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Abstract

The critical behavior of one-dimensional interacting Fermi systems is expected to display
universality features, called Luttinger liquid behavior. Critical exponents and certain ther-
modynamic quantities are expected to be related among each others by model-independent
formulas. We establish such relations, the proof of which has represented a challenging
mathematical problem, for a general model of spinning fermions on a one dimensional lat-
tice; interactions are short ranged and satisfy a positivity condition which makes the model
critical at zero temperature. Proofs are reported in two papers: in the present one, we
demonstrate that the zero temperature response functions in the thermodynamic limit are
Borel summable and have anomalous power-law decay with multiplicative logarithmic cor-
rections. Critical exponents are expressed in terms of convergent expansions and depend on
all the model details. All results are valid for the special case of the Hubbard model.

1 Main Results

1.1 Introduction

The charge carriers in metals are described by a gas of non relativistic quantum particles
(fermions). In the absence of interactions their thermodynamic properties can be computed
and provide a good understanding of the physical properties of several systems. However, the
free gas description fails in many important cases and cannot explain phenomena, such as the
superconductivity, which are of the greatest importance both from the applicative and theoret-
ical point of view, providing a dramatic manifestation of quantum physics at the macroscopic
scales.

The analytic study of the properties of interacting fermions at zero temperature and in
the thermodynamic limit is an extremely difficult task, and in several important cases even a
convincing qualitative picture is lacking. From the point of view of mathematical physics, to
this date only in two cases the ground state properties of a gas of weakly interacting fermions
in dimensions greater than one has been constructed with full mathematical rigor by using
Renormalization Group methods coming from Constructive Quantum Field Theory: the case
of non symmetric Fermi surface [1] and the case of fermions on the honeycomb lattice at half-
filling[2]. Both cases are rather special, as the interaction does not qualitatively modify the
physical properties even at zero temperature. The rigorous study of an interacting model with
a non trivial behavior in two or three dimensions is still a challenging problem.

The situation is analytically more accessible for a one dimensional gas of interacting fermions,
where the interaction produces a number of remarkable effects which are believed to have a
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counterpart even at higher dimensions, in some special cases [3]. In addition to this role as a
benchmark for higher dimensions, the rapid progress of technology is producing materials which
are a physical realization of such systems. One dimensional fermion gases have been extensively
analyzed in the physical literature in the last forty years by a variety of methods. Their behavior
is radically different with respect to the free gas, and the physical picture which is commonly
accepted is the so-called Luttinger liquid conjecture proposed by Haldane [4] (extending previous
ideas by Kadanoff [5], and Luther and Peschel [6]): according to such conjecture, the low energy
properties at zero temperature of a wide class of interacting many body fermion systems in one
dimension are characterized by: a) anomalous dimensions, that is the presence of critical model
dependent exponents in the correlations decay; b) universality, in the sense that the exponents
and other thermodynamic quantities verify a set of model independent relations.

The universality property is particularly remarkable; in experiments we have a poor knowl-
edge of the microscopic parameters, but the validity of the universal relations imply that one
can predict exact and parameter-free relations among exponents which could be experimentally
measured. The universal Luttinger liquid relations are verified in a special solvable spinless
models, the Luttinger model, which is the prototype of Luttinger liquid behavior. Its exact solv-
ability relies on the absence of the spin and on the linear dispersion relation of the fermions,
two features allowing for the mapping in a model of free bosons by Mattis and Lieb [7]. Non
relativistic fermions have a non linear dispersion relation, but Haldane [8] provided arguments
that, at least in some cases, the relations can be true even if the mapping to free bosons is
lost. The conjecture was partially verified in a solvable model, the XYZ spin chain, which is
equivalent to a system of spinless fermions on the lattice with a nearest neighbor interaction,
whose ground state energy can be computed by the Bethe ansatz. The solvability relies however
on special and non generic peculiarity of certain models, and traditional methods cannot say
too much on the validity of the Luttinger liquid relations in generic non solvable models. For
instance, Field theoretic Renormalization Group analysis [9] confirms the existence of anomalous
exponents and shows that the contributions from the non-linear part of the dispersion relation is
irrelevant in the Renormalization Group sense; however such irrelevant terms, which contribute
to the exponents, are simply discarded in this approach so that nothing can be concluded on
the validity of the universal relations. In recent times indeed a caveat for a not too extensive
application of the Luttinger liquid picture has been emerged; in particular, it appeared that non
linear bands surely affect the finite temperature and the dynamical properties, see e.g. [10]. In
addition, the possibility of different physical properties, at least for the finite temperature and
the dynamical properties, between integrable and non integrable 1D models has been extensively
investigated, especially regarding the conduction properties.

All the above considerations surely provide a strong motivation for a mathematical proof of
the Luttinger liquid relations, and we will provide here such a proof for a standard (generically
non solvable) model of a gas of spinning fermions on a one dimensional lattice with a short range
interaction satisfying a positivity condition, to be defined later. We will call such system eztended
Hubbard model, as it reduces to the (solvable) Hubbard model in the special case of ultralocal
interaction. As it will clear by our analysis, the proof will be independent from the details of
the model considered, and it could be generalized to a wider class of systems. However, for
definiteness and sake of simplicity, we will not try to consider the most general class of models.
We use non-perturbative Renormalization Group methods implemented with Ward Identities
at each Renormalization Group step, using a technique introduced in [11, 12]. Such methods
have provided for the first time the self-consistent construction (that is, without resorting to
properties found by exact solutions as was done in previous works [13]) of an interacting non
solvable many body model with a non trivial behavior (that is, where the interaction produces a
different behavior with respect to the free case); namely a system of weakly interacting spinless
fermions in one dimension. Subsequently, by such methods the Luttinger liquid relations [14, 15]
for this spinless case were proven.



The analysis of the spinning case, which is discussed in the present work, present considerable
new difficulties. Indeed the fact that the inclusion of the spin in one dimensional physics produces
new phenomena, such as the spin charge separation, logarithmic corrections and the possibility
of metal-insulator transitions, is well known in the physical literature, see e.g. [3, 16, 17].
The approximations leading to the solvable Luttinger model in the spinless case, namely the
linearization of the dispersion relation, in the spinning case lead to a non solvable model. Power
law decay with anomalous exponents are found only for repulsive interactions and in the non half
filled band case; besides the power law decay has multiplicative logarithmic corrections. Despite
such features, we can establish for the first time the validity of a number of universal Luttinger
liquid relations connecting the exponents and other thermodynamical quantities in a generic non
solvable model of 1D spinning fermions on a lattice.

The proof is split in two papers. In the present one we present the Renormalization Group
construction of the model, which allows us to analyze the asymptotic behavior of the correla-
tions, to prove the existence of critical exponents and logarithmic corrections and to establish
their Borel summability, assuming the validity of a property called asymptotic vanishing of the
Beta function. The exponents and the other physical quantities are expressed by sophisticated
expansions, and while the validity of the universal relations can be checked at lowest order, a
direct verification at all orders from the expansions look essentially impossible. Therefore, in
the subsequent paper [18], we introduce an effective model verifying a several extra symmetries
(which are only asymptotic in the lattice model); by fine tuning of its parameters one can show
that its exponents are the same as in the original model, and on the other hand such symme-
tries imply Ward Identities, from which the asymptotic vanishing of the Beta function and the
universal relations can be derived. This method is a way to implement the concept of emerging
symmetries in a rigorous mathematical setting.

1.2 Extended Hubbard Model and Physical Observables

The Hamiltonian of a standard model of spinning fermions on a one dimensional lattice (also
called extended Hubbard model) is

1
H = -5 Z (a;Sa;rLs + a;ﬁsa;ﬂ’s) + Z a;Sa;’s +A Z v (z — y)aisa‘;sa;s,ayis, (1.1)
xzeC zeC x,yeC
s=+ s=+ s,s/=%
where
1. C={—[L/2] <z <[(L—1)/2]} is a one dimensional lattice of step 1 and L sites;

2. ar are fermion creation and annihilation operators at site 2 with spin s, verifying

T,s

{af a0 o} = 002000 {af,,af o} =A{a) af .} =0 (1.2)

z,5) Y z,s) Vx! s’

and such that o™ +

ZiL/2)hs = OZ((L=1)/2)+1,s (periodic boundary conditions);

3. vp(x) is a function on Z, periodic of period L, such that vy (z) = v(z) for z € C, v(z)
being an even function on Z satisfying the short range condition |v(x)| < Ce= %/l

4. —p € (=1,41) is the chemical potential.

The results of this paper are only valid under the following condition on the potential v(z),
that we call the positivity condition:

A9(2 arccos(fz)) > 0 (1.3)

The model is SU(2) symmetric, as the Hamiltonian is invariant under the transformation
af, = >, Msys/ais,, with M € SU(2), and includes the standard (exactly solvable, [19]) and



the U-V Hubbard models, corresponding to the interactions Av(z —y) = Ud,, and Av(z —y) =
Uby.y + L 5V 0|z—y|,1, Tespectively: in the former case the positive condition is U > 0.
We con81der the operators af = eroHgte=Hro with

x=(z,z9), 0<zo<p (1.4)

for some B > 0 (87! is the temperature); on xy antiperiodic boundary conditions are imposed,

that is, if ais = aizo,w then a;tﬁ s = *aio,y Defining
 TelePH 15
()pp= Tr[e—PH] (1.5)

and (- >€ 5 the corresponding truncated expectation, the energy of the thermal ground state is

E()\) := — lim lim (LB) !log Tr[e ?H] | (1.6)

B—00 L—00

The Schwinger functions are defined as
SBL(x1, 61,8153 Xn, Eny Sn) = (T{ag: s, - -ailmsn}ﬁl (1.7)

where T is the operator of time ordering, acting on a product of fermion fields as:

€1 € _ m Em(1) Ex(n)
T(a’xl,sl"'axz,sn) - (_1) axﬂ(1)70-7r(1)"'axw(n)vsﬂ'(n) (18)
where 7 is a permutation of {1,...,n}, chosen in such a way that x,(1)90 > -+ > Zz(»)0, and

(=1)™ is its sign. [If some of the time coordinates are equal each other, the arbitrariness of
the definition is solved by ordering each set of operators with the same time coordinate so that
creation operators precede the annihilation operators.] Note that S2L is L-periodic in each z;,
B-antiperiodic in z¢,; and is identically zero if >, &; # 0.

We will introduce also the densities pg:

oS = Z af Jax., (charge density)
p3i = Z af o, S,ax o (spin densities)
s,8'==% (19)
1
p3C = 3 Z s a5, (a5 g (singlet Cooper density)
=
1 ~ . "
pICi = 3 Z as gaglg,ax+e s, e=(1,0) (triplet Cooper densities)
s, s/=+
==

where 7 = 1,2,3 and

w_ (01 @ _ (0 —i @ _ (1 0
7 <1 0) 7 (z 0) 7 <0 -1
(10 ) (0 1 3 _ (0 0
? _<0 o) ? _<1 0 7=\ 1

The response functions are defined by the following truncated correlations:

a a\T a o (e for
Qapr(x=y) = (Tokry)s 1 = (Trxry) g r = (0x) 5,0 (Py ) 1 (1.10)

where, if Oy is quadratic in the fermion operators, TOxOy = OxOy if 9 > yo and Oy Oy if
x0 < yo. If x —y = (£, 7), the response functions are defined in (—L,L) x [—f, 5] and are



B-periodic in 7 and L-periodic in £. If Fp; is any function of this type, we define its Fourier

transform as 5

F7L P :/ dJZQ epxF L 1.11
alp) = [ dso 3 a9 (111)
where p = (p, po), with p = 2Tn, —[L/2] <n < [(L —1)/2] and po € %”Z.

In the following we will be interested in the zero temperature limit of the Schwinger func-
tions and response functions, calculated in the thermodynamic limit. We shall denote these
functions by the same symbols, without the 8 and L labels; for example, we shall write:
limg o0 limy o0 QLBQ( ) = Q «(pP). Note that the thermodynamic limit L — oo is taken
before the zero temperature limit 5 — oo; this allows us to derive properties of the thermal
ground state. To shorten the notation, in the following we shall use the definition

lim = lim lim (1.12)

B,L—o0 B—o0 L—o0

1.3 The non interacting case

In absence of interaction, the Hamiltonian is

1 _ _ _
HO = _5 Z(a;sax—b—l,s + a’;saz—l,s) +p Z a;saac,s (113)
ffi sz=€:tcl
Being Hy quadratic, the 2n-point (not truncated) correlation functions of the af)s operators
satisfy the Wick rule, i.e.
<T{ax1 s1 00T a;n Sna;'r1,s’1 o a;’rn,s'n}>57L =detG,
Gl] = 97,9 <r:[‘{CLx“g7 Vi S }>67L . (114)
Therefore, all the n-—point Schwinger function S2¥(xy,¢e1,51;...;Xn, €n,0,) (truncated by def-

inition) are identically zero for any n > 2, and, in order to construct the whole set of response
functions, it is enough to compute the 2-point function ¢°*(x —y) = (T{ay ,a v.s}) .1, Which
is equal to

Tr [e PHoT(agaf)] 1 .
B,L _ — Xy I —ik(z—y) »8,L k _ —
g (X Y) Tr[B,BHO] L keZD € g ( » L0 yO)

‘ (1.15)

k(o) —(zo—yo)e(k) 0 e—(ﬁ-‘rro—yo)ﬁ(k)l <0

*Z 1+€_ﬂe(k) I(xo — yo > )—W(JSO—QO_ )

keDy,
where I(¢) is the indicator function, Dy, = {(27n)/L,n € Z} and

e(k) = p—cosk (1.16)

The function §L(k,7) is defined only for —3 < 7 < f3, but we can extend it periodically
over the whole real axis. This periodic extension is smooth in 7 for 7 # n8,n € Z, but has
a jump discontinuity at 7 = nf equal to (—1)". It follows that g% (x,z0) is smooth in zg
for g # np,n € 7, with a jump discontinuity at g = n8 equal to (—=1)™04,y; hence, it is
discontinuous only at x = (0, nj)

The function §%*(k, 1) is antiperiodic in 7 of period 3; hence its Fourier series is of the form

9“(lm)=% S Pk ke (1.17)

ko=2F(no+3)



with

5.L B k e—TE(k) 1
g7 (k) = dre'™™° = 1.18
g7 (k) /0 1+ e Pek)  —iko + e(k) (1.18)
It is a classical result that, because of the jump discontinuities, this series is not absolutely
convergent; however, if we call gﬁN’L(k;,T) the sum over the terms with |ko| < N, g}%’L(k,T) is
pointwise convergent and the limit is given by % (k,7) at the continuity points, while at the
discontinuities it is given by the mean of the right and left limits. Hence, if x —y # (0,n(), we
can write (x—y)

1 emik(—y
dmosE 2 STew

TP kepyplkol<n 0T E

with DL,ﬁ =D X ’D[g, Dy, = 2%6, 'D[g = %(Z#» %)

It is convenient, for reasons that will appear clear below, to slightly modify the representation
(1.19) in the following way. Let us take a smooth even compact support function xo(t), equal to
1 for |t] < 1 and equal to 0 if |¢| > ~, for a given scaling parameter v > 1, fixed throughout the
paper. In App. A we prove that (1.19) is completely equivalent to the representation

,B,L(

PP x—y) = (1.19)

e—ik(x—y)

—iko + e(k) (1.20)

1

B,L( _ — 7 . -M

g7 (x Y)—thlooﬂL > xo(v M)
keDg 1,

In particular, the above equality is not true for x —y = (0,n(), where the propagator is equal,
to g¥#(0,07) —p5.1—00 —pr/m while the r.h.s. is equal to

B:L(0,07) 4 ¢%L(0,0~ 1
977(0,0%) . 970,07 —];—F+§ (1.21)

where pp = cos™! i is the Fermi momentum. The Fermi momentum appears in the period of
the oscillations of the large distance behavior of the propagator; for |x| large,

e~ wprT

li BL(x) = ~ B — = si 1.22
pim g (x) = g(x) ;vwoﬂwm, vp = sinpp (1.22)

where ~ means up to faster decaying terms; vp is usually called the Fermi velocity.

1.4 The interacting case

The first step of our construction consists in computing the large distance behavior at zero
temperature and in the thermodynamic limit of the two-points Schwinger function and of the
response functions, proving the presence of anomalous critical exponents and logarithmic cor-
rections.

Theorem 1.1 Let us consider the Schwinger and response functions, (1.7) and (1.10), with
Hamiltonian (1.1). If i # 0 and v(2arccos(ft)) > 0, there exists Ao > 0 such that, if 0 < X < Ao,
it is possible to find a continuous function pp = pp(jfi,\) = arccos(ii) + O(N\) verifying the
conditions

pr #0,7/2,m, ©(2pr)>0 (1.23)

such that, setting vy = sinpp and defining

X := (z,vpx) , L(X):=14b)\o(2pr)log|x|, b=2(nsinpp)?
_ 22 _ s 1.24)
_ag—x VR CoSpp — wsinpp (
Qo(x) := P So(x) ==

]



in the limit 8,L — oo (1.12), the large |x| asymptotic behavior of the two-points Schwinger
function Sa(x) = Sa(x, —, 5;0,+, ) is of the form

L(X)CZ

S2(x) ~ [So(x) + Ra(x)] R (1.25)

where Ry (x) is a continuous function of A and x, such that, for any 9 < 1 and a suitable positive
constants Cy, |Ro(x)| < CyA\'~7; the sign ~ means up to terms bounded by C|x|~*=". Moreover,
the large |x| asymptotic behavior of the correlations is of the form

_fa Q0(X) + Ra(x) L(x)¢ 5
for a= C, Sl Qa(x) ~ W + COS[2pF{L‘]W |:1 + Ra(x)i|
_ o L(x)% 1 L(x)%
for a=S5C Qo (x) ~ — [Q(X) + Ra(x)} cos(2ppx) ST ~ RN 1+ Ra(x)]
2 I(x)%
for a=TC; Qu(x)~ ‘7’71“;';(("2( [1+ Ra(x)] (1.26)

with the functions Ry (x) and Ro(x) having the same properties of Ry (x); the sign ~ means up
to terms bounded by C|x|=277.

The critical exponents n and X,, are continuous functions of A, such that n(0) = X,(0)—1 =0
and n/A\* > 0, while the exponents Egc and (, of the logarithmic corrections could also depend
on x (we can not exclude it), but satisfy the bounds |ESC| < OX and |Cy —Co| < CA, for a suitable
constant C', with

_ 3 _

¢:=0, QTC:7§7 Csi:

3

) 650:75,

1

(re, = 3 (1.27)

|~

Finally, given 6 € (0,7/2), there exists € = £(8) > 0, such that the free energy, the two-points
Schwinger functions and the density correlations are analytic in the set

D.s={AeC:0< |\ <¢g,|Arg \| <7 —6} (1.28)
continuous in the closure DE,(; and Borel summable in A = 0.

