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Abstract

We consider the evolution of quasi-free states describing N fermions in the mean field limit,
as governed by the nonlinear Hartree equation. In the limit of large IV, we study the convergence
towards the classical Vlasov equation. For a class of regular interaction potentials, we establish
precise bounds on the rate of convergence.

1 Introduction and main results

This work is motivated by the study of the time-evolution of systems of N fermions in the mean field
regime, characterized by a large number of weak collisions. The many body evolution of N fermions
is generated by the Hamilton operator

N N
Hy =Y Ay + 2> V(wi — ) (1.1)
j=1 i<j

acting on
LER3N) = {¢p € L2R3N) : (251, - . s 2an) = 0th(21, ..., xy) for all m € Sy},

the subspace of permutation antisymmetric functions in L?(R3") (o, denotes here the sign of the
permutation 7). Due to the antisymmetry, the kinetic energy in is typically (for data occupying
a volume of order one) of the order N 5/3 (for bosons, particles described by permutation symmetric
wave functions, it is much smaller, of order ). Hence, to obtain a non-trivial competition between
kinetic and potential energy, we have to choose A = N~/3. Moreover, the large kinetic energy of the
particles implies that we can only follow their time evolution for short times, of the order N -1/3 (the
kinetic energy per particle is proportional to N2/3; the typical velocity of the particles is therefore of
the order N/ 3). After rescaling time, the evolution of the N fermions is governed by the many body
Schrédinger equation
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for Y, € LZ (R3N). It is convenient to rewrite 1) as follows. We introduce the small parameter

e=N"3



and we multiply (1.2)) by £2. We obtain

N N
1
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j=1 1<j

Hence, the mean field scaling for fermionic systems (characterized by the N~! factor in front of the
potential energy) is naturally linked with a semiclassical scaling, where e = N —1/3 plays the role of
Planck’s constant. Notice that for particles in d dimensions, similar arguments show that we would
have to take ¢ = N~1/4; in fact, our analysis applies to general dimensions (with appropriate changes
on the regularity assumptions); to simplify our presentation we will only discuss the case d = 3.
From the point of view of physics, we are interested in understanding the evolution of the fermionic
system resulting from a change of the external fields. In other words, we are interested in the solution
of for initial data describing equilibrium states of trapped systems. It is expected (and in certain
cases, it is even known) that equilibrium states in the mean-field regime are approximately quasi-free.
At zero temperature, the relevant quasi-free states are Slater determinants, having the form

1
YSlater (T1, ..., TN) = i det (f;(z))1<ij<n

where { f; }é\le is an orthonormal system in L?(R3). Slater determinants are completely characterized
by their one-particle reduced density wy, defined as the non-negative trace class operator over L?(R?)
with the integral kernel

WN(:L‘; y) = N/d{[}g ..dry wSIater(m7x27 ) xN)wSIater(yv Z2,... 7$N) .

A simple computation shows that
N
wy =Y _ 1)
j=1

i.e. wy is the orthogonal projection onto the N-dimensional space spanned by the NV orbitals fi,..., fa
defining 1g1ater (We used here the notation |f)(f| to indicate the orthogonal projection onto f €
L?(R?)). In the language of probability theory, the one-particle reduced density corresponds to the
one-particle marginal distribution, obtained by integrating out the degrees of freedom of the other
(N — 1) particles. Slater determinants have the properties that higher order marginals can all be
expressed in terms of wy via the Wick rule (this is, in fact, the defining property of quasi-free states).

The many-body evolution of a Slater determinant, as determined by , is not a Slater determi-
nant. Still, because of the mean-field form of the interaction, we can expect it to remain close, in an
appropriate sense, to a Slater determinant. Under this assumption, it is easy to find a self-consistent
equation for the dynamics of the Slater determinant. We obtain the nonlinear Hartree-Fock equation

iedwn,y = [—* A+ (V *x py) — Xy, wne] - (1.4)

Here p(z) = N~ 'wy(z;z) is the normalized density of particles at x € R3, the exchange operator X;
has the integral kernel X;(z;y) = N7V (z — y)wn(z;y), and, as before, ¢ = N71/3. Tt is easy to
check that, if wxy —o is an orthogonal projection with rank N, then the same is true for the solution
wn,¢; in other words, the Hartree-Fock evolution of a Slater determinant is again a Slater determinant.



In [7], it was shown that indeed, for sufficiently regular interaction potentials, the many body
Schrodinger evolution of initial Slater determinants can be approximated by the Hartree-Fock evo-
lution, in the sense that the one-particle reduced density associated with the solution ¥y ; of
remains close (in the Hilbert-Schmidt and in the trace norm) to the solution wy ; of the Hartree-Fock
equation (1.4). Previous results in this direction have been obtained in [9]; convergence towards the
Hartree-Fock dynamics in other regimes, which do not involve a semiclassical limit, has been also
established in [5] [10] 18] [4].

At positive temperature, on the other hand, relevant quasi-free states approximating equilibria of
trapped systems are mixed states, described by a one-particle reduced density wy with trwy = N and
0 < wy < 1 (it follows from the Shale-Stinespring condition, see e. g. [20, Theorem 9.5], that every
such wy is the one-particle reduced density of a quasi-free state with N particles; Slater determinants
form a special case, with wy having only the eigenvalues 0 and 1). In the simple case of N fermions

with one-particle Hamiltonian h = —?A + V4 and no interaction, equilibrium at temperature 7 > 0
is described by the Gibbs state with one-particle reduced density
1
WN = (1.5)

o 1 +€%(*€2A+chtﬂu)

where the chemical potential 4 € R has to be chosen so that trwy = N. If we turn on a mean-field
interaction, it is expected that equilibrium states continue to be approximated by quasi-free states
with one-particle reduced density of the form , with the external potential Vo appropriately
modified to take into account, in a self-consistent manner, the interaction among the particles (for
results in this direction see, for example, [16] [19]).

In suitable scaling regimes, the state of the system at positive temperature is expected to be well
approximated by an appropriate mixed quasi-free state. Similarly as in the case of Slater determinants,
mixed quasi-free states are completely characterized by their one-particle reduced density. All higher
order correlation functions (i.e. all higher order marginals) can be expressed in terms of wy D For the
evolution of mixed quasi-free states, we find the same self-consistent equation derived for Slater
determinants. We observe here that the properties trwy = N and 0 < wy < 1, characterizing the
reduced one-particle density of mixed quasi-free states, are preserved by the Hartree-Fock equation
. In [6], it was shown that, for sufficiently regular potential, the many-body evolution of a mixed
quasi-free state can be approximated by the self-consistent Hartree-Fock equation (also here, the
convergence has been established through bounds on the distance between reduced densities).

To summarize, it follows from the analysis of [7, [6] that the many-body evolution of fermionic
quasi-free states can be approximated by the Hartree-Fock equation . This holds true for Slater
determinants (in this case wy ¢ is an orthogonal projection with rank N) as well as for general mixed
quasi-free states (satisfying only tr wn,t = N and the bounds 0 < wy; < 1).

In the mean field regime, the energy contribution associated with the exchange term can be esti-
mated as follows, for bounded potentials V:

o [ dodyVie = lete?] < L=

where the full energy is of order N (here we used that the Hilbert-Schmidt normE| of wy is bounded
by N1/ 2). Because of the smallness of the exchange term, instead of considering the Hartree-Fock

lonllfis < € (1.6)

'In general quasi-free states are characterized by two operators on L*(R?), a one-particle reduced density wy and a
pairing density a. Here we restrict our attention to states with a = 0; this is expected to be a very good approximation
for equilibrium states of fermions in the mean field regime considered here.

*The Hilbert-Schmidt norm of a compact operator A is defined as ||A||fg = trA*A



equation ([1.4]), we will drop the exchange term and study the fermionic Hartree dynamics, governed
by the nonlinear equation
1EQiwN, = [—52A + (V% pt),wNyt] (1.7)

with pt(z) = N~ lwn+(x;2) (a proof of the fact that the exchange term does not affect the dynamics
can be found in Appendix A of [7]).

The Hartree equation still depends on N (recall the choice e = N ~1/3 and the normalization
trwy = N). It is therefore natural to ask what happens to it in the limit N — oco. To answer this
question, we define the Wigner transform of the one-particle reduced density wy; by setting

3
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Hence, Wiy ; is a function of position and velocity, defined on the phase-space R x R3. It is normalized
so that

/WN,t(m,v)dxdv = estrwN,t =1.

The Wigner transform can be inverted, noticing that

wn(zy) = N/dv WN,t(x ;— yw)e“”m;y ) (1.9)
Eq. (1.9) is known as the Weyl quantization of the function Wy ;. Notice that |jwy ¢|[zs = vV N|| W ¢|l2.

The Wigner transform Wy ; can be used to compute expectations in the quasi-free state described
by wn+ of observables depending only on the position x or on the momentum —ieV of the particles.
In fact, for a large class of functions f on R3,

tr f(x)wne = /d:vf(x)wN,t(aj; x) = N/dvd:nf(:n)WMt(m,v)

and
tr f(ieV)wny = N/dxdv f)Whi(z,v)

In other words, [dvWpy(z,v) is the density of fermions in position space at point z € R3, while
f dx Wy (x,v) is the density of particles with velocity v € R3. Notice, however, that Wi is not
a probability density on the phase-space, because in general it is not positive (this observation is
related with the Heisenberg principle; position and momentum of the particles cannot be measured
simultaneously with arbitrary precision).

From , we find an evolution equation for the Wigner transform Wy ;:

1 .
e Wh (z,v) = W /dy 1EOWN ¢ (ZL' + %; T — %) e Y

62 Y £y —iv-
N (27T)3 /dy (_A:E+€y/2 + A:E—sy/Q) WN,t (I + ?7 T — ?> e y
L _ _ 57y _ Eiy —10-y
+ @np /dy (V5 p)(z +ey/2) — (V * pr)(z — ey/2)) wng (az+ P ) vy

Using —Ag /o + Dy_cyo = —2/eVs - Vy and expanding

(Vs p) (x4 ey/2) — (V5 p)(x — ey/2) ~ ey - V(V * py) + O(e?)



we conclude, formally, that

. 1 € € v
e W (z,v) = — 28va . /dy Vywn ¢ (3: + Ey; T — Ey) e "Ydy
2’ 2
= —2icv - Vo, Wi i(z,v) +ieV(V % p)(x) - VoW s(2,0) + O(£?) .

1 5 € .
+eV(V Pt)(fﬂ)w /d’ywa,t (ﬂv + Yo 7y) e "Vdy + O(e?)

As a consequence, we expect that, in the limit N — oo (and hence ¢ — 0; recall that e = N -1/ 3,
W approaches a solution W; of the classical Vlasov equation

atWt + 2v - VIWt == V(V * Qt) . VUWt (110)

with the density g;(z) = [ Wi(z,v)dv (in contrast with Wy, the limit W; is a probability density, if
this is true at time ¢t = 0). The goal of this paper is to study the convergence of the Hartree dynamics
towards the Vlasov equation , in the limit N — oo.

This work is not the first one devoted to the derivation of the Vlasov equation from quantum
evolution equations. In [I5], 2], the Vlasov equation is obtained directly from many body quantum
dynamics, starting from the fundamental N-fermion Schrédinger equation (the Vlasov equation also
emerges in the N-boson case, if the mean field limit is combined with a semiclassical limit; see [12],
where the dynamics of factored WKB states is analyzed). In [13| 4], the authors take the Hartree
equation as starting point of their analysis, and they prove convergence (in a weak sense) towards
the solution of the Vlasov equation . Note that the analysis of [13] [14] also applies to singular
interactions, including a Coulomb potential (the analysis was extended to the Hartree-Fock equation
in [11]).

In [I5 21, 13| 14, 11], the convergence towards the classical Vlasov dynamics is established in
an abstract sense, without control on its rate. The problem of determining bounds on the rate of
convergence is not only of academic interest. When considering applications to real physical systems,
the number of particles IV is large but, of course, finite. Bounds on the rate of convergence are therefore
important to decide whether N is large enough for the Vlasov equation to be a good approximation
of the Hartree and of the full many body Schrodinger dynamics.

Bounds on the rate of convergence of the Hartree evolution towards the Vlasov equation have been
first obtained in [3]. In this paper the authors obtain the convergence in the Hilbert-Schmidt with a
relative rate e2/T = N=2/21 for sufficiently regular initial data and potentials (they require V € H'(R?)
and that V € L*(R3, (1+ |p|*)dp)). For smooth potentials, an expansion of the solution of the Hartree
equation in powers of € has been shown in [I7] (with no control on the remainder) and in [1 2].

Our approach here is similar to the one of [3]; we consider the solution of the Hartree equation
for initial data wy with sufficiently smooth Wigner transform Wy, and we compare it with the
Weyl quantization of the solution of the Vlasov equation , with initial data Wy. We consider
regular interaction potentials. In Theorem and in Theorem we establish bounds on the norm-
distance of the solution of the Hartree equation wy; with initial data wxy and the Weyl quantization
wn,¢ of the solution of the Vlasov equation with initial data Wy. For every fixed t € R, the relative
error is of the order ¢ = N~/3 in the limit of large N. The dependence on N of these bounds
is expected to be optimal. This expectation is confirmed by the expansion of [I], where the next
order corrections are constructed (in fact, if we assumed initial data with smooth Wigner transform
Wy € W (R3 x R3) and smooth interaction potential V' € W°>(R?), the result of Theorem
would follow from Theorem 1.2 in [1]).



In Theorem we get convergence in the trace-norm, for very regular initial data. In Theorem
[2:2] we bound the Hilbert-Schmidt norm, under weaker assumptions on the regularity of Wy. The
strategy to show Theorem is similar to the one of [3]; we regularize the initial data, we compare
the solutions of the regularized Hartree and Vlasov equations and then we establish stability of both
equations with respect to the regularization. We can improve the bounds of [3] by using the trace
norm convergence shown in Theorem for the solutions with regularized data. The nonlinearity in
the Hartree and in the Vlasov equation depends on the convolution of the potential with the density
of particles in space. Differences among densities can be easily controlled through the trace-norm of
the corresponding fermionic operators (which are bounded in Theorem . Estimating them directly
by means of Hilbert-Schmidt norms, as done in [3], leads instead to a deterioration of the rate of
convergence.

Notice that, in Theorems and we consider the solution of the Vlasov equation for initial
data which are not probability densities. The well-posedness of the Vlasov equation for such initial
data can be obtained adapting the arguments of [§]; in Appendix |[A| we sketch the proof.

