2h<,
|vp,, — v2| < (const.) |U|2%(hk+h€)

so that
(Bp, (k) — By (k)) By, (k) | < (const.) |U]|he[2"

which implies

By, (k) = B! (k) (1 + O(|U||he[2")). (8.41)
We inject (8.41) into (8.39), which we then combine with (8.31), (8.36), (8.38) and (8.40),
and find an expression for sy which is similar to the right side of (8.39) but with hy
replaced by ha. This concludes the proof of (1.18). Furthermore, the estimate (1.23)
follows from (8.19), which concludes the proof of Theorem 1.2.
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5 - Partial proof of (7.47). Before moving on to the third regime, we bound
part of the sum on the left side of (7.47), which we recall was assumed to be true to
prove (1.14) (see section 7.3). It follows from (8.6) that

b
S WM (k)| < (const.) 22t|U]. (8.42)
h'=b2

8.4 Intermediate regime: second to third
In the intermediate regime, we integrate over the first scales for which the effect
of the extra Fermi points P}, cannot be neglected. As a consequence, the local part

of Ap, (k) is not dominant, so that the proof of the inductive assumption (8.1) for
h = hs must be discussed anew. In addition, we will see that dressing the propagator
throughout the integrations over the first and second regimes will have shifted the Fermi
points away from PF; by a small amount. Such an effect has not been seen so far because
the position of p} is fixed by symmetry.

1 - Power counting estimate. We first prove that
/dx 1X™ Gy w(X)| < (const.) 27725y, (m). (8.43)

The proof is slightly different from the proof in section 8.2: instead of splitting gy, .
according to (8.10), we rewrite it as

o (6) = fipi() (AlK) + cﬁtw(k))*l (1+ (Rps0(0)) (Lo (k) (8:44)

(this decomposition suggests that the dominant part of /ilh%w is A + ﬁfnlm,w instead of
LAy, ) in which we recall that A= Ah%w‘U:O’
Qﬁhz,w{k) = Ahmw(k) — A(k)

and

N ~ —1
L) = | fanpiiw@®) = D Fenzwg() | (Al + £, 0(0)) (k).
j€{0,1,2,3}
We want to estimate the behavior of (8.44) in Béhi’w), which we recall is a ball with
four holes around each Py, J = 0,1,2,3. The splitting in (8.44) is convenient in

that it is easy to see that A(k) + Eﬁ]hz,w(k) satisfies the same estimates as A(k); in
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particular, via proposition B.1 (see appendix B), we see that det (fl(k) + ﬁﬁ]b%w(k)) >
det A(k) - (14 O(U)) on B(bQ’w) so that for all n < 7 and k € B(hz’ ),

. - -1
an (A(k) + mnm,w(k)) < (const.) 275, (n) (8.45)
and, moreover, for m < 3,
/dx X" RQWy, o * L[y, 0 (x)| < (const.) U || he|2"F, (m). (8.46)

The proof of (8.43) is then concluded by injecting (8.45) and (8.46) into (8.44). We can
then use the discussion in section 8.1 to bound

/ dx XMW ()] < Co2 g, (m) U]
1 5 i
,6’|A|/dX ‘<§_X4)mwgﬁ,)g(¥)’ < o, (m)|U] (8.47)
/ dxc |(x = )" W) (0)| < 207N () (Colur])'
[ BIA|

for some constant Cy > 1.

2 - Shift in the Fermi points. We now discuss the shift of the Fermi points,
and show that <y, has at least 8 singularities: P} and p% wb2) for j € {1,2,3} where

P = i + (0,0,0A,) (8.48)
and
P = T7pi, iy = Tepi (8.49)

in which 7% denotes the spatial rotation by +2m /3; and that
|Ap,| < (const.) €|U| (8.50)

(note that (8.49) follows immediately from the rotation symmetry (2.33), so we can
restrict our discussion to j = 1).

Remark: Actually, we could prove in this section that g<y, . has ezactly 8 singularities,
but this fact follows automatically from the discussion in section 9, for the same reason
that the proof that the splittings (7.18) and (8.10) are well defined in the first and second
regimes implies that no additional singularity can appear in those regimes. Since the
third regime extends to h — —oo, proving that the splitting (8.10) is well defined in the
third regime will imply that there are 8 Fermi points.
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We will be looking for p% “92) in the form (8.48). In particular, its ky component

vanishes, so that, by corollary B.2 (see appendix B), Ay, solves
Dy, w(Ap,) = Ahz, (ba)(PE By hQ)) — Ay, o) (f)(w bZ))Ahg w,(b,d) (P(w "2y —0.  (8.51)

In order to solve (8.51), we can use a Newton iteration, so we expand f)bz,w around O:
it follows from the symmetries (2.35) and (2.36) that

~ 2

Dyy w(Apy) = My, + w¥p, Ay, + A Rr()g)w(AhQ) (8.52)
with (My,,Yy,) € R?, independent of w. Furthermore by injecting (7.10) and (8.6)
into (8.51), we find that

3
Yy, = 5ms + O(E|U]) + O(e"), My, = O('|U]) (8.53)

and

‘R (Apy)| < (const.) . (8.54)

ha,w

Therefore, by using a Newton scheme, one finds a root Ay, of (8.51) and, by (8.53)
and (8.54),
|Ap,| < (const.) €2|U|. (8.55)

This concludes the proof of (8.48) and (8.50).

9 Third regime

Finally, we perform the multiscale integration in the third regime. Similarly to the
first and second regimes, we prove by induction that gy, ; satisfies the same estimate
as ghw,; (see (4.56) and (4.54)): for all m < 3,

/ dx |z0z™ gy o, (x)| < (const.) 27hmmoh=mi(h—he)
1 = 2h—2h (9-1)
BIAl Z |Gh,w.j(k)| < (const.) 2 ‘.

keBY' )
which in terms of the hypotheses of lemma 5.2 means
) — 27m0h7(m1+m2)(h7h6)

k=3, cg=1, Fn(mo,mi,me

Cy = (const.) and Cg = (const.) 272,
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Remark: As in the second regime, the estimates (9.1) are not optimal because the
massive components scale differently from the massless ones.

