VALIDITY OF THE SPIN-WAVE APPROXIMATION FOR THE
FREE ENERGY OF THE HEISENBERG FERROMAGNET
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ABSTRACT. We consider the quantum ferromagnetic Heisenberg model in three di-
mensions, for all spins S > 1/2. We rigorously prove the validity of the spin-wave
approximation for the excitation spectrum, at the level of the first non-trivial con-
tribution to the free energy at low temperatures. Our proof comes with explicit,
constructive upper and lower bounds on the error term. It uses in an essential way
the bosonic formulation of the model in terms of the Holstein—Primakoff representa-
tion. In this language, the model describes interacting bosons with a hard-core on-
site repulsion and a nearest-neighbor attraction. This attractive interaction makes
the lower bound on the free energy particularly tricky: the key idea there is to
prove a differential inequality for the two-particle density, which is thereby shown to
be smaller than the probability density of a suitably weighted two-particle random
process on the lattice.

1. INTRODUCTION

The spontaneous breaking of a continuous symmetry in statistical mechanics and
field theory, even if well understood from a physical point of view, is still elusive in
many respects as far as a rigorous mathematical treatment is concerned. The case of
an abelian continuous symmetry is the easiest to handle, and for that a number of
rigorous results are available, based on reflection positivity [16, 15], possibly combined
with a spin-wave expansion [5], or cluster expansion combined with a vortex loop
representation [17, 23]. The non-abelian case is more subtle, and the few results
available are mostly based on reflection positivity": see [16] for the classical Heisenberg
and [15] for the quantum Heisenberg anti-ferromagnet.

The “standard” quantum model for the phenomenon of interest is the three-dim-
ensional quantum Heisenberg ferromagnet (QHFM), which is not reflection positive
and eluded any rigorous treatment so far. At a heuristic level, its low-temperature
thermodynamics, including a (formal) low temperature expansion for the free energy
and the spontaneous magnetization, can be deduced from spin-wave theory [3, 4, 13,
14, 21, 22|, but to date any attempt to put it on solid grounds failed. The only partial
results available on the subject are, to the best of our knowledge: the upper bounds
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on the free energy of the S = 1/2 QHFM by Conlon—Solovej [8] (see also [7, 9, 10])
and by Toth [31], which are of the correct order at low temperatures, but off by a
constant; the asymptotically correct upper and lower bounds on the free energy for
large S by two of us [11]. At large S, the effective attractive interaction in the bosonic
picture (reviewed in Section 3 below) is weak, of order 1/5, simplifying the problem.
The problem for finite S is significantly harder; quite surprisingly, not even a sharp
upper bound at low temperature was known so far.

In this paper we give the first proof of asymptotic correctness of spin-wave theory
for the QHFM for any fixed S > 1/2 in three dimension at zero external field, in the
sense that we prove upper and lower bounds on the free energy that are asymptotically
matching as § — oo, with explicit estimates on the error. The method of proof uses
an exact mapping of the model into a system of interacting bosons, via the well
known Holstein-Primakoff representation [22]. Under this mapping, the Heisenberg
model takes the form of an interacting system of bosons, the interaction including a
hard-core term, which prevents more than 2S5 bosons to occupy a single site, as well
as an attractive nearest neighbor contribution. Low temperatures correspond to low
density in the boson language; therefore, the attractive interaction, even if not small,
is expected to give a subleading contribution to the free energy at low temperatures, as
compared to the kinetic energy term. A subtlety to keep in mind, which plays a role in
the following proof, is that the bosonic representation apparently breaks the rotational
invariance of the model. More precisely, the degenerate states in the quantum spin
language are not obviously so in the bosonic one (rotational invariance is a hidden,
rather than apparent, global symmetry of the model in the bosonic language).

Our problem is reminiscent of the asymptotic computation of the ground state
energy of the low density Bose gas [25, 24], but new ideas are needed in order to
deal with the attractive nature of the interaction, as well as with the non-abelian
continuous symmetry of the problem.

The rest of the paper is organized as follows: we first define the model and state the
main results more precisely (Section 2). The representation of the Heisenberg model
in terms of interacting bosons will be reviewed in Section 3, where we also present
a key result concerning the two-point function of low-energy eigenfunctions of the
Heisenberg Hamiltonian in Theorem 3.1. The proofs of the upper bound (Section 4)
and the lower bound (Section 5) to the free energy are given subsequently. Finally,
Section 6 contains the proof of Theorem 3.1. The proofs of auxiliary lemmas needed
there are collected in an appendix.

Throughout the proofs, C' stands for unspecified universal constants. Constants
with specific values will be denotes by Cy, Cf, ... instead.
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2. MODEL AND MAIN RESULT

We consider the ferromagnetic Heisenberg model with nearest neighbor interactions
on the cubic lattice Z3. It is defined in terms of the Hamiltonian

Hy:= Y (8°-8,-5,). (2.1)
(z,y)CA
where A is a finite subset of Z3, the sum is over all (unordered) nearest neighbor pairs
(z,y) in A, and § = (S',52,53) denote the three components of the spin operators
corresponding to spin S, i.e., they are the generators of the rotations in a 25 + 1
dimensional representation of SU(2). The Hamiltonian H, acts on the Hilbert space
Iy = Qe C25*1. We added a constant S? for every site in order to normalize the
ground state energy of Hj to zero.
Our main object of interest is the free energy per site

1
f(S,B,A) = —mlnTr% exp (—SHy) , (2.2)
where [ denotes the inverse temperature, and its value in the thermodynamic limit
f(S,B) = lim f(S,5,A). (2.3)
A—7Z3

The limit has to be understood via a suitable sequence of increasing domains, e.g.,
cubes of side length L with L — oo. We are interested in the behavior of f(S, ) in
the low temperature limit 5 — oo for fixed S. A related question was addressed in
[11], where the large spin regime S — oo with 8 = O(S™!) was investigated.

We shall show that the free energy at low temperature can be well approximated by
non-interacting spin-waves or magnons, i.e., free bosons. Our main result is as follows.

Theorem 2.1. For any S > 1/2,
. 1 —p? ¢(5/2)
5/2 03/2 . p
ﬁhm f(S,5)p°<S Co: OOk /]Ra In (1 e ) dp Ao (2.4)

where  denotes the Riemann zeta function.

The convergence in (2.4) is uniform in S. It holds, in fact, whenever 35S — co. The
proof of Theorem 2.1 will be given in Sections 4 and 5. It comes with explicit upper
and lower bounds on f(.S, 5) which agree to leading order as 3S — oco. The proof can
be easily generalized to lattice dimensions larger than 3, but we restrict our attention
to the three-dimensional case for simplicity.

We note that the low-temperature asymptotics of the free energy of the Heisenberg
ferromagnet for S = 1/2 has been studied previously by Conlon and Solovej in [8,
Theorem 1.1], where an upper bound on f(1/2, 8) of the form (3)=32C1875/%(1+0(1))
was derived by means of a random walk representation of the Heisenberg model.

5/2

However their coefficient C' in front of 57°/ was not the optimal one,

11 ) 1
O — = P dp = ——— . 2.5
S YDRSE /Rg R O T TE (2:5)
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Later this result was improved by Toth in [31, Theorem 1] where it was shown that
C can be replaced C5 = Cyln 2 in the upper bound. Here we not only improve these
results by showing the optimal constant in the upper bound is Cy for general S, we
also provide a corresponding lower bound.