If we assume additionally that the sequence of initial data wy has a limit, in the sense that
their Wigner transform Wy converge towards a probability density Wy, then we can also establish the
convergence of the Wigner transform Wy ; of the solution of the Hartree equation towards the solution
of the Vlasov equation Wy with initial data Wy (in this case, the solution of the Vlasov equation is a
classical probability density, for all ¢ € R). This is the content of Theorem

Our bounds on the norms of the distance between the Wigner transform Wy ; and the solution of
the Vlasov equation W; (as well as the bounds for the distance between W+ and the Weyl quantization

WN,t of the solution of the Vlasov equation with initial data W) hold for sufficiently regular initial
data. In particular, Theoremneeds Wy € H?(R3xR3) (with some additional weights; see Theorem
for the precise assumptions). This condition is justified for initial data describing equilibrium states
of confined fermionic system at positive temperatures. At zero temperature, on the other hand, the
system at equilibrium relaxes to its ground state, which can be approximated by a Slater determinant.
Typically, in this case, the corresponding Wigner transform is not regular. For example, the ground
state of a system of NV free fermions in a periodic box with volume one is a Slater determinant with
Wigner transform

Wi (z,v) = N"'1(jv] < ¢p'/?) (1.11)

where p = N is the density of the particles (this system is translation invariant; therefore, particles are
uniformly distributed in the box). Eq. corresponds to the idea that to construct the free ground
state, we should fill the N one-particle states with the smallest possible energy (by the antisymmetry of
fermionic wave functions, there cannot be two particles in the same state). If we switch on an external
potential and a mean-field interaction, it is believed that the ground state can still be approximated
by a state with Wigner transform of the form ; the only difference is that now we have to fill
low energy states locally, according to an effective particle density prr that can be determined by
minimizing the Thomas-Fermi functional

Eur(p) = Fere [ dop? @)+ [ doVes(ip(o) + 5 [ dady Ve =~ p)ola)oty)

among all p € L'NL5/3(R3) with ||p||; = N. The resulting sequence of Wigner transforms Wy (z;v) =
N-'1(|y| < cplT/F?’(x)) is not in H?(R3 x R3). So, while Theorem Theorem and Theorem
provide a good description of the fermionic dynamics in the mean field limit at positive temperature,
they cannot be applied at zero temperature.



For such initial data, we do not get norm convergence towards the solution of the Vlasov equation.
Nevertheless, in Theorem [2.4] and Theorem we can still prove convergence for the expectation
of a class of semiclassical observables. Semiclassical observables are functions of the multiplication
operator x and of the momentum operator —ieV; they detect variations in the spatial distribution
of the particles on “macroscopic” scales of order one and, at the same time, they are sensitive to
variations of order ¢! in the momentum distribution (corresponding to the “microscopic” length
scale €).

Let us stress the fact that, to the best of our knowledge, Theorem and Theorem are the
first rigorous results concerning convergence from the Hartree dynamics towards the Vlasov equation
that can be applied to reasonable approximations of ground states.

In Section 2] in the remarks following our main theorems, we provide explicit examples of fermionic
states, constructed with the help of coherent states, approximating ground states and positive tem-
perature equilibrium states of fermionic systems in the mean-field regime, to which our theorems can
be applied.

2 Statement of the results

In order to state our results in a precise form, we need to introduce some norms for functions on the
phase space (z,v) € R? x R3. For s € N, we define the Sobolev norm

1 = 32 [ 197 F.0) Pdad
1BI<s

where 3 is a multi-index, and V# can act on both position and momentum variables. For s,a € N, we
introduce also the weighted norms

112 = 3 / (1422 + o) VP f (z, v) Pddo
1BI<s

We are now ready to state our main theorems. In the first theorem, we assume strong regularity
of the initial data, and we prove bounds in the trace-norm.

Theorem 2.1. Let V. € W2>®(R3). Let wy be a sequence of reduced densities on L*(R®), with
troy =N, 0 <wy <1 and with Wigner transform Wy satisfying HWNHHE < C, uniformly in N.
We denote by wn, the solution of the Hartree equation

iathyt = [—EQA + (V * Pt)7 WNﬂg] (21)

with py(x) = Nflet(m;x) and initial data wy .
On the other hand, we denote by Wi the solution of the Vlasov equation

atWN,t + 2v - VIWN’t = V(V * ﬁt) . V’UWN,t (22)

with pi(z) = [dv WN7t(x,v) and with initial data WN,O = Wx. Moreover, let Wy be the Weyl
quantization of Wy, defined as in .
Then there exists a constant C' > 0 (depending on ||V |lw2e and on supy [[Wn| g2, but not on the
higher Sobolev norms of Wy ) such that
3
tr |wys — On| < CNe exp(Cexp(Clt])) [1 +) eFsup ||WNHHf+2] . (2.3)
N
k=1



Remarks.

1)

Recall that we use the normalization trwy,; = N. In this sense, (2.3 shows that wy; and Wy
are close, in the limit of large N, since their difference is smaller, by a factor ¢ = N~1/3 than
their trace norms.

The assumption [|[Wx|[gz < C on the Wigner transform of the initial data is equivalent to
suitable commutator estimates for the initial fermionic reduced density wy with the differential
operator V and the multiplication operator x. We begin by noticing that

IV Wr 2 = /dmdv\VmWN(x,v)P

3
= / dxdv

(Qir):% /dy e YV, wy](z +ey/2, x — ey /2) 2

= N[V, wn]llEs -

(2.4)

Similarly, we find |V, Wy||3 = N=1e72||[z,wn]|/%g- As for the weights in the definition of the
H:-norms of Wy, we notice that

(1 + 2%+ 0*) W3 < CNTH(1+ 2% = £28)wn s |

for some N-independent constant C' > 0.

Proceeding analogously, one can show that the estimate |[Wx||ys < C follows from the bounds

N1+ 2? = e2A)[ay, [az, [as, [ag, [as, wn] ] lfs < (2.5)

uniformly in N and for all choices of ay,...,as with either a; = x/¢ or a; = V.

Therefore the commutator structure allows to quantify the regularity and decay properties of
the quantum state Wy. Estimates of commutators [z, wy] and [eV,wy] already played a key
role in [6), [7].

The estimate supy [|[Wy|| HE < C or, equivalently, the bounds , are expected to hold true for
fermionic mixed states, describing systems of NV particles in equilibrium at positive temperature,
in the mean-field regime, [6]. A reasonable approximation for the reduced density of such a state
is given by the superposition

wn () = / dpdr M (1, p) for () o) - (2.6)

of the coherent states ‘
for(@) = 32 /e g(z — 1) (2.7)

with a probability density M with 0 < M(r,p) <1 and
/dpdr M(r,p) =1

In (2.7)), the function ¢ is assumed to vary on the (possibly N-dependent) scale § and to be
normalized so that ||g||2 = 1. For simplicity, we shall make the explicit choice

1 —IQ 262

8



It is simple to check that, with the definition (2.6), one indeed finds that 0 < wy < 1 and
trwoy = N.

The smoothness and decay properties of the Wigner transform Wy of (2.6 follow from analogous
properties of the phase space density M (r,p), i.e.

IWN gy < ClIM| g - (2.9)

In fact, according to the previous remark, to prove (2.9) it is enough to show ([2.5)). To this end,
we notice that

[w/e,wn](z) = / dpdr M(p, 1) (—iVp) for (2) o (5) = / dpdr (iV,M(p, 7)) for () For (9)

[V,wN](x;y) = /dpd?‘ M(p, T)vrfpr(x)fpr(y) = —/dde’ (VTM(pvr))fpr(w)fpr(y) .
(2.10)

More generally, using integration by parts, all commutators of wy with /¢ and V can be
written as superpositions of coherent states, weighted by derivatives of the phase space density.
Therefore, (2.9) follows from

- _ 2 52
(s =| [ et Fgot)| = N e { - - Hp-pp) . e

for a constant C' > 0, independent of N and J, and from the bound

lla, laz, ..., [aj,wn] .. Jllfis < /dpdp'drdr' VM (p, ) [V M @ ) s Sy )

(2.12)
< ON[IVPM||2[[|[ VM ||z < ON||M||

2 .

H]

for an appropriate multi-index 8 with |3| = j. The effect of the operators (1 + 22 — £2A)
appearing in ([2.5) can be controlled using the decay of (2.11]) and of the probability density M.

We conclude that, for any probability density M € HJ(R3 x R3) with 0 < M (r,p) < 1 for all
r,p € R3, the sequence of reduced densities ([2.6) is an example of initial data satisfying the
assumption of Theorem

In our second theorem, we relax partly the regularity assumption on the initial data. To reach

this goal, we start from and we apply an approximation argument. In contrast with Theorem
here we only get bounds for the difference wy ¢ — wy ¢ in the Hilbert-Schmidt norm (the Hilbert-
Schmidt norm of a reduced density is directly related with the L? norm of its Wigner transform; there
is no such simple relation between the trace norm of a reduced density and the L'-norm of its Wigner
transform).

Theorem 2.2. Let V € LY(R3) be such that

/ V) [p2) dp < oo. (2.13)

Let wy be a sequence of reduced densities on L*(R3), with trwy = N, 0 < wy < 1 and with Wigner
transform Wy satisfying |[Wn || m2 < C, uniformly in N.

9



As in Theorem we denote by wyn, the solution of the Hartree equation with nitial data
wy and by wy; the Weyl quantization of the solution Wi of the Viasov equation with initial
data Wy, = Wn. Then, there exists a constant C > 0 depending only on supy [|[Wy || g2 and on the

integral such that
lwn s — Fnellas < CVNe exp(Cexp(Ct])) . (2.14)

Instead of comparing the solution WN ¢ of the Hartree equation with the Weyl quantization wy ¢

of the solution of the Vlasov equatlon WNt, we can equivalently compare WNt with the Wigner
transform Wy ; of wy. Eq. (2.14) implies that

Wit — Whilla < Ceexp(Cexp(Clt])) (2.15)

If we assume that the fermionic initial data wy has a Wigner transform Wy (with appropriately
bounded H f—norm) approaching, in the limit of large N, a probability density Wy on the phase space,
we can also compare the Wigner transform Wy ; of the solution wy; of the Hartree equation with
the solution W; of the Vlasov equation with initial data Wjy. In the next theorem, we show the
L?-convergence of W towards W;.

Theorem 2.3. Let V € LY(R?) be such that holds true. Let wy be a sequence of reduced densi-
ties on L?(R3), with trwy = N, 0 < wy < 1 and with Wigner transform Wy satisfying HWNHHZ <C,
uniformly in N.

Furthermore, let Wy be a probability density on R3 x R3 with [Wollgz < oo and such that

IWn — Wol1 < Ckn,1, and IWxn — Woll2 < Ckn2 (2.16)

for sequences kN1, kN2 > 0 with kn; — 0 as N — oo for j =1,2.

Let wn; denote the solution of the Hartree equation with initial data wy and let Wy be its
Wigner transform. On the other hand, let W, denote the solution of the Viasov equation , with
initial data Wy. Then we have

Wit — Wi|l2 < Ceexp(Cexp(Clt])) + C(kn1 + kn2) exp(Clt]) (2.17)
Remarks.

1) Notice that, if |[Wx — Wolli < kng for a sequence sy, — 0, and if [Willgz, [[Wollgz < C

uniformly in N, then, automatically, |[Wx — Wy|l2 < Clﬁ?%%, i.e. the second condition in (2.16

follows from the first one, if we take kyo = K ]\? - However, it is often possible to get a better
estimate on k2, improving the bound ( - for instance, in the example discussed in the next
remark, we find Ky 2 = Kky 1 = el/2).

2) An interesting example of sequence of initial data satisfying all assumptions of Theorem can
be constructed again by means of coherent states. As in (2.6]), consider the fermionic reduced
densities

Nl(wiy) = / dpdr M (1, p) for () o (4)

with f,.(z) = e73/2¢?*/¢g(x — r) and with M a probability density on the phase-space, with
0 < M(r,p) <1 and [[M[l; =1 and such that [[M||g2 < oo. For simplicity, we choose g as

10



in (2.8) to be a Gaussian function, localized on the length scale § = 6(N), with 6(N) — 0 as
N — oo.

The Wigner transform of wy, defined as in (1.8)), is given by

3
_ & ey 57@/) iy
Wy (z,v) = (273 /dwa <m+ Jiw— e
. o (wertey/2)? (@—r—cy/2)?
- (27r>3(27m;2)3/2/dyd7’dpM(7«7 p)ely w p)e 262 e 262
23/2 _ (zfr)Z _M
N W /drdpM(T’p)e 252 ¢ =

where, in the last step, we evaluated the integral over y. We find

r2

93/2
Wy =M < g /da:dvdrdpe_2 ¢ M (z+ 6,0+ p/6) — M(z, )|
T

23/2 r2 2
< @ )3/dxdvd7“dpe_2 e P
T

1
X / A [S1r| [(V2 M) (2 + A7, 0 + Aep/6)|
0
—l—%|p| (VM) (x + A7, v + Aep/d))|
g
S CszvaHl + CSHVUMHI
g
<C o+ 5| 1Ml

and similarly,

3
Wy = Mll2 <C |6+ <| [M||g2
) 4

To optimize the rate of the convergence Wy — M (i.e. to make the sequence of initial data
as “classical” as possible), we choose § = £'/2 (recall that ¢ = N~'/3). From Theorem
we conclude then that the distance between the Wigner transform Wy ; of the solution of the
Hartree equation and the solution W; of the Vlasov equation with initial data given by the
probability density Wy = M is bounded by

Wi — Will2 < Ce'/2 exp(Cexp(Ct]))

Although in Theorem and in Theorem the assumptions on Wy are weaker than in Theo-
rem [2.1} we still need Wy € H3(R3 xR?), with a norm bounded uniformly in N. As pointed out in the
introduction, this assumption is typically satisfied for interesting initial data at positive temperature
(like the ones constructed in the remarks after Theorem[2.3), but it is not valid for Slater determinants
approximating the ground state, which are relevant at zero temperature.

In the next two theorems, we establish a weaker form of convergence for the solution of the Hartree
equation towards the solution of the Vlasov equation. We prove convergence after testing against a
semiclassical observable (whose kernel varies on the length-scale € in the (z — y) direction). The
advantage of these two results, as compared with Theorems [2.1] and [2.2] is the fact that they require
much weaker assumptions on the initial data; in particular, they can be applied to reasonable and
physically interesting approximations of the ground state of confined systems (examples of such states
are constructed in the remark after Theorem [2.5)).

11



Theorem 2.4. Let V € LY(R3) be so that

[P+ o < o (218)
Let wy be a sequence of reduced densities on L*(R3), with trwy = N, 0 < wy < 1, such that
tr|[z,wn]|| < CNe, tr|leV,wn]| < CNe (2.19)
Denote by Wy € LY(R? x R3) the Wigner transform of wy. We assume that

Wi llwa = Z /dxdv|V'BWN(x,v)| <C
1BI<1

uniformly in N.
Let wn be the solution of the Hartree equation with initial data wy. On the other hand, let

wn,t be the Weyl quantization of the solution Wi of the Vlasov equation with initial data W
Then there exists a constant C > 0, such that

b TV (wy — G )| < ONe(1+ [p| + Jq])2eC" (2.20)
for all p,q € R3, t € R.