Like in the first regime,

Ck

I
NI Lo

by =2>
Ck — Cyq

9.1 Power counting in the third regime

1 - Power counting estimate. By lemma 5.2 and (8.47), we find that for all
m <3

6|1A|/dx ‘(X*XQZ)mBgL’)%ZQ(K)) < Qh(3—2l)3h(m)22zhe Z Z Z Z

N=Loerh) L peplh) |
| Py |=21

Cl22hé H 23 |Py|) H (62272h€)lv‘U|max(1,lvfl)2(2lvfl)hé
veY(T) vEE(T)

so that

\A\/dx x = x20)" By, ; o(20)| < 2072, ()22~ Dhe

-Z 5% Y Nk T 261D H ol |7 (11

NZlTET;]h lT Pep—f-hi) 2 ’UGSB ) UE@
| Py |=21

(9.2)

2 - Bounding the sum of trees. We then bound the sum over trees as in
the first regime (see (7.4) and (7.8)): if [ > 2 then for § € (0,1) and recalling that
ho = 3he + const,

N
SO [ 2 < amteamocy T e 9.3
reTy) Pepl!) , veT(M\{vo} i=1
| Pyg |=21

and if [ = 1 then

N
>y [T 287h<ot=srecl ] CF (9.4)
reTy) pep) veT(M\{vo} i=1
| Pyg |=2
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Therefore, proceeding as in the proof of (7.10) and (7.12) we find that

[ [l 60| < 20719 m)cr o (95)

and

(9.6)
for [ > 3 and m < 3.

Remark: The estimates (9.2), (9.3) and (9.4) imply the convergence of the tree expan-

sion (5.8), thus providing a convergent expansion of VV2 inU.

l,w,a

9.2 The dressed propagator
We now prove (9.1). We recall that (see (4.2

3))
g (6) = frwg (AL (k) (9.7)

where

Anj (k) = A(K) + fen () Z Wi (e

=h+1
3 Z eal
h'=bh2

1 - j=0 case. We first study the j = 0 case, which is similar to the discussion
in the second regime. We use the localization operator defined in (7. 15) and split g w0

in the same way as in (8.10). We then compute EWQ( ) and bound RAhw oLg[h} w0

1-1 - Local part. The symmetry considerations of the first and second
regime still hold (see (7.21) and (7.22)) so that (7.23) still holds:

iChrko Y1l 0 vp&®
A (B Gpr 1Cprk vp€ 0
LW W ype = | A ko vy g 7 98
2 ( P:0) 0 vp&* ko v3URE (0:8)
vw§ 0 o€ iGyko
with (G, finr, U, Gy vpr) € RO, The estimates (8.14) through (8.16) hold, and it follows
from (9.5) that if A’ < bo, then

|G| < (comst.) |U[2" =2k, |G| < (const.) |U|27 2R, || < (const.) |U]220 ~3he,
lup| < (const.) |U[27 "<, || < (const.) |U]27 ~2he,
(9.9)
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Therefore
iZpko Y1 0 vp&*

i ik w0
LApuo(K +pig) = — | 1 T tes o1
h, 70( pF,O) 0 vp€ iznko  ¥30RE ( )
Uh§ 0 ’}/3’1}h§* iZh]C()

where zp, Z, mp, vy and Uy, are defined as in (8.18). and are bounded as in (8.19):
|y, — 1| < (comst.) |U|, |z, — 1| < (const.) |U|, |zn — 1| < (const.) |U],

(9.11)
|0y, — 1| < (const.) |U|, |vp, — 1] < (const.) |U].

1-2 - Dominant part of Ejh7w70. Furthermore, we notice that the terms
proportional to Zj are sub-dominant:

LApwo(K +PEo) = LApwok + PEo) (1 + 04 (k')) (9.12)

where B
0 v 0 vp*

R i, 0 opE 0
SA k/ + w e Vlmh . ] h -
e PFo) 0 vp€* izpko  Y30RE

U893 0 wurg* iznko

(9.13)

Before bounding o4, we compute the inverse of (9.13) by block-diagonalizing it using
proposition C.1 (see appendix C): if we define

ko = znko, A1 :=rmy, =€, €= upé (9.14)
then for k € l’)’g?’Lw’O),
—(M)
3 -t (1M (k) ay o 0 T 0 h—3he
(2Anwo®)) _< o o o oo ) it 1) 4027
(9.15)
where
1 - -
(M) 0 > _(m) - w N 1 ( —iko 3¢ >
al - ° @ IS0 pe——— A IO R TG
h,0 < "1 Lo .0 (pF’O ) /68 + ’y§|§\2 v3&*  —iko ( )

(the O(2"3h<) term comes from the terms we neglected from @™ that are of order
273h¢) and
_ 1 /& 0
M, < + k/ = - < = ) . 9.17
h,O(pEO ) B 0 ¢ ( )

In particular, this implies that, if (k' + pﬁo) € Bé?}:w’o), then

—he —2h¢
22 ) (9.18)

‘,Q,/I;jj’o(k/ + PFo)| < (const.) < 272%he =R

90



in which the bound should be understood as follows: the upper-left element in (9.18) is

the bound on the upper-left 2 x 2 block of Sfi;}d o> and similarly for the upper-right,
lower-left and lower-right. In turn, (9.18) implies

lo4(k')| < (const.) 2—2he, (9.19)

1-3 - Irrelevant part. We now bound RWQ(Z?D * Lg[p 0,0 In the same way

as in the second regime, and find that for m < 3, if h < A’ < bg, then
[ i [ R, L oo0)] < 225 (m) const) (U] (9.20)
so that
/dx |Xme_1h7w70 * Lﬁ[h},w’o(x)} < 2h*2h6%h(m)(const.) (1+ |n||U]). (9.21)

This concludes the proof of (9.1) for j = 0.