This Theorem will be proved in §3. It is completely based on the multi-scale analysis of the
Grassmannian functional representation of the model, which is discussed in §2. In this analysis
we choose, for technical reasons, to fix the Fermi momentum pg of the interacting model by
adding to the chemical potential a finite counterterm v(\, pr), which is uniquely determined by
the condition that the multi-scale expansion is well defined; in §2.9 we prove that the relation
between pr and v can be inverted, so determining the function pg(f, A).

Remarks.

1. If o = 0, a different behavior is expected, as proved in [19] for the (exactly solvable)
Hubbard model.

2. In the free A = 0 case the response functions decay for large distance with power law
of exponent equal to 2. The interaction partially removes such degeneracy by producing
anomalous exponents which are (in general) non trivial functions of the coupling.

3. While the presence of non universal exponents in the model (1.1) is a common feature
with the Luttinger model, both in the spinless [7] and spinning case [20], the presence of
logarithmic corrections is a striking difference. Such corrections remove the degeneracy in
the response of charge and spin densities, present in the spinning Luttinger model.



4. The exponents of the non oscillating part of charge or spin density correlations are the
same as in the free case; also logarithmic corrections are excluded.

5. In the Luttinger model the exponents, as function of the coupling, are analytic in a complex
disk around A = 0, both in the spinless and spinning case. This property is valid also for the
a general spinless model with short range interaction [13, 21], but in the present spinning
case the perturbative expansion in A = 0 is only Borel summable.

6. Our analysis could be extended to the generic 2[-point Schwinger function, by using the
same strategy used in §2.3 of [22] to analyze the corresponding tree expansion in the case
of the Thirring model.

2 RG Analysis for the extended-Hubbard Model

2.1 Functional integral representation

The analysis of the Hubbard model correlations is done by a rigorous implementation of the RG
techniques. To begin with, we need a functional integral representation of the model, because
the RG techniques are optimized for that.

We find convenient (even if not necessary) to fix the value of the singularities of two-point
function Fourier transform S’ZB (k) (that is, of the Fermi momentum pg) by writing the chemical
potential & in (1.1) in the form

i=p+v>E0N), [ = COSPF.L, (2.1)

where ppj = %(nF + %), with np = [(prL)/(27)]; then we show that it is possible to choose
vAL(\), uniquely up to corrections of order min{L~!, 371}, so that the interacting Fermi mo-
mentum is indeed pp, in the limit 8, L — oo (1.12). Our results can be translated in the form of
Theorem 1.1, because we can show that the equation (2.1) has a unique solution pr = pr(f, \)
in a right interval of A = 0, small enough (how small depending on pr).

The choice, at finite L, of pp in place of pr is motivated by technical reasons, see §2.4
below; this choice does not affect the infinite volume limit, since it changes u for terms of order
1/L and v#%()\) is defined up to terms of the same order.

The main object we will study is the functional W(J, n) (depending on M, L and (), defined
by

W(J.n) = ~Lfec+rc / dxJi{ + log / P(dv)ep { VOO @) + B @, In)}  (22)
—VIM(g) = =V(¥) — N (¥) = veN (¥) (2.3)
B(M) (17ZJ) J? 77) = Z / dXJa + Z / dX 77x wa S + wx snx S} (24)

where wx o and nx 5, are Grassmann vamables and the fermion density operators pg are defined
as in (1. 9) with w in place of af,, J2 are commuting variables, J dx is a short form for

Ywee o 55 /2 dxg, P(dy) is a Grassmann-valued Gaussian measure in the field variables 1/13&8 with

X,S X,8)

covariance (the free propagator) given by

[ P vi w50 =0 [ Paw) u};sw;_s:m

Mk.o) —ik(x—y)

G, (X y) == / P(dy) vz 0, = ﬁ Z (2.5)

Ny fzko + (cosppp —cosk)



In the above formulae, xo(t) and Dy, g are defined as in (1.20),
) =x [ dxdy w0l - v v (26)
s,8'==4

with v(x —y) = §(xo — yo)vr(z — y),
Nw) =Y [ax ot (2.7)
s=+

and

ve = 200 (0)re == Aoz, (0)[g7F(0,07) — gL (0,07)]

(2.8)

—ec = —Mop(0)rd +vre
Note that, while the presence in the interaction of the term v A/ (¢)) is needed, as explained above,
to fix the Fermi momentum of the measure, the terms voN () and 7o [ dxJE and the constant
ec have the role to correct the value of the free propagator at the discontinuity points, in the
limit M = oo, where this correction is important. To better explain this point, let us define the
free energy at finite M as EM5L =10g W (0,0), the Schwinger functions at finite M as

S (X1, 81,15 000 Xy Sy En) = WW(L n)‘w (2.9)
and the response functions at finite M as
M 0
M, L (x—y) = WW(J, n)’w (2.10)

and recall that one can express their perturbative expansion in terms of connected Feynmann
graphs. Each Feynmann graph G is defined by a set of internal pointsy = (y1,...,¥n), associated
with one of the three terms in (2.3), a set of external points x = (X1, ...,%,,), associated with
one of the three terms in (2.4), and a set of lines I = (u,%;), with u;,z; € x Uy, and has a
value proportional to an integral of the form [ dy [],ce; %% (w; — 2;). The same claim is true
for the perturbative expansion of the Schwinger functions S2*, defined in (1.7), with the only
difference that one has to substitute everywhere g% with ¢%%, defined as in (1.15). Now, the
possibility to study our model in terms of the functional W (.J,7) is of course related with the fact
that the perturbative expansions coincide for M — oo. This would be trivial if no Feynmann
graph had a tadpole, that is a line with u; = z;, or a line connecting two coinciding external
points. In fact, one can see easily that, for any graph G,

iim_ [ dy [T o"**(w ~) = [ dy [ (w — )

N—o00
leG leg

with g%~ (x) defined as in (1.20), hence equal to g%¥(x) for x # (0,nf); it follows that, if the
graph G has no tadpole and there are no coinciding external points, we can substitute everywhere
g7l with ¢, by changing the integrand in a set of zero measure. Note that the lines connecting
two external points can be present only in the graphs of the response functions and in the trivial
graph connecting two 7 fields with a free propagator; in any case, let us suppose, from now
on, that there are no coinciding points. Hence, there is a problem only if there are tadpoles
and, in such case, their contribution is a constant [], tadpole gﬂ’L(Q 07), which is different from

Hl tadpole g&L (07 07)



Note now that, if we consider the graphs contributing to the Schwinger functions (those with
at least two external lines), any tadpole can only be obtained by contracting the two fields based
on one of the two vertices of a A term, while the other two fields are contracted with two other
fields based on two other (possibly coinciding) vertices; hence, the presence of a tadpole implies
that in the value of G there is a factor of the form

8.1

7L (x1 —x) Qur) P (x —x2),  2up = =i (0)[g%P(0,0%) + ¢LP(0,07)]

where we used (1.21) and the fact that there are two ways to choose the couple of fields contracted
in the tadpole. On the other hand, given a graph G of this type, there is another graph G , which
differs from it only because, in place of the term V(¢) which produced the tadpole, there is a
vertex voN (). If we sum the values of G and é, we get a number which is equal to the value
of G, with 2v7 + vg = —2X01,(0)g™#(0,07) in place of 2v7. By iterating this argument, we see
that the sum over all the graph can be rewritten as the sum over the graph obtained by putting
ve =0 and %Y (x; — y;) = ¢%F(x; — y1) everywhere.

The previous procedure is not sufficient to “correct” completely the perturbative expansion
of the free energy. In fact, in this case there is a graph of first order in v, whose value is
v[g"?(0,0%) + g¥#(0,07)]/2, and two graphs of first order in A, one with a A-vertex and two
tadpoles, whose value is — (Ao, (0)/4)[g%#(0,0%) + g©#(0,07)]?, the other with a v vertex
and one tadpole, whose value is (vc/2)[g2?(0,01) 4+ g%#(0,07)]. Their sum is different from
the correct value vg%#(0,07) — A1 (0)[g%”(0,07)]2, but the difference is compensated by the
constant ec.

As concerns the functional derivatives containing at least one derivative with respect to the
external fields J<, the only graph which is not “corrected ” by the counterterm voN (1)), is the
graph with one vertex J and no A or v vertex. This graph has a value different from 0 only if
a = C and, in that case, is corrected by the term r¢ [ dxJ¢.

Another important remark is that, for M finite, the integrand in the r.h.s. of (2.2) can be
seen as a polynomial in the Grassmann variables 1&1‘: s> defined as the Fourier transform of the
field ot ,:

1 .
=I5 e (2.11)
keDyp 3

In fact, thanks to the witraviolet cutoff (UV cutoff) on kg, only a finite set of the variables @ZI o
those such that xo(y~kg) # 0, may give a contribution to the Grassmann integral, and these
variables are anticommuting. Hence, the structure of the interaction implies that the integral is
a polynomial in A and v and that the functions SM-#L(x1, 81,615 ....; Xp, 8n,&n) are analytic in
A and v at least in a small set around A = v = 0.

We can now prove that the Grassmann integral (2.2) can be used to compute the ther-
modynamical properties of the model with Hamiltonian (1.1). This follows from the following
proposition.

Proposition 2.1 Assume that, for any finite 3 and L, there is a function v®*()\) such that

vAE(0) = 0 and both vPT(\) and the Schwinger functions at finite M SM-BL see (2.9), with
v =vPL(N), see (2.8), are analytic and bounded in

D = {\ |\ < esgmax{(log B)~*, (log L)~ *}} U{\)\| < ep, |arg Al < g +46} (2.12)

with ¢,eg > 0, 0 < 6 < 7/2 independent of 5 and L, and that they are uniformly convergent as
M — oco. Then, if \ € D,

L . — M,B,L . .
SE (leslagla""axnvsnagn) - ]\/}I_IP Sn p (Xl,sl,f‘:l, ....7Xn,8n,€n) ) (213)
00
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where ST is defined as in (1.7), with H given by (1.1) with i = u+ %L (N).
A similar statement is true for the thermal ground state energy and the response functions.

Proof - The main point, strictly related with the fact that we are treating a fermion problem,
is that, for L and 3 finite, S2* is the ratio of the traces of two matrices whose coefficients
are entire functions of A and v, hence it is the ratio of two entire functions of A and v. On
the other hand, the hypotheses on v#Z(\) and SM-A:L and the Weierstrass theorem imply that
vAL(N) and limps 0o SMAL are analytic in D. It follows, in particular, that S, calculated
with v = v#%()), is the ratio of two functions analytic in D; hence, it may have a singularity in a
point \g € D only if Tr[e™#H] vanishes there, which certainly does not happen in a neighborhood
of A = 0 small enough (how small possibly depending on L, 3), since v(A) is of order A\. Moreover,
also the r.h.s. of (2.13) is analytic in a small neighborhood of A = 0 and, as we have explained
above, its power expansion in A and v, hence also its power expansion in \ for v = v#L())
coincide with that of S5%; hence, the two functions coincide in a disk Dy 5 with center in
A = 0 and radius €g,7, possibly vanishing as 3, L — co. However, SB:L being the ratio of two
functions analytic in D, may have only isolated poles in D\ﬁLﬁ; hence, if E is the set of poles,
SB:L is analytic in D\E and necessarily coincide with the r.h.s. of (2.13) in this set, since the
two functions coincide in l~)L7ﬁ C D\E. It follows that, if E were not empty, S2'L would be
unbounded in D\ E, while this is not of course true for the other function.

A similar argument can be used for the response functions and the thermal ground state
energy.

The RG analysis will allow us to prove that the analyticity domain of the r.h.s. of (2.13)
is indeed of the form D and this allows us to extend this result to all the physical quantities
studied in this paper and to prove all results described before.

The proof of Theorem 1.1 is done in two steps; first we write &t = p 4+ v, p = cosppr
and we show that it is possible to choose v(u,\) so that the expansions are convergent in
the zero temperature and infinite volume limit, if A € D; the second step is to prove that
|Ov(w, A)/Ou| < Cep in D, so that, if Ceg < 1/2, the equation (2.1) can be uniquely solved with
respect to pr and the solution is of the form pr = arccos(ii) + O(A\) (with pp real for A real
positive), that is the interacting Fermi momentum is a well defined function of the parameters
in the Hamiltonian, as expected.

2.2 The ultraviolet integration

In the following, to simplify the notation, we shall in general drop the superscripts M, § and
L. Moreover, we shall denote T the one dimensional torus [0, 27], ||k — k’||r the usual distance
between k and k¥’ in T and ||k||r = ||k — O||r. Analogously ||x — y|| will denote the distance on
the the space-time C x [—£, f], with periodic boundary conditions.

We introduce a positive function x(k’) € C>°(T xR), k' = (¥, ko), such that x(k') = x(-k’)
and x(k') = 1, if [K'| < to = apvp/7v, and x(k') = 0 if |k'| > apvp, where vp = sinpp,
ap = min{Z, "=PE} and |K'| = \/k§ + vE||F'[|7. The above definition is such that the supports
of x(k — pr, ko) and x(k + pr, ko) are disjoint and the C* function on T x R

fuw (k) :=1—x(k — pp, ko) — x(k + pr, ko) (2.14)

is equal to 0, if vZ|| [|I<:| — pF]H% + k2 < t. We want to apply this identity with k& € Dy; hence
k'=k+pp €Dy = 2(C+ 3), since pp = 2% (np + 3). It follows that, if D ; = D}, x Ds, we
can write the fermion propagator in the following way:

gx—y) =g (x—y)+ > e e lir)(x —y) (2.15)
w==+
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g(u.v.)(x . y) _ L Z e~ ik(x—y) fu‘v,(k)XO(’)/_Mk'o) (2.16)

BL kD 5 —ikg + (cospp — cos k)
; 1 S X(k/ ko)
(z.r.) . _ ik (x—y) AV
9s (x—y) = > e : , (2.17)
AL K€D} , —iko + Eq, (k')
E, (k) = wvpsink’ + cospr (1 — cos k') (2.18)

The properties of Grassmann integration imply the following identity for the functional integral
in the r.h.s. of (2.2):

V) — o~Lbecrtrc [ dxIg / Pdyim)) / Pdgp@)) =V )+ (ot _

| | (2.19)
e~ LBE0+So(J;m) /p(dw(iﬂ”-))e*V(O)(w("T'>)+B(O>(w(“”),J,n)

where pE, = > ei“’p”?/)(zf, + 1/),&“5”) and P(dy(*?)) and P(di)*™)) are the Grassmann
gaussian integrations with propagator ¢(**?)(x) and ¢(*™)(x) respectively; moreover

— LBEy + So(J,n) = VO () + BO () ] ) =

1 X .
=3 i ( = VD (T g er)) 4 BOD (6T ) ], n>

n>1

(2.20)

where V(©) (1)) is fixed by the condition V(®)(0) = 0 and, given a function F(¢) on the Grassmann
algebra, Which is a polynomial in the variables ¢k s (see remark around (2.11), the truncated
expectation EL, [F (™) + ()] is a polynomial in the variables d)kl (i) defined as

&TU [F(d)(i.r.) + Q/J(u.v.))] _ 87 log/P(dl/)(u'v'))e)‘F(w(i’T')'f‘w(u’v‘))] (2.21)
v O™ A=0
We will see that, if we put x = (x1,...,X9), w = (w1,...,wa), s = (81,...,52) and Yx s =

H2 Lt s Hfl 141 Uxs ;5,0 the effective potential V() (3)) can be represented as

VO () =35 / dx WO ()P Tt cswnzigy(ior) (2.22)

>1 w,s

where W;g)l(l) = > cea We(x), with A a finite set, and We(x) = FC(K)H(i,j)eLC o(xi — x;5),
where F¢(x) is a smooth function and L. is a subset of the couples (4, j). In the following we
shall use the notation

/dx|Ws(2)l )| = Z/dx|F¢ I o (2.23)

(eA (i,5)€L¢

A similar representation can be written for the functional B (y(*") J ) (containing all
terms which are of order greater than 0 both in the external fields .J,7 and in 1), for S()(.J,n)
(containing only the terms without v external fields), and LGE, (containing the terms without
external fields). In all cases, the corresponding kernels are called Wc(yoe) smy,mymy, (X), With
My, My, My the number of v fields, J fields, n fields, respectively, x = (x1, .. me+mJ+mn)’
a= (al, ..., Q) (the a indices of the J¢ ﬁelds), e= (€1, Emy+m,) (the e indices of the ¢*°
and 7° fields in a fixed arbitrary order); note that m,, + mn has to be even, hence we shall also

define my, + m, = 2l. We shall also use the notation Wa s2000X) = W:%)l( ). Moreover we
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shall define the Fourier transform Wg(?é)é,mw,m.,,mn (k), k= (ki,...,kmy+m,4+m,—1), so that, if
m* =my +myg+my

W,

(
Q&M (T By

1 m .
0) = Zelzjzl b ek (x5 =%+ ) 177(0) (k) (2.24)

QLE,8, My, T,y
k

where, if my > 0, e; = +1 for the indices corresponding to the J fields.

Lemma 2.2 The constant Ey and the kernels Wg((,)g),é,mw,mJ,mn are given by power series in A
and v, convergent for |\, |v| < g, for g9 small enough and independent of 8, L, M. They satisfy
the following bounds:

|Ey| < Cep /dzlw(o) (x)| < gLC™megt (2.25)

OLE,S8, My, Mg, Ty

for some constant C > 0 and k; ,, = max{1,{—1}, if my+m, = 0, otherwise k; ,, = max{0,l—1}.
Moreover, limpr—o0 Eo and limps_oc ngémw,m‘,,mn (k) do exist and are reached uniformly
in M, so that, in particular, the limiting functions are analytic in the same domain.

The proof of Lemma 2.2 is quite standard, but we present it here with some details, as this
will allow us to introduce in a simple case a number of techniques and concepts we will use
throughout the paper. Note that the proof could be generalized without any problem to the
multi-dimensional Hubbard model.

2.3 Proof of Lemma 2.2

We start writing

M
g x) =" g "M(x), (2.26)
h=1
where R
1 —1i fuv(k) Hh(k())
(h) _ ikx 2.2
g (x) BL kg): € —iko + (cospp — cosk) (2.27)
B,L

with Hi(ko) = xo(v Y ko|) and, if h > 2, Hy(ko) = xo(y "|ko|) — xo(y~"*1|ko|). We shall use
also the notation g[hl’h2] = Zh2 g(h)_

=n1

Note that, for any integer K > 0, g™ (x) satisfies the bound

Ck

(h) <
g X)) = s
1970 < T R o + )R

(2.28)

where | - |g is the distance on the one dimensional torus of size § and |- |1 is the distance on
the periodic lattice of size L. Moreover, g(® (x) admits a Gram representation: ¢ (x —y) =
[ dz Aj(x — z) - Bp(y — z), with

1 6ikx

Ap(x = 7 V fu.v. k)H}, (k ’

n(x) AL ke;” (ot O)kg + (cos pp — cosk)?

