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Chapter 1

Introduction

1.1 Motivations and main results

1.1.1 Motivations

Graphene is a newly discovered material, and its discovery [70] in 2004 by the group
of A. Geim and K. Novoselov elicited an enormous interest in the physical commu-
nityEl. Consisting in a single monoatomic layer of graphite, graphene can be seen as
the first realization of a two-dimensional crystal; its stability is a remarkable and
not yet completely understood issue, since, according to Mermin-Wagner theorem,
two-dimensional systems are not expected to exist in nature. Before its experimen-
tal discovery, graphene was known to theorists as an interesting academical problem:;
the first research paper on graphene dates back to the work of Wallace in 1947, [81],
where graphene was studied as the “building brick” of graphite. Some of the very
peculiar features of graphene were brought to the attention of the physical com-
munity many years later, see [76] 25, 26, 46, [40] for instance; already at the time
of these works it was understood that a similar physical compound, if existing in
nature, would exibit unique physical properties.

From the pioneering experimental work of Novoselov, Geim et al., [70, [69],
graphene has shown immediatly a rich variety of interesting electronic and struc-
tural properties. For instance, the hallmark of graphene is the shape of its electronic
dispersion relation, which vanishes linearly at the Fermi surface, given by only two
inequivalent points at neutrality (i.e. when there is only one electron per site in
average, that is at half-filling); see Fig. [l for a sketch of the energy dispersion
relation in graphene. As expected from the early works, [R1], the conical shape of
the low-energy excitations in graphene is a consequence of the hexagonal geometry
of its two-dimensional lattice, see Fig. Such property implies that the low
energy excitations of graphene are effectively described by massless Dirac fermions,
with velocity v much smaller than the speed of light (experimentally, v ~ ¢/300);
this fact stimulated a fruitful cross-fertilization between different areas of Physics,
namely high energy physics and condensed matter. For instance, in the work of Se-
menoff [76] graphene has been proposed as a condensed matter realization of 2 + 1
dimensional Quantum Electrodynamics (QED); and since then, a lot of theoretical

! Geim and Novoselov have been awarded the 2010 Nobel prize for Physics, “for groundbreaking
experiments regarding the two-dimensional material graphene”.



2 1. Introduction

Figure 1.1. Sketch of the energy dispersion relation of graphene; the plot reports the energy
& (E) as function of the momentum k. The upper/lower manifolds correspond respectively
to the conduction and valence bands; the bands meet at six points, among which only two
are independent (the others lie outside the first Brillouin zone), and are called Fermi points
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Figure 1.2. Sketch of the honeycomb lattice of graphene; it can be seen as the superposition
of two shifted triangular sublattices, namely A4 (black dots) and Ap (red dots). On each

site sits a carbon atom, which is sp?-bonded to its nearest neighbours; the length of the
carbon-carbon bonds is about 0.142 nm.
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research in graphene has been motivated by fundamental questions in quantum field
theory, e.g. the understanding of quantum anomalies [76, 46], or more recently of
electron fractionalization in two dimensional systems, [50] 511 [74] [82].

Other very interesting physical properties of graphene are for instance the pres-
ence of a minimal value of the electric conductivity [69], of the order of the conduc-
tance quantum o ~ e%/h (the exact prefactor is still debated), reached in presence
of a vanishing density of charge carries; or the insensitivity to localization effects
which are usually induced by disorder, a phenomenon which was already guessed
by Fradkin in [25, 26]. Graphene also shows an unusual quantum Hall effect: the
spacing between the Hall plateaus is 4e?/h [69, 85], i.e. bigger than for the usual
quantum Hall effect, and the steps occur at half integer multiples of this value.
Finally, graphene is considered by many as the ideal canditate for interesting tech-
nological applications [33], due to presence of extremely high electric and thermal
condictivities (higher than copper and silver, respectively), and of the overall high
electronic quality (the electrons have very long mean free paths); moreover, it is
substantially stronger than steel and at the same time very stretchable.

Aim of this Thesis is to contribute to the understanding of the effect of the
electron-electron interactions in graphene; this is a highly debated topic, also in view
of the recent experimental realization of suspended graphene samples, [14] 23, [57], a
playground in which electron-electron interactions - so far obscured by the presence
of substrates - are expected to play a major role. This is confirmed by recent
measurements of fractional quantum Hall energy gaps, [23], 14} [35].

We can consider two types of interactions: short range and long range interac-
tions, corresponding respectively to screened or unscreened Coulomb interactions;
in this Thesis we shall consider the latter, however let us brefly mention what it is
known for the former. It is widely believed that the presence of weak short range
interactions shoud not affect too much the low energy properties of electrons on
the honeycomb lattice; this was argued on the basis of one-loop computations, see
for instance [40] and references therein. Remarkably, this belief has been recently
rigorously proved by Giuliani and Mastropietro in [36] [37]; they considered the
Hubbard model on the honeycomb lattice and proved that the free energy and the
Schwinger functions are analytic functions of the coupling constant uniformly in the
temperature and in the system size, provided the coupling is small enough. From
the mathematical physics point of view, this is one of the two cases in which the
ground state of a two dimensional interacting fermionic system can be rigorously
constructed; the other one is [24], where two dimensional fermions with highly asym-
metric Fermi surface were considered.

Regarding unscreened Coulomb interactions, a general picture of their effect on
the low energy physics of graphene is still lacking; however, there is a wide consensus
that they should play a nontrivial role. For instance, it has been first proposed by
Gonzalez, Guinea and Vozmediano, [40, 42, 41] that the Fermi velocity is strongly
renormalized by the interaction; in particular, it is believed that the presence of
unscreened Coulomb interaction between the electrons produces an unbounded log-
arithmic growth of the effective Fermi velocity close to the Fermi points. This
behavior has been claimed by many authors, see [66] 48] [56] for instance; all these
arguments heavily rely on lowest order perturbation theory, and are affected by
crude approximations: for instance, the presence of the lattice is always neglected
and a momentum cutoff is imposed by hand. Attempt to include higher order correc-
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tions have been done in [64], and the same logarithmic behavior has been found at
two-loops in perturbation theory. The effect of such a strong renormalization of the
Fermi velocity on physical observables is still puzzling and not yet fully understood;
for instance, in [64] it was claimed that because of this phenomenon graphene in
the vacuum is an insulator, a claim which was subsequently proven to be wrong,
I75, ).

A quite unsatisfactory feature of all the above results is that they are requlariza-
tion dependent; in fact, because of the absence of the lattice an ultraviolet regular-
ization scheme has to be introduced. This led to an explicit dependence of physical
quantities on the cutoffs, and to controversies in the literature: see [67), 48, 53], where
three different expressions for the optical conductivity of graphene were found using
momentum [67, 48] or dimensional [53] regularization. And no one of these results
succeeds in explaining why experimentally [68] the optical conductivity of graphene
appears to be universal, that is independent of electron-electron interactions and
lattice parameters.

Another interesting issue is whether interaction-dependent anomalous exponents
are present in the many body correlations of graphene. The presence of anomalous
scaling was first argued in [42] on the basis of lowest order perturbation theory,
and considering a continuum model in presence of dimensional regularization; in
fact, in [42] a log-correction to the two point correlation function was found, and
this was interpreted as the lowest order contribution to an anomalous power law
decay. The presence of anomalous scaling in the correlations would suggest that the
system behaves as a Luttinger liquid [45], a quite common feature of one dimensional
systems, which has never been established in two dimensions. A proof of this would
be of great physical interest, for instance in view of the role that two dimensional
Luttinger liquids are expected to play in high temperature superconductivity, as
argued by Anderson [2]. Recently, [56] [79], on the basis of “large N expansions”,
where N is the number of fermionic “species”, anomalous exponents in the scaling
of various physical quantities were found; but still, the contact with actual graphene
is not clear, since in graphene N = 4.

Large N expansions are widely used tools in perturbative analyses of quantum
field theory models; in particular, in the eighties they allowed to argue the emer-
gence of spontaneous chiral symmetry breaking in 2 + 1 dimensional QED, [3], A].
Recently, the same mechanism has been revisited and applied to graphene models
[54] B9l [43], 55, B6], in order to predict the occurrence of a metal-insulator transi-
tion parametrized by the strength of the many body coupling; this issue is of great
interest for possible technological applications. The presence of a mass gap has also
been claimed on the basis of Monte Carlo calculations, see [20, 2I]. But, again, from
a theoretical point of view it is not clear how to control the error involved when
choosing N = 4 in the large N expansion. Finally, another debated point is the ef-
fect of the strong renormalization of the Fermi velocity in the gap generation; it has
been recently proposed in [73] that the growth of the velocity due to the presence of
unscreened Coulomb interactions depresses the phenomenon of gap opening, while
in [77] it is claimed that Coulomb interactions support the gap once it is open.

Therefore, at present time no unambiguous prediction on the effect of electron-
electron interactions in graphene can be made. The main way to overcome these
difficulties is to “start from scratch”, that is from the definiton of the model that
one wish to study. In fact, the typical model which has been considered so far to
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describe Coulomb interactions in graphene has the following Hamiltonian:

H=H"+H, CD1)
HP = free Hamiltonian of 2 4+ 1 dim. massless Dirac fermions with velocity v,

HY = three dimensional instantaneous Coulomb interaction;

therefore, in (ILIII) the honeycomb structure of the crystalline lattice is completely
lost; moreover, the coupling with the electromagnetic field is not complete, since the
vector potential does not enter in . Usually, this omission is justified by arguing
that the contribution from the vector potential should be negligible in view of the
fact that the ratio v/c is small; however, this argument cannot be consistent at all
energy scales, since in this kind of models the interacting Fermi velocity as function
of the momentum of the quasi-particles blows up at the Fermi surface. Moreover, the
omission of the vector potential breaks gauge invariance, which has to be respected
in order to correctly define the coupling with the electromagnetic field.

1.1.2 Main results

In this Thesis we shall introduce a new model for graphene in presence of electro-
magnetic interactions, which takes into account the honeycomb lattice, and where
the coupling with the electromagnetic field is gauge symmetry preserving; in the
language of high energy physics, the model that we shall consider is a “lattice
gauge theory model”. Then, we will study the model using rigorous Renormaliza-
tion Group (RG) methods, which have been developed in the last 25 years by the
Roma school of Constructive Quantum Field Theory, see [6, 34, [61] for extensive
reviews; this approach is based on the functional Renormalization Group developed
in the 1980’s starting from [28], (29} [71]. The methods have been originally devised
to prove the ultraviolet stability of various quantum field theories, like ¢* theory in
four dimensions, see [28, 29, 27]; subsequently, the same ideas have been extended
to develop a general and rigorous RG approach to interacting fermionic systems, [5].
Since then, these techniques have been proved very effective to study many inter-
acting quantum physical models; in particular, they allowed to rigorously prove the
Luttinger liquid behavior of various one dimensional systems, see |7} [15], [8, [63] for in-
stance, and more recently to investigate the ground state and low energy properties
of two dimensional systems [10, 13}, 36l 37, [38].

Our results, contained in [39], can be briefly and informally summarized as
follows; see Section [[L4] for a more extensive discussion.

e Anomalous scaling of the two point Schwinger function. We show that the
scaling properties of the “dressed propagator” is dramatically changed by the
interaction; in particular, interaction dependent anomalous exponents appear,
as usual in Luttinger liquids.

e Emergent Lorentz symmetry. The effective Fermi velocity, that is the one
appearing in the leading contribution to the two point Schwinger function at
momenta close to the Fermi surface, tends to the speed of light.

e Enhancement of the “excitonic” and “charge densilty wave” response functions.
We compute various response functions, and we show that their space-time
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decays are governed by anomalous exponents. In particular, we find that the
response functions associated to special lattice distortions, the Kekulé ones (see
Fig. [[3]), or to a periodic charge inequivalence on the sites of the honeycomb
lattice, a charge density wave, are amplified by the interaction.

o Enhancement of Kekulé distortions. We show that small Kekulé distortions
of the honeycomb lattice are dramatically enhanced by the electron-electron
interactions.

e A mechanism for spontaneous lattice distortion. Considering the lattice dis-
tortion as a dynamical variable, we show that the energy of the system is
extremized in correspondence of a Kekulé distortion; the amplitude of the dis-
tortion is determined by a self-consistence non-BCS equation, from which we
argue that strong electromagnetic interactions favor the emergence of a spon-
taneous Kekulé distortion and the opening of a gap in the fermionic energy
spectrum.

Our results are true at all orders in renormalized perturbation theory; in par-
ticular, we provide explicit (“N!”) bounds on the coefficient of the series of all the
quantities that we compute, which are uniform in the temperature and in the sys-
tem size. These bounds are not enough to prove absolute convergence of the series;
however, here we shall prove that perturbation theory is consistent to all orders, in
the sense of [5].

A key role in the derivation of the above results is played by gauge invariance and
lattice Ward identities (WI); in particular, following a strategy similar to the one
introduced in [I2] to prove Luttinger liquid behavior in one dimensional systems, the
WIs allow us to prove that the Beta function of the effective charge is asymptotically
vanishing, which means that the renormalized charge is close to the bare one.

1.2 A honeycomb lattice gauge theory

Let us start by defining the model that we introduced and studied; our goal is
to describe electrons hopping on the hexagonal lattice interacting through a quan-
tized three dimensional electromagnetic field. For this purpose, the Hamiltonian we
consider has the following structure, see [39]:

Hy = HP + 1S + 1Y T21)

where: (i) HhOp is the gauge invariant hopping term; (i) H§ contains the contri-
bution due to the instantaneous Coulomb interaction between the electrons on the
hexagonal lattice; (iii) Hﬁ is the energy of the free photon field. Choosing units
such that A = ¢ = 1, these three terms are given by:

h = - Azz + - —i Aiz
HY\T =ty Y al, b5 @ el Vb5 05 0C @i | ([T2A2)
reN o=T|
i=1,2,3
o oo e )p(F = ,0)(n — 1
A T Z (nar )SD(:C Y, )(ny )’
fEAAUAB
A
Hy = Z Z \p[ “pr pﬂ"
'A r=1,2

pGPL
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where:

1. A4 = Ais a periodic triangular lattice, defined as A = B/LB, where L € N and
B is the triangular lattice with basis vectors @ = 3(3,V/3), @ = 1(3,—V/3);
AA is the area of A. We denote by A* the dual of A; its basis vectors are

= 2(1,V3), b = (1, -V3)

2. The vectors &) := (1,0), b := $(-1,v3), Js := $(—1,—+/3) connect each site
T to its three nearest neighbours.

3. The operators aﬂ bj:_ 5., are real space fermionic creation/annihilation op-
j7
erators, acting respectively on A4, Ap := A4 + 01 and satisfying periodic

boundary conditions in Z € A 4; they satisfy the anticommutation relations

+ - —_ [yt - S
{afvg’ af/vgl} - bf+g1 o’ bfurgl a/} o 5$’$/5070/ ’

{a%ow 62‘70/}:{ :Bo’ yo-}_{ 1’+510 y+5»170/}:O. (I:EZ.3)

Setting v = (¥, v3) with ¥ € R2, the operators ¢t

p,r
bosonic creation/annihilation operators, defined on Pr, := Pr,U{ps = %T", n e

Z} with Pr .= {p = %51 + %52 . i1 € Z*}, and satisfying the commutation
relations

are momentum space

[cz_;rv v, r] LAxG, ,p/5rr ) [CIE),NC]E)/J’/] =0. (EEZM)
1, =
4. Az = Jo dso; - A( £ 58,00
tromagnetic vector potential in the Coulomb gauge and in presence of an
ultraviolet and an infrared cutoff:

and A, is the three dimensional quantized elec-

1 X(n+ 0)([p]) ~ o ipy oy
LT AL 2 W(%r{,e + 502, (L25)
BGPL =
e Ehr = Or e k=0

X[n+,0) () == x(t) — x(M~""t) with h* € Z~, and x(t) is a smooth compact
support function equal to 1 for ¢ < a¢ and equal to 0 for ¢t > agM, with
M > 1 and ag constant to be chosen below. The presence of a finite A* plays
the role on an infrared cutoff, and it will be removed in the computation of
physical quantities; instead, the ultraviolet cutoff will be kept fixed. Definition
(C23) implies that A(x z3) 18 periodic in  according to the periodicity of the
triangular lattice A4, and in 23 along the line [0, L].

5. ¢(y) is a regularized version of the Coulomb potential,

‘P(Q) _ A}\L ZN (’p’)e ipy

pEPL

(T26)

Definition (L2I6) implies that ¢(Z, z3) is periodic in & according to the peri-
odicity of the triangular lattice A4, and in x3 along the line [0, L].
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6. ng is the density operator, and it is given by 3., a* a- or by S, b% b>

T,o " T,0 0 "%,0°%,07
depending on whether Z € A4 or Z € Ap.

Notice that the Hamiltonian (L2[T) is invariant under the gauge transformation

Gf, > aE, e b b e Ay Ay + Doz s ([T2T)
this is a property which has to be fulfilled in order to correctly describe the inter-
action of matter with the electromagnetic field. As far as we know, this is the first
time that a lattice gauge theory model is considered in the analysis of condensed
matter systems; usually, lattice gauge theory models are introduced in quantum
field theory as gauge symmetry preserving regularizations of continuum models, to
be recovered in the limit in which the bond length is sent to zero. Here the bond
length is kept fixed, and we shall be interested in the infrared, i.e. large distance,
properties of the model. Moreover, notice also that the Hamiltonian is particle-hole
symmetric, that is it is invariant under the exchange

+ - + - A A .
af,o Ad afp s bf—l—gi,a Ad _bf—i—gi,o s A(f,o) — —A(f,o) ) ([EZLS)
this invariance implies in particular that, if we define the average density of the
system to be
1 Tr{e PHaN}
)= o 29)
2|A] Tr{eFHa}

where N := > . (a%"aa%,a + b;+51,0b$j+51,0) is the total particle number operator,

then one has p =1 for all |A| and . This is the so-called half-filling condition.

1.3 The free theory

Before discussing the properties of the model in presence of interaction, that is for
e # 0, we briefly review what it is known in the case e = 0. In absence of interaction
the fermionic and bosonic degrees of freedom are completely decoupled, and we shall
be interested in the fermionic sector only. The Hamiltonian of the system is given

by:
v + - + - .
Hop=—t > > LRV L S e (T210)
by
1= <y

the ground state of this model can be explicitly determined, in the sense that the
free energy and the n-point Schwinger functions can be explicitly computed. In
fact, being the Hamiltonian quadratic in the fermionic creation/annihilation oper-
ators, this last fact simply follows from the knowledgle of the two point Schwinger
functions and from the Wick rule. Let us call ¥ p = 1,2, the Fourier trans-

k,o,p’
+ b:I: Haxo £ —Hpx
= -, namely e’tAT0g% 7 TATO gpnd
Z,0 f+51,07 y

form of the imaginary time evolutions of a Zo
efamopt - o~Hazo, k = (ko k) € Dg 1, := D x Dy, where Dy is the set of fermionic

T+61,0
Matsubara frequencies and Dy, is the first Brillouin zone, that is
27 1
Dﬁ = {k0:?(n0+§)n0€Z} y

- ny - no - N
D, = {k;:fb1+fb2:n€Z2,0§n1,n2§L—1}a (C211)
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where b = Z(1,V3), by = Zr(1, —/3) form a basis of the dual lattice A*. We
define the non-interacting two point Schwinger function in momentum space, or free
propagator, as

- gt
@kvmplllkvmp»g,L

[Sg’L(k)}pm, = ,B‘A‘

; T212)
e=0
where () 3,1, denotes the grand-canonical average with respect to the Hamiltonian
Ha. An explicit computation shows that, see [36] or Appendix [B.I.1k

. 1 ik —t(k)
SByL k — — 0_, y 13
o (k) kg + t2|Q(k)|? (—tQ(k) iko ) @213)

where Q(k) = P e”;(gi_gl); its modulus |Q(K)| is the energy dispersion relation,
and it is plotted in Fig. [Tl Interestingly, the function (k) is vanishing if and only
if k= ]51?, where ﬁli; are the two Fermi points,

b 27 27
i (G t55) 214)
the fact that the energy dispersion relation vanishes only at two points is very
unusual for two dimensional systems, where the Fermi surface typically consists
of a closed curve. Close to the Fermi points Q(k' + piE) = (k] £ k) + O(|K'?);
therefore, setting p§ = (0,p%) and k’ = k — p%,, we can rewrite
oo\ —1
S+ p) = ( L e TR e )

Z \—v(ik] + wkh) + r’ (k) —iko

(L215)

where Z = 1 is the bare wave function renormalization, v = %t is the bare Fermi
velocity, and |r,(K')| < C|k|? for some C' > 0. Therefore, from ([ZIH) we see that
the free propagator is asymptotically the same of massless Dirac fermions in 2 + 1
dimensions.

1.4 Results and discussion

Below we shall discuss more extensively our results, which have been presented in
[39], obtained with methods similar to those of [3§]; as already mentioned in Section
[CT2l they concern the effect of the electromagnetic interaction on the two point
Schwinger function, various response functions, the effect of lattice distortions and
a possible mechanism for gap generation. A sketch of the proof together with the
main ideas underlying the methods is given in Section In what follows we will
assume that the infrared limit A* — —oo has been taken.

1.4.1 The two point Schwinger function

We start by discussing the result on the two point Schwinger function; as we are
going to see, the interaction dramatically modifies its scaling properties. In fact,
the interacting two point Schwinger function is given by, for 5, L. — 400 and close
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to the singularities p%:

Sk’ +p%) = T2y
_1 iko o(K) (1K) + why) +fw(’5')> - (1+ R(K))

Z(K/) (v(k’)(ik’l + wh) + 75 () iko

with |7(K')| < C|F'|?, R(k') = O(e?) and

ZK) = K77, e(k) 21— (1 -v)KT, C42)
N S 2 o) Ta3)
n= 127‘(2 n ) n= 571'2 n )

where v = 3t, > = O(et), 72 = O(e*); R(K'), n*? and 7>? are expressed
as renormalized series with finite coefficients admitting N! bounds, in the sense of
Theorem B3Il The functions Z (k') and v(k’) are called respectively the wave func-
tion renormalization and the effective Fermi velocity; as we see from ([L4L3]), both
these objects have a non-trivial dependence on the quasi-momentum k’: they scale
with interaction dependent anomalous exponents.

This results tells us that the scaling of the two point Schwinger function is dra-
matically modified by the presence of the electromagnetic interaction; in particular,
in absence of interaction So(k') ~ [k’|~!, see (LZIH), while in the interacting case
S(K') ~ |K|~1" with n = O(e2) > 0, therefore

_ / w

im 759(1( + P) = +00. (T44)
k’—0 S(k/ + pU};)
This is due to the fact that the quasi-particle weight Z(k')~! vanishes as a power
law at the singularity; this suggests that the interacting system is a Luttinger liquid,
in the sense of [45]. If convergence of the series is proved, this would be the first
rigorous proof of Luttinger liquid behavior in more than one spatial dimension.
Regarding one dimensional systems, these have been widely studied in the last 15
years, starting from the work of Benfatto, Gallavotti, Procacci and Scoppola in [7],
where the first rigorous proof of Luttinger liquid behavior for a non solvable one
dimensional system was given; in particular, quantities of physical interest like the
Schwinger functions, the anomalous exponents and the free energy were explicitly
computed as convergent series in the coupling constant. A crucial ingredient in the
proof of [7] is the vanishing of the Beta function of the effective coupling; in [7]
this was shown using informations coming from the exact solution of the Luttinger
model. Recently, an independent strategy to prove this remarkable cancellation has
been proposed and developed by Benfatto and Mastropietro, [12], which completely
avoids the use of the exact solution; this new method is based on the rigorous
implementation of Ward identities in the RG, and similar ideas will be adopted
here.

Another remarkable feature of the two point Schwinger function is the non-
trivial behavior of the effective Fermi velocity v(k’); in fact, in the limit |k'| — 0
the effective Fermi velocity tends to 1, which is the speed of light in our units, for
any value of the bare Fermi velocity v.
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Finally, we stress that our result does mot neglect the lattice, and does not
assume unphysical regularization procedures, like the dimensional one. The first
attempt to investigate the effect of electromagnetic interactions in graphene is due
to Gonzalez, Guinea and Vozmediano in [40]; the model they considered described
2 + 1 dimensional Dirac fermions interacting with a 3 + 1 dimensional photon field
in the Feynman gauge; both the fields lived in the continuum, and dimensional
regularization was used to avoid ultraviolet divergences. Omne-loop computations
suggested that logarithmic corrections to the scaling of the two point function were
present, and these corrections were interpreted as the first order contributions to
the expansions of |k’|~", |k/|7. For the same model, anomalous scaling has been
recently established at all orders by Giuliani, Mastropietro and Porta in [3§], using
momentum regularization (in order to mimic the presence of the lattice) instead of
the dimensional one.

Remark 1 In general, we shall represent the grand-canonical average <'>B7L us-
ing the functional integral representation in the Feynman gauge, see Section [2.2;
if the averaged observable is gauge invariant the result of the computation is equal
to the corresponding grand-canonical average with the Hamiltonian Ha, see Appen-
dices[Bl, [A. All the quantities that we shall compute in this Thesis, except the two
point Schwinger function, will be gauge invariant; however, the two point Schwinger
function appears as “dressed propagator” in the perturbative series of physical 0b-
servables, and therefore it is interesting it its own right.

1.4.2 The response functions

The same methods used to evaluate the two point Schwinger function can be used to
compute other correlations; in particular, the analysis of various response functions
allows us to investigate the effect of the electromagnetic interactions on possible
quantum instabilities which may take place at strong coupling. Let us define:

[e% [e% [e%
Ci =) = (i, C35)
(Ej:) — + - ieA(x’ ) + - —ieA(x’ )
P o§¢ o050 7 E 0y et
(COW) + - 3t -
X,J T g§¢ Ox,00%,0 bx+(0,§j),obx+(0,gj),o ’
(02) N + - + -
Pxj = J:Z'N Ox,00x,0 + bx+(07gj),abx+(0,5})ya ’
where aig, b;ﬁa, A(x,i) are respectively the imaginary time evolutions under the
Hamiltonian H, of a;fa, b;fa, Az4); these correlations are called the ezcitonic,

charge density wave or density-density susceptibilities, depending on whether o =
Ei, a = CDW or a = D. The correlations CF+) measure the tendency of the
system to form particle-hole pairs between nearest neighbours on the honeycomb
lattice, and in particular C®+) measures the response of the system to Kekulé lat-
tice distortions, see next section; C“PW) measures the tendency of the system to
produce charge asymmetries between the two triangular sublattices; finally, C'(P)
measure the correlations of on-site electronic densities.
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It follows that, for 8, L — +o00 and |x| > 1, the CT correlations are given byﬁ

G (%)

TR

GO L. @)

+ cos(p} - T)
|

where: (i) the functions G$(x) are given by, if b = 872/27:

2 1722 2 2 2
Doy —%5+ |7 Doy —To T ¥ — X3
Gl (X) - b’X‘Q ) GQ (X) - b’X‘Q 9
GCDW(X) — _1 GCDW(X) — _x(Z) — x% + x%
1 b 9 2 b|X|2 )
2 2
E xi—xy +x E 1
Q=g GI&=—p
2 2 2 2 _ 1722
B i E_ zg — | 7|
Gy (x) =8 b\xly2 2 Gy (x) = Ob\xP : Tav)

(ii) the anomalous exponents {¢ ,, £} are given by renormalized series in the renor-
malized charge, and are equal to:

é.z =0+ 537(>2) 5 V(a,g) : (a,g) 7& (E+7 +_) ’ (CDW7 ++) )
4e?
R S A A S S 1 v )

where 5&’(>2) are expressed as renormalized series starting from fourth order, ad-
mitting N! bounds in the sense of Theorem 33T}
)

(iii) r{4(x) contains corrections which are either bounded by ]x\fﬂ%fmaxﬁﬁ& for
<

% 6 <1 or by 62’X‘7(47ma){££§).

The above results shows that the electromagnetic interaction has the effect of de-
pressing the space-time decay of the correlations CF+), C(¢PW). this suggests that
the interaction may favor excitonic or charge density wave instabilities at strong
coupling. The depression of the decay of the oscillating part of the « = E sus-
ceptibilities is associated with a particular lattice distortion, the Kekulé one; as we
are going to see with the next result, the amplitude of Kekulé distortions is greatly
enhanced by the interactions. The relevance of charge density wave and Kekulé insta-
bilities in graphene have been first discussed in [54} [59] and [50}, 5T, [74], respectively.
As far as we know, this is the first time that these correlations are computed for
graphene; regarding one dimensional systems, analogous computations have been

performed in [9] .

1.4.3 Lattice distortions

In this Section we shall discuss the effect of the interaction on some special lattice
distortions, the Kekulé ones. First, we will report the computation of the two point

—

*The C§';(x) correlations are obtained from C{';(x) using that C{', ;41 (x) = C§; (w0, TT)
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Schwinger function in presence of Kekulé distortion; then, we will discuss a possible
mechanism for spontaneous lattice distortion in presence of strong enough electron-
electron interactions. Remarkably, the amplitude of the Kekulé distortion behaves
as a bare mass for the fermion propagator; therefore, the problem of spontaneous
lattice distortion is equivalent to the one of mass generation in quantum field theory.

The two point function in presence of Kekulé distortion

The presence of a small distortion can be taken into account by assuming that the
hopping parameter t is replaced by a lattice site and bond dependent one; namely
by replacing t in (L) with ¢ + Ag¢z,, where ¢z; is the distortion of the bond
connecting ¥ to I + 5;, and Ay is a small parameter. This approximation has been
widely used to study the Peierls instability in one dimensional systems, see [80 [58],
for instance. In this framework, the Kekulé distortion is obtained by replacing ¢ in
([212) with t+ZAg cos (p'”FF(S; — 5}-0 —)); this choice corresponds to the dimerization
pattern represented in Fig.

Figure 1.3. The Kekulé dimerization pattern for jo = 1. Double and single bonds are
respectively “long” and “short”, and correspond to the hopping parameters t — %, t+ %Ao.

To express the result for the two point Schwinger function is convenient to adopt
a “relativistic” notation; let

T . (U 1\ 0 0
T/Jk/,a -—( k'+p}.ol k'+p},0,2 kK'+pp,0,2 K+prol)

- _(§+ g+ _g+ g+
wk’,o '—( k' +pp.0,2 kK'+pp.0ol k' +ph.ol k'+pho2) >

where i’io P =12, are the Fourier transform of the imaginary time evolutions
of aif , bt~ and define
07 Z+61,0
. (Vi 0,50kt )
Sﬂ’L kl = T TR BL 9

It follows that, for 8, L — 400, and |k/| small, the limiting propagator is given by:

1 1

SA(K) = = :
ak) Z(K') ikoyo + 0(K')ik]y; + 0O A(K)

(1+R(X), (TA10)




14 1. Introduction

where: (i) 70,71,72 are Euclidean gamma matrices (defined in (B2[3T]), [24111])),

and

- -

, _iJelPE (60 —01)
AU0) = ( et ! )> ; @211)

0 iIe7F (%5 =01
(ii) setting

1
A= NAyTE NKg = ?2)6 +n (> ) [T4a12)
2

(>2)

where 7y~ is given by a series in the renormalized charge starting from the fourth
order and admitting N! bounds, the functions A(k’), v(k"), Z(k’) are given by:

Z(K') = max{[K|,A}™, (k) ~1— (1 —v)max{[K|,A}7,
A(K') =~ Agmax{[k'], A} ; CA13)

(iii) R(k') = R1 (k') + Ro(k') with Ry (k') = O(e?) and Ry(k') = O(|K'|).