2 - j=1case. We now turn to the case j = 1 (j = 2,3 will then follow by
using the 27/3-rotation symmetry). Again, we split gp 1 in the same way as in (8.10),

then we compute LWz(hl) and bound R/_lh,w’ll[dﬁ[h]ml. Before computing Ef_lh,w’l and

bounding Rflh,w,lLﬁ[h]’wJ, we first discuss the shift in the Fermi points f)gfih) (i.e., the

singularities of /al,;i 1 (k) in the vicinity of pgfih)), due to the renormalization group flow.

2-1 - Shift in the Fermi points. We compute the position of the shifted
Fermi points in the form

~(w,h
p;% )= P+ (0,0,wAy) (9.22)

and show that
|A| < (const.) €2|U]|. (9.23)

The proof goes along the same lines as that in section 8.4.
Similarly to (8.51), Ay, is a solution of
Diot (B0) = A7 1 B ™) = Apot .y Bt A1 (Bl ) = 0. (9:24)
We expand lﬁ?;w’l around Ay 1: it follows from the symmetries (2.35) and (2.36) that
ﬁh,w,l(Ah) = M + wYp(Ap — Apgr) + (Ap — Ah+1)2R;(12,2J71(Ah) (9.25)
with (My,Y,) € R2, independent of w. Furthermore,

My = Dpwi(Apt1) = f?h,w,1(Ah+1) — Dpi1w1(Dny1)
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so that, by injecting (9.5), (7.10) and (8.6) into (9.24) and using the symmetry structure
of Ap (k) (which imply, in particular, that |Aj, 1(k)| < (const.) € in BEth’w’l)), we
find

| M},| < (const.) 22h_3h662‘U’ (9.26)
and ;
Yi = S+ O(|U]) +O(H) (0.97)
as well as
R, (A0)| < (const.) (1 -+ €lU]|]). (0.28)

Therefore, by using a Newton scheme, we compute Ay satisfying (9.24) and, by (9.26),
(9.27) and (9.28),
|AL — Appa| < (const.) 220730, (9.29)

This concludes the proof of (9.22) and (9.23).

2-2 - Local part. We now compute Ele;w’l. The computation is similar to
the j = 0 case, though it is complicated slightly by the presence of constant terms in
/ilh,w,l. Recall the x-space representation of Ahw,l (4.42). The localization operator has
the same definition as (7.15), but because of the shift by f);:‘jih)
its action in k-space becomes

in the Fourier transform,

LApwn(8) = Apua(BE) + (k= Bt - dcAp w1 (BEY).

In order to avoid confusion, we will denote the localization operator in k space around
~ (w,h 4
p(Fojl ) by L.

2-2-1 - Non-interacting local part. As a preliminary step, we discuss
the action of £ on the undressed inverse propagator A(k). Let us first split A(k) into

2 x 2 blocks: e -
A A
Alk) "<A¢f<k> A¢¢<k>>
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in terms of which

pogeemt o oa@hy _ (ko m
LhA (k1+pF71 )— < ’Y]_ ’Lko >

LhASo k) +pYi) = £, A% (k) + B
_ ( o 0 m,go) + (—iv,(lo) 1o T ww;(LO) 1y) )

my, (w}(LO)k’ + w,(L)k’ ) 0

LnA% (k) + B

_ ik;ym fyg(mglo) (zv}bo)k’ —i—ww,(z)k:’ )
ya(my + (—io) K, + ww k) ik, 1
(9.30)

where

3
m,(lo) =173 + O(Ap), U;(lo) =3 + 0(627 Ap),

- 3 3
B =S +0E, A0, wf) =5 +0(e,A).

2-2-2 - Local part of W,.  We now turn our attention to ﬁhWQ(h/). In
order to reduce the size of the coming equations, we split WQ(h ) into 2 x 2 blocks:
ir(RNEE 13, (R)Ed
W) _. < Wy Wy )

2 e o0

The symmetry structure around f)(Fwih) is slightly different from that around p%,. In-

deed (7.21) still holds, but f);iuih) is not invariant under rotations, so that (7.22) becomes

~ (w,h) ~ (—w,h) ~ (—w,h) ~ (w,h)

5 h
bt = —pl = Rl = Rupyy = 1% =

Pp% wh),

(9.32)
It then follows from proposition F.1 (see appendix F) that for all (f, f') € {£, ¢}2,
~ A~ h/ / w h
Ly e 4 pE)
_ i(h/ T ko M{fll (whf kY. +wwhf k1)
,ui,f + (— whf kY. —|—wwhf k1) zCh,Jk:O
(9.33)
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with (uh, 1 Ch, 1 Vh, 1 w}{,f ) € R%. In addition, by using the parity symmetry, it follows
from (F. 10) (see appendlx F) that the £¢ block is equal to the ¢£ block. Furthermore,

it follows from (9.5) that for A’ < ba,

1] < (const.) [U]220'=he)|¢ff | < (comst.) |U|2" =2,

, ) ’ , (9.34)
Wi/ < (const.) [U2M P, |l | < (const.) |[U]2" e
If by < B/ < by, then it follows from (8.6) that
!Cf/f/\ < (const.) |U|2",
M (9.35)

Wi/} < (const.) [U[25 0 |eoff ] < (const.) |U|23 ()

and because W( )(szfio) =0 and |I~)E§jih) — Pl < (const.) 22he by expanding Wéh/) to
first order around pf (), we find that it follows from (8.6) that

f]1] < (const.) 23 Hhe)g2he 7). (9.36)
Finally, if h; < b/ < bg, then it follows from (7.10) that
’C,{/f;\ < (const.) |U[2",

) , ) (9.37)
\1/ \ (comst.) |U|2", ]w,{,fl| < (conmst.) |U|2"
and by expanding Wz( ) to first order around P%, we find that
1l < (const.) U2 +2he, (9.38)

By using the improved estimate (7.56), we can refine these estimates for the inter-layer
components, thus finding:

| < (const.) |U]200 3k,
w71 ] < (const.) |U[20h +he, \w,{,fl] < (const.) |[U[200 +he, (9.39)
[Gial = 16374 < (comst.) U270+

for all f € {¢,&}.