1 )

Bu(x) = == > V/fuv(K)Hn(ko) €™ (iko + cospr — cosk) (2.29)
BL keD

B8,L
and
l4nlP? = [daln@P <0, BP0 (2.30)
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for a suitable constant C. Moreover
/dx|g<h> (x)| < Cy (2.31)

The decomposition of the UV propagator (2.26) allows us to make the decomposition of

the measure P(di(*v)) = H%:l P(dy™) and the corresponding decomposition of the field

,(ff(;v') = Zéwzl 1/),((’12 Hence, we can integrate iteratively the fields (M) p(M=1 " (") with
h > 1 and, if we define 1)(S0) = ¢y and p(Sh) = i 4 Z?:l P if h > 0, we get:

V) — g~ LBE+Sn(Tm) /p(dwgh)efv“”(w<5h'))+6“'>(w@h)’J,n) (2.32)
This definition agrees with (2.2), if we put
By =co. Sullon) =rc [ dxi (2.33)

Let us consider first the effective potentials on scale h, VM) (w(gh)) and B (=P T n). We
want to show that they can be expressed as sums of terms, each one associated to an element of
a family of labeled trees; we shall call this expansion the tree expansion. The tree definition can
be followed looking at Fig. 1.

h h+1 hey M M+1
Figure 1: A tree appearing in the tree expansion of v

Let us consider the family of all trees which can be constructed by joining a point r, the
root, with an ordered set of 7 > 1 points, the endpoints of the unlabeled tree, so that r is not a
branching point. 7 will be called the order of the unlabeled tree and the branching points will
be called the non trivial vertices. The unlabeled trees are partially ordered from the root to
the endpoints in the natural way; we shall use the symbol < to denote the partial order. Two
unlabeled trees are identified if they can be superposed by a suitable continuous deformation,
so that the endpoints with the same index coincide. It is then easy to see that the number of
unlabeled trees with 7 end-points is bounded by 4™. We shall also consider the set Tz p.n.m
of the labeled trees with n + m endpoints (to be called simply trees in the following); they are
defined by associating some labels with the unlabeled trees, as explained in the following items.
1) We associate a label V| J or 7 to each endpoint, so that there are n endpoints with label V|
to be called normal endpoints, and m = mj +m,, endpoints, m; with label J and m,, with label
7, to be called special endpoints. We shall also call Tas nn,m, m, the family of trees with fixed
values od m; and m,,.
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2) We associate a label h < M with the root. Moreover, we introduce a family of vertical lines,
labeled by an integer taking values in [k, M + 1], and we represent any tree 7 € Tas p n,m so that,
if v is an endpoint or a non trivial vertex, it is contained in a vertical line with index h, > h,
to be called the scale of v, while the root r is on the line with index h. In general, the tree
will intersect the vertical lines in set of points different from the root, the endpoints and the
branching points; these points will be called trivial vertices. The set of the vertices will be the
union of the endpoints, of the trivial vertices and of the non trivial vertices; note that the root is
not a vertex. Every vertex v of a tree will be associated to its scale label h,,, defined, as above,
as the label of the vertical line whom v belongs to. Note that, if v; and vs are two vertices and
v1 < vg, then hv1 < hv2.

3) There is only one vertex immediately following the root, which will be denoted wvy; its scale is
h + 1. If vy is an endpoint, the tree is called the trivial tree; this can happen only if n +m = 1.

4) Given a vertex v of T € Tasnn,m that is not an endpoint, we can consider the subtrees of 7
with root v, which correspond to the connected components of the restriction of 7 to the vertices
w > v; the number of endpoint of these subtrees will be called n,. If a subtree with root v
contains only v and one endpoint on scale h, + 1, it will be called a trivial subtree.

5) Given an end-point, the vertex v preceding it is surely a non trivial vertex, if n +m > 1.

Our expansion is build by associating a value to any tree 7 € Tas 4.n,m in the following way.

First of all, given a normal endpoint v € 7 with h, = M + 1, we associate to it one of the
three terms contributing to the potential V(M) (3)) in (2.3), that is —V(x(SM)), —p N (yp(SM))
or —veN (M), while, if h, < M, we associate to it one of the four terms appearing in the
following expression:

V(<)) — pN(p(<Pe)) — 20 Z / dxdyv(x — y)gl M (x — y)isf (ody (<o) 4

(2.34)
+ ( ve + 2x0(0) gl M Z/dxw (<ho)qp(<ho)

If v is a special endpoint, we associate to it one of the terms contributing to the potential
BM) (4, J,m) in (2.4), with (<) in place of 1.

All these possible choices will be distinguished by a label a in a set A,, depending on 7.
Moreover, for any a € A, we introduce a field label f to distinguish the field variables appearing
in the different terms associated to the endpoints and a source label cv,, for each special endpoint;
the set of field labels associated with the endpoint v will be called I,,. Analogously, if v is not
an endpoint, we shall call I, the set of field labels associated with the endpoints following the
vertex v and S, the set of special endpoints following v; x(f), e(f), s(f) and w(f) will denote
the space-time point, the ¢ index, the s index and the w index, respectively, of the Grassmann
field variable with label f.

The previous definitions imply that, if 0 < A < M, the following iterative equations are
satisfied:

— VO (=) 4 B (M) ] ) — BLey, + sp(J,n) = Z > VW nayE), (235)

n=1 7€Tn h,n,m
a€ A

where, if vg is the first vertex of 7 and 7,...,7s, s > 1, are the subtrees with root in vg,
=(h 1)st! het =(h
VI (7, a, (M) = (= S) ELL P (r1y a0, SR VP (1 ag,  ERDY] | (2.36)

where 9§h+1)(7i,w(§h+l)) is equal to 9§h+1)(ri,w(§h“)) if the subtree 7; contains more than
one end-point, otherwise it is given by one of the terms contributing to the potentials in (2.3)
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or (2.4), if h, = N + 1, or one of the addends in (2.34), if h, < M, the choice depending on the
label a.

The identity (2.35) implies, in particular, that the constant Ej and the functional Sp(J)
defined in (2.32) are given by

M M
Eyn=> e, Sulhim)=>_su(Jn) (2.37)
j=h j=h
with Ey = epr and Sar(J,n) = sy (J,n) given by (2.33).
Note that )
75 [ dxdylox =) ix = y)] < €7 (2.38)
and
’fz/c + ZA@(O)g[h’M](O)’ <O (2.39)

with a constant C' independent of M and h.

The above definitions imply, in particular, that, if n +m > 1 and v is not an endpoint,
then n(v) > 1, with n(v) denoting the number of endpoints following v on 7; in fact the vertex
preceding an end-point is necessarily non trivial, if n +m > 1.

Using its inductive definition, the right hand side of (2.35) can be further expanded, and in
order to describe the resulting expansion we need some more definitions.

We associate with any vertex v of the tree a subset P, of I,, the external fields of v, and
the set x, of all space-time points associated with one of the end-points following v; moreover,
we shall denote x] C x, and x7 C x, the set of all space time points associated with the
special endpoints following v of type J and 7, respectively. The subsets P, must satisfy various
constraints. First of all, |P,| > 2, if v > vg; moreover, if v is not an endpoint and vy,...,v,, are
the s, > 1 vertices immediately following it, then P, C U; P,,; if v is an endpoint, P, = I,,. If v
is not an endpoint, we shall denote by @Q,, the intersection of P, and P,,; this definition implies
that P, = U;Q,,. The union Z, of the subsets P,, \ Q., is, by definition, the set of the internal
fields of v, and is non empty if s, > 1. Given 7 € Tar p,n,m, there are many possible choices of
the subsets P,, v € 7, compatible with all the constraints. We shall denote P, the family of all
these choices and P the elements of P,.

With these definitions, we can rewrite Vgh) (1,a, ¥(=M) in the r.h.s. of (2.35) as

VI (ra,0EM) = N Y (r.a,P)
PeP,

—(h ~ ~ h
P (r,a, P) = / 50y B (P )T (81 T Hoy )i (30 (2.40)

where S, and H, denote the set of endpoints of type J and 7, respectively, following v and

VENR) = [T wShad . TS0 = 1 e, ) = [ (2.41)

fer, vES, veH,

and K ihg 1)(Xv0) is defined inductively by the equation, valid for any v € 7 which is not an
endpoint,

Sv

K% (x,) = i, [TIE D (x0)] EE [0 (Poy \ Quy )y, 0P (Po \ Qo)) (2.42)

Sy!
V=1

where W) (P, \ Q,,) has a definition similar to (2.41). Moreover, if v; is an endpoint,

Kl(,?“+1)(xvi) is equal to the kernel of one of the terms contributing to the potential in (2.3)
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or (2.4), if hy, = N + 1, or one of the four terms in (2.34), if h,, < N; if v; is not an endpoint,
K(h vt Kihli;rl) where P; = {P,,w € 7;}.

In order to get the final form of our expansion, we need a convenient representation for the
truncated expectation in the r.h.s. of (2.42). Let us put s = s, P, = B,, \ Qy,; moreover
we order in an arbitrary way the sets P= = {f € P, e(f) = +}, we call f# their elements

K2

and we define x(¥ = Ufepi—x(f), y® = UfeP;fY(f)v xij = x(fi;), yij = x( 7?) Note that
S|P = Zle |P;"| = k, otherwise the truncated expectation vanishes. A couple | =
(fi;, fZ,“'J,) =(f, fl ) will be called a line joining the fields with labels fij fl 7;- Then, by using

the Brydges-Battle-Federbush formula (see [23, 24]), we get, if s > 1,

@M@, oM (P) =3 T o™ - yl]/dPT(t) det GMT(t) (2.43)

T leT

where T is a set of lines forming an anchored tree graph among the clusters of points x(* Uy(®,
that is T" is a set of lines, which becomes a tree graph if one identifies all the points in the same
cluster. Moreover t = {t;;» € [0,1],1 < ,7’ < s}, dPr(t) is a probability measure with support
on a set of t such that ¢;;; = u; - uy for some family of vectors u; € R® of unit norm. Finally
GMT(t)isa (k—s+1) x (k— s+ 1) matrix, whose elements are given by

Gljiryr = tiarbsiy s, 9™ (xi = yirjr) (2.44)
with (f;;, f, Tj/) not belonging to 7" and s;;, sy, the corresponding spin variables. In the following
we shall use (2.43) even for s = 1, when T is empty, by interpreting the r.h.s. as equal to 1, if
|Pi| = 0, otherwise as equal to det G" = S}LT(J(h)(Pl)).

The Lh.s. of (2.35) can also be written in the form, analogous to (2.22),

VO (p (=Y 4 B ((EW) gy 4 BLey, + s1,(J, 1) =

Z Z /dXdXdZWéhs]\s/[Zm/, my,m, (%, Y,z )¢§<§h)Jg,Zn§@ (2.45)
My, m g ,my 20 QE,8
where x = (X1,...,Xm,), ¥ = (¥1,--+»¥Ym,), 2 = (Z1,--.,%m,). The kernels WM) admit a

tree expansion that can be easily obtained from the previous discussion. Note that these kernels
coincide, for h = 0, with those of Lemma 2.2, only if m, > 0, otherwise they are the kernels of
the terms BLejp and s, (J), which have to be summed up over h to get the corresponding kernels,
see (2.37).

If £9 = max{|A], |v|}, by using (2.42) and (2.43), we get the bound

1
i / dxdydz W (v < S (Cen Y >

n>kim TE€TM h,n,m 5, my PePr

a€Ar [Pug [=my, (246)
1
Z /Hd x| — Y1) [ H —'rriax|detGhv,Tu(tv)| H |g(hu)(xl —Yl)|
TeT” leT v not e.p. Svs te leT,

where, given the tree 7, T is the family of all tree graphs joining the space-time points associated
to the endpoints, which are obtained by taking, for each non trivial vertex v, one of the anchored
tree graph T, appearing in (2.43), and by adding the lines connecting the two vertices associated
to non local endpoints.

A standard application of Gram—Hadamard inequality, combined with (2.30), see [24, 13, 21],
implies the dimensional bound (without factorials):

(et T ()] < CZia 1Puy|=1Pul=2(s0=1) (2.47)
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By the decay properties of g™ (x) given by (2.31), it also follows that

I1

v not e.p. leT, v not e.p.

1 n-+m 1 — Ny (Sy—
= T dea -yl ea—yol < e T[S

Sv

We can now perform the sum ), ., which erases the 1/s,! up to a C™ factor. Then, by using
the identity >, (s, —1) = n, — 1 and the bound 3 - 327", [Py, — [Py| — 2(s, — 1)] <
4n +2m —2(n +m — 1), we easily get the final bound

1 n-+m .n

n>kim TETM, h,n,m z,my
Ar
ue (2.49)
—h(n—1 —(hy—=hy)(n,—1
3 ){ I + ) )}
PePr v not trivial
[Py |=my,

where v’ is the non trivial vertex immediately preceding v or vg. This bound is suitable to
control the expansion, if n +m > 1, since n, > 1 for any non trivial vertex, see above, and
there is in such case at least one non trivial vertex. If n +m = 1, the resummation implicit in
the definition (2.34) of the terms associated to the endpoints implies that the allowed trees have
only one endpoint of scale h 4 1, hence there is no problem.

Note that ). can be bounded by [], 5102521 [Pog| = IPo|=2(s0=1) < cntm T 5,1 see again
[24, 13, 21]. In order to bound the sum over 7 and a € A., note that the number of unlabeled
trees is < 4" and that, given 7, |A;| < C™; moreover, as n(v) > 2 and, if v > vy, 2 < |P,| <
4n, — 2(ny, — 1), so that n, — 1 > |P,|/6,

[ II f(hrh,ﬂxn(v)fl)}g[ I1 Vf%wrhv,)H II 7*“138‘} (2.50)

v not trivial v not trivial v not e.p.

The factor 7_%(h'“_hv/) can be used to bound the sum over the scale labels of the tree; moreover,
see [13],

_‘Pv| n+m
Yy <cC (2.51)
PeP,

Since the constant C'is independent of M, 3, L, the bounds above imply analyticity of the kernels
in A and v, if g¢ is small enough.

Finally in order to prove the uniform convergence as M — oo, we shall first consider the case
[ >1,m = 0 and we prove that, if M’ > M and 0 < ¥ < 1, there is a constant Cy such that

[ a6 - WG] < o0 (252)

In order to prove this bound, we note that the tree expansion of Ws(ole )(g) differs from that of

Ws(o2l1v I)(z) only for two reasons:

1) The trees contributing to WS(OZZM ’)(5) are the same contributing to WS(OQZM )(3) plus a set of
trees with at least one endpointgof scale hg > M + 1. It is easy to see that the sum over the
values associated to these trees satisfies a bound like (2.52), which differs from the overall bound
(2.25) only for a factor v =M. This factor is obtained by taking, for each tree 7 of this type,
an arbitrary endpoint vy of scale hg > M + 1 and by extracting from the bound (2.49) a factor
y~?(hv=hur) for each line connecting two non trivial vertices on the path which connects vy with
the root on 7. This operation changes the factors 4~ (hv=hu)(n(v)=1) ag50ciated to these lines in
(o =y )(n(v)=1=9) "\which is still good enough for the bounds following (2.49), since n(v) > 2
and ¥ < 1.
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2) Note that the single scale propagator (2.27) is independent of M, for any h < M. Hence,
the other trees contributing to W§(O2lM )(3) differ from the corresponding trees contributing to

Ws(ole )(5) only because, for some choices of the label o € A;, the potentials associated to some

endpoints, those depending on g[h”’M/], are substituted with g(*»*M]_ For all these labels, the
difference between the corresponding tree values can be written, if n is the order of the tree 7,
as the some over at most n terms, such that there is at least one endpoint whose associated
potential contains glh-M'l — glhv:M] - On the other hand, by (2.27),

’ ]_ .
g[h,,,,M] o g[hu,M] (X) _ Z Z eilkajAMﬂM/(k7x0)
keDy,

ikoag Juvo.(K) [Har (ko) — Hari1 (ko))
—tko + (cos pp — cosk)

1
A (kymo) = Y e

/6 koEDﬁ

so that, by proceeding as in the proof of (1.20) in App. A, we can easily prove that |g[hv7M/] (x)—
gl Ml(x)| < Cy~M. Tt follows that the bound (2.52) is verified also by the sum over the values
associated to these trees.

The bound (2.52) implies that, for any k = (kq, ..., k), the sequence of functions Fy (A, v) :=
Ws(ole )(k), M >0, is a Cauchy sequence, uniformly in k and in the domain |A], |v| < &g, where
the Fias(\, v) are analytic. Hence, by Weierstrass theorem, the kernels Wé(g’lM)(k) admit a limit
Wﬁ(g)l (k) as M — oo; the limit is analytic in |A], |v| < &g and its Taylor coefficients are the limits
of the coefficients of VAVé(OQlM )(k).

Let us now consider the constant Ey, which can be written as in (2.37). We can write e; in
terms of a tree expansion, which can be described exactly as before, the only difference being
that the root has scale j and |P,,| = 0. The bound (2.49) implies that |e;| < Cegy™7, hence

|Eo| < Cep. The claim about limys_,, Eg is proved exactly as before.