We conclude this section with a brief outline of the proof of Theorem 2.1. To
obtain an upper bound, we utilize the Gibbs variational principle. The natural trial
state to use is the one of non-interacting bosons, projected to the subspace where
each site has occupation number at most 1; for convenience the trial state is localized
into boxes of suitable (temperature-dependent) size. A localization procedure is also
used in the lower bound, whose proof is more sophisticated and roughly proceeds as
follows: we first derive a “rough” lower bound, off by logarithmic factors from the
correct one, by localizing into boxes of side length ¢ < /2 and by using a basic
lower bound on the excitation spectrum, scaling like £72(Spax — ST), where ST is the
total-spin quantum number, and S,,., its maximal allowed value. This lower bound
on the excitation spectrum has some interest in itself, and complements the sharp
formula for the gap proved in [6] in the spin 1/2 case. Next, we move to a larger
scale (£ ~ 3'/%%¢ for some small £ > 0): The preliminary rough bound allows us to
discard states with large energy; by using rotational invariance, we can also restrict
ourselves to computing the trace of interest in the subspace of lowest 3-component
of the total spin. On the corresponding subspace we then utilize the representation
in terms of interacting bosons, and we use the Gibbs-Peierls-Bogoliubov inequality to
estimate — In Tr e ## from below by the non-interacting expression, minus the average
of the interaction term. A bound on the latter will be presented in Theorem 3.1 in the
next section, whose proof requires two key ideas: (1) we use the eigenvalue equation
to derive a suitable differential inequality for the two-particle density p,, of the form
—Apy < (const.)Eps, with E the energy, which is a small number, and A a (modified)
Laplacian on A; in this way we reduce the many-body problem to a two-body one;
(2) we iterate the inequality, thus obtaining an upper bound on ||p2]| in terms of the
long-time probability density of a modified random walk on Z°.

3. BOSON REPRESENTATION

It is well known that the Heisenberg Hamiltonian can be rewritten in terms of
bosonic creation and annihilation operators [22]. For any = € A we set

f 1/2 + 1/2
St =v2Sal {1 - ﬂ] . ST =128 {1 - %] 4, S3=1ala,—S,
25 |, 25
(3.1)

n
where al,a, are bosonic creation and annihilation operators, S*¥ = S +iS% and
[-]+ = max{0, -} denotes the positive part. The operators a' and a act on the
space (2(Ng) via (a f)(n) = Vn+1f(n+1) and (a'f)(n) = \/nf(n — 1), and sat-
isfy the canonical commutation relations [a,a] = 1. One readily checks that (3.1)
defines a representation of SU(2) of spin S, and the operators S, leave the space
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Q,en £2([0,25]) = = @, C*, which can be naturally identified with a sub-
space of the Fock space ]—" Q,en (2(Np), invariant.

The Hamiltonian Hj in (2.1) can be expressed in terms of the bosonic creation and
annihilation operators as

n Ny
Hy =S Z (—a \/1——\/1——%—@\/1—%\/1—%%

(z,y)CA

+ng +mny — Snxny> : (3.2)

where we denote the number of particles at site x by n, = ala,. It describes a system
of bosons hopping on the lattice A, with nearest neighbor attractive interactions and a
hard-core condition preventing more than 2S particles to occupy the same site. Also
the hopping amplitude depends on the number of particles on neighboring sites, via the
square root factors in the first line in (3.2). Note that the resulting interaction terms
are not purely two-body (i.e., they involve interactions between two or more particles;
in other words, they are not just quartic in the creation-annihilation operators, but it
involve terms with 6, 8, etc., operators).

In the bosonic representation (3.2), the vacuum is a ground state of the Hamiltonian,
and the excitations of the model can be described as bosonic particles in the same way
as phonons in crystals. There exists a zero-energy ground state for any particle number
less or equal to 2S|A|, in fact. While this may not be immediately apparent from the
representation (3.2), it is a result of the SU(2) symmetry of the model. The total
spin is maximal in the ground state, which is therefore (2S|A| + 1)-fold degenerate,
corresponding to the different values of the 3-component of the total spin. The latter,
in turn, corresponds to the total particle number (minus S|A|) in the bosonic language.

One of the key ingredients of our proof of the lower bound on f is the following
theorem, which shows that the two-point function of a low-energy eigenfunction of
H, is approximately constant. Since this result may be of independent interest, we
display it already at this point.

Theorem 3.1. Let ¥ be an eigenfunction of the Heisenberqg Hamiltonian on A, :=
0,0)> N Z3 with energy E, and let

p(l’l,l‘g) <\1/’6Lx1 mgamawlmj) (33)
denote its two-particle density. Then

lpllee < Cllplly max{S—*E?, ¢} (3.4)

for some constant C' > 0.

We shall show in Proposition 5.2 below that all non-zero eigenvalues of H,, are
bounded from below by C'S¢~2. Hence Theorem 3.1 implies, in particular, that ||p[|o <
CS73E3||p|; for all eigenfunctions with energy E # 0.
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The proof of Theorem 3.1 will be given in Section 6. It will allow us to conclude that
all terms in (3.2) higher than quadratic in the creation and annihilation operators can
be neglected at low energy, and the same is true for the constraint n, < 25. One is thus
left with free bosons at zero chemical potential, whose free energy equals CS—3/2375/2
(compare, e.g., with (4.28) below).

The bound (3.4) can also be interpreted as absence of bound states of the bosons for
small enough energy. It is well-known that due to the attractive nature of the nearest
neighbor interaction bound states do exist at higher energy, see [32, 20, 27, 19].

4. PROOF OF THEOREM 2.1; UPPER BOUND

In this section we will prove the following.

Proposition 4.1. Let Cy be the constant given in (2.4). As S — oo, we have

(8,8) < CoS™*2575% (1 - O((85)~*")) . (4.1)

By the Gibbs variational principle,

1
f(S,ﬁ,A)<—TrHAF+—TrFlnF (4.2)
Al BIA]
for any positive I" with TrI' = 1. We can use this to confine particle into boxes, with
Dirichlet boundary conditions. To be precise, let

HY =Hy+ Y (S%+589) (4.3)
rENyeEAC
lz—y[=1

be the Heisenberg Hamiltonian on A C Z? with S? = —S boundary conditions. Note
that HP > H,. We take A to be the cube Ay, := [0, L)3>NZ3 with L3 sites, and assume
that L = k(¢ 4 1) for some integers k and ¢. By letting all the spins point maximally
in the negative 3-direction on the boundary of the smaller cubes of side length ¢, we
obtain the upper bound

F(S,8,00) < (L4 fP(S,8,00) , FP(S, B, A) = —MlnTre BHY (4.4)

In particular, by letting k — oo for fixed ¢, we have
FS,8) < (1+£71) 7 fP(S. 8, Ar) (4.5)

in the thermodynamic limit.
To obtain an upper bound on f¥, we can use the variational principle (4.2), with

-3

Pe PP
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Here, P projects onto n, <1 for every site x € Ay, and T is the Hamiltonian on Fock
space F describing free bosons on A, with Dirichlet boundary conditions,

T=S Z (—AD) (z,y)ala,

T,yENy
-9 Z ay—aax+nx+ny)+5 Z Ny, (4.7)
(z,y)CAg 2EAYENS

|z—y|=1

where AP denotes the Dirichlet Laplacian on A,. The eigenvalues of —AP” are given

by
{a(p) =321 —cos(p’)) s pe AP = <£+L1{1,2,...,£}) } (4.8)

=1
with corresponding eigenfunctions ¢, (x) = [2/(¢ + 1)]3/2 HJ_1 sin((2? 4+ 1)p?).

Lemma 4.2. On the Fock space F = @), *(Ny),

PHYP <T+(25—1) > nuny. (4.9)
(z,y)CA

Note that for S = 1/2 the second term on the right side vanishes.

Proof. We write P = [], . Pz, where p, projects onto the subspace of F with n, < 1.
We have

pxpyal\/ I —\/ 5 Saypzpy PaPyalaypapy = alps(1—ng)(1—ny)pya, . (4.10)

In particular,

1
<—a \/1——\/1——ay—a\/1— \/1——ax+nx+ny—§n$ny)73

= (af — L)'P(l —ng)(1 —ny)(ay —a,) +P <2 — S) NyNy - (4.11)
If we bound P(1 — n,)(1 —n,) < 1 in the first term, and P < 1 in the second, we
arrive at (4.9). |

As a next step, we will show that TrrPe T is close to Trre™?T for BS > /.