2-2-3 - Interacting local part. Therefore, putting (9.33) together
with (9.30), we find

LnAp (K + f)%ulh))

zzh 1k‘o " (mh 1 + K*&) iszlkzo m,gfl + K;ffs
_ ’Yl(mh 1 Kfzi) Zzh 1k0 mffl + K}i(bl Z.lez(,ﬁlko
- zzh 1k0 mh LT K;é{b izf:ﬁko vg(mﬁﬁ + K;fdl’)
mh 1+ Kw zszl ko Y3 (mﬁdi + K;;did)) zzf;di ko
(9.40)
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with /
Kff = th; Ky, + wwifl ki,

for (£, f') € {¢,&}?, and
mﬁ(z)l = mh Z :“h/ 1 mh,l Z :“h/ 1 mhl = m + Z Nh/ 1
Zﬂ_l"’ZC'p Zhl Zch’l’
vhl ~(0)+ Zl’h'p Uh1'_ ZVh/p ”h1 —”h ZV'p
“’h1'— +*th/17 whl': th'p whl_wh +Zw

(9.41)
Furthermore, using the bounds (9.34) through (9.39),
|m2¢1 mh | + |m -1+ |m,Z 1= m20)| < (const.) €2|U],
|Z}{J1 — 1] < (const.) |U], |sz¢)1 < (const.) |logele|U],
(9.42)

~(0 0
|vfi¢i - Ul(z )| + |U;§£1| + |v£¢1 - U}(L )| < (conmst.) |U],

0
s — wp |+ Jwil | + i — wi”| < (const.) [U].

2-2-4 - Dominant part of ﬁhjlhw 1. Finally, we notice that the terms

in (9.40) that are proportional to szl, zh ) or Kﬁ , are subdominant:

A~ 2 ~ h N ~ ~ h
LaAnwi (K + i) = 4 Anw1 (K + i) (1 + 041 (k) (9.43)
where
A~ fay o h
LpApwi (k) + p(pwl )
0 gt mfzél 0 mh 1 T K Z§1¢
B 'ylmffl 0 mh 1+ K&l5 0
0 mh 1+ K*gq5 iz;’fqiko fyg(miﬁ + K,(fqi)
mh 1T Klg(bl 0 V3 (mh 1t K*¢¢) izﬁﬁko
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Before bounding 041, we compute the inverse of (9.44) by block-diagonalizing it using

proposition C.1 (see appendix C): if we define
) ) o
ko= zp0ko, Ji=miom, Er=mpd + K, 3= e K - K)Y(9.45)
then for k € B(hw 1),
. (M
1 Mli,l(k) al(z,l) 0 < _ 1 0 >(]l—|—0(2h3h5))
0 a™ k) )\ Mpa(k) 1
(9.46)

(iffilh,w,l(k))_l :< 0 1
( iko 73‘%7) (9.47)

where
1
(M) U (M) (w / 1

a = — _ R a -+ k I — - :
h,1 ( M 1 0 > h,1 (PF,l 1) k8+7§|551|2 NaT1 ko

(the O(2"=3"<) term comes from the terms in a(™ of order 2 3he) and

\ /] w / 1 ET 0
My (P +k)=——{ 7 = |- (9.48)
a! =1

(h.w,1) , then

B,
(9.49)

In particular, this implies that if (k| + p bl h)) eB
22h6—h Qhe—h >

| (€ Anet (5 +B57)] 7| < (const.) ( ohe—h  o-h

in which the bound should be understood as follows the upper-left element in (9.49) is
1> and similarly for the upper-right

the bound on the upper-left 2 x 2 block of ShA
(9.50)

lower-left and lower-right. In turn, using (9.49) we obtam
(const.) €(1 + |loge||U|).

o4 (k)| <

Finally, we are left with bounding R[lhw,ll‘g[h] w1s

2-3 - Irrelevant part.
which we show is small. The bound is identical to (9.21): indeed, it follows from (9.46)

and (9.49) that for all m <3
/ dx [X"Lgp1(x)| < (const.) 27"Fn(m)
(9.51)

so that
/dx X" R Ap w1 * L) w1 (x)| < 2h=2he, (m)(const.) (1 + |h||U])
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3 -j =23 cases. The cases with j = 2,3 follow from the 27/3-rotation
symmetry (2.33):

1 0 1 0
2 / ~ (w,h)\ 2 / ~ (w,h)
Ghw(Kj+Pp; ) = ( 0 Ty L plom >gh’w’j(Tkj +Pij-) ( 0 7-;1(/ +p) )
g TR iTPFj—w
(9.52)

where T' and Ty were defined above (2.33), and f)%_ih) =Py,

9.3 Two-point Schwinger function

We now compute the dominant part of the two-point Schwinger function for k
well inside the third regime, i.e.

ho—1
k e BI(;JI’J) = U SUpp fhw,j-
h=bg+1

Let
hy := max{h : fp, ;(k) # 0}
so that if h & {hx, hx — 1}, then fp,,, ;(k) = 0.

1 - Schwinger function in terms of dressed propagators. Recall that
the two-point Schwinger function can be computed in terms of the effective source term
XM see (5.27) and comment after Lemma 5.3. Since hy < ha, X is left invariant
by the integration over the ultraviolet, the first and the second regimes, in the sense
that X02) = x(0) with x®0) given by (7.39). Therefore, we can compute X for
h € {bs, - ,ha—1} inductively using lemma 5.3, and find, similarly to (7.42) and (8.31),
that

52(k) = (Ghyw,(K) + Inie—1,0,5(K)) (1 = o (k) — o<p, (k) (9.53)

where

2 (hx—1) 2 S 2 —12 37(hk—1) 2 2-(hk—1) 2
O-(k) = WQ( « )ghk7w7j+(ghk7w7j+ghk717w7j) 1ghk7w7.]W2( « )ghkilzwy.](]]'_Wz( « )ghk7wvj)

(9.54)
and
hyx—2
2~ 2~ 1= 2 (h—1) 2 ~ (k!
O—<hk(k> = <]1 B (ghkzwvj + ghkflvwvj) ghkvwijQ( . )ghkil’w“j) Z W2( )
h'=bg
A~ A 2~ 2-(hx—1) 2
' (ghk7w7j + ghk_17w)j - ghk—l,w»jwé,wk )ghk’wuj) :
(9.55)
Similarly to (8.34), we have
(hceod + T=10,3) ™ G| < (comst.) (9.56)
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and, by (9.5) and (9.1), we have

const.) 2Me—2he
{\a(k)\g( t) 2 U] (9.57)

|0 <hy (k)| < (const.) 2hk*2hf|U].

