Universality of one-dimensional Fermi systems, II.
The Luttinger liquid structure.

G. Benfatto! P. Falco? V. Mastropietro®

March 14, 2013

Abstract

We complete the proof started in [1] of the universal Luttinger liquid relations for a
general model of spinning fermions on a lattice, by making use of the Ward Identities due to
asymptotically emerging symmetries. This is done by introducing an effective model verifying
extra symmetries and by relating its critical exponents to those of the fermion lattice gas by
suitable fine tuning of the parameters.

1 Main results

We consider a standard (generically non solvable) model of a gas of spinning fermions on a one
dimensional lattice with a short range repulsive interaction, with Hamiltonian
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where C = {1,2,..., L} is a one dimensional lattice of L, afs are fermion creation and annihilation

operators at site x with spin s, and such that afs = airl < (periodic boundary conditions), vy (x)

is a function on Z, periodic of period L, such that vr(z) = v(z) for —[L/2] < z < [(L — 1)/2],
v(r) being an even function on Z satisfying the short range condition |v(z)] < Ce~ "7l and
—f € (—1,41) is the chemical potential. In the special case Av(z —y) = Ud,,,, the model is known
as Hubbard model, which is exactly solvable by Bethe ansatz [2].

We define the operators a,fs = eroHgte=Hoo with x = (x,2¢), 0 < 79 < B for some 3 > 0
(B~ is the temperature) and the densities p¢ with o = C, S;, SC;, TC; denoting respectively the
Charge density, the spin densities and singlet and tripled Cooper densities
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where ¢! are the Pauli matrices, while
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Similarly we will introduce the paramagnetic and diamagnetic part of the current

1
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Jx - Z [a’x+e,sax,s - ax,sa’ere,s} ) T™x = —3 x s x+e s + ax+e sUx, s] (13)
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Defining (-) . 8= %, the density and current response functions are defined by the following
truncated correlations:

Qa,p,(x—y) = (Tokpy)rsr = Trxry) s — (Px) s {Py) 5L
Qjj.p,0(x —y) = (TJxJ, >T5 L= <TJny>3,L - <Jx>5,L<Jy>5,L (1.4)

where, if Oy is quadratic in the fermion operators, TOxOy = OxOy if o > yo and Oy Oy if 2 < yo.
If x —y = (&, 7), the response functions are defined in (—L, L) x [—f3, 8] and are S-periodic in 7
and L-periodic in &. If F 1 is any function of this type, we define its Fourier transform as

B8

Fo(p) / dg 3" 6 B 1 (1.5)

zeC

where p = (p, po), with p € 2Zn, —[L/2] <n < [(L —1)/2] and py € %’TZ.

In the following we will be interested in the zero temperature limit of some truncated cor-
relation functions, in particular the two-point function &, oS5 (x —y) := (Tag Sozy o). the
density and current response functions and vertex functions (to be defined later) calculated in
the thermodynamic limit. We shall denote these functions by the same symbols, without the j
and L labels; for example, we shall write: limg_, o limy 00 QL g.0(P) = Qa(p). Note that the
thermodynamic limit I — oo is taken before the zero temperature limit 8 — oo; this allows us to
derive properties of the thermal ground state. To shorten the notation, in the following we shall
use the definition limg ;0o = limg_yo0 limz s o0.

Several important thermodynamic quantities can be derived from the knowledge of the response
functions. In particular the susceptibility, which is given by

k= lim lim Qc(p) . (1.6)

p—0po—0

and the Drude weight, related to the response of the system to an e.m. field, is defined as

D= I.}gozl)li%D( p) (1.7)
with
_ B/2 ,
Dp,r(p) = —(72) = / dxo Y e (JxJo)p.y (1.8)
—5/2 TEA

where the first term is a constant independent of x. If one assumes analytic continuation in

po around pp = 0, one can compute the conductivity in the linear response approximation by
the Kubo formula, that is ¢ = lim,,_,g lims_, D(#ig’o)
infinite conductivity.

The conservation law

. Therefore, a nonvanishing D indicates

D0 =€ s Px|€ = 710, "Jdx = —Jz,xg x—1,z0] >
where 8" denotes the lattice derivative, implies exact relations, called Ward identities (WI),
among the Schwinger functions, the density correlations and the werter functions, defined as
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Gi:;,L(x,y,z) = (Tp&c)a;ajZL)TﬁL and Gi’é,L(x,y,z) = (TJxagaf)r 5 - Some Ward Identi-

ties, which will play an important role in the following, are
—ipoGiyly Lk k+p) —i(L— e )G Lk k+p) = S (k) = S F(k+p) (L)
—ipoQc.p.L(P) —i(1— e ), 5.(p) =0 (1.10)
—ipoQp.j.p.L(P) —i(1— e ) Dy 1(p) =0 (1.11)

where €, 5.1.(x,y) = <p)€Jy>T,B,L and Q; , 5.1.(x,y) = <JxP§>T,B,L'

In the previous paper [1] we have analyzed the model (1.1) in the repulsive non half-filled band
case and we have proved, see Theorem 1.1 of [1], that the zero temperature response functions
(1.4) in the thermodynamic limit decay at large distances with critical exzponents, which are non
trivial functions of the coupling and are denoted by X¢, Xs,, Xsc, Xsc, Xrci, see (1.26) of [1];
finally 7 is the critical exponent of the interacting propagator, see (1.25) [1].

Such exponents, together with x and D, depend on all microscopic details of the model, for
instance the form of the two body interaction or the chemical potential. Nevertheless, according
to the Luttinger liquid conjecture proposed by Haldane [3] (extending previous ideas by Kadanoff
[4], and Luther and Peschel [5]) such quantities, through model dependent, are believed to satisfy
a set of model independent relations. Such relations are true in a special solvable spinless models,
the Luttinger model, whose solvability relies on the absence of the spin and on the linear dispersion
relation of the fermions, see [6]. The content of the conjecture is that several of the relations valid
in the Luttinger model are generically valid in a wide class of systems describing 1D fermions with
with non linear dispersion relation and in presence of spin. The following Theorem proves for the
first time the validity of the universal Luttinger liquid relations in a wide class of models (including
the 1D Hubbard model) of spinning fermions on a one dimensional lattice with a generic short
range interaction satisfying a special positivity condition, in the non half filled band case.

Theorem 1.1 Given the Hamiltonian (1.1), if i # 0 and v(2arccos(fi)) > 0, there exists Ao > 0
such that, if 0 < X\ < Xg, it is possible to find a continuous function pp = pr(f, \) = arccos(ix) +
O(X) verifying the conditions

pr#0,m/2,m , U(2pr) >0 (1.12)
so that there exist continuous functions
K=K\ =1-cA+0(\), K=K\ =1-cA+0(\?) (1.13)

with ¢ = 2[0(0) — v(2pr)/2](7sinpr) =1, such that
1. the critical exponents satisfy the extended scaling formulas

ip=K+K'1-2, 2Xc =2Xg5, =K +1,

. - . (1.14)
2Xrc, =2Xsc =K +1, 2Xsc =K+ K
2. the small momentum asymptotic behavior of the response functions is
R K o2
Qc(p) = ﬁm + A(p)
0 (1.15)
Dp)=—-K——"—-+1B
(p) = — o + B(p)

with A(p), B(p) continuous and vanishing at p = 0, v = sin pp + O(\); therefore the Drude
weight D and the susceptibility k are O(X) close to their free values and verify the Luttinger
liquid relation

v?>=D/k (1.16)
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The relations (1.14) were proposed in the spinless case by Kadanoff [7] and Luther and Peschel
[5], and imply the exact determination of all the other exponents from the knowledge of a single
one of them. The relation (1.16), proposed by Haldane [3], gives exact formulas relating the
susceptibility and the Drude weight (connected to the amplitudes of the response functions) to
the charge velocity v. The importance of such relations, in addition to the fact that they are
among the very few cases in which the basic principle of universality in statistical mechanics can
be rigorously established, rely in the fact that they allow for predictions which could be possibly
experimentally verified in real anisotropic materials.

In order to prove such properties we introduce an effective model verifying some extra sym-
metries (which are only asymptotic in the lattice model) like the Lorentz symmetry and chiral
local phase invariance implying many Ward Identities. In the model (1.1) such symmetries are
not true, and there is a much smaller number of Ward Identities, given by (1.9), (1.10), (1.11),
which are not sufficient by themselves to derive the universal relations. The critical exponents
and the thermodynamic quantities of the effective model are related to the ones of the model
(1.1), provided that a suitable fine tuning of the parameters is done; on the other hand the Ward
Identities valid for the effective model imply relations from which at the end (1.14) and (1.16)
follow. This method is a way to implement the concept of emerging symmetries in a rigorous
mathematical setting. This fine tuning is possible thanks to the fact that both model are analyzed
by Renormalization Group methods, and have a two dimensional manifold of fixed points. The
strategy we followed can provide several extra information on the Hubbard model; an example is
provided by the content of App. D, in which a detailed expression of the 2-point function of the
Hubbard model is given, which looks in agreement with the so called spin-charge separation, that
is the conjectured property that the spin and charge waves have different velocities.

2 Renormalization Group Analysis of the Effective Model

2.1 Definition of the effective model

The effective model which we introduce in order to prove Theorem 1.1 is not Hamiltonian and
is defined directly in terms of Grassmann variables. Given L > 0, we consider the set D} of
space-time momenta k = (k, ko), with k = 2Z(n + 1) and ko = 2% (no + 1); with each k € D},
we associate eight Grassmann variables (sometimes also called fields) @I oo 12; wes Withw =+ a
quasi-particle index and s = + a spin index. We also define (only formally for the moment, since
the number of Grassmann variables is infinite) the Grassmannian field as

1 . ~
+ E +ik +
X,Ww,S = L2 e’ x"/}k,w,s (21)
keD},

where x = (x,20) € A, AL being a two dimensional square torus of size L2. To shorten notation
we will also denote [ AL dx by [ dx; moreover, in general we shall not stress the dependence on L
of the various quantities we shall consider.

Given two integers [ and N independent of L, such that | < 0 < N, the Generating Function
of the effective model with ultraviolet cutoff ¥ and infrared cutoff 4 is the following Grassmann
integral:

N () /pg,Nl (d)) exp {—V(\sz) + Z/dx TV o s Vst
o (2.2)

+ Z/dx [w;w,sn;w,s + n}tw,sw;w,s]} ’
w,s
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where J,n are (respectively commuting and anticommuting) external fields, PE’N] (dyp) is the
[1,N]

Grassmann-valued Gaussian measure with propagator oy . 0s s g, (x —y), where
[l,N] . _ li —ik(x—y) XlE,N(|k|) E — (ck. k 2.3
I (X=¥)= 773 ¢ “iko +wek (ck, ko) (23)
keD},

Z,c>0and xj ~ (1) is a smooth cut-off function defined for ¢t > 0, depending on a small positive
parameter £ > 0 with the following properties. If € > 0, it is strictly positive for all ¢ > 0, which
reduce, as € — 0, to a compact support function x; n(t) equal to 1 for 'yl <t< ’yN and vanishing
for t < +'=1 or t > yN*1. The model is not really dependent of ¢, since we plan to perform the
limit € — 0 in the expressions we get for the correlation functions and the kernels of the effective
potential, at fixed values of L, N and [.

Figure 1: The cut-off functions XiN(|E|) (dashed line) and y; n(|k|) (solid line)

The interaction is

V() =911 V1,0(¥) + 9y V() + gL VL(¥) + gaVa(v) (2.4)

with

VI,J_(l/J) =3 Z/dXdth KX — Y)¢xw s Px,w,—s ;,70.1,5 ;'r,fw,fs

‘/H(w)Z*Z/dXdthKX— )wstwstw —w,s
(2.5)
VL(Q/}) -5 Z/dXdth KX = y) X,Ww,8 ;,w,s ;—,—w,—s ;,—w,—s

V4(1/)) = 7Z/dXdthK X = )djst X,w,8 yw,fs ;,w,fs

where hy, g (x) is defined in the following way. Let us fix an integer K ! and a smooth function
h(p), defined on R? and rotational invariant, such that [2(p)| < Ce=*P! for some positive C and

i, and h(O) = 1; moreover, let us call Dy, the set of space-time momenta k = (k, ko), with k = 2Xn
and kg = 2T”no. Then

he (%) = 5 Z ¢'Px (2.6)

pEDL

it is possible but not advisable to choose K = 0, because leaving a generic K will make clearer the “power
counting” formulas: see for example Lemma 2.2
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Note that hy, i (x) is a smooth periodic function on Ay, which converges, as L — 0o, to a smooth
function hx(x) = y2Kh(y%x), h(x) being the Fourier transform of ﬁ(p); this function is fast
decreasing on scale v~

Even if the properties of (2.2) are largely independent of the exact form of xj x(¢) and xi,~(?),
we find it convenient to choose them in the following way. We introduce a function x(t) € C*°(R*)
such that x(¢t) = 1if ¢t < 1 and x(¢) = 0 if || > ~; then we define, for any integer j, f;(t) =
x(777t) — x(v77T1t) (hence the support of f;(¢) is contained in the interval [y/~1 47 T1]) and we
put

N
Xin (k) =" £ (k) (2.7)
Jj=l

where f5(t) = f;(t),if I +1 < j < N —1, while f{(¢) and f(t) are obtained by slightly modifying
fi(t) and fy(t) in the following way, see Fig. 1. We put f&(t) = fn(t) + eAn(y~Nt), where
AN (t) is a Schwartz function with support in [1, +00), such that An(¢) > 0, if ¢ > 1. Analogously,
fE(t) = fi(t) +eA(y~), where A(t) is a C°° function with support in [0, 1], such that A;(t) > 0,
if t € (0,1).

In order to understand this definition, note that, if ¢ = 0, the model is well defined, since the
family of Grassmann variables z/f,w’s, with k € D} = {k € D} : x;.~(]k|) > 0}, is finite, so that

we can restrict the sum in (23) and (2.1) to the set YS’L and we can write

1 o
PgaNl(dw):Nexp{ = Z Nin (KD =ik +wek) i, g, b T dif b, (28)

/ B/
keD keDp

where N is a suitable normalization constant. However, in the following we have to analyze the
behavior of this measure under the local gauge transformatlon 1/)x ws = eF 10w iw,s and this

looks very difficult, since it is not possible to give a useful representatlon of the measure (2.8) in
terms of the Grassmann field v, ., even if it is now well defined, if we restrict in (2.1) the sum to

X,w,s?
the set D, . In order to solve this problem, we put € > 0 and, at the same time, in order to keep the
number of independent Grassmann variables finite, we introduce a lattice cutoff, by substituting
the torus Az with a lattice of spacing a, such that vV *1 < 7a~! and La~! = 2M, M integer. We
call AY = {x = (ma, mpa),m,mg € [-M, M — 1]} the lattice and we substitute everywhere [ dx
with > ens a2 and the set D), with the set D} , = {k € D}, : |k|, |ko| < ma™' — xL~'}.

The outcome of this procedure is that the field {¢f,,,x € A4} is related to the field

{¢k v KE D)}, up to a constant, through the finite Fourier transform, so that

X,w,s?

dw = H d{b\l—:w,sd&l:,w,s H dwxw de;awvs (29)

w,s,kEﬁ}‘ o w,s,XEAY

where A is a normalization constant; (2.9) easily implies the invariance of the Grassmann-valued
Lebesgue measure dip under the local gauge transformation (3.1). Of course, after writing the
Ward identities following from the gauge invariance, we have to take the limit a — 0, followed by
the limit ¢ — 0, while keeping fixed L, N and I.
In agreement with these definitions, we shall define the Fourier transform of the external field
through the analogous of (2.1), while, for the external field Jx ., s, we shall use the definition
Jx,%S =L? ZpEDL pw.s€ PX where DL o :={p €Dy :pp€|-7/a,n/a— 2r/L]}. For the
same reasons we modify the definition (2.6) of the function hr x(x), by restricting the sum over
p to the set ﬁL,a.
With this setup, as we shall prove, we can rigorously compute the correlations and the kernels

of the effective potentials at fixed values of L, N, [ and then perform the limit a — 0, followed by
the limit ¢ — 0.
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It is easy to see that the limit a — 0 is essentially trivial; in fact, in the scale decomposition
that we shall describe below, the lattice spacing has a role only in two points:
a) The bounds concerning the integration of the Grassmann variables with momenta larger then
~N . which has to be performed in a single step using the propagator gU(JN) (x) defined as the
r.hs. of (2.3) with f5 in place of x7 y, can not be uniform in L. The reason is that we do

not modify the free propagator, in order to make it periodic on the set DL .» See (2.8); it follows
that boundary terms appear in the integration by part arguments which allow us to control the
decreasing properties in x of gU(JN)(x), see (2.15) below. However, thanks to the fast decreasing
properties of the function Ay (¢) introduced in the definition of fﬁ,(@) it is easy to see that the

boundary terms are negligible for a small enough, so that the dimensional bounds on g( )( ) are
uniform in a <@g y and € € [0,1], with @y y — 0 for L, N — co. This is not a source of trouble,
since we have to perform the limit a — 0 at fixed values of N and L.

b) The presence of the lattice introduces the so called Umklapp terms, when we write the ker-
nels of the effective potentials and the correlations in terms of Fourier transforms, a proce-
dure that is important in our analysm of the infrared scales. For example, our definitions im-

ply that ZxEA" X,w waw sWPxw,s — =L" QZpG'DL JP,W’S[;OP + pp+27ra_1 + ﬁpf27ra_1} with ﬁp =
-2 p k-eD, ,p=kt—k- ¢k+ o, ka s It is easy to see that the contribution of the terms pro-

portlonal to pp+2,m 1 and pp_orq-1, as well of all similar Umklapp terms does not qualitatively
modifies the structure of our multiscale expansion for a < @y, and that all quantities of interest
are well defined in the limit a — 0, at fixed values of L and N and ¢ < 1.

Hence, in the following we shall write the results of our calculations directly in the limit a — 0;
in particular we shall use the symbols D} and Dy, in place of D' o and Dy, 4, respectively.

As concerns the functions Ay (v~ V|k|) and A;(y!|k|), their strict positivity has a role only
when we discuss the Ward Identities following from the local gauge invariance. This calculation
involves the expression in the exponent of (2.8), which is very singular for ¢ — 0, but, as we
shall see, the Ward Identities for the correlations and the kernels of the effective potentials have
a simple well defined limit, which contains very important terms, which are at the origin of the
anomalous critical exponents.

Let us now give a look at the interaction. The coupling g;,| has a special role: if g; | = 0 the
model is invariant under the global phase transformation

d)x ,W,S8 - eila“’ S’l/)x ,W,S (2'10)

with the constant phase «,, s which can depend both on w and s. Otherwise, if g; | # 0, the spin
invariance is broken; the invariance is under the transformation

+ N eizaww

X,Ww,S

(2.11)

X,w,Ss

with the phase independent of s.

For finite values of N, [, L it is a consequence of the Brydges-Battle-Federbush formula and of
the Gram-Hadamard inequality, see (2.43) and (2.47) of the companion paper [1], that the the
functional integral (2.2) is well defined and analytic in the couplings § = (g1,1,9),91,94) in a
disk in the complex plane. In order to get results valid in the limit of removed cut-off we need a
multiscale analysis.