Therefore, the presence of a Kekulé distortion with a non-vanishing amplitude
Ay produces an effective mass A(k’) for the fermion field, which is strongly renor-
malized by the interaction; in fact,

A
lim — = +4o00. ([T4a14)

In this sense we say that the presence of electromagnetic interactions enhances the
Kekulé distortion of the honeycomb lattice; as far as we know, this is the first time
that the effect of electromagnetic interaction on a preexisting Kekulé distortion is
discussed.

A mechanism for spontaneous lattice distortion

Finally, we conclude the summary of the results of this Thesis by discussing a
mechanism for spontaneous lattice distortions. We consider the lattice distortion
¢z, as a dynamical variable; the full Hamiltonian of the model is:

Ha({#}) = Hal{o}) + Ka({o}) = Hal{o}) + 55 D o2, (L415)

ZEA
i=1,2,3

where: H({¢}) is given by (L)) after the replacement t — ¢ + ¢z ;; the second
term is the elastic energy of the distortion and k, g are respectively the stiffness

constant and the phonon coupling. Let us define the specific free energy in the
Born-Oppenheimer approximation as:

1
BO ._  _ —BKA({9})—BIAIFp,L({6})
FE9 mA,log/[g\chb e . ([316)
1=1,2,3
_. 1 —BINEES({o]) 1
M s [ | meHAd(b“ , @17)

1=1,2,3
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where Fp 1,({¢}) is the specific free energy of the model with Hamiltonian H, ({¢})
in presence of a fixed distortion. It follows that 8¢51E§€({¢}) = 0 in correspon-
dence of a Kekulé distortion

— —

e 2 -

with ¢g and Ag self-consistently determined by the following equations:

2
AN RNCEISINSY
QSO - K |A| <p6,1 >L )
Ay 9?1, (g0
= - <L - (T41
3 K |A| <p]7Pt,1 >L ) 9)

(1)

where: the symbol (--- ), denotes the limit  — +o0 of the grand-canonical average
(-++)g.1 computed with the Hamiltonian Ha({¢*(V}); the operator ﬁgj;*) is the

Fourier transform in & of pggg){i defined in (LA4[H). Moreover, for g small enough
the solution (CALI8]), (CAIIY]) corresponds to a local minimum of the energy.

The first equation gives ¢g = O(g?); this amounts to a small renormalization
of the hopping parameter. The second equation is the most interesting one; it can
be seen as a non-BCS gap equation for the fermion field. To understand it from a

qualitative viewpoint, we replace it with:

3 K
A<[K|<1

Ay 8¢ dk’ 1 A(K')
v _ - 2
| T eaemer @.220)

where D = (27)|B1| and By = 87%/(3+/3) is the volume of the first Brillouin zone;
Eq. (CZL20) is very similar to the gap equation first derived by Mastropietro in [62],
in the context of certain Luttinger superconductors. It follows that:

e for small e, that is when ng —n = 17267?2 + ... is negligible with respect to 1,

the equation (L4120) admits the solution

2 Itk
Bo= (1=B) T tor o] > g0 = O(VR) w321)
where gy is positive and essentially independent of e; moreover, since the
exponent in ([CALZT)) is greater than 1, d;A(g) is continuous at |g| = go: the
transition is smoothened by the interaction.

o For large e, that is when nxg —n — 1, then gg — 0. In particular, if ng —n—1
exceeds 0, then

PR
(1+ M)”” K for |g] > 0. C222)

Ay
7

12

Putting these results together with those regarding the excitonic susceptibility
CF+) and the two point Schwinger function in presence of Kekulé distortion, we
argue that strong enough electron-electron interactions may favor the occurrence
of a possible “excitonic quantum instability” at strong coupling, in the form of a
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spontaneous Kekulé distortion of the honeycomb lattice. This issue is interesting not
only because of a possible interaction driven metal-insulator transition in graphene
(the amplitude of the distortion produces a gap in the energy spectrum of the
fermions); but also because, as proposed first by Hou, Chamon and Mudry in [50],
and by Jackiw and Pi in [51], the Kekulé distortion may be a prerequisite for electron
fractionalization, that is for the existence of collective excitations with net charge
equal to a half the electric charge. This would be the two dimensional analogous
of the Peierls instability studied in one dimensional systems by Su, Schrieffer and

Heeger in [80] and by Jackiw and Rebbi in [52].

1.5 Sketch of the proof

Here we shall give a sketch of the proof of the above results, trying to explain in
an informal way the ideas behind our RG methods. Our framework consists in a
rigorous formulation of the Wilsonian Renormalization Group, [83] [84], based on
the functional RG developed in the 1980’s in [28] 29, [71], see also [27]. In the last
25 years these methods have been successfully applied to different fields, such as
quantum field theory, condensed matter and classical statistical mechanics. See
[6] [36], [61] for extensive reviews.

The underlying physical idea is very simple: we look for a sequence of effective
theories that describe the system at larger and larger scales, whose parameter are
determined by the integration of the degrees of freedom corresponding to smaller
scales. Each theory is determined starting from the ones on smaller scales by ap-
plying a well defined procedure, the “RG map”; the goal is to find a fixed point of
this map, and to determine the scaling behavior of the corresponding many-body
correlations.

First of all, we rewrite our many-body problem in terms of a quantum field
theory model, in the sense that we rewrite the partition function and the generating
functional of the correlations as suitable functional integrals, involving fermionic, i.e.
Grassmann, and bosonic, i.e. real, Gaussian fields. The equivalence is established
noting that the perturbative series are equal order by order; see Appendix[Bl where
the case of the partition function is discussed. Our goal is to evaluate such functional
integrals, at least in terms of perturbative series with coefficients bounded uniformly
in 8, L, which may or may not converge (the problem of proving convergence will
be not adressed in this Thesis). Let us consider for simplicity the partition function
E,r; the generating functional of the correlations can be studied in a similar way,
just more technically involved, and we will not discuss it here. It follows that:

g p = / P(d0)P(dA)eY (A | @A)

where V (W, A) is the interaction and P(dV¥), P(dA) are Gaussian fermionic and
bosonic measures respectively, with propagators §(k), @w(p); the interaction and
the gaussian measures are defined in Section The identity has to be understood
in the sense that the perturbative series in e of the L.h.s. and of the r.h.s. are equal
order by order for any 5, L, h* fixed; moreover, by gauge invariance, see Appendix
[Tl we are free to express the photon propagator in the Feynman gauge, which is

—.

more convenient for our purposes. The momenta k = (ko, k), p = (po, p) appearing



1.5 Sketch of the proof 17

at the argument of the propagators are constrained by the fact that: (i) k has to
belong to the first Brillouin zone; (ii) |p] cannot be too big, because of the bosonic
ultraviolet cutoff in the definition of the model, which will be kept fixed. However,
the “Matsubara frequency” variables kg, pyp are unbounded; therefore, to have a well
defined problem we fix an ultraviolet cutoff on both of them, by imposing that the
arguments of the propagators must satisfy kg < M, pg < MK, with M > 1 a
scaling parameter and K a positive integer, which at the end will be sent to 4oc0.

One may naively think of evaluating (LHLI) by expanding the exponential in
(CHI) and taking averages; as it is well known, the result can be expressed in
terms of a sum over Feynman graphs. However, an easy computation shows that,
already at lowest order, these graphs are not bounded uniformly in 8, L, h*: this
is so because the fermionic and bosonic propagator are singular at k = piE and
p = 0. The hope is that these infinities cancel and produce a finite result. Roughly
speaking, to see these cancellations we shall write each graph as a sum of many
pieces, where in every piece each propagator carries a momentum which is “close”
to some prefixed value, labelled by some momentum scale label. The goal is to show
that classes of finite pieces cancel, and produce a result which is summable over the
scale labels.

To see these cancellations directly from the perturbative series would be an
almost desperate task; the startegy that we shall adopt to reorganize in a convenient
way the series and to keep track of all the contributions has been introduced by
Gallavotti in 1984, see [27]. First of all, setting k' = k — p%, we rewrite the
propagators as

ak) = > iKY +950Kk), w(p) =S (p) +0V(p),  ([@H2)
w==%

where § A( 0)( k'), w<§0>(p) are supported respectively on momenta close to p% and
0; Correspondlngly, we rewrite the fermionic and bosonic fields as

\I’kop Z \I’(<0 (>0) A _A(<0) +A( ) (m?))

k’apw k’,a,p ’

where the fields labelled by (< 0) and (> 0) are independent Gaussian variables,
with propagators given by (LHLZ). After this, we integrate the fields labelled by
(> 0) and we get a theory which depends only on the (< 0) fields; this is done by
writing

gz = /P<0(d\IJ(§0))P<0(dA(§0))ev(O)(W(SO)’A(SO)) 7 H4)
VO ) = log/P>0(d\I!(>0))P>O(dA(>O)) L+ V(E+uC0 4 AB0) 4]

where the integration measures labelled by < 0, > 0 have propagators given by
(CH2), and the dots stand for the higher order terms coming from the expansion
of the exponential in (LI). The expectations in the second line of (LH4]) can
be graphically represented in terms of Gallavotti - Nicolo (GN) trees, [28], 29] 27],
which in turn can be evaluated as sums over connected Feynman graphs, with an
arbitrary number of external lines denoting the fields labelled by (< 0); the values of
these graphs, and therefore of the trees, are bounded uniformly in K, see Appendix
Therefore, the limit K — 400 can be safely taken.
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So far we discussed the “easy” part of the work; now comes the “hard” one, since
singularities k' = 0, p = 0 belong to the domains of the fields labelled by (< 0).
We rewrite:

0 0
3 (<0)£ > (h)*£ 1(<0 A(h
\1]1((770)7;)70.) = Z \I]l((’,)mpw ’ AEM_P) = Z AEL,% ) (ES)

h=—o00 h=—o00

where \TI(O), AO) \T/(*l), AGD . are independent Gaussian fields supported on
momenta |[kK'| ~ M", |p| ~ M" (h is the scale label), whose propagators will be de-
termined inductively. We integrate the fields iteratively expanding the exponential
as in (LA, starting from scale 0 going down to —oo; each step of the integra-
tion can be organized graphically in terms of GN trees. It follows that, after the
integration of the first |h| scales, the partition function (LBI4]) can be rewritten as:

Ep,p = e I /P<h(d‘1’(§h))P<h(df4(§h))ev(h)(mqj(gm’mgm) ; (L36)

where:

e F} is the specific free energy on scale h.

o The integration measures have propagators given by Q&Sh) (X'), w(=M (p), both

supported on momenta < M"*1. For these values of the momenta, the photon
propagator is essentially equal to @(=0)(p), while §(=") (k') is morally equal
to (C2IH) after having relaced Z and v with Zj, and vy, the wave function
renormalization and the effective Fermi velocity on scale h.

o The interaction on scale h has the form

d A ~ A
v (0, 4) = / o [enniin Alp) ~ My A A+ RV | @ET)

where ﬁfph) is a “relativistic” fermionic current, e, M hl/mh are respectively
the effective charges and the effective mass terms for the photon field, and
RV™" contains irrelevant terms in the RG sense.

The parameters Zp,, vy, eyn, M hl/mh are called running coupling constants; it
follows that, collecting all these numbers in a vector dp, the iterative integration
implies an “evolution equation” for &y, namely:

ap = Apg1 + Bry1(Tnyrs .-, 00) 5 C38)

the vector th in (CHS) is called the Beta function of the theory, and it can
be computed as series in the running coupling constant on scales > h + 1. It
turns out that the Beta function, the free energy and the correlation functions
can be expressed as perturbative series in the renormalized couplings {e, ., vk},
with coefficients depending on {Zj/Z;_1, v }; in particular, the coefficients of the
series are finite if the ratio Z/Zy_1 is close to 1 and if vy is bounded away from
0. Therefore, the problem of computing the partition function (CHLG) is reduced
to the study of a finite dimensional dynamical system, evolving under (LAS); an
explicit computation shows that if e, ~ e and v, ; ~ e? then by truncating (CHLE)
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to any finite order p > 0, choosing e small enough, we get that Z; ~ M*’762, v 2
V_oo—(1—v) M where n, 7j are O(e?) and positive, and v_s,—1 = O(€ 0o —€1,—o0)-
Clearly, one would show that the remainder of the truncation is small; however to
do this one has to prove the convergence of the series, which is notoriously a difficult
task for bosonic field theories, and it is outside the purposes of this Thesis. However,
in the language of [5], here we prove that perturbation theory is consistent to the
order p for any p > 0.

But then how to check the assumptions on the renormalized couplings? No-
tice that now we cannot rely on the evolution equation (LHLE), because a single
non-vanishing order in the components of Eh contributing to e, p, v, would gener-
ically produce an unbounded flow as h — —oo. The informations that we need
are provided by Ward identities; the Ward identities are non perturbative identi-
ties between the Schwinger functions of a field theory, which are implied by gauge
invariance. To get informations on e, 4, v, ;, we will implement Ward identities at
each RG step (that is at each single scale integration), following a strategy recently
proposed and developed by Benfatto and Mastropietro, [12], in the context of one
dimensional Luttinger liquidsﬁ The strategy can be summarized as follows.

e Assume inductively that our assumptions on the renormalized couplings are
true on scales > h.

e At the step —h of the RG we introduce a new model, the reference model,
which differs from the original model because of the presence of a cutoff on
the bosons that suppresses all momenta smaller that M”"; the idea of putting
a cutoff only on the bosonic sector of the theory is borrowed from Adler
and Bardeen, [I]. This new model can be investigated using the multiscale
integration described above, and it turns out that on scales > h it has the
same running coupling constants of the full model. After the scale h all the
bosonic fields have been integrated out, and we are left with a purely fermonic
theory; but this theory is much easier to investigate with respect to the initial
one, and in particular it turns out to be superrenormalizable. This implies
that the running coupling constants essentially “cease to flow” on scale h.

e The bosonic cutoff does not break gauge invariance, and Ward identities for the
Schwinger functions of the reference model can be derived; by suitably choos-
ing the external momenta of the Schwinger functions involved in the Ward
identities we will be able to check our inductive assumptions on e, p, vy 4-

Finally, another interesting consequence of Ward identities is that ey o = €1,—0
(while ey j, = ea, for all h, as it follows from the 27/3 rotational symmetry of the
model); therefore, since in general v_o, = 1+0(ep,—oc —€1,—0 ), this last fact implies

3This strategy allowed to prove the so called vanishing of the Beta function for one dimensional
fermionic systems. At the formal level, this was known since the 1970’s, see [22] [19]; however, the
earlier works neglected the presence of cutoffs, which necessarily break gauge invariance. Therefore,
the problem of establishing whether gauge invariance and formal Ward identities were recovered
in the limit of cutoff removal was not considered by the Authors of the original proof. In [12]
this problem has been considered, and the Authors proved that actually the Ward identities found
after the removal of the cutoff are different from the formal ones: this is the phenomenon of chiral
anomaly, well-known in the context of similar models used in Relativistic Quantum Field Theory,
e.g. the Schwinger model [86].
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that v_o = 1, which is the speed of light in our units. This concludes the sketch
of the strategy that allows to compute the free energy, the Schwinger functions and
the correlation functions of the model.

Now, let us conclude the Section by briefly discussing what happens in presence
of Kekulé distortions; the effect of Kekulé distortions can be taken into account
by replacing the hopping parameter with tz; =t + %AO cos(ﬁ}‘;(gj - 5;-0 — ¥)) with
jo = 1,2,3. The main difference with respect to the case Ag = 0 is that Ay behaves
as a bare mass for the fermion propagator, and it gives rise to a new running coupling
constant Ay, which grows as AgM 5" with g > 0. As for the case Ag = 0 we
perform a multiscale integration to evaluate the partition function, but here we
have to distinguish two regimes: in the first regime the mass A is smaller than
M", which is the size of the momentum of the single scale field \I’(I})Upw, and the
analysis is qualitatively the same discussed before. The second regimé is defined by
the scale h(A) such that Apa) = MMA) where the fermion propagator becomes
massive; the main consequence of this fact is that the running coupling constants
on scales < h(A) remain close to their values at the threshold h(A).

1.6 Summary

In Chapter Bl we introduce a functional integral representation for our model and,
as a pedagogical example, we start to evaluate the free energy by discussing the
integration of the ultraviolet degrees of freedom; the analysis will be similar, but
not equal, to the one discussed in [36] for the Hubbard model on the honeycomb
lattice with short range interactions. The outcome of the ultraviolet integration
is an effective infrared theory, whose action has a precise structure determined by
remarkable lattice symmetries.

In Chapter B] we continue the evaluation of the free energy by discussing the
integration of the infrared degrees of freedom; the procedure will be similar to the
one perfomed in [38], in the context of an effective continuum model for graphene.
Here we shall define the localization and renormalization operations, which allow
to safely integrate the infrared scales. In this way we get a sequence of infrared
effective theories, involving fields depending on momenta closer and closer to the
singularities and a number of running coupling constants; the various contributions
to the effective actions will be graphically represented in terms of Gallavotti-Nicolo
trees. This graphical representation will be crucial to derive infrared-stable bounds
on the effective potentials of the effective actions. After this, we discuss the flow of
the running coupling constants, and in particular we introduce the reference model
on which we derive the Ward identities that we need in order to control the flow of
the effective couplings.

In Chapter [@ we adapt the strategy developed in the previous two Chapters to
the generating functionals of the Schwinger functions and of the respose functions;
here shall we prove our results on the two point Schwinger function (C4LI]) and
(C413]), and on the response functions (LAL6]) — (LALF]).

In Chapter [fl we change the definition of the model in order to take into account
Kekulé distortions. We first study the effect of the electromagnetic interaction on
a preexisting Kekulé distortion; then, we investigate a mechanism for a possible
spontaneous Kekulé instability. Here we will prove the result on the two point
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Schwinger function in presence of Kekulé distortion (LAI0) — (L4MI3), and derive
and discuss the gap equation (CAI8) — (CZI2T)).

In the Appendices we collect all the technical ingredients and explicit computa-
tions that are needed in our proofs; in particular, in Appendix [Bl we show how the
Hamiltonian model is mapped in a Quantum Field Theory, in Appendix[C]we prove
the perturbative equivalence of Coulomb and Feynman gauges, and in Appendix [E]
we collect all the explicit computations of this Thesis.






Chapter 2

The ultraviolet integration

2.1 Introduction

In this Chapter and in the next one we introduce our rigorous RG framework, by
performing as a pedagogical example the computation of the specific free energy.
The same methods with some modifications will be used in Chapter B to prove our
results on the two point Schwinger function and on the response functions, and in
Chapter [ to take into account the presence of lattice distortions. Here we start by
discussing the integration of the ultraviolet degrees of freedom; this is the “easiest”
part of the work, since the bosons are regularized by an ultraviolet cutoff, which will
be kept fixed, and the hexagonal lattice provides a natural ultraviolet cutoff for the
fermions. As an outcome of the integration we will get an effective infrared theory,
where the various contributions to the effective action will be expressed as series
in the bare charge e with finite coefficients, the N-th order bounded proportionally
to (N/2)!. In particular, as a consequence of some remarkable lattice symmetry
properties of our model, the effective action will have a precise structure, which will
be preserved by the subsequent infrared integration.

The Chapter is organized in the following way: in Section we introduce the
functional integral representation of the model; in Section 23] we discuss the symme-
tries of our model, while in Section [2.4] we describe the outcome of the integration
of the ultraviolet regime; the details of the ultraviolet integration are contained in

Appendix

2.2 Functional integral representation

Here we shall introduce the quantum field theory associated to the model defined
in Section [[L2} in fact, as shown in Appendix Bl for any 3, L, h* fixed the pertur-
bative series in e of the partition function of our model, which can be computed
using Trotter formula and Wick theorem, turns out ot be equal order by order to
the perturbative series of a suitable functional integral, involving Grassmann (i.e.
fermionic) and real (i.e. bosonic) Gaussian fields. The same is true for the average
of physical observables which can be expressed as series in the fermionic and bosonic
creation/annihilation operators.

23
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2.2.1 Integration measures and interaction

In this Section we shall introduce the elements that define the quantum field theory
in which we will map our Hamiltonian model; namely, the free fermionic and bosonic
measures, and the fermion-boson interaction.

Fermionic gaussian measure. Let K € N, and

Df 1, := Dp. N {ko : x(M " |ko|) > 0} . Z21)
We consider the Grassmann algebra generated by the Grassmann variables \I/ko »
with o0 =1, p=1,2 and k € Dﬁ 1, and a Grassmann integration
p=1,2
/D\Ij - / H H d\pl—rgpd\j[ll;op ) (IZZI‘Q)
keD* L 0= ™
we define the Fourier transform of the fermionic field as:
1 Qo a
* — +ikx\j, £
Yt o050 = BIA| kz W, x e [0, 8] XA 2.23)

€Ds,1

where Dg 1, has been defined in (L2II1]). In the following, we shall use the notation
& = (BA)! > xep, ,» Where D = (2m)By and By = 872/(3v/3) is the volume
of the first Brillouin zone. Let us define the free fermionic propagator g(k) as

. oo 1
9<) = xiclho) (_;;fg%) "fﬁkff)) , @24
= Xk (ko)[BI)] ", xi (ko) = x(M ko) -

Then, we introduce the Grassmann gaussian integration P(d¥) as

Py — [Uﬁi B2 [ (ko)
keD, | k3+’U(E)\2

o=t .

cexp{ = (BN S Wy, 900N, ) @25)

keDjy |

I+ ' I+ '
dlllk,a,ld\IIk,o,ldlllk,U,2d\IIk,o,2:| ’

by the discussion of Appendix [Alit turns out that
/ PAW) ¥y, 5 o1y = Bl A Sicic [9)] Z26)

Bosonic gaussian measure. Let

2mm

7)57[/ = PLU{p():T,mGZ} s

P = Par0{p = (po, D) : xpn~0)([]) XK (po) > 0}, @27)
* 2mm

Pyl = PrU{po= "= meZ}n{p = (po, 9 : Xpp~0(IP)xx(po) > 0},

g
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where the set Pr, has been defined in the lines before (L24]), and consider the
complex Gaussian variables A, p with u=0,1,2, p € Pg 1, and 4j , Au _p; this

last condition implies that the Fourier transform of the A%p field, namely

1 —ipx A4 3
AM’X = M Z e p ANvP’ X € R (MS)

PEPs,L

is real. In the following, we shall use the notation [ (ZdTp)g, = (BAp) ! Ypeps- 1
€ €[0,1] and ng = 1, @ = 0, we define the free photon propagator in the &-gauge as

0, (p) = / é}:&) XK(po)2 +hp0 (\PDA (Bop3) 29)
AS (P,p3) == Oup — {p“p” _ po(];én,, + pony) 7
: @210)

where i, v € {0,1,2}, and the gaussian integration P¢(dA) as

1

- ; dA, pdA,, -
pelg;:z [(77/3.4/\)3 detw&(p)} ulO_[,lQ updAu —p
'eXp{ 25407 2 Ap A'ﬁp}E &211)
PEP} |

notice that if £ € [0, 1] then p € Pj = det ¢ (p) > 0, and
[ PN Aup Ay gy = BANG 5, (P) B212)

Interaction. Finally, we define the interaction V (¥, A) as

/ d.%'O Z Z [ x,0,1 mo,x+5),02(eieA(xyi) a 1) +C'C'}

ZeN o=1]
1€[1,3]

—ie > nxdox . Z213)

TEAAUARB

where Ay ;) = fol ds ; - [fx It is useful to rewrite (Z2I3) in momentum

space; it follows that

+5(0,6;)"

VU, A) =

/Zt[ k+p,ol ko?FJPe e, 1)+\Ijk+p,a2q}kalFJ*, S 1)}

. 4 _ N A + N ~ _lﬁgl
16/2 \Ilk-l—p,a,llllk,a,lAO,P+\I]k+p,0,2\IIk,a,2A07Pe } 2214)
o
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where k + p is constrained to live in Dg 1, and

Fjp = /05 dxg Z eipx{exp {ieA(xJ)} — 1} 22115)

TEA 7
(ie)" / dp; dpN AN
= ) o(p—>_pi)| [[ ni(@) ;- Ap,| ,
o N (2m)3 (2m)3 - [il J J }
—ip5 - ~
with 7;(p) := 17?_; ~ and 6(p) := (AA|A|71)d(p) with §(p) := d(po)d(p) where
S(k) =AD" 0 iamag, o O(k0) = Bk - Z216)

n1,n2€l

2.2.2 Averages

Consider a generic function O(W, A) of the fields ¥, A; we shall consider only func-
tions O(W¥, A) which are integrable in the sense of [5], 7.e. that can be expressed as
series in the fields ¥, A, with bounded coefficients. For any positive 5, L, we define
the average in the {-gauge of O(V, A) as

1
g pp— o o 5 V(\IlyA)
O AN, = Jim / P(dW) PE(dA)Y PN O(A, ¥)
=K = / P(d¥)Pé(dA)eY (VA | @217)
where Zg 1, := lmpg o0 limps oo EgﬁL’K] is the partition function of the model.

As explained in Appendix [B] the quantity (Z2[I7) can be formally expressed as
a perturbative series in the electric charge e; in particular, if O is the operator
obtained by suitably replacing the fermionic and bosonic fields in O with fermionic
and bosonic creation/annihilation operators, it follows that

r{e PHrO
e = (O AN, @218)

Moreover, as shown in Appendix[Cl if O(W, A) is gauge invariant, that is if it is left

unchanged by the transformation W5 , , — \Ilfw,peeia", Apx = Aux + Oyax, then:

Oe(0(T, 4))§ , = 0. @219)

This means that in the functional integral [Z2IT7]) we are free to choose the gauge
that we prefer; for convenience, in this Thesis we shall work in the Feynman gauge,
corresponding to the choice £ = 0. We shall set

P(dA) == P0dA), ()= g 22120

2.3 Symmetries

Before discussing the multiscale integration, it is important to note that both the
Gaussian integrations and the interaction V (¥, A) are invariant under the action
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of suitable symmetry transformations; this invariance will be preserved by the sub-
sequent iterative integration procedure, and will guarantee the vanishing of some
running coupling constants. In the following Lemma we collect all the symmetry
properties that will be needed in the following.

Lemma 2.3.1 For any choice of K, h*, 3, L, the fermionic Gaussian integration
P(dW¥), the bosonic Gaussian integration in the Feynman gauge P(dA) and the
interaction V (U, A) are invariant under the following transformations:

(1) spin exchange: \I]kO'p > \Ifk —opi

(2) global U(1): Af(@p — ewo“’\lfk o.pr With ag € R independent of k;

e U i
(3) spin SO(2): <¢,?’T’p> — Ry <\f/ ’TP>; with Ry = < CO.SG sm@) and 6 € T

Klp Klp —sinf cosf
independent of k, where T is the one-dimensional torus;

—

ITE(52—81)(p—1) ;% A A
(4) discrete spatial rotations: \Ifkgp eeiTk(62—01)(p )\D(ko,TE),o,p’ (Aop, Ap) —

(on(meﬁ), T_lA(me@), where T' is the 2w /3 rotation matriz.

(5) complex conjugation: \I’k — Ue ko‘p’ flﬂ,p — —flﬂ,,p, ¢ — ¢, where c is
generic constant appearmg in P(d¥), P(dA) and/or in V (¥, A);

(6.a) horizontal reflections: \I’I‘ia’l > \If%k077k17k2)7072, Alp — —eip‘slAL(po,,phpQ),
A 751 A ;
Avp = PV Ay (po,—prpo) FV 7 1.

A A~ A~ A~

(6.b) wvertical reflections: \I’kap gj%ko,kl,*kQ),U,P’ Asp = = A2 (pop1,—p2)s Avp —
Ay7(p07p17—p2) lfy # 2.
(7) particle-hole: \I/kop — i\IJ(_kZﬁE)p’p, Ap = = A pop) Aop = Ao, (—po.p)-
(8) w \Ilkop — 1( )P\I}‘E Ko,k ) Ap — A(—pmﬁ)’ AO,p — _on(—povﬁ)'

Proof. For notational simplicity, here we shall consider the limit K — +o0; the case
of a finite K can be worked out in exactly the same way.

The invariance of P(d¥), P(dA), V(¥, A) under (1), (2), (3) is obvious, and so is
the invariance of P(dA) under (4)—(8).

Symmetry (4). Let us prove the invariance of
i ( 71 A
Z \Ijk O, g k o =
:_12‘1’1(,0,1 ko1 Z‘I’ka1m* ‘1’1: 2 Z‘I’ ‘1’1:(;1

_IZ‘I’k 2k0‘1’ko2 ; @31)
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which implies the invariance of P(d¥). The first and the fourth term in the second
line of ([Z3[]) are obviously invariant, while the sum of the second and the third
term is changed into

B 2 R (Sa—8) 6 —
tZ\I’(kak ol QF(k)eos—a \Il(kaE%on? + c.c. 232)

Z—tZ‘Pkal D) MU ERll /e
k

Using that Q(T'k) = *(1-2)Q)(k), as it follows by the definition of Q(k), w
find that the last line of [Z3[2)) is equal to the sum of the second and third term
in (Z3M), as desired. Let us now prove the invariance of the temporal part of the
interaction, that is:

. & A ~ . &y A ~ —ipB
1€ Z \Ilk-l—p,a,l\IIk,a,lAOvP 1e Z \I]k—l—p,a,Q\I]k,a,QAOvpe . 233)
k,p k,p

The first term in ([Z3[3)) is obviously invariant under (4), while the second is changed
into - -
. o A 4 —iFTE, i (6y—
- leZ‘I'lter,a,Q‘I’k,a,on,pe PO (02=01) Z34)
k,p
using that ng = 0;+1, the invariance of (Z3[3) follows. Finally, let us prove the
invariance of

& S —ik(5—61) &+ S— o i(k+)(5—81)
ty > Viipo1Yiooljpe +iy > Vipo2¥Yi o1t —pe ! :

kp Jj kp J
R o @35)
Notice that under (4) A jy — A((wo,77),j+1), Which means that Fj 5 — Fj 1 (o, 175);
therefore, (230 is changed into

—ik(841—082) ,—ik(52—381)
tZZ‘I'HpM koQFjJrlpe ! € +
kp Jj

i - pe F ) (51 —5) (R (Bad
ST U B @ F G i E PGS )
kp Jj

which shows the invariance of (23[6]) and concludes the proof of the invariance of
V(, A) under (4).

Symmetry (5). The invariance of P(d¥) follows simply by noting that Q(—k) =
" (k). Concerning V (¥, A), (Z3[3) is obviously invariant; the invariance of (Z3LHl),
and therefore of V(W¥, A), follows by noting that under (5) A ;) — —A,) and

hence Fj, — Fj _p.