A similar argument applies to the kernels Wg(?é’{g)mwym\,,mn (x,y,2), with my = 0 and m =

my + my,, > 0, if we write them as in (2.37) and use the bound (2.49). i

2.4 Infrared integration

If x (k') is the function defined in §2.2, we put, for any integer h < 0,

fuK) = x(v"K) = x(v"K) (2.53)

which has support tgy" =1 < |K'| < tgy"T! and equals 1 at |[k'| = tp"; then

0
XK)= > fulk) (2.54)

h:hL’/j
where
hig:=min{h:tey" > |kn|}  for ky = (7/B,7/L). (2.55)
For h < 0 we also define
fn(k) = fu(k — pr,ko) + fu(k + pr, ko) (2.56)

(for h = 1 the definition is (2.14)). This definition implies that, if k < 0, the support of f; (k) is
the union of two disjoint sets, A: and 4, . In AZ‘, k is strictly positive and ||k—prg||lt < toy" < to,
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while, in A, , k is strictly negative and ||k + pr|lr < t9y". The label h is called the scale or
frequency label. Note that, if we redefine f; (k) the function f, .. (k) of (2.14), we have

> fulk) (2.57)

h:hL)[-g

We can write the infrared propagator introduced in (2.15) in the following way

0
dix—y)= > gP(x-y) (2.58)
h=hp g
where ) f ()
(M) (x — v) = — —ik/(e—y) SRR 2.59
k'e€D], 4

The integration of the infrared scales A < 0 is done iteratively in the following way. Suppose
that we have integrated the scales 0, —1, —2,..,j + 1, obtaining

W) — o—LBE;+8;(Jm) /p d¢<J) VO (/Z;9<)+BY) (\/Z;9=7,Tm) (2.60)

where, if we put C;(k/)~! = Z{L:M , fn(K), Pz, c, is the Grassmann integration with propa-
gator ‘

-1
EOTPRP U S S e R L (2.61)

1
z; % “iko + Eo (k')

keD] 4
VU)(4h) is of the form

VO (4 ZZ/def,Q 2 (X)Ux s (2.62)

>1 w,s

while S;(.J,1) and BY (=7, J,7) contain all terms which are of order at least one in the source
field J and of order 0 or at least 2, respectively, in the field </, For j = 0, Zy = 1 and

the functional V), S, and B(O) are those appearing in (2.19), with Wf,égé g mymy (X) =

Wéoe) S,my,m ],mn( x)e'Pr T e (in other words, we have included in the definition of the
kernel the ePF¥i%i factors appearing in the decomposition of the infrared field associated to
(2.15)). We find also convenient to write V) (1)) as

[eS) 21

VO (p(sh)y = Z Hw;ifz Wil Okt Ky )00 ek +pr))  (2.63)
=1 """ K K, i=1 i=1
where
3(k) = 8(k)d(ko) , =LY Skamm, 6(ko) =Bk (2.64)
nEZ

In order to integrate 1)) we split V) as LVU) 4+ RVU) | where R = 1— £ and £, the localization
operator, is a linear operator on functions of the field defined in the following way by its action
on the kernels W/’

2lg,5,w"

1) If 21 = 4, then

EW(jj kllvkévké) = 5221:1 Eiwipp,OW(]j§g(l_(++vl_{++aR++) (265)

§g(
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where

. T o,m
Ky = (nL,n’ﬂ) (2.66)
2) If 2l = 2 and s1 = $2, w1 = wa, £1 + €2 = 0 (otherwise W2(,j§)§,w 0, by spin symmetry and
the compact support properties of the propagators g(gj)),
1 A . L E(K
’CW2(J6)S w( I) =7 Z WQ(};)S w(kﬂﬂ’) 1+ n— bL +ar, ( ) + ﬂléko (267)
4 S T VR T
n,n'==%1
where

. CoSpp
ap—sin— =1, —
T L Vo

In order to better understand this definition, note that, if L = 8 = oo,

m L =«
1 — cos Z) —|—bL; sin + = 0 (2.68)

aw(J) aw(J)
(7) k/ (7) ( ) 2,6,8,w 2,e,8,w 9
‘CWQ €58 w( ) W2 €58 w(O) + vp ok’ (O) + ]{10 81{30 (O) ( 69)

Hence, £W2 £.s.w(k') has to be understood as a discrete version of the Taylor expansion up to
order 1. Since a;, = 1+ O(L~2) and by, = O(L~2), this property would be true also if a; = 1
and by, = 0; however the choice (2.67) has the advantage to share with (2.69) another important
property, that is L2W." (k) = Wi (k).

2,6,5,w 2,e,5,w
3) In all the other cases »
LW

2l,g,8,w

(kll""’ ,2l71> =0 (2.70)

Note that the operator L satisfies the relation RL = 0. By the above definition we get

DVZi) =i B, (VZj) + a;Fa(Z30) + 2 F=(\/Zj0)

(2.71)
i F1 () + b Fo(V Z50) + L Fu(\/ Z59)
where
V - /dxwxw 5wx,w,s ’ /dxwxw sVx,—w,s x —w,s’ ;,w,s’
F _Z/dx¢stpw;,w,s7 Z /dxwst X,w,s X, ws’ql); w,s’ (272)
w,s,s’
F, = Z/dxw)tw,saow;,w,s ) Z/dxwx w, s¢x w, swx W, —s Px,w,—s

and D)y s = %ﬁ S €KX Eo (K¢, (see definition (2.18)). Note that
lyo = 2X0(0) + O(N\?)  la0 = 2X0(0) + O(N\?) 110 = 2X0(2pr) + O(N?) (2.73)

and in writing (2.71) the SU(2) spin symmetry has been used. In the case of local interactions,
0(p) = 1. We will call Fy in (2.72) backward interaction and Fy, Fy are the forward interactions;
the umklapp interaction is not present in LV, as well as other terms quadratic in the fields.
The reason is that the condition pr # 0, 5,7 says that such terms are vanishing for j smaller
than a suitable constant (depending on |pp —m/2|), because they cannot satisfy the conservation
of the momentum, so there is no need to localize them (more details are in [25]).
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Let us now consider B(j)(\/Zjd), J,n). The following analysis shows that it is necessary to
localize only the terms with m; = 1 and m, = 2. Hence we define

Z(l,a) 2 o)
”(\/Ziw,J,n):/dx J,ga>[ Y. 08I Z) +Z 0L (VZ50)
a#£TC; Z;
(2.74)
where O(1®) are
DICWER
(15)_Z¢st ssw;ws (275)
O)({LSC) = Z se2i€prz¢i,w,s )Ec,w,—s
while O are
04 = S
0 = Y eyt o0y
w,s,s’ (276)
O)((2,SC) — Z S’(pi w 5¢i —w,—s

O)((Q,TCI-): Z efiswpp € &(Z)

X,w,s" s,8' ¥'x,—w,s’

£,w,s,8’

These definitions are such that the difference between —VU) + BU) and —£VY) 4+ £BU) is made
of irrelevant terms.

Note that the factor e ~*“PF in the definition of O,?’Tci) comes from the fact that the two a®
operators in the definition (1.9) of the triplet Cooper density are located in two different lattice
sites (otherwise the density would vanish). Moreover, there is no local operator O,((l’TCi) because

Doee Vs 5 V5 s = 0 by anticommutation of the fermion fields.

X,Ww,S ss’

We then renormalize the integration measure, by moving to it part of the quadratic terms of
the effective potential, that is —z; (L)™' >, Y x[—iko + Ew(k)]zﬂl‘:w’sw;’w’s; equation (2.60)
takes the form:

W) — o= LB(E;+1;)+8; (Jm) /p~] o (dd)(ﬁj))6—9(j>(¢7jw§j)+5(j’(ﬁngvJvn) (2.77)

where V) is the remaining part of the effective interaction, Pz . ¢, (dvp=7) is the measure whose

propagator is obtained by substituting in (2.61) Z; with
Zj-1(k) = Z;[1+ 2,C;(k) '] (2.78)

and ¢; is a constant coming from the normalization of the measure. It is easy to see that we can
decompose the fermion field as (57 = (<=1 1 4)(9) | 5o that

PZj—th (dng) = PZJFI’CJ?l(dw(Sj_l))PZ

]1,J

1 (dpD) (2.79)

where '];;(k) (see eq. (2.90) of [21]) has the same support and scaling properties as f;(k). Hence,
if we make the field rescaling ¢ — [\/Z;_1/+/Z;¢ and call V) (\/Z;_11=7) the new effective
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potential, we can write the integral in the r.h.s. of (2.77) in the form

/szil,cjil(dw(ﬁj—l))/]) — (dp D) eV VEm b EIHBD (2w 5D g

Zj—1,f;
If we perform the integration over 1)) and we call
EBi oy =Ej+t;+E;, Si1(Jn)=38;(J,n) +8;(Jn) (2.80)

the result, we finally get (2.60), with j —1 in place of j and In order to analyze the result of this
iterative procedure, we note that £V )(1/)) can be written as

LYD () = Y Fy () + 6;Fa () + g1 F1($) + g2, Fa(¥) + g Fa(9) (2.81)

where v; = (\/Z;/\/Zj-1)nj, 6; = (\/Z;j/\/Zj-1)(aj — z;) and gi; = (\/Z;/\/Zj-1)*li;,

i =1,2,4, are called the running coupling constants (r.c.c.) on scale j and denoted all together
by v;. Analogously, LBY) (¢, J) can be written as in (2.74), with ZJ(-i’O‘)/Zj_l in place of ZJ(-i’O‘)/Zj.

Let us now call Wg(@,gé,mw,m.,,mn (x) the kernels of the various terms contributing to
BM(\/Z,—19 ==Y J.n) (in this case my # 0) or to Su(J,n) (in this case my = 0). We
shall prove the following Lemma, which follows from a careful dimensional analysis of the tree
expansion, similar to that used in many previous papers, see for example [21].

Lemma 2.3 Assume that

max{|A|,sup|v;|} <eo, supZ;/Zj_1 < €% | sup Z](-Z’o‘)/Zj,l < eafo (2.82)
i>h J>h 7>
for some ¢; > 0. The constant E}, and the L' norm of the kernels ng@@mw,mwmn (defined as
in (2.23)) are given by power series in {v;};>n, convergent in the complex disc sup;~, |v;] < €o,
for eg small enough and independent of B and L; moreover, if 2l = my +m,, m = my + my,
and Doy mym, = =2 +1+mg(1+ ci1e0) +my(1 + %clsg), they satisfy the following bounds:

Wy QHE, 8, My, T g, My

|Bh — Buya| < Ceogy™™ / x| W' (x)] < BLCMmegt g Pmumm - (2.83)
for some constant C' > 0 and ki ,, = max{1,] — 1}, if m =0, otherwise k; ., = max{0,l — 1}.

2.5 Proof of Lemma 2.3

The constants Ej, and the kernels Wﬂ(}ggémwm ;,m, Can be written in terms of a tree expansion
similar to that used in §2.3, but with some important differences, which we shall describe with
the help of Fig. 2.

1) The scale index now is an integer taking values in [h,2], h being the scale of the root.
Moreover, there is only one vertex vy immediately following the root, as before, but now it
can not be an endpoint. The number of endpoints is still n + m, but now n, will denote the
number of normal endpoints following v and we introduce three new symbols mj,, m,,, and
My = M. + My, to denote the number of special endpoints following v of type J, type n and
both type, respectively.

2) With each vertex v of scale h,, = +1, which is not an endpoint, we associate one of the terms
contributing to —V© (=0 4 BO) (4(<0) 7 n) in the limit M = oo, see (2.20). The endpoints
of scale h = +2 are associated with one of the terms contributing to the potentials in (2.3) and
(2.4).

3) With each endpoint v of scale h, < 1 we associate one of local terms that contribute to
LV =1 see (2.81), or LB see (2.74), or one of the two terms linear in ¢ and 1 appearing
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h h+1 hy 0 +1 +2
Figure 2: A renormalized tree for V()

in the (2.4) (recall that they are not renormalized). With each trivial or non trivial vertex v > v,
which is not an endpoint, we associate the R = 1 — L operator, acting on the corresponding
kernel.

4) If v is one endpoint of scale h, < 1, it is still true that its scale is h, + 1, if v’ is the non
trivial vertex immediately preceding it or vy, but this property does not apply to the endpoints
of scale h = +2 involved in the localization procedure, that is those associated with the non
local potential V(¢) of (2.4); note that, in this case,the trivial vertex preceding them carry an
R operator.

5) If there is only one endpoint, the previous conditions imply that its scale must be equal to
+2 or h + 2, if h < 0. However, we need also to define the trivial tree, which is the tree with
one endpoint of scale h + 1; these trees do not belong to 7p nm with n4+m =1, if h <0, and
are associated with one of the terms in the local part of V), see (2.81), or one of the terms in the
r.hs. of (2.74).

The previous definitions imply that the following iterative equations, similar to (2.35), are
satisfied:

VW (/2 EPY 1 BW (/2,0 J ) — LAER1 + Su(J,n) =

n=1 7€Th n,m
aE€Ar
where, if vg is the first vertex of 7 and 71, ..,7s (s = s,,) are the subtrees of 7 with root v,
V}h) (7, a,v/Zpp(SM) is defined inductively by the relation

Vi (a2 S0 = (2.85)

-1 s+1 B -
%‘Sgﬂ[‘/}hﬂ)(ﬁ, ar, v/ Zpp D) VJ(hH)(TS, as, \/ ZppEPHDY)]
s!

and V(hﬂ)(ﬂi, Qg \/ZTLw(S"“))

a) is equal to RV (75 4y, /ZppSMHD) if the subtree 7; is not trivial;

b) if ; is trivial and h < —1, it is equal to one of the terms associated with the corresponding
endpoint (of scale h + 1), as described in item 3) above, or, if h = 0, to one of the terms in the
r.hs. of (2.3) or (2.4).

The main difference with respect to the proof of Lemma 2.2 is in the presence of the R = 1—L
operators. Let us assume first that R = 1, so that, in particular, we do not perform the free
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measure renormalization; in this case we can repeat exactly the analysis leading from (2.40) to
(2.49), with gy having the same meaning. The only difference is just that g (x) admits a Gram

representation: g." )( = [dz A}, (x — z) - By(y — z), with
zk/
Z V k2 k'
k'eD’
(2.86)
Z \/ fu (k) €% (iko + E,,(K'))
k/eD’
and
14> = /dZIAh(Z)I2 <Oy, Bl <oyt (2.87)
for a suitable constant C. Therefore the Gram—Hadamard inequality implies that
Idet G To (b,)] < it [Puil=1Pol=2(s0=1) | 5 [0 1Po; = 1P| =2(50—D)] (2.88)

By the decay properties of g&h)(x), it also follows that

T e
11 /del yollgly) =yl < cmm [T b (289
v not e.p. T, v not e.p. U’

Note now that |I,| = 4n4 , +2n2, +my o, +2m 1, where ng ,, and no, are the number of normal
endpoints with four and two 1 fields, respectively. Hence,

S{3(3m

>

- |Pv|) —2(s5 — 1)} = %(|Iv| —|Py]) = 2(ny +my — 1) =
(2.90)

1
:2_§|Pv|_n2,v_mJ,v_ My

2
Therefore, repeating the same steps leading from (2.41) to (2.48) we get, instead of (2.49)

g ¥ Y x| o] an

n>k TETh n, , PeP TeT v not e.p.
ZKRi,m (,17;;7:] mn Ion|=’T”w v>wg
where
1 3
D,=-2+ 5|PU| +my, + 5 M (2.92)

D, is called scaling dimension.
The fact that the scaling dimension D, can be negative or vanishing prevents the possibility
of performing the sum over the scales, as we did in the equations leading from (2.49) to (2.51).
The action of the R operator (2.71) has the effect that instead of (2.91) the following bound is
)OI DR DD DL

found
mn
H Ut 1 :
Z
n>krm €Thmm  PEPr TET o 81211 VZhy -1

aEAT | ’Uo‘* (293)

A IP.l/2 1
) —Dvoh[ (7h> S —[Dv+z<\Pv|,mv)1}
i H Zhv—l SU!’Y

v not e.p.
v>vg
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where ¢¢ is defined as in (2.82), v, t =1,...,my, and ¥5, s = 1,...,m,, are the special endpoints
of type J and 7, respectively; moreover, z(2,0) = 2, 2(4,2) = 1, 2(2,1) = 1 and z(p,m) = 0
otherwise.

The proof of this bound is by now rather standard, but does not depend at all on the details
of the model, hence we address the reader to §3 of [21], where a similar bound is obtained. In any
case, the change of the dimensional factors is easy to understand. First of all, ny, disappears,
because it is erased by the effect of the dimensional factor ¢ which multiplies the r.c.c. v,
in (2.81). Moreover, the presence of z(|P,|,m,) is explained by the simple remark that the R
operation on the kernel W) (ki,... Kk}, ), associated to the vertex v of scale h,, see (2.63),
has roughly the effect of substituting it with the rest of the Taylor expansion of order z — 1 in
at least one of its variables, let us say ki, see (2.69). The derivative of order z acting on kj
will produce a ”bad factor” at most equal to y~*"v, while the size of |k/| gives a ”good factor”
at least equal to 4~ *""  where ¥ < v is the vertex where the external field of momentum k/ is
contracted or vy, if it belongs to P,,.

Note that

D, + z(|Py|,my) >0, Yv>uy (2.94)

except in the case |P,| = m,, = 1 and m;, = 0. However, thanks to support properties of the
single scale covariance in the k variables, this can happen only in the non trivial vertex where
an endpoint of type 7 is connected to the tree, otherwise the tree value vanishes. It follows
immediately that this exception does not give any problem in the evaluation of the sum over the
scale indices, which is out of control only if one can find an arbitrary long chain of tree vertices
with non positive scale dimension.

In order to bound in (2.93) the sums over the scale labels and the set P, we first use (2.82),
by adding the hypothesis that cieq, c1e3 < 1/16; we get

my Zimat

11>

t=1 “ho, =

T[T ()i«

v not e.p.
v>vg (2.95)
< emacicohtymyercy [ I1 fﬁ(hu—m,/)} [ I + ‘Zs'}
v non trivial v not e.p.
Then we can continue as in the proof of Lemma 2.2. I

Remark 1 - An easy corollary of the above proof is that the bound for the value associated
to trees with root h and at least one non trivial vertex of scale j can be improved by a factor
0= with 0 < ¢ < 1. Tt is sufficient to notice that, thanks to (2.94), one can extract from the
bound in the first line of (2.95) one factor v?("»="") for each non trivial vertex on the path C
connecting the vertex v* of scale j with vg. Hence, there is apy > 0 such that the bound in the
second line of (2.95) can be substituted with the product of emcisohtymacicl timeg

G T reetehe) T ool T st T 4 (2.96)

vec vec vgc vgc

nontrivial note.p. nontrivial note.p.

This important property will be called in the following the short memory property.

Remark 2 - The tree expansion has another important property, that will be used many times
in the following to translate “rough” dimensional arguments into rigorous dimensional bounds.
Suppose that we make a small change of one of the parameters of the model, so that the main
objects involved in the tree expansion, such as the r.c.c., the ren.c.’s or the single scale propaga-
tors, are subject to a small perturbation. Then, by using the “stability” of the Gram-Hadamard
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inequality (2.47) under a small perturbation of the propagator and the short memory property,
one can see, by an iterative argument, that the sum over the trees with n endpoints is subject to
a small variation, up to a C" factor in the bounds. This property, which is model independent,
is explained with enough details in §4.6 of [21] in a particular case. We shall call it the stability
property of the tree expansion.

2.6 The flow of the running coupling constants

In order to use Lemma 2.3, we must show that the assumptions (2.82) are verified for any
h > hr, g. Let us consider first the r.c.c. and define for them the following vector notations:

U = (V1,0 U2,k U4,k V5,hs Vu,h) = (91,0 92,hs G4,k Oy Vi) = (Ghis Oy V) = (Vi Vn) - (2.97)

The r.c.c. satisfy a set of recursive equations, which can be obtained by applying the localization
operator to the r.h.s. of (2.84); the result can written in the form:

Va,j—1 = Aava,j +B&j)(vj;...,U0;A,V) (298)

with A, =7, Aq = 1 for a # v. These equations have been already analyzed in [25], where it
has been proved that, if X is real positive and small enough, then it is possible to choose v so
that, fixed ¥ < 1, |vp| < CAyh, VA <0, and 0 < g1 < A(1 + @A|h|)~}, for some @ > 0, while
the other r.c.c. stay bounded by C'A and converge for h — —oco. In this paper, in order to proof
Borel summability of perturbation theory, we extend the proof to complex values of A, restricted
to the set D, s defined in (1.28); this implies that we need an analysis a bit more precise of the
flow equations (2.98).

To begin with, we put 11 = v and we suppose that the sequence {vp,},<1 is made of known
functions of A, analytic in D, s, such that

supy ™ |v;] < €JA| (2.99)
i<t

and study the flow equations of the other variables. The idea is that this restricted flow has
properties such that, by a fixed point argument, the sequence {vy, }n<1, satisfying the last equa-
tion of (2.98), can be uniquely determined, for £ large enough. This point can be treated in a
way similar to that used in the spinless case (see App. 5 of [26] or §4.3 of [21], where a different
method is used); we shall give the main details below, see §2.8. Hence, from now on, we shall
consider the restriction of (2.98) to v, see (2.97).