It will turn out that the limit N — oo at [ or L finite (that is the solution of the witraviolet
problem) can be controlled by only assuming that § is small enough. The analysis of the ultraviolet
problem is somewhat similar to the one in §2.2, 2.3 of the companion paper [1] for the ultraviolet
problem of the model (1.1); in particular a tree expansion and a multiscale analysis are necessary.
However, in the case of the model (1.1) the lattice plays the role of an ultraviolet cut-off for spatial
momenta and this makes the problem much simpler. In the case of the continuum model (2.2),
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on the contrary, there is no such cut-off and the propagator (2.3) in the limit N — oo has a low
O(k™1) decay for large k; power counting arguments suggest that ultraviolet divergences, similar
to those appearing in d = 1 + 1 quantum Field Theory models, could appear. They are however
avoided, as we will see, thanks to cancelations and the non-locality of the interaction (1.1), see
lemma 2.2 below.

While the removal of the ultraviolet cut-off (at finite infrared cut-off) only requires that the
couplings are small, the removal of the infrared cut-off is much more subtle and depends critically
on the values of the couplings ¢1,91,1,91,94; this reflects the fact that different long distance
decay properties of the correlations are expected to depend on the nature of the interaction. We
will show that the infrared cut-off can be safely removed in the following two cases:

1. the case g1,1 =0

2. the case gy =g1 —g1,1 and g11 >0

2.2 The ultraviolet integration

For simplicity, we shall put in (2.2) n = 0 and, for notational convenience we write (2.4) as

1 - -
V) =3, / dxdy U5 o Vshe 6 (X = YIS oy o v (2.12)

0,0

with © = (w, s,t), ©' = (&', ¢',¢') and

—g1, 1 hrk(x—y) forw' =-wand s=t =—s =—t
gihr.x(x—y) forw' =—wand s=t=s5 =¥

héig,(x —yY)=191hLk(x—Yy) forw =—-wand s=t=—s = -1/
gahr k(X —y) forw' =wand s=t=—s" = -t/
0 otherwise

To exploit certain identities, we have to put in (2.2) a more general source term; hence, we
substitute the term proportional to the J field with Yo [dx Jx,0V% 1. sWx.w.t» Where again © =
(w, s,t), and we define:

Vv, ) =Y / 0% U o sy — V(VED) (2.13)
€]

The graphical representation of the interaction is given in Fig. 2.

w, s w,s Ww'ys
Figure 2: Graphical representation of (2.13)

By using (2.7), we can write

N
LN ,
gplx) =" g9 (x) (2.14)
o
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where g(])( ) is defined as g[l ]( ) with XIEN(|E|) replaced by fj(\ED Therefore, for a positive
constant cg,

lg™ e = sup gV () < o™ 5 Nlg® e, = mgX/dX 1957 ()] < cor ™
o (2.15)
lg™ |7, = max /dx ] 1957 (x)] < eoy~2*
where ||x — y|| is the distance on the torus, and, from (2.6)
1hr kL. = sup|hr k(x)| < co®™ . |1OhL kL, = Slt)p /dx 0;hr i (x)] < cov™
X J=
lhe ke, == /dX |hix ()] < co (2.16)
The scales N, N — , K are called ultraviolet scales, while the remaining ones are called in-
frared scales; if ¢(J) j > K is the field with propagator g(J)( ) and we call Py (di)?)) the cor-
responding Grassmann measure, the integration of the fields ¥(N), ... ) is done iteratively in

the usual way, by using the decomposition Py (dy!-M) Hf:z Py(dy)), where we have modified

the previous notation by writing Pz (dy)>M) in place of PE’N] (dip). After integrating the fields
M) p(IN=1) (P > K we get an expression of the form:

/pZ(dw[l,NJ)eV(wl“”hJ) :eszEh,JrSh(J)/Pz(dw[lvh])ev(m(w[l’h]"]) (2.17)
where
o — (n;2m)(h
VY (4 Z Z /dzdxdyW@ o ") (z; %, y) H Jz;.0; Hibxm, 5 Vys t,] (2.18)
m=1n=00,0’

and © = (01,...,0,), 8" = (0],...,0],), 0} = (], s}, 1}).

VERF ARG
Remark - The compact support properties of the single scale propagators g(j ) imply that
Y (z/)[l h] J) depends on N and L, but is independent of the IR cutoff [, if | < K.
The integration of the field ¢9) is done after resumming the marginal terms, which is done by
rewriting the r.h.s. of (2.17) as

e—LQE;L-i-S;L(J)/Pz(dw[l,h—l])/PZ(dw(h))eﬁv(h>(¢[l’h]7J)+RV<}L)(¢“’M7J) (2.19)

where R =1 — £ and £ is a linear operation acting on the kernels of V") so that

W (ni2m)(h) (zxy) ifn+m<2

) (2.20)
0 otherwise

Therefore, if we define, as in §2.3 of [1], e, = Ep — Epy1 and sp(J) = Sp(J) — Sp+1(J), then
—L2e + sp(J) + VM (2, J) can be expressed as a tree expansion very similar to the one used in
Lemma 2.2 of the companion paper [1] that here we briefly recall.

Let us consider the family of all trees which can be constructed by joining a point r, the root,
with an ordered set of @ > 1 points, the endpoints of the unlabeled tree, so that r is not a branching
point. m will be called the order of the unlabeled tree and the branching points will be called the
non trivial vertices. The unlabeled trees are partially ordered from the root to the endpoints in
the natural way; we shall use the symbol < to denote the partial order. Two unlabeled trees are
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h h+1 Ry N N+1

Figure 3: A renormalized tree appearing in the graphic representation of k)

identified if they can be superposed by a suitable continuous deformation, so that the endpoints
with the same index coincide. It is then easy to see that the number of unlabeled trees with 7
end-points is bounded by 4. We shall also consider the set TN,h,ng,n , of the labeled trees with
ng+ny endpoints (to be called simply trees in the following); they are defined by associating some
labels with the unlabeled trees, as explained in the following items.

1) We associate a label J or g to each endpoint, so that there are ny endpoints with label g, to
be called normal endpoints, and n; endpoints with label J to be called special endpoints.

2) We associate a label h < N with the root. Moreover, we introduce a family of vertical lines,
labeled by an integer taking values in [h, N 4-1], and we represent any tree T € T n,n,n, SO that,
if v is an endpoint or a non trivial vertex, it is contained in a vertical line with index h, > h,
to be called the scale of v, while the root r is on the line with index h. In general, the tree will
intersect the vertical lines in set of points different from the root, the endpoints and the branching
points; these points will be called trivial vertices. The set of the vertices will be the union of the
endpoints, of the trivial vertices and of the non trivial vertices; note that the root is not a vertex.
Every vertex v of a tree will be associated to its scale label h,, defined, as above, as the label of
the vertical line whom v belongs to. Note that, if v; and vs are two vertices and v; < vg, then
By < R,y
3) There is only one vertex immediately following the root, which will be denoted wvy; its scale is
h + 1. If vy is an endpoint, the tree is called the trivial tree; this can happen only if ng +ny = 1.
4) Given a vertex v of 7 € Ty pn,n, that is not an endpoint, we can consider the subtrees of 7
with root v, which correspond to the connected components of the restriction of 7 to the vertices
w > v. If a subtree with root v contains only v and one endpoint on scale h,, + 1, it will be called
a trivial subtree.

5) Given an end-point, the vertex v preceding it is surely a non trivial vertex, if ny +n; > 1.

Our expansion is build by associating a value to any tree 7 € Ty j n,m in the following way.
First of all, given an endpoint v € 7 with h, = N + 1, we associate to it one of the terms
contributing to the potential in (2.13), while, if h, < N, we associate to it one of the terms
appearing in

S [ axxayWO 20 () Ty Gy )+ 2 [y W 00 ey 0 0

o,w’ w,s
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+3° / dxydxadxcgdxy WOyt ) ) gt ) el (2:21)

X3,W3,83 7"X4,W4,54
w,S

All these possible choices will be distinguished by a label « in a set A;, depending on 7. Finally,
the operator R is associated with each non-trivial vertex v.
The previous definitions imply that the following iterative equations are satisfied:

VO @ED )+ s,(J) = L2en=> > VW (ra,9EM ), (2:22)
n=1 TGTN,th_q,nJ
acAr
where, if vg is the first vertex of 7 and 7,...,7s, s > 1, are the subtrees with root in vg,

V(h)(T,a,z/J(Sh)7 J) =

2.23
A L GO B ) .
where V(hﬂ)(n,ai,d,(ghﬂ), J) is equal to RV"HD (. oy, 1(Sh+D | J) if the subtree 7; contains
more than one end-point (that is v is a non trivial vertex), otherwise it is given by one of the
terms in (2.13), if h, = N 4 1, or one of the terms in (2.21), if h, < N.

Note that, by the definition (2.20), the tree value can be different from 0 only if, for any non
trivial vertex v # vy, |P,|/2 +nJ > 2, where P, is the number of 1 variables not yet contracted
in the vertex v (see App. A for a precise definition) and n; is the number of J-endpoints of the
subtree with root v. Note also that |P,| has to be positive for any v # vy and that P,, = 0 for the
trees contributing to ey, and s, (.J); in the following, we shall denote by W (0" and Wé";o)(h)(g)
the corresponding kernels, while W (©:0)() = Z , WO06) and W(n 0)(k) (z) = Z;V:h Wén;o)(j)(g)
will be the kernels of Ej, and Sp,(J)

By (2.22) and (2.23) it is straightforward to verify, see App. A, that the kernels W (™2m)(%)(z: x y)

n (2.18), h > K are represented by integrals of power series expansions in the running coupling
functions W(0:2)(k) W (12) (k) p7O:4(F) with k > h. Consider now the L' norm

| W (rs2m)(®)|| .= = Iax o /dzdxdy ‘W(" 2 (4 x, y) (2.24)
Of course, since the kernels may contain delta functions, we extend, as usual, the definition of the
L' norm by treating the delta as positive functions. We also define
(1;2)(h)

we o (2:X,Y) = do,00(z —x)i(z —y) (2.25)
(0;4)(h)

’U)@ o’ (Xl, X2, y1>Y2) = Z2hé77g, (X1 — X2)5(X1 — yl)é(XQ — yg) (226)
that are equal to Wg,g/)(h) and Wéog,)(h) when h = N.
Theorem 2.1 Let K < k < N and assume that

sup 7—hHW(0;2)(h)|| + ||W(0;4)(h)||} <o sup HW(1;2)(h)|| <2 (2.27)
h>k h>k

with €y independent of k, L, N; there exists a constant € such that, if g < € then, for a suitable
constant C',

||W (n;2m)(k ” < €5 nmanrm k(2—n—m) (228)
where dp, ., = max(m — 1,0) if n > 0, and dy, ,, = max(m — 1,1) if n = 0. Moreover the limits

limy 00 ngg,m)(k) do ezist and are reached uniformly in N.
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The proof of this theorem is very similar to the proof of Lemma 2.2 of the companion paper [1],
and is in appendix A. Note however a crucial difference; in the present case the scaling dimension,
which can be read from the r.h.s. of (2.28), is n +m — 2; this explains why, according to (2.20),
we renormalize the kernels in V" such that n +m < 2, that is those which are the only ones with
m > 0 and scaling dimension < 0.

Note that Theorem 2.1 implies a bound also on the L! norm of the kernels W(n Wk)( ) =

Zj:k VV@n 0)(7)(7). This bound is finite uniformly in NV for n > 3, while it is divergent for N — oo,

if n < 2. The cases n = 0 and n = 1 do not give any trouble; in fact W19 = 0, because of the
oddness of the free propagator while the divergence of the free energy is not a problem in a QFT

model. As concerns HW(2 )R ||, the logarithmic divergence for N — oo of its bound is a problem
in the following analy51s However, by using the symmetry gL V] (z,20) = —zng[Jk ]( X, ), one

can see that [ dzdz’ W (2 0)(k)(z, z') = 0; this identity (or better its validity for the term of order 0
in §) will be a crucial mgredient in the proof of Lemma 2.2 below, together with the non locality
of the interaction, which allows us to improve some bounds by substituting the L, norm of the
propagator with its L; norm. In this way we will be able to verify the assumptions (2.27) on the
running coupling functions by improving their dimensional bound.

Lemma 2.2 There exist positive constants Cy,Co, Cs, such that, if g = max{|g1 1|, |9y, gL, |gal}
is small enough and if K < h < N, then

WO || < Cygyly— 20— (2.29)
W B (R _ gy (52| < Oy~ (= F) (2.30)
[WODR) _ gy OB < Cygegry™ ) (2.31)

By the above lemma we see that we can choose § so small that Theorem 2.1 holds and the
bound (2.28) is true. Note that the crux of the above bounds is the fact that Cy, C2 and Cj
are independent of the scale h. In other words, we have standard “power counting” bounds even
though we do not study beta functions of marginal or relevant terms: that is obtained by the
cancelations that we will provide in the proof below. For K < h < N, the factor(s) = (h=K) do
not play any decisive role, and in applications will be bounded by 1. However, note that they are
unbounded if, instead, h < K: this explains why this Lemma is stated only for K < h < N.

Proof of Lemma 2.2 The proof is by induction. We assume that the bounds (2.29)-(2.31) hold
for k4+1 < h < N (for h = N they are true with C; = Cy = C5 = 0); then we can use Theorem
2.1 to have (2.28) on scale k, assuming that g < £/C where C is the minimum among C4, Cs, C3;
finally, we prove that (2.29)-(2.31) holds for h = k. Note that the definition of the kernels (see
remarks after (2.23)) imply that, if m > 0 and n > 0,

n 2
(n:2m)(h) (, . ._ 9 h Lh
W@;@/ (Z7§7X) T H an o, X H ’l/}+ 81/}7 . V( )(\/Zw[ ]7J)
j=1 KRS xJ,w S- yj7w_;'7_l1' —J=
v=I1=00 (2.32)
+
17(n+1;0) (h) 117(0.0)(h) _
WQ H an 0, ) ) w - Eh
J=1 J=0

Let us now put v (1, J) = VW (3, J)— L2 Ep,+8Sn(J). We will make repeated use of the following
two identities. The first one, graphically represented in Fig. 4, says that, for any © = (w, s, o),

8V(k) oY)
GW ZJx@wxwto—i—ZJxe/dugkﬂN] )Z'w (¥, J)
X,w, s u,w,to
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o2y k) ov® gy
+ /dwdu X—wW gL[fH’N] X—u U, J
toz,o;l ( ) ( ) aJW7@18’(/}1J1r,w,tg aJW791 8’(/}1J1r,w,to ( )
LK av™
+ Z w;,w,to /dW h@ ,01 (X W) (wa ) ) (233)
t0,01 0Jw,0,
W W, W,
+ + +
X X X
u u

Figure 4: Graphical representation of (2.33). The wiggly line and the solid arrow between two points

[k+1,N]

represent ho o and gy , respectively; the external wiggly line and the external arrow represent Jx e

and w,[f,!j];r, respectively; the blobs represent the derivatives of V<k) with respect to their external fields,
with a "halo’ that reminds the possibility of taking other derivatives w.r.t. J or 1 fields.

The second identity, graphically represented in Fig. 5, says that

oY)
0Jx,0

(6, 7) = ¥ Vs /dug[k“fﬂ( u)l PPl

X,w,s — w;w 0 (1/)7 J)
81/11.1 w,to awu,w,S wt ‘|

92y k) N vk gpk)
81;[}1—;_,%561/);/7%150 &bf{,w,sa J’,w,to

+ /dudu’ gLl (x — ) glF N (0 — x) l ] (¥, J)

(2.34)

A proof of these identities is given in appendix B. Let us show that (2.28) can be improved to
(2.29)-(2.31) case by case.

a) Bound for W(E)OQ)(k), If we take in (2.33) one derivative w.r.t. ¢, , and, after that, we put

J =1 = 0, we obtain an identity for Wéw)(k) (x,y), © = (w, s,t), which, since Wg;o) (0) = 0 by
the oddness of the fermion propagator, reads

0;2)(k 1;2)(k
WP (x—y) =VZ S /dwdw e e (x = Wgl N (x - whWEDW (wiw'y)
to,0’
(2.35)
where © = (w, s,t). We now bound hg by its Lo,-norm, the fermion propagator by its Li-norm
and WL2(E) by (2.28), ||WEDE)|| < C2. We get

WP < 16g0he x|l [WE2RE| ST gDz, < gy ™20 - (2.36)
j>k+1
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Figure 6: Graphical representation of (2.35); the gray blobs represent W(E)O‘Q)(k) and WD) the solid

O/ (w,to,t)?
lines are fermion propagators g‘[f LT o1 external lines; the wiggly line is hg’g,.

This proves (2.29).

b) Bound for W12®) If we take in (2.33) two derivatives w.r.t. vy, , and J, e and we put

J =1 =0, we can decompose Wél,%)(k) — wg,;?@))(k) into the four terms in Fig.7.

Figure 7: : Graphical representation of the decomposition of W@()l/i))(k); the darker bubble represents the
difference W(S)l,?_))(k) — wé)l/;?(;(k); the other bubbles represent the kernels in (2.32); the internal vertices are

integrated.

Consider first the graph (a). As in the previous case, take the Li-norm of the fermion prop-
agator and the L.,-norm of the function hé)’g,; then use for W22 *) the bound (2.28), that is
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[WEDE)|| < C3eqy*. We get:

WSRO < 1650 il IWEDO T g0y, < Lgy=20-50. (2.37)
j>k+l

Analogously, by using (2.36), we get for the graph (d) the bound

. , Cy_
W@l < 2wODE 37 gD, < gy ¢ (2.38)
J>k+1

Let us now consider the terms (b) and (c). In these cases the previous procedure, based on
the non locality of the interaction, which allows us to improve the bound by substituting the
Ly norm of the propagator with its L; norm, can not be directly applied and we have to face
the problem that the trivial bound is proportional to |[W @9 ®)||, which is divergent for N — oo
(see the remarks after Theorem 2.1). We shall bypass this difficulty, by exploiting the fact that

[ dzdz’ (()Q(g,)(k)( z') = 0 in the following way. Let us consider first the term (b) and note that

1;2)(k 2;0)(k LK
W((b o)/( )(Z x,y) =0(x— ZZ/ W(()' o)/(' : (2, W)hgii (W —X)
e//

If we take one derivative w.r.t. J, o/ in (2.34) and then we put ¢ = J = 0, we get a represen-
tation of Wg 0@)/(,k)(z, w), that we insert in the previous expression; the result can be graphically
represented as in the left side of the first line in Fig. 8. We further expand this expression by
substituting the kernel W((b)@),(g),, (z;u’,u) with its expansion in Fig. 7; the result is represented
in Fig.8.