Lemma 4.3. With Cs := 87 3((3/2)?, we have

Trr PePT > Cg€3

Proof. As in the proof of Lemma 4.2, we write P = HzeA pz- Then

1-P< Z(l —pr) < %an(nx — ZaT Taxam. (4.13)
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Wick’s rule for Gaussian states therefore implies that

Try PeAT . 1 Trralafagaze ™ -3 Trz nge 7" : (4.14)
Trye AT 2 2 TrpeFT Trze™?T
zEA, TENy
Moreover,
Trrn,e T 1 b
T . _ nBSA
Trre BT e=BSAP _ 1($a$) = §>1:6 (z,2). (4.15)

It is well known that the heat kernel of the Dirichlet Laplacian AP is pointwise
bounded from above by the one of the Laplacian Ays on all of Z3; this follows, e.g.,
from the Feynman-Kac formula. The latter equals (see, e.g., [12])

'8 (1, 1) = e 5 Iy (2t)3 (4.16)

on the diagonal, with I, a modified Bessel function (see [18] or Eq. (A.14) below for
a definition). As explained in (A.15) below, Iy(t) < 2¢!/y/7t, and thus

8 1
¢S (1 3) < ¢(3/2). (4.17)
2 )7 (557
In particular, we obtain the bound (4.12). |

By using Wick’s rule in the same way as in the proof of Lemma 4.3, and following
the same estimates, we have, for x # v,

Trr nxnye*[gT _ Trr nye AT Trx nye*ﬁT Trr alaye*fBT 2
Trre BT Trre BT  Tre 58T ( Trre AT )
Trrn.e T Trzn,e Pt 20,
Trre T Trre BT — (BS)3°

<2 (4.18)

where we used the Cauchy-Schwarz Inequality in the second step. In combination with
Lemma 4.2 and 4.3, we have thus shown that

(4.19)

Try Te A7
T HPD < —2—°

Cal® \ 7' Oy
~ Try Pe AT

(85)*)  (BS)*

where we bounded the number of nearest neighbor pairs in A, by 6/3.

+12(25 — 1) (1 -

It remains to give a bound on the entropy of I.

Lemma 4.4. For some constant C > 0 and £ > (35)"/?

Try Te AT N C 15 TrrpePT
TrrPePT ~ (8S)2 3 Try Pe FT "

1 1
5 Tr'Inl < 3 In Trr Pe AT — (4.20)

Proof. We have

TrTInT = —InTrzPe T + Trr Pe PTPInPe 1P (4.21)

Trr Pe—5BT
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Using the operator monotonicity of the logarithm, as well as the fact that the spectrum
of Pe TP and e #T/2Pe=PT/2 agree, we can bound
Trr Pe PTPInPe TP = Trr e P12 pe=BT/2 |y = AT/2pe=BT/2
< Trpe PTPPe P2 ne T = —_BTrrPePTT. (4.22)

Hence

TrrTe BT TrrT(1—P)e AT

TrTInl < —InT —AT _
rhinl s =Inrzpe 6TrfPe—5T +0 TrrPePT

(4.23)

In the last term, we can bound 1—7P as in (4.13), and evaluate the resulting expression
using Wick’s rule. With ¢, the eigenfunctions of the Dirichlet Laplacian, displayed
below Eq. (4.8), we obtain

TrrTng(n, — 1)e ?T B (Tr;nxeBT>2 Z 25e(p)

Trze AT Trre AT eBSe(p) — 1
peA;P

+ Trzne T Sﬁ(p)l%(l’ﬂ?

(4.24)
Trre AT penso (sinh 18Se(p))”

The expectation value of n, can be bounded independently of by /C5(8S)™%/?, as
in the proof of Lemma 4.3. When summing over x, we can use the normalization

>, lep(x)|* = 1. The sums over p can be bounded by the corresponding integrals,
which leads to the bound (4.20). |

In combination, Lemmas 4.2, 4.3 and 4.4 imply that

! 1 503
FP(S, A < g InTare ™ = 2 n (1 _ (ﬂ;)g)

e (1 - %) (5(6§)9/2 ’ 2{2531) - U

The first term on the right side equals

1 1 s
—@MTT}‘G 6T=W Z In(1 — e~ A%y (4.26)
peA;P

By viewing the sum as a Riemann sum for the corresponding integral, it is not difficult
to see that

1
—BSe(p —BSe
£3 » In(l P) < any /[_M]g In(1 — e #5e®)) 4 e (4.27)

pEA*D
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for some constant C' > 0 (compare, e.g., with [29, Lemma 4]). We can further use
that (p) < |p|* and find that

N - BSe() 1 _BSIpP? C
B2 /H (=) < Bans [ m—e ) 55
= Co S35 ¢ 3 (505)a (4.28)

for some C' > 0, Cy defined in (2.4), and o > 0 arbitrary. For 3S > ¢ > (35)'/?,
all the error terms are small compared to the main term. The optimal choice of ¢ is
¢ ~ (BS)7/®, which leads to the desired upper bound stated in (4.1).

5. PROOF OF THEOREM 2.1; LOWER BOUND

In this section we will prove the following lower bound on the free energy of the
Heisenberg ferromagnet.

Proposition 5.1. Let Cy be the constant given in (2.4). As S — oo, we have
F(S,8) = CoS™257°2 (14 O((8S)™)) (5.1)
for any k < 1/40.

Let again denote A; = [0,L)3 N Z® a cube with L3 sites, and let L = k¢ for
some positive integers k and ¢. We can decompose A into k? disjoint cubes, all of
which are translations of A,. By simply dropping the terms in the Hamiltonian (2.1)
corresponding to pairs of nearest neighbor sites in different cubes, we obtain the lower
bound

f(SaﬁvAL)zf(S7ﬁaAf) (52)
By sending k — oo at fixed ¢, we thus have
f(S:8) = f(S, B, o) (5.3)

for the free energy in the thermodynamic limit.

The Hamiltonian (2.1) commutes with the total spin operators ) _, 571, and hence
we can label all eigenstates by the value of the corresponding square of the total spin,
i.e., by the integer or half-integer eigenvalues of ST, where

DS

zEA

2

ST(ST +1) = (5.4)

The following proposition shows that ST is close to its maximal value S¢* at low
energy.

Proposition 5.2. There exists a positive constant C' > 0 such that

> e (53— 57 . (5.5)

Hy, 52
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Note that the lower bound (5.5) implies, in particular, that the gap in the spectrum
of Hy, above zero is at least as big as C'S¢~2. Except for the value of the constant,
this bound is sharp, since one can easily obtain an upper bound of the form 25(1 —
cos(m/l)) ~ w2S¢~2. This latter expression is actually known to be the exact gap in
the spin 1/2 case [6] (see also [30, 26, 28] for related results).

Proof. The starting point is the simple inequality
— — — — 1 — —
(- 5.-5)+(s2-8,-5)= 5 (s2-5.-8) (5.6)

for distinct sites x, y and z. To prove it, it is convenient to use the equivalent formu-
lation

—

52—%S—§y-(Sx+§z>+i<§x+§z>220. (5.7)

The eigenvalues of (S, + S.)? are given by t(¢t + 1), with ¢ € {0,1,...,25}, and we
have —S, - (S; +5,) > —St in the subspace corresponding to ¢. It is thus sufficient to
prove that

1 1
Sz—§S—St+Zt(t+1)ZO vt € {0,1,...,25}. (5.8)

The expression on the left side of this inequality vanishes for ¢t = 25 and t = 25 — 1,
and since it is quadratic in t this implies non-negativity for all the relevant t. This
proves (5.6).

We claim that if we have a number n+1 of distinct sites z;, inequality (5.6) implies
that

N
Wn
[\V]
|
8°
égm
*
N—
(A4
S
N
n
(3]
|
Wy
L

- Sxm) . (5.9)

If n = 2% for some k > 1, this follows immediately from a repeated application of
(5.6), even without the factor 2 in the denominator on the right side. The result in
the general case can then easily be obtained by induction, writing a general n as a
sumn:Z;n:lej with 0 < k) < kg < -+ < kyp.