Symmetry (6.a). To check the invariance of P(d¥) notice that under (6.a) the sum
of the first and the fourth term in the second line of ([Z3[]) is obviously invariant,
while the sum of the second and the third is changed into

—fZ‘I’kO, k1,k2),0 Q (k)¥ (ko, ko ka),o1 T CC @37)

:—tZ\If* O*((—k1, ko)) tZ‘I’+ Q(( klakz))‘i’ﬂ,o,w
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noting that Q((—ki, ks)) = Q*(k), one sees that (Z3L7) is equal to the sum of the
second and third term in the second line of ([Z3L1]), as desired. The invariance of the

temporal part of the interaction is obvious. To conclude the proof of the invariance
of V(¥, A) notice that Fj,(po,—m,pz) - eiﬁ(éjliél)ﬁzﬁpa with 1" =1, 2" =3, 3 = 2.
In fact, setting X := (zg, —z1,22), after (6.a) Ax — (— A17i+(07(§1),A2’i+(07(§1))
1 e . .
and Ay jy — — Jo ds 5]'“45(7(0,55].,751); therefore, setting [, dx = [ dxo Y zcp, With

#=A B,
) 1
ipx . ipo 1pX ) 5,0 A
/Adxe PX exp {ZeA(x,j)} — e /B dxePexp { = Ze/o s 5j/Ax_(0’ngl)}
o 1
(81— ipx ) 5 A
— oiP(01-45) /Adxe p exp{ - Ze/o 5j’Ax—(07(s—1)gj/)}
_ (i(61-5) /Adx eP% exp { — ieAnin} 2318)

where in the first equality we used that Ag = AA—i—S;»/ and that p-(0, g]) = —p-(0, 5;/)
Formula (Z3X), together with the fact that [ dx X = ¢P01-%) [ dx ¢™P* implies
that F, — eiﬁ(‘sl_‘sj)ﬁ’]ﬁ7_ﬁ; therefore, (Z3[0]) changes into

— k(6. —01) ip(6.—81) fox
tZZ\I}k+p,U2 ko1¢ e Fj'y—P—i_

kp Jj
& 4 - —i(k+p) (81 —81) ip (5.1 —51) 1
SED DD IR DI e A @39)
kp J

which proves the invariance of V(¥, A) under (6.a).

Symmetry (6.b). The invariance of P(dV) follows by noting that Q((ki, —k2)) =
Q(k). The invariance of the temporal part of V (¥, A) is obvious. To show the
invariance of (Z3[H]), and therefore to conclude the proof of the invariance of V (¥, A),
notice that under (6.b) F’]~7p — Fjﬂﬁ with p := (po,p1, —p2); then, [Z3[H) changes
into

—ik(8,1—61) &4 P i(k+p)(8;1—581)
tzquk-i-pal kaZF' p® ! +tzquk-l-p,a,Z\I,k,o,le’v—pe ! )

kp Jj kp Jj
2.310)
and (Z3[I0) concludes the proof of the invariance under (6.b).
Symmetry (7). To show the invariance of P(dV), notice that the sum of the first
and the fourth term in ([Z3[)) is left unchanged, while the sum of the second and
the third term is changed into

= A

+ +
+tz \Il(k() — (k)\p k‘o —k:)70'2 + tz \Ij k‘o, k:)70'2 k)\p(k‘o —

= —fZ‘Pk,a,z W fZ‘I“, o A=k s @Z311)
K

!
K
Q

using that Q(—k) = Q*(k), we see that (Z3II) is transformed into the sum of
the second and third term of (Z3[]), as desired. Regarding the interaction, (Z3L3)
changes into, setting k := (k:o, k:)

A* A* —1175
lezgjkal k+p01 lequkgz k+p02A0 -p€ 1’ (m-12)
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which after a change of variables gives ([23[3]). To show the invariance of the spatial
part of V(¥, A) Z35) first notice that under (7) Fjp — FJ5; therefore, (Z35) is
changed into

E E Ja ik(5;—61)
! (kO —k),0,2 (ko-l—po —k—p),0,1 J(Pm—ﬁ)e T 4
kp Jj
E I i(k+p)(5;—3;
+t Z kO, , (k}o+p07 p’)7g72Fj7(7p07ﬁ)el(k+ﬁ)( ’ 1) ) (m13)
kp J

which is equal to (Z300).

Symmetry (8). Under (8) all the terms appearing in ([Z3L]) are separately invariant;
this proves the invariance of P(dW¥); the same is true for V (¥, A). This concludes
the proof of Lemma 2.3.11 m

2.4 The ultraviolet integration

B [h*, K]
We start by studying the partition function Jh K . o PIMFSE™ Note that in

our model the fermionic momenta k have an intrinsic ultraviolet cut-off induced by
the lattice, while the bosonic momenta p have an ultraviolet cut-off because of the
definition of the photon field; on the contrary, the kg, pg variables are not bounded
uniformly in K. A preliminary step to our infrared analysis is the integration of the
ultraviolet degrees of freedom corresponding to large values of kg, pg. We proceed
in the following way. We decompose the free propagators g(k), w(p) into sums of
two propagators supported in the regions of kg, pg “large” and “small”. The regions
of kg, po large and small are defined in terms of the smooth support function x(t)
introduced in Section [[2} the constant ag entering in its definition is chosen so that

the supports of x + _‘—p and x + _)—ZT are disjoint (here | -
h f k‘g k _;t 2 d k:% k mik d h

is the Euclidean norm over R?\ A*). In order for this condition to be satisfied, it is
enough to choose 2agM < 4m/(3+/3); in the following, for reasons that will become
clearer later (see discussion after Lemma [ZZ4.T]), we shall assume the slightly more
restrictive condition agM < 7/6. We rewrite g(k) and w(p) as

9(k) = g (1) + gt k), ai(p) = ™) (p) + B (p) &Z41)
where, setting p% = (0, %) with w = =+:

g ) = ak) =" k) . gP I (k Zx\k pr)ik), (@42

M
. . N N ) arctan (227)
@) (p) = w(p) — 0 (p), @) (p) = [ et
p| ™
with @ (p) := @°(p) is the photon propagator in the Feynman gauge and I is the

3 x 3 identity matrix; notice that arctan (a‘“]\([) =5+ O(|p|) We now introduce

four sets of independent Gaussian fields {\Ifkugv p) jE} {\IJk o } and {A(u o}, {A }
defined by, if # = u.v., i.r.

/ PN GF G = BIAGe S gl () |

P Y,

/ PAAFN ALY AR, = BIAGp ) (p) . @a3)
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Similar to P(d¥), P(dA), the gaussian integrations P(d¥#)), P(dA#)) also admit

an explicit representation analogous to (Z2I0), (ZZT]), with g(k), w(p) replaced
by g(#) (k), ﬁ)(#)(p) respectively, and the sums over k, p restricted to the values in

the support the corresponding propagator. The definition of Grassmann integration
implies the following identity (“addition principle”):

/ P(d®)P(dA)e" (VA = @4)
—/P (dwr)) P(dAUT) /P (W)Y P(JAW D)V (T Al )

so that we can rewrite the partition function as

Egz,z,ld /P d‘l’ i.r.) dA(z . exp{ Z —~ u Y V(\I’(ZT) + -, A(zr) + ),’I’L)}
n>1
= 675\A|F0,K /P(d‘lf(lr))P(dA(zr))e e (W) AET))y : (EE))

where the truncated ewpectation EL, is defined, given any series X(\I’(“'”'), A(“'”'))
in Av) @) depending on AGT), W) ag

u.v. u.v. (u.v.) A(u.v.)
E1, (X()im) = gilog [ P PAC) M T4 g

and Vp is fixed by the condition Vi (0,0) = 0. It can be shown, see Appendix [D]
that Vg can be written as

- Z Z /[H kaj— 1vUJvPQJ 1 k2170J7p21:||:1;[ 17p1}'

n,mzo g7£7ﬁ ]:1
n+m>1

n K
Wiconmpp(( 1 DD (D (kojr —koj) = > pi), @A)
j=1 i=1

where [ = f dpl . .é%”fl%l...dlg",p (P15 p2n)s @ = (01,00, On), p =
(1, - vy fom), and the symbol d(k) has been defined in Eq.([Z22IT6]); the possibility
of representing Vg in the form (Z4I7), with the kernels independent of the spin
indeces o;, follows from the symmetry listed in Lemma 2311 As an outcome of the
discussion reported in Appendix [D] the constant Fy x and the kernels Wi 2p.m.p.u
are given by formal power series in e, o

FOK— ZFQN) N
N>0

Wicanmpu({ki 1 AP = 30 Wig (1 R e @49)

N>1

with coefficients bounded uniformly in £, L, K, h* independent of e; in particular,
the following result holds.
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Lemma 2.4.1 There exist some positive constants C, ., C independent of 3, L,
K, h* such that

(N) Nﬁ|N (N) ) ) N EIN.
‘FO,K‘ < c ( 9 ).6 ) {lr(rjl?‘;i} WK,2n,m,£,ﬁ({k]}a {pz})‘ < Cn,m( 2 )'e )
(2410)
moreover, the following limits exist:

N) g N)
By = dim Ry @a11)

Wi pu({lih Api}) = lim WiS) ({0 {pi)) -

Proof. See Appendix [Dl

Regarding the choice of the constant ag in the definition of y, this is motivated
as follows. The quadratic part in the fermionic fields of VI*"K1(¥, A) is

3 / e ST ST Wicaopp(kk+a) . @3 12)

a.p.p’
From the definitions (ZA4[T]), 24[2), the support of W) consists of two disjoint
regions around ]5';5 and pp; because of the assumption agM < /6 if k and k + p
belong to the support of W) then |p| < 47/3, which implies that the only non-
zero contribution in the sum over p in ([Z4I12) is the one corresponding to p = 0.
Analogously, the contributions to Vg with n = 1,m = 1 and n = 0,m = 2 are,
respectively:

dk dq dp 7.7 2.7, 1.7
Z/ (q)\I}l(ch[z:qu,op f{oi) ALP)WK2Lpp’,u(kvk+p+qv p)

dp dq 1.7, 1
Z ] o s MDA A Wi o P -t @)

the only non—vanlshlng contribution in the sums over q are those associated to q = 0.
Moreover, in the first line of (Z4LI3]), because of the assumption agM < 7/6, if
keB,={q7:|7—7% <apM} and k+p is in the support of W) then k+p € B,

Remark 2 From now, with a little abuse of notation we shall only write the inde-
pendent momenta at the argument of the kernels.

Finally, it is important for the forthcoming discussion to note that the symmetries
listed in Lemma 2:3.1]imply some non-trivial invariance properties of the kernels.

Lemma 2.4.2 Let Wk 20(k), Wk 21,.(k,p) be the matrices with entries given by
Wk 20,00 (K), Wik 21,00 0K, D), respectively; in the limit § — +o00, |A| = 400 the
following properties are true:

Wi 20(K + p$) 2k, T% + O(K'[*) 23
WKOQ,M, (p) = 5},LVVM+O(‘I)’2)7 (IEI'15

Wico1u(K +D%,p) = A\I%+O(IK| +p|) , 2

)

= O(‘I’l’ + ’p2\) ) @417

Wk,0.3,,(P1, P2
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where: (i) zu, Ay, v, are real and such that z1 = 22, A1 = Ao, v1 = vo; (ii) the
matrices I'F, are given by:

0. —i 0 1. 0 i 2 . 0 —W
rw._<0 _i>, rw._<_i 0), rw._<_w 0). Zas)

Proof. See Appendix [El






Chapter 3

The infrared integration

3.1 Introduction

As an outcome of the ultraviolet integration discussed in the previous Chapter and
in Appendix [D] we obtained that the low energy physics of our model is described
by an infrared effective theory. In this Chapter we analyze this theory by Renormal-
ization Group; this is the “hardest” part of the work, since the remaining degrees of
freedom that we are left with can be arbitrarily close to the singularities k = p% and
p = 0. First of all, we will rewrite the fermion field as a sum over two independent
fields with disjoint supports, each one supported around one of the two singulari-
ties; these new fields will be called quasi-particle fields, [5]. Then, we rewrite the
quasi-particle fields and the photon fields as sums over independent fields, depend-
ing on momenta closer and closer to the infrared singularities; the propagators of
these fields will be determined inductively. As for the ultraviolet integration, see
Appendix [D], we will integrate scale after scale these new fields, and at each step of
the integration we will be left with a new effective theory, whose parameters (wave
function renormalization, effective masses, effective couplings, and effective Fermi
velocity), also called running coupling constants, are determined by the integration
of the higher energy degrees of freedom. Roughly speaking, the single step is per-
formed by splitting the effective potential in the sum of two contributions, the local
part and the renormalized part; the local part of the effective potential is absorbed
in the redefinition, 7.e. in the renormalization, of the fermionic integration mea-
sure and in the definition of the effective couplings: this step is the “heart” of the
RG, and it corresponds to an infinite resummation of Feynman graphs. The new
fermionic measure is similar to the old one, except for the fact that now the wave
function renormalization and the effective Fermi velocity appearing in the fermion
propagator are slightly changed with respect to the ones before the redefinition.
Then, we rescale the fermionic fields in a suitable way, and we perform the single
scale integration; the outcome of the integration has the same form of the effective
potential from which we started, and we can iterate the process.

The outcome of the integration, that is the new effective potential, can be ex-
pressed graphically in terms of Gallavotti-Nicolo trees, |28 29]; each tree has a value
which can be computed as a sum over renormalized Feynman graphs, and it turns
out that if the running coupling constants verify suitable bounds then the value of
each tree is finite. To fully appreciate this fact one should compare with the naive

35
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perturbative series, which is plagued by infrared divergences.

Because of the iterative integration scheme, the running coupling constants on
a given scale are determined starting from those on higher scales, and ultimately
from the bare ones, exploiting a non-trivial recursion relation; in fact, the running
coupling constants on a given scale can be obtained starting from those on the
previous scale plus a well-defined function of all the running coupling constants
on higher scales: this function is called the Beta function. The Beta function is
expressed as a series in the running coupling constants, with finite coefficients; by
truncating the Beta function to any finite order in the couplings and choosing the
bare charge e small enough uniformly in the momentum scale we will be able to
check our assumptions on the running coupling constants and to close the single
scale integration. Clearly, one would be able to prove that the remainder of the
truncation is small; however to prove this one should be able to prove convergence
of the series, which is notoriously a very hard task in bosonic theories, and it is
outside the purposes of this Thesis.

However, the fact that even truncating the Beta function the flow of the running
coupling constants is bounded is remarkable, and follows from the implementation
of Ward identities at each integration step; this should be compared with what
happens for instance in “asymptotically slave” theories (e.g. the ¢* theory in 4
dimensions, [86} 27]), where the “wrong” sign of the lowest order contribution to
the Beta function makes the flow of the effective coupling unbounded. Here the
phenomenon taking place is well known in one dimensional systems, and it is called
vanishing of the Beta function [7,[8,[12]. This is crucial to establish Luttinger liquid
behavior; as far as we know, this is the first time that the same cancellation is found
in a two dimensional system.

The Chapter is organized in the following way: in Section we describe the
infrared multiscale analysis; in Section we discuss the graphical representation
of the effective potentials in terms of Gallavotti-Nicolo trees; in Section B4 we
discuss the flow of the running coupling constants; in Section we derive the
Ward Identities that allow to control the flows of the effective charge and of the
effective photon mass, and finally in Section we show that the infrared fixed
point of the RG procedure is described by a Lorentz invariant effective theory.

Remark 3 From now on we shall assume that the limits h* — —oo, K — 40
have been taken; this can be done safely since, as it is implicit from the discussion
of Appendiz [} and from the one that follows, the perturbative series that we shall
get in presence of finite h*, K would converge uniformly order by order to a limit
as h* = —o0, K — +o0.

3.2 Multiscale analysis

In order to compute the partition function ([Z4L5) we will use standard functional
Renormalization Group methods, [27, B, 6I]. The integration of (Z4IH) will be
performed in an iterative way, moving from high to small momentum scales; the
procedure will be similar to the one discussed for an effective continuum model of
graphene in [38]. At the n-th step of the iteration the functional integral (2415
is rewritten as an integral involving only the momenta at a distance proportional
to M~" from the singularities k = p% for the fermions and p = 0 for the bosons,
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and both the propagators and the interaction will be replaced by “effective” ones,
which are renormalized by the integration of the momenta on higher scales. We will
start by setting the notations of the zero-th scale, corresponding to the outcome
of the ultraviolet integration; in particular, we rewrite the fermionic field as the
sum of two quasi-particle fields, supported on disjoint sets centered around the two
singularities p%. Then, we will discuss the single scale integration, and finally we
will show that the outcome of the integration can be rewritten using a “relativistic”
notation, that will allow us to show an emergent Lorentz invariance.

The zero-th scale. As a starting point, we rewrite the propagators as

U+ pp) = gV () = @V (p) B21)
where
—ik (R 4+ 53))
120 = o) (ot TTEI) T
,
- XOZ(Z{ | koG +1012f T, (1 fowli)
#Om) = Y RE).

with xo(k') := x(|k']), [Row(X)| < (const.)|k'|, |R'(p)| < (const.)[p|, vo = 3t,
Zy = 1 and the matrices I'¥ have been defined in ([ZAITF]). Correspondingly, we
define (i.r.) (<0) AGir) . 2(<0)

& (ir)+ - (<0),+ <0) .

\I}kz/:p“ﬁ,o,p = Vi o - Apy’ = Apy B23)

moreover, the following notations will be useful in the following:

o = A T+ \TE= dk/ 1
\Ijk/,a,w = (\Ilk’,a,l,w \I]k’,a,Q,w) ) D : ,B‘A‘ Z (B:ZA)

Then, we rewrite (Z4[5)) as, in the limit K — +o0, h* — —o0,
Zp = ¢ PN [ Py (dS0) Pog(dA(S0)V O DA ®25)

where: (i) VO (00 A0 s equal to V(W) AGT)) once that @) and AGT)
have been rewritten according to ([B2I3]) that is:

m
V(O)(\II,A) = Z Z/H\II K, 1:06,p2i—1,w2i— 1\111:/2i70i,l)2¢,w2¢ ]-_-EA“i’pi‘
i—=

n,m>0 ;P
n+m>1 1w
) m 2n )
Wanimpwu (K2 AP DI | P+ (1)K} |, B216)
j=1 i=1
where w = (wi,...,wap), @ = (01,...,00), & = (H1,...,m), and the kernels are

defined as, see (2.4L7)),

W o (LK1 AR ) 7= W m (K + P3R5 5 @27)
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(ii) the integration measures are:

Peo(d¥=0) = Nod[ T[T abgort ads?, |-
k/eDWv*O'w,p

cexp{ = (BADTTY X BEl T M) S

w,o k/E/DW’*
Pgo(dA(SO)) = NOTA H H (<0%,
PEPLL o+ p=0,1
cexp{ — (28A1) Z ()] AZD}, @28
cPp*
B,L

where N, No 4 are normalization factors.

Single scale integration and renormalization. Setting x,, (k') := x(M~"K|),
we start from the following identity:

x(|K']) = Z o), fuK) = xaK) = xpa(K) B29)

h=—oc0

A A h A A h A~ A
let Ui 5 = Z%:—oo \I]l(c/,)o,p,w and A, p = Z%:—oo Afh%,, where {\Il(h)}’ {A(h)} are
independent free fields with the same support of the functions fj introduced above.
We evaluate the functional integral [2415) by integrating the fields in an iterative
way starting from W(® A We want to inductively prove that after the integration

of WO, AO) gt A+ we can rewrite:
Spp=e B\AIFh/p (U= Py, (dAER)eY M(VZpe =, A @210)

where: (i) P<,(d9 (M) and Pj,(dASM) have propagators

Xh(k/) 1

SEh () /
g k) Zy, (k') ko9 + ﬁh(k/)]_f" T, (14 Ruw(k’))
o) = PR RE), @)

with || Ry (k)| < C|K|; (ii) V™ has the form

m
V(h)(\I’,A) = Z Z/H\I} K, 1,00,02i—1,w2i— 1\1112’21-,01'7021'74021' l_IlA“i’pi.
1=

n,m>0 ;P
n+m>1 W

WA (K D10 (prrz k) B212)

and Fy, Z,(K'), (k') and the kernels WQ(Z)m puw Will be defined recursively. For-

mulas (B2I0) - B2AT2) are trivially true for A = 0, see (F2T), B2Z) and B2L0).
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In order to inductively prove B20), we split V) as LV + RV where
R =1-— L and L, the localization operator, is a linear operator on functions of the

form (B2I12)), defined by its action on the kernels Wik in the following way:

2n,m,r,w,p

h h h
LW30 o () = W), (0) + K, 0a W4, (0) B213)

h h
Wy, o p k) =W, (0,0,

h h h h
(P) == Wiau(0) + padaWys,(0) . LW, (b1, p2) == W3, (0,0) ,

(h)
ﬁWO&E
and EW](Jh) := 0 otherwise. By the symmetries listed in Lemma 231l which are
preserved by the multiscale analysis, it turns out that, see Appendix [E

h h h
WO(,l),u(O) =0 ’ WO(,S),H(O? O) =0 ’ W2(70),£7£(0) =0 ’

h 2-(h
W5, (0) = =0y 1, M0y, 0aW5,(0) = 0 B214)

and, moreover, that

h h
8MW2(,0),B,H(O) - _5w1,w2zﬂ,h [Fgl]pl,m > W2(,1),£,g“u(070) - 5w17w2)‘ﬂ,h [Ffjl]

)

P1,P2
B215)
with 2, n, Ay, Vun real, and 21, = 225, A1p = Ao p, V1,p = V25 We can renormal-
ize Psh(chb(gh)) by adding to the exponent of its gaussian weight the local part of
the quadratic terms in the fermionic fields; we get that

/P<h(d\1;(§h))P<h(dA(§h))6V(h)(\/Z_h‘1’7A) _ @216)

_ o BIAL, / Pop(dUEM) Py (dAED) Y VDA

where ¢, takes into account the different normalization of the two functional inte-
grals, V") is given by

N kl ~ A
V(h)(\Ij,A) — V(h)(\Ij’A) —i—/% Zthklll\I/:/’?ng\I/]:gmw
VO (W, A) — Lg VP (1, A) | B217)

and ﬁgh(dw(gh)) has propagator equal to

/
~(§h) k/ — ~Xh(k) 1 . . 1 +R w k/ 18
G (k') Zn_1(K') leoT, + o,_1 (K)K' - Ty ( h—1,u( )) ) B2118)

with
Zna(K) = ZyK)+ Znzonxn(K) [3.2119)
Znoa(KNop(K) = Zp (K)o (K') + Zpzipxa (k')
and, setting (1 + Rp—1,,(k)) ™t =1+ Th_10(K):

Zn(k')  koI'® + o, (KK - T

T,k =T, (kK)= — .
h—1, ( ) h, ( )Zh_l(kl) kol“ngﬁhfl(k’)k’Tw

B.2120)
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After this, defining Z,_; := Zj,_1(0), we rescale the fermionic field so that

VW (/Z, 0, A) =V ()7, 1T, A) ; B221)
therefore, setting
. Z 7
Vp—1 = 0p—-1(0) , eop = L Aoh s €1,hUR—1 = €2 pUh—1 = h AL
thl thl
B2122)
we have that:
. dp h) A(<h h) 2(<h
ﬁv(h)( Zh*l \I/(Sh)aA(Sh)) - / (27’(’)3 Zh le/»hh]l(igp )A;(Lép) - hA(< )Al(l< 12)
B2123)
where
<h (£h)+,T 10 <h)—
j(()p) = Z/ k’+p0wrw\pl(<’,a?w ’
2(<h (Sh)+,T = & (<h)—
FEM =y, 12/ LSSSEAN VR (i @D 24)

After this rescaling, we can rewrite (B2L10]) as
/P<h(d\I/(§h)dA(§h))ev(h)(A,\/Z_h\I/) — BlAlt /P<h,1(d\11(§h—1>dA(§h—1)).

[ PR aA) PO AD B )

where W(h=1) A(=h=1) have propagators given by 21T (with h replaced by h—1)
and W) A" have propagators given by

A(h) / r3 / /
go (k) _ fu(k) (14 Rp1w(K)) 2o Zh :

thl B thl korg + f)h_l(kl)];;/ . fw ’ fh(k ) B Zh—l(k/) fh(k )
) = B (4 ) E226)

At this point, we can integrate the scale h and, defining

VTV AN Zm ) -BINFL / P (@3 ™) P, (dAM )V P ATAD) Zymy (U ™))
B227)

our inductive assumption B210) is reproduced at the scale h — 1 with Fj_q :=
Fp, + ty, + Fj,. Notice that (B2[27]) can be seen as a recursion relation for the
effective potential, since from (B2I17), B221]) it follows that

f)(h) (A7 thﬂ/f) = fj(h) (A7 \/Z_hw) = V(h) (A7 \/Z_hw) - £¢V(h) (A7 \/Z_hw) .
E228)
The integration in ([B2[27) is performed by expanding in series the exponential in
the r.h.s. (which involves interactions of any order in W and A, as apparent from
B212)), and integrating term by term with respect to the gaussian integration
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P(dUM)P(dA™M). This procedure gives rise to an expansion for the effective po-
tentials V(") (and to an analogous expansion for the correlations) in terms of the
renormalized parameters {e, i,V k-1, Zk—1,Vk—1}h<k<i, Where e; = e, which can
be conveniently represented as a sum over Feynman graphs according to rules that
will be explained below. We will call {e,, , v,k }h<r<o effective couplings or running
coupling constants while {e,, i }n<r<o are the effective charges

Note that such renormalized expansion is significantly different from the power
series expansion in the bare coupling e; while the latter is plagued by logarithmic
divergences, the former is order by order finite.

By comparing (B2[5) with B2[10), B2AT2) and B2[23]), we see that the inte-
gration of the fields living on momentum scales > M”" produces an effective theory
very similar to the original one, modulo the presence of a new propagator, involving
a renormalized velocity v, and a renormalized wave function 7, and the presence
of a modified interaction V().

Relativistic notations. We conclude this Section by showing that the effective
theory on a given scale h can be rewritten as a “relativistic” theory, where the
fermions propagate with a velocity vj,_1. Let us define the 4- component Grassmann

fields ¢l((<0h , z/)k . as follows:

(<hT <h)- h)- G (<h)— g (<h)-

k' o T (\Ilg{, o,1,+ \I}%{/ ,0,2,+ \Ill((/ 0)2 — \Ill(</ 031,7) ) (B:Z-29)
SshT (<h) (<h)+ (<h)+ (<h)
,l/}k/70' T (qlkl70’727_ qlklvavlv_ _qlklvavlv—’— _qlklvo’727+) ’ (B:Z-?)O)

and the Euclidean gamma matrices ~y,, p=0,1,2 as:

o 0 il'y o 0 —iIy o 0 ir'y

it is easy to see that {v,,7} = —20,,. With these notations, the fermionic inte-
gration measure can be rewritten as:

_ — h
Peo(d¥ =) = Ny [T dibwe o jdiine o eXP Z/—T/)k' =M () 1¢(<h)}
k’ 0,5
B232)

where N}, 4 is a normalization factor, and the fermion propagator Q(Sh)(k' ) is given
by

A(Zh) (1Y (k/) 1 /
) = P L (R )

with ||Rp(k")|| < (const.)|k’|; analogously, we can rewrite the fermionic current

defined in (B227)) as:

h <h) h ~(<h dk’ —<n) . (<h
=5 R, ok T = X [ i 0

([3:2134)
In a fully relativistic theory, that is with bare propagators given by (B233)), (3:2120)
with h = 0 and Zy = 09 = 1, Ro(p) = R'(p) = 0, and bare interaction given by
E224) with h = 0 and e, = e, v, 0 = v, Lorentz symmetry implies that v, = 1
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(the speed of light is not renormalized) e, = egn, Vun = Von; see [38]. On the
contrary, the lack of Lorentz symmetry in our model, due to the presence of the
lattice, has two main effects: (i) the Fermi velocity vy, has a non trivial flow; (ii) the
marginal terms in the effective potential are defined in terms of two charges, namely
eo,n, and ey, = eg p, which are different, in general.

3.3 Tree expansion

The iterative integration procedure described above leads to a representation of
the effective potentials in terms of a sum over connected Feynman diagrams, as
explained in the following. The key formula, which we start from, is (82127, which
can be rewritten as

—B!A!Fh + V(hfl)( /thl \I,(ghfl)’A(ghq)) _

1 ~ /

n>1""

with 5,? the truncated expectation on scale h, defined as
811
ET(X (AW, 9 M);n) = = log / Ph(d\p(h))Ph(dA<h>)eAX<A“”v“J“”>\AZO B32)

If X is graphically represented as a vertex with external lines corresponding to A
and U the truncated expectation B32) can be represented as the sum over the
Feynman diagrams obtained by contracting in all possible connected ways the lines
exiting from n vertices of type X. Every contraction corresponds to a propagator
on scale h, as defined in ([B2[26]). Since V™) s related to V(M by a rescaling and
a subtraction, see B2IT) and B2ZI), Eq.(@3) can be iterated until scale 0,
and V"1 can be written as a sum over connected Feynman diagrams with lines
on all possible scales between h and 0. The iteration of (B3] induces a natural
hierarchical organization of the scale labels of every Feynman diagram, which will
be conveniently represented in terms of tree diagrams. In fact, let us rewrite ph)
in the r.h.s. of @3) as VW (\/Zy_1 U, A) = LV (VZ, 0, A) + RV (/Z, 0, A),
where £ = £ — Ly, see (ZATT). Let us graphically represent V), £V(*) and
RV™M as in the first line of Fig. Bl and let us represent Eq.33) as in the second
line of Fig. B} in the second line, the node on scale h represents the action of
5;{. Iterating the graphical equation in Fig. Bl up to scale 0, we end up with a

VO = e, IVO = ———  RVO - — %o

h
®
VoD _ + Re + / + + o
h-1  h h-1 h h-1 r\ h-1 h

Figure 3.1. Graphical interpretation of Eq.(33]). The graphical equations for Lyth=1),
RV(—1) are obtained from the equation in the second line by putting an £, R label, re-
spectively, over the vertices on scale h.
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representation of V") in terms of a sum over Gallavotti-Nicolo trees 7 [27, 5] [34]:

VI (Zy wED A = 5 S pit(r) B33)

N>17€Th N

where Tj, n is the of rooted trees with root r on scale h, = h and N endpoints, see
Fig. The tree value V) (1) can be evaluated in terms of a sum over connected

R R
R Y
v
vh-1 _ 0 R R
R
h-1 h h, 1

Figure 3.2. The effective potential V("1 can be represented as a sum over Gallavotti —
Nicolo trees. The black dots will be called vertices of the tree. All the vertices which are not
endpoints except the first (i.e. the one on scale h) have an R label attached, which means
that they correspond to the action of RS,ZJ, while the first represents 5,? . The endpoints
on scales < 1 correspond to the first two graph elements in Fig[33] which are associated
to the two terms in E]A)(h), see ([B223)); instead, the endpoints on scale 1 correspond to
Ly + RY©O),

Feynman diagrams, defined by the following rules.

With each endpoint v of 7 on scale < 1 we associate a graph element of type
e or v, corresponding to the two terms in the r.h.s. of BZA23), see Fig. B3} if v
is on scale 1 we also have to consider the graphs arising in the integration of the
ultraviolet degrees of freedom, contributing to the kernels of RV, see Appendix
Di

e) v)

AAVAVAN 2 VAVAV

Figure 3.3. The graph elements corresponding to the two terms in the r.h.s. of (B223).

We introduce a field label f to distinguish the fields associated to the graph
elements (any field label can be either of type A or of type ¥); the set of field labels
associated with the endpoint v will be called I,,. Analogously, if v is not an endpoint,
we call I, the set of field labels associated with the endpoints following the vertex
von T.