The next step is to extract from the functions B

that the propagator @E,J ) of the single scale measure P, Ljo1 can be decomposed as
J—1:J;

éj ) the leading terms for j — —oo. Observe

i 1 .
39 ) = g, (x) + 7 (x) (2.100)
J

where gg?w is the Dirac propagator (with cutoff) and describes the leading asymptotic behavior

() 1 —ikx J’i(k)

= § e 2.101

950 (X) BL 5 © Tiko +wopk (2.101)
L,B

while the remainder 3’ satisfies, for any ¢ > 0 and 0 < ¥ < 1, the bound

(1+9)j Cyo
Zj 1+ (x|

P el <

w

(2.102)

27



Let us now call Zp_; the values of Z; one would obtain by substituting V(*) with £V in (2.19)
and by using for the single scale integrations the propagator (2.100) with n(f )(x) = 0 for any
i > j. It can be proved by an inductive argument that, if all the r.c.c. stay of order A,

‘ Zj ZD,J
Zi 1 ZD] 1

< CeZy” (2.103)

where
¢ i= max{|Al, max |7, max [64])

It is then convenient to decompose the functions B&J ) as
Bg) (UJ, ceey 170; )\7 l/) = Bg) (Vj7 ceey Vo) + B&j) (UJ, ceey ’l_)b; )\7 l/) (2104)

where B((J,j) (Vj, ..., vo) is given by the sum of all trees containing only endpoints with r.c.c. oy, Gh,

0 > h > j, modified so that the propagators gU(Jh) and the wave function renormalizations Zj,

0 > h > j, are replaced by g and Zp p; ((1] ) contains the correction terms together with the
remainder of the expansion. (2 103) and (2.99) imply that there two constants ¢ and C, such
that ‘

Ca?*yﬁj ifa#d

) 2.105
(ceo+ Ced)y™ ifa=4 ( )

B9 (5 ..., To; V)| < {

Remark Note that the constant C' in (2.103) and (2.105) depends on the constant £ of (2.99). It
is easy to see that, if we call C; the constant appearing in (2.93), then C' = Cy max{C1,{} and all
bounds of this section are verified only if, say, max{C1,£}ep < 1/2. In the following discussion,
the only constant which depends on C' under this smallness hypothesis, is the constant by of
(2.116) below. Hence, all the other constants will be independent of &, if the first condition in
(2.134) is also verified.

The leading term in (2.104), that is B&j ), can be further decomposed as

BD (v}, s vo) = B (V) 4+ Ta (V5 ons v0) (2.106)

where E&j)(v) = &j)(v, .., V). We can write:
B (v) = D bi(vy) + 5% 5(v;) (2.107)

i=0,1

where b(J) »(v;) is the contribution of order ¢ in g; ;, wile b U >2(v7) is the contributions of all trees
with at leabt two endpoints of type g;. The crucial property is the following one, called partial
vanishing of the beta function, whose proof is in Appendix C

|b(J)(Vj)| < C’e [y 95 _|_,7*(j*hL,ﬁ)] , i=0,1 (2.108)

Now, let us extract from 5’ (v;) the second order contributions, which all belong to ba >2(V])
we get:

BD(v)) = —aagd; + O BIUV)) + Tay(v)) (2.109)

1=0,1

(7)

with a; = ay’; > 0, ag—a /27 as = as = 0, and, for some b; > 0,

o (V)] < biejlgrl - (2.110)
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Note that, if we put

. 1 dk  _(>h) ;1 \~(>h logy
a=2 lim m/wgg—g(k)gg—’)(k) — %87 (2.111)

h——o0 VR
where gl(jz’:f) = Zg:h gg’)w, then

‘a%j,)ﬁ —a| < C’y_(j_hL’B) (2.112)

Let us now analyze in more detail the functions rg)(vj, ..., Vp), which appear in (2.106). If
we define, for 7/ > j + 1,

D((lj’j/)(Vj, ...,Vo) = 5(()[J-)(Vj7 cey Vi, Vi, ...,Vo) — ﬁ((lj)(Vj, ey Vi, Vi, ...7VQ) (2113)

we can decompose rg)(vj, ..., Vo) in the following way:

0
Taj (Vi osvo) = Y DY) (vj, ., vo) (2.114)
J'=j+1

Note that D&j’j/)(vj7 ..., Vo) is obtained from B&j)(vj, ..., Vo), by changing the values of the r.c.c.
in the following way: the r.c.c. of scale lower than j’ are put equal to the corresponding r.c.c.
of scale j; those of scale greater than j’ are left unchanged; at least one of the r.c.c. v, is
substituted with v, j» — v, j. By using the stability property (remark 2 after (2.96), we can show
that , if €; is small enough,

-/

DG (Vs cesVo)| < by~ 0 vy — v (2.115)

for some b3 > 0. If we insert in the flow equation (2.98) the equations (2.104), (2.106), (2.109),
(2.114) and use the bounds (2.105), (2.108), (2.110), (2.112) and (2.115), we get, if €; is small
enough,

[vi—1—v;| < (a+bigj)|gr ;1> + (€0 + bzsg)'yﬂj + bg&?’y_(j_h“ﬁ)—i—

0
g 2.116
+bge; > 7 U vy — vyl 2110
=i+
for some by > 0. The form of this bound implies that, in order to control the flow, it is sufficient
to prove that g; ; goes to 0 as j — —oo so fast that |ng|2 is summable on j. Hence, we have to
look more carefully to the flow equation of g1 ;. By proceeding as before, we can write

G1j-1=g1j—agi j + 715+ 715+ (2.117)

0
~ . -/7 .
Pl < bigslgn s Il <bse; Y U v — vy
J=i+1

171,5] < b25j|91,j|[’y'9j +,yf(jthﬁ)]

(2.118)

where, in the bound of 7 ;, we used the fact that, for symmetry reasons, b%(vj) =0.

The proof that, if gi1.0 € Dg,.s, g1,; goes to 0 as j — —oo so fast that |ng|2 is summable on
J, uniformly in L and §, would be rather simple if 71 ; = 0. This is not true, hence we have to
show that its contribution is in any case negligible; however, this claim looks reasonable only if
both |j| and j — hy g are large enough. To control the “small” values of j, we use the remark
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that, as it is easy to show, if gy is small enough, there is a constant c4, such that, if g10 € D¢, s
and caljollgrol® < lg1.0/2~7, n < 1, then, for j > jo,

915 € Dacysr2s  191.01/2 < o151 <2[g10l, &5 < 2e0 (2.119)
Hence we put jo = —(ca|g1,0/'/?)~! and suppose ¢ so small that
€307 < 20519150 |7 < 91,50 (2.120)

where we also used the fact that, since 9(2pr) > 0, €9 < ¢5|g1,0|, for some constant cs.
Lemma 2.4 If g1 9 € Dys and j > jo, then, if €9 is small enough,

Vi1 — vj] < 2algy ;| + 262073 + by~ e s) (2.121)
Proof - We shall proceed by induction. By (2.119), if &¢ is small enough, ¢eg + bgf? < (3/2)ceg
and a + bie; < 3a/2; hence, (2.121) is true for j = 0. Let us suppose that (2.121) is verified for

Jj > h>0. By (2.119), if j > h > jo, |91,j]/|91,n] < 4; hence, by using (2.116) and (2.121), we
get:

Vi1 — Vil < (3/2)algn|? + (3/2)Ee0y?" + boe2ry~(hhes) 4

baen Z v TG~ h) nax {2a|gu| +2csov2j}+2bgs, Z y =G hre)

Jj=h+1 j'=h+1
< |g1.n)? l(3/2)a + 64abse Z ny~"| 4 y7he [(3/2)0 + 4cbseg Z L
n=0 n=0
boei~y~(h=hes) |1 4 4bseq Z 7_”]
n=1
Hence, (2.121) is verified also for j = h, if €¢ is small enough. |

The previous analysis implies that the flow is essentially trivial up to values of j of order
l91.0/ 7%/ (or even |g1,0|7", 0 < 1 < 1). Let us now consider the region j < jo, where the term
proportional to v%7 in the bound of 71, is expected to be negligible, thanks to the condition
(2.120), so that we can hope to prove that |g; ;| is decreasing. However, since the the term
proportional to v~U~"2.8) is not negligible for j — hrg “too small”, we have to put some
restriction on the values of j. We choose to restrict the detailed analysis of the flow to the
region

j€ljo,higl, Rpgi=min{j<jo:y UM < gy )2 (2.122)

In this region we write (2.117) in the form

7717,4_7«1),_'_7?1’.
g1 =01 a0, a=a—- —I—i (2.123)
91,5
and we define A, = 0 and, for j < jo,

: Gij = TL.jo 2.124
Aj Z a; 91,5 = : - (2.124)

"o Pt L+ Ajg1.5,(Go — J)
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Lemma 2.5 There are constants ci,cg,c3 such that, if g10 € De,,5 and it €9 s small enough,
then the following bounds are satisfied, for all j € [jo, hzﬁ).

€j < €380 (2.125)

Vi = Vil < eilgrjsal? (2.126)
1915 = G151 < 1g14* (2.127)
laj — al < calg1 | (2.128)

If j € [h} 5+ 1,hr ), we can only say that
g1l < 2lginy |, &5 <2¢3 (2.129)

Proof - We shall proceed by induction. By using (2.120), (2.121), (2.122) and (2.119), we see that
the bounds (2.125) and (2.126) are satisfied for j = jo, if c3 > 2, ¢ > 3a and (¢/c5)eo+8b2e3 < a.
Moreover, ¢1,j, = g1,j, and, by proceeding as in the proof of Lemma 2.4 and using (2.120), it is
easy to prove that there is a constant ¢,, such that

|a’jo - CL| < 52|gl7j0‘

Hence, all the bounds are verified (for €y small enough) for j = jo, if ¢; > 3a, ca > &2 and ¢3 > 2.
Suppose that they are verified for jo > j > h.

The validity of (2.127) for 7 = h — 1 follows from Prop. B.2, which only rests on the
bound (2.128) for j > h. On the other hand, (2.127) implies that, if ¢ is small enough,
2749151 <lg1,5] < 2|g1,5]; hence, using (2.124), we get, for j > h

915 |1 + Ahgl,jo (.70 - h)| (2 130)
gih 11+ 45915, (Go — J)
Let us now define, as in App. B, 4; = a; +i8;, a; = RA;, and suppose that
2¢9e0 < a2 (2.131)

so that, by (2.119), o; > a/2, |8;| < 2¢2e0, |4;] < 3a/2, for j > h. By proceeding as in the
proof of the bound (B.8) in App. B, we get, if j > h and |Arg g10| < 7 —6, § > 0 (so that
|Arg g15,| <7 —0/2, see (2.119)),

1+ 91500500 — )| > 5 5in(8/2)[1 + 15, 0 (Go — 9]

and, if we put 1+ 4,91 4, (jo — j) = 1 + o914, (Jo — ) + w;, we choose gg so that

w,| 6¢2g0/91,5, | (Jo — J) 12¢0¢e9 1
- — < = - < = 2.132
11+ 91,5, (Jo — 7)I ~ sin(6/2)|g1,5,/(a/2)(jo — j)  asin(6/2) ~— 2 ( )
Then, by using (2.130), we get
91, 24 14 (3a/2)|g1,5o|Go = M| _ (.
- - - <C —h 2.133
o] = S0/2) T+ @/DlgralGo =) =M (2.133)

for some constant Cs, only depending on ¢ and a. Moreover, since ¢}, < czeg, then ¢eg + bgé‘}% <
2¢eg and a + big; + b2€? < 2a, if

bgcgso <e¢, andbjcgeg+ bgcgsg <a (2.134)
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Hence, by using the bounds (2.116), (2.126), (2.120), (2.122), (2.134) and (2.133), we get

_ 0
c& 9 (i _9(i— .

Vi1 = val < 2algunl? + =700 gy P+ ebsen Y U (G — h) max g1 [
Cs Joht1 h<j'<j

— oo
C&p _ — B
< | h|2 2a + —C’g max -y 2 4 clshbgc’g 5 Inp3
’ Cs n>0 ¢
n=

It follows that (2.126) is satisfied also for j = h, if

CE0 2 —nd, 2 2 § : —9n, 3
< .
2a + c 05 IrllléiX’)/ n° + 20103601)305 Y n C1 (2 135)

n=0

Moreover, by using (2.126) and |g1 ;| < 2|g1,;|, we get, for some by > 0, only depending on a,
under the condition (2.131):

0
ep—1 < ¢co+ Z |Vj_1 — Vj| < g+ bscigg
j=h
so that €, < czeg, if
1 + b4Cl S C3 (2136)

The bound for a,_1 — a can be done in the same way; it is easy to see that

lap—1 —a| < |bics + bgcgsng mg(})cv_"ﬂrﬁ + 2clcgb30§ Z AL Tl o (2.137)
n= n=0
Hence, (2.128) is verified for j = h — 1, if
= 2503 rﬁlgéc'y_"ﬁnQ + 261036303 ;'y—ﬂnrﬁ < e (2.138)

The conditions (2.131), (2.132), (2.134), (2.135), (2.136) and (2.138) can be all satisfied, by
taking, for example, ¢; = 4a, ¢3 = 1 + 4aby and co = max{¢éy, 2}, if ¢ is small enough.

We still have to analyze the flow in the region j € [hzyﬁ, hr s + 1], in order to prove the
bounds (2.129). We should again proceed by iteration, but we prefer to explain the idea of the
proof, which can be by now easily translated in the longer formal proof.

Let us consider first the flow equation for g; ;. In this region it is not convenient to include the
term bounded by baej|gy ;|y~U"2:8) (see (2.118)) in the definition of a;; hence, we decompose

T1,j as 71, = FE? + Fg’Lj’ﬁ) and we write (2.117) in form

~ =(0)
T T+

9, (2.139)

— o2 /
91j-1=915 — ;g1 ; +T 5 », a;=a

(L, (i
|7"§,jm| < bogj|gy ]y ThER)

Note that, if ¢; satisfies the second condition in (2.129), a} satisfies a bound like (2.128), so that
the term —a; 93, ; has still the effect to lower the value of |g; ;| as j decreases. This remark can
be translated easily in the claim that |g; ;| can be bounded by the solution of the flow equation

grj—1 = gl + 2esbocoy™ V0] L Gug =i |
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whose solution satisfies, for g small enough, the bound

hi.s

gin < |g1,n; | exp { 2c3baeo > 4 hes) < 2|g1ny | (2.140)
j=h+1

Let us now consider the other couplings; even in this case we have to separate the term propor-
tional to bgsiv_(j ~hv.8) from the others; however it is easy to see, by proceeding as before, that
the only consequence is that the bound (2.126) has to be modified as

Vi = vitl < dlgrjnl? + dedyUhes) (2.141)

so that, if h € [h] 5, hrp +1]

h*ﬁ_l h275—1
Vil <lvig 146 Y lgmlP+d Y ey e
j=h+1 j=h+1

By using (2.140), (2.125), the inductive hypothesis that €; < 2cze( and the fact that, by (2.122),
hi g—hrp—1<log |g1,h;ﬁ|727 we get

Vil < ese0 + 2¢1[g1,ns I log 91,3 | 2 4 dcicle? Z 771 < 2¢3e0

if gg is small enough. I

We finally show that the running coupling constants are well defined in the zero temperature
and thermodynamic limit.

Lemma 2.6 For any fized sequence vy, h € (hr g, 1], satisfying (2.99) and any fized j < 0,
limings, Ly 00 Vj = V; does exist; moreover, lim; oo V; = V_o with

92,0 = 920~ 3910+ O(AP/?) = [26(0) — 2(2pr)] A + O(AP) (2.142)
Ga,—00 = g0 + O(N?) = 2X8(0) + O(N?)
d—co = O(N) (2.143)

Proof - By applying the localization procedure (see (2.65), (2.67)) to the effective potential
VO (4)), we see that

Vo = Voo + Z Z Z Z / d(Xy /%0) nglL 5.p (Xup) (2.144)

J=0 n=17ET;  P:|Pyy[=ma

where m,, = 4, if « = 1,2,4, mo, =2, if a =0, A =C x (—5/2,8/2), x¢ is an arbitrary fixed
point in the set x,,, M is the number of points in x,,/X¢, T;j—1,, is the family of trees with scale
root 7 — 1, n normal endpoints and no special endpoint. Moreover, v, is the term of order 1 in

A and the kernels K’(CJ j;) 1.5(Xu,) are obtained from the kernels (2.42) (where the dependence
on L and /8 was hidden) by the procedure described after (2.62). Let us now define

CEAOE 35 DED DENED DR W CONCHT s [N B AT

§=1n=17€T;—1,n P:|Pyy|=ma AY
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where Ao = Z xR, Kg':lg(xvo) = limpmings, 1} 00 KgilL),g,p(Xvo)a Voo i= liMpyin{s, L} 00 Voo =
(2A0(0), 2A0(0), 2)\v(2pp) do). We want to prove that

[vo — Vo| < Co| Ay =# (2.146)

It is easy to see that a bound of this type is valid for |vo, — Vo |. Hence, if we call T} 1, 3 and T} o
the contribution of the trees with scale root j to the sum in (2.144) and (2.145), respectively,
the bound (2.146) will be proved, if we prove that

|Tj,0.5 — Tjool < CIAy Iy~ 0=he0) (2.147)

which differs from the dimensional bound of T} ; g and T} » for the factor = U=hes) < yhrs,
Note that

Tj,.8 — Tjool < Z Z Z (Aj,1 + Ajg) , where (2.148)

n=17€T;_1,n P:|Pyy|=mq

Ay :_/ d(%y, /X0) ‘ngg“, (%u0) — K9P (%0,) (2.149)
Ajp o= / g fx0) [KETH | o) | + / , A0/ xa) |KE B xun) (2.150)

where [ " d(xy,/X0) denotes the integration over the rectangle centered in xo and with sides of
length L/4 and /4, while [ d(x,,/xo) denotes the integration over the complementary region.

In order to bound Aj;;, we note that the difference between the two kernels comes from
the oscillating factors e™m'* which appear in the R operation written in coordinate space
(obtained by Fourier transforming (2.65) and (2.67)) and from the differences between g(*)(x)

and its 8, L — oo limit g( )( ). Regarding the first kind of contributions, we note that the
difference between the two kernels can be written as a sum over O(n) terms with at least one
factor e’®n’* — 1 associated with a tree vertex; this factor modifies the bound by a factor
y~kthis  where k is the scale of the vertex. Since k > j + 1, the dimensional bound of a
single tree is modified by a factor y "7 %22 without modifying the dimensional properties of the
sum over the tree expansion. Regarding the second kind of contributions, if we write g(k)(x) =

ggé) (x) + 5g£..]f) (x), we get the dimensional bounds:

16958 (x)| < Oy~ Fmhea) dx|3g{) (x)| < Cy Py~ k7t e)

le|<B/4,
legl< 8

which differ from the bounds of ¢(¥) (x) by a factor y"k*+hL.s with k > j. By using the stability
property (see Remark 2 at the end of §2.5), we see that the sum over the tree expansion is
modified again by a factor y~+hz.s,

In order to bound A2, we note that, given any contribution to the one of the kernels, one
can select in the spanning tree used to perform the integration (see (2.89)) a chain of propagators
connecting xo with a point X at a distance greater that min(L, 8), and this produces an extra
factor much smaller than y~U~"2.6) in the bound, in an obvious way. This concludes the proof
of (2.147).