(b1)

Figure 8: Graphical representation of the term (b) in the decomposition in Fig.7

Consider the term (b1). The new estimation procedure is now slightly more elaborated; de-

compose the three propagators go[J L] (w—u’), gt[f,frl ] (u—w) and g[kJrl N]( —w') into scales

and take the L..-norm of the lowest scale propagator, while the two others are used to control the
integration over the inner space variables through their L;-norm; then, for W(22*) yge again the
bound (2.28), that is [|[WZ2®)|| < C3pyF. We get:

(1;2)(k
WG @) < 1682 e e, o el [WED O

_ _ 2.39
3L e 9D e, 99 o < Coagy 2B (2.39)
i>5>1 >k+1



March 14, 2013 16

In a similar way, by using the bound (2.36), we see that ||I/V(1 2) (k) | < Co4gy2—5)

(b4)
The bound of (b2) and (b3) looks as problematic as the bound of (b), but we can now use in a
simple way the cancelations related to the propagator symmetry gu[f V] (z,20) = —iwggC ] (—x0,x),

which implies that [ dzdz’wgg,)(k) (z,2z') = 0, at any order in g, in particular at order 0, that is

/du [g““,“ M )r ~0. (2.40)
Let us consider first (b2); we get
Wik mxy) =5 =n Y faw g o= w [ Vw=a] 24
Y
By using the identities (2.40) and
hé,g“ (x—w)= héign (x —2) + / ds ( @ @,, )(x—z+s(z—w)) (2.42)
we get:
Wi @ x.y) = 8(x—y):
Z / ds /dw (thg”g/) (x—z+s(z— w))(zj — wj) {g([f,“‘l N]( —z) ? (2.43)
7
i=0,1
Hence,

IWes I < 8glohe sl 30 gz, 9Pl < Copgy™ 70 (244)
i>5>k+1

Following the same strategy, we obtain a bound for (b3) which is obtained from the bound for (b2)

by multiplying it by ||W(b1)2 *) I|; we get:
1;2)(k (k- 1;2)(k
Wi ™ < Congy~ 0w 2@ (2.45)

Analogously, the bound for (b5) is obtained from the bound for (b4) by multiplying it by HW((bl);2)(k) I
hence ||W((b15)2)(k)\| < 02,@7—2(1@—1()”W((bl);z)(k)”_
Therefore, summing all the bounds for (b1) to (b5), we obtain

CQ

1;2)(k _ _ 1;2)(k
WP < 22y 4 ges w2

with Cy = 2(02’1 + 02’2 + 02,4) and C5 = 02,2 + 02’4. Hence, if g is small enough,
HW(l i2) (k) | < Cogy 5 (2.46)

It is now easy to complete the proof of (2.30).

¢) Bound for WAK) 1f we take three derivatives w.r.t. 1 in (2.34) and then we put ¢ = J = 0,
we get the decomposition of W4 ) depicted in Fig.9.

Let us consider first the graphs (a) and (d), which differ only for the interchange of y with y’;
by using (2.30), we get:

Wiy U+ 1M < 16] ez, Cogn™ 7 < G gy~ 1)
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w(0;4)

a,af

Figure 9: Decomposition of the class of graphs W;o‘;;;/)(k). The darker bubbles represents W;O:l,)(k) -
or WLD® _,,0:2)

azal "

By using (2.30) and the bound in the right side of (2.27), we get

N
0:4) (k 0:4) (k . . ; 9 —o(h—
||W((b) )( )H + ||W((e) )( )H < 16HhL,K||L1HW(LQ)(k)||||W(0’2)(k)|| Z ||g(J)HL1 < 03,2927 2(h—K)

=k
Finally, by using (2.27) to bound |[W®&H)®) || we get

WSO < 8Lk L W EDE S gD, < Cs geagy =250
j>k

Then, if § < g9, by summing the three previous bounds, we get (2.31), with C3 = C314+C32+C3 3.
The proof of Theorem 2.2 is complete. B

2.3 The infrared integration

The parameter K has only the role of clarifying the dimensional content of the bounds in §2.2;
hence, from now on, we shall put K = 0. For analogous reasons we shall also put Z = 1.

Note that Theorem 2.1 implies that the effective potential on scale 0 of the model (2.2) is
equivalent, from the RG point of view, to the effective potential on scale 0 of the extended Hubbard
model, which has been studied in detail in the companion paper [1]. The reason is in the following
remarks:

a) The free propagator g%%(x) has the same asymptotic behavior of the Hubbard free propagator,
see eq. (2.100) in [1], at the infrared scales; the fact that, in [1], there is a different definition
of the finite space region and of the infrared cutoff has negligible effects, as it is easy to see by
looking at the description of the infrared integration in §2.4 of [1].
b) The local parts of the effective potential in the two models have the same structure. As a
consequence, the running coupling constants (r.c.c.) of the two models can be defined in a similar
way, with two differences: in the model (2.2) there is one more quartic marginal term, but, thanks
to the oddness of the free propagator, the r.c.c. v (that multiplying the relevant monomial
Ny Yy w.s) vanishes exactly, so that the singularity of the interacting propagator stays fixed at

X,Ww,S
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k = (0,0). As concerns the renormalization constants (ren.c.), in the model (2.2) we put a restrict
set of source terms, which are related to the charge and spin ren.c.’s of the Hubbard model; hence,
we have to consider three ren.c.’s, that is Z, the free measure ren.c., Z,(Il) and Z](12)7 related to
the source terms with s =t and s = —t, respectively.

Hence we can repeat word by word the analysis of §2.4 of [1], with the simplifications that
the free propagator scales exactly and v, = 0. In particular, we can define in a similar way the
functionals S;(J,n), V W) (xh), VW) (1), BY) (3, J,n), BY) (1, J,n) and the renormalized single scale
free measure P s d 1(dv), with propagator

W=7 (247)

where fj( t) has the same support ans smoothness properties of f;(¢) and Zi—1(k) =1+ (Z_1 —
1) fi(|k|); for details see also §3 of [8].
Remark - Even if Z,_; (k) takes values between 1 and Z;_1, |35’ (k)| is bounded by ¢y~ Z: ! for
all j € [1,0]. However, in the following, in particular in the prove of the bounds (3.9), (3.10) and
(C.7), the strong dependence on k of Z;_ (k) will be relevant.
The r.c.c. are defined as the coefficients of the local part of 17(j)(w), which is given by

LYD () = 8, F5() + g1,1,5F1, 1 () + 91,51 FY () + 91 5 F1L($) + 91, Fa(®) (2.48)
where F5(v) =3, Jdxyi, (iwdy )Yy, , while the other functions are defined as the potentials
(2.5) with §(x — y) in place of hi k(x —y). Moreover,

AR Z(.Q)
7J dx XWSS S st ;ws+JXWS*87 X,W,S 7w—s 2.49
D, Jn) = Z/[ Vs + s GV (2.49)

We introduce a label a € {1,2} to distinguish, in the tree expansion, the endpoints of type J
associated with the two terms of (2.49).

Remark - As we have remarked in §2.2 for the UV scales, the compact support properties of the
single scale propagators @(f ) (k) imply that the effective potential on scale j depends on N and L,
but is independent of the IR cutoff [, if j > [. The same remark is of course true for the r.c.c. and
the ren.c.; however, since the r.c.c. are defined only up to scale [ + 1, they are all independent of

L.

Let us now call ngs s.muy,my,m, (X) the kernels of the various terms contributing to V9 (¢),
B (4, J,n) and g‘j(J, n), where my,, mz, m, are the numbers of external fields of type v, J, n,
respectively; w, £ and s are the sets of w, ¢ and s indices (possibly void) of the 1 and 7 fields,
while « is the the set of « indices of the J fields. Let us define

en = max max{|0;l, lgr 1.1 9951192 51 lga.41} (2.50)

Lemma 2.3 of [1] and the analysis of the ren.c. flow in §2.6 of the same paper imply the following
Theorem.

Theorem 2.3 There is €, ¢, C, independent of N,I, L, such that, if e, <, then

sup Z;/Zj—1 < eh | sup Z / 1 < eaEn (2.51)

] >h
J>h 'LJ 1L2
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m-+m k'rn,'/n - m m m
[ BV Ly 09] < SO W)
where 2m = my, +my, mg = my 4+ My, Dmymym, = =2 +m+my(1+ cre) +my(1 + %015%),

Emm, = max{l,m — 1}, if mg = 0, otherwise ky, m, = max{0,m — 1}.

This Theorem is sufficient to perform the limit N — oo, followed by the limit L — oo, at fixed
[, but to prove that £ is independent of [ is not trivial. It can be proved only under one of the
conditions: 1) g1, = 0; 2) g = 9L — g1, and g1,1 > 0. Moreover, we have to use the strong
cancelations related to the local gauge invariance of the interaction (2.13) in the case g1,1 = 0.
In the following sections, we shall explain how to use this symmetry in order to prove iteratively
that € stays away from 0 for [ — —oo and, at the same time, the important bound

AR
4 _1

2
2 < Cle (2.53)

The properties of the tree expansion allow us also to prove that all Schwinger functions and
the correlation functions, at fized distinct values of the space variables, are well defined in the
limit L — oo, when all the cutoffs are removed (the condition that there are not coinciding space
points is to avoid the singularities related with the UV divergence of the free propagator). The
same is true for their Fourier transforms, if one puts the following condition on the corresponding
momenta {q;,7 = 1,...,m} of the m external fields of type J or 7 :

Y i 0, Vo ==+l (2.54)
i=1

If this condition is satisfied, we shall say that the momenta are not exceptional, it is imposed
to avoid the singularities related to the possible divergence of the L! norm for L,—I — oo, in
agreement with the bound (2.52); these singularities are of course related to the divergence of the
L' norm of the free propagator. The proof of these properties depends only on the structure of
the tree expansion and on the possibility of controlling the r.c.c.’s flow, while the details of the
model are not important. Hence, we refer for their proof to paper [9], where they are precisely
discussed, especially the first one, with a different localization procedure, which involves also the
terms with one 7 field and no J field.

In §4.4 we shall also need a bound on some particular correlation functions in the limit L, N —
oo at fixed I, when the external momenta are of order 7. A similar property, whose proof is
based on a technique introduced in §3 of [8], has been used in [10], Theorem 1, in the case of a
model with spin 0, local interaction and a fixed UV cutoff. To extend this theorem to the actual
model is essentially trivial; hence we shall write the result without proof. Let us define < - >p

the truncated expectation of the model (2.2) and px s := ¥, (¥x s

Theorem 2.4 In the hypotheses of Theorem 2.3, if |E| = 4!, then, in the limit L — oo, followed
by the limit N — oo, at fized [,
~ o~ 1
<7/1k7w7sw1tw7s> = m [1 + 0(51)]
0 7t z(l)
<p2k,w,s§ ¢k,w’s¢,k,w,s>T = _W [1 + O(:?l)]
1

<wltw,s; 1/1:1(,@,“(9; wJ—rk,w’,s/; wl:,w’,us’>T = ZQ|E|4 { - gl’J_7l(5H’715w77w/(55’75/
l

(2.55)

+6/L,1 [gH,law,—w’és,s’ + gL,l(sw,—w’(Ss,—s/ + g4,l§w,w’5s,—s’ + 0(5%)] }
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3 Ward Identities

3.1 Ward Identities in the ¢, | = 0 case in presence of cut-offs

In this section we want to analyze the Ward Identities (WI) related to the local gauge invariance
of the interaction (2.4) in the case g1,; = 0. As explained in §2.1, this can only be done by putting
€ > 0 in (2.3) and by introducing a lattice spacing a in Ar. At the end, we have to perform the
limit @ — 0, followed by the limit ¢ — 0. In §2.1 we have also explained why the limit a — 0 is
essentially trivial; hence, in the following, we shall write the WI directly in the continuum limit
a = 0. As concerns the limit € — 0, it is trivial too, in the contributions coming from the effective
potentials, that we shall then suppose evaluated at ¢ = 0, while it needs an accurate analysis for
the terms coming from the free measure.

If g1,1 = 0, the model (2.2) is invariant under the global gauge transformation (2.10) and the
interaction V(¢, J) (see (2.13), where [ dx has to be understood as erA% a?) is invariant even
under the local gauge transformation

YE, s eyt x €AY (3.1)

for any lattice periodic function o, s. Hence, if we make in the r.h.s. of (2.2) this transformation,
we get in the limit ¢ — 0, followed by the limit ¢ — 0 (see §2 of [8] for details in a similar
problem), the following functwnal Ward Identity (WI), where p € Dy, and Jp w,s is defined so that

2
szs*L ZPE'DL szJpws

an N(J n)

D,
(p) 0o

Bpw,s(J,1m) + Rpws(P;J,m) ,  Du(p) = —ipo + cwp (3.2)

where (since Z = 1)

MWin(Jn) OV N(T, )
p “ S J 77 2 Z [ Thetpw.s ont o o Mk ,w,s (33)
keD/, e, Tk+p,w,s

and

_ o -Win(J, l ,N] - V(,J,
Rpw.s(J,m) =e " N (Jm) 31_1)% — ZD Co(a+p,q / (d¢) q+p w.sVqw.s€ (W Jm) (3.4)
q€D]

with

o 1 B L 1 B
C,(kt k™) := [X?,N(|K) 11 D,(k") lx?,N(IKﬂ) 1] D, (k") (3.5)

Note that, here and in the following, the derivatives with respect to the momenta have to be
understood as the ordinary derivatives times L2, so that they formally become the usual functional
derivatives when L — co. Moreover, we are defining the derivatives w.r.t. the Grassman variables

so that, if {x",i=1,...,n} is a set of distinct Yk s variables and n > 1, then
8 n
i 1
N H X;' = ei(— J H X;'
Xj i=1 i£]

The last term Ry, o, s(J,n) formally vanishes if we replace the cut-off function xj y in (2.3) (nec-
essary to make the functional integral (2.2) well defined) with 1. This term can be therefore
considered a correction to the formal functional WI (the one in which R, s(p; J,n) is neglected);
the origin of this correction is in the fact that the momentum cut-offs break the (formal) local
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gauge invariance. We will show that such corrections are not vanishing even in the limit of removed
cut-offs, a phenomenon known as quantum anomaly.

A crucial role is played by the properties of the function C,,(k™, k™). This function looks very
singular; however, since it appears in the expansions always multiplied by two propagators, what
it is really important are the properties of the function

0% (@+p.q) = Cola+p )3 (a+p)i (a) (3.6)

with A(])( k) defined as in (2.47), for all j, if we put E(|ED = fJ(\ED and Z;_ll =1,ifj > 0.
The main property, which we will extensively use in the following, is that, since xj Nk) =1if

9 (k) #£0and I < j < N, then
0% (a+p,a)=0 1<ij<N (3.7)

In the following we shall use the function Uz( 1\? )w(q + p,q) only under the condition that |p| <
2yN+1: hence we can multiply it by Xn(P) = Xo(27 'y~ ~1|p|), where X (t) is a smooth positive
function of support in [0, 2] and equal to 1 for ¢ < 1. In App. C we show that it possible to define

two functions gl(lj\?)w,w (k*,k7), such that (recall that Z; =1 for j > 0)
~ . (i 1
Xv(p) lim U5 (q+p.q) = —— Dur (PSRN o(a+ P, q) (3.8)
=0 o Zi_le_l w/'=4w

and, if we define the Fourier transform of S’\l(fjvj,a,’w(q +p,q) as

i 1 —ikT (x—2) ik~ (y—2) Q(i,J —
Sl(]\?)w W(Z X,y) = = Z ok (x—2) ik~ (v Z)Sz(,zé,L/,w(k+7k )
kt+ k- €D}
then, if j > I, for any positive integers r (which in the following will be fixed large enough, e.g.
r=4),

’Yk

C
P14+ [F|ly — 2l

ISiND (2% V)] € (L4 05021 )brn (X = 2)brs(y —2) , bra(x) == (3.9)

where ||x — y|| is the distance on the torus Ar. The bound (3.9) has an essential role in the
integration of the UV scales; in the integration of the IR scales, we shall need a bound on the
Fourier transform of the functions (independent of V)

o
0%, (a+p.q)

D, (p) ’

where X;(p) := Xo[2~ 'y~ 1|p|], with Xo(t) is the same function used in the definition of X (p).

~ 1 _ ) -
S (a+p.q) = [ =Xi(p)] lim >

These functions allows to write an identity similar to (3.8) for Ul(jl{,l)w.
In App. C we also show that, for any positive integers r,

1—6,)~ ~
Lxy) < UG gty - a)
7j—1

- B 1 ~ — i
i) =G TRy e T STy AT

Finally, in App. C we show that, if we define (recall that we have put Z =1 and K = 0)

Z Z iww (a,q Z /dqu;j)w (z;u,u) (3.11)

i,J= K+1 qu’ i, j=K+1

| S\

lww

. (3.10)
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then N N
v _ v 1
x| < CT , =TI < CT S (3.12)

Let us now observe that, for any choice of the functions v¥(p), we can write Ry ., s(p;J,7) in
the following way:

Rp,w,s(p; Ja 77) = 77—]\_/D—w(p)j—p,w,s+
, oW, J,
1 D_u(p) 3 v (p) 20 o)

! ’
w8 p,—w’,s

+ lim OHi N (3.13)

e—0 8ap,w,s

(0,J,m)

where, if V(v, J,n) is the expression inside the braces in the r.h.s. side of (2.2) and «a(z,w, s) is a
periodic function, whose Fourier transform is defined (analogously to J(z,w, s)) so that a(z,w, s) =
L2 Y peDy e~ P qp,w, s), then

SHin (@I . o Tpeny, Gpwamy Dow(B)T - pue /PE’N] (du) VW IM+Aolh.0)—A-(¥0)  (314)

and

~

1 1 - ~
AO(avw) :Zﬁ Z Iz Z Cw(q+p7q)ap,w,3¢j{+p’w’s qQ,w,s

w,s pEDL q€eD),

1 1 PRV ~
A=Y 3 s 3 Db Dl e

50! pEDL q€eD),
Let us call removed cutoffs limit the limit L — oo, followed by the limit N — co and, finally,
from the limit [ — —oco. In the following sections we shall prove that, in the removed cutoffs limit,

the last term in the r.h.s. of (3.13) vanishes, if the functions v¥(p) are chosen as

V¥ (p) = Ty hi k(D) [6w,1 (0s,—191 + 0s,19))) + Ow,—105,—194] (3.15)

Note that the first two terms in the r.h.s. of (3.13) are, in this case, the corrections to the
formal functional WI we are looking for. Hence, we shall rewrite the functional WI (3.2), by using
(3.13), in the more convenient form

oW N (J, o, OWL N (J,
D(p) 2Ny () 37 e () DN
aJp HyS o,r aJP —o,r
o ’ T (3.16)
- = . OMHiN
- TND_W(p)J_P7W73 + prlhs(‘]a 77) + hm ~ (Oa Ja 77)
€20 00p s
Summing (3.16) over s we obtain the charge Ward identity:
an, J; n GWL J, n
(D) — s D) 3 22 o) ) (p) 32 2N
s aJPJMS s 8Jp,—M,S (3 17)

- = . OHiN
Z |:_TND—M(p)J—P7H7s + pru,s(‘]a 77) + illf(l) aap,/p,,s (Oa ']7 77):|

with
va(p) = Ty gabr k(P) 5 2v,(P) = Tx (9 + 91)hL Kk (P) (3.18)
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Multiplying (3.16) by s and summing over s we obtain the spin Ward identity:

[Du(p) + m(p)Dw(p)} st —20,(p)D_u(p) s Win(J,n)

Jp,u,s ~ s
e Hom P (3.19)
_Z { )J—p,MS“‘Bpu s(J, 77)“‘;131 8%”“(0 J, )]
with R
206(p) = 7y (9) — 91)hL.k (P) (3.20)

By doing suitable functional derivatives of the charge WI (3.17), we get many WI involving the
correlation functions. For example, if we take two derivatives w.r.t. 77;“ kws and ﬁ;’%s in both
sides of (3.17), we sum over pu and we put n = J = 0, we get the following charge vertex Ward
identity:

—ipo |1 — 2v,(p) — V4(p)} Gow,s(P;p+ k) + cp[l —2v,(p) +v4(p) |Gjiw,s(P; P + k)

(3.21)
= G2;w7s(k) - GQWJ,S(p + k) + Rw,s(p; p+ k)
where o
Gpws(Pip +k) = — (0,0) (3.22)
%t: 8JP7Hatank,w,sa7/7\p'_+k,w,s
R
Giws(P;p+k) =) p— — (0,0) (3.23)
Z aJPvlhtank,w,sah\p:-k,w,s
62 83
Gows = %(0, 0) » Ros(p;iptk) = lim .y (0,0,0) (3.24)
ank,w,sank,w,s aO[p Ky tank W Qanp-‘rk w,s
Similarly, if we define px wi= D ¢x w, s ,[(IUJJVL , so that <5§L§(_Cl)) I = ZS o #(0, 0),
p,w,s _p,w,s!

we get from (3.17):

[Du(p) = v4(P) D (B, o) — 205(P) Do (P) (B0 )1

© (3.25)
= —0uwTnyD_u(p) + R, (P)

with RY),,(p) = limp Y,/ 5= 85— (0,0,0).