We start by looking at the graph elements corresponding to endpoints on scale
1: we group them in clusters, each cluster GG, being the set of endpoints attached
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to the same vertex v on scale 0, to be graphically represented by a box enclosing
its elements. For any G, on scale 0 (associated to a vertex v on scale 0 that is
not an endpoint), we contract in pairs some of the fields in Uyeq, Ly, in such a
way that after the contraction the elements of G, are connected; each contraction
produces a propagator QU(JO) or ¥, depending on whether the two fields are of type
¥ or of type A. We denote by Z, the set of contracted fields inside the box G, and
by P, = I, \ Z, the set of external fields of G; if v is not the vertex immediatly
following the root we attach a label R over the box G,, which means that the R
operator, defined after (B2[12]), acts on the value of the graph contained in G,.
Next, we group together the scale-0 clusters into scale-(-1) clusters, each scale-(-1)
cluster GG, being a set on scale-0 clusters attached to the same vertex v on scale —1,
to be graphically represented by a box enclosing its elements, see Fig. 3.4l

-1

Figure 3.4. A possible Feynman diagram contributing to V(=2 and its cluster structure.

Again, for each v on scale —1 that is not an endpoint, if we denote by vy, ..., vs,
the vertices immediately following v on 7, we contract some of the fields of U;*, P,
in pairs, in such a way that after the contraction the boxes associated to the scale-
0 clusters contained in G, are connected; each contraction produces a propagator
g1 or w=Y. We denote by Z, the set of fields in U*, P, contracted at this second
step and by P, = U}, P,, \ Z, the set of fields external to G,; if v is not the vertex
immediatly following the root we attach a label R over the box G,.

Now, we iterate the construction, producing a sequence of boxes into boxes, hi-
erarchically arranged with the same partial ordering as the tree 7. Each box G, is
associated to many different Feynman (sub-)diagrams, constructed by contracting
in pairs some of the lines external to G,, with v;, 2 = 1,...,s,, the vertices imme-
diately following v on 7; the contractions are made in such a way that the clusters
Guys ..., Gy, are connected through propagators of scale h,. We denote by Pf
and by PY the set of fields of type A and W, respectively, external to G,,. The set
of connected Feynman diagrams compatible with this hierarchical cluster structure
will be denoted by I'(7). Given these definitions, we can write:

W= © [T T v, @3

Gel'(r feP‘I' fe PA

Val(g [ H A f>7pr H V Zh- 1‘1’512(; (et S(0)Val(G)

vl / I Zhv 1)4; “ l(Hgéhv))( I Kglﬂ))]

v not e.p. h’J*Q lev v* e.p.
v* >,
hyx=hy+1
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where: (—1)7 is the sign of the permutation necessary to bring the contracted
fermionic fields next to each other; in the product over f € PY, (f) = + depending
on the specific field label f; §(vg) = 5( Zfer% pPf _ZfeP,)I(’) (—1)5(f)k}); the integral
in the third line runs over the independent loop momenta; s, is the number of
vertices immediately following v on 7; R = 1 — L is the operator defined in (B2[13))
and preceding lines); a,, = 0 if v = vy, and otherwise o, = 1; gék) is equal to ¢(*) or
to w®) depending on the fermionic or bosonic nature of the line ¢, and ¢ € v means
that ¢ is contained in the box G, but not in any other smaller box; finally, Kélf) is
the matrix associated to the endpoints v* on scale k + 1: setting

€0k = €0k » €jk ‘= Vk—1€jk B3315)

it is given by e, ,I'#} if v* is of type e, by —Mkyu,k if v* is of type v, or, if v* is
on scale 1 and is not of type e, v, it is equal to one of the kernels contributing to
RV O see Appendix[Dl In B34) it is understood that the operators R act in the
order induced by the tree ordering (i.e., starting from the endpoints and moving
toward the root); moreover, the matrix structure of gék)
of notations.

is neglected, for simplicity

3.3.1 An example of Feynman graph

To be concrete, let us apply the rules described above in the evaluation of a simple
Feynman graph G arising in the tree expansion of V"=V Let G be the diagram in
Fig. B3] associated to the tree 7 drawn in the left part of the figure; let us assume
that the sets P, of the external lines associated to the vertices of 7 are all assigned.

; s €
V1<
V0 e
= | = S,

v
K R h + 1 K

e h
h-1 h h+1 h+2

Figure 3.5. A possible Feynman diagram contributing to V*~1) and its cluster structure.

We can write:

1z thléQ 5 My, Gt
M2 Zp 1 T n1,h“p2,h+1 M1, F k0w

{ [ a2 o era e v e

Val(G) =

[/ % P2 g0 (4 p + T2 ()] g0 (4 p)rse }@E?ZI :
ﬂ- b k2

where R[F(k + p)] = F(k+ p) — F(0) — (k+ p) - VF(0) = (k. + pu)(k, +
Pv)0,0, F(k*). Notice that the same Feynman graph appears in the evaluation of
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other trees, which are topologically equivalent to the one represented in the left
part of Fig. Bhland that can be obtained from it by: (i) relabeling the fields in P,, ,
P,,, (ii) relabeling the endpoints of the tree, (iii) exchanging the relative positions
of the topologically different subtrees with root vy. If one sums over all these trees,
the resulting value one obtains is the one in Eq.(33L6]) times a combinatorial factor
22 .3 -4 (22 is the number of ways for choosing the fields in P,, and in P,; 3 is
the number of ways in which one can associate the label v to one of the endpoints
on scale h + 1; 4 is the number of distinct unlabelled trees that can be obtained by
exchanging the positions of the subtrees with root ).

3.3.2 Dimensional bounds

We are now ready to derive a general bound for the Feynman graphs produced by
the multiscale integration; before stating our result, we define the order of a tree
as follows. Let 7~'K;h, ~ be the set of trees with N endpoints obtained expanding
into trees the effective potentials RV attached to the endpoints of the elements of
UnN:1 Thn- Let us define the order of an endpoint v in the following way: the order
of the endpoints of type e,v is 1; the order of an endpoint on scale K + 1 is equal
to the number of wavy lines exiting from the corresponding graph element. We
define the order O(7) of a tree 7 € 7~'K;h7 n as the sum of the orders of its endpoints.
In general, trees belonging to 7~'K;h, N may be of arbitrary order > N, since the
endpoints on scale K + 1 correspond to vertices with an arbitrary number of wavy
lines (because of the expansion of the exponential of the photon field performed
before the ultraviolet integration, see Eq. (Z2I1H)).

Now, let WQ(Z?;,I]L% ., be the contribution due to the trees of order IV to the kernel
WZ(Z)m Pt (to which in the following we shall simply refer as “the contribution of

order N”), that is

+oo *
. .
Wi DD = 3 3 Y Y Val(g)
N=IN'SN reTy o GET()
O(r)=N |Fgl=m;
| Py | 2n

=: Z WQZ)MNM i },{pj}) ) B37)

where the *

Usepp {kp} = U {ki}: Usepe {0()} = pi Usepp {w(f)} = wi Usepa {n(f)} = p.
The N-th order contribution to the kernel of the effective potential admits the
following bound.

on the sum indicates the constraints that: U, PA {pr} = Uhi{pih

Theorem 3.3.1 (N! bound) Let &, = maxp<p<i{le, k|, |Vuk—1|} be small enough.
If Zy,) Z—1 < eCeh and 1 <wvp_1 <O, forall h < k <0 and a suitable constant
C >0, then

h);N ~N(N o
Wi g snll < (const)Nel (5 )1 ahE=m=2m, @38)

h);N h);N
where ||W2(n,)m,£,g,ﬁ|| = Sup{k;},{pj} |W2(n,)m,£,g,ﬁ({kg}a {pJ})| .
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The factor 3 — 2n — m in [B3L8) is referred to as the scaling dimension of the
kernel with 2n external fermionic fields and m external bosonic fields; according
to the usual RG therminology, kernels with positive, vanishing or negative scaling
dimensions are called relevant, marginal or irrelevant operators, respectively. Notice
that, if we tried to expand the effective potential in terms of the bare coupling e, the
N-th order contributions in this “naive” perturbation series could not be bounded
uniformly in the scale h as in ([B318)), but rather by the r.h.s. of (B3] times |h|Y,

an estimate which blows up order by order as h — —o0.

Proof. To begin, let us assume that all the endpoints are on scales < 1; the general
case can be worked out in a completely analogous way, and it will be discussed later.
Therefore, for the moment we shall consider the contribution of trees 7 € Tj .
Plugging the bounds

15 (k)| < const - M, / dK' |9 ()| < const - M2
[0 @) < const- 217" [ i) < cons M, @B

into [B3[4]), we find that, if 7 € 7, y and G € I'(7),

IVal(G)| < (const.)N&l - B3110)
e 7P| 3hy (su—1) 7 72hon® 7 rhym?, (ho—h./)
—Ohy(Sv— vy, v 1My, —2Zv (v — gy
[ —M™ MPrmo M I M ,
v not e.p. v* v not e.p.
V>0

where: n0 is the number of propagators ¢ € v, i.e., of propagators £ contained in
the box G, but not in any smaller cluster; s, is the number of vertices immediately
following v on 7; mY is the number of end-points of type v immediately following v on
7 (i.e., contained in G, but not in any smaller cluster); v is the vertex immediately
preceding v on 7 and z, = 2 if |[PY| = |P,| = 2 or |PA| = |P,)| = 2, z, = 1
if |[PY| = 2|PA| = 2 or |[PY| = 0 and |P?| = 3, and z, = 0 otherwise. The
last product in B3I0) is due to the action of R on the vertices v > vy that
are not end-points. In fact, the operator R, when acting on a kernel WQ(ﬁ”)(p, k')
associated to a vertex v with |PY| = 2, |PA| = 1, extracts from Wz(ﬁ”) the rest
of first order in its Taylor expansion around p = k/ = 0: if |W2(ﬁ”)(p,k’)| < C,
then |[RWy) (p,K)| = 3(pdp + KO )W) (p*,k*)| < (const.) M+ C, where
M~"v is a bound for the derivative with respect to momenta on scale h, and M"
is a bound for the external momenta p, k’; i.e., R is dimensionally equivalent to
M~(hv=hy)  The same is true if R acts on kernels Wég”)(p, q). Similarly, if R acts
on a terms with |P,| = 2, it extracts the rest of second order in the Taylor expansion
around k/ = 0, and it is dimensionally equivalent to k’ 2313/ ~ M2ho=hy) - Ag g

result, we get (B3[10).

Now, let ng (n}) be the number of vertices of type e (of type v) following v on
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7. If we plug in (B3[10) the identities

Yo (w—=h)(so =)= > (hy—hy)nf+ny—1)

v not e.p. v not e.p.
0 _ 3 e pr 1]
v nge.p.(hv - h)nv - v ng:e.p.(hv - hv/)(an " o 2 )
Yo (hw=mmy= > (hy—hy)n B311)
v not e.p. v not e.p.

we get the bound

C =2 v
— 1 TEnIPy
[Val(G)| < (const.)V ey — M3~ 1Pl TT eilM(hv—hw(?’—\Pv\—Zv) .
Svo* v not e.p. Sv:
V>0

E312)
In the latter equation, 3 — |P,| is the scaling dimension of the cluster G,, and
3 —|P,| — 2, is its renormalized scaling dimension. Notice that the renormalization
operator R has been introduced precisely to guarantee that 3 — |P,| — z, < 0 for
all v, by construction. This fact allows us to sum over the scale labels h < h, < 1,
and to conclude that the perturbative expansion is well defined at any order N of
the renormalized expansion. More precisely, the fact that the renormalized scaling
dimensions are all negative implies, via a standard argument (see, e.g., [5, 34]), the
following bound, valid for a suitable constant C"

. 1
(Wit Il < (const.)N gy — phE=m=2n). B313)

277,,777,717& SU() !

Y% 11 ezl (ho—hy)(B=|Py|—20)
. TM v—h, v v)

T7€Th,N GET(T) v not e.p.
\PA \:m V>0
0 b

| Py |=2n

from which, after counting the number of Feynman graphs contributing to the sum
in B313), B318) follows.

An immediate corollary of the proof leading to ([B3[8)) is that contributions from
trees in Tj, n with a vertex v on scale h, = k > h admit an improved bound with
respect to ([B3I8), of the form < (const.)Nel (N/2)! MP3=1Pu ) pr00h=Fk) " for any
0 < 6 < 1; the factor M?("=%) can be thought of as a dimensional gain with respect
to the “basic” dimensional bound in ([B3[8]). This improved bound is usually referred
to as the short memory property (i.e., long trees are exponentially suppressed); it
is due to the fact that the renormalized scaling dimensions D, = 3 — |P,| — z, in
B312) are all negative, and can be obtained by taking a fraction of the factors
M ho=hy) Do agsociated to the branches of the tree 7 on the path connecting the
vertex on scale k to the one on scale h.

We conclude by discussing the contribution of the trees 7 € 7~'K;h, N with end-
points on scales > 1. In this case, the bound B3[12)) is replaced by the analogous
bound obtained by taking into account the contribution of vertices on scales > 0 by
matching the bound [B3[12) with the ultraviolet bound (DII6); the final result is
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that
aypC =2 W
73 1 h| v ‘
[Val(G)| < (const.)N el — MHBE=1Pul) H €’ Mte=h)De (@ 3114)
SUO! v not e.p. sv!
v>v0

where the renormalized scaling dimensions D,, are always negative by construction,
a, = 11if h, <0 or 0 otherwise. |

Symbol | Description

T Gallavotti — Nicolo (GN) tree.

r Root label of the tree.

Vg First vertex of the tree, immediately following the root.

hy Scale label of the tree vertex v.

Th N Set of GN trees with root on scale h, = h and with N endpoints.

I, Set of field labels associated with the endpoint of the tree v.

G, Cluster associated with the tree vertex v.

Z, Set of contracted fields inside the box corresponding to the cluster
Gy.

P, Set of external fields of G,,.

v; i-th vertex immediately following v on the tree.

Sy Number of vertices immediately following the vertex v on the tree.

Pﬁ Set of fields of type # = A, ¥ external to G,.

I(7) Set of connected Feynman diagrams compatible with the hierar-
chical cluster structure of the tree 7.

nd Number of propagators contained in G, but not in any smaller
cluster.

mY, Number of end-points of type v immediately following v on the
tree.

v’ Vertex immediately preceding v on the tree.

nit Number of vertices of type # = e, v following v on the tree.

Zv Improvement on the scaling dimension due to the renormalization.

D, Renormalized scaling dimension (equal to the scaling dimension if
hy, > 0).

Ay Integer equal to 0,1 depending on whether h, < 0, h, > 0.

Table 3.1. List of symbols introduced in Section

3.4 The flow of the running coupling constants

As a consequence of the interative integration scheme the effective parameters
{€un> Vun> Zn, v} obey to a nontrivial recursion relation; in fact, the difference of
renormalized parameters on scales h and h + 1 can be expressed in terms of a well
defined function of all the renormalized parameters on scales > h+ 1. This function
is called the Beta function, and it can be written as a series in {e, x, vy k }x>h41 With
coefficients depending on {Zy/Z;_1, vg}k>h+1, admitting N! bounds in the sense
of Theorem B3Il A crucial point for the consistency of our approach is that the
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running coupling constants e, ,, v, , are small for all b < 0, that the ratios Zj/Z, 1
are close to 1, and the effective Fermi velocity v;, does not approach zero; even if we
do not prove the convergence of the series but only N! bounds, we expect that our
series gives meaningful information only as long as the running coupling constants
satisfy these conditions. In this Section we describe how to control their flow; we
shall proceed by induction: we will first assume that &, = maxg>pi1{lepr|, [Vurl}
is small, that Z/Z;_1 < ¢C%k and C1 <w < Cforall k> h+1 and a suitable
constant C > 0, and we will study the flow of Z; and v, under these assuptions.
We will show that, asymptotically as h — —o0,

Zy ~ MM U ~ Voo — (Voo — )M B4
2 2
S 1 G 2 4 — _ oo
N= 1ozt O, =50, Voo =1+0(1 eo,foo)’

where 1 is the speed of light in our units. These behaviors are true at all orders, in
the sense that they are obtained by truncating the Beta functions of Z; and vy, to
any finite order in the running coupling constants and taking the bare charge small
enough uniformly in the momentum scale h. Finally, as discussed in Section B3 to
show the boundedness of the flow of the running coupling constants we shall use
nonperturbative informations coming from lattice Ward identities; in particular, we
will get that ep_oo = €1,—c0, Which implies that v_,, = 1.

3.4.1 The Beta function

The multiscale integration, and in particular formulas F2I14), B215), B219),
B2122), imply the following flow equations:

A
gl = 1420p =148, B42)
h
_ Zn . v
Vpo1 = 7 (vh +21,h) =1 vn + By 343)
_ h
v = —M W (0) = My g+ B @A4)
Zy,
On = 5 Ao = conin + Biag E25)
Zn A
e1,hn = Lh e1,ht1 + /Bih+1 ) B.46)
Zh—1 Vh—1

and es, = ey . The Beta functions appearing in the r.h.s. of flow equations are
related, see (B2E), (B2IH), to the kernels WM so that they are expressed

2n,m,p,w, b’
by series in the running coupling constants admitting the bound ([B3[]]). For the
explicit expressions of the one-loop contributions to the Beta function, see below.

3.4.2 The flow of Fermi velocity

In this section we show that, under proper assumptions on the flow of the effective
charges, the effective Fermi velocity vy, tend to a limit value v_.,, which will be
explicitly computed in Section B.6F remarkably, we will show that, no matter how
small the bare velocity v is, the effective Fermi velocity v_, is equal to 1, which is
the speed of light in the units we have chosen.
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Let us make the following assumption on effective charges and on the effective
photon masses:

€uh = €u—oot 0(63’(1),C><> —op)) + 0(63M€h) , B4
Vuh = 0(62) )

with 0 < 6 < 1 and e, o = € + O(e?); we shall refer to the first line of (3417
by saying that the charge tens to a line of fized points. The remarkable properties
B4 will be proven order by order in perturbation theory by using WIs, see
Section We start by studying the flow of the Fermi velocity; at lowest order

(see Appendix [1])), its beta function reads, setting &, := /v, — 1:

2
i = B28)
_ log M B%ﬁUﬁl arctan &, B (26 . eg,hvhl) &, — arctan ),

42 9 gh 1,hYh 9 52

Note that if egy := ey, then the r.h.s. of LY is strictly positive for all {, > 0
and it vanishes quadratically in &, at &, = 0. The higher order contributions to 3}
have similar properties. This can be proved as follows: we observe that the Beta
function 7 is a function of the renormalized couplings and of the Fermi velocities
on scales > h, i.e.:

B = Br({(eok: €1,ks €2.6)s (Voo 1k, Vi), Vi b s p) - B.49)

We can rewrite 3} as ), o+03} <, where 3} ., takes into account all the contributions
coming from trees with at least one end-point on scale > 0; by the short memory
property (see discussion after Eq. B3[13))), the bound on g} ., admit an improve-

ment of a factor M?" with respect to the basic one. Moreover, we rewrite By o as

By rel+ B 0» where 5,7 el is given by B, o after replacing all the propagators with their
relat1v1stlc approx1mat10ns namely those obtained setting Rp,—1 (k') = R'(p) =0

in (B2[26); therefore, ﬂh (o admits an improvement of a factor M oh | in its dimensional
bound. Then Wwe can rewrite 61} ,rel as 61} ,rel,0 + 61} srel,1 + /Bv rel,2 + 61} srel,3 + /Bh,(y

where 5h,0 = 0(e2M?") and

B o = Mel({(eo ky €0,k €0,k )5 (V0o Yok Vok)s L s B410)
/Bv rel,l wel({(eo ks €0.45 €0, ) > (V0.k> V0 ks Vo,k),vk}kzh) —
B0 l({ (€0,k»€0,k+ €0,k )5 (Vo,ka’jovk”/ov’“)’l}kzh) '
IBvrelQ _ Urel({(eok,eokaeok)7(Vovk’yl’k’VQ’k)’vk}kZh) _
—Bro “{( (€0,k €0,k €0.k)> (Vb Y0,k YOk ), Uk F )
BUTS = B (e s €1 5 €2,0), (Moyks V1 ks V2,k)s Uk b psp) —
gy rel({(eo,k’eo,k’eo,k),(Vo,k,V17k7V2,k)7Uk}k2h) :

By the short memory property we get:

Brett =021 —w)) . Bre? = 0( (o —vin))
51}7‘8[3 (eoh(BOh_el h)) (BEH)
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Using ([B404]) and a telescopic argument similar to the one leading to Eq.(34L1T]),
we also find that vg; — v1 can be written as a sum of contributions of order
eo,n(€o,n — e1,n) and of order eah(l —vp).

Now, let us consider ﬂZ’Sd’O; this is the Beta function of the continuum relativis-

tic theory studied in [38], where both photons and fermions live in the continuum
and are regularized by an ultraviolet cutoff function xg, but where the effective
charges and the photon masses have been replaced by those of our lattice model.
However, we can rewrite eg ) = €ox + €0k — €oks Yok = Vo + Vo — Yok, Where
€0k, Yo, are the running coupling constants of the theory of [38] with bare Fermi
velocity v = 1 and bare parameters €, 7 chosen so that €y, = egp, Uon = Von;
it is straightforward to see that eg — €y, vor — Po,x can be written as sums of
contributions O(e* M%), O(e?(1 — v;)), O(e(e1 k11 — €ok+1)). Moreover, by rela-
tivistic invariance we know that, see [38], if we replace at the argument of [5’2:661’0
the couplings eg p,, von With €g 4, 7, we get 0; therefore, at the end we find that,
using the short memory property:

ﬂ%ez,o = 0(ef , M) + O(e*(1 — vy)) + O(€f (€0 ht1 — €1,41)) - B412)
Therefore, we can write:

log M |8 ,

4
— =1 + e (1 — Uh)(l + A;l) + ge(l + B;l)(eo,h — eLh) s (M13)

Uh 47‘(’2 5

where: the numerical coefficients are obtained from the explicit lowest order com-
putation [BZIR); A) is a sum of contributions that are finite at all orders in the
effective couplings, which are either of order two or more in the effective charges,
or vanishing at v = 1; similarly, B} is a sum of contributions that are finite at
all orders in the effective couplings, which are of order two or more in the effective
charges. From ([BAI13) it is apparent that v, tends as h — —oo to a limit value

Voo =1+ é(eo7_oo —e1—00)(14+C" ) Ba14)
with C”  a sum of contributions that are finite at all orders in the effective cou-
plings, which are of order two or more in the effective charges. The fixed point
(B114]) is found simply by requiring that in the limit A — —oo the argument of the
square brakets in (B4LT3]) vanishes.

Using Eq.([34L7), we find that the expression in square brackets in the r.h.s. of
(BAI3) can be rewritten as (8¢/5)(v_co — vp + R})(1 + A}), where: (i) A} is a
sum of contributions that are finite at all orders in the effective couplings, which are
either of order two or more in the effective charges, or vanishing at vy = v_o; (ii)

,, is a sum of contributions that are finite at all orders in the effective couplings,
which are of order two or more in the effective charges and are bounded at all orders
by M%" for some 0 < 6 < 1. Therefore, (BAI3) can be rewritten as

Voo — Uy + R 2¢?
Voo — Vp—1 — (’U,OO — ’Uh)(l - ’Uhollj—fvhh lOg MS?(l + A;_:)) 5 (m.l’{'))
—o0

from which, using the fact that R} = O(e> M), we get that there exist two positive
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constants Cq,Cy such that EI:

Oy MM < Y=o — Uh < CoyM™M B416)
Voo — U
with
- 2¢? "

at lowest order, Eq.(B2LI7) gives 7% = 2¢2/(572).

3.4.3 The flow of the wave function renormalization

In contrast to what happens in the case of the other running coupling constants,
the flow of Z;, diverges as h — —oo with an interaction-dependent power law. In
particular, as it will be clear from the analysis of Section [£2] the divergence of
the wave function renormalization, that is the vanishing of the quasi-particle weight
Zy ! implies the anomalous scaling of the Schwinger functions.

As for the Fermi velocity, assume that ([B:4L7) holds; from B4L2) it follows that,
for two suitable positive constants C1, Cs:

CLM™ < Z), < CoM™ | n= hEm logps (14 Bf) - [B4118)
—o0

The lowest order contribution to §7 is computed in Appendix [E] and it is given by:

(2 2 9 _9,&n —arctan
sr® = = (261 — € pv, )z ;

B.419)

’ §}3l ’
therefore, from (B4I8), BAI9) we get that the lowest order contribution to 7 is
positive, and it is given by n? = 1;;. Now, let us briefly comment about the

relation between Zj, vy, and the functions Z(k’) and v(k’) appearing in the main
result, see (LAL). If [k'| = M", we define Z(k') := Z}, and v(k’) := vy; for general
k'l <1, we let Z(k’) and v(k’) be smooth interpolations of these sequences. Of
course, we can choose these interpolations in such a way that, if M" < |k/| < M+,

28D 1| <] 21| = oriog )
’1;(_1{:__5:‘S’Zi:zﬂ:O(ﬁlogM% @220)

therefore, we can replace in the leading part of the 2-point Schwinger function,
which will be computed in Section B2 the wave function renormalization Z; and
the effective Fermi velocity v; by Z (k') and v(k’), provided that the correction term
R(k') in (A7) is defined so to take into account higher order corrections satisfying

the bounds (34120).

lEq.(BEDE]) must be understood as an order by order inequality: if we truncate the theory at
order N in the bare coupling e, both sides of the inequality in Eq.(34L10]) are verified asymptotically
as e — 0, for all N > 1.
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3.5 Ward identities

To conclude the discussion on the flow of the running coupling constants, we need
to show that our assumptions of the flow of the effective couplings {e, »,v, n} are
indeed valid. To prove this, we shall exploit the gauge invariance of the model to
derive suitable lattice Ward identities; these are nonperturbative identities between
Schwinger functions, which will imply the cancellations that we need in order to
control the flows of {e, ,v,n}. Our strategy follows closely the one introduced
by Benfatto and Mastropietro in the analysis on one dimensional Luttinger liquids,

LT3 2],

Strategy. Before getting into the technical details, let us first give an idea of the
strategy. At each RG step we shall introduce a model, to be called the reference
model in the following; this model is not Hamiltonian and it is defined only in terms
of a functional integral. The main features of the reference model are that: (i) it is
defined in terms of a finite number of Grassmann variables, living on a space-time
lattice: the spatial part of the lattice is given by the physical honeycomb lattice,
while the temporal one is introduced by hand, and its mesh will be sent to zero; (ii)
the bosonic sector of the model is regularized by an infrared cut-off on the same
momentum scale h that we have to integrate in the full model. The key points of
the strategy are the following ones.

(i) The reference model can be studied using multiscale analysis and renormaliza-
tion group, and the running coupling constants on scales greater than h are
equal to those of the full model.

(ii) After the scale h, that is after having integrated out all the photon fields, the
reference model is reduced to an effective fermionic model which turns out
to be superrenormalizable, and can be studied along the lines of [36]; this in
particular implies that the running coupling constants of the reference model
“cease to flow” on scale h.

(iii) The bosonic infrared cut-off does not break gauge invariance; that is, it is
possible to derive Ward identities for this model which are equal to those
which can be formally written in the full model, except for the fact that the
Schwinger functions involved in the identities are all evaluated in presence of a
bosonic infrared cut-off on scale h; we stress that the presence of the cut-off on
the photons does not produce corrections to the Ward identities, in contrast
to what would happen with a cut-off on the fermions (see [3§]).

(iv) Finally, the Ward identities provide relations for the bosonic two point func-
tion, and relating the fermionic two and three point functions; from this iden-
tities we get that the mass of the photon field on a given scale h is bounded
by a quantity of order M"e?, while the effective charge on scale h is close to
the bare charge up to corrections bounded by O(e?) uniformly in h.

These identities hide remarkable cancellations between Feynman graphs, and it is
interesting to check them at lowest order; see Appendix[E.5] where it is shown that
at one loop in naive perturbation theory the renormalized mass of the photon field
is zero and the effective charge is equal to the bare one.
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3.5.1 The reference model

Here we shall define the reference model; In particular, we shall prove that the
generating functional of the Schwinger functions is left invariant by local phase
transformations on the fermions (the Jacobian of the transformation is equal to
1). This is a well known property of Grassmannian functional integrals, see [61]
for instance. But at the same time we know that, because of the invariance of
the model under local gauge transformations, which are nothing more than a local
phase transformation on the fermions combined with a shift of the photon field, the
argument of the functional integral transforms in a suitable way; in this way we
shall get an identity between generating functionals that gives rise to an infinite set
of Ward identities.