We now prove that limy,ings 1) 00 Vj = V; does exist even for j < 0. By using the notation

of §2.5, we can write, if hy g < j—1: Vo j—1 = Va,j + BS)Lﬁ(v) , with 5((5)LB(V) of the form

TR SO MDY [ b xOKEE s i) (2.151)

n=17€Tjn P:|Py,|=ma
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We now call 9, ; the solution of the recurrence equation: g j—1 = Va,; + B(J )( ), with

Z > > / (0, /%0) K F P (x4, 9) (2.152)

n=17€T;_1,n P:|Py,|=ma
where Kg;l)(xvo,v) = limpin{,01 500 Kg;gp(xvo,v). We prove by induction that, if j < 0
and A is small enough, A
|Vj _ ‘7j| < 7*(J*hL,/i) (2.153)

Note that this bound is not optimal, but it is sufficient for our purposes and very easy to prove.
We can write:

Va,j—1 — Vayj—1| < [Va,0 — Tajol + Z 18 5(v) = BV (%)) (2.154)
k=j

The bound (2.153) is an immediate consequence of this inequality and (2.146), if we prove that

1B, 5(v) = BL ()] < ClApy~ Bhes) (2.155)
Let us write

B ) = B ) = 8] 5(v) = 8% ()] + 8% 5(9) - BB ()] (2.156)

The first term can be easily bounded by induction, thanks to the stability property of the tree
expansion, while the second term can be bounded as in the proof of (2.147) and taking into
account the following facts. If o # 4, there is no term of order 1 in A in (2.151) and (2.152),
so that we can iterate the bound (2.153), by using it only once in the endpoints of the tree
expansion of [ﬁé )L B(V) — ,Bl(f)LB(V)] This is not true if & = §; however, in this case the only
terms with n = 1 in (2.151) and (2.152) depend only on vo and vy, respectively, since they are
obtained by contracting on scale k < 0 the irrelevant term produced on scale 0 by the action of
the R operator. Hence, even in this case, we get a factor |A| in the bound, after the insertion of
(2.153).

We still have to prove that lim;_,_ ., V; = v_o does exist and satisfies (2.142) and (2.143).
The first claim is essentially trivial, since it is obvious that v satisfies Lemma 2.5, and, in
particular, this implies that, if g1 o € D, 5, with € small enough (how small depending on §), g1 ;
goes to 0, as j — —oo, and Zgzh |g1,;1* < C6~1|A|, uniformly in h. This is an easy consequence
of the condition (2.127) and the condition 9(2pr) > 0; note that the power 3/2 in the r.h.s. of
(2.127) could be replaced by 2 —n, n > 0, but 2 is not allowed. Finally, the form of the flow
(2.98) implies also that g2 ;, ga ; and 5j converge, as j — —00, to some limits g, — oo, g4,—co and
d_oco of order A, satisfying (2.142) and (2.143).

Let us now suppose that A is a (small) positive number; the previous bounds imply that
g1,; > 0, for any j < 0. The following Lemma will allow us to control the logarithmic corrections

to the power law fall-off of the correlations.

Lemma 2.7 There are four sequences wj p, d;p, + = 1,2, h < jo, such that

0
1 .
> g =0+ wi,n)—1og[l + agujo (o — A)] + 1. (2.157)
j=h
Jo 1
> (525 = g2-00) = (1 + wa,h) 5 108[1 + agu o (jo = A)] + b2 (2.158)

i=h

35



with
lwin| < CN, |60 < CAV2 (2.159)

CA
1+ agi j, (.]0 - h)} log[l + agu,jo (.]0 - h)]

Proof - Let us put go = §1,,, and a(s) the function of s > 0, such that a(s) = ajy—n, if
n < s <n+ 1. Then, by using (2.124), (2.127) and (2.128), it is easy to see that

|wi h—1 — win| < [ (2.160)

Jo n

_ 90
§ Gij—Ljg_n| <CA\Y2 T, = / ds—————— 2.161
j=h ! 7 0 14+ go fO dta(t) ( )

On the other hand, (2.128) also implies that a(s) = a + Ar(s), with |r(s)| < C; hence

n n 2 [Cdtr(t
In:/ ds—90 —)\/ ds—— 9 Jo dir(l)
o 1+ goas o 1+ g0 fo dt a(t)][1 + goas]

implying that

40N [0 40\
— do—"— < e log(1 + agon)

1
I, — —log(1
a og(1 + agon) a? Jo (14 x)?

<

Hence there is a constant w,, such that I,, = (1/a + w,)log(1l + agon), with |w,| < CA; this
bound, together with the bound in (2.161), proves (2.159) for ¢ = 1. To prove (2.160), note that

n+1
2
i1 — | g/ ds—90 = Zog (14 20
" 1+g05s a 2+ agon

- a
Iny1— I, =(1/a+ Wyy1) log (1 + go

1+agon> + (Wny1 — wy) log(1 + agon)

so that, if A is small enough,

N B 3 ago 490
1 — @y | log(1 <(=+CX)log|1 <
|w 41 w|0g( +a90n)(a+ )0g( +1+a90n)1—|—agon

To prove (2.159) and (2.160) for ¢ = 2, note that, by (2.109) and Lemma 2.5, if j < jo,

J e} 2
- B a > _[a 91,0 ~3/2
Go.j — 92-oc —h_zoo[2 +OW]gha =[5 +0W] | s + 0@
1 _ -
- |5+ o0, +oai)

Hence, the proof of (2.159) is almost equal to the previous one, while the proof of (2.160) needs
a slightly different algebra; we omit the details. I

2.7 The flow of renormalization constants

The renormalization constant of the free measure satisfies
Zi_

Jzivl =1+ B8Y9G;, 05, Go,00) + BI (Tj; .., T3 A) ; (2.162)
J
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while the renormalization constants of the densities, for « = C,S;, SC,TC; and i = 1,2, satisfy
the equations

Z(l 0‘)

Z(l 04) = 1+6(1 a)(gja6j7' 790)50) +ﬁ(1 a)(ﬁjv' 7607)‘) . (2163)

In these two formulas, by definition, the ﬂt(j ) functions, with ¢ = z or (4, «), are given by a sum
of multiscale graphs, containing only vertices with r.c.c. gj,d,, 0 > h > j, modified so that

the propagators gﬁ,h) and the renormalization constants Zj, Z}(Lz’a), 0 > h > j, are replaced by

g](DhL, Z}(lD)7 Z,(lD’i’a) (the definition of Z}(lD’i’a) is analogue to the one of Z,(LD)); the ng) functions
contain the correction terms together the remainder of the expansion. Note that, by definition,
the constants Z](D) are exactly those generated by (2.162) and (2.104) with Bﬁ” =B =0
Note also that |B§])| < CT)JZWW, while |B((f)a)| < Coy%
By using (2.162) and (2.163), we can write
1,
ZJ('71) AC)

_ 7 ) 5(5) S 2
Zj—l - Z] 1 + ﬁ (1 a) (gjv ) + ﬁz,(l,a) (vja (A3} U07 >‘):| (2164)

with |BZ7(17(X)\ < Co;v%. If we define E(j()l o)(7,0) the value of ﬂ 1OL)(g],éj,. .1 Go,00) at

(gi,0:) = (g,0), j < i <0 and 6(3(1 0é)(g,é) the sum of its terms of order 0 and 1 in g; p, it
turns out that

BIEE 3.9)] < Clmax{lgullgal, lgal, 5112 [ + 570742 | ifa =C (2.165)

This bound, as crucial as the analogous bound (2.108), has been proved in [27]; see App. C for

some detail. The bound (2.165), together with Zgzj lg1.£[? < C|A| and the fact that Z,(ll’si') =

Z}(ll,C) by the SU(Z) spin symmetry, imply that

(1,
J

—1
Zj

<ClEl, a=0C,8; (2.166)

Regarding the flow of the other renormalization constants, we can write
) _ =g 5(#)
where Z{* = Z; and, by definition,

= hm Mg = lOg,Y 1+ Bt(o’j)(glfooa 94,—oc0> 0 oo; <3 92,—005 94,— 00 6700) (2'168)

]4)

Note that the exponents 7; are functions of v_., only, an observation which will play a crucial
role in the following. Moreover, by an explicit first order calculation, we see that

(27vp) M g2 0o + OV t=(2,C),(2,5;)

N =< —(2mvp) " lgs,—0o + O(N?) t=(2,50),(2,TC;) (2.169)
0()\?) otherwise
while
o
"l 14 OGN+, t=2(1,a),a £ TC
Z(t) - 91,h Ty =z, \La),x %
h
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5(2,C)
Zn_1 a

Z}(LQ’C) =1l-agin+ 5 (92.n — 92,—00) + O(g1,0 ) + r,(f’c)

ggz; =1+ %(gw — g2,00) + O(GrA) + 7% (2.170)
Z;_EZ; =1- %gl,h - 3(92,h —02,—00) + O(g1,0\) + r}(f’sc)
ig;z; =1+ %gm - g(gz,h — G2 —00) + O(Grp ) + r2TE)

where a and g; 5, are defined as in (2.111) and (2.124), respectively, and Z?L:foo |r,(f)\ < C|N~
Let us define:

5(t)
(h) log Zh
=—_°2"h 2.171
%"= log(1+ ag |h]) (2.171)
Hence, by using (2.157), (2.158) and (2.159), we get
V| <O, t=z(1,0),a £ TC;
(2.172)

1-
" = 5Cl < Ox, t=(2.0)

where the constants ¢, are those of (1.27).
The existence of the zero temperature and thermodynamic limit can be done exactly as in
Lemma 2.6.

2.8 Flow of v, and calculation of v.

The sequence vj, hr g < j < 1, must satisfy the recursive equation (2.98) with o« = v. If we
decompose B,(,j) as in (2.104), the function 6,9) is exactly equal to 0, because of the oddness of the
propagator ggl’)w and the fact that all endpoints are local (those with scale 2 are excluded), hence
do not contain oscillator factors. As concerns the function B,SJ ), in this case we have to extract
the contribution of the trees with at least one endpoint of type v and we get, if ¥ < ¥’ < 1,

1
vicr =i+ B9 =+ Z vi By ) 4 e B; 1Bl 1B < eo (2.173)
i=j

If we iterate this equation, we get v, = v~ "*1[v; + Z}:hﬂ ’yj_QBy)]. We want to show that
it is possible to choose v; = v so that the sequence v, solves (2.173) and satisfies, for A small
enough, the bound (2.99) (with & large enough, see Remark after (2.105)) and g1,0 € De,,s (see
Lemma 2.4); these are indeed the conditions that allowed us to control the flow of the r.c.c. and
the renormalization constants. The choice of v; is of course not unique, at finite L and 3, hence
we add the constraint that v, , = 0, so that the sequence v, must satisfy the equation

h
v=— Y 4 IUEY = T(), (2.174)
j=hr g+1

if v denotes the sequence vp. Let us now consider the Banach space By of the sequences v with
norm ||v|ly = max; v~%/|v;|. We want to show that the operator T is well defined on the closed
ball Mg = {v: |||y < ||} as a bounded operator T : Mg — Mg, if € is large enough and A
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is small enough. This implies that the solution of our problem is a fixed point of the operator T
in M¢ and that this solution does exist and is unique, if we also prove that T is a contraction
on Me.

Let us first prove that T is a bounded operator of M, into M. By using (2.173), we easily
see that, if v € Mg, A € D, 5 and €; < c3ep, then

oo (oo}
ITW)| < escozn D v~ =ML+ €AY =7 = coep(1 + Gl AJE)

n=0 n=0

Hence, | T(v)|| < &|Al, if cacaeg < 1/2 and € > 2c¢ae0/|A|. The proof that T is a contraction on
Me, if |A] is small enough, is a bit more subtle, since now we can not ignore that the r.c.c. and
the renormalization constants do depend on v. Let us call v; and v;- the r.c.c. corresponding to
the sequences v € Mg and ' € Mg, respectively; analogously, we shall define z; = Z;_1/z; — 1
and 2. We see immediately that max{|vo — vgl, |20 — 25|} < colA|[v1 — vi|; we shall prove
iteratively that there exists c¢; > co such that

max{[vy, = vi|,|2n = 2} < erAlflz = o (2.175)

The bound for zj, — zj, follows easily from that for v;, — v} ; hence we shall discuss in some detail
only the bound for vy, —v},. Suppose that (2.175) is satisfied for h > j+1. In order to iterate this
bound, we have to control very carefully the flow of the quantity Ay, := g1, — gy 5,- The result
can be easily explained, if one consider the approximate flow of ¢; 5, obtained by substituting
the r.h.s. of (2.109) with —%agij. In this case we should get

a
Ap1=Ap = §Ah[91,h + 911 (2.176)
which easily implies, by using the bound (2.127) (which is uniform in v), that

—ealog(1+alIall) | < colMlvr — v (2.177)

Apl < - 91 1+ al\[hl))e
|AR] < lg1,0 — gh0le (1 + alM||h]])e=

for some positive constants co and a. A careful analysis of the real flow can be done by proceeding
as in the proof of Lemma 2.4 and Lemma 2.5; of course it involves also the other r.c.c. and has
to use the bound (2.175) for h > j 4+ 1 to shows that this bound is correct for h = j. One can
see that the bound (2.177) is indeed true, if one substitutes ¢y with some other constant ¢y > ¢
and |v; — v| with ||v — /||y, that is

o Alllv. = /|n

(@ + alNThl) (2.178)

|Ap] <

By using (2.98), we can write

0
i vh=vo—vh+ 3 (B9 - 3] (2.179)
j=h+1

with B&j) = B&j)("j, -5 Vo3 A, vp) and B:(xj)/ = Al&j)(vl

Gy
(()f ) discussed in §2.6 and the short memory property, one

.,V A, v1). Moreover, by analyzing in

detail the structure of the functions /3’
can see that

B9 — BU| < g [|§1,jAj\ + (|91, + €7 (er|Al + 1)l — Z'M (2.180)

Hence, if c1|\| < 1, vy, — v}, | < [vo — v{| 4+ cagjllv — V|l < es|A|||lv — V|9 It follows that the
bound (2.175) is true for ¢5 = ¢; and ¢;|A] < 1.
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By using (2.174) and (2.173), we have

h
TW)n —TWl < S A ¢+ — )| <

j=hp, g+1
. ST (2.181)
Yo ey Sup |V, — Vil + el Ay [l = ¥ Nlo] < esl Ayl =l
j=hr g+1

Hence, T is a contraction, if c3|A| < 1.

2.9 Calculation of pr(f, \)

Let us consider the equation (2.174) in the limit L, — oo; its solution gives the sequence
vp, whose first element v is the unique value of the function v(u, A) which allows us to fix at
pr = arccos u the value of the interacting Fermi momentum. We want to show that the equation

a=p+ v\ up) (2.182)

can be solved with respect to p by a function p(f, ), if A is small enough; the interacting Fermi
momentum will then be given by pr(fi, A) = arccos p(fi, ). In order to prove this statement, it
is of course sufficient to prove that |0v/0u| < C|Al; since |p| < 1, this is equivalent to prove that
|0v/Opr| < CIAL.

We do not have an explicit expression of v/, but we know that it is equal to the first element 14
of the sequence v which uniquely solves the equation (2.174). If we make explicit the dependence
of T on pp, we have v = T(v,pr). Note that the operator T(v,pr) depends on pr explicitly
through the kernels appearing in the tree expansion of the functions 553 ) and indirectly trough
the r.c.c. v;:

Th(y pF Z 'Y (h= j+1)/8(])( (V> apF) VO(V>OapF) V>JapF) (2183)
j=—00
where v ; = (vj,...,v1). Hence, we can calculate the sequence § = dv/dpr, by solving the
equation
oTy, oTy,
I—-A¢=b, Ap;i=—, bp=— 2.184
( )é = h, 61/1 h apF ( )

The fact that |0v/0pr| < C|A|, for A small enough, immediately follows from the following
Lemma.

Lemma 2.8 If B_, is defined as after (2.174), then b € B_,, for any n € (0,1) (hence the
sequence by, can diverge as h — —o00) and ||b]|—, < &,|\|, with &, — oo if ¥ — 0. Moreover, A
is a bounded linear operator on B_,, with norm ||A| < c,|\|, so that, if cy|\| < 1/2, £ € B,
and [|€]| -y < 2]b]| -

Proof - By using (2.183), we get

h 5(7)
C(h—i 0By 9B vy,
bp=— Y y (D | T 2.1
h j:ﬂo’Y apr +k:j v Opp (2.185)

Thanks to the short memory property, the bound (2.105) is valid also for 835} ) /Ovy, with €; in
place of 5]2-. Hence, we get, if 4 < 1 and v € By,

h
bul < Y D ’86”

j=—o00

+CO Wmax’ ‘ 2.186
|+ O max | 57 (2.156)
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In order to evaluate the derivatives with respect to pr, note that there is a dependence related
to the dependence on pr of the single scale UV propagators g™ (x), h > 1 (see (2.27)) and the

single scale IR propagators gu(,,h)( ), h < 0 (see (2.59)); it does not give any trouble, since the

bound of 895, (x)/Opr is similar to that of g( )( ), as concerns dimensional arguments (even
better in the UV case).