Notice that the expectation of the observable appearing in (2.20)) can also be expressed in terms
of Wigner transforms. In fact, for any fermionic operator wy, we find

tr eip‘l"‘l‘Q'&VwN — /\dx ei/Qap-qeip~wa (x — Eq, x)
= N/dxdv Wi (z,v)eP el = N/WN(P, q)
Hence (2.20) can be translated into the bound

Wi (p,a) — Waa(p, q)‘ < Ce(1 + |p| + |g])2eM

where we recall that Wi ; is the Wigner transform of the solution wy; of the Hartree equation while
WN/N,t is the solution of the Vlasov equation with initial data Wy.

If the sequence Wi has a limit W}, a probability density on phase-space, then one can also compare
the Fourier transform of Wy ; with the solution W; of the Vlasov equation with initial data Wj.

Theorem 2.5. Let V € L*(R3) satisfy . Let wy be a sequence of reduced densities on L*(R3),
with trwy = N, 0 <wy <1 and such that

tr|[z,wn]|| < CNe, tr|[eV,wn]| < CNe
Denote by Wy € L' (R? xR3) the Wigner transform of wy. We assume that |Wy|ly1.1 < C uniformly
in N.
Furthermore, let Wy € WHL(R3 x R3) be a probability density, such that

W — Woll1 < kn

12



for a sequence Ky with ky — 0 as N — oo.

Let wyy be the solution of the Hartree equation with initial data wy and let Wi be the
Wigner transform of wy . On the other hand, let Wy denote the solution of the Vlasov equation with
initial data Wy. Then we have

—

sup ——————— [Wxi(p, q) — Wi(p, Q)’ < C (e + k) el
P,q (1+‘P|+|q,)2

Remark. A physically interesting example of sequence of initial data satisfying the assumptions
of Theorem can be constructed also here with coherent states. Similarly to (2.6)), we consider the
sequence of fermionic reduced densities

wn (i) = / drdp M(r,p) fup(z) Foplw) (2.21)

with a probability density M € W11(R3 x R3), the coherent states
Frpl) = 7?27 g (e — )

and the Gaussian function g(z) = (2m62)~3/4e~**/26" We notice that

(&, wn(zsy) = € / drdp (Vp M) (1 p) fop () Frp )
[eV,wn](z;y) :6/drdp(VTM)(Tvp)fT’p(x)pr(y)

Hence, we obtain
tr|[z,wn]| < Ne||VoM|l1, tr|[eV,wn]| < Ne|| VM|

Moreover, it is simple to check that the Wigner transform Wy of wy satisfies ||Wx||y1.1 < C uniformly
in N and (similarly to the remark after Theorem [2.3)),

Wi = M|y < C(0 +¢/0)[[M][wr1

Choosing § = £'/2, we find |Wy — M||; < Ce'/2. Theorem [2.5 implies therefore that the Wigner
transform Wiy, of the solution of the Hartree equation with the initial data (2.21)) is such that

1 _ _ o
sup —————— | Wx.t(p,q) — Wi(p, q)’ < Cel/2 el
p,qER3 (1 + ‘Q| + |p’)2

for all ¢t € R. Here W; denotes the solution of the Vlasov equation with the initial data given by the
probability density Wy = M. Notice that the assumption M € Wh! is also compatible with M being
an approximate characteristic function; this observation is important at zero temperature, to describe
systems at or close to the ground state.

The rest of the paper is devoted to the proof of our five main theorems, appearing in Sections
Appendix [B] contains an important lemma on the propagation of regularity for the solution of
the Vlasov equation , which is used in Sect. [3| and Sect. Appendix |C] on the other hand,
contains a bound on the propagation of certain semiclassical commutators, which plays a key role in
Sect. @ and in Sect. [

13



3 Trace norm convergence for regular data
Here we prove Theorem Recall that wy; denotes the solution of the Hartree equation
iedwnys = [hu(t), wn i

with the Hartree Hamiltonian
hi(t) = =2 A+ (V * py) ()

and the density pi(r) = N lwy(2;2). We introduce the two-parameter group of unitary transfor-
mations U(t; s), generated by hy(t). In other words, U(¢; s) solves the equation

i€ (t;s) = hp(t)U(t; s) (3.1)

with U(s;s) =1, for all s € R. Notice that wy+ = U(t; 0)wnU*(t;0).
On the other hand, wy,; is the Wigner transform of the solution Wy ; of the Vlasov equation
(1.10). We find that wy  satisfies

z’aa@m = [—€2A,&N,t] + A;
where A; is the operator with the kernel

T+

Main) =¥V <70 (T5) - (0 = 1) Bya(aio)

We conjugate now the difference wy; — wy ¢ with the unitary operator ¢(¢;0). Taking the time
derivative, we find

i1e O U™ (t;0) (wnt — W) Ut 0)
= —U*(t;0) [hu(t),wnt — Wn e U(t;0)
FU(50) ([har (), wn ] — [ A, Dng) — A U(t;0) (32)
=U"(t;0) ([V * py,Wne] — Ar) U(2;0)
=U(t;0) ([V * (pt — pt), W] + Be) U(;0)

where B; denotes the operator with the integral kernel

r+y

Bi(wsy) <V*ﬁt><x>—<V*ﬁt><y>—v<V*ﬁt>( )-w—w]w]v,t(x;y) (3.3)

Integration in time gives (since, at time t = 0, wy o = WNo = wWN)

_ [t I
U (t;0) (wne — Wn ) U 0) = ze/ U (t;8) [V * (ps — ps), Wn,s|U(E; 5) ds
o (3.4)
1
+— | U"(t;s) BsU(t;s)ds
€ Jo
Taking the trace norm, we obtain
1 [t 1/t
trjwne — wne| < 8/ tr |[V * (ps — ps), wn,s)| ds + 5/ tr|Bg| ds . (3.5)
0 0
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We will estimate the two terms in the right-hand side of (3.5)) separately, and conclude by applying
Gronwall’s lemma.

Estimate of the first term in ([3.5). We start by considering the first term on the r.h.s. of (3.5).
To this end, we observe that

tr|[Vos (ps — ps), Wns]| < /dZIPs(Z) — ps(2)| tr[[V(. = 2), W]

N N (3.6)

< [lps = psllysup tr |[V(z —.), @ s]l.

We start by estimating the last term in the right-hand side of (3.6). We have
tr|[V(-—2),0ns]| =tr|(1— A1+ 2) A+ 2 (1 - E2A) V(- - 2),WnN,s| (3.7)

<1 =2A) 1+ 2?) Hns |1+ 2?) (1 = 2A) [V (- — 2), &ng] s -
An explicit computation shows that
11— *A) (1 +2%) " Ylus < OVN
As for the operator D := (1 + 22)(1 — e2A)[V (2 — .),@n ), it has the integral kernel
D(z;y) = (1+2%)(1 = 2 A0) (Ve — 2) = V(y — 2)) Ov.s(239)
= N1 +2)A-2A)(V(z—2) - V(y—2)) /dv Wys (%,v)ewty

where we used the definition of Wy s as the Weyl quantization of the solution Wy of the Vlasov equation,
with initial data Wj. Taking into account the fact that the Laplacian A, can act on the potential
V(x — z), on the function Wy or on the phase e @Y/ we obtain that

r+y

D(z;y) = NA+2*)(V(z—2) - V(y—2)) /WN’S( ,v) e v @/E gy

Tty

— Ne*(1 + 22) (AV)(z — 2) /WN,S(

Ne?

4

m) oo @=)/e gy

(1+2?) (Ve —2) - V(y—2)) /(A1WN’S) (m ‘; y,v) GivEv)/e gy

try

+ N(1+ :c2) (V(z—2)—V(y—=2) //V\[;Nﬁ( 5 ) v2etv@=y)/e gy

Ne? — ~
- —8(1 +2?2) (VV)(z — 2) - /(V1WN,S) (a: —2'— y,v) et @=y)/E gy

2
T+

—iNe(1+ x2) (VV)(x —2) - /WMS( y,v) vetEY/e gy

iNe

- 7(1 +2%) (V(z —2) = V(y—2)) /(V{WVN,S)(m;y,v) vel@v/E gy

=: ZDj(w;y)

J=1
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We estimate now the Hilbert-Schmidt norm of the different contributions on the r.h.s. of (3.8)). To
control the term D;p, we expand

Di(w;y) = N(L+a?)(V(z —2) = V(y - 2)) /WN/N,S(‘T;?J,U) e @=Y)/E gy
= N1+ 2TV - o - w) [ Wova (5 2 o)e e 0ean
= iNe(1+ ) (VVIE) - [Vl (T 2w ey
for an appropriate £ on the segment between z — z and y — z. Using the bound
1+x2§1+2<3”;”J>2+;2 <$;y>2
and the assumption V € W2>®(R?) we get:

| D1l < CN2e2 /dacdy 1+ 2(%9)2 + 822(96 = y)Qﬁ /(%WMS) (ZEY o) eivtenregy 2

2 2 2 272 e i 2
= CN¢e /dXdr [1+ X7+ %7 ’/(VQWN’S)(X,U)eZ’U-Td,U‘
< CNe? / dXdv(1 4+ X?)?|VaWn (X, v)|? + CNeb / dX dv|V3Wy (X, v)[?

< ONE|[ Wl + CNe®||[Waysl| s
(3.9)

Similarly, we control the Hilbert-Schmidt norm of the second term on the r.h.s. of (3.8):

| D2 lfs < CN54/dXdr [1+ X2+ %) ‘ /WNﬁ(X,v)e’”'Tdv‘
< ONE Wiy |3 + CNE¥ Wiy sl

Proceeding analogously to bound the Hilbert-Schmidt norm of the other terms on the r.h.s. of (3.8),
we conclude that

IDllus < CVN [ellWaolly + 2 Was

2+ Wl + & Wil 5]

Proposition allows us to control the weighted Sobolev norms of the solution fWVN7 s of the Vlasov
equation by their initial values. We obtain

IDllns < CeCFIVN [el Wy + <2IWllzz + Wy + €W

for a constant C' > 0, depending on ||[Wy|| 2 Thus, from |} we finally find

][V (- = 2),@n,0]| < CePINe [[Wll gy + el Wl 2 + €Wl g + 2 [W 3
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Therefore, from (3.6]):
tr [V (ps = ps), Wn sl < llps = psllatr [[V(- = 2), wn ]|
< CeCFINE ] py — Bl Wl

+ Ce“PINE||ps — psl |l [Vl 2 + el WLz + €Wl 3]
=1+4+1I

(3.10)

Consider first I. We have

s — Psllh = sup
JEL(R3):[|J]| s <1

/ J(2)(psl2) = Pu(2))dz| < N7V sup [tr T(wne — D)
J:l7)1<1

where on the r.h.s. the supremum is taken over all bounded operator with operator norm lesser or
equal than one. We conclude that

llps — psll < Nl |UJN,s - @N,s‘

Therefore,
1< CeFletr|wn s —on sl Wil g (3.11)

To bound II, we write:
los = slln < llpsll + 175t = N~ erwns + 135l < 14 [Wvslh
Using that the Vlasov dynamics preserves the LP norms, we get:
IWaslh = Wl = 11+ 2% +0*) (1 + 2% + )Wl < Wi | g

and thus:
1< Ce“BINE Wil o [IWn [l + el Wl iz + Wil 4] (3.12)

From (3.6)), (3.10)), (3.11)), (3.12), we obtain:

1 t _ _ t _
/ tr |[V * (ps — ps), wn ]| ds < C'/ eClsl tr lwn,s — Wn,s| ds
€Jo 0 (3.13)

+ CeCllINe [HWNHHE + elWh s + EQHWNHHZ‘]

where the constant C' > 0 depends on [|[Wy ||z, but not on the higher Sobolev norms of Wy. This
concludes the estimate of the first term in the right-hand side of ({3.5]).

Estimate for the second term in (3.5). To conclude and apply Gronwall’s lemma, we need to
bound the second term in (3.5). We find

tr|By| < (1 —28) " (1+2%) s | (1 +27)(1 - 2A)Byflus < CVN]|(1+22) (1 —2A) Byms (3.14)
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Let U, := V % p,. The kernel of the operator B := (1 — e2A)Bq is given by

E(x;y):N[Us(m)—Us(y)_VUS(JT-HJ)_(m_y> /WN,S (ZEY o)eiv e gy

P T R o L

_]\f[Us(x)—Us(y)—VUs<x;-y>,(x_ )} /(A1WN3)<x;_y v)e”'(m?”dv

o (- ()] o (e

5t ()= (] (5
+y

x

[
o {Us(x) U= WJS( 2 ) (e - y)} /(U ' VlVAVN,S)(L;y@e”“;” dv

(3.15)

In the contributions El, §4, Eg, §7, we need to extract additional factors of e; the goal is to show that
(1 + 22)B|lgs < Cv/Ne?. To this end, we write

U @)-U) - VU (52 ) - o)
1
:/ X [VU(Az + (1= N)y) — VU ((z +1)/2)] - (z — »)
3
Z:/ dA/ A 035U (O + (1= ) + (1= )+ 9)/2) @ — 9)ile — ) (A~ 3)

and we estimate, using the assumption V' € W2°(R3) and integrating by parts,

| By (z;y)| < CNe? /avlavj Wi.s (“’ ;L y,v> v (z—y) /2

1,j=1

Hence, proceeding similarly as we did in (3.9), we get:

2

(1 + 22) By |4 < CN254/dxdy(1 /a,,lavJWNs< ‘2”/,@) el (@=y)/e

2

3,j=1

= CN€4/dXd7“ 1+ X%+ 527“2]2 ’/&,Z.GWWMS (X, v) e

< ONe'|[Wslls + CNE [ W[
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The Hilbert-Schmidt norm of the other terms in the right-hand side of (3.15)) can be estimated in a
similar way. To do this, it is useful to notice that:
VU oo = 192V % Vs lloo < [[V2V||oo | VAs 11 < CeTW

where we used that V € W2>(R?), and that || Vps||1 < CHWN,sHHi- The final result is:

11+ %) Bllus < OVN |2 Wavsllig + Wil g + "W,

1+ & IW el g
Therefore, by Proposition
(1 + 2%)B|lus < Ce“*lVNe? [HWNHHg +elWillgg + Wil s + €3||WN||HE}

where the constant C' > 0 depends on [[Wi||g2 but not on the higher Sobolev norms of Wy. This
gives:
tr|By| < CeCINE? (Wil gz + llWivll g + €Wl g + €Wl g (3.16)