Definition and properties. Consider the sets

A = AU{xoz%,n:O,l,...,N—l},
N 27 1
Dy = DLU{kozF(n—l—i),nzo,l,...,]\f—l},
- 2mn
PBJ/ = PLU{p(]:7,’I’L:0,1,,N—1}, (B:f)ll)

With each k € 7557 L, P € 7557L we associate a fermion or boson gaussian field,
respectively; with a slight abuse of notation, we shall denote these two fields with
the same symbols used for the original model. The Fourier transform of the fermion
field lives in the space-time lattice /~X, and it is given by

1 NN
+ — +ikx §,+
Ve ton080n T FIA] 2 © Vo E32)
B,L

The fermion and boson propagator are defined as follows,

306) = ielko) (_;;"EO,;) ‘t_Q,jo’“>)

A dps X (Po)X[n,0)(IP])
WE(p) = [ o M E33)

that is, they are equal to the “usual” ones except for the replacement of xr, x(|p|)
with X% X[n,0/(|P]), respectively. The function x% is a C'*° function defined so that:
(i) limeo x5 (ko) = xx(ko); (ii) for |ko| < ME x5 (ko) = 1 and for |ko| > M
X (ko) < ee ol M5,

A very important property of the reference model is that the Jacobian of local
phase transformations on the fermion fields, namely

tiea z + 1
ot . S e x+(p—1)(0,61) [ R ax € C B34
x+(p—1)(0,51),a,p x+(p_1)(0761 )70'7/7 ’ x ’ )
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is equal to 1. To see this, let

pv = [ [ 4%, ,d%,., B3l5)
kEﬁB’LZ::i]\;Jé
A | Ay

Qa_a (T, 07) = H H xi+(pi—1)(0,81),04,p: H H (P, —1)(0,61),0.p,

i=1 0i,pi J=1 /7 !
iPi

where the sequences {x;}, {X;} must be formed by distinct space-time points be-
longing to A (otherwise Q4_4, = 0, since the square of a Grassmann variable is
zero, by definition), and consider the integral [ DW Qa_4, (¥~,¥T); our claim is
that

/D\If Qa_a, (U, U1) = /Dfo Qa_a, (e vy B16)

To prove ([B3L6), we rewrite Q4_4, in momentum space; it follows that:

1
- ot —
/D‘I’QA_A+(‘I’ W )—W' B37)
4D kixi 412 K/ x! -
Z ZZ Z /D\I] H H k17017PZH H \Ilkgwo';vpj
{kz}‘A | {k;}LA:ﬁ»‘ i 0P J 0'3 p]

Notice that the integral in the r.h.s. of (85T is vanishing unless: (i) the sequences
{k;} and {k’} are respectively formed by distinct elements; (ii) |[A-| = [A}| =
|Ds.1.|. But the space-time points {x;}, {x/} are as many as the momenta {k;},
{k;}, and by construction Dsr| = |A|; therefore, since by assumption the se-
quences {x;}, {X;} are formed by distinct space-time points, Qa_a, (¥~, U") must
contain two Grassmann variables for each o, p and space-time lattice site x, namely

A . v herwise th f the i ion i
(0= 1)(051),0p and T —1)(061),0p" otherwise the outcome of the integration is

zero. This proves (BEE)

Consequences of gauge invariance. Let us define the generating functional of
the Schwinger functions of the reference model as:

[h, K]
Va.L (1:9) /P (d0) Psj,(A)eV AF+HBWE) B38)

where the integration measures are determined by the propagators introduced in
B33, and the fermionic source term is given by

dk -
:Z/E k0p¢kap+¢k0p kap’ (B:f)ls))
a,p

where are Grassmann variables, with Fourier transform =
¢kop G 105

(BIA])! ZkeDﬁ B ilkxqﬁk 0.0} t0 avoid cumbersome notations, we will not explicitly
write the dependence on e, N, since at the end we will be interested in the limits
e = 0, N — +00. For convenience, we rewrite the fermionic integration measure as
follows:

P(d) = Nw — DV eXp{ — (U, Q\IF)} , BH10)
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with

(TF,GU™) Z o, X (ko) [B(k)}pp,\f/;mp/, BH11)

9P kED L

where B(k) has been defined in Using that the local phase transformation
(B3] has Jacobian equal to one, we can freely perform the replacement ([Z52) in
the Gaussian weight of the Grassmannian measure, in the interaction and in the
source term; neglecting formally the presence of the ultraviolet cutoff we would get
the relation

Wit ™ (J.0) = WET™(T + da, g, B512)

which generates an infinite set of Ward 1dent1ties, by deriving the L.h.s. and the r.h.s.
once with respect to &p (which sets to zero the 1.h.s.) and an arbitrary number of
times with respect to the external fields ju,p’ ¢3k707p; notice that because of the fact
that J,x and oy always appear in the combination J,x + J,0x, as guaranteed
by gauge invariance, the derivative w.r.t. dp is equal to —ip, times the derivative
wor.t. J ,,p- However, to avoid formal expressions it is necessary to take into account
the presence of the ultraviolet cutoff; the result is that for K fixed the analogous
of BAI12) involves a K-dependent correction term. The fact that cutoffs on the
fermions produce corrections to the Ward identities is well known, [8, [12]; if they
are not vanishing in the limit of cutoff removal we say that the WIs have anomalies,
and this is indeed the case in one dimension, [I2]. Here, on the contrary, as we
prove in Appendix[G] the corrections are exponentially vanishing as K — +oo. For
simplicity, let us consider a function ay of the form ay := (BAp) 7! ZPGPB,L e PXa,;
it is straightforward to see that, after (B8[2), in the limit N — +oo:

WKl (1) _ /P ) Pop(dA)eY (Atdatd )+B(¥ geice) EH13)

o —(wteiex Gemieaw—) 4 (Wt g0 )+ (Tteiex Gemiea ) — (UF,GU ) —ie(n,doa)

)

where

A

. dk - _
(Wh¥) = 3 [ G b (B0, b, E314)
dk dp A A . NA —i(p—
(’I’L,aoOé) = Z/ IJ(F-FPUP\IIkUp( lpo)Oépe (=1} :

The first two terms in the second line of (BAI13]) come from the free Grassmannian
measure; the remaining three are produced by the interaction. Being interested in
the derivative w.r.t. ép of [BAHII3), we can rewrite the exponent appearing in the

second line of ([BBEI14) as follows:

ie{(\Iﬁ,ga\IF) — (\IJJFOC,Q\IF) — (\IJJF,,C’;OAIJ*) + (\IJJra,,C’;\I/*) — (n,@oa)} +0(a?)
B.515)

and it is easy to see that (repeated indeces are summed)

(\1/+’gax1f) - (wa,gqf*) = %(;Tp)g dp\ifapw. B316)

A

[e_i”l( "X (ko +po) T [Bk+ )], — e (ko) [B(k)]pp'} Vicow
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and that
T Gal™ ) — (Ta, GO ) + (n,0pa) = B3517)
( )= ( )
dk_dp i

AUt [e—ipl(p’—l) [B(k + p)}pp/ — e PP DB(K)]

D (27T)3 p k+p7‘770 pp/:| qlk#”?ﬂ’

Therefore, deriving with respect to G&p the Lh.s. and r.h.s. of BII3) and setting
ap = 0 we get that, in the limit ¢ — 0:

0= (BAN) 5o W[B P+ ool Al pine), @A)
with
APKI D g gy [ CE, (k,p)Uy 1
B,L (pa >¢) T D < k+p,o,p -~ pp’ ( ,p) k707P/>J7¢ ’ (BE' 9)
—16716’5)/(& p) = B320)

o~ ip1(p'=1) (x5 (ko +po) — 1) [B(k + p)}pp, e (xx' (ko) — 1) [B(K)]

where the subscript J, ¢ in ([B319) means that the average is taken in presence of
the external fields. Formula (FII]]) will be starting point in order to derive the
Ward identities that we need to control the flows of {e, n, v, 1}

pp’

3.5.2 Ward identity for the photon mass

In this Section we shall derive the Ward identity for the photon field, which will
imply that the photon field remains massless; the starting point will be formula

BEI9). Let us define:

K] 0’ (h.K]
= ST — 21
SomP) = (BAN Gz W0 @32
h 0 h,
N e e A O E322)
v,—p
B3l23)

where the first line is the definition of the bosonic two point Schwinger function.
Using that the action of 95, on W[h K](
from (BEI1Y) it follows that:

h,K h,K
0= pSU5L () + P Al (p) BT 24)

Apparently, this relation tells us that the regularized bosonic two point function
is not vanishing; however, as it is proven in Appendix [G] the correction term in
(B3[24) vanishes exponentially in the ultraviolet limit K — +o00. Therefore, from

BI24) we get:

J 4 0a,0) is equal to the one of —ip,d;, ,,

h,+
0= Py, (P) ([E3125)
Moreover, as we shall prove in Section @2 for |p| < Mh~!
S8 ) = B MM+ OOM"e?) E320)

hence, choosing p = (M"~1,0) or p = (0, M"~1,0) in @FH27) it follows that, as
desired:

Vph = O(e?) . BEH27)
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3.5.3 Ward identity for the effective charge

Finally, in this Section we shall conclude the analysis of the flow of the running
coupling constants by showing that the effective charge stays close to the bare one.
Let us define:

9? hK
SPEl ) = (BIA]) —F—— WIRE] (. , @A 28
2,0,p,p( ) (18| |)a¢l:,mp’8¢:,o,l’ . ( ¢)’¢:O )
o3 hK
SIEL (ke p) = (BEAAIA])— _ iy ,
2:Lpsp ’“( p) (67| |)3¢1:,o,p/8¢1t+p,o,pa‘]mp o ( ¢)‘J:¢:O
hK 0? hK
pﬂAg,l,p!p/,u(k’p) = (B2 AxA]) Az, ¢)’¢:0 '

7— o+ B,L
a¢k,o,p’ 8¢k+p,0,p

where the first and second lines contain respectively the definition of the two and
three point fermionic Schwinger functions. Proceeding analogously as for the photon
mass, from BHI9) we get that, taking one derivative with respect to é&p and two
derivatives with respect to the fermionic external fields,

hK
p}LSQ[J,p,]p’“u,(k’ p) = (BEQQ)

= e[[Q@)] .Stk () = SV (e + D) [,/ | + putdSHS) (k)

where again the last term is a correction due to the ultraviolet cutoff, which is
exponentially vanishing as K — +oo, and the matrix Q(p) is due to the presence
of the lattice and it is given by

1 0
Q(m = <0 e—ip1> ; mgo)
therefore, taking the ultraviolet limit in K — +oo in ([B5I29]), we find that:
h,+ h,+ h,+
Sy ) p) = e[[Q@)] STl — Sl k+ p) Q)| @33
The Ward identity (B331]) will allow us to derive the informations that we need
on the renormalized charges on scale h. By the analysis of Section it follows

that, if k = k' + pj. for K| = M", |k’ + p| < M" and |p| < M" (we will be
interested in the limit p — 0),

hotocl g O (K)
Sy (k) = ﬁ(l +r20(k)) , B332)
h,+oo
3%,11 lk,p) = @HL33)
3" (k (1) (10
+p _ k
- thlu (eo,hporg +op_re1n I+ pura1 u(k, p) L() ,
Zn-1 Zh—1

with 702, (P); 72,1,.(k, P), 72,0(k) expressed respectively as sums of contributions
ré\k%y(p), TéYLM(k, P), Té\fo(k) with N > 2, admitting the N!-bounds:

Ny, _
1% 0 (P)] + |13V (e, D) + 13l ()] < (comst )V () 121 - B3534)
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Now, using that

3 (') = g (K + p) = GV (K + p) [pol'S + w17+ T 9V (') + putng (k. )

B3A135)
with 720, (k,p) = O(\p]M*‘?’h) , we get:

[ee) [e%¢) 1 A - 1 | a
S2ip" 00 = Sy e+ p) = Z— gl +p)[poll + v T2 (0) +
5 (Fapu(p) + 20u(p) . BI30)

with 720 ,(k, p) expressed as a sum of contributions f§\7707u(k, p) bounded as

|,Fé\7[0,,u(k’ p)| < M72h(const.)N(%)!ghN : ©@337)

therefore, choosing k’ = (M",0) and p = (p,0), the Ward identity (ZBEL3I) together
with the properties (B3359)-(E3537) implies that, taking the limit p — 0:

eon=e+TY <6M2h7’2,0,0 + 7“2,1,0) =e+eAyp, ([35138)

with Ag  a sum of contributions on order N > 2 admitting N!-bounds. Analogously,
choosing k’ = (0, M",0), p = (0,p,0) and taking the limit p — 0:

) 1
e, =e+TIL (evh—lM%TZO,l - irz,l,l) =e+edip, ([B.5139)

with A j, admitting bounds similar to those of Ay . This concludes the check of
our assumptions on the effective couplings on scale h.

3.6 Asymptotic Lorentz invariance

In the previous Section we have found that, thanks to the Ward indentities implied
by the gauge invariance of our model, the flow of the effective couplings can be
controlled at all orders in renormalized perturbation theory. In this Section we
shall see that the Ward identities have another remarkable consequence; they imply
an emergent Lorentz symmetry in our model.

In fact, consider the identities (BEI3])), (B339); in a Lorentz invariant theory
we would get that Apj = Ay ). In our case, where Lorentz symmetry is explicitly
broken by the presence of the lattice, repeating an argument similar to the one
leading to (B4L13)), by the short memory property it follows that:

eo,n — e1h = By pleons1 — ernt1) + Eop(l —vppr) + Esp B81)

where E p,, Eap and E3) can be expressed as series in the couplings on scales >
h+1, with the N-th orders bounded proportionally to (%) 1, MO (%) I, respectively.

Therefore, equation ([B6LT]) together with the explicit expression ([B4L14]) for the fixed
point v_, of the effective Fermi velocity implies that:

€0,—c0 — €1,—c0 = Efoo(eo,foo - 61,700) s (m2)
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where E_, = O(e? ). Equation ([B:612) implies that ey oo = €1, oo at all orders
in renormalized perturbation theory; plugging this result into the equation (Z4114))
for v_4 it follows that

Voo =1, B.83)

which is the speed of light in our units.






Chapter 4

The correlation functions

4.1 Introduction

In this Chapter we shall adapt the Renormalization Group techniques introduced to
study the free energy in Chapters 2], [l to evaluate the generating functionals of the
Schwinger functions and of the response functions. The only difference with respect
to the computation of the free energy discussed in the previous two Chapters is the
presence of the external fields, against which we derive in order to get the desired
Schwinger or response functions. In the first part of the Chapter, that is in Section
A2 we repeat the multiscale analysis for the generating functional of the Schwinger
functions in presence of an infrared cutoff on scale h*; the crucial properties (B526]),
(B5L32)) required to implement Ward identities at each step of the RG will be proved
by keeping h* fixed, while our result (L4LI]) on the two point Schwinger function
will be recovered by taking the limit h* — —oo0.

Then, in the second part of the Chapter, namely in Section [£3], we will apply
the multiscale analysis to compute the generating functional of the excitonic, charge
density wave and density-density correlation functions, introduced in (LCZLH); here
the analysis will be a bit more subtle, since we will have to introduce new running
coupling constants associated with monomials containing the external fields, and
we will have to control their flows. This will be done studying the Beta function,
or alternatively by using Ward identities. Finally, as an outcome of this procedure
and performing an explicit computation, we will get the announced results (L4L0),

(LAT).

4.2 The Schwinger functions

The multiscale integration used to compute the partition function, described in
Chapter 3], can be suitably modified in order to compute the generating functional
Wg?;’Jroo](J, ¢) (introduced in Section B5T]), and in particular the two and three-
point correlation functions appearing in the Ward identities discussed in Section
B3I From now on we will assume that the ultraviolet limit K — +oo has been
taken.

Without any loss of generahty, let us choose the external fermionic fields as
qﬁk op = e ¢k, 0. Where ¢k, 0.puw are supported in the infrared region |k’| < ag;
in this way, the mtegratlon of the ultraviolet degrees of freedom is exactly the same

63
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reported in Chapter Bl and Appendix We do so since at the end we will be
interested to the scaling properties of the Schwinger functions for values of the
fermionic and bosonic external momenta close to the Fermi points and to zero,
respectively; and clearly, these properties are not affected by the ultraviolet regime.
Therefore, after the integration of the ultraviolet degrees of freedom we are left with:

[h*,+o0]
VL TENS) _ - BIAIF / P(WE) Py (dAED) VO W ED A1) BU(E0 )

@21)
where the fermionic source term is given by:
(<0)+ 72 2+ 3,(<0)—
B(¥ Z / \Ilk Upwqﬁk’,o,p,w + (bk/,o,p,wak’,a,p,w ) (IIZLQ)
g,p,wW
Then, we proceed in a way analogous to the one described in Section B2} we itera-
tively integrate the fields (), A©) @O+ AG+1) - “and after the integration
of the first |h| infrared scales we are left with a functional integral similar to (2110,
but now involving new terms depending on J, ¢. Let us first consider the case h > h*;
the regime h < h* will be discussed later.
4.2.1 Multiscale analysis: case h > h*
We want to inductively prove that
[h*""oo]
Vel (4e) _ @23)
— o BIAF+SEM (9) /p(dg;(ﬁh))th* (dAE) VM (VZUED AN 1)
B (VVZ 0 (SR, AR L) 4 W (M (2, W (SR, 6, ASP) 1)

where: S(=h) (¢) is independent of A, ¥, J, W}(%h) contains terms explicitly depending
on A+ J,¥ and of order > 2 in ¢, while B is given by:

BM (7,0, ¢,

dk’ _ al
) B C A T PR A

+/dk k’ow )(k/) 0 V(h V Zh\:[l A

a\Ilk’ ,O,W
+L /Zh\I] A h+1 k/)¢klaw:| , m4)
8\Ilk’ ,O,W
where we used the notations (B2[4]) and
0 _9 ym (v, A)(bk/ — Z #V(h)(\p’A)ép ,
(9\Ifk, FRRCASY, o TP
0 0
b Aiv@) TU,A) = oV (W, A) 5
(bk’o’walllilgw ( ) ) Z(bk opwaq}l-i-/opw ( ) ) (IIZL )
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(h)

Moreover, the functions QU(Jh), G, are defined by the following recursive relations:
N
: Z o 80 o)y
QLK) = qu V(K') = Znzunk, DEGETV () #26)

with Q&l)(k’) =1, GS)(k') = 0. Note that, if k’ is in the support of g&h)(k'),

~(h) (1. A(’H—l) /

Jw k w k
Gy = 2 gugey + 2T, @27
QUIK) = 1= 2,4k, DI K) @2y

that is ||QU (k') — 1]| < (const.) €2 and || (K)|| < (const.) Z; ' M~
Clearly, formulas ([@2[3))-20) are true for h = 0, with

stlg) =0, BOW,¢.4)=B(¥.¢), Wy =0

Let us now assume that ([L2[3)—E2L0) are valid at scales > h, and let us prove that
the inductive assumption is reproduced at scale h — 1. We proceed as in Section
B2 first, we renormalize the free measure by reabsorbing into ﬁ(dﬁ/(gh)) the term
exp{LyVM}, see ([BIB)- (B:ZIIQD and then we rescale the fields as in .
Similarly, in the definition of B, Eq.@2ME), we rewrite VW = LV 4+ P)
combine the terms proportional to E\pV(h) with those proportional to Q"1 and
rewrite

hwz_hw, W () Zh 1, ¢, A) :=
/ {gbk/ owQ (kl)T\I]k/ o,w + \I]l—:ngg;h) (k/)ésk,a,w} +

+/dk 2+,T G(thl)(k/) aq}a V(h)( Zh_l\I’,A)—{—

k/ o,w
k/,o,w

o R
— VW Z U, DG (K g |
OV o WZhoat, GO }

with Qc(uh) defined by ([@2I0). Finally, we rescale W}(%h), by defining

Wi (\ Zha W, 6, A+ T) = W (V20 6, A+ )
and perform the integration on scale h:
/P(d\I/(h)dA(h))ef)(h)( Zpp WS A L 1)L B (\/Z, 0 (SR 6 ASP) 4 1) 4 (Y

— e_g\/\|ﬁh+3(h—1)(¢)+v(h—1)( /Zh_lxy(ﬁh—l),A(Sh—l)_H) )
'68(}1—1)(\/K\I,(gh—l),¢,A(§h_1)+J)+WI(:ch—1) mg)

)

where S(v=1) (¢) contains terms depending on ¢ but independent of AlEh=1) g(sh=1)

and J. Defining =1 .= §(h—1) 4 §(2h)  we immediately see that the inductive
assumption is reproduced on scale h — 1.
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4.2.2 Multiscale analysis: case h < h*

For scales smaller than h*, there are no more bosonic fields to be integrated out,
and we are left with a purely fermionic theory, with scaling dimensions 3 — 2n,
2n being the number of external fermionic legs, see Theorem B3] and following
lines. Therefore, once that the two-legged subdiagrams have been renormalized
and step by step reabsorbed into the free fermionic measure, we are left with a
superrenormalizable theory, as in [36]. In particular, the four fermions interaction
is irrelevant, while the wave function renormalization and the Fermi velocity are
modified by a finite amount with respect to their values at h*; that is, if &y« =

manZh*{|eu7k|, |Vu,lc |}

Zn=Z1(1+ 0(E)), v =up(1+O0(E)). @210)

4.2.3 The fermionic two point function

In this Section we will provide an explicit formula for the interacting two point
Schwinger function in presence of a fixed infrared bosonic cutoff; keeping h* finite
and choosing the external momenta on scale h* we will prove ([B.532]), necessary to
implement Ward identities in the mutliscale analysis, while taking the limit h* —
—oo we will prove the announced result (4.

As for the partition function (see Section B2)), the kernels of the effective poten-
tials produced by the multiscale integration of W[h +O°](J, ¢) can be represented
as sums over trees, which in turn can be evaluated as sums over Feynman graphs.
Let us consider first the expansion for the 2-point Schwinger function. After hav-
ing taken functional derivatives with respect to gEl:, i QASI, and after having set

,O,W
J = ¢ = 0, we get an expansion in terms of a new class of trees 7 € 7'— B N, with
k € (o0, —1] the scale of the root and h > k; these trees are similar to the ones

described in Chapter Bl up to the following differences.

1. There are N + 2 end—points and two of them, called vy, vo, are special and,
respectively, correspond to

(hvl_l)(k/)T\Il(<hU1 1)— or to \Ij

k/ o,w

(Shuy—1)+,T
k' ,ow

&),

2. The first vertex whose cluster contains both v1, ve, denoted by v, is on scale
h. No R operation is associated to the vertices on the line joining v to the
root.

3. There are no lines external to the cluster corresponding to the root.

4. There are no bosonic lines external to clusters on scale h < h*.

In terms of the new trees we can expand the two point Schwinger function as, taking
k = k' + p% with [k/| < ao:

CSES (k™)
(U W) o2
ol BL [hs,+00]
27 STBL L BA— W 0,6) = 11
hyr+1 gé;)(k) ' 00 0 —
= > QP TP+ Y D D Y S(mk),
] hk’ -]71 NZQB —ookf—ooq—g']'(h)

k,h,N
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where hy < 0 is the integer such that M < |k/| < M™*1 and Sy(7;k) is defined
in a way similar to V) (7) in B3ME), modulo the modifications described in items

(1)-(4) above. Using the bounds described immediately after (Z2[7]), which are valid

for k’ belonging to the support of g&h)(k’), and proceeding as in Section B3] we get

bounds on Sy(7; k), which are the analogues of Theorem B3k

N ,yfhk/
Z Z Z ||S2(7;k)|| < (const.)Nep. (= ) 7 E212)

h=—o00 k=— (h*)
CORTTOOTET L N

Being the bound ([@2[12]) uniform in ~A*, our result (L4L]) on the two point Schwinger
function is obtained after taking the limit h* — —oo in ([@21]]), and taking into
account that Z;, v; can be replaced with their interpolations Z (k') ~ |[k’|™"7, v(k’) ~
1—(1—v)|K'|7, provided that the error term R(k’) in the main result (L4L)) is defined
so to take into account the corrections O(e?log M) generated by the replacements;
see discussion after (B4119).

In order to understand (A2[T2]), it is enough to notice that, as far as dimensional
bounds are concerned, the vertices v1 and vy play the role of two v vertices with
an external line (the ¢ line) and an extra Z;kll/ M~ factor each. Moreover,
since the vertices on the path P,; connecting the root with v are not associated

with any R operation, we need to multiply the value of the tree 7 € T(h ) by

M/ (=k) pr(1/2) (k= h), and to exploit the factor MA/2(E=h) iy order to renormahze
all the clusters in P, 5. Therefore,

Z Z Z |S2(7; k)| < (const.)Y (];[)

h=—o00 k=— (h*)
o0 o 67; h N

;h* Z Z Mth hk/M(l/Q)(h k)M*Qhk/ m13)
M f<hyy k<h

where: the factor MF is due to the fact that graphs associated to the trees 7 € 7; N

have two external lines; the factor M"~"x is given by the product of the two short
memory factors associated to the two paths connecting v with v and v, respectively;
the “bad” factor M /2 (h=k) ig the price to pay to renormalize the vertices in P;. 3;
the Z ;kll and the last M%< are due to the fact that v;, vo behave dimensionally

. . —1/2, . .
as v vertices times an extra th// M~"™¢ factor. Performing the summation over

k and h in [@ZI3), we get @ATZ). Note also that, if k' and k/ 4+ p are on scale
hx ~ h*, then the derivatives of ||Sa(7;k)|| can be dimensionally bounded as

N —(14n)hys
SRS 10> l| < (comst) Vel (5) 1 —— @BM)
K/

h=—00 k=—00 67;(}; I)V

from which the bound on fé{\of?u(k, p) stated in (BA37) immediately follows.
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4.2.4 The bosonic two point function

In this Section we will prove the property ([B35[26]), which is necessary to extract
informations on the effective photon mass on scale h from the Ward identity (B5124]).

Taking functional derivatives with respect to jmp’ j,,,_p and setting J = ¢ =0,
we get an expansion in terms of a new class of trees 7 € 7_‘1(5;/), with & < h* the
scale of the root; these trees are similar to those described in Chapter 3], up to the

following differences.

1. There are N endpoints and three of them, called ©1, ¥2, U3, are special. The
endpoints 07, U2 correspond respectively to

A‘(Shf}l) hs 1

th)l*l e“vhﬁljﬂ/vp - M ! Vﬂyhﬁl Auvp ) (m]‘5)
A(Shﬁ ) hs n

th,Q—l el/,h{)Q]y,pr - M 21/117/1172 Al/,fp a

instead, 3 corresponds to —M"s Vit b O, (the only non-vanishing tree this
endpoint can be atteched vertex is trivial, that is the vertex is attached directly
to the root, and it has root scale h*).

2. There are no lines external to the cluster corresponding to the root.
3. There are no bosonic lines external to the clusters on scales h < h*.

Pick |p| < M"~1; in terms of these trees, the bosonic 2-point function can be
written as

82 * 4o * )
/55‘1/\%)/\}%&#r J(7,0) = —m" Va0 + D D D SaATip)
0Jup0Jy—p N>2 h<h* Teﬁh;)

E2116)
and Sy(7,p) is defined in a way similar to V) (1), modulo the modifications de-
scribed in items (1) — (4) above. Proceeding as in Section B3] we get that

S Y [Smp)] < feonst) Vel () @217)
Egh* T67_’gj;,)

To understand formula (Z2[17]), notice first that now all the vertices are renormal-
ized; this is a simple consequence of the fact that the J field is completely equivalent
to a A field, because in the multiscale integration the fields A, J always appear in
the combination A 4+ J. Then, from the bounds derived in Section it is easy to
see that

(i ~ N
reTyy) = [Sa(rip)]| < (const) Vel (5

)it @E218)
and this concludes the proof of ([A2I17).

4.2.5 The three point function

Finally, let us consider the three point Schwinger function; in this Section we shall
prove the property (BBI33]), which is needed to derive the Ward identity for the
effective charge on a given scale.
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Let us pick k = k' +p%, with [K’| = M, |[kK'+p| < M"" and |p| < M"", which
is the condition required in order to apply Ward Identities in the form described
in Section The expansion of 3-point function is very similar to the one just
described above for the 2-point function. The result can be written in the form

9? .
2IA|A)) —wlrel g ) = 19
(B7|A] A)%QU%LP,U@J s (1, 9) E219)
Eun[GU R +p) T K)QUIMN + X X Y Slrikop)
h<h* hv3>h* kR hyg, N

where 7" H h is a new class of trees, with & < 0 the scale of the root, similar
v37

to the trees in 7;(h o up to the fact that they have N + 3 endpoints rather than

N +2 (see item (1) in the list preceding ([@2LTT])); three of them are special: v; and

vy are associated to the same contributions described in item (1) above, while v

. . . . ~(<hg - N . _
Is associated to a contribution Zj,, 1 eu,h%]ﬁp 3) Mt Vihoy Appy With 03 the

vertex immediately preceding vs on 7 (which the endpoint vs is attached to) and

hy, > h*. The value of the tree, S3(7;k, p), is defined in a way similar to Sa(7; k),

modulo the modifications described above. S3(7;k,p) admits bounds analogous to

(IZ:ZIIZI)-(IIZI:IBD; recalling that |k'| = M""| |K' +p| < M" and |p| < M"", we find:
1

S Y Y Y IsEkp)l < o) (e —

h=—00 k=—00 hvg=h*+1 - 7’_(}5*

k,h hv3 N
Z M 1/2)(k7h)Ml_th*M(1/2)(h*7hv3)M72h* 7 @220
h<h*
k<h
hyg>h*

where: M1/ 2)(_k_h) is the short memory factor associated to the path between the
root and ; M"~"" is the product of the two short memory factors associated to the
paths connecting o with v, and vs, respectively; M1/2("~hv3) g the short memory
factor associated to a path between h* and vs; M 2" /Z,._ is the product of two
factors M~ 7 h_kll/_Q | associated to the vertices v; and vy (see the discussion following
(212 and recall that in this case hy = h*). We remark that in this case, contrary
to the case of the 2-point function, the fact that there is no R operator acting on
the vertices on the path between the root and v does not create any problem, since
those vertices are automatically irrelevant (they behave as vertices with at least
5 external lines, i.e., J, ¢, ¢* and at least two fermionic lines) and, therefore,
R =1 on them. Note also that the vertices of type J¢v, which have an R operator
acting on, can only be on scale h* — 1 or h* (by conservation of momentum) and,
therefore, the action of the R operator on such vertices automatically gives the
usual dimensional gain of the form (const.) M"» =", Performing the summations

over k, h, hUg in ([@2[20)), we find the analogue of ([@2I12]):

- 2h*
Z Z Z > Hsgmk,pwg<const.>w(g>'ng4 ,

h=—00 k=—00 hug=h*+1 o (h*) h*—1

@221)
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from which the bound on TfLV (k, p) stated in ([B35L34]) follows.

4.3 Response functions

The techniques introduced to evaluate the free energy and the Schwinger functions
cas be used to compute the response functions, or generalized susceptibilities; phys-
ically, these objects provide further understanding on which is the effect of the
electromagnetic interaction on the macroscopic properties of the model, in particu-
lar they suggest what possible physical instabilities are enhanced by the interaction,
[78]. As for the two pont Schwinger functions, we shall see that the response func-
tions as well decay with interaction dependent anomalous exponents.

Let us define the imaginary time response functions Ci(?) (x —y) as follows:

(a) @) ()
CJ (X_y) T <pxz7pyj>5L7 (Iﬂll)
(Ei) p— + - ieA(x’ ) + — —ieA(x’ )
Prij z% (ax7gbx+(0,gj),o’e D E 05,000 ’ ) ’
(cpw) B
x,J T Z a’“f x,0 x+(05 ),obx+(05)
o="
02) N -

S z%ax(, 7 X+(05 ) PxH (05,0

Being p(Ei), p(CDW) and p(D) gauge-invariant operators, we can represent their
grand-canonical correlation functions using a functional integral representation in
the Feynman gauge. Therefore,

2
(@) 9 V(U,A)+D(®,T,A)
C(x —y) S5 log / P(dU)P(dA)e L
82 —
—_ P
000" Wa.il )Lb:o ’
D@0, 4) = / drg Y S olpl) @32)
0 FeAi=12,3
where <I> = (BAA)™ qupﬁ . eikxff)gfi) (we choose @gaz) € R for simplicity), and

p(@) are glven by @3 with a*, b*, A replaced by fermionic and bosonic Gaussian
fields.

4.3.1 Renormalization group analysis

All these generalized susceptibilities can be evaluated using multiscale analysis and
renormalization group. As we are going to see, the external fields ®(® behave
dimensionally as A fields; the main difference with respect to the analyses of Chapter
and Section is that now we will have to introduce new running coupling
constants, associated with the relevant and marginal ®-dependent monomials. The
flow of some of these new running coupling constants, namely those associated
with the monomials @@ U~ will diverge as a power laws in the infrared, in a
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way similar to the wave function renormalization but in general with anomalous
exponents different from n = % + .... A non-vanishing difference between these
new anomalous exponents and 7 will give rise to the anomalous scaling of the
response functions.

Multiscale analysis

The ultraviolet degrees of freedom can be integrated out by following a procedure
completely analogous to the one described in Section Z4land Appendix[Dl It follows
that:

GWB,L((I)) — E33)

e_BWFO"'C(ZO)(q)) /P(d\p(go))P(dA(go))ey(O)(qj(SO)7A(§0))+D(0)(q>7\1/(§0)7A(§0))

)

where all the quantities appearing in ([@3[3]) have been defined Section B2 except
for C(ZO)(CP) and D, which contain ®-dependent terms. In particular,

m
D(O) o, ¥, 4) Z Z /H\I] Ky, 1,06,p2i—1,w2i— 1\II1;/2¢70¢,P2¢M22' 1_[1A“¢’p’"
i=

q>1  oW.p
n+m>1ﬁ7 71

1:[ an,qp7 ,u({ z} {pj} {qT} (ij+zqr+z Zk,) )
o z/ [T, w2 s (Sa) @

q>1

where the kernels are computed following the rules explained in Appendix [Dl and
Section B3] by taking into account the presence of new vertices, corresponding to
the source terms. It is easy to see that the external fields ®(@ behave dimensionally
as A fields; therefore, the kernels proportional to the monomials ®(® A behave as
relevant ones, while the ones proportional to @@ Ut~ &@AA, @H( 4 are
marginal.