0ap,w,sJ_p o
Finally, from (3.17) and (3. 19) andpsome algebra we get the following identity, which will be
useful in the following:

W MJ (p)+s'sM7, () -
aj\ LN (Jv 7]) = Z ot 2 Fob |:7 TND—/L(p)J—P#/qs“}’
p,p' s’ 1S (3.26)
OHin
By s(J,m) +1 0,J, } , 0
+ Bpus( n)+€gnaaw (0, J;m) p#
where, if v = p, 0, and setting vy , = —v4,5 = V4,

[D-u(P) = ¥4, () Du(P) 311 + 24 (D) Do ()| 1 s
|D+(p) = 4, D—(p)| | D-(P) = v4,(P) D= (P)| —42(P)D+(PID—(P) (397

_ Uy, +(P)0p p + Wy (P)Opr = | Uny,— (P)Opr pu + Wey,— (P)0r,—
—ivy,4+(P) (po + ipvs (P)cpr) —ivy,+(P) (po — ipvy (P)cp1)

2 —
Mu’,u(p) -
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for

! X (3.28)
WP} = v(P) L}w(p) oy (p)
2,0) = (1 s (0) —42(0) . 0y(0) = vy - (B)/r.4 () (3.29)

3.2 Analysis of the correction term (3.14). Integration of the UV scales.

The functional H; y(a, J,n) defined in (3.14) has a form close to the functional integral W, n(J,7)
of (2.2); hence, the integration of the UV scales can be studied by a Renormalization Group
analysis very similar to the one in §2. In particular, the external field « in Ag(c, ) and A_(«a, %)
plays the same role of the field J in (2.2); the main difference is due to the presence, in the
definition of Ajg, of the singular function (3.5), whose peculiar properties will play a crucial role.
After the integration of the fields v("), ...y (K+D) where K is the fixed integer defined in §2.1,
we get
eHin () — /pgvK] (dyp) V" WIm+ AT (o, Jnw) (3.30)

where V) (¢, J,n) is defined as in (B.1) and A% (a, J,7,1)) satisfies the identity

eA(K)(Ot7J,7],¢) — eﬁ ZPEDL ap,w.sT§D7W(p)jfp,w,s /PéKJFLN] (dc)ev(w+<7J77l)+AO('/J‘i‘g»o‘)—A— (z/;+§,oz)

(3.31)

As in §2.2, we shall consider, for simplicity, only the contributions to A (a,J,n,) with

1 = 0; the result can be easily extended to the general case. Hence, since we have to evaluate only

the terms linear in «, we shall study in detail only the terms linear in o of A (e, J,0,1)), whose
kernels are given, for ) a generic multi-index, such as (v, 0’;w, g), by

n+1;2m - 0 i 0 0 DA
H(//+1//29 )(K)( Wi X, Y) = H &77 H (070,0,0) . (332)

X T -
B i1 Owiwlsr iy O wisi Oy, ot Daug o 51

By using the definitions of 4y and A_, we can get an explicit formula for the Fourier transforms
of the kernels Hiﬁzl,}?g)(h). In fact, (3.31) implies that

6A(K) _ ~
e (0:7,0,0) =Ty Ds(P) T post
P,w,Ss
Y 10) l S Cua+p. q)#w J,0)—
P y ¢y .
L qeD, M, 0Mp 4 q s (3.33)
” 8€V(K)
— Z D SS” ( )A7(¢7J70)
w8 Jp:*‘*f“’S”

In a similar way, see (B.3) in App. B, one can prove that:

pyk)

awuws

oV

(W, ) = s, ¥ I g / du gl NI (x — ) (¥, J.m) (3.34)

€
anx,w,s
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By using this identity, we can expand the r.h.s. of (3.33) and we get, by some simple algebra, that

DA

ap s

~ - 1 _ -
(0,4,0,9) = 7y D—wo(P)pws + 75 > Cula+ PV pw s Vqwst
qeD}

+ WA,l(Ja 1/}) + W.A,?(‘]v 1/))

where W4 1(J,v¢) and W4 2(J, ) are graphically represented in Fig. 10 and Fig. 11, respectively;
the filled triangle together with the wiggly line represents 0.4/00p ., s, while the wiggly line
enclosed between two filled points represents > , .. D_,(p)r~% (p). Note that in the terms
contributing to W 1(J,v¢) both ¢ fields of the interaction Ag or V(¥) are contracted; in the case
of Wa.2(J,9), only one of the 1 fields of the interaction 4 is contracted.

Figure 10: : Graphical representation of W4 1(J,%). The corresponding kernels H("+1:2m(K) are ob-
tained by substituting the halos with 2m fermion lines and n J lines. The full triangle represents the C.,
operator; the wiggly line represents, in the first and the third graph, the « external field; the wiggly line
between two points represents the Fourier transform of D,w(p)ujs“,’,“(p).

o

Figure 11: Graphical representation of W4 2(J,1). The corresponding kernels H
by substituting the halos with 2m — 1 fermion lines and n wiggly lines.

(n+1:2m)(K) are obtained

For the analysis of the corresponding kernels, it is convenient to extract from the A4 vertex the
factors D, (p) of (3.8) and to separate the first two terms in Fig. 10 from the third one. Hence,
we make the following decomposition of the kernels Fourier transforms (without the momentum
conservation delta):

77(n+1;2m) (K — >(n+1;2m) (K —
A2 (i p ikt k) = 3 Do (p) R EZM ) (i ket k) +
= (3.35)
+ 3 Do (P HTE ) (psp K kT) + B0 (o kT k)
o=+
where I?f:’;iém)(m is related to the sum of the first two graphs in Fig. 10, I?Sjiém)(m is related

to the third one and ﬁ;g;%m)(m is related to the sum of the graphs in Fig. 11. Our notation
implies that p’ are the momenta of the n J fields, while k* are the momenta of the m external
* fields and p = — Y1, p} + Y7, (k7 — k). Note that H"710)") = 0, for any n.
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Let us consider first the kernels corresponding to the functional W4 1(J,¢). The following
lemma shows that, if v¥(p) is chosen as in (3.15) and m > 1, the kernels K((TnWQTgZ(K) and f[(gnf;ng))(m
I?(Q;O)(K)(p).

ow’,s’

are vanishing in the limit N — oo and that the same is true for

Lemma 3.1 Ifv¥(p) is chosen as in (3.15), there ezist two constants Co > 0 and ¥ € (0,1), such
that, if g is small enough, n > 1 and m > 1, then, for e >0,

>(n;2m) (K — n+m—dy n,, —m—-n - -
R0 (oK) < Gt gt (Gl mo (v (3:36)
2 (0 ps k)| < Gty oo S (N (3.37)

with di p.m > 1 and da p,m > 2. Moreover,

BEDS o(P)] < Cogy PV (3.38)

Proof. The bound (3.9) implies that |Sg/\fj)(z; x,y)| has the same bound of |g£,N)(x —z)| |g£,j)(y -

[?(H;Qm)(K” and |I§(n;2m)(K)| with the L; norm of K™2™ ) 4nq

z)|. Therefore, if we bound | oi05:0) o502 oiw,5:Q

(m2m)(K)

oiw,s;0
An important role in the proof will have the property (3.7) of gl )(q + P, q), which implies

that in the multiscale expansion of Kg"f:?z(k) and H((;_Lf:,%(k) at least one of the two -fields in
F(ni2m) (K) by

, respectively, we can proceed as in the proof of Lemma 2.2.

Ap has to be integrated at scale N. This implies, in particular, that we can bound

oiw,s;Q
N
Collbwllz, Y Nbglle, Y wlmsm) Uy |y tne2ma) FO
j=K+1 n1tng=n—1

mo+mo=m+1

Hence, if we use (2.28) with k = K, we easily get (3.37) with 9 = 1.
In order to prove the bounds (3.36) and (3.38), instead, we have to take advantage of partial
cancelations. We can write

N
K (2 (K) (z;x3y) = Z /dudw 72800d) (z;u,w)W(n71;2m+2)(K)(§; y.u,w)

o5w,s;Q2 ow,w Qw,s
i,j=K

(3.39)

" n;2m T
— 051 ) / dw % (z — w)W' o;?/,s?,ﬂg’(w;z, y)+ 507,15,,1,05”725(&,,5),92%

w!!,s!

where 144" (2) is the Fourier transform of v% (p).
a) Bound for K(_anéK) for n,m > 1. If we take in (2.33) 2m + 1 derivatives with respect to
the 1 field and n — 1 derivatives with respect to the J field, calculated at J = ¢ = 0, we get an
expansion for Wéﬁj?ﬁ)(m, which has the structure of the r.h.s. of Fig. 4, without the first term
(since m > 1). If we now insert this expansion in the first term of the r.h.s. of (3.39), we get an
expansion for K (_"57:22(1{), which is graphically represented in Fig.12.

We shall bound the terms corresponding to the graphs in the r.h.s. of Fig. 12, by the same
procedure used in §2; though this time we also want to find the exponential small factor »~9(N—F),
A crucial role plays a cancelation between the terms corresponding to the graphs (a) and (b), whose

sum can be represented in the following way:

N
Z el 1" .
g /du — E S(f;f’)w(z; u,u) —6(z—u) /dw vy (u— W)WEZ%“Z,),([&)(W, x,y) (3.40)

w!’ Y i,j=K+1
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(n;2m) (k)
—w,s;Q2

the others represent the « or J fields or, if they are closed by two full points, the

Figure 12: Graphical representation of K The identity is valid if m > 1. The internal wiggly

lines represent ho o
Fourier transform of I/SSH (p); the full triangle represents here the operator C,(q + p,q)D—u(p). The

graph (g) is present only if n > 2 (one wiggly line being already attached to w).

Using the identity (2.42) and the definition (3.11) of 75, we have

Sy / dudw ~ Sﬁ;iuz;u,u)u;“;f (u = w)W O (wix,y)

w i,=K+1

= Z/dw v (z — W)W (wix, ) Z > Z /du S99 (zu,u).  (341)
w!! =0,1 w" i,j=K+1

/ dt /dw 2p) (Opres? )(z —w+t(u— z))WEZ,Q,WSL,),(g) (w;x,y)

The first term in the r.h.s. of (3.41), whose dimensional bound is divergent for N — oo, is
indeed finite and is exactly canceled by the second term in (3.40), which then acts as a (finite)
counterterm. Note that the interpolation (2.42) was used also to control the graphs (b2) and (b3)
of Fig. 8; however, in that case the cancelation was due only to the symmetries of the propagator.

We are then left with the second term in the r.h.s. of (3.41), which has the estimate we wanted;
in fact, by using that one between i and j is equal to N, the bound (2.28) on |[W (%2™)(K)|| " the
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bound (3.9) on b;(x) and the bound ||0hy, k|1, < cov’, we can bound its norm by

N
Cagl| WO 0kl xlbwllz, D [1Bllz.. < CaC™ ™ (Crg)™y™ V04 Emm=mE (3.42)
J=K+1

Let us now consider the graph (c). Since either ¢ or j of the kernel S(m has to be equal to
N, we obtain the bound

ol sl IO S s (o =y = P —w) (3.

ijk=K W

where * is the constraint that at least one between ¢ and j has to be N. Since the Lo, and L;
norm of b;(x) and g )( ) are dimensionally equivalent, the best bound for the integral in (3.43)
(as in the analogous bound of the graph (b1) of Fig.8) is obtained by taking the L., norm of the
function with the smallest scale index and the L; norm of the others; it is then easy to see that

Eng = sup / dzdu b;(z — w)bj(z — u)|gF (u — )| < CyN(N - K) (3.44)
i k KW u’
By using also the bound (2.28) for ||[W(™2+2m)(K)|| and the bound ||hr k||, < coy?’, we see
that (3.43) can be bounded by
CGCm—i-m—H(Clg)m+1,y—19(N—K),y(2—m—n)K (345)
for any 0 < 9 < 1 (Cp is divergent for 9 — 1).
For graph (d) a convenient estimate is given by
Exg Y By, [WO222m ) (3.46)
ni+ng=n,nq1>1
mi+mg=m
where F,,, om, is equal to either |||z, [|[W™:2m)U]|| 1if (ny,2my) # (2;0), or ||W(bl)2Q || if

(n1,2m1) = (2;0) (see Fig. 8 and bound (2.46)). Therefore, by using (2.28), (2.46) and (3.44), w
can bound (3.46) by

C7Cn+m+1(Clg)d],m,Y—ﬂ(N—K),y(Q—m—n)K sy > 2 (3.47)

For the graphs (e) and (f) the argument is similar; for (f), for example, the bound is

N
s leallonlee Y 16l g™+, > [ e 2m) () |y (ras2ma) (GO
j=K+1 ni+ng=n—1

my4mo=m+1,m;>1

which is less than CgC"+m+1(C’lg)g"v’"'y*(N’K)W(z’m*”)K, with c’ivnym > 2. Finally, the graph
(g) has to be considered only in the case n > 2; it is easy to see that the wanted bound can be
obtained with the same procedure used for the graph (d).

b) Bound for K(n 2m)(K) for n,m > 1. The graph expansion of K(n 2m)(K) g given again by
Fig.12; the only dlfferences is that the graph (b) is missing (because of do,—1 in (3.39)). Hence
a bound can be obtained as before, with only one important difference: the contribution that in
the previous analysis was compensated by (b) now is of order Y~V /L by the first bound in (3.12).
Hence, the result is the same.
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¢) Bound for K(Qwo)s(g) In this case the last term in the r.h.s of (3.39) gives a contribution different

from 0, for 0 = —1, and the kernel VV(1 2)(K)

the kernel w((9 ‘or» defined in (2.25). Hence if we expand Wg(zlj)s K oa= (W', §"), as in Fig.7, we

obtain the graphlcal representation of Fig.13. In particular, the graph (e) comes from the kernel

contains a term of order 0 is g, corresponding to

ngé), that is included in the darker bubble of Fig.7; moreover, the graphs (d) and (f) are obtained
by also using the identity in Fig.6 to extract a further wiggly line. It is evident that the terms

w
1" /
w W' w w
- + 05,-1 6wy VWOV
z X z W X zZ=X
u
(a) (b)
/
w w w// w/
z u W X Z=U w X

+ 00,1000 [ + VWMWY

z X zZz =X

K20 ()

ownsiq - All graphical objects are defined as in the previous

Figure 13: Graphical representation of
pictures.

corresponding to graphs (a), (b), (¢), (d) and (f) can be bounded as those related to the graphs
(a), (b), (¢), (d) and (g) in Fig.(12), respectively; the only difference is in the number and nature
of the possible external lines, but that does not change the topology of the graph, and therefore
does not change the approach to the bound. The only term that is not bounded by the exponential
small factor is that corresponding to graph (e), which is present only if o = —1; however it is easy
to see that this terms is a constant equal to —7, hence it is exactly canceled by the constant
represented by the graph with a single point between two wiggly lines. Therefore also (3.38) is
proved. ®

Let us now analyze the kernels H;Z’Ilg 2Qm)(K)(p, r’ k", k™), defined in (3.35); recall that they

are the kernels of the functional W4 o(J, %), graphically represented in Fig. 11. Since the two
graphs in this picture have the same structure, it is sufficient to analyze the contribution of the
first one, which has the form

Coo(p + a,q) LN (@)t S5 (p 4+ W2 ) (' (K, ), k) (3.48)

where kT = (k/Jr, p + q). By using (3.5) and the definitions of §2.1, it is easy to see that, if we
define un (k) = 1 — X|—oo,n(|k]|) (see also App. C), the expression at left of W£7L92§T)(K) in (3.48)
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can be written as

1

un (@9 = (p+ ) — g (q) [M - 1] D,(p+ay "= (p+aq)  (3.49)

In the following sections, when we shall analyze also the integration of the infrared scales, the
following remarks will play an important role.

a) The first term in (3.49) gives no contribution, if p is fixed and N is large enough (how large
depending on p). In fact, the support properties of the field 1) implies that |p + q| < 4%+, while
un (@) = 0 for [q] < V.

b) The second term can give a non zero contribution only if the field ¢ (=) (p 4 q) is contracted
on scale [, that is if [p + q| < 7'T!. However, at finite volume, |p + q| > /2(7/L)2, so that
this condition can not be satisfied if 4/*! < /2(7/L)2. It follows that the second term gives no
contribution, if L is fixed and [ is small enough.

3.3 Analysis of the correction term (3.14). Integration of the IR scales
and removed cutoffs limit.

The integration of the IR scales can be done as in §2.3, with K = 0 for simplicity, by starting the
localization procedure at scale 0. Since we need to analyze the correction term only for external
momenta of order one, we shall impose the condition that

0<lpl<t (3.50)

Moreover, we have to take into account that at scale 0 the effective potential can be expanded in
terms of trees with one and only one a endpoint, which can be divided into three classes:

a) Those graphically represented in Fig. 12, that is those containing either one a endpoint with
interaction A_(«, 1) or one « endpoint with interaction Ag(c, ) (see (3.14), whose 1 fields are
both contracted on the UV scales; their kernels, by Lemma 3.1, have the property that their
Fourier transforms are bounded by a dimensional factor times a v~ factor.

b) Those corresponding to the first term in (3.49), that is those with only one % field of the «
endpoint with A interaction contracted on the UV scales and a smooth kernel proportional to
un(q); these terms vanish for N > 2, under the condition (3.50), so that we can neglect them,
since we want to send N to oco.

¢) Those with at most one 1 field of the o endpoint with Ay interaction contracted on the UV

~

+

a+p.w.sVqw,.s and those corresponding

scales and singular kernel, that is L2 quD’L C,(q+p,q)®
to the second term in (3.49).

Let us now suppose that the condition €5, < g of Theorem 2.3 is satisfied, so that we can control
the tree expansion by localizing, besides the terms involved in the tree expansion of Wi n(J,7),
the only new marginal terms, that is those with one a-vertex and two external v field. If we do
not localize the trees having a subtree at scale 0 of class ¢) above (whose kernel is singular), the

localization procedure gives rise to a local term of the form

()
E J + -

/dxax,w,s,sT X,Ww,5 'X,w,s
7j—1
w,s

with Z;B)/Zj,l < coy~"N. As concerns the marginal terms whose trees have a subtree at scale 0
of class c¢), the identity (3.7) implies that one of the ¢ fields of the a vertex has to be contracted
at scale [, while the other, by momentum conservation, can be contracted only on a finite set of
scales around the scale j, = max{j : |p| <~’»}. It follows that this term, because of the compact
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support properties of the single scale propagators, can be connected at a larger cluster with only
two external v field only a finite number of times; hence, the fact that these terms can not be
localized is irrelevant and the bound of the corresponding trees can be done as in the case where
all the vertices dimensions are positive, see App. A. Moreover, since the scale j > [ of the tree
vertex where one of the 1 fields of the o vertex is contracted is essentially fixed to the value jp,
we can extract from the bound the ”short memory” factor v~?Up=% (0 < ¥ < 1), which goes to 0
if | > —o0 at fixed p.