Proof of Theorem We are now in the position to conclude the proof. Inserting (3.13]), (3.16)
into (3.5)), we get:

t
tr |wN,t - EJN,t‘ < C/ tr eC|S| |wN75 - @Nys\ds
0
T 0eCMINe [HWNHm + e sup [Warllygs + 2 sup [W s + % sup HwNuHs]
4 N 4 N 4 N 4

Finally, Gronwall’s lemma implies the desired bound
tr ‘wN,t — aNﬂg‘

< CNeoxp(C exp(CIED) [sup W g+ <50p Wl + <% sup Wl + =% sup [ Wi |

with C' depending only on ||[Wn||g2. This concludes the proof. O

4 Hilbert-Schmidt norm convergence
Here we prove Theorem [2.2] and Theorem The proof of Theorem [2.2]is based on an approximation
argument, together with our previous result Theorem [2.1]

Regularization of the initial data. We start by approximating the initial data Wy. For k& > 0,
we define

k3 k(22402
gk(:r,v)zwe 3 (#7407

and
Wh(z,v) = (W * gp)(z,v) = /dm’dv’gk(az — a0 =" ) Wy(2',v)
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Then, we have HWK,HHE < oo for all N € N. In fact, we find

WXl < ClWn gz if j <2 and

) 4.1
Wl < ORI Wy lge for j =3,4,5, e
4
Furthermore, we notice that
C
Wy — Wil < EHWNHH;H (4.2)

for s = 0,1 (with the convention H® = L?) and for a < 4. We denote by wf“v the Weyl quantization of
W]]f, We observe that

NE3 ety /\2 -
= ) /dvdw'dv’eg(;yz) e~ 30—’ Wy (2, v)e“’Ty
v
k3/2 " N2 _ B p—
~ (2n)? /dwdw, e 2 (T ) e 2y <$/ += 2 a2 2 y) e (4.3)
1 / 2 2 iw- =Y
= dwdze * 2e ™ 2wy (x +—,y+ ) Y VRe
(2m)? VET O VE
1 iwe—L E. L2 T
= ) /dwdz e 2 2w/ [e VieeVE Y wye VE Ve \/EE} (z;9)
T

Hence wf\,, as a convex combination of fermionic reduced densities, is again a fermionic reduced density

(ie. 0 <wh <1 and trwk, = N). From (4.2), we find

N
lwn — whllns = VN|[Wy — WE|l2 < \/ ?HWNHHl (4.4)

We denote by wy; and wth the solution of the Hartree equation with initial data wy and, respec-
tively, wfv. On the other hand, wy; and &fv?t will denote the Wigner transform of the solutions WMt
and W]’f,t of the Vlasov equation with initial data W and, respectively, W]]f, Notice that, since the

Vlasov equation preserves all the LP norms, [|wn¢||ns = N1/2|]WN¢H2 = N'2|Wy||2 and, similarly,
|0x llms = NY2|Wk|a, for all t € R.

We need to compare wy,; with wy ;. To this end, we will first compare wk

N With Gé‘{,t. Later, we
will have to compare wy; with wf“Vt and, separately, wy; with @f\,t.
Comparison of wf\,t with o?f\,t. To begin, we prove that there exists a constant C' > 0 such that

3
Hth — thHHS < N2z exp(Cexp(Clt])) Z (4.5)

The constant depends on supy |[Wn|| 25 but not on the higher Sobolev norms. To show 1) we
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shall use our previous result, Theorem In fact, from (2.3)), (4.1) we find

oy = Tl < ON exp(Cexp(ClH)) | Wil + 3 &7 sup W 02
B=1
3
< CNe exp(Cexp(C|t])) Z

for a constant C' > 0 depending only on supy ||[Wx|| H2- We shall use this result to prove an estimate
for the Hilbert-Schmidt norm of the difference of the two evolutions. Proceeding as in (3.1) — (3.5),
we have:

_ 1 - I
e = helis < 3 [ as |V = (05 =703+ 2 [ s 1B s (1.7

HS

where B¥ is the operator with the integral kernel

Biaia) = [V h(o) = Vo) = 907 (T34 @ = )| @hatoin)

We shall estimate the two terms in (4.7]) separately. We start with the first. We have:

< [ aalbte) - G- v - .3k

v (o = 7).k

HS
Sy ] =
Using ||pf — p¥||1 < N_1||W§§v,t — Wy ¢ [ler, the identity
1
[eip-x’ a?\f,s] _ / d\ ei)\p-x [ip -z, &j]]i/,s} ei(l—/\)pw
0
and the assumption (2.13)) on the potential, we conclude that
k ~k\ ~k - k ~ ~k
|V s (o5 = 7). || < ON Tk — Sl B (4.8)

We shall use the regularity of W]’\“,’t to extract a factor € from the commutator in l} We have:
[, &N () = (@ —y) /dv WNS( ;Ly v)a’v'l? - s/dvvﬁ;@ﬁ(zﬂ/,v)eww

and thus, similarly to (2.4)),

[z, @ wNS HHS = ENl/QHVUWN/JI\aSm < CeClleNY2|Wi | i

The second inequality follows from the propagation of regularity for solutions of the Vlasov equation,
proven in Proposition Inserting the last bound and (4.6)) in , we obtain

3
< CN22 4.
s C e“ exp(Cexp(C|t|)) Z (4.9)

|V« (o = 7).,
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which concludes the estimate for the first term in (4.7). Let us now consider the second term in (4.7)).
We have:

2
| (x5 9) [

IBulfs = [ oy |V )0 = V000 - T 5 78) (P52 ) (@ - )

2

1
— [ dady B (a3l oP /0 AN [V(V 53 Ax + (1= Ny) = TV ) (@ +)/2)|

< /dwdy\&?v,s(x;w\?!w —yl*
2

1 1
y / A / i (A= 1/2)V2(V = 55 (n(Az + (1= Ny) + (1 — ) (2 +)/2)
0 0

<c / dady |z — y|* |k (@ 9) )

using the assumption (2.13)). Since

(@ =Pk a(ai) = = [ o a T, (T2 o)
we find, similarly to (2.4)),
BS i < CN54 Avwk 3 < Cec‘SIéAN Wk 2 2 < C€C|S|€4N
HS N,sll2 NIH

where we used again Proposition This concludes the estimate of the second term in (4.7]).
Therefore, plugging the estimates (4.9), (2.4]) into (4.7), we have:

3
lwhr s — @i s < CON'2e exp(Cexp(CIt)) (1 + Y (evVE)Y)
j=1

as claimed.

Comparison of w}“\,’t with wy ;. The next step is to compare the Hartree dynamics of the regularized
initial data with the Hartree dynamics of the original data. Our goal is to show that:

1
lwne = W?V,tHHS < CelliNt/2 <€ + \/E) (4.10)

for a suitable constant C' > 0, dependent on supy [|[Wx|| 2 but not on the higher Sobolev norms.
Let U(t; s) be the unitary group generated by hy(t) = —e2A+V % py, with pi(x) = N~ lwn (23 7).
From

ieOU* (£0) wir, U(t; 0) = —U*(£;0) [V * (pr — pf%w}“v,t} U(t;0)
we have:

wny — whe, = Ut 0) (WN — U (5 0)ky U 0)) U* (t;0)

=U(t;0)(wn — wf{;)u*(t;O) + ’L1€/0 dsU(t; s) [V x (ps — plg),wfv’s] U*(t; s)
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Hence

I PN
o =y llas < llow =l + - [ ds [ dpl 7o)
0

tre” P (wys —wiy )| e Wi oIl

(4.11)
We start by estimating the commutator in the right-hand side. We have
7wl = [ lip gl e
b O b
By Proposition it follows that:
ipx | k k c k k
e, i sllus < Iplll[z, Wkl llus < Clple (”[anN]HHS + ||[EV7WN”|HS>
Since
Iz, ¥ lus = eN2(IV, WG |2 < eNY2 Wl g0
1eV, wi]llus = eNY? VW5 [la < eNY2|[Wo | o
we conclude that '
I[e?, i lllms < CN'Y2ep|e”r! (4.12)

Then, we are left with estimating the trace on the right-hand side of (4.11)). To do this, we shall use
the following lemma.

Lemma 4.1. Under the same assumptions of Theorem there ewists a constant C' > 0, only
depending on supy Wi | g2 but not on the higher Sobolev norms, such that

1 iv- k clf 1
sup ‘tre“’m WNt— W ‘ <Ce""N|—=+c¢ 4.13
peRr3 1 + |p| (. N’t) VEk ( )
Plugging (4.12), (4.13)) into (4.11), and using the bound (4.4]) on the difference of the initial data,

we get

1
o = hallas < N2 ()
which concludes the proof of (4.10]). Thus, we are left with the proof of Lemma
Proof of Lemma[/.1 Consider, for an arbitrary p € R3,
tr PP (wne — wire) = trU* (40)eP U 0) (wy — U (10) wiy Ut 0))

where, as in (3.1), U(¢;0) denotes the unitary group generated by hg(t) = —c2A + V * p;, with
pt(z) = N~ lwn (x5 2). From

QU™ (t;0) wiy Ut 0) = —U*(£;0) |V = (e — ), w4 | U(%;0)
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we find
ip-T k
tre? " (wn e — Wht)

= trlU*(t;0)eP U(t; 0) (wy — wh

(4.14)

)
Lot e Ry ok
— — [ trU*(t;8)eP U(t; s) [V*(ps—ps),sz] ds
€ Jo ’

)

= trlU* (t;0)eP U(t; 0) (wy — wh
| L PN
+ / /de(iﬂ (ps(@ -p
(23 0

P ) ) trU* (b 8)e™ UL )7 wh |

Since ]
ﬁs(ﬁ) - ﬁg(@ - Ntr elp.x(wl\ﬂs - w]]i/,s)

we conclude that

tr eip'x(wNvt—wﬁw)

= ‘tru*(t; 0)e™"U(t; 0) (wn — W?v)‘
! t i\ ip- * ip- iD-
* Ne/o ds/ dp [V (D) [t eP* (Wi, — why, )| [t U7 (£ 5)eP U 5), Pl o

and therefore, using the assumption (2.13)), that

sup tr e (wyy — wh )‘
e ARl
1 ,
< sup ‘tru*(t; 0)eP*U(t;0)(wn — wfv)‘
pER3 1+ |p‘ 415
+C/t ds sup = ‘tr [U*(t's)eip'xl/l(t's) eiﬁ"”} wk; )
Ne Jo  ppers (1+|p))(1 + [p]) °
1 _
X sup tre??(wys — whi o)
pers 1+ [P| B

To bound the second term on the r.h.s. of (4.15) we shall use the following lemma, whose proof is
deferred to Sect. [6l

Lemma 4.2. Assume that holds true. Let U(t;s) be the unitary evolution generated by the
Hartree Hamiltonian h(t) = —e2A + (V % p;). There exists a constant C > 0 such that

1 . .
sup " |tr [, U*(t; 8)e" T PEVaL (¢ 5)] w| <e(lp| + |q|)eClt—l

w,r

for all p,q € R®. Here, the supremum is taken over r € R® and over all trace class operators w on
L3(R3) with tr |w| < 1.

It follows from Lemma and from tr|wk; | = N that:

tr [ *(t; s)eP U(t; s),eiﬁ'x} w]k\as < CNelp||p] e1t=! (4.16)
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To bound the first term on the r.h.s. of (4.15)), we proceed as follows. We choose a function xy- €
C>®(R3), with y<(x) = 1 for |#| <1 and x<(z) = 0 for |z| > 2. We set x~ = 1 —x<. For an arbitrary
R > 1, we decompose
trU* (t;0)eP U(t; 0) (wy — why)
= trU*(;0)e™P*U(t;0) x< (—2A/R) (wy — wh)

+ U (t;0)eP Ut 0) x> (—* A/ R) (wy — wh)x<(—e*A/R) (4.17)
U (8 0)ePU(E 0) x> (—e* A/ R) (wn — wiy)x>(—*A/R)
=T+ 11+ 111

To estimate the last term, we observe that
TIT| < trx2 (—e®A/R)wy + trx2 (—*A/R)wk;

1
< = [tr (—2A)wy + tr (—€2A)UJ§€V:|

N N
- [/ dzdv v* Wy (x,v) +/dazdvv2W]]§(x,v)} < %

(4.18)

from the assumption supy [[Wx||gz < oo, and using that x>(—e2A/R) < (—2A/R). Next, let us
consider the first term on the r.h.s. of (4.17)). We write

I =trid*(t;0)eP U (t;0)x < (—2A/R)(1 + 22) 711 + 2% (wy — k)

and we decompose

[+ 2o — )] (i) = N1+ 22) [ o [WN(xiy,v) —w}@(“y,vﬂ v 2

= Di(z;y) + Da(;9) + Ds(x;)

2
T4y T+y rT+y v &=y
1+( . ) /dv[WN(Q o) - wh(E 1))]6
is the Weyl quantization of the function (1 + 22)(Wy(z,v) — Wk (x,v)) defined on phase-space, while
Ne? (x—y 2 T+y T+y v Z=)
DQ(x’y>_4( e )/d”[WN( 2 > WN( 2 ”)e )
Ne T+y T+y PN )
4/dv[AWN( 5 ) AWN( 5 v)}e e
is the Weyl quantization of (£2/4)(A, Wy (x,v) — A, W& (z,v)) and

D3(w;y)=N5x+y'x_y/dv [WN<$+y v) Wz]@( +y7v>]eiv-(zay)

where

Dy(z;y) = N

2 c 9 2
:Ng”“’;y /dv [v WN(x;y v) —va}@( ;y,v)} g5
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is the Weyl quantization of ex - (V, Wy (z,v) — V,W¥(z,v)). We bound the contributions of the three
terms D1, Do, D3 separately. We begin with

trid* (t;0)eP*U(t;0) x < (—e2A/R)(1 + 2%) 1Dy
= [trU*(;0)eP U(t;0)x< (=2 A/R)(1 + 23711 — 2A) 11 — £2A) Dy
<A +2) 71 = 28) Hfus (1 — £2A)Dilns
< CVNJ|(1 — £2A) D1 |us
where we used that 0 < x<(—¢?A/R) < 1. We have

(1 —&®A)Dy](z;9)
2
rT+y T4y k(T tY iv. @Y
1—|—( 5 ) /dv[Wo( > ,v) Wo( 5 ,v)]e
It is not difficult to see that:

(1= 2A)Di s < VAL +22)(1+02) (W — W)l
+CVNe|[Wy = Wiy + CVNE Wy = Wil 2

= N(1-¢£%A,)

1
< CVN < + >
T €
Therefore )