For any pair of distinct sites (x,y) € Ay X Ay, we choose a path zg, x1,...,x, in Ay,
such that zo =z, z, = v, |rj_1 —xj] = 1 for all 1 < j < mn, and z; # z; for k # j.
Then (5.9) implies that

$2= 8-S, <my (8-S, 5,) (5.10)
j=1

We shall choose the path as short as possible, i.e., n = ||z —y||; < 3¢. There are many
such paths, and we take one that is closest to the straight line connecting x and y.
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Let us denote such a path by C,,. We have
SE(SE+1) = ST(sT+1) = Y (82 5.-5))

z,yENy
z#y

<2 Z |z =yl Z (S2_§I¢§xi+1>

z,yeN, (%3,7541)€Ca,y
zF#y

<60y (52 . §y) Nuy . (5.11)

where N, , denotes the number of paths among all the C, ./, z,2" € A, that contain
the step x — y. By construction, the edge from x to y can be part of C, . only if
either z or y is within a distance O(1) from the line connecting z and z’. For a given
z # x, this will be the case for at most C¢3|z — 2|~ values of 2/, which leads to the
bound N, , < C¢* for some C' > 0 for all nearest neighbor pairs (x,y). By inserting
this bound in (5.11), we thus obtain

SE(S6 — ST) < 563 (S6* +1) — ST(ST + 1)

<606 Y (82 5,-5,) =120CH,, . (5.12)
x,yGAg
lz—y|=1
This completes the proof of (5.5). |

With the aid of the bound (5.5) we shall now prove the following preliminary lower
bound on the free energy.

Lemma 5.3. For { > (35)"? and S large enough, we have

A
Sp )

[0S, B, M) > =CS < (5.13)

for some constant C' > 0.

Proof. The dimension of the subspace of /4, = @,,, C***! corresponding to S* =
¢3S — s is bounded from above by

(265 +1) (2?3) : (5.14)

The factor 23S + 1 is a bound on the number of different values of the 3-component
of the total spin, and the binomial factor comes from distributing the s particles over
2503 slots, 28 for each site. Hence, from (5.5),
250
Tre PHae < Ty POSETHET-65) < (2038 +1) Z (2 . )e—ﬂcsz%
5=0

9\ 2503
< (20°S + 1) (1 + emAOSE ) . (5.15)
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The free energy is thus bounded from below as

25 i
S 22 —BCSe 3
£(S.8,A) > 5ln<1+e )- Gl (205 +1)
> — 255 e Post Blgg In (26°S +1) . (5.16)
For
—1/2

(= ly:=(BCS)"* (In (S(BCS)*?)) (5.17)
this yields an expression of the desired form (5.13). For larger ¢, we can use the
subadditivity (5.2) to obtain the result in general. |

We now come to the main part of our lower bound on the free energy. The prelimi-
nary estimate (5.13) allows us to restrict the computation of the partition function to
the subspace of states with not too large energy. Let Pg be the spectral projection of
H,, corresponding to energy < E. Then

£

Tr(1 — Pg)e PHae < e FERTY(1 — Pp)ePHn/? < ¢ PERe=PEISH/200/2 - (5 18)

In particular, with

E=FEy:=—0f(S,5/2,A), (5.19)
we have
Tr(1 — Pg,)e PHr < 1. (5.20)
Note that Lemma 5.3 implies that
Ey < CS32(31InSp)°?  for £ > (BS)V2 (5.21)

For the part of the spectrum corresponding to energy < Fj, we decompose the
Hilbert space into sectors of total spin ST, defined in (5.4). For given ST, every
eigenvalue of Hy, is (257 + 1)-fold degenerate, corresponding to the different values
—ST ST 4+ 1,...,87 the third component of the total spin, Y. _, S3. can take. We
can thus restrict our attention to the eigenstates for which ) _ A S3 = —8T taking
the degeneracy factor into account. That is, with P? denoting the projection onto the
subspace of our Hilbert space corresponding to ) . A S3 = —ST, we have

Trg(Hy,) = Tr (257 + 1)P3g(H,,) (5.22)

€Ny

for any function g. In particular,
Tr Pg,e #H8 = Tr Py (25T + 1) Pe™PHre < (2803 + 1) Tr Py, Pe P2 . (5.23)

Note the total particle number in any eigenstate of Hy, in the range of Pg,P? is

bounded by (?E,/(CS), according to Proposition 5.2.
Let us denote Pg, P? by Qp, for short. By combining (5.20) and (5.23), we obtain
Tre PHae <14 (280% +1) Tr Qg e P80 < (286° +2) Tr Qye e (5.24)

where we have used that Tr Qg,e "4 > 1 in the last step (which follows from the
fact that Hy, has a zero eigenvalue with eigenvector in the range of Qg,). If we write
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Hy, =T — K for two hermitian operators 7" and K, the Peierls-Bogoliubov inequality
implies that

(5.25)

T K —BHA
Tr QEOQ_BHAE < Tr QEoe—,BQEOTQEO exp (6 I QEO QEoe ¢ )

Tr QEO e_ﬁHAf

We choose T to be the Hamiltonian of free bosons, projected to our Hilbert space
where n, < 25 for every x € A,. That is,

T=S Z Ps (—ala, —al Vay +ng +ny) Ps (5.26)

(z,y) CAp
with Pg the projection onto n, < 25 for every site. The operator K is then simply
defined via Hy, = T'— K. We have the following bound on K, similar to [11, Prop. 2.3].

Lemma 5.4. The operator K defined above satisfies the bound
1
K< > (neny + ng(ng — 1) + ny(ny, — 1)) . (5.27)
<$7y>CAZ
Proof. The operator K can be written as a sum of two terms, K = K| + K, with
Z Mgy . (5.28)
(@,y)CAp
Hence it only remains to look at K, given by

Ki=-S Y Ps(alksya, + alk,,a.) Ps. (5.29)

<x7y> CAZ

Kay ;:1—\/1——\/ 58 2 (5.30)

The Cauchy-Schwarz inequality and the fact that k,, < (n, +n,)/(25) imply that

where

K1 <8 Y Ps(alkeyas + alksya,) Ps

<$ y)CAy
Z Ps (ng(ng — 1) 4+ ny(ny — 1) 4 2n,n,) Ps . (5.31)
The projections Pg can be dropped in the last expression, since %, = PgF is left
invariant by the operators n,. [ |

Let now ¥ be an eigenstate of Hy, in the range of Qp,, and let p(x;,z2) =
(U|alalaya,|¥) denote its two-particle density. From Lemma 5.4 we have

IR < S (20te0) + gotea) 4 o)) < 18000l (532)

<.’1)’,y>CA[
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Theorem 3.1 states that ||pllec < Cllp|li max{S—3E3,¢=5}. For large ¢ and j3S,
our choice of Ey in (5.19) is certainly bigger than S¢~2, hence we have ||pllec <
CS73E3||pll1. Moreover, ||p||; is bounded by the square of the particle number, i.e.,

2FEy\?
< . 5.33
ol < (‘o) (5.33)
In particular, we conclude that
TrQu,KQpe P C . (2 2N\ 25
o % Bo < —(E<C———|(—=—] (InSp)»"? 5.34
T Qme =55 0= Crggpn \5p) (090 (534

for some constant C' > 0 and ¢ > (85)'/2
We are left with deriving an upper bound on

Tr Qp,e P9r 7m0 (5.35)

with T defined in (5.26) above. As already noted, the total number of particles
in the range of Qp, is bounded by Ny := (*Ey/(CS), and hence Qg, < Qu,, the
projection onto the subspace corresponding to particle number < Njy. Let again
F = @,ep, L*(Ng) denote the bosonic Fock space. The operator T in (5.26) is of
the form PgTyPs, with T the Hamiltonian for free bosons on F. We can thus write