As for the effective potential V(O we split the ®-dependent part of the interac-
tion as LD + RDO) with R = 1 — £; the localization operator £ acts linearly on
the kernels of D) in the following way:

LW D) = WIS (0) +pd, WD (0) = v + puvily
CWioTpuloa) = Wagi (007 —piP) .
LW (pa) = Wii(0,0) = ¢,
LWy 5 pa) = Wy 5h(0,0) = kg @35)
and EWQ(S)m ¢ = 0 otherwise. As for the case ® = 0, the number of running coupling

constants will be reduced by the symmetry properties listed in the following Lemma,
which will play the same role of Lemma [2.3.1] in the analysis of the free energy.

Lemma 4.3.1 The Gaussian integrations P(dV), P(dA), the interaction V (¥, A)
and the source term D(®,V, A) are invariant under the transformations (1) — (8)
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of LemmalZ31l, provided that <1>( ) transforms in the following way (remember that
1=1,2"=3,3=2):

() (a)
(4) (I)q _>q)(QO7T‘T)7]+1

(5) (i)( ) q)(a)
2 (E

(6.a) @
i — —(f)gf;j,:)w) —id(8; =5 U, with § = (g0, —q1, 42)-

(6b) &)((;10:7) — (i((;éj)/; with q = (q07 q1, _q2);

(1) 85 265 P 1 O, 6) 5 88 it @ = (a1
( +) A( +). §CDW) H(CDW) | &(D) 5D)

Proof. The proof is a straightforward extension of the one of Lemma 23T} we leave
the details to the reader. [

By symmetry (4) it follows that:

Wz(oo),Lp, (0,p —pP3’) = #316)

exp {iPF (82 = 61)(p1 — 1) = 72 (32 — 01)(p2 — 1)} :

0),0r,j+1
WQ(O)I,pj, (0,p% —PF)

while by symmetries (4) — (8) we get:

Wigis (0% —pP) = 25 (iol é) = Z,5T"
WACPM L 0, p — pi) = ZCBY (3 _01> = ZGPVTOPY | @)
Wit oms —w) = 25 §) =2
with Z8 = 2%, ¢, 250 € R, and ZZ%, = 14 O(e?). Therefore, from [@36) and

[@37) we find that

dkK’ dq (@) §(<0)+ 3 (<0)— (0),
Z/ \Ilk’Jrq,opl,wl\Ilk’,a,pg,WQWQ O,I,p, (0 pF - pF)

dk’ dq  +(a) s (<0)+ (@) & (<0)—
D (271')3 (I) \I}kurq oW1 Zw OF \I}k/ ,o,w2 ) (IEI’S)
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where the matrices I’U(Jojj) are easily obtained from (Z3[6]), [@3L1):

af . 9 T I
(BE) 0 e~ 1G—1)pg" (62—01)
tad = <:|:e1(J Dppt (52—61) 0 ’ ®@39)
v (b
wi - 0 ei02—0)@—pp)G-1) |
pleowy (1 .0
w,j T\ el (G- )

Repeating the analysis described in detail in Chapter Bl we can integrate the
fields (@, AO gD ACD - wt) A(G)Cin an interative way; after the inte-
gration of the first |h| infrared scales we get that:

eVo.L(2) = = BIAFACEN (@) ([E3110)
: / P(dT(EW GAS)) VW (VZREE AS) LD (@, Zp (<1, A

where all the objects appearing in ([A3[10]) have been defined in Section B2lexcept for
Cc=M_ DM which are given by @3] with 0 replaced by h, and the kernels wih

2n,m,q
will be defined inductively. We proceed as in Section B2 first, we renormalize the
free measure by reabsorbing into P(d¥(=") the term exp{ﬁq,V )}, see (B2I6)-

B2Z19), and then we rescale the fields as in [B2I2]]). Similarly, we rewrite
DD, \/Z, U, A) = DD,/ Z,_ 1T, A) , E311)

and we split Dh as £DM) + Rﬁ(h), where the action of £ on the kernels of D) is
defined as follows:

h),a,j h h a,
[’W(E,l),l,u](p) = Wél)l,u( ) + POy Wél)l,u( ) = M"v j"‘pv ,Whv
h h
EWZ( 0),1,p, (k,q) = Wz( O),Lp, (0.p% —pPE) .
) h ) «,
‘CWO( 2)1 (p,a) = Wo(,Q),l MJ(O 0) =: E,}i )
£W(h)7 7] P W(h)7_7j _7j 12
0,1,2,11  (p,a) = 0,1,2, (0,0) = Kun - [E3112)

Moreover, the symmetry properties (1) — (8) of Lemma 3] which are preserved
by the multiscale integration, imply the analogous of [3L8)), that is:

dk’ dq 2 (@) 2 (<h)+ ~ (<h)— R w
Z/ b, )\III(J—I—()}[,J,pl,wl\I]l((T,U?pQ,wQWZ( 0),1,w (0,p% — PF)

dk’ dq 5 () § (Sh)+ (@) § (<h)—
D (o P Vi bamin ZonT ST Vi @E313)

where Z5 , = 22, 1, Z7 ), € R, and the matrices F( ) are defined in (£3[9). At this
point, we are ready to mtegrate the scale h; proceedmg as after (B2[20]), defining

ev(hfl)(\/m\lj7l4)+p(hfl)(q>7\/K\I/7A)—B|A\Fh—0(h71)(<l>) — @314)
/Ph(dq,(h))Ph(dA(h))ewh)(\/K(\Iz+w<h)),A+A<h>)+ﬁ<h)(q>, Zp—1 (T+T (M) A AR
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our inductive assumption in reproduced at the scale h — 1 with C(2P—1 = ¢c(=h) 4
C(P=1)_ The integration is performed using the Gallavotti — Nicold tree expansion
described in Section B3t the only difference with respect to what has been discussed
in Section is that the resulting trees have new endpoints, corresponding to the
various contributions to £D™).

The outcome of this procedure is that the kernels of C(Z"=1) are expressed in
terms of a renormalized expansion Which involves the old effective parameters plus

the new ones {yﬂ o ﬂ V s C ok @ tesh; to close our renormalization group

R, k’
analysis we have to control the flow of these quantities.

The flow of the running coupling constants

In this Section we show that the flows of all the new effective parameters except Z7
are bounded; in particular, all the new running coupling constants will be bounded
by O(e) uniformly in h. To see this, we shall use Ward identities (for 1/“ 7, Cﬂ

nz h) and symmetry considerations (for VM . h) Regarding Z3 ;, these quantities in
general will behave as M """ that is their evolutions are governed by anomalous
exponents, which will be explicitly computed at lowest order; these computations
will allow us to characterize the long distance behavior of the excitonic, charge
density wave and density—density susceptibilities.

_7j

Rpihe
of these running couphng constants will be controlled implementing Ward identities
at each RG step. Notice that, as for v, j, the Beta function does not provide any

The flows of I/M h’ C o As for v, p,, the “mass” of the photon field, the flow

help here; for instance, the evolution equation of V 5 is given by
aj _ J a,j
uh_MVuh-‘rl_'_/Bu,h—l—l ) (mlS)

and a single non-vanishing order in ﬂ 1 would generically produce an exponen-

tially dlvergent flow for v, ’sz in the limit h — —oco. Similar behaviors would take

place for Cu 5 ;’il

The Ward identities that we need are implied the gauge invariance of our theory
plus the fact that the source terms appearing in the generating functional W@ L(P)
are separately invariant under local gauge transformations. We will proceed as for
Vuhs €u,h, See Section B.5F we introduce a reference model which is regularized by a
bosonic infrared cut-off on scale h, and we derive Ward identities for this new theory,
exploiting the facts that: (i) the running coupling constants on scales greater than
the one of the infrared cut-off are the same of the non-regularized model; (ii) the
infrared cut-off does not break gauge invariance, and does not produces corrections
to the WI; (iii) the new model can be studied repeating the multiscale integration
described in Section B8] with the only difference that after the scale h the theory
becomes superrenormalizable, which in particular implies that the running coupling
constants “cease to flow” on scale h. See Section for the discussion of the
multiscale integration in presence of a bosonic infrared cut—off in the case of the
generating functional of the Schwinger functions; a completely analogous analysis
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can be repeated in presence of ®(@) external fields. Let:
@) /P(dll,)PZh(dA)eV(\If,A—i-J)—I—D(cD,\IgA—i—J) ’ @316)

where the subscript > h denotes the presence of an infrared bosonic cutoff on scale
h, to be imposed as in ([B3L3]). We assume that the ultraviolet limit K — +oo has
been taken; the presence of a finite u.v. cutoff can be discussed as in Appendix [G],
and produces corrections that vanish exponentially in the limit of cutoff removal.
The invariance of the theory under local gauge transformations implies that

52 o
0 = Tw[h+ }(<1>,J+(3oz)‘ =
08106 _q P=J=0a=0
s yplie
= @p—F7s P, ) 1
a7 Wir @) @317)
3
0 = — 0 —— Wi (@, 7+ 00) -
0810, p06_q-p P=J=a=0
. 83 h,+o00
= I(QV +pl/) ~(a) ~ W[ }((I)’ J)‘cbf‘]fo )
000, 500 —qp =J=
3
0 = — ?) W@, J + da) -
8‘1) o (9(1) a/\,q p P=J=a=0
. 83 h,+o0
= (g +p) Wi @, . @3

8(1)(04)8(1)( )8J1/ —q-p d=J=0

At the same time we know that, repeating an analysis completely analogous to
the one performed for e, and v, choosing ¢, = 0,49, p, = 0,,,p, such that
lp| < M"Y gl < MM g+ p < M

P )| = M40

6<I> 0Ju—q =J=0

83 [h +oo] j 2

Wps (®,J) = (1 +0(e),

acl)( )8Ju1 04 —q-p $=J=0 £

o [h +oo] J

2 Wi (2,J) = K06 @319
aq)( )8‘1)( )8JH —qep d=J=0 Hs

putting together [E3[I9) with the Ward identities (3[1T) we get that

I/ii = 0(e?) Cg,ﬂ =0(e?), ni% =0(e?), #3120)

as desired.

The flow of v . e These running coupling constants cannot be studied using
Ward 1dent1t1es at least not for all 1, v; therefore, to prove the boundedness of
their ﬂows we will rely on simple symmetry considerations. The evolution equation
for I/M has the form:

7]
/J,,l/h ,u,,u h+1 + /B,u,u h+1> (m'21)
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where, setting &), := maxpsp{e,k, Vi ks I/i’k, " Vk, Cu _’]} (the max is intended
over all the labels), the Beta function appearing in ([3[21]) is expressed as a renor-
malized series in the running coupling constants with the N-th order bounded pro-
portionally to (N/2)!é. However, this dimensional bound is too pessimistic in
this case; in fact, the graphs contributing to [5’37’3,,1 41 contain an even number of
fermion propagators, and one propagator (fermionic or bosonic) is derived with re-
spect to the p-th component of the momentum. Therefore, rewriting the fermion
propagator as Gu” (k') = U(”),el(k/) + g&k)(k'), where gikiel(k') is obtained setting
Ry—1,(kK') =0 in (B220) (that is, it is the linear part of the single scale propaga-
tor) and ||g*)(k)|| < (const.)MF¥||g*¥)(k)]||, we decompose the Beta function as

b had ] l
Bty = B + B @3122)
where:

(i) the terms labelled by (rel) are obtained by considering only trees with end-
points on scales < 0, and replacing all fermion propagators with their rela-
tivistic counterparts;

(k)

(ii) because of the improved dimensional bound on g’ (k) with respect to the one

on gU(J )(k) and of the short memory property of the Gallavotti-Nicolo trees,

the bounds on the terms denoted by a tilde are improved by a factor M%"
with respect to the basic ones.

Then, since gff“z,el(k) = —gffzel(—k), w*) (p) = w*) (—p), the parity of the graphs
contributing to the relativistic part of the Beta function is equal to —1; this means
that

Brwa =0, ([E323)
and the equation ([E3[ZI]) can be safely iterated up to the scale 0. This shows that
v,y = O(e), uniformly in h, as desired.

The flow of Z7,. Finally, we conclude the discussion of the flow of the new
running couphng constants by analyzing the flow of Z7 n these are marginal, and
their flows are very similar to the one of the wave functlon renormalization 7, see
Section [3 In fact, these running coupling constants evolve according to the
following flow equation:

Zgh=2Zgn1(L+Bg hi11) + B ni12 s (E3124)

where ﬂ& h+1, are expressed as renormalized series admitting N ! bounds; in partic-
ular, 87, = O(e?), Bona = O(e*). The graphs contributing to B3 n1 have the
external field emerging from a vertex of type ®@ W+~ while the ones appearing
in the value of 37 ;, 5 have the external field emerging from a vertex of type ®( AA;
see Fig. [Tl for an example of two such graphs.

However, as anticipated in the caption of Fig. 1] the bound on ﬂ& hi12 admits

an improvement of a factor M?" with respect to the basic one. To see this, simply

decompose ﬂw hil2 as ,BW ,(Zfll)Q + ,5’5‘7,1“72, exactly as for the flows of the other

marginal terms (see discussion after ([@L3[22)); again, ﬁa’(ml)

Rl = 0 because it is
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a) p"’:)1 b) Y p::l
Ppt - pp et - pp
AVAVAV/ AVAVAV/
0] [0]
h ~ ) h )
P2 P2

Figure 4.1. a) A graph contributing to Z5 h1Po nas b) a graph contributing to Bg h.a-

The graph b) is of order e?M%"; in fact, the same graph obtained replacing the fermionic
(h)

propagator with its relativistic approximation g, ;

(k) is vanishing by parity.

given by a sum of graphs with an odd number of relativistic fermion propagator,
while 57 ;. 5 has a dimensional bound improved by M Oh,
Hence, Eq. [@3[24) can be iterated up to the scale 0 and it follows that

wh = Mhe as h — —o0, #3125)
Mo = Jim logay (1+ 85 p11) E.3126)

the lowest order contribution 773’(2) to ng are computed in Appendix [F.4 the results
are summarized in Table L] (recall that by symmetry Zgn = wa,h).

W
a (+7 _) (+7 +)
3e2 e2
Ey An2 1272
2 2
e e
E_ 1272 1272
2 2
e e
CDOwW 1272 472
2 2
€~ _ €~ _
D 1272 1272

Table 4.1. The lowest order contributions 173’(2) to the anomalous exponents 7.

Therefore, the conclusion is that the most divergent Z7 ; are those corresponding
toa=F;, w = —wy and o = CDW | wy = wo; in parﬁcular, these four running
coupling constants diverge with anomalous exponents bigger than the one of Zj. As
we are going to see in the next Section, this implies that the spatial decays of the
excitonic and charge density wave susceptibilities are depressed by the interaction.

4.3.2 Computation of the response functions

Finally, we have now all the elements that we need to explicitly compute the response
function; in particular, we shall prove the results (L4L6]), (L4L7). It follows that:

o 0”
@) = — W ()] = ——— 3" CO) (@ (32
Cise) = g o Plomo = Zomr oy 2 oy 7)
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where C")(®) has been defined in ([@3I4); the lowest order contribution to C(*~1
is represented in Fig.

D° D
AVAV N\

Figure 4.2. The lowest order graph contributing to C»~1)(®). A sum over all the possible
inner scales is understood.

Therefore, taking ¢ = j = 1 for simplicity, we can rewrite (Z3[27)) as follows:
(%) = —2Tr(rag<“~v~><x>rag<“-”-><—x>) @329)
2
w h\/h )
—2 g (x)re 29
> X Zh T (Tl Tl () ) @329)

h,h/<0 wi,w2==%

+3 00 (x @3130)

h<1

where the factor 2 is due to the sum over the spins, h V h' := max{h,h'}, and

Q(Bh)L(x — y) contains higher order terms. We will get that, for |x| > 1:

60 = T beon( B CHG a0, @3
where, for 1 > 6 > 1/2
&=2m0—n), i) =T+ >2ria"<x> : @332)
n=
r20(x)| < Hﬁ;’#)g ()] < (comst.)" (5)! ’X‘4+_§_
and, if b = 872 /27:
G{)( ) :U%+|f|27 Gé)( ) ﬂc%—!—x%—x%’
bl 2 bl 2
GYPW(x) = —% V() - ;‘}f’i”% :
GFrg = THHED G = -1
=t =t @
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Remark 4 1. Notice that by symmetry (4) of Lemma [-3-1] we know that

Ciy1j1(x) = CF5((0, TT)) 5 ([E3134)

the correlations Cg‘j(x) with © # j can be studied in exactly the same way as
C'1(x), and we will not discuss them here.

2. From the explicit lowest order computations of ng, n, see Table[{.1 and Ap-

pendiz[FJ), we know that all £& = 0+ O(e*) except for £+ , EYPW which are
given by:

B Ae? cow _ 4¢?
=53 10( ok i+ =5+ 0 D [H3135)
therefore, we conclude that the decays of the correlations Cf'y(x) are depressed
by the presence of the electromagnetic interaction; in the spirit of [18], this
suggests that the electromagnetic interaction favors instabilities of excitonic
or charge density wave type.

We will study the three contributions [3[2]]), (£3[29), (@3[30) separately; the
following bounds will play a crucial role:

aroom o M @+not+nitna)h

no QN1 ng

H 0 H < Cn 1+(Mh]x\)N ) (E3136)
no n1 A (h) M @2+notnitnz)h

o0y 92w ™ (x)|| < On T+ AR~ forall h<1land N >0,

and with go(})(x) = g (x), wM (x) = w*?)(x). The proof of these bounds for
n; = 0 is a consequence of the following inequalities:

dk’
Il < | [Sa | <com, @@an)
k/
feof s Y s P G| = | [ (a0l e a0
_ dg, 71k’x8N08N18N2 A(h)(k/)

S C}VM(Qlengng)h

; B3138)

from which (Z3[36]) immediatly followdl. The case n; # 0 can be derived in exactly
the same way; the details are left to the reader.

Bound for (4.3[28]). This term can be estimated simply by using the bound
([E3134); it follows that

(g ) () | <

#3139)

for all N > 0.

For N even use that |x|V = (Z?:O xf)% and expand the square; for N odd use that |x|¥ =

|x||x|V 7, that |x| < >, lzi| and the fact that N — 1 is even.
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Evaluation of (4.3[29]). This term can be evaluated explicitly, asymptotically in
|x| = +o0 and at leading order in e. We will rewrite [@3[29]) as a quantity which
can be explicitly evaluated, plus error terms which will be small, either because they
decay faster in |x| or because they decay with the same power but are O(e?).

Error terms. First, we will replace the ratio appearing in (£3[29) with a
function of |x|, and we will show that the bound on the remainder is improved by
a factor O(e?); then, we will compute the leading contribution to ([Z3[29) explicitly.
Let us rewrite:

(Z3 huw)?
w, _ @340
Zp-1Zp 1 )

_ 2(ng—n) 1 Mh\/h/ _277; Mh n Mh/ U(Cgvh/)2 -1
= 02 [1 4 (M) (0 e g

h*~h'
= [POET o POE T s e (x)

where ¢ = 1+ O(e?). Plugging ([E340), the contribution due to the error term
Sw b,k (X) can be bounded using

(i) the inequality r* — 1 < |alogr|(r® 4+ r~%), valid for all & € R and r > 0;
(ii) the bound [3[39)) for the single scale propagator;
(iii) the fact] that, for some Cy o >0 and N > o > 0:

MM x|)®
> TN i (M|h||i|)N < Cnoa - @341)

h<0
Using (i), (ii), (iii), is is easy to see that

’X‘2(77§*77) Z sg,h,h’(X)Tr(Pagc(ﬁ) (X)Fagg;l)(_X)) = Z fg’N(X) )
/<0 N>2

~v N 1
]rﬁ’N(X)\ < (const.)N(E)!eNm ' )

|

Then, let us rewrite

aa) = g + 30 + s
A(h) (k/) L fh(kl) (_FO k/ + k/Iﬂ ) (m'43)
gw,ll T ‘k”Q w™0 it w/

(h)

w,l
(k') with 1, f (k') in 98" (K); (ii) 8"} (k') is equal to 9"} (k') Ry o, (K/). There-
fore,

where: (i) §.1(k’) contains the error committed replacing respectively op,_1(k’),

~(h A ~(h ~
8E30) | < (const)eZ g ()L 4E206)]] < (comst.) K16 (')
([E3144)
2The proof of [@3MAI]) goes as follows. Let h(x) := —[log |x|], where [.] denotes the integer part;

split the sum Zhgo in Zhgh(x) + Zh>h(x). The first sum can be bounded replacing the argument
|a—N

of the sum with |x , while the second sum is bounded replacing the argument of the sum with

(M"[x])".
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(h) (h) (h) (h)

Correspondingly, we rewrite go,’ (x) as g,, £ (X) + 5,,1(X) + 5,,5(x), where
h —ip¥x dkl —i /XA h
o) = e [ TS el ) @345)
(h) _ipex [IK ek 1y - 46
Sw,i (X) = e D € Sw,i( ) ’ (Im' )

The contribution of s((uh%(x) to (E3[29]) can be bounded exactly as the corresponding

t0 Spw h,0 (%), and we get a bound like (f3[42); the contribution of ) (x) to (A3129))

w,2

is bounded using (Z3[4T)), ([E3[44)), and it decays faster than |x|_4+2(77_77§),

Evaluation of the leading term. Therefore, the leading contribution to

@E32T) is

Ofie(0) =2 3 xPUE DT (Mg, ()T c(—x)),  @34T)

wi,w2==+

where gy, £(%) == > 5<0 g(g) (x); an explicit computation shows that, see Appendix

6],

—xol“g + .%'Z'sz

1 , 8T
= 4
ST +o(1+‘X’N), v @3148)

where the last term denotes corrections which vanish as [x| — +o0o faster than any
power. Therefore, setting {5 = 2(nS — 1), b = b’2/8 = 872/27 we get that, see
Appendix [E.Tt

o (x) = e PFX

2 2 2 2 2
—xg + |2 o —Tg + T — 15
ch (x) = L 4cos(pf 1) —L——L "2
17171:( ) b|X|6_£-€+ ( F ) b|X|6_££—
CCDW( ) 1 + (—»+ —»)_x(%_x%_{_x%
X) = ———=—=+cos(pp T)———5— ,
e bl EE P ety
o —23 — 22 + 23 cos(pf - T)
Cl,l,ll(x) - Iz - B,
blx[ S+ blx|* 5+
2 2 2 2 =2
E_ ry— ]+ N TH—|T
Clipx) = DTEED | oy )01 EB49)
blx[® S+ b|x|0 4+~

from which ([@3[33)) follows.

Bound for Finally, we have to show that all the other Feynman graphs
give a smaller contribution. This can be done repeating an analysis similar to the
one of [8], up to a few differences that will be discussed here. We can have three
situations:

(i) all the external fields emerge from vertices of type Pl \IfjJ'I\I’JQ and the graph
has more than one inner loop;

(ii) at least one external field emerges from a vertex of type P AA;



82 4. The correlation functions

(iii) at least one external field emerges from a vertex of type ®(®) A,

The vertices of type ®@d(@ A4 do not give any contribution, since the corre-
sponding running coupling constants f@%’,ll’l are vanishing by symmetries (1) — (8) of
Lemma [23.7] 7

The case (i) can be worked out using that the minimal loop connecting the
points x and y is formed by at least two single scale propagators, which satisfy
the bound (@3[30); then, we can apply the analysis of []], that will be not re-
produced here. The N-th order contribution due to these graphs is bounded by
(const.)N (N/2)1eN [x|~4&, N > 2.

Similarly, using that the running coupling constants associated to vertices of
type ®(®AA are O(e?), we get that in case (ii) the N-th order contribution is
bounded by (const.)N (N/2)leN [x| 4T (1/2 maxe &5

Let us consider case (iii); recall that the vertices of type ®(@) A correspond to
Mhyu j Or to Py’ Vlh, and both the running coupling constants are O( ). Consider
the simplest of these graphs, namely the one depicted in Fig. Assume that

05 X 0 0
h
Figure 4.3. In momentum space, the vertices of the graph correspond to M th,’;t or to
1
Pv SU h*

both the vertices correspond to p,v “ uh’ the value of the graph in Fig. {3l is

d . 32
1 1 P _ipx ~(h 1 1 h
ViV h / G S DN (P)pup = = 3 Vi hmw( () -
vV |87
#3150)
Using the bounds ([3[36]), (A3[41]) we get that
0? (const.)e?
SN ()] <
H u,uh u,u haxyaxy w (X)H = ’X‘4 ) (m'51)

and the same result holds if one vertex is replaced by M hl/“ 5> higher order graphs

can be bounded repeating the analysis of [8], and the result is that the generic graph

of order N of type (ii) is bounded by (const.)Ne!N |x|~+H(1/D maxw s



Chapter 5

Lattice distortions

5.1 Introduction

In this Chapter we will discuss the effects of lattice distortions on the model that we
introduced and studied in the previous Chapters. In general [80} 58], small lattice
distortions can be taken into account by considering a position and bond dependent
hopping parameter, of the form tz; := t + ¢z;, where ¢z; is proportional to the
distortion of the bond connecting the site & to its nearest neighbour # + 5. Again,
we shall perform a RG analysis to characterize the low energy behavior of the model;
as we are going to see, some special lattice distortions, the Kekulé ones, will be dra-
matically enhanced by the electromagnetic interaction. Interestingly, the amplitude
of this distortion behaves as a bare mass for the fermion progagator. The presence
of a non-vanishing initial distortion will give rise to a new running coupling constant
with respect to the case studied in Chapter Bl namely the effective fermionic mass
Ap. We shall distinguish two regimes: in the first regime the effective mass will grow
from its bare value Ay to a dressed value A > Ap; in this regime the fermionic
field will behave essentially as a massless field, and the analysis will be qualitatively
the same as in the case Ag = 0. After the scale h such that Aj = A, the fermion
propagator will become massive, since the typical momentum scale will be smaller
than the mass A; as a consequence, the flow of the running coupling constants will
remain close to the values reached at the scale h.

After this, we will investigate the possibility of a spontaneous deformation of the
honeycomb lattice; in particular, we will write a non-BCS self-consistence equation
of the amplitude of the distortion, that is for the mass of the fermion field. This
equation is similar to the one found by Mastropietro in the context of Luttinger
superconductors, see [62]. The equation will be discussed from a qualitative point
of view; as we shall see, already for small coupling the solution will be influenced in
a non-trivial way by the electromagnetic interaction. For strong coupling, we will
argue that the phenomenon of mass generation is favored by the interaction.

The most direct physical interest of our study is connected with the possibility of
a metal-insulator transition in graphene, an (yet open) issue on which great efforts,
both theoretical and experimental, have been and are still devoted. However, there
is another physical motivation for the analysis of Kekulé distortions; in fact, it has
been recently proposed, [50, 51 [I8], that these kind of lattice deformations may be
at the basis of a possible electron fractionalization in the low energy excitations of

83
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graphene, such as the one taking place in one dimensional systems like polyacetylene,
150 58]

The Chapter is organized in the following way: in Section [5.2] we slightly change
the definition of the model, in order to take into account the effect of small lattice
distortions; in Section [5.3.1] we describe the integration of the ultraviolet degrees
of freedom; in Section we discuss the integration of the infrared degrees of
freedom, and we prove our result (LTI on the two point Schwinger function;
finally, in Section [5.4] we discuss the issue of a spontaneous lattice distortion, and
we derive a variational equation for the gap.

5.2 The model in presence of Kekulé distortion

In this Section we change the definition of the model so that the presence of a small
lattice distortions may be taken into account. The Hamiltonian of the model in
presence of a fized lattice distortion is given by:

Hal{0}) i=Ha + H{TT({0D) 621)
where H, is the Hamiltonian defined in (L2 while HS ?"({¢}) describes the

electron-phonon interaction and it is given by:

ph - 1eA(z i) + — 71614(5’1') 9
xT,o
M oh) = X0 Y dma(adob s, FBE L apehen), @22)
TR
Z: =

where ¢z, is a real valued function corresponding to the distortion of the bond

which connect ¥ to & + 5; As for the case ¢z; = 0, this model can be studied using
a functional integral representation; for any positive 3, L, the average of a generic
physical observable O(A, V) is defined as

(O(A, \I’)>¢B)L = =3 /P dV)P(dA)e V(¥,A)+vg (A, \IJ)O(A v), (E33)
\_‘/37
E(EL = /P(d\I/)P(dA)eV(‘1’714)+U¢(A7\I/) ’

where all the objects appearing in (5.2[3)) have been defined in Chapter [l except
for vy(A, ) which is given by:

vy (A, V) = ©.24)

/ 0 ZA Pz ¥ xo’l (m T+8;),0 + (z0,84+8;),0,2 ~ %051
re

1=1,2,3
We shall perform a specific choice for ¢z ;; namely, we shall choose ¢z ; corresponding
to the so-called Kekulé distortion of the honeycomb lattice. This is equivalent to
the choice

. 2 N N .
bz = 057 = S Do cos(PH(G; — 0jy — ) , 625)

where Ag € R has to be understood as a “small” parameter. The Kekulé distortion
corresponds to a particular dimerization pattern on the hexagonal lattice; see Fig.

b1
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Figure 5.1. The Kekulé dimerization pattern for jo = 1. Double and single bonds are
respectively “long” and “short”, and correspond to the hopping parameters t — %, t+ %Ao.

5.3 Renormalization Group analysis

In this Section we shall describe the RG analysis that will allow us to characterize
the ground state of the model defined in Section For simplicity, we start by
discussing the evaluation of the free energy; as already seen in the previous Chapters
for the case Ay = 0, the analysis of the correlation functions will be a straightforward
extension of the procedure that we are going to discuss.