The contribution of Dy, on the other hand, can be controlled by
trU*(t;0)eP U(t; 0)x< (—e*A/R)(1 4+ 2%) 71 Dy
< lIx<(=e?A/R)(1 + 2%) " |us|| D2 lus < C2VN|[Woll2llx<(=*A/R)(1 +2°) " |ns
where
Ix<(=2A/R)(1 +2%) i
= (k) (1= A AR - ) )

=tr(1+23)7'(1 - 2A)71(1 - 2022 (—2A/R)(1 — 2A) (1 + o) ™!
< CRY(1+a2%) 71 (1 —A)7 ||Hs
< CR’N

Hence, we conclude that
trU*(t;0)eP U(t;0)x< (—e*A/R)(1 + 2%) "' Dy| < CNRe? (4.20)
We proceed similarly to bound the contribution of the term Ds. We find
trU*(80)eP Ut 0)x< (—e*A/R) (1 + 2°) 7 D3| < x<(~*A/R)(1 + 2*) " ||ns|| Ds|lus

< ONRe|[Wy = Wi |
< CNRe
-V
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where in the last step we used (4.2]). The last equation, combined with (4.19), (4.20) implies that
1 Re
I|<CN +5+R52+>
nsov (2 v

Analogously, one can show that the same estimate holds for the term II on the r.h.s. of (4.17) as well

(in this case, we introduce the identity (1 + 2%)(1 +2%)~! on the right of the difference wy — w%; and

we use the cyclicity of the trace). With (4.18]), we conclude that

; 1 R 1
o2 (1 0)e ™= (10) (wn — )| < OV (JE et Re4 o R)

Choosing R = ¢!, we obtain

‘tru*(t; 0)eP U (t;0)(wn — wﬁ;)‘ <CN <1 + 8)

VEk
Inserting this bound and (4.16|) in (4.15) and applying Gronwall’s lemma, we obtain
; 1
sup tre*(wn,y — Wk ‘ < el N ( + 5) (4.21
peks 1+ [p] e N VEk )
which concludes the proof of (4.13]). O

Comparison of d)f\,t with @y ;. We now compare the Vlasov evolution of the regularized initial
data with the Vlasov evolution of the original data. We claim that there exists a constant C' > 0,
depending on supy |[Wy||z2 but not on the higher Sobolev norms, such that:

- . —~ —~ CeCltl
I~ K allns = N2 [ W, = WE |, < NP0 2
To prove this, let
pi(z) = /dv WN/N,t(ac,v) and  pf(z) = /dv W}ff’t(x,v) (4.23)

be the densities associated with /V[7N7t and W]’f,t For t € R, we denote by (X¢(x,v), Vi(z,v)) and by
(XF(x,v), VF(z,v)) the flows satisfying the differential equations

Xe(z,v) = 2Vi(z,0)

{ Vi(z,v) = —=V(V xpp)(Xe(z,0)) (4.24)
and . o o)
X (z,v) =2VF(x,v

{ Vi(ew) = —V(V # 7)(XE(r,0)) (4.25)

with initial data given by, respectively, Xo(x,v) = X§(z,v) = 2, Vo(z,v) = VF(x,v) = v. We compare
the two flows (Xy, V;) and (X}, V/F). We have

a
dt
d

il VE)(,0) = =V(V * o) (Xe(2,0)) + V(V * 57) (X ()

(X¢ = X)(2,0) = 2(Ve = V) (z,v)
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and therefore

d

2 (X = XP)(w,v)| £ 2 |Vila,v) = Vi, 0)|

d

(V= VP)(@,v)| < Cllp = B+ C | X, 0) = Xf ()

where we used the assumption (2.13)). Gronwall’s lemma implies that

t
[, 0) = X, )|+ [Valar,0) = V(a,0)| < oM / ds |7, — 7
0
. (4.26)
< M / ds [ W, — Wk,
0

We will also need to control the difference between derivatives of the flows (X¢(x,v), Vi(x,v)) and
(XF(x,v), VF(z,v)). Integrating the flow equations - m, we have

VXt(a:v)—l—i—Q/VVa:v)d

(4.27)
VeVi(z,v) = /VQV*,OS s(x,v)) - Vo Xs(x,v)ds
which implies that
t
Vo Xi(z,0)] < 1+ 2/ ds |V, Vi(z, v)
0
t
VaVi(z,v)| < 0/ ds Vo X (2, )]
0
and hence, by Gronwall’s lemma, that
Vo Xy (2, )| + |V Vi(z,v)| < el (4.28)
Analogously, we also find
Vo Xy (2,0)] + |V Vi(a,0)| < el (4.29)

and
(Va Xy (2,0)] + [Va Vi (w,0)| < e
Vo XE (@, 0)] + VoV (@, 0)] < e
Moreover, from (4.27)), we obtain
t
‘Vth(m,v)—Vfo(x,v)‘ < 2/ ds ‘VJCV;(:U,U) — V. VF(z,v)
0

and thus
‘vat'(x, v)—VzV;k(x, U)’

t
< / ds \v%wﬁs)(xs(x,v))-vxxsu,v)—v2<V*ﬁ§><X§<x,v)>-va§<x,v>
0
t t
SC/ dsHﬁs—ﬁﬁHl—l—C/ ds | Xs(z,v) — X5 (z,0)|| Vo Xs(z,0)|
0 0

t
+ c/ ds |Vo X (2, 0) — Vo X5(2,0)|
0
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To get the second inequality, we used that

IV2V % fislloe < IV2VIlocl VW[l < Ce” [ Win (4.30)

Using (4.28]) and (4.26)), and applying Gronwall’s lemma, we conclude that
‘VxXt(aj, v) — Vo XF(x, v)’ + )Vth(x, v) — V.V (z, v))
t t s
< ce [ asp -+ e [ as [Cari - g
0 0 0

Similarly, we can also show that

(4.31)

Vo Xi(x,v) — VUXZC(IL‘, U)’ + ‘VUVt(ZE, v) — Vthk(:v, v)‘

t t 5 (4.32)
< CeCl / ds |7e — X1y + CeCM / s / ar |5, — 31
0 0 0

Next, we control the L' norm of the difference WMt — W]’f,t To this end, we write

[Woe = Whells = [ dede[ Wil 0) = Why(o.0)
— [ dado| Wy (X -1(ay0), Vol o) = WHCEE (,0), Vo, 0))
/ dadv|Wx (X (@, v), Voi(w,0)) = WE(X (@, v), Voi(,v))]

/da:dv‘WN —_t(z,v), Voy(x,v)) — W]]\“,(Xft(x,v),Vft(x,v))‘
Using that the Vlasov dynamics preserves the volume in phase-space, we get:
[Wave = Will < IWy = Wil
+/da;dv / d\ %WN ()\(X H(2,0), Vo, v)) + (1 —)\)(th(a:,v),th(:c,v)))‘

< ||WN—WNH1+/dAd:ch[\(v W) @, 0, A), (@, 0, ) | X i 0) — X* (2, 0)]

—i—‘VWN)( (z,v,A), 0(x, v, \)) ||V_i(z,v) — V_’“t(l‘,v)”
where we introduced the notation
(v, A) = AX _y(z,0) + (1= NXE (2,0), 0z, 0,N) = AVoy(z,0) + (1 = NVE(2z,0)

From (4.26[), we obtain

— —_— t — —~—

IWNe=Wi il < [[Wn = Wil + C/ ds el Wy s = W (I
0 (4.33)

x[/d)\dxdv‘(VWN)((xv)\) o(z,0,N) |+ [(VoWR) (2(z,v,N), (acv)\))u
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We observe that

/dmdv‘(v WE) (&(x, v, \), 0z, v, \)) ‘—/‘ (VW) (& dzdo (4.34)

‘IJ 0)|

with the Jacobian

B VoX_ ViV, B V. Xk, V.V
J = det |:)\ < VUX_t VUV_t ) + (1 )\) < V'UXEt vruvict

To estimate the determinant J(Z, ) in (4.34)), we proceed as follows. For a fixed constant C' > 0
(that later will be chosen large enough), let us define t* > 0 such that:

C3 62015*
— =1/2 4.35
N / (4.35)
We claim that, for all |¢t| < t*,
__ eCltl
Wit — WNtHl < CW (4.36)

We prove (4.36)) for ¢ > 0 (the case of t < 0 can be handled similarly, of course). We set

CeCltl
i

and we proceed by contradiction, assuming that tg < t*. At time ¢ = 0, we have:

to = inf {t >0 Wy — Wh i > (4.37)

Wy —WE|: < dxdvdx'dv' gi,(x — o', v — V') |Wa(z,v) — Wy (2,0
N

1
- @ny /dmdvdrds e~ (r?+s%)/2 Wy <x—|— %,v—l— ;E) — Wn(x,v)
1
< (21)3 / drdvdrds / d) e (r?+s*)/2
™ 0
[M v, W <x+)\ v+ A )‘ Il g w <x+AT v+ A S)H
r S v o S
Ve VE VRN VE NG NG
8 C
< Vo Wyl + [V W, W < -
< PP \F(II i+l Nl < \FII Nllgr < N

(4.38)

where in the last line we estimated the L'-norms by proceeding as in 1) Since, moreover, t — WN,t

and t — W]’f,t are continuous in the L'-topology, by choosing C' = 2C in Eq. 1) we conclude that
to > 0. The continuity property is a standard fact (see e.g. []).
By definition, for 0 <t < ¢, we have (4.36|) and therefore, from (4.31]) and (4.32]),

201t|
‘VwX,t(:E,v) — Vfot(:zz, U)‘ + ‘VxV,t(:r,v) — Vfot(x, v)‘ < c2¢
Vk
and
201t
Vo X_i(z,v) = Vo XF, (2,0)| + | Vo Voi(z,0) — Vo VE(2,0)] < C? 7
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Writing

O VoX_; V.V, B V. Xk, -V, Xy V.V -V, V,
‘Ww_mp(mxtmm>ﬂlM(mﬂﬁmximm—mm

and using that

VaeX_t ViV _
‘det < VX, Y,V )‘ =1

we conclude that
301
v
if the constant C' > 0 is large enough. From (4.35)), and from the assumption ¢ty < t*, we conclude
that

17(@,0)] - 1] < €

|J(z,0)] > 1/2
for all 0 <t <tp. Eq. (4.34) implies:

[ o | (T8 @020, 00,3 | <2 [ dido [V W@, 0) < CIWE g < CIWlig
for all 0 < ¢t < tg. Similarly, we obtain
[ dede |(2,W8) 3,000, 8(a,0.0) | < CWx
Plugging the last two bounds in the r.h.s. of (4.33)), we find that
Wi = Wi llt < W = WL+ C/ ds e[ Wi s — WE |1
0

for all 0 <t < ty9. Eq. and Gronwall’s lemma imply that, if the constant C > 0 is sufficiently
large,

eClt|

VE

for all 0 <t < tp, in contradiction with the definition of #3. This shows that tg > t*. Repeating the
same argument for ¢ < 0, we obtain that

Wy — Wil <C

— — Cltl
Wit =Wyl < C—\/% (4.39)
for all |[t| < t*. From (4.26)), we also find that
2C11]
| Xe(2,0) = XF (2, 0)] + [Vi(,0) = Vi (2,0)] < C? (4.40)
VEk
for all |t| < t*. Moreover, Eqs. (4.31) and (4.32) imply that
|J(Z,0)] > 1/2 (4.41)

for all |t| < t* and for all Z,v € R3.
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Finally, we control the difference WNJ — V[N/]'f,t in the L?-norm. To this end, we observe that
Wy = W15 = / dado W (X—o(w,v), Vor(a,0)) = WR (X (,0), V2, 0))
/ dady [Wx(X_o(w,v), Vor(,0)) — Wh (X, 0)Vei(a, 0))
/dxdv ‘WN t(z,v), Voy(z,v)) — Wﬁ(Xﬁt(x,U),Vft(w,v))P
Using that the Vlasov dynamics preserves the phase-space volume, we get, for all [t| < ¢*:
W = Wi ll3 < 21 Wn — W3
+2/ d)\/da:dv (Vo WE) (@2, 0, 0), 8(z, 0, A)) [*| X e, 0) = Xy (2, 0)]

I 00,200 1) = Vi)
< 2y~ WH;

04 4C|t| 9 1
+2 /d/\/da:dv (Vo WE) ()| + [(V W) (&, )\]m
Cle 4C|t|
<10—— Wl

To get the first inequality we used the estimate (4.40)), while to get the last one we used (4.41). By
definition of t*, we conclude that, after an appropriate change of the constant C > 0,

CeCltl

Vi

for all t € R (recall that the bounds HWNtHg, HWNtHQ < C are trivial, since the Vlasov equation
preserves the LP norms). This concludes the proof of (4 -

Proof of Theorem n We have, using , -, -

lwne — @nellas < lwng — wiellas + lwhe — D ellus + @K — @vellas

Wiy — WE 2 <

3 4.42
< CN'/? <€ + ;E) exp(Cexp(C|t])) Z (eVE) (4.42)

for a constant C' > 0 that depends on supy |[Wx|| g2 but not on the higher Sobolev norms. Choosing
k =72, we conclude that

lwns — Tnellas < CNY2e exp(Cexp(Clt]))

as claimed. This concludes the proof of Theorem O

Proof of Theorem Let WN’t be the solution of the Vlasov equation with initial data Wy. We
estimate . .
Wt = Willz < [[Whe = Wivellz + Wi — Wel2 (4.43)
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The first term can be bounded by Theorem In particular, (2.15)) implies that
Wi = Wivellz < Ceexp(C exp(Clt]) (4.44)

As for the second term on the r.h.s. of , we have to compare two solutions of the Vlasov
equation, with slightly different initial data. But this is exactly what we did in Step 3 of the proof of
Theorem The only ingredients that we used there were a bound for the L! and for L? norm of the
difference of the initial data. Now, by assumption we have [|[Wy — Wy |1 < kna, [|[Wo — Will2 < kN2
and [[Wol|gz < C. Therefore, the arguments used in Step 3 of Section {) imply that

Wiy = Willz < Clrwa + rn2)e"
Together with (4.44]), we conclude that
Wt = Will2 < Ceexp(Cexp(Clt])) + C(rn + rn2) exp(ClH]) -

5 Convergence for the expectation of semiclassical observables

Here we prove Theorem and Theorem To show Theorem we make first the additional
assumption that the Wigner transforms Wy of the fermionic operators wy are so that supy [[Wn || g1 <
oo; later, we will relax this assumption with an approximation argument.