Tr Qg e BRETQE, — Trr PsQr, e PREyPsToPsQE, (5.36)

where we denote by Trz the trace on the Fock space F. By the Gibbs variational
principle,

1
— —InTrr pSQEoe—ﬁQEOPSTOPSQEO

B
1
= min {TrTop—i—BTr]:plnp :0< p<PsQp,, Trrp= 1} ) (5.37)

Since PsQg, < Qn, (viewed as an operator on F), this implies that
Trr 'PSQEoe—ﬁQEOPSTOPsQEO < Trr QNOB_BQNOTOQND = Trr QNoe—ﬂTo 7 (5.38)

where we used that Qp, commutes with 7} in the last step.
The eigenvalues of the Laplacian on A, are given by

{5(1)) = iQ(l —cos(p')) : pe AN = %Ag} . (5.39)

(5.40)
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By viewing the sum over p is a Riemann approximation to the corresponding integral,
it is not difficult to see that

1 C
ln —,358(17)) > In (1 — e—,BSE(p)) dp — (5.41)
7w Z @5 S Spe
p#O

for some constant C' > 0. (Compare with the corresponding bound (4.27) in the
previous section.) Finally, for some C' > 0
1 Co C
— In(1—e PP dp> 1+ — 5.42
@ Sy ™72 G ( ! BS) 42
with Cy given in (2.4). To see (5.42), note that CoB~%/257%/2 is the result of the

integral if £(p) is replaced by |p|* and the region of integration [—7, 7]* is replaced by
R3. Using that e(p) > |p|> max{1 — |p|?/12,4/7*} for p € |-, 7]?, we have

1 C
_ —B5e) 0
ol S A
1 / 1 — e BSIpI*(1=[pI*/12) 1 0 o
> In 5 dp + In (1 — ¢ BSWE/m ) dp .
(27)33 lp|<2 1 — e85l (2m)38 |p|>2

(5.43)

The last term is exponentially small in S. In the integrand of the first term, we can
bound

1 — o= BS2(-Ip2/12) pslplt/iz g BS|p|* 1
In 1 — e—BSIpl? - /0 eBSIpP—t _ 1dt Z - 12 28Spl?/3 _ 1 (5.44)
for |p| < 2, which leads to the desired estimate (5.42).
Collecting all the bounds, we have
Co c\ C 1 2"
S, B, A 1+— | —— — ] (InSB)*/?
J5.0:8) 2 g ( +55) ~ T (5) 09
c 3
ol 663 —1In [(No + 1)(25¢° 4+ 2)] . (5.45)

We are still free to choose £. For the choice £ = (35)?/% we obtain an error term
smaller than C'S(35)~%/271/4%(In 35)%/2, implying (5.1).

6. PROOF OF THEOREM 3.1

In this section we will give the proof of Theorem 3.1. Note that since ||p|l.o < |2l
holds trivially, it suffices to prove the theorem when the parameters £/S and £~! are
suitably small.

We shall divide the proof into several steps. In Step 1, we shall prove a differential
inequality satisfied by the two-particle density of an eigenstate of H,. It involves a
suitable weighted Laplacian on A X A. In Step 2, we shall use the method of reflections
to extend the inequality from A, x Ay to the whole of Z°. By iterating the resulting
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inequality, we obtain a bound on the two-particle density in terms of the probability
density of a random walk on Z%. The necessary bounds on this probability density
are derived in Step 3. With their aid, we can show that the desired bound on the
two-particle density holds at least a certain finite distance away from the boundary of
Ay x Ay, To extend this result to the whole space, we shall show in Step 4 that our
differential inequality also implies that the two-particle density is very flat near its
maximum, implying that its maximal value in the smaller cube a finite distance away
from the boundary is very close to its global maximum.

6.1. Step 1. The first step in the proof is to derive a differential inequality for the
two-particle density of an eigenstate of Hy. We state it in the following lemma.

Lemma 6.1. Let U be an eigenstate of Hy with eigenvalue E, and let p(xq1,z5) =
(Vlaf,a

I Gg,a.,|¥) denote its two-particle density. Then

2E 51/»952 5:1:1,:):2
?p(l‘lyl’Q) > Z |:p(l'1,$2) (1 — ﬁ) — p(y’;pQ) (1 — W):|
\yiqfﬁ:l
+ Z 951 1‘2 1—@ —p(xl y) 1_M ] (6.1)
’ 25 ’ 25
|y:—y§2/\\:1

Proof. The Heisenberg Hamiltonian (3.2) can be written as

_ My i e _ My _ I
Hy = SZ ( /1 Se /1 2S)(am/1 26— /1 25)’

where n, = alam and the sum is over all bonds in the graph. Equivalently,

_ NS A AN S L) _ My
Hy S(z:)(am/l 26 afy /1 25) apy /1 26 (6.3)
z,y

where the sum is now over all ordered nearest neighbor pairs in A.
Let ¥ be an eigenfunction of H with eigenvalue £. Then

Ep(xbe) <\Il|a a$2a11|\11> <\IJ|HG

—

6.2)

Ay, | V) (6.4)

1 xQ xr1 x2

We compute

[ n n
gy 1 — ﬁ al al az,a., = (al al ap,am, + 6p 0 nuy + 60 2ynay) asy /1 — ﬁ (6.5)

and thus
Ny
Ep(xq,x9) = < <a1/1—ﬁ—a l_ﬁ>
(=,y)
X (allafwamazl + Opy Ny + 5m7w2nm1) Ay — ;—; \I/> . (6.6)
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The contribution of the first term af af as,a,, in the middle parenthesis is non-

negative after summing over all pairs (z,y), and can hence be dropped for a lower
bound. For the remaining two terms, we write the last factor in (6.6) as

s (s ) (e )

and observe that the contribution of the first term yields again a non-negative eXpres—
sion. Hence we get the lower bound

(/=35 5)
G ) (o 5 a2 o). 03

Since the right side is real, we only have to consider the hermitian part of the operator
involved. This gives

Ep(xq,22) > - <

(z,y)

%pm,@
< \/725 (O, My + O, ) o _S >
”) < \/7—3 Ty O, g [1 = 52 >
- z) (3 [ (1 72 — bl (1 2] 09
3 (0][ehckiann (12 58) - s (12 53)]| %)
- 3 [ (1-%2) ot (1- 52
+ y:m%l {P(xl,xz) (1 - 2—;) - (1 _ 52_5” | 69)

Instead of looking at p(xq,x2), it will be convenient below to define o(x1,x3) by

5:E1 T2
p(xy,x9) = o(xq, x2) (1 — W) : (6.10)
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For S > 1 this defines ¢ in terms of p for every pair of points; for S = 1/2 we take
o(xz,x) =0, i.e., 0 = p. By plugging this ansatz into (6.1) we obtain

2F 5y s
?U(m,m) > Z (0(1:1,1'2) — U(y,wz)) (1 — 724_5)
y:ly—z1]=1
Oy
+ | Z| 1 o(x1,x9) — o(x1,y)) (1 — 2—;) _ (6.11)
Y y—x2

In particular, o satisfies the inequality

2F 1
<<_Ax1 - Amg) 0) (1'1,.252) S ?U(x17$2) + go_(xbe)X\:plfzﬂ:l ) (612)

with A denoting the Laplacian on A.

6.2. Step 2. Consider now a cubic lattice restricted to £3 sites, A, := [0,£)3 N Z3.
The inequality (6.12) holds for (x1,z) € Ay x Ay. Tt can be extended to all of Z° via
reflection: For z € {0,1,...,4 — 1} and m € Z, let

= mﬁ—i—%(ﬁ— D+ (—=1)™ <z - %(6 - 1)) e {ml,ml+1,...,(m+1){—1} (6.13)

denote the image of z obtained after reflecting m times at the boundary of the interval.
One readily checks that

z— Wy = (1) (zymerm — w) | (6.14)

which will be useful below. We extend this to z € A, x A, componentwise, and
introduce the corresponding z,, for m € Z°. For any function f on A, x A,, we define
a corresponding function f% on Z5 by

Fi(zm) = f(2) (6.15)
for all m € Z% and z € A, x A,. With x denoting the characteristic function of the
subset of Ay x A, with |z — 25| = 1, we obtain from (6.12) the bound
2F 1
(—Azsc™) (z) < ?O'R(Z) + goR(z)XR(z) (6.16)
for all z = (z1,7s) € Z5, and with Azs now the usual Laplacian on the full space Z°.