In the IR scales there is also a dependence on the oscillator factors e’?#*, which appear on
the representation (2.22) of the effective potential V() in terms of the ¢/E, | fields. In the kernel
of a tree this dependence will produce a bad factor (x — y) multiplying the propagator of scale
j joining the points x and y, hence a factor v7 in the dimensional bound. However, such
oscillating factors are not present in the local part of V(©); they only appear if the tree has at
least one endpoint of scale +2. It follows that

9By
5PF

’<C|)\| (== 4 495y < CA[2y~ (=D (2.187)

In a similar way we can bound 0v/dpr. However, since v, depends on pp also trough v,
j >k, we get a diverging contribution also from the trees without oscillating factors. A simple
analysis allows us to show, starting from the decomposition of the Beta function (2.104), that

0 0 0
TViz ‘ < ( Vil 4 oAy 4 Oy max‘ Vi (2.188)
Opr
which implies the bound
‘ ’ < Oy~ (=) (2.189)
If we insert this bound and (2.187) in (2.186), we get that |b,| < C|\|y~(1=9)h,
To complete the proof, we shall now prove that, for any ¢ € (0, 1),
|Api| < CApy~? 1=l (2.190)

By using (2.183) and the fact that Bﬁj) and v; are independent of v; and v;, if i < j, we get

min{i,h}

i |0BY 0By ovy,
o (h—j+1)
Api Z ~y o Z e (2.191)

j=—c0

By proceeding as in the proof of (2.189), we see that, if ¢ > k, for any ¢ € (0, 1),

< O (2.192)

‘ ovy,
3]

7

On the other hand, by using the properties of Bl(,j) described before (2.173) and the fact that the
only term of order 1 in A does not depend on v;, j <0, we get, if i > j and £ > j,

6ﬁ(])

307) , _
< O %BTV;C < C|AJPy?09) (2.193)

Hence, if 1 < h,

[Api] < Iy~ 0m 37 9 m) |5 =03) 4§ 2 =0=0) o (=0) i)

j=—oc0 k=j

< O +2" ]y~ 3D < CAy~ )

(2.194)
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In the case i > h, we have, if ¥ > 1/2,

h
|Ani] < CIA| Z ) {7—19(1'—3') _~_719i,y(1—2q9)(i—j)} < Cl)\h—(%ﬂ—l)(i—h) (2.195)

j=—c0

Hence, the bound (2.190) is proved, with ¢/ = 29 — 1. The Lemma then follows immediately
from (2.190) with 1 > ' > 7. i

3 Proof of Theorem 1.1

3.1 The zero temperature and thermodynamic limit of the free energy

Note first that the Grassmann integrals for the free energy and the Schwinger functions are
analytic in the domain D (2.12), as a consequence of Lemmas 2.2, 2.3, 2.4 and 2.5; therefore,
by proposition 2.1, they coincide with the free energy and Schwinger functions of the Hubbard
model.

Let us prove first the zero temperature and thermodynamic limit of the free energy Fg 1,
which is given (see (2.37) and (2.80) for the notation) by

0 oo
E=lim lm | Y @7 +EPP) 300 (3.1)

B—o0 L—oo | . -
Jj=hr,g Jj=1
We can indeed prove an even stronger result, that is the convergence under the condition that

min{f3, L} — oco. In fact, we shall prove that, given ¢ > 0, there exists h%, such that, if
min{f8, L} > h*, then

0 0
ST EPP N By <e (3.2)

j=hr g j=—00

where Ej = limpin{g,L} 00 EJ(B’L) and this limit does exist, since, by Lemma 2.6, the r.c.c.

involved in the tree expansion converge in the same limit, as well as the kernels involved in the
definition of Ej(-ﬁ ’L), by the same arguments used in the proof of Lemma 2.6.

In order to prove (3.2), we note that, given ¢ > 0, there exists h. such that | Z;’;hL ; EJ@’L) -

She Ej| <e/2, as |EJ-L’/3 +|E;| < Cy¥, by Lemma 2.3, eq. (2.83) and Lemmas 2.4 and 2.5.

j=—c0
~ ,L > . _
EFR =3 % Y [;,ﬂxm/xwkiﬁ*%x%,v> (33

Moreover,
n=17€T;j_1,nP:P,;=0

so that, by using Lemma 2.6 and the procedure described in its proof, we get;

(3.4)

0 0
~ 7L ~ _ o * E
SO EMY =3 By < Oyt < o
j=he j=he

for h? large enough. This argument can be repeated for e; using that, by Lemma 2.2, |e;| < Cy~7,
while the convergence of the contribution of ¢; follows immediately from its very definition, see
the lines after (2.78).
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3.2 Tree expansion for the density correlations

Let us consider now the density correlations. The tree expansion described in §2.5 implies that
Qn(x —y) can be written as the sum over the values associated with all trees with 2 special
endpoints of type J* and fixed space-time points x and y, a number n > 0 of normal endpoints
and a root of scale h < 0; moreover, these trees must satisfy the condition that |P,,| = 0 (no
external legs in the vertex vg of scale h + 1 following the root), while (as always) |P,| > 0 for all
other vertices. We shall call vx and vy the two special endpoints and hx + 1, hy + 1 their scale
labels; moreover, we shall denote vy, the higher vertex such that vy, < vx, vy, and we shall call
hy,y its scale.
Let un consider for definiteness Q¢ (x). The corresponding trees can be grouped in three

classes:
1) the trees with both special end-points associated to the field monomial [Z](.l’a)/Zj]O,g’C) with
J=hx <0orj=hy <0, see (2.74);

2) the trees with both special end-points associated to the field monomial [Z(z a)/Z ]
3) the other trees, that is those which have at least one special endpoint of scale +2 and those

which have both special endpoint of scale < 1, associated one to O,((l’c) and the other to O,(f’c).
If one extracts from the first two classes the trees with no normal endpoints and substitutes

(2.0),

in their values the propagators g( )( ) with their asymptotic expressions ggfl(x), see (2.101),
one gets the following expression

Qo (x) = Q1D (x) + cos(2prz) Q2?9 (x) + Q39 (x) (3.5)
2
Ziiw! : o [Z9
h h h
00O =23 Y {Zz;lgL@m3Aw+-§: | BV (36)
w hh'=h h&h! h=h h
L,B3 L,3
2
0 Z,(fﬁ? ) 0 Z(2,C)
h h h
Q2 (x) =4 Y [lzég]géf¥<x>gg,><x>-+ > || B (37)
h,h'=hr, heh h=h h
) L,B L,B

1 (1,C) (2,0)
Z, 7y
A0 = Y bR (x)
h=hr, g h

where h V A/ = max{h,h’} and the definition of Z}(f’c) has been extended to h =1 as Z{i’c) =1

Rgh)(x —y) is defined, for ¢ = 1,2 as the sum over all trees of the class ¢ with n > 1 normal
endpoints, such that hxy = h and h, = hy g—1, if h, is the scale of the root, plus the corrections
to the terms with no normal endpoints. Réh)(
that hyy = h and h, = hg g — 1.

The functions Rz(.h)(x), 1 =1,2,3 have the role of corrections, since we can show that

x —y) is the sum over all trees of the class 3, such

2h
(h) h g
R, — < Cn(|A —_— 3.8
IR 6=y < On (N 9" e (38)
2h A, 0h
(/o < T
Ry (x —y)l < Cny oy T (3.9)

In order to prove (3.8), let us consider a tree in the tree expansion of Rgh) (x —y) and note
that, given a fixed spanning tree graph T defined as in (2.46), there is a unique path Cx, € T
joining vy with wvy; for each line [ of this path, there is a propagator of scale hy > h = hxy.
If one takes into account the effects of the regularization procedure, some of these propagators
are derived and join some interpolated points in place of the space-time points associated to
the endpoints following vy y; however, by using the fact that \g(j)( ) < Oy 1+ (Y ]x))N] L
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one can show (see §5.9 of [21]) that one can extract from these chain of propagators at least
a decaying factor Cy(2n + 1)V [1 + (77|x])V]~1, where n is the number of normal endpoints;
note that this bound is trivial in absence of regularization. After this operation, one can bound
the sum over all trees as in the proof of (2.83), with two main differences. First of all, one has
to perform the sum over the scale indices by fixing h in place of h,., but this does not change
nothing, since the scaling dimensions of the non trivial vertices are all positive, except that of
vg, which is 0. The second difference is that one has to take into account that now two of the
space-time points are fixed; hence, in order to perform the integrals over the other points, one
can still use the propagators in the spanning tree graphs, but one has to neglect one of them;
since the path Cx y always contains at least one propagator of scale h, this implies that one gain
a factor v?" with respect to the bound leading to (2.83), which has to be also deprived of the
volume factor L and multiplied by the decaying factor. As concerns the factors Z ,(sz’c) /Zn, and
Z}(fy’c)/Zhy7 one can use (2.82) to “change” their scale to h, at the price of a innocuous factor
ecreol(hx—h)+(hy =)l " which can be distributed along the paths joining vk and vy with vy y, by
slightly modifying the factors vy~ (=R )Po+2(1P D] a550ciated to the corresponding non trivial
vertices, see (2.93). In the case of the corrections to the leading term, coming from the trees
with no endpoints, one has also a factor 7" coming from the bound (2.102) and Lemma 2.6.
The proof of (3.9) is very similar. One has only to remark that all the trees involved in the
tree expansion of Rgh) (x —y) must have at least an endpoint of scale +2. This follows from the
observation that all field monomials associate to normal endpoints of scale less than 2 contain
an even number of field ¢, w = *1; hence, it is not possible to build a Feynmann graph with
no external lines and two source terms, one proportional to O,(cl’c)7 which has two fields with the

same w, the other proportional to O,(f’c), which has two fields of opposite w.

3.3 Zero temperature and thermodynamic limit for the density corre-
lations

Using the above tree expansion, we can prove the existence of the zero temperature and the
thermodynamic limit for the density correlations. Let us consider for definiteness the second
term in (3.6) and let us indicate explicitly its 8, L dependence

2

0 (8,L)(1,C)
3 Zy, (8,L)()
h=hr g h

We want to show that, given £ > 0, there exists h} such that, if min{g3, L} > h¥, then

2
RMx)| <e (3.11)

2 0

L)(h
Rgﬂ L)( )(X)_ Z

h=—o0

0 [zEH0O)

Z,(LI’C)
7D

Zn

h:hLy/;

where, with a notation similar to that used in Lemma 2.6, we write limyingg 1100 Z}(lB’L) =7,

and limpin g0} o0 Z00 0D = 230D hile R (%) = limgingg.0) 00 B (x); all these

limits do exist for the same arguments used in §3.1. By using that, by (3.8) and the analysis of

7(1,0) (8,L)(1,0)
the ren.c.’s given in §2.7, %Rgh)(x) and %Rgﬁ’m(h) (x) are bounded by Cv?" there
: h
exists h. such that
he (B.L)(1,0)72 he [ 7(1,0)72
Z B.L)(h Z h e
}IZ(T RV (x) - hZh R (x)| < B (3.12)
h=hr, g h h=—00
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Moreover, by using the tree expansion described before (3.5) and Lemma 2.6, together with the
procedure described in its proof, we get

0
(h) 2h —(h—h? €
R E )<= (313
1 (%) = 2 ( )

Z(AD.0)
Z(ﬁ,L)

Z“ o)

0
BL) Z

h=h.

>

h=h.

for h} large enough. We can proceed similarly for all the terms appearing in (3.5),(3.6),(3.7) and
this concludes the proof of the existence of the zero temperature and thermodynamic limits for
the density correlations

3.4 Asymptotic behavior of the density correlations

We want now to discuss how we can derive from the form of the leading terms in (3.6) and
(3.7) the leading asymptotic behavior, as described in (1.26). The idea is that, since |g1()h()u(x)| <
CnY"[1+ (v"x|)N] 71, if |x| > 1, in the sums over h, h’ of (3.6) and (3.7) the main contribution
is gi and |h'| of the same size as log, [x|. Hence, one expects that the
asymptotic behavior of Q%) (x), i = 1,2, is the same of the function Q") (x), obtained by
the substitutions of y~" and ’y_h, with |x| in the asymptotic expressions of the renormalization
constants, given by (2.167) and (2.170), that is

i,C
2301
ZhZh’

} (q(hx) (hx))

= [P [1 4 f(3) log ] (3.14)

where the coefficients qt(h) are defined as in (2.171), hyx = inf{h : v"|x| > 1}, and, by (2.73),
(2.111), (2.124) and Lemma 2.7,

agi,jo 2)\17(2pp) 3/2
A = = A 1
fO) = g = Tor - TOO) (3.15)

In order to justify the substitution (3.14), let us put n; = 2(n;, ¢ — 1) and ¢;(x) any continuous
interpolation between 2[g; (h ) gl )] and 2[ql(hc D g 71)] Note that, thanks to the bounds
(2.159) and (2.160), ¢;(x ) 15 a bounded function of order A, defined up to fluctuations bounded,
for |x| > 1, by C)\[L( Ylog L(x)]!, with L(x) = 1 + f(A)log |x|; hence, its precise definition

modifies the following expressions only for a factor 1 + O(\). Let us now note that

o0 3 7 x] A x|
L+ (Yhx)N 1+ (v |x|)N

k!

Q09 (x) = QD (x)] < Cy[x|"72[1+ F(A) log |x

/ h\/h )

(" )™ (" 1) {L<|x>ri“{L<|x>]qi’”{ L(jx)) } cew
(VR x])2mee [ L(yIM) L) L(~IPVH'T)

e
(3.16)

where o

L(t) =1+ f(N)logt, e, =L("E" /2 & =Ly~ 1C/ZZC)

By (2.170), (2.157) and (2.158), ¢;, = 1 + O(A'/2) and ¢, = 1 + O(AY/?). On the other hand, if
r>0andt#0,
Irt — 1| < |tlogr|(r' +7r7F)

and, if ¢ # 0,

[ZEDT 1) <, [l ostaP il + L) ogta ]
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These two bounds, together with the bound

0 hpya | log(vr)|P
3 (v"*r)*[log(v"r)|

< Chna
Lt ()N = e

h=—o00
valid for any 8, 7 > 0, a > 0 and N > «, imply that
100D (x) — Q) (x)| < OpAY2|x

1721 4 f(N) log |x[] %) (3.17)

By the remark after (2.124), the factor A'/? can be improved up to A'~7, ¥ < 1.

In order to complete the proof of (1.26) in the case a = C, we have only to calculate Q1) (x)

and Q%) (x). By using (2.166), we see that 7, c = 7. and qyg = qgh)7 so that, if we define

Xoc=1—1mc —1ns and Co(x) = 2go.c(x) — g2(x)], we get
QT (x) =2 g (x)gp.w(x)

QD (x) = 4xP X214 f(A) log x[]*“®Igp 1 (x)gp,- (%)

(3.18)

where gp ., (x) = Z?L:—oo g](jhz) (x). On the other hand, it is easy to see that, for any N > 2

1 1

=—— 4+ O(x|™V
27rvpzvo+iw9c+ (=)

9D ,w (%)

It follows that, up to terms of order |x|~2~7 (as those coming from Q3¢),

1
2

Qo(x), QP9 x) = L{xyet) (3.19)

r2|x[2Xo

O (1,C) _
@ () = m2x2
where the functions Qg(x) and L(x) are defined as in Theorem 1.1. The functions R (x) and
Re(x), appearing in (1.26), are defined in an obvious way in terms of the contributions of order
greater than 0 in A, which have the same asymptotic behavior of the zero order terms, starting
from (3.8) and (3.17). Hence, by using (2.142), (2.169) and (3.15), we get (1.26) for a = C,
together with the fact that (¢ (x) = —3/2 + O()), in agreement with (1.27), and

. G200  20(0) —0(2pF)
Xe=1—c\ A2 =1 =0 =
¢ A+ON), ¢ A 2mUp A 2mup

Note also that, in Theorem 1.1, we have modified the function f(\) by erasing the terms of order
greater than 1 in A; the only effect of this modification is a change of the function Ec(x), which
does not change its bound.

The proof of (1.26) in the other cases is done in the same way. In particular, in the case « = S;
we have to use again the bound (2.166), while the fact that there is no oscillating contribution
to the leading term of Qp¢, is due to the fact there is no local marginal term which can produce
it, by the remark after §2.76.

3.5 The two-point function

Let us now consider the two-point function Sa(x —y). The proof of (1.25) can be done by using
the same strategy. In this case, we have to select the trees with two special endpoints of type n
and fixed space-time points x and y, the first one associated to the n, field, the second to the
77;," field; all the other properties, in particular the definition of vy, vy and vy are the same as
before. Such trees can be grouped in two classes: the first class contains the trees with both
special endpoints of scale < 1, the second class contains the remaining trees. As before, one can
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see that the second class is associated with terms which decay faster than the leading ones; hence
we analyze in detail the trees of the first class and we shall call Sz(x — y) their contribution.

If one extracts from the first class the trees with no normal endpoints and substitutes in their
values the propagators gﬁ,h) (x) with their asymptotic expressions g](Dh,L (x), see (2.101), one gets
the following expression:

0 0

Q —iw r— 1 1

Se(x—y) = E e~twpr(@=y) E Z—g(DhL (x—y)+ E Z—R(h) (x—y) (3.20)
w h=hy 5 " h=hyp "

where Z, ' R™(x — y) is defined as the sum over all trees with n > 1 normal endpoints, such
that hxy = h and h, = hr g — 1, if h, is the scale of the root, plus the corrections to the terms
with no normal endpoints. By proceeding as in the proof of (3.8), we can show that
Al

R(h) . <C A ghy
IR (x —y)l < On (Al +7 )1+hh|x_yuN

(3.21)

The “extraction” of the decaying factor [1 + [y"|x — y|]¥]~! is performed exactly as in the proof
of (3.8). After this operation, one can bound the sum over all trees as in the proof of (2.83), by
taking into account that, in the crucial bound (2.93), the dimensional factor y~Pvolir = ~=hr
has to be multiplied by a factor 42" to compensate the “missing integration” (as in the case
of Qc(x), see above). Since y~hr+2h = 4k Hv0<v<vxy 41, this implies that the bound (2.93)
has to be modified by substituting the factor v~ P’ with 4" and by adding —1 to the scaling
dimension of all vertices belonging to the path which connects vg with vy . Since the dimension
of these vertices is > 2, we can perform without any problem the sum over the scale indices
by fixing h in place of h,. As concerns the factors 1/1/Zy, and 1/,/Z,, associated to the two
special endpoints, one can use (2.82) to “change” their scale to h, at the price of a innocuous
factor ez€180[(hx=h)+(hy=h)] which can be distributed along the paths joining vx and vy with
Vx,y, Dy slightly modifying the factors A~ (ho=hy) Dy gggociated to the corresponding non trivial
vertices, see (2.93). In the case of the corrections to the leading term, coming from the trees
with no endpoints, one has also a factor 7" coming from the bound (2.102). By using the same
arguments as in the case of Q¢ (x), is an easy exercise to show that (3.20) can be rewritten in
the form (1.25). Finally the proof of the existence of the zero temperature and thermodynamic
limit of Sy(x —y) can be done exactly as for the density correlations.

3.6 Borel summability

First consider the free energy E(\) (1.6); we can decompose it as E(\) = Z?L:_Oo Ey(X), where
Ej,(N) is the contribution of the trees whose root has scale h, hence depends only on the running
couplings ¥; with scale j > h. We will show that Ej,(X), h < 0 is analytic in the set

h €o

and such that
|EL(N)] < cle_“‘h‘ (3.23)

By using the Lemma at pag. 466 of [24], this property implies that the perturbative expansion
of E(\) satisfies the Watson Theorem, see pag. 192 of [28]. Hence it is Borel summable in the
usual meaning.

The tree expansion implies that there exists g, such that, if

A = rjnzazi |U;] < eo (3.24)
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then |Ey| < c27?ep, with ¢y independent of h. The analysis of §2.6 implies that, given § €
(0,7/2), there exists € such that, if A € D, s, the condition (3.24) is verified uniformly in h;
then it is easy to see that E()) is analytic in D, s and continuous in its closure. The domain
of analyticity of Ej()\) is in fact larger; the form of the beta function immediately implies that
there exist two constants cs and & such that g < cs|A| and, if A < €0, then M\p_1 < Ap + c)\h,
hence, if c3|A| < min{eq/2,1/[4¢(|h| + 1)]}, then, if j > h and A; < 2X,

j\j_l < ;\0 + |]|E;\? < 5\0(1 +4|j|é;\0) < 2;\0

It follows that Ej(\) is analytic in the set (3.22), with ¢y = c3 ' min{ey/2,1/(4¢)}, and that
|En(A\)] < e17?h, with ¢; = caeg; hence E()) satisfies (3.23) with k = 2log~y.