2 - Dominant part of the dressed propagators. We now compute ﬁhk,w,j +
The—1.0,5-

2-1 - 7 =0 case. We first treat the case j = 0. It follows from (the analogue
of) (8.10), (9.12) and (9.15), that

éhk1w70 (k) + éhk—l,w,o (k)

(1M a0 1 0 ,
__<0 hf )( %0 <mnm (Aﬁhdm 1)(1+ad@)

Upye0
(9.58)
where Mp, o, aglM()) and ag )0 were defined in (9.17) and (9.16), and the error term oy,
can be bounded using (9. 21) and (9.19):

|0 (k)| < (const.) 2"%=2he(2=he 4 |y ||U]). (9.59)

2-2 - j =1 case. We now consider j = 1. It follows from (9.43) and (9.46)
that

éhkvao(k) + éhkfl w O(k>

1 M (k) a0 1 0 ,
(0 E )( 0 e (g 1) +eto)

(9.60)
where Mp, 1, aELMi and a1(1 )1 were defined in (9.48) and (9.47), and the error term o}

can be bounded using (9. 51) and (9.50):
04 (k)] < (const.) (2" (1 + | [|U]) + 22 <27 4 [m|U])) . (9.61)

2-3 - j = 2,3 cases. The cases with j = 2,3 follow from the 27/3-rotation
symmetry (2.33) (see (9.52)).

3 - Proof of Theorem 1.3. We now conclude the proof of Theorem 1.3.
We focus our attention on j = 0,1 since the cases with j = 2,3 follow by symmetry.
Similarly to section 8.3, we define

Biy,j (k) = (1 + 05(K)) (g () + Ghe—1,0,5(K))
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(i.e. the inverse of the matrix on the right side of (9.58) for j = 0, (9.60) for j = 1,
whose explicit expression is similar to the right side of (9.13) and (9.44)), and

ms, = mhﬁ, 230 = 2py, V3,0 1= Uhy, V30 1= Up,,
ms1 = mé?l, ms = mf;f’l, mg1 = mﬁ?l, 231 = Zf?zil’
Ug,1 = vg?,p w31 = wé?l, v3,1 = Ufil, w31 = wgﬁl
and use (9.9) and (9.34) to bound
[ty — g0] + M | —mg| + me? | — ;| < (const.) [U[22he3he
|m§i1 —mg1| < (const.) |U|22M=2he
|2h, — 23.1| + ]zfzfl — z30| < (const.) |U|2Me—2he,
|Up, — v3,0] + |U§Li’1 —v31|+ |w,€i,1 — w31| < (const.) |U|2khe,
[y, — D3.0] + [0 — D3| + [w)? ) —1bg1] < (comst.) |U[2hw—2he

so that
(By,,j (k) — By, (k)) By, (k)| < (const.) |[U[2M<2"e

which implies

Byl (k) = By, (k) (1 + O(|U[2M<?")). (9.62)
We inject (9.62) into (9.58) and (9.60), which we then combine with (9.53), (9.57), (9.59)
and (9.61), and find an expression for sy which is similar to the right side of (9.58)
and (9.60) but with hy replaced by ha. This concludes the proof of (1.24). Furthermore,
the estimate (1.29) follows from (9.11) and (9.42) as well as (9.31) and (9.23), which

concludes the proof of Theorem 1.3.

4 - Proof of (7.47) and (8.37). In order to conclude the proofs of Theorems 1.1
and 1.2 as well as the Main Theorem, we still have to bound the sums on the left side
of (7.47) and of (8.37), which we recall were assumed to be true to prove (1.14) and (1.18)
(see sections 7.3 and 8.3). It follows from (9.5) that

b
S WM )] < (const.) 21U, (9.63)
h'=hg

This, along with (8.42) concludes the proofs of (7.47) and (8.37), and thus concludes the
proof of Theorems 1.1, 1.2 and 1.3 as well as the Main Theorem.

10 Conclusion

We considered a tight-binding model of bilayer graphene describing spin-less fermions
hopping on two hexagonal layers in Bernal stacking, in the presence of short range inter-
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actions. We assumed that only three hopping parameters are different from zero (those
usually called ~p,y; and 73 in the literature), in which case the Fermi surface at half-
filling degenerates to a collection of 8 Fermi points. Under a smallness assumption on
the interaction strength U and on the transverse hopping €, we proved by rigorous RG
methods that the specific ground state energy and correlation functions in the thermo-
dynamic limit are analytic in U, uniformly in €. Our proof requires a detailed analysis
of the crossover regimes from one in which the two layers are effectively decoupled, to
one where the effective dispersion relation is approximately parabolic around the central
Fermi points (and the inter-particle interaction is effectively marginal), to the deep in-
frared one, where the effective dispersion relation is approximately conical around each
Fermi points (and the inter-particle interaction is effectively irrelevant). Such an analy-
sis, in which the influence of the flow of the effective constants in one regime has crucial
repercussions in lower regimes, is, to our knowledge, novel.

We expect our proof to be adaptable without substantial efforts to the case where
v4 and A are different from zero, as in (1.5), the intra-layer next-to-nearest neighbor
hopping v} is O(e), the chemical potential is O(e?), and the temperature is larger than
(const.)e*. At smaller scales, the Fermi set becomes effectively one-dimensional, which
thoroughly changes the scaling properties. In particular, the effective inter-particle in-
teraction becomes marginal, again, and its flow tends to grow logarithmically. Pertur-
bative analysis thus breaks down at exponentially small temperatures in € and in U,
and it should be possible to rigorously control the system down to such temperatures.
Such an analysis could prove difficult, because it requires fine control on the geometry
of the Fermi surface, as in [BGMO06] and in [FKT04a, FKT04b, FKT04c|, where the
Fermi liquid behavior of a system of interacting electrons was proved, respectively down
to exponentially small and zero temperatures, under different physical conditions. We
hope to come back to this issue in the future.