We bound the ot in the last term on the right side of (6.16) simply by |0, =
llo|loo. For E' < 6S, we can write the resulting inequality equivalently as

o) < (1= B/65) 7 (109 + glolex™@)) . (617

where () means averaging over nearest neighbors in Z°. If we iterate this bound n
times, we further obtain

of(z) < (1 - E/(6S)) (%Z:GP z,w) 125||0||OO %Z;anw )) ,
(6.18)
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where P,(z,w) denotes the probability that a simple symmetric random walk on Z°
starting at z ends up at w in n steps, and Q,, = Z" ! P;.

In the next step, we shall derive a simple upper bound on P, which will allow us to
bound the first term on the right side of (6.18) in terms of the 1-norm of 0. Moreover,
we shall carefully evaluate the last term in (6.18) in order to show that it is strictly
less than ||o||. It can thus be combined with the term on the left side of (6.18) to
obtain the desired bound on the co-norm in terms of the 1-norm.

6.3. Step 3. We shall first give a bound on the last term in (6.18). For any F' > 0,
we can bound (), as

Qu(z,w) < 1+F/6nlz + F/6)79P;(z,w)

< (14 F/6)" i1+F/6 P;(z,w)

7=0
=12(1 + F/6)" (—Ags + 2F) (2, w). (6.19)
We are thus left with the task of deriving an upper bound on the quantity

> (=Dze+2F) Mz wixw) = Y Y (=Age +2F) (2, wn)x(w) . (6.20)
weZo mEZS wEAgX Ay
Using detailed properties of the resolvent of the Laplacian on Z%, we can obtain the
following bound. Its proof will be given in the appendix.

Lemma 6.2. Let

V3 -1
C1i= 53 I?()2(8) ~ 0.2527 (6.21)

and assume that z € Ay X Ay is a distance d away from the complement of Ay X Ay.
Then

S (B +2) (2 w)x(w) < 3 + (34 F/2) c4+i( 21+ VE)' )

d\1—(14+VF)-3
(6.22)

wEZS

The last term on the right side of (6.22) is due to the finite size of A,. It would be
absent in infinite volume, in which case we could set F' = 0. It will be very important
to note that

1 1
3Cs— 5 ~0.2582 < 5 < 6. (6.23)

It implies that, for our choice of F' ~ ¢=2 below, the expression on the right side of
(6.22) is strictly less than S for large enough d.

It remains to derive a bound on P,(z,w). The central limit theorem implies that,
for large n, P,(z,w) behaves like (3/(mn))?e3I>=%I3/" In fact, we have the following
explicit bound.
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Lemma 6.3. Let by ~ 1.942 denote the unique solution of

6b?
=b. 6.24
(sinh b)? (6:24)
Then
3 |2 —wll3
< | — —bp——= ) . 2
P(z,w) < ( . ) exp ( b o (6.25)

The proof of Lemma 6.3 is straightforward and we shall give it in the appendix.
From Lemma 6.3 we have the bound

Z P.(z,w)o(w) < |lo]|1 Z sup P,(z,w — kf)

I k76 wENy XAy

3m\° z—w+ k03
guaul(;) S s exp(—bo” = ”2)

LeZ6 Z,WwENy X Ay

6
3\ 3 — kl)?
=||a||1(j) 2, sup exp(‘b()w) |
n ez, »we{0,1,....0~1} 2n

(6.26)

where [[o][1 = > ,ca,xa, 7(w). We can bound the last exponential by 1 for [k < 1,
and by exp(—bol*(|k| — 1)?/(2n)) for |k| > 2. This gives

3" Pz w)o™ ><Ho\|1(§) <3+2Zexp( E))

weZb m>1

3 3 ) 202 6
<ol (%) (3+2/0 exp (—bo”;n )dm)
37\? [21n 0

If we insert the bounds obtained in (6.19), (6.22) and (6.27) into (6.18), we obtain

o(z) < (1 — E/(6S) ™oL (:%)3 (3+ \/Zr%)ﬁ

1+F/6 " 1 6+ F
e A
+< E/(GS)) glollee | 3¢ =5+ 3 nd

2(1+VF)"3
1— (14++F)-u3
(6.28)

for all z = (x1,2z2) € Ay x Ay a distance d away from its complement. The bound holds
foralln > 1 and all F > 0.
We shall simply choose F' = {2 and

n = |emin{¢* SE~'}| (6.29)
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with € small enough such that
1+ F/6 \" 1-06
ST ) < 6.30
<1—E/(65)) T 60, — 1+ Cyl2 (6.30)

for some § > 0 and all large enough ¢ and S/E. Since 6Cy — 1 ~ 0.516 < 1, this
condition can be satisfied for small enough (but strictly positive) 6. The resulting

bound is then

1
0(2) < C|lo|ly max{S™3E3 ¢} + 25 (1-6+Cd™") ||o]- (6.31)

For S large enough, the coefficient in front of the last term in (6.31) is smaller
than 1 for all d > 1, hence we obtain the desired result directly from (6.31) in this
case, taking the supremum over z on the left. For smaller S, we need an additional
argument, which is provided in the next and final step.

6.4. Step 4. The following lemma implies that o is very flat near its maximum. In
particular, the maximal value of ¢ in the smaller cube a distance d away from the
boundary of A, x Ay is close to its global maximum. We shall deduce this property
from the differential inequality (6.11).

Lemma 6.4. Assume that o satisfies (6.11), and let zg € Ay X Ay be such that o(zp) =
lolloo. Then, for S >1,

2F 12 \"
. S | _2E |
z:\\zgﬁlsz@) = flollee < 118 <1 _ %> ) (6.32)

for any n > 1. For S = 1/2 we have the bound

4F
| > llolle (1= 22 (12) 6.33
i o) ol (1= r02) (633

instead, where d(z,w) denotes the distance on the graph Ay X A\ {(x,x) : 2 € Ay}.
Proof. Let us first consider the case S > 1. Let

vV, = ||0‘||(;01 lezr_gtr”ll:nO'(Z) s (634)

and choose z, with ||z, — z0||1 = n. Let us define the degree of the vertex z € Ay x Ay

d.= > (1 - 51;51") . (6.35)

w:w—z|=1

as

The inequality (6.11) can be written as
5'111 w
—0(2) > do(z) - > o(w) (1 - 7) . (6.36)

Hence we have, for z = z,,

2F 2F
5 llolloo 2 —o(zn) 2 dz0(20) = (dz, = Mllolloc = Ao(2ns1), (6.37)
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where 2,41 is a neighbor of z, such that ||z,41 — 20/|1 = n + 1, and A is either 1 or
(1—1/(29)). Equivalently,

0(znt1) > %dzna(zn) - %
Note that d, < 12 for any z. The right side above is decreasing in d,, and increasing in
A, hence we can replace d,, by 12 and A by (1 —1/(25)) for a lower bound. Moreover,
we pick z, and z,4; in such a way that o(z,11) = ||0||cVns1. We thus conclude that

12(1 — v,) + 2E5

(d, +2ES™ — N[ - (6.38)

Vi1 > 1 — T (6.39)

=3

By induction, one easily sees that this implies that

op (22) 1 26 [ 12 \"
yn21——1‘25—121——<—1) . (6.40)
S 1455 115 \1 - 55

This proves the bound (6.32) in the case S > 1. The proof of (6.33) works analogously.
|