Let us now consider the kernels 7—78?:51{2”1) (p;p’; kT, k™) of the functional H; y(«, J,n) defined
in (3.14), in the limit L — oo; we are using here a notation similar to that used for the kernels (3.35)
(in terms of graphs, one has to substitute the 2m external ¢ fields with external propagators linked
to n fields). Let us call q the set (p;p’; k™, k™) of external momenta; the previous considerations
imply that, if the momenta q are non exceptional, see (2.54), and we take the limit N — oo, the
values of all the trees go to zero, except those containing a subtree at scale 0 of class ¢), which
vanish in the limit [ — —oo, as explained above. Hence, we have proved the following Theorem.

Theorem 3.2 IfZ is defined as in Theorem 2.3 and e, < €, uniformly inl andl < h <0, the ker-
nels Hgf;é;zm)(p;g’;k"",k_) are well defined for anyl and N and, if the momenta (p;E’;k+,k_)
are non exceptional,
lim lim lim HT52 (pip/ikt k) =0 (3.51)
l—+—00 N—oo L—oc0 [ -

so that, in the same limit, the WI (3.16), (3.17), (3.19) and (3.26) are satisfied without the
correction term.

An application of this Theorem, which is important in this paper is the following. If we
take (3.26) with n = 0 and we perform a derivative w.r.t. J_p , s, we obtain, in the removed
cutoffs limit, a closed expression for the Fourier transform of the density operator correlation

Piywo,s = Vs o sV w.s» that is:

E(P) Mg’,w (p) + S/SMS’,W (p)

12 3 , p#0 (3.52)

(Pow’ s P—pw,s)T = —D-u(P)
which implies that
1 P / o
(P yans)t = 5 |Gl X = ¥) + 85 G y(x — ¥) (3.53)

where

1 / AP ip(x—y)Pb + P’

= M'Y/
arz%c | (2m)? Dolp) er(P)

Gz’,w (X - y)

3.4 Ward Identities in the limit L, N — oo at fixed [.

If we take the limit L, N — oo at fixed | and we consider external momenta of order ~!, (3.51) is
of course not true, but we can say that the correlation values only depend on the trees containing
a subtree at scale 0 of class ¢), which can be easily estimated by trivial dimensional bounds. Note
that this result would be true, even if there were a contribution from the other trees; what it is
important is only that the effective potential on scale 0 is well defined in the limit N — oco. In
84.4 we shall use only the following bound. Let us define:

N 3
HO2 (prk k) = lim — 821“\’ —
' £—=0 aap;ll«xsank*,w,sank*

(0,0,0)
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Lemma 3.3 Ifkt = —k~ =k and p =k —k~ = 2k, with |k| =+, then

R —21
| D, (2k) " HED (2k; k, —k)| < C22 7Z
l

(3.54)

Proof. Note that, if [k*| = |k~| =4/, the term of order 0 in ¢ is given by Dw(Qk)_lﬁl(’ljé?w (k, —k),
which vanish, as follows from its explicit value (C.6), since u;(+k) = 0. The same is true for
the terms of order 1 in g, which are obtained by calculating the truncated expectation on scale
j = I, + 1 of the product of T, (kT, k™) = Cw(k+’k_)¢I+,w,s¢£*,w,s and the local effective
interaction (2.48). In fact, the two terms proportional to ¢; are obtained from the term of order
0 multiplying it by J; k;/g\b(f ) (k), while the others can be represented in terms of Feynmann graphs,
which must contain a tadpole @9 )(O) = 0. The factor y~2 simply reflects the dimension of
Dw(2k)_1ﬁ(1?2), which is the same as the dimension of the correlation < ﬁ2k,w7s$1:,w,s$ik,w,s >,
see (2.55). On the contrary, the factor Z; ', related to the field strength renormalization, is
different from the corresponding factor of < fA’Zk,w,qul;%sﬁ’\tk,w,s >, that is Zl(l)Zl_Z7 for the
following two reasons:

a) as discussed before, the potential Ag(c, 1) do not need any renormalization, hence we must
put 1 in place of Zl(l);

b) because of the bound (3.10), if j = I + 1, or (C.7), if j = I, there is a Z, ' missing in the
contractions of the two ¢ fields of Ag(a, ). |

4 Closed equations and vanishing of the beta function
We want to prove two relevant properties of our model:

a) If g1 1 = 0, the assumption e, < g, which allows us to remove the IR cutoff, by Theorem 2.3,
is indeed satisfied. In order to prove such highly non trivial property, we first combine the
Schwinger-Dyson Equation (SDE) with the WI, then we take the limit L — oo, followed by
the limit N — oo, at fixed infrared cut-off 4'. We get some relations among the Schwinger
functions, which, if computed at momenta of order 4, imply that the condition &), < Z is
satisfied for h = [, if this is true for h = [ 4 1, provide € is small enough.

b) By using the previous results, we can take the limit I — —oo at fixed non exceptional
momenta in the previous relations and we get exact closed equations among the correlations;
some of them will be used in §5 to calculate the two point function and some response
functions needed in the proof of Theorem 1.1.

4.1 Combination of Schwinger-Dyson equations and Ward Identities in
the g; | =0 case

If we put again Z = 1, for simplicity, and we define, as in §3.1, Xx(p) = Xo(27 17~V "1|p|), where
Xo(t) is a smooth positive function of support in [0, 2] and equal to 1 for ¢t < 1, the Schwinger-Dyson
equations (in the limit € — 0, see §2.1) are generated by the identity

626WZ’N(J’?7)

eVinOm oy (K)) |y 1 v (p)
== Mo s€ VO =N N e N (P)—=
aﬁl—:w,s D, (k) e uzs: L2 Zp: ™ 5Jp,—u/73’8ﬁi+p,w7s J=0

(4.1)

where k € D} (hence k # 0), p € D, and v¥(p) is defined as in (3.15).
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Note that Yy (p) = 1 in the finite set {p € Dr : |p| < 2yV*+1}, so that it has been freely
introduced to remind us that p = kt —k~, where k* are the momenta of the wi variables linked
to Jp, whose modula are both bounded by AN+L since € = 0. Hence, (4.1) is a straightforward
consequence of the following property: given any F'(1) which is a power series in the field, if (),
denotes the expectation w.r.t. the free measure,

~_ N OF (v
i P = 3500 (220 (42)
8,(/}k,u.),s
so that e 5
eVVi.N ~ R
o (01) = (i 0y = G SNk (e 0, (4.3)
nk,ws 9 k,w,s

We now combine the SDE (4.1) with the functional WI (3.26), in order to get relations among
the correlations, in two different ways.

a) The first family of relations involves the non connected correlations; some of these relations
will be used in §5 to calculate the two point function and some response functions in the removed
cutoffs limit.

First of all, we decompose the sum over p in two parts, by using the identity

x~v(P)=xi(p) +xin(P) » Xin(P):=xn(P)[l—Xi(p)] (4.4)

where X;(p) := Xo[27'7~!|p|]; by this decomposition we divide in two parts the second term in
the r.h.s. of (4.1). Then we multiply both sides of (3.26) by exp(W n), we take one derivative
w.r.t. ﬁi:er,w,s and we insert the result in the part of the second term of (4.1) containing X; v (p)-
By using the oddness of the function ﬁgs(p) (defined below) and the fact that the sum over p is
a finite sum, we see that the term that we get, if we apply the derivative w.r.t. ;7\1_(‘_+p,w7s to the
variable 7’7\1'("+p%s in the decomposition (3.3) of By, ,, s(J,7), vanishes. Hence, we get, if k # 0:

aeWZ,N(Ovn) ~ o w (0 )
Doy (k) ————— = xa.n ([K[){ Ty, €77 Z ZXz N(P) . (p)-
aﬂk,w,s TN it (45)
L H2eWin (0m) §2eWin (0m) o)+ B () '
7, NTR - —~ ﬁ R + Rk,w,s n + Rk,w,s n
Pt 8ﬁ;u,taﬁi:+p,w,s aﬁ;—&-p,w,saanrp,u,t bt
where, if M , is defined as in (3.27) and H, v is defined as in (3.14),
Il S S 1 o
sz)ts(p) = Z Vss/ ( )Mw wy( ) ) M[}.,[}./ = E(Mi,#’ + SM[L,[L/)
1 1 dZettn
Riwsn)=—>_ = Xun(P)F_2, (p)lim (0,0,m) (4.6)
TN ;/ L2 ? e—0 30&1) W’ 9’877k+p, w.s
. 1 1 , 92eWi.n (Jm)
Riws) =——+5 Z Z%l(p)’/‘sﬂs‘f (P)—= (4.7)
™~ L w,s' p aJp»*M’vs/aiTkF+p,w,s J=0

We will show that

Theorem 4.1 The correlations generated by the functionals Ry , s(n) and Ek%s(n) vanish in the
removed cutoffs limit (that is the limit L — oo, followed by the limit N — oo and, finally, by the
limit | — —o0), if the external momenta are non exceptional (see (2.54)) and the condition e), <€
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is satisfied for any h. Hence, under these conditions, we get from (4.5) and (3.12) a family of
exact closed equations for the non connected correlations, generated by the functional identity

HeWVi.n (0,m) dpdq
. o PO i3 [ 017
g 877kws ~ Mo Z o e
(4.8)
H2eWi.n(0m) a2eWz,N(0,n) .
g +p,ut - 5= Mot t
e aﬁ;u tank+p7w7s aﬁli_+p,w,8877Q+p7mt o

b) The second family of relations, which is equivalent to the first one in the removed cutoffs
limit, involves truncated correlations. We shall use one of them to prove the vanishing of the beta
function. _

First of all, we choose k so that x; n(|k|) =1 and we write (4.1) in the equivalent form

OWi N (0,7) - ~ NS OWiN(,n)
Dw(k)ai Mk,w,s Z Z (p) o7, ot -
nk w,s u' s’ p,—p'ss" | j—g Thet+pw,s (4 9)
_ Z Z sql ~ ) agwl,N(Ja 77)
w, ok 8Jp>—u’,8'a%+p,w,s J=0

Then we make in the last term of (4.9) the decomposition (4.4), we take on both sides of (3.26)
one derivative w.r.t. ﬁl_:+p s and we insert the result in the term of (4.9) containing X; n(p). We
get

D (k)an ~(0,7) - Z Z ~ )an,N(Ja n) an,N(Jv n)
a77k,w,s Thesars OJp,— s’ J=0 aﬁl—f—l—p,w,s
2
B Z ZXl N 7(4) st( ) ﬁc;p,u,t inij(kom) - j Wl’N(/(in) ﬁq’u’t] (4.10)
™ ‘ot MaputOMctpws  OMcrpwsMMarp

+ Rk,w,s(n) + Rk,w,s (77)

where the correction terms R{(M’S(n) and ﬁ{c,w,s(n) are defined as (4.6) and (4.7), with #; y and
Wi n in place of the corresponding exponentials.

Since the truncated correlations can be written in terms of the untruncated ones, it is a priori
true that, if the external momenta are non exceptional, the correlations generated by R} , (1)

and Rk’w s(1) go to 0 in the removed cutoffs limit; hence, the relations (4.10) could be used to get
directly éxact closed equations even for the truncated correlations. However, in the following we
are only interested to consider the limit L, N — oo at fixed [, for external momenta of order ~*;
in such case the correction terms do not vanish. In particular, in §4.4 we shall use only the bound
of the kernels we get if we take in (4.5) three derivatives w.r.t. the n variables at n = 0. Hence we
define

83
8,

R/(?)) (k17 k23 k37 k4) —
kl w sanli;,w,sankg,w’,s’

UJSUJ é

Ry, o s(0) (4.11)

In a similar way we define 7%/(3) s (ki ko, ks, ky). We will show that

w,s,w’,s

Lemma 4.2 Given a momentum k, such that k| =+,

~ VA

1D (k)| 'RV (k, K, K, —k)| < CE2y —41Z1713 (4.12)
i 1

1D () TR, (kK Kk, k)| < CE2 4 (4.13)
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4.2 Proof of Theorem 4.1

To prove the vanishing of the (untruncated) correlations generated by ﬁk,w’s(n) in the removed
cutoffs limit is an easy task. In fact these correlations can be expressed as sums of products of
truncated correlations independent of k times the correlations generated by

ZZX l O*W, n(J,m) 5W1N(J n) 3W1,N(J»77)1
™™ LQH ] Vw Opost gy OTpmstit |y Plermans

All the correlations generated by the second term vanish for [ — —oo, by momentum conservation;
in fact p, by the condition on the external momenta, has a fixed non zero value, so that x;(p) =0
for |I| large enough. On the other hand, under the hypotheses of the theorem, the kernels of the
functional W; n(J,n) with one external J field (of momentum p) and 2m external 7 fields have a
bound divergent but integrable for p — 0. This claim, which is easy to understand on the base of
rough dimensional arguments, can be made rigorous by using the (model independent) properties
of the tree expansion used to prove Theorem 2.3. A detailed discussion in the case m = 1 can be
found in §2.4 of [9] for the Thirring model.

To get the same result for the correction term (4.6), we shall proceed as in §3.1, by introducing
the following functional integral:

eTtn(Bm) _ /PE,N](d¢)ev(¢,0,n)+8;l,,t,o(#&ﬁ)*Bu,t,—(1/1,/5) (4.14)

where, if {0k . s,k € D} } are external Grassmann variables,

;L t,0 1/J ﬂ Z 76 Z G Mw(q+ P, CI) ﬂkw s¢§+p,w,s¢:{+p,uw,m c;,,uw,ts (415)
p.k,q
1 -~ =~ A— i A_
M t,— 1/) B Z Z f Z G_ Z D—Mw( )ersl ( ) Bk,w,swk+p7w,s¢:+p,w/,8/1,[1017“)/78/ (416)
oo W p.k,q
where R
S xi.n(P))F_; ()
GZ5.(p) —
™~
Then we have: . )
de'wt:LN 1 ~ §2eHinN
aﬂk,w,s L2 ; * 80[1, pw, Stankﬂw s

The multiscale analysis of the r.h.s. of this identity, performed in the following subsections will
allow us to complete the proof of the theorem.

4.2.1 Analysis of the correction term (4.6). Integration of the UV scales.
Let us put K = 0; after the integration of the fields (), . p(K+D we get

Tuein (Bin) — /pgm(dw) VO .0 +BLC (8:0.9) (4.17)

and the functional Bl(fz(ﬁ , 1, 1) satisfies the identity:

2B _ /p V(G0 +Bye 1 0(6-+C.8) Byt — (b4+C,5) (4.18)
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As in §3.2 and §2.2, we shall consider, for simplicity, only the contributions to BEL?E(B,U, ¥) with
1 = 0; the result can be easily extended to the general case. Hence, since we have to evaluate only
the terms linear in [, we shall study in detail only the terms linear in 3 of BL?E(B,O,w), whose
kernels are given, for 2 = (w’,0’) a generic multi-index, by (one has to take an odd number of
derivatives w.r.t. the 1) variables to get a non- zero result):

m 2
(2m+1)(0) 0 0 0 B
Trwsa (ViwX,y) = — (0,0,0) . (4.19)
f,t50,8502 = E a¢;,w;,s; Ny s aﬂu w, gawv w,s
A more explicit formula for the kernels nggl)(o) is obtained by using in (4.19) the identity:

oBY) . 3V (.0m)
©L(0,0,1) = G- (a+ —V(®(4,0,0) ’
Zwt(P)Cuu(a+p,q)e —
861(70.1,5 L4 Z aﬁuw,ts877q+p,uw,tsa7,7\k'—+p,o.;,s n=0
d G , 52V (,0,m)
p GZh /(P) D s (P)Vssr” (p) €7V (000 ‘ (4.20)
w’,s! aJpw a/ankerw 5 'm=0

If we now use again (3.34) to expand the derivatives w.r.t. the n variables in the first line of (4.20),
we get, by some simple algebra, that

aB.)
aﬁk w,s

where W 1(¢), which is graphically represented in Fig. 14, includes all terms such that both
¢ variables of the interaction 4, (that is the variables wq tpouw,ts and z/Jq pw s Of (4.15)) are

contracted, while W 4 (1) includes the other terms. We shall call TEm DO )(k, k7;q",q7) and

1,pu,tw,s;02
nglji)(sog))(k, k™;q",q7) the corresponding kernels

(0,0,4) = Wra(¥) + Wr x(¥) (4.21)

Lemma 4.3 There exist two constants Cy > 0 and ¥ € (0,1), such that, if § small enough, for
e==1 and t = £1,
T O (ks kgt q7)| < CrgPy N (4.22)
Proof. Let us put Hy(p) = G_* +(P)D—ouw(p) and let us call H,(x) its Fourier transform. It is
easy to see that: R
Ho(P)| <19, |[HollL. < cog (4.23)

However, H,(x) is not L; uniformly in L; the point is that the function f[a(p), in the limit
L — oo, converges to a function which is bounded, but has a discontinuity in p = 0. In any case,
the second bound in (4.23) is sufficient to prove the bound (4.22) for the terms described, in Fig.
14, by graphs where the wiggling line belongs to a loop, since we can proceed in this case as in
the proof of Lemma 3.1, by using the L; norm of leﬁzl)s(%) as an upper bound of \Tli””;ﬁ)s Q\

Let us consider first the sum [T(a)(2m+1)(0) Tl(b;(ffjtg(o)](k k—;q",q7) of the kernels asso-

ciated to the graphs (a) and (b) in Flg 14; by using the identity (3. 8) and the definition (3.35) of

the kernels Kglwm;ngz(o) (see also (3.39)), we see that it can be written in the form:
2 SN p) S G () D s (PR O 0,57, ) (4.24)
p#0 o==+

if we put q* (q k+p)and q- = (q ,k7). By using the second bound in (4.23) and (3.36),
we can bound the L1 norm of the Fourier transform of this expression by

cogng[l HLI Z ”K(l i2m+2)( O)H < Cm 2 719N
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Figure 14: Graphical representation of Wy 1(¢). The dashed line represents the external Grassmann
variable f3; the external full line represents a v variable. The full triangle represents the function C.,(q+
p,q). The wiggling line represents the function F_%,(p), if it is linked to a triangle vertex, otherwise

FZ¥,(p)D—pu(p).

Let us now consider the sum of the kernels associated to the graphs (c¢) and (d) in Fig. 14. In
this case we can not bound the Lh.s. of (4.22) by the L; norm of the Fourier transform, but it is
easy to see, by using the first bound in (4.23), (3.36) and (2.28), that we can bound it by

aglg®™Me, Y, (WORmERO| |20 < Orgty N
mq+mgo=m

mo>1

Notice that the case mga = 0 is excluded, because ﬁ:jf’t(()) = 0, but, in any case, for any fixed
p # 0, K100 (p) converges, for L — oo, to a function which vanishes for p — 0.
The bound of the sum of the kernels associated to the graphs (e) and (f) (that give a contri-

bution only for m > 1) is similar; we get
ag| K2 O < ofrgPy N

The bound for the kernels associated to the remaining graphs can be done one at a time, since
there are no cancelation among them. For (g), (k) and (i) we just use again that the second bound
in (4.23), together with (2.28). Let us consider, for example, the graph (g); we get

N
glg ™o ol 3o sl DS [WORHIO) im0
j=1

mi+mg=m
myp>1

<Crgiyh
Finally, for the graphs (j) and (0) we have to use the first bound in (4.23), together to (3.36) and

(2.28) and the constraint that one of the ¢ field of Ay has to be contracted on scale N; we omit
the details. |
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4.2.2 Analysis of the correction term (4.6). Integration of the IR scales and com-
pletion of the proof of Theorem 4.1.