5.3.1 The ultraviolet integration

Proceeding in a way completely analogous to Section 2.4, it follows that after the
integration of the ultraviolet degrees of freedom the partition function of the model
can be rewritten as (from now on the wide tilde will recall the Ap-dependence):

Zp = ¢ INF [ Pog(@B(S0) Pog(dAS0)eT W ERAS g

where Fy and V(© are given by (repeated indeces are summed):

‘7(0)(\1[7"4) = Z Z/H\Ijkgl 1500,02i—1,W2i—1 kQZ,Jz,PQz,szH HisPi |

n+m>1 va

Wi peen (K7}, (P51 Zpﬁz Dki| . 632
Fo = (BIA)'W ©33)

and the kernels WQ(ﬁLOBn can be computed in terms of Feynman graphs following the
rules described in Appendix and Section B2, with the only difference that now
new vertices proportional to Ag appear; these vertices have two fermionic lines and
an arbitrary number > 0 of photon lines. Clearly, if we set Ag = 0 the kernels
appearing in ([3[2) reduce exactly to the ones of Section [Z4] and in particular
verify the properties stated Lemma 242 which are implied by the symmetries
listed in Lemma 23T}, for Ag # 0 the role of Lemma[2.3T]is played by the following

one.
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Lemma 5.3.1 For ¢z,; given by [ZZ3), both the Gaussian integrations P(d¥),
P(dA) and the interactions V (¥, A), v4(A, V), defined in (ZZ23), (Z211), (ZZI13),

() respectively, are invariant under the transformations (1) — (8) of Lemma
[Z.31] provided that:

o under (4) jo — jo+ 1, with 3+1=1;
e under (6.b) jo — jo, with 1’ =1,2' =3, 3 =
Proof. The proof is a trivial extension of the one of Lemma [Z3T} the details are

left to the reader. ]

For Ag # 0 the above symmetry properties no longer exclude the presence of
a mass in fermion propagator; however, as proven in Appendix [H] the following
identities are true:

W2(;7007)p7p7£(0) = WQ( O)p7w w( ) =0 )
N2(,10),p,37p,w,7w(0) = Aol ) dp €R s
Wi @) = e PG 205, E34)

where 6y = > n>o 58N)€N € R with 58N) bounded proportionally to (N/2)!, uni-
formly in Ag. It is convenient to rewrite the partition function (3Ll using the
more compact relativistic notations introduced at the end of Section B2} it follows
that:

éﬁ,L _ e—ﬁ\/\lﬁo /PSO(dw(SO )P~ (A(<O)) V() (1(<0) 4 <0)) ©35)

where the interaction V() (1, A) is given by:
~ dk’ — dk’ —
VO (3, 4) = —/— Y ozt o = | 5 Yoy U0 AgSothre o +

dp dk’ dp - R
/(27’(’) A,u,p w—pY ,u0+/ lAﬂ,OwkUrp,o'Yuwk’,oAﬂ,p—F

+RVO(, 4) (5316)
where:
(JO)

(i) the first terms takes into account the contribution of 0 W2 0)| Ag—0"

(ii) The second term is a mass term for the fermion field; the 4 x 4 matrix vU0) is

defined as: I
: —iIelPr(%o—01) 0
P = 5 ) E37)
0 iIe?r (%50 =01)

(iii) The third term takes into account the contributions of WO(?QOL(O) (which verify
the same symmetry properties of their Ay =0 counterparts,_see Appendix[ﬂ]).

(iv) The fourth term takes into account the contributions of WQ(]f,)p wpt (0)| Ag—0"

(v) The fifth term collects all the higher powers in the fields, and the Taylor
remainder of the expansions of the kernels in the momenta and in A.
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5.3.2 The infrared integration

We proceed as in the Ag = 0 case; we evaluate the partition function by integrating
the fields in an iterative way, starting from %(©), A©  For h > h, where h =
h(Ag) < 0is a suitable scale label that will be defined in the following, the multiscale
integration will proceed in a way analogous to the case Ag = 0; after the scale h*
the fermion propagator will become massive.

Massless regime. We want to inductively prove that after the integration of the
fields on scales > h 4+ 1 > h the original functional integral can be rewritten as:

Spp=c |A\Fh/p (dp M) Py, (dAEM)e V) (VZyyp(S0), AER) 318)

where P< h(dA(Sh)) has the same propagator of the Ag = 0 case, while the fermionic
propagator is

xn(K') ioko + itp (KK’ - v — iy00)* A (K)

GEMK) = & _ _
Zp(K) kg A+ Oa(K)2R? + A (k)

(1+Rp(K)); B39

finally, the effective interaction on scale h can be written as

v(h)(iﬁ’A) = Z Z /Hwkm 110,024 — 1¢k227017a2 ]:[A WiPi

n+m>10,0,1 =1

W) (K}, {p, 1o (Zp]JrZ k) E310)

and the kernels WQ(n)ngjo) together with the free energy ﬁ’h, will be defined recur-
sively. In order to inductively prove formula (B3[]]), we split the kernels appearing
into V™ as sums of local plus irrelevant parts; this procedure will be slightly differ-
ent with respect to the one discussed in the case Ay = 0. Let us define the operators
L;, i =0,1, in the following way.

Ifn=1,m=0:
Eoﬁ//éﬁ){éjO)(kl) — ﬁ//(h),(jo)( 0),
LW = Ko, 0) E211)
ifn=0,m=2:
7-(h),( h
LW (p) = Wi (0),
5-(h),(J h
LT p) = pada Wiy (0) E312)
ifn=2m=1:
a-(h),( h
LoW3) 59 (p) == W) (0) ; E313)

ifn=0m=23:
LoWSh) (p1, pa) = W57 (0,0) ; G 14)
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TAQNED)

2n,m.a,p

then, given a generic kernel we define the operators P;, ¢ = 0,1, in the

following way:

PoWgna, ({63, {p; 1) 1= Wahte) (ki3 (i D) o - E315)
PiWg Ve, ({6}, {ps}) 1=

0 = (h),Gio)
= D0 M) W b (R AP D g3,
k;;,k OAk(K') At J ’Ao(k Y=r.=Ap(K)=0 *

Finally, given L;, P;, 7 = 0,1 as above, we can rewrite the effective potential on
scale h as LV + RV where the localization operator L is defined as follows.

Ifn=1,m=0:
LW (K'Y = Lo(Py + P)WHYO () + LiPoWE () s (E316)
ifn=0,m=2:
LW (0) 1= Lo(Po + POWLE Y (0) + LRV, (0) : EBIT)
ifn=2m=1
h h
LW (p) = LaPoWA) 9 (p) G318)
ifn=0,m=3:
ﬁw(h) (o )(Pl, p2) == EOPOW( ) ( )(p1, P2) - E3119)

The combinations of the operators L£; and Py give rise to terms equal to those
discussed in the case Ay = 0; therefore, it remains to discuss the combination of the
operators £; and P;. Proceeding in a way completely analogous to the one followed
in Appendix [l to prove (53[6), the symmetry properties (1) — (8) of Lemma 53],
which are preserved by the multiscale integration, imply that:

P o 50731W( )»(o) (K o = —1ARI D 07 Dipr 5, On = 0}, (5320)
£0P1W(§,2),H(]0)(p) = _5u17M2M Viih s Vih=Vop, Vi= 74

A
As we are going to see, the remainders of the Taylor expansions in Ak(k' ) necessarily
appearing in the definition of the R = 1 — L operation, see (2.3[10) — (3119]), admit
gains in their dimensional bounds with respect to the basic ones, and for this reason
will give rise to irrelevant kernels.

Hence, one can repeat exactly the same steps performed in Section[B.2lto describe
the integration of the partition function of the Ay = 0 case; the only difference being
the presence of a new running coupling function Ah(k' ), which evolves according to
the following flow equation:

Zn (KA1 () = Z(K)AR(K') + Zn Andnxn(K') - ([E.3121)
Setting Ap_q := Ah,l(O), it follows that:
Ap1 Zy

(1+87) , E322)

A Zpa
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where 35 = ﬁhA’(z) + O(e2 M%) + O(e*), and (see Appendix [F.3)):

arctan &, 1+ 5,%

A2
B 2 _ (637,1—1—21),21_16%;1) 2 G log M
= 3—6210 M + O(etlog M) ; (3123)
- 47‘(’2 g g ’

therefore, the flow equation ([B3[22) and the explicit computation (B3[23]) together
with the result (B4I19) for the Beta function of Zj imply that

Ap = AgM M K = 224 O G3124)

As already mentioned at the beginning of this section, the multiscale integration
goes on until A~ = h, where the scale h is defined as the scale on which the fermionic
propagator becomes massive, that is when:

7 ~ 1
A =M h ~
h = 1+77K

logM A0 9 (53125)

1
K

which implies that A; ~ AgT It remains to show that the actions of 1 — P
on a relevant kernel and of 1 — Py on a marginal one produce irrelevant kernels; in
particular, we shall show that the operator 1 —P; acting on a kernel on scale h > h
is dimensionally equivalent to A (P=mG+1) In fact, it is straightforward to see that

the action of 1 — P; is dimensionally equivalent to (Ap,/ Mh) ZH; and
() =(5,) ™ - | v

where we used the definition (&3L25]) of A.

Massive regime. At the scale h the fermion propagator has become massive;
however, the photon propagator is singular in the infrared, therefore we still need
the RG to analyze this regime. We could integrate the residual fermionic degrees of
freedom in a single step and study the effective bosonic theory by multiscale analysis;
however, in this way we would get estimates not uniform in the bare fermion mass.
For this reason we will proceed in a way analougous to the massless regime, i.e. we
will “slice” the fermionic and bosonic degrees of freedom simultaneously.

The main difference with respect to the previous regime is that now we do not
expand anymore the kernels in powers of the fermion mass; in fact, the splitting
performed in the massless regime would be not convenient now, because, as we are
going to see, the momentum flowing on a scale < h will be smaller than the corre-
sponding fermion mass (and therefore Ay /7" will be greater than 1, see (5.3120])).
As before, we will localize the kernels corresponding to monomials of order < 3 in
the fields; the main difference in the single scale integration with respect to the
previous regime is that here we do not rescale the fermionic fields. In fact, because
of the improved dimensional bound on the fermion propagator the flows of the run-
ning coupling constants corresponding to monomials kuﬁw converge to finite values.
The same is true for the mass term Ay, which remain close to its value on scale
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h, and for the charges e, . Finally, the photon mass is controlled using the same
Ward identity exploited in the case Ay = 0, and the local parts of the remaining
kernels vanish by symmetry.

After the integration of the first |h| infrared scales the partition function can be
rewritten as

Zg.p = e PIAIE / P_j (@S P_j (dAEM)V D (VZ DA Egan)

where the effective potential V) i given by (B3[10]) with A replaced by h. We split

the effective potential as Lyt 4 R]}(ﬁ), where R = 1 — £ and the action of £ on
the kernels of V(") is defined as follows:

W(E)y(jo)( )+k;6a17/2(@7’2(j°)(0)

EW(h (Jo) (k/)
EW(h) (JO)(k/ p) = [,W2(h) (JO)(O 0),
)
)

77(1/»1' lau

LW “0( = Wi (0) + padulWy3,(0)

77“

LW () = W o). E3128)

By the symmetry properties of Lemma [5:37] it follows that:

Py oW, N(h)’(jO)(O)i/)k' = —iA; 50w VI, 0 €R, (E3129)
h h B~
W) (0) = 8y s Wi ) (0) =2 ~M"5, 7, E330)
Ui = Vg nieR, (B3131)
h —~(h),(j
O, =0, W) =0, 6332)

where: (i) (B3[29)) is proved in Appendix [H1} (i) (E3030), (G3L3I) are proved
in Appendix [H.2} the proof of the second identity in the third line of (B3[32) is

completely analogous to the one of the case Ay = 0, which has been discussed in
Appendix [E4] (the only symmetry transformations involved are (7) and (8), and
these do not involve the label jp); the proof of the first one is less trivial, and it
goes as follows.

First, consider the case jo = 1; in this case the proof is completely analogous
to the one reported in Appendix [E4] for the Ay = 0 case, since the symmetry
transformations involved do not change the label jo = 1. Let us now consider the
case jo = 2; setting Too = 1, ToZ =T 0:=0, TZ] := T;; where T is the 27/3
rotation matrix, by symmetry ( ) it follows that:

{(Ta ) (h)( )( )} fffl _ 80{‘//17(52)7(1) =0, (53133)
which gives
W5 ") = 0,

(——al—iaQ)Wo(;@)() = 0,

(%@ ) WEP0) = o, E34)
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and the last two equalities imply that 9;W, O(hQ);E )( 0) = 0, for « = 1,2. The same

argument can be repeated for jo = 3, and this concludes the proof of ([B3[29).
Setting

LU0) . =9, W(h)( )( 0), olo) . i (h )(JO)(O,O) , G3135)

H/va h‘ Mva h 2,La, s

the partition function can be rewritten as:

Zp = [ Peg(@ )P (dAS)P VAV A (6:336)

I/\

where: (i) the propagator of ]Sgﬁ(chb(fﬁ)) is obtained by adding to the exponential
of the gaussian weight of Péﬁ(dw(ﬁﬁ)) the mass term of (L3[29), i.e. it is given byEl

x; (k') ivoko + io; (KK -y — iy A (K)

A(Sh) (1Y — B /
g (k ) = ~B(k/) k‘2 + f}ﬁ(k/)2|E|2 + Aﬁ_l(k1)2 (1 + Rh—l(k )) s
Zi () A5y (K) = Z () AR (K) + Z50745 5 E337)

(ii) the interaction p® (1, A) is

~ /7 dp <h A A
V(h)(z/;,A) ::/ 273 { p,hJ;(Lp)Au,p_ M"p BA Auv—p} +

—~

dk’ (jo) dk’ dp ; —
+ [ D Mbeamaantvas + [ D @ rr st e

+RYM (4, A) . (E3138)

Let us write, as usual, Q,Z)(Si‘) = Q,Z)(dl) —{—1/)(71), ASh) = A(<h) 4 A(R) where AP, Q,Z)(B)
have propagators given respectively by [B226) with A replaced by h and

gP0) _ f0) ok + 0 (E- T - iU Ay (k) L
Z; T Zy kZ + o5, i (k)2 \k\Q —l—Ah (k)2 (4 Ry ()
filk) = 5 il B339)

integrating the fields on scale & along the lines of Section we recover our starting
formula (53127) with A replaced by h — 1. The procedure can be iterated, and to
prove the infrared stability of the renormalized expansion we have to check the
boundedness of the flow of the running coupling constants. First of all, the flow
of 7,5 can be controlled using again the Ward identity (Z.5[24]). Regarding the
remaining running coupling constants, assume inductively that Ay ~ A; for all & >

h; the flows of Ay, zflj 3) o eg? 5, can be controlled exploiting the fact that the fermion

propagator on a given scale & > h is bounded by ~ M 7’, that is its dimensional
bound admits a gain M*~" with respect to the corresponding dimensional bound
in the massless case. In fact, consider the Feynman graph expansions of the Beta

(o) (o) .

ah Cnah; there are two possibilities: either there is at least one

functions of Ay, z

"Notice that now A;_, := A;_,(0) = Az (1 + B}%) with 5}% := 0j,; compare with (B3[22).



92 5. Lattice distortions

(massive) fermion propagator on scale k such that h < k < h, or the dimensional
bound of the graph is depressed by a factor M?"—") because of the short memory
property. Therefore, in both cases the bounds admit an improvement of a factor
MO=h) with respect to the usual dimensional bounds, and for this reason the Beta
functions of the remaining running coupling constants are summable. This means
that for h < h

Ap~ Dy, 209 e ) e E340)

This concludes the proof of the boundedness of the flow, and our discussion on the
multiscale analysis for the free energy of the model in presence of Kekulé distortion.

5.3.3 The two point Schwinger function

We conclude this Section by discussing the evaluation of the two point Schwinger
function; in particular, we will prove our main result (L4III]). To procedure is
completely analogous to the one followed in the case Ay = 0; therefore, we shall
only discuss the differences with respect to the case Ay = 0, without repeating the
whole argument. We integrate the fields scale after scale, and the main difference
with respect to the case Ay = 0 is that formula ([Z2[4)) is replaced by

BY (2, 0, A
dk’
=2
dk/ (h+1) (1,7 ()
+ / G E O (). )

k/,o

,UQ(thl (k/) wk’ ot ¢k’ Q(thl)(k/)st’p +

VW (VZy, A)G (K)o GER41)

3¢k/

where the matrix G (k') is defined as

é(k/) =

(@) ~

QUK E342)
Zi—
while the matrix Q" (k') is given by (repeated indeces are summed)

@(h)(k/) — @(h+1)(k/) —iz, [Zu,h%tkL + Ah5h7(j0)}é(h+1)(k') (h > h*),

QU (k) = QUAD () = 12y [k, 210) |+ Apdun o) |GIED () (h < )
The integration of the single scale and the check of the inductive assumption is
done following the same strategy discussed in the case Ay = 0, taking into account
the modifications of the multiscale analysis introduced above in the evaluation of
the free energy for the case Ay # 0; in particular, after the fermion propagator
has become massive we stop to rescale the fields, and we collect all the new terms
proportional to kuﬁw, ,ﬂ/ﬂ/} into new running coupling constants z£ a) e (] 0) ah which
behave dimensionally as marginal ones, but whose flows are bounded because of the
improved dimensional bound on the fermion propagator.

The remaining part of the discussion is the same as for the case Ay = 0, and
we refer the reader to Section B2} the two point Schwinger function is obtained
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deriving the generating functional with respect to the external fields ¢y ., Ekﬂ. In
particular, notice that the leading contribution to the two point function is given by
the dressed propagator (B.3[9) or (B313T), depending on whether the external quasi-
momentum k’ is such that |k’| > A, |k’| < A; the former propagator is essentially
equal to the one of the case Ay = 0, while the latter is different because the running
coupling constants appearing there are equal to their values reached on the mass
scale h*. This concludes the proof of our result (LZL10).

5.4 Gap generation

So far, we have seen that the Kekulé distortion of the honeycomb lattice is strongly
renormalized by the electromagnetic interaction; in particular, the ratio of the
dressed and bare “Kekulé masses” A/A blows up as Ay — 0. The natural question
is whether it is possible that, under suitable conditions, a spontaneous distortion
(corresponding to a gap generation in the fermionic energy spectrum) may emerge.
To understand this, we shall consider the hopping parameter as a dynamical vari-
able depending on the lattice site and on the bond, and the resulting model will be
studied in the Born — Oppenheimer approximation.

5.4.1 Gap equation

The Hamiltonian of the model in presence of a dynamical lattice distortion is

Hal{o}) = Ha({6}) +Kal{o}),

Ka({g}) = % ST 62, G41)
TreA
1=1,2,3

where K ({¢}) is the elastic energy of the distortion ¢ € R, k € R™ is the stiffness
constant and g € R is the (classical) phonon coupling. The free energy of the model
in the Born — Oppenheimer approximation is given by:

SINEES = [ ] des]ePerUeD-BINFs L({6)

reA
i=1,2,3

H oz e BIMEs L({6})

ZEA
i= 1,2,3

log Tr e 5HA({¢>}) BE42)

the total “energy” Eg ({¢}) is extremized by values of the distortion ¢% ; satisfying
the condition 9y, Eg .({¢}) = 0, which is equivalent to:

* g E) ¢

Ohi = ;<p;f’>“, GA3)
(By) + - oleA,i + — —ieAzy
pr = ( wffblur e )—i—be %0 e ’)) ) EA4)
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Now, if the equation (B.4L3]) admits a non-trivial solution, and if this solution corre-
sponds to a global minimum of the energy Eg 1, ({¢}) uniformly in 3, |A|, then from

(L)

li FB9 = 1 E * 5
pim  Fyp = lim Eg({¢"}), E45)
[A]—+o0 \A|%+oo

that is the integral over all the possible distortions in (&4[2]) is dominated by a
single configuration ¢*, which therefore corresponds to the lattice distortion in the
ground state of the system.

Clearly, the problem of solving (.413)) is very hard, and we will not be able to
solve it in full generality. However, we will show that the equation (4L3]) admits as
a solution a configuration ¢* which corresponds to a particular Kekulé distortion;
and at least for small ¢ this solution corresponds to a local minimum of Eg 1 ({¢}).
This last fact follows because

P ke = s
0¢3,:00y ; A I E e
0 (B, (B
S i) = G E26)

and for maxz ; [¢% ;| small enough the pE+) — p(E+) correlations are bounded objects.
The problem of showing the uniqueness of the solution and its correspondence to a
global minimum of the total energy is beyond the purposes of this thesis.

5.4.2 A solution to the gap equation

As a first step, it is convenient to rewrite the r.h.s. of (5413]) in the functional integral
(Ey) .

representation. The observable pa. is manifestly gauge invariant; therefore, we
can rewrite its statistical average as follows:

(Pgaf)hu = a<1>(0,f),i log/P(d‘I’)P(dA)ev(w’AH or (T AIH T )Lbzo )
(E ) ieA X,
((1)7[) + Z/dx q)xz( x,1 U +(0,S’i),27ge Get) +)

where repeated indeces are summed, and as usual [dx = foﬁ dxo Y zen-
We perform the following special choice for ¢Z ., corresponding to a Kekulé
distortion of the honeycomb lattice:

—

* *,(J 2 2 _
B = 05" = 60+ 2 Do cos(FH (D) — 5y — 7)) (e B

where the parameters ¢y, Ag will be determined starting from ([G.4L3]); as we are
going to see ¢g will correspond to a renormalization of the bare Fermi velocity, while,
as it follows from the discussion in Section (.2l Ay, the amplitude of the Kekulé
distortion, behaves as a bare mass for the fermion propagator. Let us denote by

)

(- >E3 A) the statistical average in presence of a fixed distortion ¢*(0) and call p A(EJF

(BEy)

the Fourier transform of p.. ™7, see below; the following result is true.
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Lemma 5.4.1 For any 3, L, choosing ¢% , of the form (5418) with ¢9 € R, Ay € R,
the gap equation ([5.7L3) is equivalent to the following two equations:

2
IR SO NCD
¢0 - K |A| <p6‘,1 >ﬁ,L ) mg)
Ag g> 1 (B ) (D
20 - Lo . G 1
3 F TN Prpa s, 0)
Proof. Tt follows that?
W = X ) E212)
CRANEN ) ’ |A| = k‘l B,L
€D
AENG) L g (B)\G0) 1 iz (B4, G0)
= —— (b — N4 e ) B
RO+ e O+ e e
where the last equality is implied by the fact that <p;€+)>(602 reflects the periodicity

of the distorted lattice; see Fig. Bl Therefore, from (L4L8) and (A12) we get

21 (Jo)

_ 9 L AEy
QSO - K ‘A‘ <p67] >67L ) m13)
A 92 1 (e 00) w5 _5
T = e it

from (5A113]) we see that a necessary condition for (5:418) to be a solution of the gap
equation is that the r.h.s. of (4I13)) and (B.4L14]) are independent of j, jo and w, 7, jo,
respectively. To prove this, we shall use that the generating functional appearing in
(B40T) is invariant under the symmetry transformations of Lemma B3] provided
the external field appearing in (B4L7) transforms as discussed in Section

Let us first consider the first equation in (L4I13). The invariance under (4) and
(6.a) imply respectively that

(B 00— (B 00) (), (ot L)
~(E)\Wo) (B, Go)
P2 )y, =PG5 )5, EA116)

2To prove (B4I12), note that all the sites equivalent to #, that is those with the same configura-

tion of distorted nearest neighbours of Z, can be obtained starting from & and moving of 2d; — dz,

(B4),(50)

24z — dy; therefore, (p;; )ﬂ , must be invariant under & — & + 2d, — da, £ — & + 2d2 — d1. This

R (do) . e . .
implies that in (pi’i”)ﬂji only the Fourier modes verifying the following constraints can appear:

—k1+—3\/_k2—27rn1 , §k1*—3\2/_k2_27”12 ) ni,n2 € Z; @A)
from QAT we get ki = 2 (n1 + na), k2 = 32—\7/%(711 — n2), and the fact that k € Dy, implies 0 <

nitne <1, -2 <nj—n2 < 2 Therefore, the allowed integers are @7 = (1,0), (0,1), (—1,1), (1, —1):
the first two choices correspond to §1, Pp; the last two correspond to §p — plh = pi, Fh — Pp = Pp
(these identities have to be understood modulo vectors of the reciprocal lattice). This concludes

the proof of (BAIT2]).
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therefore (ﬁéi+)>(ﬂ;) is independent of j and jy; moreover, from symmetry (5) we
get that ’

(B4 ), (o)

(pa’j >6,L eER. BEALT)

Consider now the second line of (B4IT4]). First of all, let us prove that the r.h.s. is
independent of j, jo; to see this, notice that because of symmetry (4) the problem
is equivalent to show that

(By)\ Uo—i+1)

(Pt >5 ; eiP# (830 —5+1=61) is independent of j, jo , (B4118)
F s

where we used that §%6; = (T 15%)8; = P0:41, with T the 27/3 rotation matrix.
The claim (4II8) can be checked explicitly using again symmetries (4) and (6.a);
in fact the combination (4) - (6.a) - (4) gives:

SENG _AEBNG) i 58 A EG) i (5a—81) A B D)
<%71>ﬁ,L_<p¥’2>B7L_e £ <p*1g,3>67L—e " <7’¥’1>B7L’
SENG) BN P) e (5-81) 2B i (8s—81) 4B ()
<%’1>5,L_<%’3>57L_e F <%’2>B,L_e F <%’1>5,L’

where in the last equality we used again the invariance of p% under T'. Therefore,
the above chain of identities proves that

NE> (jO) —ip®, 55 NE (]0__]"1‘1) B, 5. . _x NE (1)
( é‘f«“j}bﬁLe P05 =050) — ( 1(7%)?1)>5L 0P (Gjg—j+1—01) — <p§3(;:1)> ; BEA19)
finally, from (6.b) and (5) we get:
S(E)\DEmy) (D A1), (D
<pﬁ¥,,1 >5,L - < p;‘w71>5,L 9 <pﬁ¥,71 >B,L € R 9 m20)
and this concludes the proof of Lemma [5.4.11 u

To conclude, we have to show that the equations (AI13)), (B414) admit a non-
trivial solution; in particular, we will be interested in understanding the effect on
the electromagnetic interaction on the solution. First of all, we rewrite the r.h.s. of

(EA13), (GAI) as (we set () = (--- >(61£ for notational simplicity):

A(E4)\ + - + =
P57 = D [(ad bn,s )+ 05 az )]+ G321)
TeA
o=1}
+ — l(iA S_C', _ + - —leA S_C', _
+ Z [(af,obﬂ&,o(e (#1) 1)>+(bf+gwaf’0(e (#1) 1))},
zeA
o="{
AEL)y —iprE [/ + p— + -
<pﬁ}t1> _ Z e WPRpT |:<af,(7bf+51,a> + (b:ﬂghaaf’gﬂ + (sz)
FEA
o=1{
—ipEE[ s+ p— ieAz + - (o—ieAE )
3 e b, (e 1)) 4 0T e (e — 1))
re
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the terms appearing in (B4121), (B422) involving the exponential of the photon
field can be studied again using multiscale analysis and RG, and it follows that they
give rise to O(e?) corrections (we omit the details); therefore, using the functional
integral representation in the Feynman gauge, we can rewrite (4121]) and (2.4122))
as:

1 (e dk 4~ _ A

) = =2 [ B [T + g )] £ 06 ER2)

1 A(E+) _ dk - \Tma 37— +

\A\< e = _2/3 <\I}k+p;m2\pk+p;,¢,1>+<\I'k+p;m1@k+p;m2>}+
+0(e?)

Notice that in the integrals appearing in (B:4I23]) the main contribution come from
A < |k|; in fact, for |k| < A the two point function is bounded by (const.)A~!, and
therefore the integral over |k| < A is O(A?). The gap equations (GALL3), (G414,
together with (B4I23]) and our result on the two point function in presence of dis-
tortion, can be in principle studied numerically, and quantitative predictions can
be made; here however we only want to get a qualitative picture of the behavior of
the solution as a function on the interaction. For this purpose, we can approximate
the equations for ¢g, Ag as follows:

o g% Z / dk’ 1 o(K 4+ pL)RQUE + %)
- DZk’—i— k:2—|— k'+ w2k/2
“ A<livl<l pF) o+ o( pP7)? K|
Ay 49 dk’ 1 Ak + p%)
— ~ (64124
3 Z / D Z(K +p%) k2 + v(k' + p2)2[k/|2 )

“ A<IK|<1
where
AK+p%) = AolK'|7™, Z(K'+p%) = K77, oK) =1-(1-0v)|K'|[7; GA25)

the gap equation (4124)) is similar to the one found first in [62], see also [16], in
the context of Luttinger superconductors. From (54124) we get that ¢g = O(g?);
the discussion for Ay is less trivial, and it goes as follows.

“Small” electron-electron interactions. Let us consider the case of “small”
electron-electron interactions. Notice that in order that the effective Fermi velocity
flows from v, the bare value, to 2v the momentum p has to be equal to:

1—2vy\7 w
p:(l v)”:>p:eﬁ for n < v; (E4126)
— v

therefore, for 77 < v the Fermi velocity is for all practical purposes equal to v, and
the integral in (4[24]) is equivalent to

1 -1 AN arctan & 24 (1 — Anfmmtl)
d dcos 6 — o7
/A p/l s cos? § + v2(1 — cos? 0) 13 v2 om—ng+1 G.227)

where £ = vv=2 — 1. Plugging this result into (&2[24]) we get that

2 1+ng
Ao~ (1- :Z_g) T or |g| > go = O(VRv) G.428)
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and in particular the critical coupling gg > 0 is essentially independent of e. How-
ever, still the electromagnetic interactions play a non-trivial role. In fact, since

n—nNK = —1726;2 + O(e*), the exponent appearing in (5.4I28) is greater than
1; this means that close to gy (B4IZ8) behaves as Ag(g) ~ (9% — g&)'t® with
15¢2

a = 5 + 0(e?) > 0, that is 9;A0(g) is continuous at |g| = go: the transition

is smoothened by the interaction.

“Strong” electron-electron interactions. The discussion in this case will be
more speculative. From the analyses of Sections and 5.3l one may reasonably
guess that electron-electron interactions tend to favor excitonic instabilities, and
in particular a Kekulé distortion of the honeycomb lattice: as we have seen in
Section A3} the excitonic response function CF+ is amplified by the interaction,
while, as discussed in Section (3] a preexisting Kekulé distortion is greatly enhanced.
This belief is corroborated by the fact that the integrand appearing in the second
equation in (TA[24) scales as |k[77"5 2 with n — g = —1726;2 + O(e*); therefore,
if n — ng — —1, a situation which corresponds to a strong coupling regime, the
integral in (4[24 is bounded from below by a quantity of order |log A|. This
means that in this strong coupling limit the gap equation (L.4[24]) admits a solution
for any |g| > 0; in particular, if ng —n — 1 exceeds 0 then

k(e —n = D)\ e
AO ~ (1 + T) K s fOT |g| > 0 (ng)
Hence, it is reasonable to expect the critical value of the phonon coupling gg to be
generically lowered by the electromagnetic interaction.



Chapter 6

Conclusions and perspectives

In this Thesis we investigated the effect of electromagnetic interaction on electrons
on the honeycomb lattice at half-filling (1 electron per site in average), with the
physical motivation of understanding the role of electron-electron interactions in
the low energy physics of graphene. In particular, we introduced a new model for
graphene, where the the coupling with a quantized electromagnetic field is defined
so to respect gauge invariance; therefore, our model can be seen as a “lattice gauge
theory model” for graphene. Compared to the existing literature, the model intro-
duced here does not neglect the lattice (no Dirac approximation is involved) and
does not neglect the presence of the vector potential, which is necessary in order to
guarantee that the full theory is invariant under local gauge transformations.

Using rigorous Renormalization Group methods and lattice Ward identities we
succeeded in characterizing, at all orders in renormalized perturbation theory, many
of its ground state and low energy properties, [39]; in particular, we investigated: (i)
the effect of the interaction on the two point Schwinger function (the dressed prop-
agator); (ii) the effect of the interaction on some response functions; (iii) the effect
of special lattice distortions, the Kekulé ones; (iv) a mechanism for spontaneous
lattice distortion.