Lemma 6.4 implies that

1 =35

2B ( 12 \“!
sup{o(z) : dist(z, (Ay x Ap)¢) > d} > ||o]|0o (1 ~ 1S (—1> ) (6.41)
for S > 1. Similarly, we can bound for S = 1/2
sup{o(z) : dist(z, (Ay x Ap)¢) > d} > ||lo]|eo (1 — %(12)“1) ) (6.42)

noting that because of the hard-core constraint z; # 2 it may take up to two more
steps to go from a point w to a point z. In both cases,

sup{o(z) : dist(z, (A¢ x Ap)®) > d} > o]« (1 — EST'CY) (6.43)

for a constant C' > 1. We plug this into (6.31), taking the maximum over all z a
distance d away from the boundary on the left side. This gives

EC? 1 -1 —3723 )—6
lo]leo [ 1 — 5 —%(1—5+C’d ) | < Cllo|li max{ST°E?, ¢~°}, (6.44)

and this bound now holds for all d. We choose d large enough such that 1 — %(1 —
§ — Cd™') > §/2, and thus obtain, for small enough E/S,

0]loe < C|lo|l; max{S3E? ¢75}. (6.45)
Since p(z) < 0(2) < p(2)(1 —1/(25))7! for S > 1, and p(z) = o(z) for S = 1/2, this
implies (3.4).
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APPENDIX A. PROOFS OF AUXILIARY LEMMAS

Proof of Lemma 6.2. From the property (6.14) and translation-invariance and parity
of the Laplacian, the expression in (6.20) equals

(620)= > > (—Ags +2F) " (zm, w)x(w) (A1)

meZb wENAy XAy

for z € Ay x Ay. Because of x, the sum is restricted to w = (wy, ws) € Ay X Ay with
|w; — wsy| = 1. Since the resolvent of the Laplacian has a positive kernel, we can drop
the condition that ws € A, for an upper bound. This gives

A< Y D (—Age +2F) (2, (w2 + e)). (A.2)

mEZS e€Z3:|e|]=1 T€N,

The resolvent of the Laplacian can be conveniently written in terms of its Fourier
transform as

(—Ags +2F) Yz, w) =

1 eip1-(z1—y1)+ip2-(v2—y2)
/ dp dps , (A.3)
[—m,m]

2m)° Jiomo €(p1) +e(p2) +2F
where z = (21, 22), w = (y1,92) and €(p) = 6 — > cz5.=1 e'P¢ denotes the dispersion
relation of the Laplacian on Z3. Hence

eipl'(ml,ml *$)+ip2'($2,m2 *x*e)

(AQ) - Z Z Z Z / )6 8(]?1) + 5(]?2) + 2F

m1 E€Z3 ma€Z3 e€Z3:|e|=1 mEAZ

dp dpo

eipl'(ml,ml _:E)+ip2'(z2,m2 _1")

- Z Z Z (2m)6 /[7r,7r]6 e(p1) + £(pa) + 2F (6 —e(p2)) dp1 dpa .

m1E€Z3 mo€Z3 ﬂvEAﬁ
(A.4)

With the aid of the identity (6.14), we can rewrite the last expression as

Z Z Z / eip1~(-’21—$ml)“Fl‘pg.(l'gme—CEml)( ( ))d .
6 —e(p2)) dp1 dp2
m1 €Z3 mo€Z3 xEN, ;|6 g(pl) + €(p2) +2F
1 1 6—E(p) ip- (1 —2,my)

= — [ e’L T T2,mqg d . A5
2 2 (27T)3/[M]36()+F P (A.5)

mo€Z3

For (zq,x2) € Ay X Ay, this further equals

(AB)=(B+F/2) Y (A +F) (x1,29m) — %5 . (A.6)

meZ3

At this point, we need some properties of the resolvent of the Laplacian on Z?, which
we collect in the following lemma. Its proof will be given at the end of the proof of
Lemma 6.2
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Lemma A.l. For F >0, the function Z* > = — (—Ags + F) " (0,z) is positive and
decreasing in the components x? for x7 positive, and increasing otherwise. We have
the bounds

V3-1

(~Azi + F)7(0,0) < (~Az0) 7 (0.0) = 55

I?(5)M(58) ~ 02527 (A7)

24

and

V3-1
19273

for x # 0 and |e|] = 1. Moreover, for x # 0 and ||z|| = max;<;<3 |27,

(1 + \/F)_”x”w . (A.9)

(~Ags + F) ™ (0,2) < (~Ags) " (0,¢) = (L2l - % ~0.0861 (A.8)

(—AZ3 -+ F)_l (O,x) <

| #]loo
With C} defined in (6.21), Lemma A.1 implies that

_ 1 1
(3+ F/2) (=Ags + F) ' (21, 29) — S0riay S Ci(B+ F[2) = 5 (A.10)
Moreover, if 1 € Ay is at least a distance d from the complement of A,, we can use
(A.9) to bound the contribution of m # 0 to the sum in (A.6). Since ||z — 9|00 >

d + (|lm]|l — 1)¢ in this case, this gives

(A.6) < —% + B+ F/2) |Cy+ Z (1 n ﬁ>||x1m2,moo]

< —% +(3+F/2) |Cy + Wi > (1 \/F)_(m””_l)gl . (A.11)

Using ||m|le > ||m]1/3 in the last sum, we obtain the desired bound (6.22), with d
the distance of x; to the complement of A,. This distance is greater or equal to the
distance of z = (21, x3) to the complement of A, x Ay, hence the proof is complete. B

Proof of Lemma A.1. The resolvent of the Laplacian on Z3 can be expressed via the
heat kernel as (see, e.g., [12])

(—Azs + F)_l (:L’, y) = /0 6_6t]|m1_y1‘(2t)1|x2_y2|(Qt)f‘xs_y3|(2t)6_Ftdt (A.l?)

for ¥ > 0, with [,, denoting the modified Bessel functions, which are positive and
increasing on the positive real axis. (For a definition, see [1] or Eq. (A.14) below.)
The monotonicity property of the resolvent then follows directly from the fact that
I,(t) > I,41(t) for all t € R and n € N. To see this last property, note that the
recursion relations [1, 9.6.26] imply that R, (t) = I,(t) — I,+1(t) satisfies

n n+1

() + ==L (1) = R,(1). (A.13)

Ry(t) =2
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This further implies that R] is positive whenever R, is zero. Since R, is positive for
small argument, as can be seen from the asymptotic expansion [1, 9.6.10], for instance,
this is impossible. Hence R,, is positive.

The values of the integrals corresponding to (A.7) and (A.8) can be found in [18,
6.612(6)]. Finally, to obtain the bound (A.9), we start with the integral representation
1, 9.6.18]

I,(t) = \/%5642—1)—”1/2) /1(1 — §2) 2t s (A.14)

It implies that

1 1 6t 1 €_St 1 + e—2(1—s)t
I(t) = = 1— 832 %ds = — ds
)=+ [ =) v =
) t 1 —st 9 t oo —st 9 t
< gs< | S s = 2 (A.15)

T Jo Vs ™ Jo Vs Vmt

Hence, with n = || — y||c, We further have

o0

(=Ags + F) " (z,y) < / e O L, (2t) I(2t) e Ftdt
0

2 (™1
<=z / ge*%In(zt)e*Ftdt
0

o

-n 2 -n
:1(1+F/2+\/F(1+F/4)) <= (1+VF) ",
™m ™m
(A.16)
where we used [18, 6.623(3)] to compute the integral. |

Proof of Lemma 6.3. We start with the integral representation

6 n
— § . ZZ;‘ 5 (27 —w?)
Polerw) = (2m)6 /[—mr}e' (6 st COS(qj)) o e (A.17)

The integrand is a Laurent polynomial in the €%, and hence the integral does not
change if the g; are replaced by ¢; + ia; for any a; € C. We shall choose a; € R, and
bound

6 n
1 1 . iS5 (qi+ia: ) (29 —wld
P”(Z’w):@w)ﬁ/[ " <azcos<qj““j)> o S0 g, - dgy
—TT,T =1
1 18 " o
< — cos(q; + ia; e 2w ge o
= (2m)8 /[77,7r]6 (6 ;| (g ])’) J q1 ds