The integration of the IR scales can be done as in §2.3, by starting the localization procedure at
scale 0, where the effective potential can be expanded in terms of trees with one and only one
[B-vertex, which can be divided into three classes:

a) Those graphically represented in Fig. 14, that is all those containing one § endpoint with
interaction B, —(c, ) and those containing one 8 endpoint with interaction B, ; o(c, 1), whose
1 fields of the triangle vertex are both contracted on the UV scales; their kernels, by Lemma 4.3,
have the property that their L' norms are bounded by a dimensional factor times a y~? factor.
b) Those graphically represented in Fig. 15 (or with different orientation of the arrows in the lines
linked to the triangle vertex), with the further condition the contracted line of the triangle vertex
has scale N and gives a smooth contribution XN(p)uN(ﬁ)D;,l, corresponding to the first term in
(3.49).

c¢) The remaining ones, that is the interaction B, ¢ o(a, 1), those graphically represented in Fig.
15, with the further condition the contracted line of the triangle vertex has scale j < N and gives a
contribution corresponding to the second term in (3.49), and those with both lines of the triangle
vertex not contracted.

Ko o 1®

Figure 15: Graphical representation of the contributions to Wy 4 (1)) with the property that one and
only one of the i fields linked to the triangle vertex is contracted. One should add the graphs obtained
by exchanging the arrows of the lines linked to the triangle vertex.

Let us now suppose that the condition ¢; < & of Theorem 2.3 is satisfied, so that we can control
the tree expansion by localizing, besides the terms involved in the tree expansion of W; n(J,7),
the new marginal terms, that is those with one 3 external field and two or three external ¢ fields.
As we shall see, it is sufficient to localize only the terms with one external ¢ field, by putting (in
the limit L — o)

E/dXdyBx,w,sw(Xfy)q/jy,w,s - {E(O) /dxﬁx,w,s¢x,w,s

Since w(0) = 0, by the oddness of the free propagator, this can be done without introducing
any new renormalization constant and we are left with only marginal terms. The consequence
is that, given any tree with root of scale [ — 1, all the tree vertices have positive dimension,
except those belonging to the path C which connects the endpoint of type 8 with the root; these
vertices may have dimension 0. However, if the tree has a subtree with root of scale 0 belonging
to the class a) above, its value has a 4"V factor in front of the dimensional bound. If we write
AN = AP (N+D/2,9(N=1)/2 e can use the factor v?(N=0/2 to regularize the vertices on C; hence,
if we consider the tree expansion of any particular correlation function, we can safely bound the
sum over the trees of class a), and we are left with a factor v*(V+0/2 in front to it, which goes
to 0, if N — oo at fixed [. A similar argument can be done for the trees of class b), by using the
bound (3.9).

Let us now consider the trees of class ¢). Because of the identity (3.7), they are characterized
by the fact that one of the two lines linked to the triangle vertex in Fig. 15 is contracted at scale [,
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while the other is contracted at a scale j € [[, N—1] in a tree vertex that we call v*, belonging to the
path C which connects the 3 endpoint vg, of scale jg > j+1, with the root. Note that jz+1 can be
larger than j only if j > [ and the two 1 fields linked to the triangle vertex are still not contracted
in the effective potential of scale h € [j + 1, jg]. However, these vertices may have dimension 0
only if the remaining 1) field of the B, ; ¢ interaction is contracted in a propagator which enters a
cluster with two external fields; by the support properties of the free single scale propagators, this
can happens at most two times; hence these vertices do not need a regularization. As concerns the
vertices between v* and the root, the regularization is ensured by the bound (3.10), which implies
a “gain factor” v~U~Y with respect to the dimensional bound; from this factor we can extract
a factor v~ Us=1_ without destroying the summability of the tree expansion of the correlation
functions. On the other hand, if the external momenta are non exceptional, the momentum k of
the 3 field is different from 0 and this implies that jg is bounded from below, so that even the
contribution of the trees of class c) goes to 0 as [ — —oo. This completes the proof of Theorem
4.1

4.3 Proof of Lemma 4.2
First of all, note that the connectivity structure of both R , and R has to be the

w,s,w’,s w,s,w’,s’
same as that of graph a) of Fig. 14 (with three 7 fields extracted from the halo and a J-vertex
in place of the a-vertex, for ﬁsi))w,)s,), that is any Feymann graph has to be connected without
using the 8 vertex. It immediately follows that the lowest order contributions are of the second
order in €. .,

The bound for Rf’s)w/ +(—k,k,—k,k) can be proved by the same arguments used in [11]
for proving a similar result (see Lemma A1.2 of that paper) in the case of a model with spin
0, local interaction and a fixed UV cutoff. Hence, we shall skip the proof, but only note that
the dimensional factors of the bound differ from those of the bound in (2.55) for the four point
correlations, which have the same formal scaling dimension, only because
a) the external propagator in the S-vertex is substituted with D, (k), so that we “loose” a ZZ_1
factor;

b) we have to take into account that the internal J-vertex is renormalized, so that we “gain” a
factor Zl(l)/Zl.
Let us finally consider R (3) (=k,k, =k, k). First of all note that, for a generic choice

of the external momenta, R;J(i)7w,7s, (k1, ko, ks, ky) is obtained from Rﬁl)w,)s,(kl,kg,kg,kél) by

subtracting the Feynmann graphs which are only connected through the § vertex. However,
these graphs give a vanishing contribution if (ki, ks, ks, k4) = (—k, k, —k, k), thanks to the cutoff
function x; n(p) present in the definition (4.6); in fact, for these graphs p = k4 — k3 = 2k and

xin(p) = 0, if [p| > 29!, Tt follows that the tree expansion of R;Ei),w,’s, (k1, ko, ks, ky) is that
discussed in the proof of Theorem 4.1; in particular it only depends on the trees containing a
subtree at scale 0 of class ¢), defined in §4.2.2. The contributions of these trees can be easily
estimated by trivial dimensional bounds and we get (4.13); the “missing factor” Zl(l) /Z; with

respect to the bound (4.12) can be explained as in the proof of Lemma 3.3.

4.4 Vanishing of the Beta function

We want now to prove the property a), defined at the beginning of §4, of the model with g;,; =0
(at N,L = +00) and, at the same time, to analize the dependence of the r.c.c. on a small
perturbation of the “velocity” ¢, which appears in the free propagator (2.3). Hence, we put

c=c+d , c>0 , |6 <co/2 (4.25)
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The introduction of the new parameter ¢ is essential to derive from the property a) a property of
the beta function, that we call partial vanishing of the beta functions, see (2.108), (2.159) and App.
C of the companion paper [1]. In its turn, this property is essential to control the IR integration
in the Hubbard model.

Lemma 2.2 and Theorem 2.1 imply that, if g = max{[g1 1|, gy, |gL], |g4|} is small enough and
K =0,

Wi (00) — —L7E /PZ(dw[l,l])ev(“(ﬁw“‘”,O) (4.26)

where V(D (1, 0) is given by (2.18) with W (2m)(1) verifying (2.28). Starting from (4.26) we can
move from the free integration to the effective interaction the term —d§Fs(v/Zy!b1), with Fs(1)
defined as in (2.48).

The new propagator differs from (2.3) because, in place of ¢, we have ¢y + du; (k), with u;(k) =
1 — xH(|(ko, ck)|). On the other hand, for ¢ small enough, x!“U(|(ko, ck)|) and (| (ko, cok)|)
differ only for values of k of size v or 4! and

wk) =0 , if x[FLO(|(ko, cok)|) > 0 (4.27)
Hence, we can write
X (| (Ko, ck) ) = XM (k) + X" 100(| (Ko, cok) ) + X (k) (4.28)

with ¥ (k) and ¥¥) (k) smooth functions, whose support is on values of k of size  or 4!, respec-
tively; moreover, if we define

Gi00) = [ (ho. k)] + XV W) (4.29)

then Cj(k) = 1, if 1 > |(ko, cok)| > ! and Cy(k) ¥V (k) < 1. It follows that the free measure

P(dp1) can be written as P(dﬂ(l))P(d{Z;[l’O]), where E(l) is a field whose covariances has the
same scale properties of Y1), while

~ z ~ , ~ 0]
P(@i) = N~V exp § =5 37 Culk)[=iko + weo(1+ u()a)kI 2 L (4.30)

k,w,s

The integration of the single scale field @(1) can be done without any problem. At this point, we
start the multiscale integration of the field ¥!"% as in §2.3 up to scale [ + 1, the only difference
being that we have ¢ in place of ¢ in the single scale propagators (2.47), thanks to (4.27). This
property is not true only in the last step, 7 = [, but this is not a problem, since we have to study
the RG flow at fixed j and [ — —oo and, moreover, the contribution of the IR scale fluctuations
to the Schwinger functions at fixed space-time coordinates vanishes as | — —oc.

We prove the following lemma.

Lemma 4.4 Let € and 5, be defined as in Theorem 2.3. Then there are constants €1 and cs,
independent of l, such that, if eg < €1, then e, < coeg < &, for any h € [l + 1,0].

Proof. The proof is by contradiction. Assume that there exists a h < 0 such that
Ent1 S cagg < ep < 2c069 <€ (431)

We show that this is not possible, if €1, ¢y are suitably chosen. Let us consider the model (2.2)
with [ = h, that is with infrared cutoff .

Let us consider the first equation in (2.55), which says that, in the limit L, N — oo at fixed
I = h,if k| = 4", S,(k) =< $£w7sizi,w,s >= (ZpDy(k)) 71 + O(ep)]. It is easy to see that,
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the only term of order one in €; contributing to §w(k) is given by the graph with one insertion
of a §; vertex in the renormalized free propagator. Hence, if we move from the interaction to the
renormalized free measure the term —&;F5(v/Z;3("), before the integration of the field 1), we
get

. -~ o~ 1 0
S.(k) = o = e L WM (K 4.32
( ) <¢k,w,swk,w,s>h ZhDh,w(k)[ 2 ( )] ( )
where (), denotes the expectation with propagator (2.3) (¢ = ¢y + J) and

Dy (k) = —iko + whk(co +n) , Wi (k)| < Ce2 (4.33)

In the same manner we get, by using the second equation in (2.55), that

<ﬁ2k,w,s$;,w,s$tk,w,s>h:—m[ + W3 (k)] (4.34)

where |W2(l% (k)| < Ce?. Moreover, by using the WI (3.16), we can write an equation relating
(4.32) with (4.34). Let us put in (3.16) u = w and let us take two derivatives with respect to ﬁl:,w,s
(the first) and ﬁﬂ)’w’s at J=n=0.

~

Do (P) (Posos Victprrs Vhtos)n = S (K) = S (k+p) + Do () R(p, k) + H' P (pi k+ p, k) (4.35)

where D_,(p)R(p, k) is the contribution of the second term in the first line of (3.16) and 7-[(1 i2) (p; k+
p, k) is defined as in Lemma 3.3. Note that Ry(p,k) is of the second order in Eh;y since it is a
linear combination, with coefficients of order ¢;, of the correlations (pp 4, swk pw s,wk W /)y, With

(w',8") # (w, s), which vanish at order 0. It follows, by using again the second equation in (2.55),
that, if k = —k, with [k| = 4", and p = 2k, then

|R(2k, k)| < Cy~2h ZhQ e2 (4.36)
h
Noreover, by Lemma 3.3,
. 1
1D, (2k)HP (2k; k, —k) < 07—%752 (4.37)
h

If we insert (4.32), (4.34), (4.36), (4.37) in (4.35), we casily get

(1)
VA
[ =ik +whleo +8)] [+ O(R)] = [ = ko +wh(co +84)] [1+ O(eR)]
which implies that
7
ZLh =140(2) , 6, =0+0() (4.38)

Let us now consider the equation we get, if we take three derivatives w.r.t. the field n at n =0
on both sides of the WI (4.10), written in the limit N, L — oco. Let us define

S4(k7w7 valv S/) =< 1’[}1—:1,w,sz’blzz,w,s¢li_3,w',s’¢;4,w’,s’ >7

with k: (1(1,1{2,1(3,1{4)7 k1 - k2 +k3 - k4 = O7 and

S1,2(p7 k7 W, S, le 5/) =< b\p,w,swlz_p7w/7s/w1tw/7sl >1
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Hence, if we consider (4.10) with k = k4 and (w s') in place of (w, s) and we take the derivative
w.r.t. By, . o followed by the derivatives w.r.t. 771(2 ws and By o, we get, by using (3.15), (3.12),
(2.6) (w1th K = 0) and the definition (4.11), if we put Q := (w, s,w’, '),

D, (k4)S4(k, Q) Zh ki — ko) [ e’ 1057, — 191+
G 1005 19) + 6uw/,716t5/7flg4] S1.2(k1 — ko, ko, =1, £, 5) S (ka) -

—w’ SS

—v4 / F_W /(p)Sa(ki, ko — p, ks, ks +p,Q2)— (4.39)

w

—13__1,7+1(p)54(k1,k2,k3+p,k4+p,Q) F_:)J/wqq( )54(k1+P,k2,k37k4+P,Q)}+

+ RV (ki ko ks ka) + Ry (ko ko, s, k)

Let us now put (ki, ko, ks, kq) = (k, -k, k, —k), with \K| = ~". Under this condition, the terms
in the third and fourth line of (4.39), can be bounded by Csi’y‘th}jzg this can be proved as
in the proof of the analogous bound (4.21) in the paper [11]. A similar bound is valid for
R;z(g)(k7 -k, k, —k) and ﬁ;gg)(k, —k,k, —k), by Lemma 4.2. Hence, if we extract in both sides
of (4.39) the terms of order one in ¢, and use Theorem 2.4 and the first identity in (4.38), we
easily get the identity

9 7—4h _ ,.Y—4h —4h _
o+ O gz = gnoll +0en) T +0ED) g+ a=Ll4 (40
h h

Note that, if we call v; the set of r.c.c. of scale j, its value is independent of the IR cutoff scale
up to j = h, see the remark after (2.49). Hence, (4.40) is valid also if we interpret €, as that
calculated in the model with IR cutoff I < h. Hence, the second identity in (4.38) and (4.40) imply
that, if the hypothesis (4.31) is satisfied, there exists a constant ¢z, independent of ¢, and €1, such
that

en — €0 < c3es (4.41)

By the hypothesis (4.31), e, < 2c2¢0; hence, the bound (4.41) implies that e, < eo(1 + 4ezc3ep).
On the other hand, the second member of this inequality can not be larger than cseg, if, for
instance, co = 2 and g9 < g1 := 1/(16¢3). B

Lemma 4.4 implies that the r.c.c.’s are well defined and uniformly bounded for any h and that,
as a consequence, also the ren.c.’s, the effective potentials and the correlation functions are well
defined. We can then write, for any A < 0, equations of the form

vy =v, +BM (. vg,0) , vi= (9,90, 94, 0) (4.42)

Zi(Ll)1 Z(l) [ = (h)
— = 1+B " (v,...,09,0 4.43
L b (U 20:) (1.43)

L G) (o =, , . . . (h) ~(h) .

et us call b/ (v') and b~ (v’) the functions which are obtained from B'\" and B" °, by subtracting
the contribution of the trees containing endpoints of scale grater than 0 and by putting everywhere
a fixed value v', with |v'| <& in place of v, for all j < 0, in the remaining trees contribution (which
do not depend explicitly on the parameters v of the interaction). It is easy to see, by using the short

~(9)
i ()
converge, as h — —oo, to analytic functions b°) (/) and b = (v'), such that [ (v/) b= (/)|
~(9) +(
and |b

memory property of the tree expansion and its analyticity in the r.c.c.’s, that Q(j)(y’) and b

(W) -0 ) (v')| are bounded by C|v'|>y%, with ¥ € (0,1). On the other hand, it is not
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(—00)

too hard to prove that, as a consequence of the bound (4.41), b= (v/) = b (v') = 0; see pag.

156 of [12]. Hence, we get the very important property:

(9)
(

bOw)| <P L b

91,91,94.0)| < Cl'|P4% (4.44)

that we call the asymptotic vanishing of the beta function. This property has been used to control
the flow of the r.c.c.’s also in the companion paper [1], not only in the case g1, = 0, but also in
the spin-symmetric and repulsive case, that is gy = g1 —g1,L and g1,1 > 0.

As one can easily guess, the bound (4.44) allows us to prove that the r.c.c.’s, the correlation
functions at fixed space coordinates and their Fourier transforms at non exceptional external
momenta, converge as [ — —oo to functions, which are analytic in v around the origin. A detailed
discussion of this point, which only depends on the structure of the tree expansion, can be found,
in the case of the Thirring model, in [9].

5 Closed equations in the limit of removed cut-offs

In order to prove Theorem 1.1, we need to calculate the explicit expression of the two-points
function and of the truncated correlations of some quadratic operators in the space coordinates.
We shall do that by taking the inverse Fourier transform of the closed equations obtained in the
previous sections for the Fourier transforms of the correlations.

There is in principle a problem in this procedure, because one could be afraid that the removed
cutoffs limit does not commute with the Fourier transform because of the presence of delta func-
tions in the calculations. However, we have shown in a paper on the Thirring model(see §A.3 of
[13]) that this is not the case and the arguments given there are model independent.

5.1 The two-points function

If we perform in (4.8) one derivative w.r.t. 7 , at n = 0 and we put (5, ;b7

’ l>—6ww'6ss’sw(x
y,w’,s > >
y), we get, in the space coordinates:

(0,5.) (%) — Fo (95(x) = 50() (1)

with 0,, = 0y, + iwcOy, ; note that we have added the dependence on Z, which was put equal to 1
in (4.8).
The solution of (5.1) is:

_ 1 1
S, (x) = e+ &0 g (X)) = — —————— 5.2
() = e+ 9u(%)  gu(x) 2rZ cxo + iwx ( )

having defined Af such that 95Af(x|z) = F<, ((x):

efikx _ efikz .
8xl2) = [ G e P (K) = Ajlln) + 5 () (53)

o MY, (D) MY, .(~p)
N —w,—we\ TP + giﬁ(_p) w,—we\ P
2 D.(p)

o

_ Mw,—wa(_p)
Do(p) 2" P DL (p)
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In order to evaluate the asymptotic behavior of AS(x|0), we need to study functions of the type

2 e—ip~x_
Loe(x) = / (d P a(p) ! (5.4)

2m)? (po + iwepr)[v4 (P)po — iewv—(p)cp1]

where a(p) and vs(p) > 0 are even smooth functions of fast decrease. It is easy to show that

a(0) ~
NG) I, (x)+ A+ O0(1/|x]) (5.5)

where A is a real constant and, if v = v_(0)/v4(0),

Ly (x) =/+1 dp: /+OO dpy e iperotma/e) _q
e _1 (2me) J_o (2m) (po + iwp1)(po — icwupy)

I,.(x) =

One can see that, if v > 0, v # 1 and x # 0,

~ 1

I,.(x)= Ime(l 20) [F(zo,wz1/c) + eF (vrg, —ewx /)]

where

1

d .