Case supy [|[Wn| g1 < oo. We use the expression (3.4) for the difference wy; — wyy to write

, _ 1t -
tr ePrtaeV (wWnt — WNt) = - / tr e’P‘$+q~EvZ/{(t; S)IV * (ps — ps), Wn,s) U™ (t; 5)ds
0 (5.1)

IRA
+ z / tr eP TV Y (t; 5) B U (t; 5)ds
0
with B; as defined in (3.3). We start by considering the first term on the r.h.s. of (5.1)). We have
tre PV UL )V x (ps = fs), s U (8 5)

= [0 - e T UtV (o 2), By U (1)

~ , : , 5.2
_ / a0k V (k) / B2 e (p(2) — Bal2))r PTHV U (h: )[e Ty U ) D
_ 1 i —ik-z ~ ip-x+qeV . ikx ~ % (g,
= N/dk V(k)tre (wns —Wns)tre U(t;s)[e™ ™, wns) U (t;s)
Hence
tr T Y(1 )V (s — ), s UL )|
1 ~ . _ . N
< N/dk|V(k‘)| tre™(wn s — Ons)| [trePTTTEV Yt 5) [T Dy | U (¢; s)‘
Ctr|wy s . _ (5.3)
< =~ sup tre”™*(wns — W)
N pers (1+1k])?
1 . .
X sup T tr [, U*(t; 5)eP TV Ut s)] w ‘
w,k
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where we used the assumption (2.18) and where the supremum is taken over all ¥ € R? and all w with
trlw| < 1. From Lemma[4.2] we obtain

tr P EHY(E )V 5 (py — ), D Ut 5)ds|

Ctr |('~UN3| Clt— 1 - - (54)
< ) s| t ik-x _
> N e(pl +lal)e Sllip 1+ |k’)2 re (WN,S WN,s)
Consider now the second term on the r.h.s. of (5.1). By the cyclicity of the trace, we find
tr eIV 1 (t: 5) BoU* (t;5) = trld*(t;5) e TV UY(t; 5) By . (5.5)

We recall that the kernel of the operator By is

Bufain) = |V 7)(a) =V« 7)) = 90 27 (£52) (o = ) G,

Expanding the parenthesis with the potentials in Fourier integrals, we obtain

(z+y) |

(V55 @)= (Vi) (9) =V (Vi) o) -(—p)| = [ ak T (k) (7 — by — b5k (2 — )
2
with U =V x ps. We write

1 1
ik _ giky _ / AL ik Ot (1-0)y) :/ AN OT+HA=N0) i (3 )
0

dA 0
and hence
1
eik-x o eik-y i €lkxT+ka . (.T . y) _ / d\ [eik-()\er(lf)\)y) _ elk%} ik - (.’L‘ _ y)
0

1 1
_ / QA / dp e O+ DW= E0)/2 () 1 /) - (2 — y)]?
0 0

This implies that

3 1 1
By=)Y_ /0 dX (A —1/2) /0 dy / dk U (k)k;k; [x [xj,elw“<1*W/?)’f'%we““(l**H(l*M)/?)kﬂ}
ij=1

Therefore, we can bound the absolute value of the second term on the r.h.s. of (5.1)) by

tr etV 1 (t; s) BoU(t; s)’

3 1 1 .
< 30 [Caa—12 [ au [ anpwie

1,7=1
% ’tru*(t; S)eip-erq-z-:Vu(t; S)[ﬂ?i, [$j’ ei(y)\+(1fu)/2)k-za}NSei(y(lf)\)Jr(lfu)/Z)k-xH

3 1 1
_ _ 7 2
ZAMAW%WWWWW

ij=1

X ‘tr [z, [, U™ (L; s)eimﬂrqfvu(t; s)|] ei(l”‘""(1—H)/2)k'rc~ustei(ﬂ(l—k)-i-(l—#)/?)k-gc

< Ctrlwn ¢ /dk‘ |ﬁ(k‘)||k\2 sup ‘tr [z, [z, U™ (t; s)eip'm"'q'sVU(t; s)]]w‘ .
w,5,]J

(5.6)
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The supremum on the r.h.s. is taken over all indices i,j € {1,2,3} and all trace class operators w
with tr |w| < 1. This term is controlled thanks to the next lemma, whose proof is deferred to the end
of the section.

Lemma 5.1. Under the same assumptions of Theorem [2.4), there exists C > 0 such that

sup [tr [2; [z, U (£ 5) €PNV Ut ) [Jw| < C2(|p| + |q])?e1 ! (5.7)
7]7

where the supremum is taken over all i,7 € {1,2,3} and over all trace class operators on L*(R3) with
trjw| < 1.

Using |U (k)| < |V (k)|, the assumption (2.18) and , we conclude that

eIV U( ) B (155)| < Ot Bl (ol +1al <1 6.9
Inserting (5.4) and (5.8) on the r.h.s. of (5.1]), we obtain
1 .
sup —————— |trePrteeV (WNt — Wnt)
p,gER3 (|p’ + |Q‘ + 1)2 | ‘
< C/t ds brlons| eCI=sl sup o tre*?(wy s — Ons)
~Jo N ko (1+]k])? ’ ’
t
+C / ds tr |Gy, eeCt! (5.9)
0
t ~
trwons| o 1 ip-z-+q-eV ~
gC/ ds ——22 Clt=slqup ———— |t TV (o — Ty )
pa (1+p| +lq])? | ’ %

t
+ C/ dstr|wn g eClt=sl
0
Now, we estimate the trace norm of Wy s (here we need the additional regularity of the Wigner

transforms of the initial data assumed at the beginning of the proof). We have

tr|Wn,s| = tr | (1 - A1+ )1+ 2H)(1 - ng)cNuMS}
< (1 =AM 1+ 2®) Hlus (14 2%) (1 — 2A)an,s || us (5.10)
< CVN||(1 4231 - 2A)Tn 4| ns

The operator K = (1 + 2%)(1 — e2A) Wy s has the integral kernel

K(wiy) = N+ )1 = 28,) [ doWye (52 0)e v

=N+ a?) [aoi (T2 e)e

—l—N(l—i—wZ)/dvaWN,S(x;y,v)ei”'s

— 2N (1 + 2?) / dv (A, W) (ac i y,v) e

+iaN(1—|—$2)/dvv \v WNS(x+y v)e*i“'rgy
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Writing

we conclude that A
1K l1s < OVNY & [Wisll
§=0
The propagation of regularity of the Vlasov equation from Proposition gives us

4
1K las < VN Y & [Wi| g
j=0

and thus, with (5.10]),
4
tr|@n,s| < CNe“t " el|[Wy |
4

j=0
Inserting in (5.9)) and applying Gronwall’s inequality, we find

ip~z+q~6V(

sup WN,t — WN,t) ‘

paeks (1+[p| + lal)
(5.11)

< C[iajHWNHHZ]Nanp (C[istWNHHﬂ exp(Clt]) )
j=0 Jj=0

This completes the proof of Theorem under the additional assumption that [[Wx||gs is
bounded.

Proof of Theorem We have to relax the condition sup [Wx||gs < co. To this end, we proceed
as follows. We set

W]’ff(:):,v) = (W * gg)(x,v) = /dw'dv'gk(:v — a2’ v =V YWy (2',0)

with

K3 22402
gk(:r,v):(zﬂ)?)e 5 (a®+v?)

and we denote by w]’i, the Weyl quantization of W]’f, We recall from |D that

1 L 2 LAY e

Wi (w;y) = (2n)? /dwdz e F 2?2 [em Vi e Vi Vwye VB Ve \/EE} (z;y) (5.12)
T

is a fermionic reduced density with 0 < wfv < 1 and tr wjk\, = N. In fact, 1} together with the

assumption ([2.19)), also implies that
N
tr|wy — w?v‘ <C—= (5.13)

vk
To see this, we write:

T

Jopy. L _Z_, __Z . — 20~
e ﬂeeﬁvae \/Eve ke — WN

Y

1
tri{wy —wM < @) /dwdz e~ #2124y
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where

w—L— 2.\ L2 —jw—Z z_ .y i —Z— w2
tr|e" Vre e VE wnye VE e " ke —wN‘ Str’[wN,e vk ”—I—tr’ezw Vke e ke — WN

<terN, f ” +U"HUJN, w~\/%s]

< I
<7

this estimate together with the assumptions (2.19)) implies that:

tr‘wN - wf“\,‘ < C—

tr‘w VH—

tr} WN, Z]

7

Ve

=

1
(2r)?

/dwdz 6722/26711)2/2[’2‘ + |w]] ,

=

which proves Eq. (5.13]).
We have HW]’\“,HH] < CKI/2, for all j =1,...,4. Choosing k = ¢ 2, (5.11) implies that
4

1
sup —————
p,qER3 (1 + ’p‘ + ‘q,>2

trePIHTeY (k| &N,t)’ < CNeexp(Cexp(Clt]))

On the other hand, proceeding as we did between (4.14)) and (4.15)) (replacing the observable e®
with e?#+4¢V) we obtain

1

sup = [t e P (o — k)| < Cexp(ClHY) trlwn — wh
g 1+ [p|+q|

With (5.13)), we conclude that (again with the choice k = £72)

1 , v
Sup — |tr T (W — wN )‘ < CNeexp(C|t])
L+ [pl +lq| '
Finally, we observe that
tr e (@ = 3K ) = N (Waa(p,a) = Wh o (00))

and therefore we estimate

trelp:erqEV(th _ th)’ < CNHWNt - WNtH1

The L'-stability of the Vlasov equation with respect to perturbation of the initial data has been
already established in the proof of Theorem Following the arguments between (4.23)) and (4.39)
(using the assumption on the W1! Sobolev norm of the sequence Wy), we obtain

IWie = Wil < Ce“Mwy = W
Using again the uniform bound |[Wy||y1.1 < C, and the choice k = ¢~2, we find
[Wive = Whlh < CeeM
We conclude that

tr ePTTIN (W — D y)| < CNeexp(Cexp(Clt]))
2

1
sup—
g (1+|p|+1q])
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for any sequence of initial densities wy satisfying (2.19) and whose Wigner transforms Wy satisfy
IWn|lw11 < C uniformly in N. O

Proof of Theorem [2.5. We write

P

W i(p, q) — Wi(p, q)‘ < ‘Wm (p,q) — W s (p, q)‘ + ‘WW (p,q) — Wi(p, Q)'

where WN,t denotes the solution of the Vlasov equation with initial data Wy. From Theorem we
know that

‘Ww,t(p, q) — Wa(p, q)‘ < Ce(1 + |p| + |g])2eM

To conclude the proof of the theorem, we need to compare the solutions WN,t and W; of the Vlasov
equation, using the fact that the two initial data are close in L'. As in the approximation argument
used in the proof of Theorem [2.4] we make use of the L'-stability of the solution of the Vlasov equation,
established in Step 3 of the proof of Theorem Following the arguments between (4.23) and (4.39)),
we obtain

Wi = Wil < Ce“M[Wiy — Woly
where the constant C' > 0 depends only on ||[Wy||yyy1,1. This implies that

W N — Willoo < Wiy — Wil < Criye©lt

Hence,
[Wave(p, @) = Walp,0)| < COL+ Ipl + [a)?(= + )™
which concludes the proof Theorem O

6 Proof of auxiliary lemmas

In this section we show Lemma [4.2] and Lemma [5.1]

Proof of Lemma[{.9 We define the unitary evolution U(t; s) satisfying

ied U(t; s) = €™ h(t) e T U(t; 5)

= (h(t) + 2icr .V + T2€2)Zj(t; s) (6.1)

We observe that

sup |tr [, U*(t; 8)e" T PTEVaL/(¢; 5)] w| = sup )tr [ U™ (t; 8)e™ PTEVaU (t; 5)| U(s; 0)wld* (s; 0)‘

trif*(s; 0) [e"'”", U*(t; 5)e™ @ PHeVay(t; s)| U(s; O)w‘
(6.2)

= sup
w

where the supremum is taken over all trace class operators w on L?(R?) with tr|w| < 1 and where we
used the fact that tr |U(s; 0)wld*(s;0)| < tr|w|. For a fixed w and for fixed ¢ € R, we compute now the
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time-derivative of
iedstr U* (s;0) [ U™ (t; 8)e™ PTEV U (t; 5)] U(s; 0)w
= —trUd*(s;0) [h(s), [T, U (t; 5) 2PV Y (8 8)]] U (s; 0)w
— 2240 U* (5;0) ir - V [, U (8 5) PPV Y (85 5)] U(s; 0)w
P2l (s;0) [€7 %, U (8 ) € PHEVIUY (¢ 5) U(s;0)w
+ trZ/I*(s 0) [e7, [h(s),U* (t; s) €= PTEVAUY(t; 5)]| U(s;0)w

Using the properties of commutators, we find

iedstr U* (s;0) [ U™ (t; 8)e™ PTEV U (t; 5)] U(s; 0)w
= — 22 trU*(s;0) ir - V [, U (t; ) PPV Y (85 8) U(s; 0)w

— 212 trU* (5;0) [, U (t; 5) e PHEVIY (8 8)| U (53 0)w (6:3)
+ trl*(s;0) [U* (£ 5) € PTEVIUY (8 5), [h(s), €] U(s;0)w
We have
[h(s), €77 = (=2ie’r - V — e%r?) e,
Inserting this expression in , we get
iedstrU* (s;0) [, U*(t; 5)eTPTEVarf (¢, s)| U(s; 0)w (6.4)

= 2etrU*(s;0) U (t; 5) € PTEVIU(L; ), ir - V] € U(s;0)w
Integrating this equation from time s to time ¢, we find

tr LNI*(S; 0) [eir'x, U (t; S)eix'pﬁv'qu(t; S)] U(s;0)w
= tri*(t; 0) [ M PTEVa] (t; 0)w

t ~ , A
+ 2i/ drtrU*(1;0) U (t;7) e PYEVIY (¢ 1), ir - eV] €T U (T3 0)w

which implies that

trid*(s;0) ) [e T Y (L s)e T PTEVa (¢ s)] Z/I(s;())w)
< [t e, =P (1 0yl (10)|
+ 2/ dr ‘tr [U*(t;T)eix'erev'qZ/{(t; T),ir - 5V] e Ut O)WZ/?*(T;O)

Since

[ezr-x, ezx-ersV-q] _ (efzsr-q/Z - ezsr-q/Z)em-(err)JrsV-q

we conclude that, for any trace class operator w on L?(R3), with tr |w| < 1, we have