Let us now consider the 2-point Schwinger function S(x). The discussion in §3.5 about its
asymptotic behavior implies that we can write Sz(x) = Zg:—oo Sa.n(x), where Sy p(x) is the
contribution of the trees whose root has scale h, and we can prove that, if (3.24) is verified
(possibly with a smaller gg), then, for any N > 0,

— | <A 3.25
AR (3.25)

with ¢y independent of h. Hence, if we define hy so that y/<|x| € [1,7), then, if hy > h

hx ~ B 0 _ B B
Son()| <o | S T EyilgE 4 3T g Eg Ry R 20 | <G4y (3.26)
h=h+1 h=hsy

and a similar bound holds for hy < h so that
182 (3)] < esv® (1 + [x|) "4 (3.27)

and we can proceed as in free energy case, so proving the analogous of (3.23) for S3(x), with
c1 = co(14 |x|)~Y* and ey = = 1 (this value could be improved up to any value smaller than 1,
at the price of lowering €y down to 0).

A similar argument can be used for the response functions.

A Proof of (1.20)

We have to prove that the r.h.s. of (1.20) and (1.19) are equal; thanks to the antiperiodic
condition, we can suppose that |7| < /2. Since the sum over k is a finite sum and x(y~kq) = 1
for |ko| < M, it is sufficient to prove that the function

1 e*ikm'
Nsmy=< Y x( M) ——— (A.1)
B toen, oz ~iko + elk)
goes to 0 as M — oo, if |7] < /2. Since x(t) = X(—t) we can write
2 _ ko sin( k‘oT M e(k:) cos(koT)
Ap(r) == Z x(y Mk?o) Z ko)—5— o
B oz /3 b ko +e(k) (A.2)

= Apa1(7) + Apa(T)

Note that |Agq(7)| < C’f];“ dkg ko_2 < Cy~M; hence, limy—0oQp2(r) = 0. Moreover,
Ap1(0) =0 and, if 7 = £5/2, sin(kor) = £(—1)", if n = (Bko)/(27) — 1/2. Hence, if we put

]{30 2w

Fr (ko) = X(VﬁMko)m ; rl (A.3)
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we get

Baatep/l < [ " ar| PEAZ IR I gy (A1)
Y

To get a similar bound for Ag1(7), 7 # 0,£3/2, we have to use the oscillation properties of
sin(ko7). Note that, if sin(h7) # 0,

cos(kor — h1) — cos(koT + hT1)
2sin(hT)

(A.5)

sin(kot) =

On the other hand, if ky € Dg, the same is true for ko £ h. Hence, if we put ko = min{ky > 7™M},
we can write

h
A =— koT)[F (ko +h) — F(kg — h
pa(7) 27 sin(hr) Z cos(hor)LF (ko +£) (ko I+
ko>yM (A6)
F(ko) cos((ko — h)T) — F(ko — h) cos(koT)

so that |Ag1(7)] < Ch2rsin(hr)] "1y~ M. |
B The gy map
Let us consider the following map on the complex plane:

In+1 = Gn — angi (B'l)
where a,, is a sequence depending on gp, such that, if |gg| is small enough,

an=a+o0n,, |onl <colgol, (B.2)

for some positive constants a and ¢g. We want to study the trajectory of the map (B.1), under
the condition that

go € Des={2z€C:|z| <g|Arg (2)| <m—0}, 6€(0,7/2) (B.3)

We shall first study the properties of a sequence ¢, which turns out to be a good approximation
of g,. Let us define:

|
—

An = af (B4)

0

S|
iy

Lemma B.1 Given 6 € (0,7/2), there exists €9(8) such that, if € < £9(d) and go € D, s, the
sequence

~ 90
n — B.5
In =17 gonA, (B.5)

at any step n > 0 is well defined and does not exit the larger domain De, 5,, for €1 = 2¢/(sin 9)
and 61 = /2.

Proof - First of all, we choose € so that

coe<a/2 = a/2<Ra, <3a/2, |San| < colgol (B.6)
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where c¢g is the constant defined in (B.2); we can write
Apn=0an+ifn, an> a/2 , |Bn‘ < CO|90| . <B7)
Define z, := 1+ gond,, := 1+ gona, + wy; then, if gy € D, 5,

no

|1+ gonay,| > max {Siné7 SIT(I + |go|nan)} (B.8)

In fact, it is trivial to show that |1 4+ gonay,| > sind; on the other hand, if |gg|na, > 2,

11+ gonan| = [golnan — 1 = (|gonan + 2|go[nan — 3)/3 = (Igo[nam +1)/3
By using (B.8), we get

|{‘7n‘ 6co
. B.
1+ gona,| — asin(5|go| (B.9)
It follows that, if £ is small enough,
1
|Zn| > isiné (B.10)

so that, in particular, the definition (B.5) is meaningful.
Now we want to prove that g, € D, s,, with €1 = 2¢/(sin ¢) and § = §/2, if € is small
enough. Let go = poe’®; by using (B.8) and (B.9), we see that, if ¢ is small enough,

~ 2go| 2e
< B.11
gl < [1+ apgon| — sind’ ( )
besides it is easy to see that
90 Po
A —— || = |A — | <0 L =6
s (i) | = o (s )| = ol <=
Then, since g, = e_woiioapon(l + wy,), with w,, of order gg, for & small enough,
|Arg (gn)| <7 —0/2 (B.12)

Proposition B.2 Given 6 € (0,7/2), there exists €9(0), such that, if € < £0(0) and go € D. s,
then

3e )
gn S D€2,52 ) E2 = m 5 62 - Z (B].?))
Moreover, if g, is defined as in (B.5),

Proof - We shall proceed by induction on the condition (B.14), which is true for n = 0. Suppose
that it is true for n < N; then, by using (B.11) and (B.12), we see that, if € is small enough and
n <N,

lgn| < 3|gn|/2 < 3e/sind, |Arg (gn)] <7 —4§/4 (B.15)

which proves (B.13). Moreover, by (B.1), if € is small enough,

lgn+1] < 2|gn| < 3[gn] (B.16)
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Note now that

1 1 n 1 1
o= gt algat A= — — +alg+ A, (B.17)
In+1 gn 1—angn In+1 gn

where A, is a quantity which can be bounded by ¢;]g,|?, for some constant ¢;. We can rewrite
(B.17) in the form

1 1 1 1
B R (B.18)
In+1 In+1 9n 9n

By using (B.6), (B.8), (B.9), (B.15), (B.16) and (B.18), we get, if ¢ is small enough,

1 1

lgn+1 — gn+1| = lgn+1] [gn+1] =
IN+1 IN+1

N N
SN ~ 9 - lgo[*/? 90|
< 3lgn | [Gn 1] Y [662Gn] + =c1]Gnl?] < c2lgn |/ - = B.19
2 1 AT ol 2 T gl (B9
. 1/2
< Gul2—Gslool”” (1+9 N) < (w32
= |gN| (1+%|QO|N)1/2 g 2‘90‘ —_ |gN|
where co and ¢z are two suitable constants. I

C Proof of the partial vanishing of the Beta function

In this appendix we want to prove the crucial bounds (2.108) and (2.165). This result will be
achieved by comparing the beta function of the Hubbard model at the IR scales with that of
a reference model, which will be studied in detail in the companion paper [18]. This model
is built as a perturbation of a Grassmannian-valued Gaussian measure with a two-dimensional
continuous field, whose propagator is of the same form as the propagator (2.101) on the IR
scales, with x varying on a continuous square torus; the perturbation is given by an interaction
which produces an effective potential with a local part of the same form as that of the Hubbard
model, see (2.81), with v; = 0. The point is that, for certain values of the parameters, we can
control the beta function of this model by exploiting carefully the local gauge invariance of its
interaction. This will be proved in [18]; here we discuss how we can use the results of this paper
together with the global symmetries of the model to prove (2.108) and (2.165). This strategy is
a way to implement the concept of emerging symmetries in a rigorous mathematical setting.
The effective model is expressed in terms of the following Grassmann integral:

e () — /Pz(dqp[l’N]) exp {_ﬁ(ﬁw[l,N]) + Z/ dx Jx’w,swﬂjﬁbw){é:g’]s—
w,Ss A
' (C.1)

oY [ [, +n;w,sw,[z;zxa—}} ,
w,s A
where A is a square subset of of size E, Py (dw[l*N ]) is the fermion measure with propagator

LN = L L e (K o )
gD,w (X) - VA EQ zk:e —Zk() +OJC]€ ’ - (Ck’,ko) ) c= UF( + 5) (C )

where Z > 0 and ¢ are two parameters and x; v (t) is a smooth compact support function defined

for t > 0, equal to 1 for 4* < ¢ < 4" and vanishing for ¢t < /=% or t > vN+1; 4! is the infrared
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cut-off and vV is the ultraviolet cut-off. The limit N — oo, followed by the limit [ — —oo, will
be called the limit of removed cut-offs. We choose the cut-off function such that

X (k) ij K|) (C.3)

with f;(|k|) = x(77|k|) = x(77*1 (k) and x(t) is C>°(R") and such that x(t) = 1 if ¢ < 1/ and
= 0if |t| > 1; therefore f;(|k|) has non vanishing support in 47~! < |k| <7+, The interaction
is

V() = g1, Vi (¥) + gy V) (¥) + gL VL (¥) + g4Va(¥) (C.4)
with

VlJ_ Z/dXdyh )wst X,w,—S ;,70.),5 ;_,70.)775
Z/dxdyh X = V)V w5 Vions Vg5 Py o,
Z / dxdyhy (X — V)0 s sy s

Z/dXdyh X = )wst X,w,S y,w,fs ;,uhfs

where h;(x) is defined in the following way. Let us take a smooth function h(p), defined on R2
and rotational invariant, such that |h(p)| < Ce #P! for some positive C' and u, and h(0) = 1;
moreover, let us call D the set of space-time momenta k = (k, ko), with k = Q%n and kg = %’Tno.
Then 1

hp(x) == > h(p)e'™ (C.6)

12
peD;

We write

g (%) Zg (C.7)

where gu(,j)(x) is defined as gi-’ (x) with Xl,N(|kD replaced by fJ(\ED, see (C.3).

The multiscale analysis of [18] shows that, even if the free propagator has the same UV
singularity of the Thirring model, the integration of the UV scales is not problematic, since the
interaction is not local. As concerns the integration of the infrared scales, it can be done in a
way similar to the one in the Hubbard model described in §2, which we shall refer to for the
notation.

However, before starting the multiscale IR integration, we have to perform some technical
operations, which will make possible to compare the flow of the running couplings with that of the
Hubbard model After the integration of the UV scales up to j = 1, the free measure propagator
is given by gD ( ), defined as in (C.2) with N = 1. In this expression, the velocity ¢ has the
role of the Fermi velocity vg of the Hubbard model. In order to match the asymptotic behavior
of the two models, we can not choose ¢ = vp; for this reason we introduced the parameter ¢.
However, it is not possible to compare the RG flows of the two models if the two velocities are
different; hence, we have to move from the free measure to the interaction the term proportional
to 8. Moreover, since also the cutoff function y“(|(ko, ck)|) depends on &, we have to “modify”
it in x7;,1)(|(ko, vrk)|). A simple way to perform these operations without introducing spurious
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singularities is described in [18]; we shall omit the technical details, which are not important in
the following discussion. The final result is that, up to negligible differences for j =0 and j =1,
the effective potential is the same we should get if the propagator of "% were equal to

11§ i Xtol(ko, vrk)])
ZL? K *ik0+aﬂlpk

so that the renormalized single scale propagator will have the form corresponding to the leading
behavior of the single scale propagator in the Hubbard model, see (2.100).

Let us now analyze in more detail the RG flow of the effective model for j < 0. The main
difference with respect to the Hubbard model is that (2.71) has to be replaced by

VO (VZi) = g1,1 5 F1, L (VZ0) + 91, F (V Zi)+
+91 i FL(NZj0) + Fa(\/Zj) + 8;Vs(\/ Z )

where the functions F, () are defined as the functions V,,(¢) of (C.5) with d(x — y) in place of
hr(x —y); the absence of local terms proportional to ¢+~ is a consequence of the oddness in
k of the free propagator. The running couplings verify equations of the form

(C.8)

Joh-1 — G = B (G, On, --Gos 00, G, 0)

(C.9)
Sh_1 — 6n = B (G, 61, -0, 60, G, 6)

where a = (1, L), ||, 1,4 and g; = (91,15, 9|5, 9L.5,94,7)- Note that the functions B&h) and th)
are of the second order in their arguments; in the case of B(gh), this follows from the structure of

V(¥) (see (C.5)), which does not allow us to build Feynmann graphs of the first order in §. For
the same reason
§o=08+0(ep) , €0 = max{|g],[6]} (C.10)

and this relations can be inverted, if g is small enough.
There are some symmetries which is important to exploit. For notational simplicity, we will
write (G1,1,G,G1,G4,A) or (G,A) in place of (gn, 0, --Go, 00, 7,9) -

a. Spin U(1). Both the free measure and the interaction are invariant under the transformation

fc,w,s — el X,w,S
where oy is a spin-dependent angle. This means that the local part of the effective inter-
action only contains terms which have as many ¥} as 1, , for each given s. Moreover, it
is clear from the symmetries w — —w and s — —s that all the terms must occur in the
same linear combinations of (C.5).

b. Vector-Azial Symmetry. Both the free measure and the interaction are invariant under the
transformation
S — eifdeusyl (C.11)

X,w,S X,w,S

with o, s dependent on w and s. All the interaction terms in (C.5) are invariant but V4 | .
However, if g1,; = 0, it is easy to see, by a graph by graph analysis, that a term of this
type can not be generated by the other ones; hence, the function Bihj_ must be odd in gq | :

B™M(G11,G), G, Gy, A) = G1 1 BM(G3 Gy, G 1, Gy, A) (C.12)

)

where G2 denotes the tensor {ga.;jga.;j }j.j>n and GoB!" is a shorthand for D ish ga7jB,(th’j).

In particular, this implies that, if g; | = 0, then gq,; ; = 0, that is the surface C; = {g,¢ :
g1,1 = 0}, in the space of the interaction parameters (g, d), is invariant.
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In the same manner, it is easy that the other B&h) functions are even in gy | :
B{M(G1,1,G),G1,Gy,A) = BM(G} | ,G|,GL,Gy,A), a=],L,4,6 (C.13)

c. Spin SU(2). It is convenient to rewrite the interaction as

V() =911 (VLL(l/J) -V (W) + (g9 +91,L —g0)V)(¥)+
+ 91 (VL) + V() + g3Va(®) + gaVa(e) + 6, Vs (1)

It is evident that V7 | =V, Vi+V, Vs Vy and Vj, as well as the free measure, are invariant
under the transformation of the fields

’(/}l;w,s - Z Us,S”/’l:,w,s'v ¢1J(r,w,s - Z djltw,s’UJ’ s
s’ s’

(C.14)

for U € SU(2). While Vj isn’t: if g + g1 — g1 = 0 it will remain zero. Thus we find two
others invariant surfaces:

Ciy=1{90:q11=91—9}, Ci—-=1{g0:—q1,1L =91 —9g}

Finally we consider the flow of Z; and the renormalization constant Z ;Ll) associated with
the density operator px . s = ,twﬁgw;,w’s in the generating functional (C.1); Z}(Ll) is defined

Z(1 9 4 n (2.74). Tt is easy to see, by using the symmetry properties of the model as be-
fore that Zy_1/Z, = 1+ BM(G,A) and 2V, /2 = 1+ BY(G, A), with BY(G,A) =
B&h)(Gl,Gg,GH,GL,G% A) for o = z, p. Hence

z\0, zY ,
-1 = 1+ BM(@G, A C.15
7. 7. —— 1 (G,A)] (C.15)
with _ .
B™(G,A) =BM(GY ,,G3,G|,GL,G4, D) (C.16)

Let us now consider the Hubbard model. In (2.104) we have written its Beta function as sum
of two terms, the second of which is asymptotlcally negligible, by (2.105); the first term, denoted

in (2.104) by ,6’(])(gj, 855390, 00) = ﬁa (G1,G2,Gy4, A) coincides with the Beta function of the
effective model on the invariant surface C; ., if we subtract from it the contribution of the trees
containing endpoints of scale grater than 0 and we interpret everywhere the mtegrals over the

space-time variables, which in the Hubbard model case are a shorthand for ) . J- A2 B2 A8 the

integrals over A, with L1 = max{L~!, 371}, As discussed in §4.6 of [21], this modification
produces an error of order 6?719-7.
Hence, by using (C.13) and (C.12), we get

(j)(le G27 G47
><G G, Gy,

GHB(”(G2 G — G, G, Ga, A) + O(e24%7)
BYN(G2, Gy — Gy, G, Ga, A) + O(24%7)
B (G2 GrGl,G2,G4,A)+0( 203
BY(G3, G — G, G, Ga, A) + O(e27%7)

(C.17)

A)

(4 A)
(G A)
ﬂ(j)(Gl,Gg,G4, )

where BY)(G2,Ga — G1, G2, Ga, A) denotes the value of BY) (G2, Ga — G1, G2, Ga, A), after the
subtraction of the trees containing endpoints of scale grater than 0.
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Therefore, if a # 1, the contributions of order 0 and 1 in G; of B&j )(é, A) are the same as
the contributions of the same order of Bg)((), Gq — G1,G2,G4,A). On the other hand, in the
following paper, see (4.44) of [18], we will prove that, if we call b,(lj)(g|‘,§¢, Ga,9) the value taken
by B&j)(O,GH,GL,G%A) when (g).j,91.5,94,5,05) = (§|‘,§L,§4,5) for any 7, then, in the limit
L,N = o0,

b9(g). g1, 9a,0)| < Clmax{|gy|, gL, |gal, [6]}*7"7, a=],L,4,0 (C.18)

The contributions of order ¢ = 0,1 of the functions by )(V) coincide with the functions bgf)l(v) of
the Hubbard model, up to the corrections described in (C.17), if we take the limit L, 8 — oo.
It is easy to see that this implies a difference of order |v|?y~U~="L.8) so that we get the bound
(2.108).

In we define in a similar way the function g(j)(g” ,g1,94,0) in terms of BY)(0, G|, GL,Gq,A),
in the following paper, see (4.44) 0f [18], it is also proved that

b9 (g, 91, 94.8)| < Clmax{lgyl,lg.l, lgal, 163>+ (C.19)

which implies (2.165).

Note that, in order to prove (2.108), which is a crucial ingredient in the proof of the bound-
edness of the flow of the spin-symmetric Hubbard model, we need information from a non spin
symmetric model; in fact, we have derived (2.108) from the model (C.1) with g, # g and
g1,. = 0.
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