F(gj()’;[;l) = / % |:e_p1(|3?0|+lsgn(wo)w1) _ 1:| = 1In |Z| + ZAI‘g(SgH({Eo)Z> + B+ O(l/z)
0

where z = g + ix1, B is a real constant and |Arg(z)| < w. Since
Arg(sen(ro)2) = Arg(2) — 9(zo)sen(ar)r

the function F(x) (considered only for |x| > 1) is discontinuous at zo = 0, while I, .(x) is
continuous. We can then write

I,.(x) = [log(xg + iwx1/c) + elog(vag — iewzy /c)] + C 4+ O(1/]x]) (5.6)

27me(1 + ev)

where C'is again a real constant. By using (3.27), (5.4), (5.5) and (5.6), one can easily check that

HE HE _+HS Zo +iwxy/c
AE 0) = — "/751 2,2 2\ _ Y ’Y,+1
7(X| ) 4dme " (U"’xo +(@1/c) ) 4dme . Uy o + w1/ (5.7)
+C5 + O(1/1x])
for
HY — 207Uy e + gayWy e _ _ &9
e Uy, 4 + EVy,— Uy, Uy,
H- — 207 Wy e + GayUy e _ dme 1— (v, — vy ,4)?
e Uy, = EVy,— 2 4V~ 4
where CF are real constants and v, = vy 4.(0)/v4,—(0) (and g4, = g4 while g4, = —ga).
By using (3.28) and (3.29),
+ + +
H’Y7+ = V,Y = C—’Y 7H’Y7_ + ny,-l,- = 0 (5 8)
dTe Uy 44— 2 dre '

H’Y_»— _ 17%(”%-’-"»”%—)2 :"777 H’;—+H’Y_,+ :_1 (5 9)
4me 20y 4 Uy 2 4re 2 '
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Note that this expression is continuous in v, = 1, as one expects, and that, at least at small
coupling, 1, > 0.

By using (5.2) and (5.3), we finally get
1 (0202302 +a2)~ ”P/z(czvgx% + 3) "0 /2

217 (cv,xo + iwz) 2 (cvpmo + iwwy)/?

S, (x) = eCHO/Ix) (5.10)

where C' is a real constant O(g) and 2/2 = |z|'/2e!479(2)/2 Note that the leading term is well
defined and continuous at any x # 0.
Note also that, if g4 =0, v, = v, = 1 and 7, = 1, = 1/2, so that

1 (ad +a2)—n/?
Sw — 0 1 C+O(1/|x|) 511
() 27  cxg + 1wy € ( )

If we also put g, = 0 and g = A, we get for ) the value found for the regularized Thirring model,
that is n = 272/(1 — 72), with 7 = \/(47c); see eq. (4.21) of [14].
5.2 The four point functions and the densities correlations

We want to calculate the truncated correlations (O,@O;%T of the local quadratic operators O,((t)7
= (1, @) or (2, @), defined as the analogous operators of the Hubbard model in §2.4 of the previous
paper [1], that is

O>(c17C) waws stﬁo(ls)_ Z wst 1V ’ 70(130)_ Zse2zeprxwst *, =8

w,s,s’ £,w,s
E 2iwprT (2 Si) 2iwpFx ('L) —
€ djx w,s ¥X,—w,s ? € wx w s s,s' Vx,—w,s’
w,s,s’
(2,5C) _ (2,TC;) _ —iEwpF )€ ~(i) e
Ox ’ - B djx w,s Px,—w,—s Ox ’ Y= € x,w,sgs,s’ X,—w,s’
£,w,s €,w,s,s’

Note that pr has no special meaning in the effective model, but it is left there since we want to
compare the correlations in the two models, in the proof of Theorem 1.1.

Our UV regularization implies that (O,(f)) = 0 for any ¢; hence we can make the calculation very
simply, by using the explicit expressions of the (untruncated) four points functions which follow
from the closed equation (4.5) and then evaluating them so that the two coordinates corresponding
to each O™ operator coincide, if this is meaningful. This works for all values of ¢, except (1, )
and (1, S3), where there is a singularity, related to the fact that the operators px ..« = ¥, WV s
are not well defined in the limit N — oo, because of the singularity of the free propagator at
x = 0. However, in these cases we can use directly the WI (3.52) to calculate correctly, in the

limit N — oo, the correlations of 0% and O{%* by using (3.53), (3.27) and the equations
(5.4), (5.5), (5.6). We get, for |x| > 1,

2
7 (%) ~ 10y Uy, + 1 o Uy L
et 8m2¢2 22 vy 4 — Uy — (V4o +iwx1/C)? Uy 4 + Uy~ (UyZo — twzy/C)?
2
GV, L (x) ~ 1 -2 Wy, + 1 _ Wy, — 1
—ww 8m2c2Z2 vy 4 — Uy~ (Vyzo +iwz1/C)? Uy 4 + 0y (V920 — iwx1/C)?

the corrections being of order 1/|x|3. This implies that, for |x| > 1,

V21— vy +20,) + (1 + vy —2v,) v2ad — 22/c?
O(l,c)o(l,c) T __p P ) L0 o 3 5 1
G0 ) 2nZ2%c2v, 4 v, - (223 + 22/c?)? +O(1/x[*) (5.12)
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while (O((JI’SB)O,((I’S3))T is obtained from this expression, by replacing v4 with —v4 and v, with v,
(hence also v,, v, + and v, — with v, vs + and v, _).

In order to calculate the other correlations, we first note that the only four points functions
different from zero are those defined by the equation

G:}; 7:;2 (X7 y’ u7 V) = < ;wl,sl ;WQ,Szwu w2,52¢v w1,51>

By (4.5), G¥2“2(x,y,u, V) is the solution of the equation:

81,82
(8x G:)11778“;2) (X’ y.u, V) = 6(X - V)Swz (y - u) - 5w17w2681,826(x - u)Sw1 (y - V)—l— ( )
—wiw —wiw — w1 ,w 5.13
| = P = y) P, (= w) + Fo, L (x = V)| G2 (x,y u,v)
For the two-points correlation of O}({2,o¢) we are interested in the case w; = —wy; = w. For
GY(x,y,u,v) = G‘:’éf(x,y, u,v) we find
- A:r x—y|v— —A:r x—u,v—u:l
GY(x,y,u,v)=e [ S Gevivey) ( : Su(x—v)S_w(ly —u). (5.14)

Therefore, for « = C, S5 we set x = u, y = v and s = +, while for o = 51.52 we set s = —;
for TCy,TC3 we set u=v, x =y and s = +; while for TCy, SC we set s = —.

For the two-points correlation of O,((l’a), a # C, S3, we are interested in the case w; = wo = w.
If@:(x,y,u,v) = Gf, (X, y,u,v) we find

- |:A: (x—y|lv—y)—A7 (x—u,v—u):|

é‘:(x,y, u,v)=e Sw(x—v)Su(y —u)

(5.15)
— AL (x—y|lu—y)—AT (x—v,u—v
b, e |56y s ) Su(x — ) Suly —v) .
For a = SC weset x=y,u=v and s = —; for a = 51,5 weset x =u,y =v and s = —; for
a=.S5;,Cweset x=u,y=v and s = +.
Therefore, it is easy to see, by using (5.3) and (5.10), that, for |x| > 1,
1 cos(2ppx)™e 1
o 0N o(1/Ix)? v
< > QZQCQ(vgx +x2/c2)zﬂf(v2x2—|—x2/02)%f+ ( /|X| ) ) (e}
1 cos(2pr) viad — a?/c?
O oUSONT _ P o(1/|x[? 5.16
< 0 x > T27202 (szg + x2/02)2np (ngg + 1.2/02)2 ( /|X‘ ) ( )
1 1 vizd — 2?/c?

(O o)t O(1/|x[*), a = 51,5

T27202 (U2ZL‘% x2/02)2ng (U2ZE% .’1,'2/02)2

where my = 1, if a = C, S;, while m,, =0, if o = SC, TC;, and

Ny — G +1/2 t=(2,C),(2,5)
x _ Ny — ( )C’Y+1/2 t= (2 51)7(2752) (5 17)
)G 12 = (2,TC1), (2,TCs) '
777+S( )C7+1/2 = (2 50)7(2’TC2)

Let us now consider the special case g, = 0 (i.e. 7, = {, = 0), which we use as a effective

model for the Hubbard model. In this case, the equations (5.16) imply that (O(()t)O,(f)> decays, for
|x| = o0, as |x| 2%, with

2+ 2n, - 2¢,
24 2n, +2¢,
2+4n,

2

2,0),(2,5)
2,5C), (2,TC;)

1,50)
L,C),(1,5)

(5.18)

[N}
s
I
~+~ + o+ o+
I
/N /N /N
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Note that ) )
| 2vp

_ 1 _ 5.19

"l 2 + 40,40, & VptVp— (5.19)

Let us now define K = 2X3 - — 1 and K= 2X3 sc — 1. By using (3.29), we see that

P e \/(1 —va) =2, \/(1 +va) — 20, (5.20)

VpUp (I—va)+2v,\ (14+w1)+2v,

P (1+2v,)° —vi -l

Up+’Up,
4n, = K + K —2

These equations imply that all the critical indices X; and the parameter 77, can be expressed in
terms of the single parameter K, only depending on ga/c and g4/c. In the following section we
will show that the coupling of the model (2.2) can be chosen so that its exponents coincide with
the Hubbard ones; then, by some simple algebra, one can check the validity of the scaling relations
(1.14).

6 Proof of Theorem 1.1

6.1 The extended scaling relations: proof of (1.14)

In this section we finally establish contact with the Renormalization Group analysis of the Hubbard
model done in the companion paper [1], and we prove Theorem 1.1.

Let us call v;, = (§2’h7§47h7gh), h < 0, the running coupling constants in the effective model
with ultraviolet cutoff vV and parameters

91,.=0 , g =9L=G2N , ga=Ggan , O0=0n (6.1)

so that, in particular, ¢ = ¢o(1 + gN), and put vy = (§2,N,§47N,5N). We call v, = (92,n, 94,1, 0n),
h <0, the analogous constants in the Hubbard model, and @, = (vp, g1,5, vn). The analysis of the
RG flow given above implies that, for A <0,

Dh1 = Op + BOM (@, ., T0) + 7P (T, .., To, ON) (6.2)

vn—1 = vp + BN (vp, ..y v0) + 7 (T, .., To, N) (6.3)

where (0" (3, ..,7) is the beta function of the effective model with parameters (6.1), modified
so that the endpoints have scale < 0. Note that ") (vy,..,v0) is the function ) (v, .., v0)
modified so that, in its tree expansion, no trees containing endpoints of type g, appear and the
space integrals are done in terms of continuous variables, instead of lattice variables (the difference
is given by exponentially vanishing terms). The crucial bound (4.44) and the short memory
property imply that [7") (T, .., ox)| < C[maxysp [0k]]> 77", and a similar bound is verified from
T(h) (Uh, oy 170, )\)

Lemma 6.1 Given the Hubbard model with coupling A such that g10 € D.s, it is possible to
choose U as analytic function of A, so that

Go = 2X [@(0) - ;%\(QpF)} O G =20(0)+003) , =00  (64)
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and, if Oy, are the r.c.c. of the effective model with parameters satisfying (6.1), while vy, are the
r.c.c. of the Hubbard model, then, Vh <0,

\91,0|
1+ (a/2)|g1,0] |7|

Moreover, the r.c.c. U, have a well definite limit as N — 400 and this limit still satisfies (6.5).

|'Uh_5h‘ SC

(6.5)

Proof - We have seen in the previous sections that the flows (6.2) and (6.3) have well defined
limits ¥_o and v_o, as h — —oo0, if the initial values are small enough and g1 ¢ € D, s. Moreover,
the proof of this property for the flow (6.2) implies that v_., is a smooth invertible function of
Un, such that v_o = Uy + O(0%); let us call Uy (V—_oo) = V_oo + O(V2 ) its inverse. It is also
clear that Un(V_c) has a well defined limit as N — oo, that we shall call (), and that this is
true also for the r.c.c. vy, h <O0.

The previous remarks imply that it is possible to choose U, satisfying (6.4), so that

Voo — Voo =0 (6.6)

In order to prove (6.5), we note that, because of the bound (4.44) and the short memory property,
in the effective model with couplings satisfying (6.4),

[Th — Doo| < CAZH7R (6.7)
On the other hand
" : 910
Vp —V_oo] < C 2+ M2 <O L0 6.8
| h | j;OOHgL” Y ] 11+ (a/2)|gl,0| |h| ( )
These two bounds immediately imply (6.5). |

Let us now note that the critical indices of the effective model can be calculated in terms of
U_oso by the same procedure used for the Hubbard model and that we get an equation with the
same function ﬂt(O’J ). Hence, the above lemma allows us to conclude that the critical indices in the
Hubbard model and in the effective model coincide, provided that the value of v = limy_soo Uy is
chosen properly. It follows that all the indices are given by the equations (5.18), with

yo— g2(N) _ )\5(0) —U(2pr)/2 +O()\3/2)

r 4dme 2msinpp (6.9)
_ gy, v(0) 2 '

v dTe /\ZWSinﬁF +O()

where (6.4) has been used, together with ¢ = sinpn + O(X). Moreover, (6.9) and (5.20) imply that
K =1-2\0(0) — 5(2pr)/2]/(msinBp) + O(N\3/?), in agreement with (1.13).

6.2 Susceptibility and Drude weight: proof of (1.15)

The effective model is not invariant under a gauge transformation with the phase depending both
on w and s, if g1 | > 0; however, it is still invariant under a gauge transformation with the phase
only depending on w. This is true, in particular, if the interaction is spin symmetric, that is if
g = g1 — g1,1- Since also the Hubbard model is spin symmetric, it is natural to see if one can
use this “restricted ” gauge invariance to get some useful information on the asymptotic behavior
of the Hubbard model, by comparing it with the effective model with g; 1 > 0.

Let us put g1 = gy, 911 = gy and g = g, — g;- We want to show that we can choose

the parameters of the effective model §,, G, G4, 0, so that the running coupling constants are
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asymptotically close to those of the Hubbard model. This result is stronger of the similar one
contained in Lemma 6.1, since now all the running couplings are involved, and this implies also
that the values of gy, g, and & are different with respect to the analogous constants defined in
Lemma 6.1. The main consequence of these considerations is that we can use the restricted WI
of this new effective model to get non trivial information on some Hubbard model correlation
functions, not plagued by logarithmic corrections.

Let Ij, = (91,1, G2,1> Ga, s 64), h < 0, be the running coupling constants appearing in the inte-
gration of the infrared part of the effective model. The smoothness properties of the integration
procedure imply that, in the UV limit, lo is a smooth invertible function of the interaction param-
cters | = (91,92, 94, 6), whose inverse we shall call l(lo) hence we can fix the effective model by
giving the value of l_E) and by putting [= l(lo). In a similar way we call §r = (91,h, 92,1, 9a.h, On),
h < 0, the running couplings of the Hubbard model with coupling .

We now define &, = I, — Ggn, h < 0. By using the decomposition for gj, and the similar one for
17“ we can write

Fn1 = &+ B @ns o Go) — B Ty s 10)] + B Gy vie-Gos v0, A) + B (s 10, 1) (6.10)

In the usual way, one can see that

1B (Gins r Go) — B (Thy oy L ><c[|x|+supzk|}zv (k=h) |7 | (6.11)

k=h

and that |ﬂ(2)| < Ay, |6(3)| < Olsupgsp |lk|]?. Note that the different power in the coupling
of these two bounds is due to the terms linear in X in the beta function for d;,, which are present
in the Hubbard model, while similar terms are absent in the effective model.

We want to show that, given A positive and small enough, it is possible to choose l_(s, hence %y,
so that ©_,, = 0; we shall do that by a simple fixed point argument. Note that ©_,, = 0 if and
only if

=

tr=— 3 ABY @n. - G0) — B (h, o)) + B + By (6.12)

h=—o00

We consider the Banach space My, ¢ < 1, of sequences & = {Z), }n<o with norm
|Z]| = supg<q |Zely~(?/?* and the operator T : My — My, defined as the r.hs. of (6.12).
Given £ > 0, let By = {& € My : |Z] < EA}; if A is small enough, say A < ¢ and {X < e,

and lh = §gp + Ty, the functions ﬁh )(l_;—“ . l}) and 523)(EL7 . l_E),Z_j are well defined and satisfy the
bounds above, even if Z is not the flow of the effective model corresponding to lB. Hence, we have:

h—1
yORT(E)] < coMEA+1) D AFF <A1 +EN) (6.13)

k=—o00

so that By is invariant if £ = 2¢; and A < &1 = min{eg, 0/(2¢1),1/(2¢1)}. Moreover

h
T@n—T@ )= Y. {B" UG+ Thesn) — By LG + Fdrsn)]
h=—o00
+ B UG + T disn) — B0 UG + B dasn)]

and |T(Z)n, — T(Z)n| < c2A||x — ’||, thanks to the fact that all the terms in the r.h.s. of this
equation are of the second order in the running couplings. It follows that, if coA < 1, T is
a contraction in Bg, so that (6.12) has a unique solution #©) in this set; moreover, if we put

l_;L =gn+ 53’20), {fh}hgo is the flow of the effective model corresponding to a value of [ such that

\Gn — In| < CIAIY 2" (6.14)
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Finally, this solution is such that [is equal to gy at the first order; hence we get
Gy, = 200(2pp) +O(N\?) | Gy =2X0(0)+0(N\?) |, g, =2\0(0)+0(N\?) , §=0(\) (6.15)

Thanks to the bound (6.14), this choice of f, allows us to say that there are constants Z =
1+0(\?), Z3 =1+ O(\) and Z3 = vr + O()) such that, if k <1 and |p| < &,

(P) = Z3{Bpp—p)'? + Ac + o(p)

< UG (6.16)
D(p) = —Z3 <jpj—p> 7+ Aj +o(p)

where <->(g ) denotes the expectation in the effective model satisfying (6.14), A. and A; are suitable
O(1) constants and

P =Y Ukwstlxws  Jx= Y Wi Uxws - (6.17)

Moreover, if we put p% = (wpr,0) and we suppose that 0 < x < |p|, |K'[, k' —p| <2k, 0 <9 < 1,
then
G2UK + P9, K + P+ pY) = Z3(Bpthw wliyp o) L+ O(k")]
P K + P, K + P+ P%) = Zs (ot wtlip s pw) P11+ O(5”)] (6.18)
Sa(K + PF) = (Wig o Vi)V [L+ O(R)] -

where G%'(x) and G?’l(x) are defined after (1.9), while the functions <ﬁp¢k’,w¢;+p,w>(9) and

Gpl/}k/’wz/);r,+p’w)(g) coincide with the functions (3.22) and (3.23), respectively, with ¢ = vp(1+9).
As already mentioned, if g; > 0, the effective model is still invariant under a spin-independent
phase transformation; hence the WI (3.16) is satisfied, if we sum both sides over s and we substitute
v¥(p) with

h(p)

et c=vp(l+9) (6.19)

E(p) = {0w,1[05,-192 + 65,1(2 — G1)] + 0w, —105,-174}
Therefore we get the a WI similar to (3.21), that is

— ipo[1 — 74(p) — 27,(P) (Pp ¥ it p.) P+ ED[L + 7a(P) — 27,(P)] Up i wtlits 1 po)

1 _ _ _ _
=7 <,¢)k7w’g/¢)k7w7g>(g) - <¢k+p_’w,gwk+p7wvg>(g):| (6.20)
where N
_ _ h(p) _ 92— G1/2%
= =2 J2/- 21
va(P) =917y — + 7o(P) 1oz (P) (6.21)

By replacing (6.18) in (6.20), and comparing with (1.9) we get, if 74(0) = 74, 7,(0) =7,

Z3

Z
2 (-v-2m,) = =e(l+7 - 27, (6.22)

Z
Similarly we get:

Do) (') Y — 7a(p)D—u(p) (P, ) )
P

B 0 (. D_.(p)
—2z/p(p)D_w(p)<p§,,)—wp(—z>,w'>(g) = 0w 27;%26

(6.23)




March 14, 2013 51

Hence, by some simple algebra, we get:

© (0 (9 _ 1 D_y,(p)[D-u(P) — 74Dy (p)] L0 6.24
<pp,wp7p,w> 27_[_Z2@;2)7Jr p(Q) _’_625;2)1)2 (p) ( . )
(© © (@) _ 1 2,Du(P)D-u(p) 6.5
(Ppih p.—w) QWZQ@;%# R+ 6253;02 (P) (6.25)
where
Ty =Tp—[Vot > Top = (1—pvy)?® — 475 (6.26)
Therefore the charge and current density correlations are given by:
o (e 1 21 =7y +20,) +Ep*(1 + 74 — 20
<p£))p(_])p>(g) — — ol 2p) A 2( 4 ») +O(p)
T2, Py + CULp (6.27)
TCHCNOp— —p(1 =74 — 20,) +Ep*(1 + Ty + 27,) +0(p) '
PP nZ%cv; | P+ Cup?