Another possible extension would be the study of crossover effects on other phys-
ical observables, such as the conductivity, in the spirit of [Mall]. In addition, it would
be interesting to study the case of three-dimensional Coulomb interactions, which is
physically interesting in describing clean bilayer graphene samples, i.e. where screening
effects are supposedly negligible. It may be possible to draw inspiration from the analy-
sis of [GMP10, GMP11b] to construct the ground state, order by order in renormalized
perturbation theory. The construction of the theory in the second and third regimes
would pave the way to understanding the universality of the conductivity in the deep
infrared, beyond the regime studied in [Mall].

Acknowledgments We acknowledge financial support from the ERC Starting Grant

CoMBoS (grant agreement No. 239694) and the PRIN National Grant Geometric and
analytic theory of Hamiltonian systems in finite and infinite dimensions.
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A Computation of the Fermi points

In this appendix, we prove (3.2).

\ Proposition A.1

Given
; 3
Qk) =1+ 2~ 3% cog (?l@) ,

the solutions for k € Ao (see (2.4) and following lines for the definition of A and As) of

(k) — 1195 (k)e 5= = 0 (A.1)
with
0<mvys <2
are
w _ (2= 21
Pro = (ﬁvwﬁ)
Pp1 = (%ﬂﬂu% arccos (HTl'B))
(A.2)
Pra = (%’r + 2 arccos (M) , W= arccos (ngg))
p(]%g = (%ﬂ — %arccos (w) ,w% arccos (H'é”i‘))
for w e {+,—}.
Proof: We define
C = cos §k1 ,  Si=sin §k:z: , Y :=cos ﬁky ., G:=73
in terms of which (A.1) becomes
4207 - 1)Y2 +2C(2 - Q)Y +1-G(2C2 ~1) =0 s
—25(C(4Y? - G)+Y(2-G)) =0. :

1- If S =sin((3/2)k,) = 0, then k, € {0,27/3}. Furthermore, since k € A,
if k; = 0 then k, = 0, which is not a solution of (A.1) as long as G < 3. Therefore
ky = 2w /3, so that C' = —1, and Y solves

4Y?2 - 22-G)Y +1-G=0
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so that

2-G+@G
Y=——
4
and therefore ) 0 G
T _
k,=+—— or k,=Z+——=arccos| ——].
e YA ( 2 >

2 - If S #0, then
C4Y?-G)=-Y(2-G)

so that the first of (A.3) becomes 4Y? = 1 + @, which implies

Y:i\/1+G, C:$\/1+G(2_G)
2 2
so that
22 1+G((2-G) 2 V1i+G
ky = 3 + 3arccos( 5 > , ky = iﬁ arccos( 5
or

k —Z—W—garccos 1+6(2-G) k —:I:larccos 1+G
T3 3 2 Y T '

B 4 x 4 matrix inversions

In this appendix, we give the explicit expression of the determinant and the inverse
of matrices that have the form of the inverse free propagator. The result is collected in
the following proposition and corollary, whose proofs are straightforward, brute force,
computations.

\ Proposition B.1
Given a matrix

it a* 0 b*
| a ux b 0
A= 0 b i3 ¢ (B.1)
b 0 ¢ 43
with (x,3) € R? and (a,b,¢) € C3. We have
det A = ([o]* + 31)° + |a*3” + [¢[*(+* + |a]*) — 2Re(a"b%) (B.2)
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and
9a,a 9,5 Yaa Yad

+ Togt ot

—1_ 1 ga,i) Yaa 94p Baa
det A | gf. Gap Gaa Oap
o7, Gea 07, Gaa

with
Ya,a = _ié|b|2 - i?(52 + MQ)

8,5 = 370" — ¢*((b)? — a¥c)

Oa,a = 13070 + 1xb™c”

(B.3)
ap = b((b%)? — a*c) + srb*
gap = —a((b*)? —a*c) + 1%
gaa = —i3la]® —ix(xs + [b[*).
and given a function g(a, b, ¢, 1, 3),
g7 (a,b,¢,x5,3) == g*(a,b,¢, —x, —3).
{ Corollary B.2 \
If 3 =1 =0, then
det A = |b> —ac*]* > 0. (B.4)

In particular, A is invertible if and only if b? # ac*.

L 1

C Block diagonalization

In this appendix, we give the formula for block-diagonalizing 4 x 4 matrices, which
is useful to separate the massive block from the massless one. The result is collected in
the following proposition, whose proof is straightforward.
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{ Proposition C.1 \
Given a 4 x 4 complex matrix B, which can be written in block-form as

B B¢
B= ( BE®  Boo ) (C.1)

in which B¢, B and B?? are 2 x 2 complex matrices and B¢ and B?? are invertible,
we have

1 0\ (1 —(B$)~1B \ [ B% 0
_B£¢(B££)fl 1 0 1 - 0 B¢¢—B5¢(B55)*IB5¢ :

(C.2)
If B — B (B)~1 B is invertible then

(B¢¢ _ B§¢(B€§)—1BE¢)—1

is the lower-right block of B!,

L I

D Bound of the propagator in the II-III intermediate regime

In this appendix, we prove the assertion between (3.38) and (3.39), that is that the
determinant of the inverse propagator is bounded below by (const.) €% in the intermediate
regime between the second and third regimes. Using the symmetry under k, — —k,
and under 27 /3 rotations, we restrict our discussion to w = + and k, — p;O,y > 0.