’7”1|‘t1" [ U (5 5) e PTEV 9 (¢ )| u(s;o)wﬁ*(S;U)‘

t
< elq| +2/ dt sup
S w

tr [U* (t; 7)e @ PTEVaY (t; 1), i

'EV:| w‘
|7
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where, on the r.h.s., the supremum is taken over all trace class w with tr|w| < 1. From (6.2, we
obtain

sup |tr [e"m,u*(t; s)emp%v'qU(t;s)] w‘
’ : (6.5)
< elq] +2/ dr Sup tr [| ’ eV, U (t;7) e PTEV Y (¢ 7')] ‘
Next, we bound the supremum on the r.h.s. of the last equation. To this end, we observe that
sup |tr [z|r| eV, U*(t; 5)e™PHEVa(t; s)] w‘
w T‘
= sup |tr [Ll*(t; 5)e TPV (¢t 5), z% -EV:| U(s;0)wld*(s; O)' (6.6)
= sup |[trUU*(s;0) [ *(t; 5)e T PTEVa (¢ s),i% : EV:| U(s; O)w‘
We compute
iedstrU* (5;0) [U*(t; 8)e™PTEV U (t; 5),ir - eV] U(s; 0)w
= —trl*(5;0) [h(s), [U*(t;8) ePTEVUUY(t; 5) , der - V]]U(s; 0)w
+trU*(5;0) [[h(s), U*(t; 5) e PTEVIU(t; 8)] , der - VIU(s;0)w
The Jacobi identity implies that
iedstrU* (5;0) [U*(t;5)e™ PRV (t; 5), ir - eV]U(s;0)w 6.7)
= —trld*(s;0) (U (t;5) e PTEVIU(E; 8) , [h(s) , der - V] U(s; 0)w. .
We have
[h(s),ir - eV] =ier - V(V % pg)(x) = ier - /dk/{:f/(k)ﬁs(lﬂ)eik“
Hence

iedstr U™ (5;0) [U*(t; s)e wpteNV-ay(t; s), ir - eV]U(s;0)w
= —ie- /dk‘r KV (k)py (k) trU* (s;0) U (85 8) € PV a8 (4 5) , e U(s; 0)w
Integrating from time s to time ¢, we find

trid*(s;0) [U*(t; $)eTPrEVaL (t: 5) i - eV]U(s;0)w
= trU*(t; 0) [PV g ev} U(t; 0)w

+i / dr / dkr - KV (k)p- (k) te U™ (7 0) [U* (t;7) €= PHYV 10 (5 7) | €] U (73 0)w

Since
|:6’LLI:~p+6V~q’ ir - €v] —er. pez$~p+sv.q
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we conclude that, for any trace class operator w with tr |w| <1,
‘trU*(s;O) {Z/{*(t; s)eix'p%qu(t;s),ii

|7
t
—g\py+/ dr Sup ’k‘ trU* (75 0) U (t;7) =PV A Y (1) eik'x]L{(T;O)w‘ /dk\k|2\V(k)|
From , we find

tr [z’; eV, U (t; 5)ePTEV Y (¢; s)] w‘

< elp| —I—C/ dr sup

: sv} U(s; o)w)

sup
w,r

]r\ trUd*(7;0) [U*(t;7) em'erav'qu(t;T) , eik'x]M(T; O)w’

Combining this bound with (6.5)) and applying Gronwall, we obtain

sup
w,r

tr [, U (15 5) PV U (1 )] {Z VLU (1) PV U S)} |

< eN(Jp| + lal)e !

O
Proof of Lemmal5.1 We observe, first of all, that
sup [tr [z; [v;, U (t;8) ePTTTV UYL 5) || w
= sup ‘tr (@i [z, U (t; 5) ei”'w"'q'avl/{(t; s) | U(s; 0)wld™ (s; 0)’ (6.8)

w

= sup |trU*(s;0) [z; [2;, U™ (t; ) ePTFCEV (1 5) | U(s; 0)w|

We consider now the derivative
iedstrU* (5;0) [w; [z, U (t;8) P TUV Ut 8) U (85 0)w
= —trlU*(5;0) [(s), [ [zj, U (t;8) eP TV UL 5) )] U (5 0)w
+trU*(5;0) [ [z, [h(s),U* (;8) eP TV Ut 5) )] U (5 0)w
The Jacobi identity implies that
iedstrU* (s;0) [x; [, U (t;8) ePTTEV U(t; 5) ]| U (55 0)
— U (550) [ [5, h()L U (1 5) €77+ 0=5 Ut ) | U (55 O
U (530) [[24, A(s)], [y, Ut 8) P =TIV UL 8) || U(s3 0)o

w

Since [z, h(s)] = €2V, (and since [V, 2] = d;; is a number), we conclude that

iedstr U™ (s5;0) [y, [z, U™ (t; 5) eP N 1 (1 ) ]| U (s;0)w
= ctrlU*(s;0) [eVa,, [zi, U (t;5) e PEHaeN 141 )| U(s;0)w (6.9)
+ etrU*(s;0) [eVay, [, U (t;8) eP 2TV Y (t;5) | U(s; 0)w
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Integrating over time, we find
trlU*(s;0)[2i, [2, U (t;8)ePTTTEVY(t; )| JU(s; 0)w

= trU*(;0)[2s, [x5, ePTTCEVU(; 0)w
¢

+z/ drtrU*(7;0)[eVy,, [, U (t; T)e PEFCEVLY ()| U (T3 0)w
t .
+z/ drtrUt*(1;0)[eVy,, [:L‘J,Ll*(t;T)eZp'Hq'EvZ/l(t; )JU(T;0)w
Since . |
[, [arj, P THIV]] = 2giq ey
we find

|trtd*(s;0)[xs, [z, U (t; )P THIEV (¢ VU (s; 0)w|
t
< &q)* + / dr sup ’tr eV, [z, U™ (t; T)eip'm+q'5VU(t;T)]]w}
S w7i7j

for all trace class w with tr |w| < 1. From (6.8), we obtain

sup |tr [z, [z, U™ (t; s)eil"fﬂ+q‘fvu(t; S)Hw|

w7l?-]

t .
< 2q)* + / dr sup ‘tr [eVa;, [a:i,u*(t;T)eZp'x"'q'aVU(t; T)]]w’
S

w7l7j

where the suprema are taken over all trace class w on L?(R3) with tr|w| < 1.
Next, we look for an estimate for

sup ‘tr [eVa,, [, U™ (t; 5)e PIHCEV L (£ 5)]|w |

w l,]

= sup [trU*(s;0)[eVa,, [z, U (t; )P TTCEV LY (¢ 5)| U (s; 0)w|

To this end, we compute the derivative
iedstrU* (5;0) [EVa,, [25,U* (t;8) €PTTTENV U(t; 8) U (55 0)w
= U (50) [A(s), [V, [, U (1 5) P70 Ut 5) | U(s; O)
U (5;0) [Vay, [z, [B(s), U (5 5) P PFTY Ut 5) ] U(s; 0)w
= trU*(5;0) [[EVa;, h(8)], [z, U* (t;8) eP =TTV Y (L 5) || U(s;0)w
+trU*(5;0) [eVay, [[25, ()], U (t;8) ePTTINV Ut ) | U(550)w
With
[V, h(s)] = eV, (V % ps)(a) = € / dkk;V (k) ps (ke ® (6.10)
we obtain
iedstrU* (5;0) [eVa,, 25U (t;8) €PTTTENV Ut 8) U (55 0)w
/dkk V(k)ps(k)trU*(s;0) [, [, U (t;5) ePTIN U(t; ) ]| U(550)w

+ etrd*(5;0) [eVa,, [eVa,, U (t;5) ePTHEEV Y (t;5) ]| U(s;0)w
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Using the identity

1 1 ) .
e, A] = e A — AT = / dX % eMT g1k — / A\ ik -, Al IR (6.11)
0 0

we conclude that
iedstrU* (5;0) [eVa,, [, U (t; 5) €P IV U(t; 8) ]| U(s; 0)w

1
—c / dX / dkkikeV (k) ps (k) trU* (5;0) e[y, [, U (t;8) ePTTIV UY(t; 5) ] e EVR2UY (5;0)w
0

+ etrld*(5;0) [V, [EVa;, U (t;5) ePTTTEV U(t; 5) ]| U(s;0)w

and hence, after integrating over time,

trl*(5;0) eV, [25,U*(t; 5) ePTTINV Ut ) | U(s; O)w’

< ‘trU*(t;O) eV, [x7, €PTTINV U O)w‘

t 1
+/ dT/ dA/dkk|2]V(k:)|
s 0

X ‘trU*(T;O) eMk'I[xg, [, U (t;T) eip'z+q'5VL[(t; 7)]] ei(l_)‘)k'zU(T; 0)w
t
+/ dr

trUd*(7;0) [eVa,, [V, , U (t;T) eip'x+q'alel(t; ) JU(T;0)w

Since ‘ '
[ngi, [-Tja ezp-a:—i—anH — _Z~€2piqjezp-a:+qs.v

this implies that

sup |tr [eVy,, [z, U*(;5) eP TV UY(t; ) ||w

w7/];7j

t
< &*|pllg| + C/ dr sup [tr [z, [z, U (;7) €TV UL 7) ] (6.12)
S w,,]

t
+/ dr sup |tr [V, [eVa, , U (t;T) ePTTCEV 14 (¢ T)]]w‘
s w,1,J

Finally, we need an estimate for

sup |tr [eVa,, [EVa, U (t;5) eP TV U (8 s) | w

w7l7j

= sup ‘trl/{*(s, 0)[eVay, [V, U (t; 5) eP TRV 1 (4 5) JU(s; 0) w’

Wiy
Hence, we compute the derivative
ie0str U™ (550)[eV gy, [eVa,, U (t;5) ePTHCEV 1 (t: ) U (s5;0) w
= —trU*(s;0)[h(s), [eVa,, [Va, U (t; 5) ePTTTEV U85 5) ]]|U(s50)
+trU*(5;0)[eVay, [EVay, [h(s), U (t; 5) ePTTCEV 1 (8 5) |]JU(s; 0)
= trU*(5;0)[[eVay, h(s)], [eVa,, U (t; 5) ePTHCEV 1 (¢ 5)U(s; 0)w
+trU*(s;0)[eVa,, [[eVa,, h(s)], U (t; 5) ePTTCEV 1 (8 5)]U(s; 0)w

5;0)w
s w
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From (6.10)), we find
ie0str U™ (5;0)[eVy,, [V, U™ (t;5) ePTTCEV 1 (t: ) U (55 0) w
= 5/dkkﬂ7(k)f)s(k‘) trid*(s; 0)[eF 7, [eVa,, U (t; s) eP TN 1 (¢ 8)|JU(s;0)w (6.13)

+e / dkkﬂ/}(k)ﬁs(k) trU* (s;0)[eVa,, [, U (t;5) P TV U (L 5)]JU(s; 0)w

In the first term on the r.h.s. of the last equation we use (6.11). In the second term, on the other
hand, we notice that

trU* (s5;0)[eVa,, [, U (t; 5) eP TV Y (t; 8)]JU (s 0)w
= trlU*(5;0)[e™ T, [eV,,, U (t; 5) P TTIEV U (t; 5)]JU(s; 0)w
+ trU*(5;0)[[eVa,, eF T U (t; 5) €PTTIEY Y (t; 5)]U(s;0)w

Again, the first term on the r.h.s. of the last equation can be handled with (6.11f). As for the second
term, we use that [eV,,, e*®] = ick;e’™*. Integrating (6.13) over time, we find

‘tr U*(5;0)[eVa,, [V, U (t;5) ePTTCEV 1 (t: 5) |JU(s;0) w‘
< U (0)[eVay, [Vay, ePTHEV U 0) w]

t .
+C | drsup ‘tr €V, (@), U (t;T) ePrtaeV U(t; T)]]OJ’

s w, 5,
t
+Ce [ / dk yV(k)Hﬁs(k)HkF*dk] [ / dr sup|]t| ‘tr (e U (£ 7) ePTTeeY 1 (¢ T)]w’]
s w,k

To bound the integral involving the potential in the last term on the r.h.s. of the last equation, we

use (2.18) with ||ps]jcc < 1. From
[8vxi’ [5vxj’ eipm-}-qu] — _82pipjeip~x+q~€v

and from Lemma [.2] we obtain

trUd*(s;0)[eVy,, [eVa,, U (t; ) ePTTEN 1 (¢ 5) |JU(s; 0) w’

t ' (6.14)
<Ce? + C/ dt sup ‘tr [V, [25, U (5 7) P TTIEN U (8 T)]]w}

w’Z7.]

Combining and (6.12) with the last equation and applying Gronwall lemma, we deduce that

sup [tr [, [2;, U (t;5) PV UL 5) || w| < Ce2(pl + [g])?e

1,3,W

sup [tr [V, [, U7 (1:5) P 0=V U1 5) [ o] < CE2(lp] + [al) 21t

27‘770‘]

6 [eVay, [V, U (t:5) ePTHIN Ut 5) || w| < Ce2(Ip| + [g])%e

sup
i7j7w
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A Well-posedness of the Vlasov equation for signed measures

The goal of this appendix is to show that the arguments of [§] can be extended to prove the well-
posedness of the Vlasov equation for initial data given by signed measures.

Following the notation of [8], let M denote the space of all finite signed measures on the Borel
o-algebra B(R®). For an open interval A C R, we denote by Ma the set of all families M = {1 }en,
with u; € M for all t € A such that, for all bounded intervals A’ C A, there exists Car > 0 with
supsear ||ptll < Car, and such that the function

(Vi) () = [ VW ) dpa(a o)

is continuous in t € A, for all x+ € R® (V denotes the interaction potential entering the Vlasov
equation (1.10)). For C > 0, we also denote by Ma (k) the set of families M = {u}iea with
[1tll = sup pep(rey [1(B)| = & for all t € A.

Defining 4, B : R? x R? — R3 x R3 by A(z,v) = (2v,0) and B(z,v) = (0, VV(z)) and, for every
peM,

Bu(z,v) = /B(:U — 2 v —v)du(z',v")

we say that a family M = {u;hen € Ma is a weak solution of the Vlasov equation on the interval A
if, for every test function h € D(R) in the Schwarz space,

peh) = [ Bl o)y, )

is differentiable in ¢t € A and J

aﬂt(h) = pe((A+ But)Vh)
It is easy to check that, if the weak solution p; has a density Wy (z,v), differentiable in ¢, then W; is
a solution of the standard Vlasov equation (1.10)).

Proposition A.1. Let V € C’g(R?’). For any finite signed measure u° € M, and every open interval

A C R with 0 € A, there exists a unique weak solution M = {u}ien of the Viasov equation on A

with pry—g = p°.

Proof. We follow the strategy of [§], adapting it to the case of signed u°. We will use the variable
z = (z,v) € RS. For M = {1t }sen € Ma, we define

Gu(t,z) = A(z) + By, (2) (A.1)
and we consider the solution of Newton’s equation
q
dt”
We denote by zps(t,u) the solution of (A.2), with initial data zp/(0,u) = u.
For a fixed ;¥ € M, we define the map 7 : Ma — Ma by

(t) = Gu(t, 2(1)) (A.2)

(TM)(E) = pu° ({u € R®: zp(t,u) € E})
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for all E € B(R). Asin [§], it is easy to check that M € M is a weak solution of the Vlasov equation
with initial data p° if and only if M is a fixed point of T, i.e. if TM = M.