Note the above equations are true also for g; < 0, provided that an infrared cut-off is present
and for coupling small enough (vanishing removing the cut-off).
From the WI (1.9) we see that

~

Qc(0,po) =0 , D(p,0)=0 (6.28)

and this fixes the values of the constants A. and A; in (6.16), so that

R 72 B B B B 3 22p?
Qc(p): W[(1+V4—2Vp)+vp(l—l/4+21/p)]png2)62p2+O(p) ( )
P 6.29
R Z2 2
D(p) = — s [(1+ 74 +27,) + 021 — 74 — 27,)] 50— + o(p)

- 2552 402 2y 552522
wZCu, L, Py +U,Cp

If we insert (6.22) in the previous equations, we get, for the susceptibility (1.6) and the Drude
weight (1.7), the values

1 -0y —20,)2 K
K= %[(1 + Ty — 20,) + T2(1 — Ty + 27,)] = —
TCU, LU, TV, (6.30)
(1 +74 —20,)? Kev '
D:%[(l +v4+2vp)+@f)(1—v4—2vp)} = £
T v ™
ptp
where
7 (1-2v,)% 73 _ A =7) -2, [(1+74) -2, (6.31)
Tpt Up— (1-74)+20,\ (1+74)+ 27, ’
so that 1
K
— = 55— 6.32
D v, (6:32)
and this completes the proof of Theorem 1.1.

Remark 1 We are unable to see if 20, = vr(1 + 8§)v, coincides with the velocity cv, =

vp(1 + d)v, appearing in the two-point function asymptotic behavior (5.10), with v, given (see
(3.29)) by
(14 v4)? — 402

[Ny (6.33)

v, =
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with v, and vy defined as in (6.9). In fact, it is easy to see that 5 is equal to ¢ at the first order
and this is true also for 7, and v, by (6.15), (6.21) and (6.9); however, our arguments are not able
to exclude that the two velocities are different. Moreover, (6.31) and (5.20) imply that K = K
at first order, but they also could be different. Note that the equality of K and K, would imply
that k = K /v, with v = €U, being the charge velocity, a relation proposed in [3] which, together
with (1.14) and (1.16), would allow for the exact determination of the exponents in terms of the
susceptibility and the Drude weight.

Remark 2 Note that the Ward Identities (6.27) are true also for g1,; < 0 and | = —o0,
provided that L is finite.

A Proof of Theorem 2.1

By using (2.23) and the definition (2.20) of £, we get in the following way a simple expression for
VO (7, a,BF ), for any T € TN kng,ns-

We associate with any vertex v of the tree a subset P, of I,,, the external ¥ fields of v, and the
set x,, of all space-time points associated with one of the end-points following v; moreover, we shall
denote x; C x, the set of all space time points associated with the special endpoints following v.
The subsets P, must satisfy various constraints. First of all, |P,| > 2, if v > wvg; moreover, if v is
not an endpoint and vy, ..., vs, are the s, > 1 vertices immediately following it, then P, C U; P,,;
if v is an endpoint, P, = I,,. If v is not an endpoint, we shall denote by @),, the intersection of
P, and P,,; this definition implies that P, = U;Q,,. The union Z, of the subsets P,, \ Q., is, by
definition, the set of the internal fields of v, and is not empty if s, > 1. Given 7 € TN kn,n,»
there are many possible choices of the subsets P,, v € 7, compatible with all the constraints. We
shall denote P, the family of all these choices and P the elements of P.. Then we can write:

VO (r,a,pl 1) = 3" VO(7,0,P) (A1)
PeP,
VO(r.0,P) = / g VM (o) T(S00) K18 () (A:2)
where S, denotes the set of special endpoints following v, 12[““ (Py) :== erp w;(l})s(f) ~(Sv) =

[l,es, /x..0, and K (k) (Xug, Yuo) 18 defined inductively (recall that h,, = k-+1) by the equation,

T,0,P
valid for any v € 7 which is not an endpoint,

Sv

KO0 = 5 TTKG D G e 00 (P\Qu ), 00 (P \Qu)L (AB)

vi=1

If v is an endpoint, K (x,) is equal to one of the kernels in LV(**), otherwise KM = RK&?”P)I,,
where 11,...,7s, are the subtrees of 7 with root v, P; = {P,,v € 7;}. Hence, if we use the
Brydges-Battle-Federbush identity (see [15]) to expand the truncated expectation in (A.3), the
kernel in (A.2) can be rewritten as

Kt ) = 3 [nKh )]

TeT i=1

{ 1I / dPr, (t,) - det G' T (t,)| TT o) (x0 = y)]] |

w10t e. p leT,

(A.4)

where “e.p.” is an abbreviation of “endpoint”, v} are the end-points, K ( Xyr) 1s W (0A4):hi

W20 op W21 T is the set of the tree graphs on Xy, Obtained by puttmg together an
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anchored tree graph T, for each non trivial vertex v and adding the lines connecting the space-
time points belonging to the sets x,+; moreover, dPr, (ty) is a probability measure with support
on the set of ty = {tyv iy € [0,1],1 <1i,i’ <s,} such that ¢, ;s = u;-uy for some family of vectors
u; € R® of unit norm; finally, if L, = |Z,|/2 — s, + 1, G"Tv(t,) is a L, x L, is a matrix with

elements of the form

ho.T, .
vy = toiir gl

L (Xig —yirgr) (A.5)

with g (x) admitting a Gram representation: g )(x —y) =4 [dz A} (x —z) - By(y — z), with

71kx
Anlx L2ZVf” K2+ 2k

(A.6)
Bh (X) = ﬁ Z \/ fh (k) eilkx(ik’o + wck)
k
and
|1 Anl* = /dZIAh(Z>|2 SOy BP0yt (A.7)

for a suitable constant C. Therefore the Gram—Hadamard inequality, combined with the dimen-
sional bound on g" )( ), implies that

|detGhvav (tv)| S 02521 |PU7‘,‘_|P1/|_2(3'U_1) . ’yhv(2321 |P'Ui‘*|P'v|*2(Sv*1)) . (AS)

By the decay properties of gU(Jh) (x), it also follows that

1 el
[ o/ eyl -woll < ] ae (ag)

v not e.p. LeTy, v not e.p. U’

Therefore, proceeding as in the proof of Lemma 2.2 in the companion paper [1], we get the bound

HW(n;Qm)(h)H < Z O"+m€g Z Z r}/_D”oh[ H fy_D”} , (A.10)

n>dn m TGTN h,n,m v not e.p.
- ’ uGA-,— |P1,0| 2m v>vq
where
Dy = —24 Bl (A.11)
v = 5 n; .

where n/ is the number of J-endpoints of the subtree with root v. The definition of the R operation
(which is applied to all vertices, except the endpoints and vg) implies that the tree value vanish, if
there is even one vertex, except the endpoints and vy, with D,, < 0. Hence, we can suppose that
n (A.10), D, > 0 in all vertices of the product and the bound (2.28) follows from (A.10) by the
combinatorial arguments used in the proof of Lemma 2.2 of companion paper [1].

As concerns the proof of the uniform convergence as N — oo, which only depends on the
structure of the tree expansion and on the corresponding bounds, we again refer to Lemma 2.2 of
[1]. m

B Proof of (2.33) and (2.34)

Let us denote by V(v, J,n) the expression inside the braces in the r.h.s. side of (2.2) and let us
define V(O (¢, J,n) so that

eV(U)(w,J,n) _ /Pl,N(dC) 6V(¢+C,J,n) (B.l)
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where Py y(d¢) = P(dyp™N). Note that VM (4, J,n) = V(,J,n) and that the functional

1% 2 (¢, J) used in (2.33) and (2.34) is equal to V() (¢, .J,0). The properties of the Grassman-
nian integral imply that, for ¢ = +,

[ Pat@6) 62 P Q) = ¢ fau gt —w) [Pan@) 21 B2

and therefore

9ev"”
i) = [P () (5550 + GE) X6
o 9 1(©) (B.3)
_ (0) e
= eI e [ gl ) ()
u,w,s

which is (3.34). Besides, using the explicit expression of V(¢, J,n), obtained by adding to (2.13)
the terms linear in 7, by explicit computation of the derivatives on both sides of (B.1) we find the
following two identities; if © = (w, s, to),

eV eV
(¢, J,0) Jx, 05 (1, J,0)
6'(/}th S Z nx w,to
27O (B.4)
e
dw hEE (x —w)———— (4, J, 0
+Z@ / W hi 8, (x — w) 5 o0
eV 92eV"”
,J,0) = ————— (¢, J,0 B.5
87ea W10 = g (. ,0) (B.5)

Finally, plug (B.3) for ¢ = + into (B.4) and get (2.33). Also from (B.3) and (B.5) we obtain:

8 V(O) 8 V(O)
aJxe(w’Jn) ’(/}xwt()a;ws(wa*]n)
92eV"”
du ghM(x—w)—————— (@, I, B.6
B R e ) (5.6

which gives (2.34) by applying (B.3) again and using that g[1 N (0) =0.

C Some properties of the functions UZS%L(kJF, k™)
By using (3.6) and (3.7), we easily see that, if ¢,5 > [,

(i) 1 vun (k) fillkT)Du (k) = 8 vun (k) £ (k) Do (k)
;%Ul,l\?,w(k+7k )— Zi_lzj_l = w(k+)Dw(k,) 4 (Cl)

where Uy (k) is a smooth function such that uy(k) = 0 for [k| < vV and un(k) = 1 — fn(k|)
for [k| > +"; note that uy (k) is a smooth function and that uy (k) = 1 — x[—oo,n)(|k|). If we put
p = kT — k™ and we use that D, (p) = D, (k") — D, (k™), we see that ﬁl(ll\flj (4 + p,q) satisfies
the identity (3.8), if we put

S, L(a+p,q) = —xn(p) 5i’gfg)%t(f;)fg?) (C.2)
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8jnun (@) fi([a+pl) — divun (@ + ) f;(al)
D_.,(p)Du(q+p)

The proof of the bound (3.9) for i = N and j > [ easily follows from the smoothness and support

§(i7j)

LN ww(@+P.a) = Xn(P) (C.3)

properties of the functions f;(|k|), un (k) and Xn(p). Note that this definition of the functions
3\1(11\?)0) w8 useful only in the case j > N — 2, in order to exploit the fact that Ul2 9 Lk k) =

see §4.2 of [8 [8] for more details in the case N =0. f i =N and Il < j < N —2, we could write the
simpler decomposition

v (p) lim Ui (kK k) = =5 Do v (p) 2 C.4
XN ( ) l, N ( ,_Ziw XN (p) Dw (k_)le(p) ( )
which also satisifies the bound (3.9).
If i = N and j =, one has to add to the r.h.s. of (C.4) the term
X (p) fN<|k+| Uz NUSITICS
= D (P)=——XNP) s
Zlfl(k ) ( /_Ziw lfl(kf) Dw(k+)Dw’(p)

with Z;_1(k) defined as in (2.47); then we get the bound (3.9) even for j = I, since Z;_; (k) > 1.
In order to prove the bound (3.10), note that, if N > j > I,

PO 1 1-x)] flk*huk-)
[1 - Xl(p)] gll)% Ul,N,w(k+7k ) = §w;w D, (p) Zj_lzl_l(kf) Dw(k+)Dw1(p)

(C.5)

where (k) is a smooth function such that u;(k) = 0 for [k| > +' and w;(k) = 1 — f;(|k|) for
k| < ~4; the identity is valid also for j = I, with Z_;(k™) in place of Zj—1. Then the bound
(3.10) follows from the remarks that Z;_1(k) > 1 and that [1 — X;(p )]f](|k+\)ul( ~) # 0 only if
j >l and, in such case |D,(p)~!| < ey 7.
We are also interested in the bound of
Uik k) I A ) JlkpmEH ]
D.(p) Zl—l(kJr)Zz_l(k*) Dy (k*) Doy (p)  Du(k™)Duwr(p) .

. . . =il ..
By using the remark after (2.47), we see that its Fourier transform S, ,(z;x,y) satisifies, for any
positive integer r, the bound

=il 1
|SQ7w, (z;x,y)] < Tbr 1(x —2)br1(x —2) (C.7)
with b, ;(x) defined as in (3.9).
Finally, we want to prove the bounds (3.12). To begin with, note that the r.h.s. of (C.2) and
(C.3) do not depend on [, if 4,5 > K + 1, and that ZfiKH fi(lal) = X[—oo,n(l@]), if [P| < 1 and
N is large enough. Hence, if |p| < 1,

N
1 a0irj) 1 ( + P)X[—o0,n)([a])
> = SN ela+pq) =—— (C.8)
2 Z I,N,w,w ’ 2
i j=K+1 L q€D) L acD) D,(a)Du(a+p)
(1,7 ooN] |q+p|) X[*OO,N](‘&D
—ww(@tPa) C.9
Z Z LA L2 Z ~w(P)Du(a+p) ()

i,j= K+1 qu’ qeD),
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where we also used the fact that un (k™)X [—co,n](kT) — un (k™) X[—o0,N](K7) = X[—oo,n](kT) —
X[—oo,n] (k™). Since |q| is of order 4V, it is easy to see that we can substitute L2 ZQED'L with
~2 [dq in the r.h.s. of (C.8), for any small p, and in the r.h.s. of (C.9), for p # 0 and small,
by making an error of order v~ /L. On the other hand, by using the fact that under the change
of variables q = (cq, go) — (qo, —cq), which leaves invariant |q|, D, (q) — iwD,(q), we see that

/ dq un(Q)X[-co,n(lal)
(277)2 Dw(q)2

This proves (3.12) for 75. As concerns 7y, an easy calculation shows that

=0

dq X[—oo.N)([G+P)) = X[—onm(la]) _

o) @7 D_u®)Daatp)
5 [ S — - [T =~ o) 101 = o

which proves (3.12) for 5.

D Approximate Spin-Charge Separation

Theorem D.1 Under the same condition of the previous Theorem, the Fourier transform of the
2-point Schwinger function is given by

So(k+p7) = Z(K)Suw(K)[1+ RK)] ., Ph = (wpr,0) (D.1)

where \2
|R(k)| < Cm , a>0, (D.2)
Z(k) = L(k["H* 1+ R'(K)] , [R'(k)]<C)| (D.3)

L(t), t > 1, is the function defined in Theorem 1.1 of the companion paper [1] and §M,w(k) is a
function whose Fourier transform is of the form

1 [v2a3 + (x1/vp)?] /2
2mvp (V%0 + Wwx1 /vp) 2 (Voo + iwxy [VF)/?

with vy, =1+ O(N), 1, = O(A?), v, — vy = c, A + O(N?), with ¢, # 0.

St w(x) = eCTO/Ix]) (D.4)

Similar expressions are true also for the density correlations (the explicit formulae are in §5
and are not reported here for brevity). The above theorem says that the two point function can
be written, up to a logarithmic correction, as the 2-point function of the Mattis model [16], a
model which shows an anomalous dimension and the phenomenon of spin-charge separation. This
last property means that there is, in the Mattis model, an exact decoupling of the hamiltonian
as sum of two independent hamiltonians describing the spin and charge degrees of freedom. A
manifestation of spin charge separation is that the 2-point function is factorized in the product of
two functions, similar to Schwinger functions of particles with different velocities. In this sense,
the above theorem says that the spin-charge separation occurs approximately also in the Hubbard
model, but is valid only at large distances and up to logarithmic corrections.

If k # 0, the Fourier transform Ss(k +wpr) of the two-point Schwinger function Sz(x) in the
Hubbard model an be written as a tree expansion, in a way similar to eq. (2.64) of [9], whom we
shall refer to for the notation:

e S D S SR 05)

n=0jo=—00 T€Tjy n,2,0 FEP
| Py =2
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where p% = (wpr,0), w = +. Here @3w(k) represents the contribution of a single tree 7 with n
endpoints and root of scale jo; if [k| € [y, y"**1) it obeys the bound:

R —hx
G2 10)] < Oy T Z S OY Y e 11 ’Y“”Zhhil (D.6)

n=0jo=—007€Tjj,nk PEP v not e.p.
[Pug =2

where Tj, , k denotes the family of trees whose special vertices (those associated with the external
lines) have scale hy or hixii. Moreover, d, > 0, except for the vertices belonging to the path
connecting the root with v*, the higher vertex (of scale h*) preceding both the two special end-
points, where d,, can be equal to 0. These vertices can be regularized by using a factor v~ —70)
extracted from the factor 4~ ("x—40) g0 that we can safely perform the sum over all the trees with
a fixed value of h* and we get

yhe & ,yf(hkfh <2 B
Zhe B — Zhse

So(k+p)| < C (D.7)

A similar bounds can be obtained for the effective model with g1, = 0 and couplings chosen as
in Lemma 6.1. We shall call SM (k) and Zj, the two-point function Fourier transform and the
renormalization constants, respectively, in this model.

Let us put
. 1 5 1
Salk +p5) = —Gol) . Sk = =G () (D-8)
hk th
We can write
5 =2
P~ Zh G (k) Zh aM 1 —2 —2,M
So(k + py) = Sl ZwlZ) _ Tl ga G,(k) -G, (k D.9
2(k+pi) = 7= T I (k) + th[ (k) (k)] (D.9)

Note now that éi (k) differs from éi’M(k) for three reasons:

1) the propagators are different, which produces a difference exponentially small thanks to the
bounds (2.102) and (2.103) of [1] and the short memory property;

2) the r.c.c. vy and vy, are different, which produces a difference of order gi p, , thanks to (6.5)
and the short memory property;

3) in the tree expansion of éi(k) and of the ratios Z;/Z;_, there are trees with endpoints of
. . =2.M 5 5 . .
type g1, not present in the tree expansion of G;" (k) and Z;/Z;_1; this fact produces again
a difference of order g; p, .

These remarks, together with the fact that there is no tree with only one endpoint in the tree
expansion, implies that

1 —2 _oM _ —hx
51609 - G ]| < €l (D.10)
th th
For similar reason, we have
0
Z 5
D _ ] o 2 1 o) Zn B = 1 OB (D)
Zh, il 1 Zh,
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