In a coordinate frame centered at p;,CO, we denote with some abuse of notation kﬁr 0=

(ko, ks, ky) and p}’l = (0, Dé?), where €373 and D = %%(1 + O(€?)) (see (3.3)). Note
that D > 0 is uniformly bounded away from 0 for € small (recall that 73 = € and
v3 = 0.33¢). In these coordinates, we restrict to k, > 0, and the first and third conditions

in (3.37) read

JBHem k) >R, R+ @082 + (k- D)) >R, (D)

where RRQ(?)ZTZ)?’. The second condition in (3.37) implies that (k2 4 k2) < (const.) €,

in which case the desired bound (that is, |det A| > (const.) €%, with det A as in (3.38))
reads

L. 2 20 - 2 8
16 (ike + ky)* — D (—iky + ky)|” > (const.) €. (D.2)
Therefore, the desired estimate follows from the following Proposition, which is proved
below.

k3 + 5
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{ Proposition D.1 \
For all D, e > 0, if (ko, ky, ky) € R3 satisfies

ky > 0, \/kg + (k2 + k2) > ke, \/kg + €2(9k2 + (k, — De?)2) > re®
for some constant & > 0, then, for all & > 0, we have
ek + o |(iky + ky)? — DE(—ik, + k:y)}2 > Cé, (D.3)

where

, aD? «(473 — 3v/105)R? \ &?
C :=min | 1, , —.
12 288 4

Proof: We rewrite the left side of (D.3) as
L= &k + a (—k2 + k2 — DEk,)” + ak? (2k, + DE)*.

If |ko| > Re3/2, then [ > k%€3/4 from which (D.3) follows. If |ko| < K€3/2, then

3
R2e, k2 + (k, — DE)? > 112264.

=~ w

ki + k) >

If |ky| > (1/4V/3)R€%, then, using the fact that k, > 0, | > «(1/48)D?k?€® from
which (D.3) follows. If |k,| < (1/4V/3)Reé2, then

[35_ 9 39
ky > 18°E |ky — De |>ZI{6

so that
V105 — 1
|key(ky — DE)| — k2 > %Pﬁg“
and [ > a((3v/105 — 1)2/2304)&*€® from which (D.3) follows. O

E Symmetries

In this appendix, we prove that the symmetries listed in (2.32) through (2.38)
leave hg and V invariant. We first recall

_ 1 o [ A A%W) (&
ho =~ R 2 (S ¢I><A¢5<k> A¢¢<k>)(<§i) (E1)

keBy |
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with ‘ e
AL (k) ; < - ¢k0>’ A8(k) = A%(K) - <Q(k) (7,
) ik,
(L) — iko Y3Q(k)e3ika
A (k) : ( 73(2*(]{5)6_31]% iko
and
V(y) = B |A] 3 Z Z Voo (k1 — k2)wk1 oﬂ/’k2 ai/)k?) oﬂ/’kl kotks.af (E.2)
") ki ko ks
where |
f)a,a/(k)) = Z elk‘x’l)(x + da — da/),

TEN

Follows immediately from the fact that there are as many ™

1 - Global U(1).
m

as ¥~ in hg and V.

2 - 27/3 rotation. We have
QEF k) = 2RO (k), 3 TR, Bilok ik
so that 7]jA¢¢(T_1k)7I{ = A?(k) and AS?(T7 k)T = A%?(k). This, together with
A8 (T~ k) = A% (k), implies that hg is invariant under (2.33).
Furthermore, interpreting e"1592 a5 a rotation in R3 around the z axis,

27 _‘2i _'2771— _-QJ
e '3 %dy =dy, e "3%dy=dy, e "3%dg=Iy+ds, e "3Pdy=—l2+dy,
) B B

which implies, denoting by ©(k) the matrix with elements 04 o (k),

Ua,a(k) @mg(kz) e’f’“'l%a,@(k) e~ tklag, (k)
(%) 'f)aa(k’) 'ﬁB,b(k") e’bk‘lzﬁg (k) emiklg 05,,(k)
e*lk-lg,& a(k> elec-lgf)~ I;(k) @d,& 727,]6‘ lzv b(k)
ezk lgv (k:) ik l2@b,8(k) €2ik-l2{}b7&(k) v(,’b(k:)
furthermore
£ a8k Uiy a%kra
S+ f— Wt -
Skl,l;gkg,g _ wkl,t}wkl,l}

eilz(hsz)q’/}l‘i‘ aqj)l: 5
1,d " ki,

e*ilz(krh)qﬁ;‘ bqZ}l: )
1,b 7 kq,

(D, T (T i, )
(D, T ) (T b1,
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from which one easily concludes that V is invariant under (2.33). O

3 - Complex conjugation. Follows immediately from Q(—k) = Q*(k) and
v(—k) = v*(k). O

4 - Vertical reflection.  Follows immediately from Q(R,k) = Q(k) and
v(Ryk) = v(k) (since the second component of d, is 0). O

5 - Horizontal reflection. We have Q(Ryk) = Q*(k), 01 4% (k)o; = A% (k),

0 Q(k ik Q* (ke 3tka
01A5¢(k)01 = < O (k) é ) > , U1A¢¢(k)01 = < 739(]{:)0632‘1% 78 (ik)o >

from which the invariance of hg follows immediately. Furthermore
Va,of (Rrk) = v, (), () (K)

where 7, is the permutation that exchanges a with b and @ with b, from which the
invariance of V follows immediately. O

6- Parity. We have Q(Pk) = Q*(k) so that [A%¢(Pk)]” = A% (k), [A%¢(Pk)]" =
A% (k), A% (Pk)}T = A% (k). Therefore hg is mapped to

B 1 N Agﬁ(k) A5¢’(k) T é+
Mo R BIA] 2 (S )<A¢f<k> A¢¢<k>> (&E)

=

which is equal to hg since exchanging @ZA)_ and 12)+ adds a minus sign. The invariance of V
follows from the remark that under parity 1/11":1 Vi P w;kg oVPi, . and O(k1 — ko) =
O(P (k2 — k1)). O

7 - Time inversion. We have
03A%(Tk)o3 = —A%(k), 03A%2(Tk)os = —A%?(k),
03A%?(Ik)o3 = —A%?(k)

from which the invariance of hg follows immediately. The invariance of V is trivial. [
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F Constraints due to the symmetries

In this appendix we discuss some of the consequences of the symmetries listed in
section 2.3 on Wéh)(k) and its derivatives.