6 n
= 10"y z' vl / (— Z |cos(g; + mj)|) dgi---dgs. (A.18)
/220 \ 642
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We have

asinh b

| cos(q +ia)|? = (sinha)? + (cos q)* < ( ; > +1— (2¢q/7)? (A.19)

for |a] < b and |q| < 7/2. In particular,

6 1/2
Z cos(q; +ia;)| < < Z|cos q; +ia; |>

@Ir—t

]—1 j=1
1 O ,  (sinhb)? ¢ 9
< exp _ﬁij —i—WZaj . (A.20)
P =1

Plugging this bound into (A.18), we obtain

. < ] (sinh b)2 0 2 1 —nq2/(37r2)d ’
(2,w) < exp Z a;(2) —w!) + n—o Z R A S '
7=1 ’
3 (sinh b)? 0 2
e mimid "

Jj=1

To minimize the right side, we choose

(27 —w?)  6b?
;= . A.22
“ n  (sinhb)? ( )
Keeping in mind that |a;| < b is required for all j, we see that if
60>
—— <) A.23
(sinhb)? — ( )

then we obtain the bound

ey < (1) g (L2203 e

n n  (sinhb)?

for all z and w with ||z — w|| < n. But P,(z,w) = 0 for ||z — w||oc > n, hence this
establishes the desired bound for all values of z € Z% and w € Z°. [ ]

REFERENCES

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions, Dover (1965).

[2] T. Balaban, A low temperature expansion for classical N-vector models, parts I, II and III,
Commun. Math. Phys. 167, 103-154 (1995); 182, 675-721 (1996); 196, 485-521 (1998).

[3] F. Bloch, Zur Theorie des Ferromagnetismus, Z. Physik 61, 206-219 (1930).

[4] F. Bloch, Zur Theorie des Austauschproblems und der Remanenzerscheinung der Ferromag-
netika, Z. Physik 74, 295-335 (1932).



28

[5]

[16]
[17]
18]
[19]

[20]
[21]

[22]

MICHELE CORREGGI, ALESSANDRO GIULIANI, AND ROBERT SEIRINGER

J. Bricmont, J.-R. Fontaine, J.L. Lebowitz, E.H. Lieb, T. Spencer, Lattice Systems with a Con-
tinuous Symmetry III. Low Temperature Asymptotic Expansion for the Plane Rotator Model,
Commun. Math. Phys. 78, 545-566 (1981).

P. Caputo, T.M. Liggett, T. Richthammer, Proof of Aldous’ spectral gap conjecture, J. Amer.
Math. Soc. 23, 831-851 (2010).

G.J. Conlon, J.P. Solovej, On Asymptotic Limits for the Quantum Heisenberg Model, J. Phys.
A: Math. Gen. 23, 3199-3213 (1990).

G.J. Conlon, J.P. Solovej, Upper Bound on the Free Energy of the Spin 1/2 Heisenberg Ferro-
magnet, Lett. Math. Phys. 23, 223-231 (1991).

G.J. Conlon, J.P. Solovej, Random Walk Representations of the Heisenberg Model, J. Stat. Phys.
64, 251-270 (1991).

G.J. Conlon, J.P. Solovej, Uniform Convergence of the Free Energy of the Classical Heisenberg
Model to That of the Gaussian Model, J. Stat. Phys. 65, 235-245 (1991).

M. Correggi, A. Giuliani, The Free Energy of the Quantum Heisenberg Ferromagnet at Large
Spin, J. Stat. Phys. 149, 234-245 (2012).

F.R.K. Chung, S.-T. Yau, A combinatorial trace formula, Tsing Hua lectures on geometry &
analysis (Hsinchu, 1990-1991), pp. 107-116, Int. Press, Cambridge (1997).

F.J. Dyson, General Theory of Spin-Waves Interactions, Phys. Rev. 102, 1217-1230 (1956).
F.J. Dyson, Thermodynamic Behavior of an Ideal Ferromagnet, Phys. Rev. 102, 1230-1244
(1956).

F.J. Dyson, E.H. Lieb, B. Simon, Phase Transitions in the Quantum Heisenberg Model, Phys.
Rev. Lett. 37, 120-123 (1976); Phase Transitions in Quantum Spin Systems with Isotropic and
Nonisotropic Interactions, J. Stat. Phys. 18, 335-383 (1978).

J. Frohlich, B. Simon, T. Spencer, Infrared Bounds, Phase Transitions and Continuous Symmetry
Breaking, Commun. Math. Phys. 50, 79-85 (1976).

J. Frohlich, T. Spencer, Massless phases and symmetry restoration in abelian gauge theories and
spin systems, Commun. Math. Phys. 83, 411-454 (1982).

L.S. Gradshteyn, .M. Ryzhik, Table of Integrals, Series, and Products, 7" ed., Academic Press
(2007).

G.M. Graf, D. Schenker, 2-Magnon scattering in the Heisenberg model, Ann. Inst. Henri Poincaré
67, 91-107 (1997).

J. Hanus, Bound states in the Heisenberg ferromagnet, Phys. Rev. Lett. 11, 336-338 (1963).

C. Herring, C. Kittel, On the Theory of Spin Waves in Ferromagnetic Media, Phys. Rev. 81,
869-880 (1951).

T. Holstein, H. Primakoff, Field Dependence of the Intrinsic Domain Magnetization of a Ferro-
magnet, Phys. Rev. 58, 1098-1113 (1940).

T. Kennedy, C. King, Spontaneous symmetry breakdown in the abelian Higgs model, Commun.
Math. Phys. 104, 327-347 (1986).

E.H. Lieb, R. Seiringer, J. Yngvason, A rigorous derivation of the Gross-Pitaevskii energy func-
tional, Phys. Rev. A 61, 043602 (2000).

E.H. Lieb, J. Yngvason, Ground state energy of the low density Bose gas, Phys. Rev. Lett. 80,
2504-2507 (1998).

S.L. Lu, H.-T. Yau, Spectral gap and logarithmic Sobolev inequality for Kawasaki and Glauber
dynamics, Commun. Math. Phys. 156, 399-433 (1993).

P. J. Millet, H. Kaplan, Three-reversed-spin bound states in the Heisenberg model, Phys. Rev. B
10, 3923-3934 (1973).

B. Morris, Spectral gap for the interchange process in a boz, Electron. Commun. Probab. 13,
311-318 (2008).



HEISENBERG FERROMAGNET — December 29, 2013 29

[29] R. Seiringer, The Thermodynamic Pressure of a Dilute Fermi Gas, Commun. Math. Phys. 261,
729-758 (2006).

[30] S. Starr, M.P. Conomos, Asymptotics of the spectral gap for the interchange process on large
hypercubes, J. Stat. Mech. Th. Exp. P10018 (2011).

[31] B. Toth, Improved Lower Bound on the Thermodynamic Pressure of the Spin 1/2 Heisenberg
Ferromagnet, Lett. Math. Phys. 28, 75-84 (1993).

[32] M. Wortis, Bound States of Two Spin Waves in the Heisenberg Ferromagnet, Phys. Rev. 132,
85-97 (1963); Low-Temperature Behavior of the Heisenberg Ferromagnet, Phys. Rev. 138, 1126—
1145 (1965).

DIPARTIMENTO DI MATEMATICA, “SAPIENZA” UNIVERSITA DI RoMA, P.LE ALDO MORO 5,
00185, RoME, ITALY
E-mail address: michele.correggi@gmail.com

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI ROMA TRE, L.GO S. LEONARDO
MuriaLDO 1, 00146, ROME, ITALY
E-mail address: giuliani@mat.uniroma3.it

INSTITUTE OF SCIENCE AND TECHNOLOGY AUSTRIA, AM CAMPUS 1, 3400 KLOSTERNEUBURG,
AUSTRIA
E-mail address: robert.seiringer@ist.ac.at