Hence, to prove Proposition it is enough to show that T is a contraction on Ma. In fact,
since clearly TM € Ma(||u°]]), for all M € Ma, it is enough to show that the restriction of T to
MAa(||%]]) is a contraction, with respect to an appropriate metric, that we are now going to define.

For two signed measures u, i’ € M, we define

d(p, i) = dgr(ps,s 1) + drr(p—, pl) (A.3)

where p = p4 — p— is the Jordan decomposition of p in its positive and negative parts and where dx
is the Kantorovich-Rubinshtein metric, defined by

dir(v, V') = me]i\?(lfw,)/,0(21,22)dm(21,22)

where p(z1, 22) = min(|z; — 22/,1) and N(v,v') is the space of all positive measures m on B(R!2%)
such that m(E x R%) = v(E) and m(R® x E) = /(E) for all E € B(R®). Furthermore, for M =
{uetien, M = {pi hien € Ma, we define

d(M, M) = /A T

It is easy to check that (A.3]) defines a metric on M(A).
We claim that, for |A| small enough,

d(TM,TM') < =d(M, M) (A.4)

N |

for all M, M’ € Ma(||u°]]). To prove we observe that, for all ju, i/ € M,
Bu(2) = Bu(2) = [ Bz~ widn(w) ~ [ Bz -~ w)d'(w)
< [(BG —wn) = B~ wp)dm(wr,u)

~ [(B: = w1) = B~ wp)dm(wr,u)

for any my € N(pq, ), m— € N(p—, ). Recalling that B(z,v) = (0, VV(x)) and the assumption
V € CZ(R3), we find

|Bu(z) — By (2)] < /|B(Z—w1)—B(Z—w2)!dm+(w17w2)
+/\B(z—wl)—B(z—wg)dm_(wl,wg)
< C/p(wl,wg)dm+(w1,w2)+/p(w1,w2)dm(wl,wg)

Since the inequality holds for every m4 € N(uy, ;) and m— € N(u—_,p’ ), we conclude that

|Bu(2) = B (2)] < Cd(p, 1) (A-5)
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for all y, ' € M and all z € RS.
Furthermore, recalling the definition , we observe that there is a constant C, depending on
|°]], such that
G (=) = G ()] < Clz— 2/ (A.6)

for all z, 2’ € RS and for all M € Ma(||x°]]).
For M, M' € Ma(||1°]]) and u € RS, we define the quantity

a(M) Ml?“) = Sup |ZM(t7 U) - ZM’(t7u)’
teA

With , we obtain
lzar (t, u) — zpp (t, u)| < /Ot |G (s, zam(s,u) — Gap (s, zar (s, w))|ds
< /A |G (s, zar(s,u) — Gar(s, zpp (s, u))|ds
+/AGM(S,ZM/(S,’LL) — G (s, 2z (s, w))|ds
for all t € A. Combining and , we find
VMMmﬁM@m<0AVM&M—W@WWH0aMMq
Taking the supremum over ¢, we conclude that, for sufficiently small |A|,

M, M’ < —
Oé( ) au)— 1—C|A‘d

(M, M)
We are now ready to bound d(T'M,TM'). For M, M’ € Ma(||u°]), we notice that
(TM)(E) = pS ({u € R®: zp(t,u) € E})
for every E € B(RS). Now, let
e (F) = 1, ({u € RS : (s (t, ), 2ap (1, 0)) € F)

for every F' € B(R'?). Then we have m;+ € N((T'My)+,(TM])+) and

/ Pz, 22)dm s (21, 22) = / p(eaa (1), 2 (b)) dp (u)

< /a(M, M’ u)dpl. (u)

0
< CHMiH

d(M, M’

This implies that

dren (M), (1)) < I giar ary

=1-ClA

47



and therefore that 0
ClA[||x]]

1-ClA|
Hence, for |A| sufficiently small, we obtain (A.4) for all M, M’ € Ma(||u°|)). This proves that T
defines a contraction on M (||°||) and implies the existence and the uniqueness of a weak solution of

the Vlasov equation, for |A| sufficiently small. The argument can then be iterated to obtain existence
and uniqueness for all times. O

d(TM, TM') < d(M, M)

B Regularity estimates for solutions of the Vlasov equation

In the next proposition we estimate the weighted Sobolev norms ||[W¢|| pi of the solution at time ¢ of
the Vlasov equation in terms of their value at ¢ = 0.

Proposition B.1. Assume that
/ dp |V (p)|(1 + [p|2) < oo (B.1)

Let Wy be the solution of the Vlasov equation with initial data Wo. For k = 1,2,3,4,5, there
exists a constant C' > 0, which depends on [|[Wol| gz but not on the higher Sobolev norms, such that

IWell g < CM|Wol (B.2)

Proof. We use a standard argument. We denote by ®u(z,v) := (X¢(x,v), Vi(z,v)) the solution of
Newton’s equations

Xy(z,v) = 2Vi(z,v)
‘./;5(1', U) =-V (V * ﬁt) (Xt(xﬂ U))

with initial data Xo(z,v) = z and Vy(z,v) = v. Here pi(z) = [ dv Wy(z,v). We can rewrite Newton’s
equation in integral form

t
Xi(z,v) ::E—I—Z/ ds Vs(z,v)
0

. (B.3)
Vi(z,v) =v — /0 V(V x ps)(Xs(z,v))
In the following, it will be convenient to introduce the following shorthand notation:
17 o 1= max [V X 0)
IV oo 3= max [V Vi, )] (B4)

1900 = X0 + 1V oo -
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In general, to control |[Wi| g, it is sufficient to control H<I> Hoo for j < k. In fact, it is not difficult
to see that:

Wil = 3 /dm (1422 + 24 VW (X o (@,0), Voo(z, )]
o=k

<C Z Z /dxdv(1+a;2+v ) ‘(V’BWO)( (z,v), V_t(av,v))‘2

BI<k 1)
a1++a‘m:k, ‘Oczlzl (B5)
‘Vo‘l( t(z,v), V_ t(x,v))|2 e |V0‘V3\ (X_t(x,v), V_t(x,v))|2
<c§j > Woll3ry 0| - |0 |2

mi,...,m
m1+ +mn—k m;=>1

to get the last step we performed a change of variables and we used that, by Gronwall’s lemma together
with (B.3)) and |[VV || < oo

14 X2(z,v) + V2 (z,v) < CeCM (1 + 2% +0?) (B.6)

We start by estimating |[W¢||g1. To this end, we need to control H@gl) loo- For any multi-index o with
|a| = 1, we obtain from (B.3|) that

t
HVQXHHJS14—?/<%HVQ%HW
0
t
IVVi|loo < 1 +/ ds||[V2(V % pg) 0 Xg - VX |0
0
t
< 1+0/ ds [V Xl
0

where we used that [[V*(V x ps)llsc < [V2V]|oo||Bs|l1, and [I5s]lr < [Woll1 < Cl[Wol o (see (4.30)).
Gronwall’s lemma, together with the assumption |[V2V||s < oo, implies that

10|00 < CeCM (B.7)

where the constant C' depends on [[Wo||z0, but not on the higher Sobolev norms. Thanks to (B.5)),
the bound (B.7)) immediately implies

W2y < CeCMWoll2, (B8)

where the constant C' depends on [[Wol|go, but not on the higher Sobolev norms. This concludes

the proof of - with £ = 1. Next, let k: = 2. As before, we start by considering the derivatives
VX, V¥V, now for |a| = 2. We have:

IV (V(V *55) 0 Xo) oo < IVAV 5 5 oo IX V112 + 192V 5 ) oo | X 1o

(B.9)
< CeCls lHWOHHi =+ HV2 V*ps)HooHXs lloo
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where in the last step we used |[V3(V % 5s)|loo < [|V2V ||| VPs|[1 < CeClel [Woll 2, and we estimated
IVos[ly < ClWell gy < CeC|S|HWOHH41. This, together with the estimate , implies:

X2l <2 [ s V2
VPl € [ asl X + M ol
0
thus, by Gronwall’s lemma:
2
1947 1o < CeClH Wl 13 (B.10)
Therefore, proceeding as in (B.8)), we get
[Willzz < CeM[Wo)| o (B.11)

where the constant C' > 0 is allowed to depend on ||[Wy|| 1> but not on the higher Sobolev norms.
This concludes the proof of (B.2) for k = 2. Consider now k= 3,4,5. We will use that, for |o| = k:

VOV 5 B5) oo < CIVV oo > IV 5slh
|Bl=k—1 (B.12)
< CIVV oo [ Wil g1

and

VAV i) o Xl <C S 3 VPV 5 )| X0 xS0

BI<lal _o1-as
a1+...+aw‘:k

(B.13)

for a k-dependent constant C' > 0. Let k& = 3. We have, for |a| = 3:
IVEV(V 5 ps) 0 X[l
< C[\\V4(V %95 loo [ XSV 2 + V2 (V 5 Bo) oo 1 X P oo | XM loo + 172V 5 55 oo | XV [loo | (B.14)
< CeM|Woll gz + OIX )

where the constant C' > 0 is allowed to depend on [|[Wol| g1, but not on the higher Sobolev norms. The

last step follows from (B.12) and from the previous estimates on |[|[Wi|| i, 1XY| |0, 5 = 1,2. Plugging
4
this bound in (B.3|), we find

12§ oo < CeM||Woll 2 (B.15)

where the constant C' > 0 is allowed to depend on ||[Wy|| 1> but not on the higher Sobolev norms.
Thus, proceeding as in (B.8§]):
IWellgg < CeMWo |3 (B.16)

where the constant €' > 0 is allowed to depend on [[Wol|g2, but not on the higher Sobolev norms.
This concludes the proof of (B.2|) for £k = 3. Let k& = 4. Similarly to (B.14), using (B.12)) together
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with the estimates for |[Wl| 5, 7 = 1,2, 3, we find, for |af = 4:
4

IVE(V(V o ps) 0 X)lloo
< OIVP(V % ps)lloo [ XSV N5 + IV AV 5 5) oo 1 X oo | XSV 15

F IV 5 ) oo (1K el X Do + XD ) + 192V 5 70) oo | XY oo
< Ol Woll 3 + CIIX |

where the constant €' > 0 is allowed to depend on [[Wol| g2, but not on the higher Sobolev norms.
This implies
4 C

19§ lloo < CeClH Wl 13 (B.17)
where the constant €' > 0 is allowed to depend on [[Wol| g2, but not on the higher Sobolev norms.
Then, we claim that:

IWillzs < CeCM|Woll (B.18)
where the constant C'> 0 is allowed to depend on [|Wo|z2, but not on the higher Sobolev norms. In
fact, from we get and from the previous estimates on H(I> Hoo, Jj <4, we have:

4
4
IWel%y < CeCMIWo 2 106712 + D IWol2 I Woll2 | (B.19)
k=2

This, together with (B.17)), implies (B.18)) and concludes the proof of (B.2|) for £ = 4. The case k =5
can be studied in a similar way. Let |a| = 5. Using once more (B.12)), (B.13)), and proceeding as for
the previous cases, we get:

IV (V(V % Bs) 0 Xs)lloe < CM[Wo| 71 + Ol X |oo (B.20)

where the constant C' > 0 is allowed to depend on [[Wpo|[ 2, but not on the higher Sobolev norms. By
Gronwall’s lemma, we get:

1257 oo < CeM || Wil 12 (B.21)

where the constant €' > 0 is allowed to depend on [[Wol|g2, but not on the higher Sobolev norms.
Then, we claim that:
IWillzzg < CeSMWoll (B.22)

where the constant C' > 0 is allowed to depend on |[Wo| 52, but not on the higher Sobolev norms. To
see this, we use again (B.5)). We get:

5 4 1 3 2
IWelZ < CeCMIWo 2 1057112, + IWo 2 (1967 12 2§12 + 0”2 90812, )

5 ) N (B.23)
+ 7 IWoll3 IWoll3 |
k=3
which, together with (B.15), (B.17)), (B.21)), implies (B.22)). This concludes the proof of (B.2) for
k =5, and of Proposition O
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C Propagation of commutator bounds along the Hartree dynamics

Bounds for norms of commutators of the form [z,wn,] and [eV,wn,] play an important role in our
analysis. In this section, we show how they can be propagated along the Hartree evolution. Similar

bounds have been proven in [7].
Proposition C.1. Assume
[ 17w+ oy < oo
Let wy be the solution of the nonlinear Hartree equation
iedwn, = [—52A + (V % pt),wMt]
with initial data wn—o = wn. Then there exists a constant C > 0 such that
[z, wn s < Ce“M [ [z, wn]ll s + [V, w] | as]
1eV, wnllms < Ce“M || [z, wn)l| s + ||V, wn]l ms)

Moreover,

Iz, wnalller < Ce“M | [z, wn]ller + eV, ]
eV, wnalller < Ce“M Il [z, wn]ller + eV, wn]llr]

(C.1)

Proof. Let hy(t) = —e2A + (V * py)(x) and U(t; s) be the unitary evolution generated by hy(t), as

defined in (3.1)). We compute

iU (t; 0)[z, wn JU(t;0) = — U (;0)[hp (1), [z, wi ] JU(E;0) + U (L 0) [z

= U (& 0)[[1(t), 2], wi 1 JU(t; 0)
=clU*(t;0)[eV,wn JU(t; 0)

Integrating over time, we find

[z, wn ] = Ut 0) [z, wn|U(t;0) + 1 /Ot dsU(t; s)[eV,wn U (; 5)

and thus .
N, wavl s < [z, warl s + / ds €, wn.q]llis
0

On the other hand,

[hE (), wn Ut 0)

(C.2)

GeOU* (£ 0) [V, wnaJU(1;0) = — U (£ 0)[har (1), [V, wn o JJU(E; 0) + U* (£ 0)[€V, [z (1), wn o JJU(L; 0)

=U"(t0)[[eV, h ()], wnJU(t;0)
=eU*(t;0)[V(V * p),wnJU(t; 0)

_. / dpp V() 51 (p) U (1 0) [, on | U (1: 0)

Using the identity

1
[elp'x;WN,t] _ / d\ ez/\p-x[ip . x7wN7t]ez(1f)\)p-z
0
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we obtain, with (C.1)),

t
[V, wnelllns < [[[eV, wn]llus +/dp|V(p)HP\2!ﬁt(p)|/O ds| [z, wn,s|[ms
(C.3)

t
< eV, wnllls + C / ds ||z, wy.o] s
0

Combining the last equation with (C.2) and applying Gronwall’s lemma, we find

[z, wnallls + [V, wrllls] < Ce“ [[[f wn]llns + 1V, wn]llns]

as claimed. In the same way, one can also prove the estimates for the trace norms of the commutators.
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