We recall the definitions of the symmetry transformations from section 2.3:

Tk := (ko,e 5 °2k), Rk = (ko,k1,—ks), Ruk = (ko,—k1,ks),

(F.1)
Pk := (ko, —k1,—ko), Ik:= (—ko,k1,ko).
Furthermore, given a 4 x 4 matrix M whose components are indexed by {a, l;, a,b}, we
denote the sub-matrix with components in {a,b}? by M&, that with {a,b}2 by M®?,
with {a, b} x {@, b} by M&? and with {a,b} x {a,b} by M?%. In addition, given a complex
matrix M, we denote its component-wise complex conjugate by M* (which is not to be
confused with its adjoint MT).

\ Proposition F.1 |
Given a 2 x 2 complex matrix M (k) parametrized by k € By (we recall that By, was
defined above the statement of the Main Theorem in section 1.3) and a pair of points
(P, Pp) € B, if Vk € Bo

M(k) = M(—k)* = M(Rk) = o1 M(Rpk)o1 = —o3 M (Ik)o3 (F.2)
and
Py = —pPp’ = Rypp” = Rypy = Ip} (F.3)
for w € {—,+}, then I(u, ¢, v, ) € R* such that
M(p%) = po1, Ok M(p%) = iC1,

(F.4)
8k1M(p;i) = Vo, akQM(p“F)w) = Wwoi.

Proof:

1 - We first prove that M(p%) = poi. We write
M(p%) =:t1l + zo1 + yoo + 203
where (t,z,y,2) € C*. We have
M(pf) = M(pp*)" = M(pp*) = o1 M (pf)or = —o3M (pF:)os.

Therefore (t,x,y, z) are independent of w, t =y =2z =0 and = € R.
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2 - We now study Jy, M which we write as
Oko M (PF) =: Lol + 2001 + yoo2 + 2003.
We have
I M (PE) = = (O M(PR"))" = Ok M(PR") = 010k, M (PF)01 = 030k, M (PF)03.
Therefore (to, o, Yo, 20) are independent of w, o = yo = 29 = 0 and tg € iR.
3 - We now turn our attention to Oy, M:
Ok, M (p%) =: t1l + x101 + y102 + 2103.
We have
O, M(pE) = — (O, M(Pp"))" = Ok, M(PR") = =010k, M (pE)o1 = —030k, M (PF)0s.
Therefore (t1,21,¥1,21) are independent of w, t] =1 = z; = 0 and y; € R.
4 - Finally, we consider Oy, M:
O, M(p3) = 51 + 2501 + y$ oy + 20,
We have
Or, M () = —(Oh, M(Pg"))" = =0k, M(pp") = 010k, M(p)o1 = —030k, M (PF)03.

Therefore tgw) = yéw) = zéw) =0, mg‘)) = —xg_w) eR. O

{ Proposition F.2 \
Given a 4 x 4 complex matrix M (k) parametrized by k € Bs and two points (p}, py) €
B, if V(f, f') € {€,¢}? and Vw € {—,+},

M/ (p) = p! o1, O, MIF (pg) = icTI'1,

(F.5)
8k1Mffl(p°I‘é) =il gy, 8k2Mff,(p°I§) = wwf oy
with (uff/,gff/, fo/,wff/) € R?* independent of w, and Yk € B
M(k) = M7 (Pk) (F.6)
and
Py = Ppp” (F.7)
then
P Y S . J R -y (F.8)
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Furthermore, if p% = (0,2{,w%) and (recalling that Tx = e l2k)os  with [, =
(3/2,-v3/2))
1 0 1 O
M(k) = M(T 'k F.9
W=y )Mo (g2 (F.9)
then
OO = 9 €6 = o€ 9 0E e = pfE = ().

(F.10)
9P = £ — 96 =, (96 = (€6 — (),

Proof: (F.8) is straightforward, so we immediately turn to the proof of (F.10).
1 - We first focus on M?? which satisfies
M?? (k) = T/ M (T~ k) Ty.. (F.11)

Evaluating this formula at k = p%, recalling that Md’d’(p‘*ﬁi) = 1%%01, and noting that
Py = —%]l — iw@ag, we obtain u®? = 0. Therefore, deriving (F.11) with respect to k;,

©=1,2, and evaluating at p%, we get:

oM (p7) = Y Ty, T 00, M (P7) T
j=1

T=— .
2\ V3 -1

Furthermore, recalling that 0y, M?? = v%%g5 and 9y, M?? = ww?®0y,

1 V3 1 V3
ﬂ;ame%“ﬁ = V¢¢(*502*W701>7 7’;;51@21\/1@7;% = wwd"f’(f 501 +W702),

with

which implies

1990 1 V99 — 39 w319 + o) oo
woy | A\ VB 4 o) w(w®® — 3099) o1
so v?? = — 99,

2 - We now study M% which satisfies

M% (k) = T/ M#(T k).
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Evaluating this formula and its derivative with respect to kg at k = p%, we obtain
s = (% = 0. Evaluating the derivative of this formula with respect to k; at k = Py,
we obtain

O M*(pp) = > T, Tk O, M* (pf),

Jj=1

Furthermore,

1 V3 1 V3
ﬂ%8k1M¢€ = V¢£( — 50’2 + CL)70'1>, 7;%8;{21\/1‘;55 = ww¢€( — 50’1 — OJ?UQ),

which implies

wwo, |4 —VBWHE — ) w(w® + 30%) o1

so that I/;fg = w;’fg. The case of M&? is completely analogous and gives ué? = (&% = 0

and V,§¢ = wi¢.
3 - We finally turn to M4, which satisfies
M (k) = M (T k).
Therefore for i € {1,2},
2
Ou M*(p) = ) T 0, M* (p)
j=1

so that 9, M&(p%) = 0, that is 4 = @ = 0. 0
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