Regarding the two point Schwinger function, its scaling properties are deeply
modified by the presense of the interaction; in fact, interaction-dependent anoma-
lous exponents appear. This means that the interacting system behaves as a Lut-
tinger liquid: as far as we know, this is the first time that Luttinger liquid behavior
is found in a two dimensional system. Moreover, there is an emergent Lorentz sym-
metry, due to the fact that the effective Fermi velocity (that is, the one appearing in
the two point Schwinger function) tends to the speed of light at the Fermi surface.
After this, we studied the effect of the electromagnetic interaction on the excitonic,
charge density wave and density-density response functions (or susceptibilites); we
have found that, as for the two point Schwinger function, these response functions
scale with interaction dependent anomalous exponents. In particular, some response
functions are amplified by the interaction, namely those corresponding to Kekulé or
charge density wave pairings; the former is associated to a Kekulé distortion of the
honeycomb lattice, see Fig. 0] the second to a periodic alternation of excess/deficit
of electrons on the A /B sites of the lattice.

To get a deeper understanding of the effect of lattice distortions we changed the
definition of the model in order to take into account a preexisting Kekulé distor-
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tion; interestingly, the amplitude of the bonds deformation behaves as a bare mass
for the fermion propagator, which is strongly renormalized by the electromagnetic
interaction. This is interpreted by saying that Kekulé distortions are enhanced by
the electron-electron interaction. Finally, motivated by the results of the response
functions and on the mass renormalization, we investigated the possibility of spon-
taneous lattice distortions. We treated the lattice distortion as a classical dynamical
variable (a classical phonon field), in the Born-Oppenheimer approximation; by us-
ing a variational argument we have found that the total energy is extremized in
correspondence of a suitable Kekulé distortion, whose amplitude is determined by
a well-defined self-consistence equation. We studied this gap equation from a quali-
tative viewpoint; in general, one sees that the solution of the equation as a function
of the phonon coupling g becomes non-trivial for g greater than some critical value
go- For weak electromagnetic interactions we have found that the transition from a
gapless to a gapped phase is “smoothened” (the interaction removes the discontinu-
ity at go of the first derivative of the gap with respect to g), while gg is essentially
interaction-independent; however, from the same equation we got evidence that
strong electromagnetic interactions favor the emergence of a Kekulé instability by
lowering the value of gq.

Regarding the perspectives of our work, these are many both from a physical
and a mathematical point of view. For instance, from the physical point of view,
it would be very interesting to understand the issue of universality of the electric
conductivity in graphene; in fact, it has been experimentally observed with very
high precision that the optical conductivity is equal to 4e?/h: remarkably, this
value is not affected by higher order corrections and material parameters, such
as the Fermi velocity. The explaination of this phenomenon is very challenging
from a theoretical point of view, and some attempts have already been made in the
literature; however, all the existing arguments are strongly based on the logarithmic
divergence of the Fermi velocity, which is, in our opinion, an unphysical feature of
the models considered so far. To show that the growth of the Fermi velocity does
not play any role in this remarkable cancellation it would be very interesting to see
first if it can be recovered in a case in which the effective Fermi velocity is weakly
renormalized; for instance, one can consider the two dimensional Hubbard model
on the honeycomb lattice, whose ground state has been rigorously constructed in
[36]. In that case, the effective Fermi velocity turns out to be an analytic function
of the coupling, close to the bare one.

Another interesting physical problem is related to the insensitivity of graphene
to localization effects usually induced by disorder; to understand this issue, it would
be very interesting to add some randomness to the model defined here, and see if our
RG analysis can be adapted to take into account the disorder. The effect of disorder
on Dirac fermions has been investigated well before the experimental discovery of
graphene. For instance, in a pioneering work, [25] 26], Fradkin considered a model
of noninteracting Dirac fermions in presence of disorder; by a replica analysis it
was shown that 2 is the lower critical dimension for a localization/delocalization
transition. In particular, considering N different species of fermions, in the limit
N — 400 it was shown that in two dimensions the mean free path of the electrons
is always finite in presence of disorder, and that it grows exponentially as the in-
tensity of the disorder goes to zero. Moreover, in the same formalism a universal
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nonvanishing minimal value of the conductivity was predicted. It would be very
interesting to see if a similar analysis can be reproduced using our rigorous RG
framework in the case of finite IV, and eventually taking into account the effect of
electron—electron interactions.

From the mathematical physics point of view, the model that we introduced
here opens the way to many interesting problems; the most interesting one is the
proof of convergence of the perturbative series. In fact, our present results are
perturbative, in the sense that all the quantities that we compute are given by
series in the running coupling constants with finite coefficients, where the N-th
order contribution is bounded proportionally to (N/2)!; the bound is a consequence
of the factorial growth of the Feynman graphs at a given order, and it is clearly not
enough to prove absolute convergence. In purely fermionic theories the solution of
this combinatorial problem is well-known, [60} 30} [7], and it is based on the so-called
Gram bounds; basically, one exploits the —1 arising in the anticommutation of the
fermionic fields to show that the N-th order contribution to the perturbative series
reconstructs the determinant of an N x N matrix, which is bounded proportionally
to (const.)N. Here the problem is that we have both fermions and bosons, and
the Gram trick applies only to the fermions; to control the proliferation of graphs
obtained exchanging bosonic lines we need some other argument. We expect this to
be a hard but doable task; for instance, one could try to adapt the cluster expansion
ideas of [31], 32], or perhaps the recent “loop vertex expansion” of [44] [72]. If one
succeeds in this, it would be the first rigorous construction of a two-dimensional
Luttinger liquid.






Appendix A

Grassmann integration

In this subsection we recall some basic concepts of the Grassmann calculus.

Let us consider a finite dimensional Grassmann algebra, which is a set of anti-
commuting Grassmann variables {¥} ¥ },ca, for some finite set A. This means
that:

{8 W8} = W WE, 4+ 05,05 =0, Va,d' €A, Ve =+; @l1)

in particular ¥ V% =0 Va € A and Ve = +.

Let us introduce another set of Grassmann variables {dV} ,d¥_ },eca, anticom-
muting with U} W and a liner operation, the Grassmann integration, defined
by

/w;dqf;ﬂ, /dqf;:o, aEA, e=+. @2)
If F(V) is a polynomial in ¥}, U o € A, the operation
/ [[ aviav, F(v), (A3)
acA

is simply defined by iteratively applying (Al2]) and taking into account the anticom-

mutation rules (AL]). It is easy to check that for all « € A and C € C
[AUFdU, e VaCVa g wt

[dUEdU;e—YaC¥a

=C (Al4)

in fact e~ ¥aC% =1 — WOV, and by (AL
/d@;dxlf;e—%w% =C, @l5)

while
— gyt -
/d\I/;Ld\IJae Vallag pt =1, ([Al6)

More generally, if K is an |A| x |A| invertible complex matrix, the above formulas
are generalized in the following way:

_ =S UM
My iange St ugy
O/B/

- e —
fHaEA AU dV,e Zi,jEA WMV

@l7)
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Again, ([AL7) can be easily verified by using (AL2]) and the anticommutation rules
(ALT)); in particular it follows that

_ A7
/H AUt dW e 2isea Vi M5 _ qep 0 @S8)
acA
while .
- = o UM U o
/ [ dviaw, e Xosea VMY gt = M @)
a€cA

where M/, g is the minor complementary to the entry M,z of K.



Appendix B

Naive perturbation theory

In this Appendix we will derive a “naive” perturbative series in the electric charge
e for the grand-canonical averages computed with the Hamiltonian #, defined in
(CZI); in particular, we shall show that the Hamiltonian model introduced in Sec-
tion and the quantum field theory model defined in Section share the same
perturbative expansion. In this sense, we say that the quantum field theory model
introduced in Section [Z2]is the functional integral representation of the Hamiltonian
model introduced in Section [21

The Appendix is organized in the following way: in Section [B.] we derive a
perturbative expansion for the grand-canonical averages computed with Hy,; in
Sections [B.1.1l [B.1.2] we compute the fermion and boson propagators, respectively;
finally, in Section [B.2] we show how to represent the perturbative series introduced
in Section [B.1lin terms of Feynman graphs, and we show that the same perturbative
series is generated by the quantum field theory model introduced in Section

B.1 Trotter product formula

In this Section we will derive a perturbative expansion for the grand-canonical
averages of physical observables computed with the Hamiltonian # 5 ; for pedagogical
purposes, we start by discussing the case of the partition function, namely:

250 = Tr{e FHa} Bl1)

The averages of physical observables can be studied in a completely analogous way.
It is convenient to define the unperturbed imaginary time evolutions of the operators

e + o+ _ VY.
A; (3,0), with i = 1,2, and of az o) bf+§1,o as follows (x = (x0, T)):
~t . JHoazo,t ,—HoaZo pE .— oHoaTopE —Ho,AT0
Ay, 1= e't0AT0g= o7 7t0, b o = e/T0ATOp= g7 TR0, 2
i .0 T x+(0,61),0 461,00 . @2)
1
A .— oMoa®o A, o~ HoaTo A= 1.4 Lo
Aixi=e Ai @0 Ay =D 0 ds [d51i Ai,(xo,f—l—séj) g
i=1,2
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moreover, we define the unperturbed imaginary time evolution of V, as:

VA(.%'()) = G’HO’A%OV/\G_HO’A930 (IE',?))
_ ~4 - (le)m Am 7+ ~— (_le)m Am
f— t Z Z Z (a/x7o'bx+(07gi)70_ m' A(X,Z') + bx+(07(§i)ax70 m' A(X,Z)) —|—

ZeA o=t m>1
i=1,2,3

2
& - N - ~
+E E : (nx - 1)‘10(1' - 70)59607210(77‘)' - 1) )
Z,JeENAUAB

where Ny is the time evolution of the density operator. Our starting point will be
the Trotter product formula, which consists in the following identity:

AZNNK
—tHA — 7; { *%Ho,/\( _ _A)} .
e ngl}rloo e 1 - : (Bl4)
in fact, using (Bl4) it is straightforward to see that the partition function (BLI]) can
be rewritten as follows:

Tr{e FHr} 1

Sl SR S R S
Tr{e AHor} Tr{e FHon} nzz:l

+ / Te{e PHoa V(1) Va(t2) - Va(ta) }
[B5)

where the integral is over all the t; variables with 1 < i < n, under the constraint
that they decrease in their index 4, and the sign + is + if the number of V is even
and — otherwise.

Being Ho o quadratic in the fermionic and bosonic creation/annihilation opera-
tors, the Wick rule holds for evaluating the ratios in the r.h.s. of (BL3); in particular,
setting

vt =gt vt =bt .
x,0,1 *07 X+(0,61)70'72 X+(0,61)70' ’ ®6)

it is possible to express the various terms in (BIA) a suitable integrals of products
of expressions like, see Section [B.2k

_ Tr{e_BHO,A ij:’(:ﬂ',p J ;70./77./} @7)
ppl Tr{e FHon} ’
] Tefe oy, 05 ,)
9,0 x=y)] = LT @Ls)

' Tr{e~FHon}
Tr{e’BHO’AZLXAv, }
wii(x=y) = Tr{e*B’H:),A}Z o B

where zg — yo > 0, and as we are going to see in subsection B.1.2] w; j(x —y) =
w; j(y —x); g+ and g— can be combined in a a single function:

+ .
9por(x) ifzg>0
{ -9, (—x) ifxg <0 @10)

)

Yo,0' (X) =

The functions (Bl9), (BLIQ) are called the bosonic and fermionic propagators, re-
spectively; they can be explicitly evaluated, and the computations are reported in

Sections [B.1.1], B.1.21
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B.1.1 Fermion propagator

In this subsection we shall compute explicitly the fermionic propagator (BL10). The
free fermionic Hamiltonian in momentum space is given by:

Hyy = ’A’ >3 (k) af be +Q(k)z§goai0_); @11)
keDy o=T4
the Hamiltonian can be diagonalized by introducing the fermionic operators
~F - ~H -
E aE,a+ Q*(k‘l i# i Y% Q*(kz
fo TV Bl et e T V2 2100

with # = =+, in terms of which we can rewrite:

P#

HY ) = | > 3 (- ledlag az +IomIGE ) - @13)

kep, o=T!

Now, for ¥ € A we define

1 Tz 1 A
+ _ - +ik-Z A+ + _ - +ik-¥ Ht .
Az o "= IA] HZ € Yo Bio = IA] HZ € ﬂ;gp ; Bl14)
keDy, keDy,
v N v N
moreover, we set ai , := eTto.a%0 g i e Hoa®0 and ﬂ;i(, = eHO’Aﬂ%EJe Hoamo A

straightforward computatlon shows that if =8 < x9—1yo <p,and 1( “argument”)
is equal to 1 if “argument” is true otherwise is equal to 0:

(T{oraod, ), , = @15)

(zo—y0)|Q(F)] (z0—yo+8)|Q(K)]
—ik(z—) € €
\A\ kezp P 1o > w) T emmd @ Sw0) 5o )
L
<T{/8X706;:0" > L: (E]‘G)
—(x0—y0)|Q(K)] —(zo—yo+8)|Q(K)|
—ik(z—) € €
> —a_l < p—y
\A\ ,ED: O 1o > w) gy 1 < 90 )
L

and (T{as Oﬂ;ra >5 = (T{Bx 0y v.o! >BL = 0. A priori Eq. (Bl13) and Eq. (BLI6)
are defined only for —f < zg—yo < 5, but we can extend them periodically over the
whole real axis; the periodic extension of the propagator is continuous on the time
variable for zo —yo # SZ, and it has jump discontinuities at the points xg —yg € FZ.
Note that at the points xg —yo = Sn the difference between the right and left limits
is equal to (— )"0z 4, which means that the propagator is discontinuous only at

Z,y> >,
x —y=p7%Z x 0. For x —y ¢ 57 x 0 we can write
(T{ax Jat _ 00,07 Z o ik(x—y) ;_’ ’ (]]3[17)
vols AN, —iko — [Q(k)|
Og.o7 - 1
ot o 0,0 —ik(x—
<T{5x,o/8y7g/ >B,L = Z ek y)—_‘ . (IElS)

BIAlL S ik + [Q(F)]
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In fact, consider Eq. (BIIM); if xo — yo # 0, by Cauchy Theorem it follows that

e~ iko(zo—vo) / dz e #(@o—wo) 1
(

5oz
B —iko — |QK)|  Je (2m) —iz — |Q(k)| e 1FPsEn(zomv0) 4]
ko= (n+3),
nel

where the integral on the r.h.s. is taken counterclockwise along the path C = C,UC_,

with C4 = {z eC:Qz= :l:|Q(l§)|/2} Assume that zo — yo > 0; the integral over

C_ is vanishing (the integration path can be shifted to Sz = —oo, and the integrand
is exponentially vanishing) while the value of the integral over C, is determined by
the residue of the pole in z = i|Q2(k)|. It follows that:

—iz(zo—yo) 1 1Q(k)| (zo—yo)
/ dz e e 7 E20)
e (

21) —iy — ‘Q(E)‘ e~izf 1 - 1 + eBlok)]

which is precisely the first term appearing in the r.h.s. of Eq. (BIIE). The same
trick can be used to evaluate the other sums in kg appearing in Eqq. (BL13), (BL14),

and (BI17), (BLI8)) follow. If zg — yo = fn and & — i # 0, the r.h.s. of (BL17) is

equal to

1 . _ .
S dm o (Tlagaf, b, lm(T{agaf b))

2 \zo—yo—(Bn)* o zo—yo—(Bn)T
T{ag : 21
= (Pogoaio Nyl @21
the same holds for (T{8; Oﬂ; o > . If we now reexpress o , and i, in terms of
4 T+ .
sy, and bx+(0751)70, using (BI12) we get:
o0 —ik(x—vy) A
Solx—y) = (Tl B0, 1), = 2 3 e M) @22)
’ 5| | keD
o 5070’ Z eiik(X7y) < ikO _Q*(E)>
BIA| weps, K+ QB2 \-Qk) ik

It is important to stress that (Bl22)) agrees with (BIIH), (BI16) as long as x —y #
BZ x 0; in fact, if x =y we have

1

e k=Yg 1 0_, —(k
EipD 909 = g7 2 *2<—Q<k> 0 ) B23)

kE/DB L A keD,g’L k% + ’Q(k)’

while from (BI15), (BLI6) we see that

—. . 1
- = - - __ + — + _
So(07,0)11 = So(07,0)22 = 2((ch,gaf,o>57L+</35,0/35,0>ﬁ,L) ([@124)
Bl —BlQ(R)| 1
ey ey
2AA1 55 M4 ePOEN 14 B0 2
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B.1.2 Photon propagator

In this subsection we shall compute explicitly the photon propagator (BIR)). The
free bosonic Hamiltonian is:

O = L.A Z ’p‘c rp r,p ’ (IE'25)

5 r=1,2
and the quantized vector potential is:
. i [ Xprol(RD o
_£ ' L.AA Z Z = 2|p| {QPW p,r + Q—g,rcfg,r} : @26)
pEPL r=1,2
Let .
AZJ(B) = Z (gg,r) (—p r) - 51] ;zj ) iaj = 17 273 ’ (IE-27)
r=1,2 r

where the last equality can be read as the completeness relation of the orthonormal

basis {§p71, Ep1s Ep2y Ep2s ]_9/|]_9|} of R®* ® C; a straightforward computation shows
that: B B
(T{Ax,iﬁy,j}hi, = [Bl28)
1 , . —|zo—yollp| (lzo—yol=B)Ipl
- ¥ e—lg(z—g)M](mDAij () | < L&
LAy ~—= 2|p| =11 — e Blrl 1 — ¢ Blel
PEPL -

To derive (BI2])) it is useful to recall that, because of the commutation relation
(C24)) defining the creation/annihilation operators:

C;,r | ng,r> = /LAy, /npr + 1 | npr + 1), Cor | ng,r> = \/L.AA\/@ | Npr — 1),

[B129)
where the volume factors ensure the correct normalization of the states. Notice
that this time the propagator is continuous in x —y = BZ x 0. Moreover, if

—B8 <z —1yo < 5 we can write

(T{Axidy 1, = A Sy el Y>MAU(Q); ([B130)

pEPg L p3 727-rn p + B
neZ

formula (BI30) can be extended periodically over the whole real axis. To get (BL30)
we use that, by Cauchy Theorem:

Z *lpo To—Yo) L — / dz 7@2(:13073/0) 1 1
27\'n p% +£2 C’ 27T 22 +Z_)2 1 — efizﬁsgn(xofyo) ’

neZ
@B31)

where the integral in the r.h.s. of (BI3]]) is taken counterclockwise along the path
C' = CLucC. with ¢} = {z eC:SQz = i]g]/2}. The integrals along C) are
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determined by the residues of the poles in z = +i[p|; it is easy to see that

1 1 1 [elzo—wollel  c(Izo—yol=5)lp|

/ 4 e~ tz(z0o—yo) - +
c! 2 22 —|—BZ 1 — e—izﬁsgn(xo—yo) 2‘1_)’ 1— e—ﬂlg\ 1— e—ﬂlg\

[B32)
which proves (BL30).

)

B.2 Feynman rules

The various terms contributing to (BIE) can be graphically represented in terms
of Feynman graphs; here we shall briefly discuss the rules that one has to follow
in order to draw and evaluate such graphs. The vertices of the graphs can be of
two types, see Fig. Bl a) they have two external fermionic lines and an arbitrary
number > 1 of external bosonic (wavy) lines; b) they have four external fermionic
lines.

a) b)

i pza G2 X pza G2

I e

> L

3 0

. 0
p, © X,j 3'p9 9 pla Gl y pla Gl

»

Figure B.1. We can have: a) vertices with two external fermionic lines and an arbitrary
number m > 1 of external bosonic lines (in this figure m = 3); or b) vertices with four
external fermionic lines, joined in pairs connected by a wavy line labelled by 0 at its extrema
(representing the Coulomb potential p(Z — #,0)).

The value of the graph element in item a) in Fig. [Blis, depending on the choice
of the label p:

1
R - $1 A . e
(p=1) bx+(o@),o[Hl_le/o A1k, Ay, 2108 o B2D)

_9) &t - S1A i :
=2 a [Tl [ dBh A, ms) i E22
r—=
the value of the graph element in item b) in Fig. [B.1]is:
2
e” = = . ~ =
o E\I];m,m \I]y,cn,m gp(m - 9’0)53/0710\1];02@2 \IIX,O'Q,pQ . (m?’)

Notice that in (B.2[3) we have neglected the factor —1/2 which originally appears
in the definition of the model, see (L2L]); this can be justified by slightly changing
the definition of the fermion propagator, see Remark [ below.

Then one considers all possible Feynman graphs, that is all possible ways of
joining together lines in pairs so that:

e no unpaired line is left over, and
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o only lines (wavy or solid) of the same type can be paired, and

e in the case of fermionic lines, the orientations of the paired lines have to be
consistent.

To each graph we assign the sign (—1)™ of the permutation 7 necessary to bring
next to each other the pairs of fermionic operators which, in the given graph, are
paired (one says also contracted), with the ¥~ to the left of the associated ¥T.

A solid line connecting two points labelled by x;, X with an arrow pointing from
the point labelled by x; to the point labelled by x5 obtained contracting half-lines
labelled by o1, p1 and o9, p2 corresponds to the fermionic propagator [gg, o, (X2 —
xl)] given by (BI22)); a wavy line connecting two points labelled by x;, j; and
X2, ]2 obtamed contracting half-lines labelled by i; and 2 corresponds to

17){2277511(X /dsl/ dSQ ,]1 ]ll 22w22721($20 $10,£C2—$1—|—82(5]2 515]'1).
B24)

To each graph we assign a value, which is the integral over all the space-time labels
{x;} of the product of:

o the sign factor, times

o the product of functions g(xy — x1), w(xy —y1) for every solid or wavy line
connecting a point labelled by x; to a point labelled by xo, times

e a factor +ie for every vertex with two incident fermionic half-lines and a
positive number of emerging wavy lines, where the sign is + if the fermionic
exiting line is of type 1 and it is — otherwise, times

 a factor ——<p(ac2 — Z1,0)04, ¢+, for every wavy line labelled by 0 at its extrema.

Remark 5 Notice that the fermionic propagator that we used to define the Feynman
rules, given by Eq. (BL23), is not equal to <T{\I/;\I/;,L}>B’L ifx—y=pBZx0, see
discussion at the end of subsection [B.L1; however, this discrepancy is absorbed by
the fact that we have mot considered the factor —% (which is precisely the value of
the fermionic “tadpole” graph, see Eq. (B.2])) in the definition of the value of the

graph element b) in Fig. [B1, see (B23) and (L21).

Given the above rule, it is straightforward to check that the coefficients of the
perturbative series of (BIA]) are equal to those generated by the functional integral

/ P(dW) P(dA)e” (VA | @B25)

where: (i) the interaction is:

— ieA(x,j) _
/dx xglmx+(07@)7072(e ) = 1)+ ce| + Vo (D),

vc@)::—;m S Y @iy (—p)e@ P ([@26)

pEPBLpp712

R Xpeo(lpl)
p0) =7 > Y Z PR SN iy
p3

:%T” ’B‘Z ke’D* o
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(ii) the fermionic integration measure has been defined in (Z25]); (iii) the bosonic
interaction measure is given by (i,j = 1,2):

r=1,2

- 1 ~ ~
P(dA) = H+[ Bt [ (o )}dArvpdArv_p}.
peP L
exp{ = @0ANT Y Aiplot(p) igdip) . @)
pGP@L

Finally, the interaction V (¥, A) is recovered using a Hubbard-Stratonovich transfor-
mation, namely the fact that:

eVel¥) :/P(dAo)exp{ (BAA)™ Z Z 16A0pnp e il lp‘Sl} (B218)

PEP; , p=1,2

where the integration measure is defined as:

1 ~ o
pas) = 11 [z tdwtdo]
pEPB:L
-exp{ (28A7)” Z AOp‘P ) AO p} [B.29)
peP’

Taking the product of this measure with (B2[7) we get the full interacting bosonic
measure (Z2TT]) with £ = 1; this concludes the derivation of the functional integral
representation for the Hamiltonian model. An analogous argument can be repeated
for the generaing functional of the correlations, but we will not belabor the details
here.



Appendix C

Equivalence of the gauges

In this Appendix we show that the perturbative series of gauge invariant quantities
are equal in Coulomb and Feynman gauge; this fact allows us to rewrite the pertur-
bative series obtained with the Trotter product formula, see Appendix[Bl using the
functional integral representation in the Feynman gauge. To be concrete, we will
perform the check on the generating functional of the generalized susceptibilities
introduced in Section A3} the same argument can be repeated for the expecta-
tion value of any gauge invariant operator which can be expressed as series in the
fermionic and bosonic fields.
Pick 0 < —h, 8, L < +00, and define

W[h 4o0],€ (®,J) := log/P(d\I,)Péh(dA)eV(\I/,A+J)+D(<I>,\I/,A+J), @)

where:

(i) The fermion field lives on a space-time lattice: the spatial part of the lattice is
given by the physical honeycomb lattice, while the temporal part is introduced
by discretizing the time variables with a mesh 1/N, as discussed in Section
BE each finite order of the perturbative series of (CLI]) converges uniformly
to a limit as N — 4-o00.

(ii) Pﬁ » is the bosonic gaussian measure in presence of an infrared cutoff on scale
M" and in the ¢ gauge; the infrared cutoff is imposed as in (ZZJ).

(iii) The source term D(®, W, A+ J) has been defined in ([3[2).

The grand-canonical susceptibilities can be obtained by taking derivatives with
respect to the ®* external fields; our purpose is to show that, order by order in
perturbation theory, for any finite h, 8 and L, in the limit N — +oo, the result

is independent of £. More precisely, denoting by W[h ool m(<I>, J) the m-th order

contribution to WE; T oo, 5, we shall prove that
QW@ ) = 0. [@2)
The proof is easy, and it is based on the following Ward identity:
0 [h +oo}
—— W3 $,J)=0; 3
P (®.7) @3

113
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formula (CI3) can be proved along the lines of Section B3] see (ZHI12), [BELIF)).
Let us now show how (CI3)) implies (CI2). First of all, we represent (CLI]) in the
following way:

W@, = W@, )
m>0
Germ

where T™ is the set of connected Feynman graphs of order m generated by (CLI))
(which have no ¥, A external lines), and Val¢(G) is the value of the graph G. Notice
that for any fixed 8, L and h all the coefficients of the perturbative series of the
functional integral (CLI]) are finite. The photon propagator appearing in these
graphs is:

() = / (Cg:’) X[ZL_:‘;)D (P, p3)
Afw(p,pg) = - gpupu - po(];,;ny + puny) | no—1.7=0:
therefore, it is easy to see that:
DI @, ) = @s)
XI[:;’OJ]F( ‘é’) bk — 10 (];_,’Qn" T pum) o)+ Y Tme)Ir(-p)]

mi1+meo=m
4
where [ = f(ngﬂl and

(i) I, (p) is the sum of all the possible Feynman graphs of order m with two
bosonic external lines labelled by u, v and p as external momentum,;

(ii) I (p) is the sum of all the possible Feynman graphs of order m; with one
bosonic external line and p as external momentum.

Now, both I/, (p) and I'j7(p) can be represented as functional derivatives with
respect to Jﬂp, J,, _p and Jﬂp, respectively, of W[h ol m(q), J); and the identity

(CL3) tells us that if the derivative with respect the field J, p, is contracted with
pu then the results is zero. But we see that the p,v labels in (CIH) are always
contracted with at least one among p,, p,: therefore, (CL3)) is equal to zero. This

concludes the proof of (CL2)).



Appendix D

The ultraviolet multiscale
analysis

In this Appendix we prove Lemma 2.4.T} the proof is based on a multiscale analysis
similar, but much simpler, to the one discussed in Chapter[3l First of all, we rewrite
the propagators §(*%) (k), () (p) as

K K
) =3 M0, w k) =3 a®(p) @)
h=1 h=1
where
M (k) == Hy(ko)g™ (k) , @™ (p) = Hy(po)w ™" (p), @2)

with Hy (ko) := x(M ' ko|), Hp(ko) := x(M~"|ko|) — x(M~"*1ko|) for 1 < h < K,
Hre(ko) = x(M~E=ko|) — x(M 5+ ko|); note that in the supports of §(“v)(k),
™) (p) it follows that K | Hy (ko) = 2K, Hy,(po) = 1. Moreover note that,
defining the norm of a A x A matrix B as ||B| := max; ) <;<4 |Bi;|, for some
positive Cp, Cy: o

max|[|g" ()| < CoM ™", max |[0® (p)]| < CoM [@3)
1 1

== > i"w <o, o 3 e )| <o

BIA] KeDy s BAN e

The first and the third of (DI3]) are obvious; they simply follow from the definitions
and from the support properties of the single scale propagators. To prove the second
and the fourth of (DI3) simply note that () (p) can be rewritten as

o) () — M dpg x (M~ |pol)x(Ipl) = x(p)
Do) =) [ 5 ( R ). @4

and the integrand is bounded proportionally to M ~2" in the support of Hy,(pg). Our
goal is to compute

= Jim [ PO PaAIK) (O ACT AR )

6*5|A‘FO+V(\I’(7;'T'),A(i'r'))
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where P(dWK]) P(dAMK]) are respectively the fermionic and bosonic Gaussian
integrations associated with the propagators (DLI). We perform the integration in
an iterative fashion, analogous (but much simplier) to the procedure described for
the infrared integration. We shall inductively prove that

6*5|A‘FO,K+VK(\I}(LT‘)7A(i'r')) _
(h) i.T. s T.r. s
_ 675|A\Fh/P(dll,[l,h])P(dA[l,h])eVI? () 4 gllh] AGr) 4 A[LR]) . ([D6)
where P(dW["), P(dAM)) are the Gaussian integrations associated with the prop-
agators Y0_; 9 (k), SF_ @™ (p) and

ng)(\l,u,h}’ A[l,h])

- Z Z /[1;[ 2] 17‘714’21 1 k2J7‘7J7P2J}{HAL 7p1}'

n,m>0 0,1 i=1
n+m>1

-W pu{Ki} {Pi}) (Z (koj—1 — koj) + sz) ; @s)
= i=1

@7)

and where the constant Fj, and the kernels W[((h )2nm B

(see below) to the ones stated in Lemma ZZT] In order to inductively prove (DL6)),

(DI7) we rewrite
/P(dlll[Lh}dA[l’h])eV;(h)(\I,(im)_py[l,h]7A(i~TA)+A[1,h]) _ /P(d\I’[l’h_l])P(dA[l’h_l])

« /P(dlll(h))P(dA(h))evé(h)(\I,(M)Jrq,[l,h_u+\I,(h)7A(m)+A[1,h—1]+A(h)) M)

admit bounds analogous

where P(dU™), P(dA™) are the Gaussian integrations with propagators §(*) (k),
") (p), respectively. After the integration of ¥(" A" we define

ev§<h*1) (\I/(i‘r‘)—f—\lf[l’h_l],A(i‘T‘)-i-A[l’h_l])—ﬁ‘AU“:'h _

_ /P(dqj(h))P(dA(h))evg)(\I,(i.r.)_,_q,u,hfl]_i_q,(h)7A(i4r4)+A[1,h71]+A(h)) '(IDHO)
we have that

— BIAF, + V(W A }: @1NWW+MMA+AU)), @11)

n>1
where
5;{(12(“(\11 + 0 A4 AW ) =

= —log / P(dUMYP(dAM)) eV (W), A+ A®) [l12)

A=0

As described for the infrared integration, the iterative action of S,Z, can be conve-
niently represented in terms of Gallavotti-Nicolo trees 7 € Tx.p, n, Where Tx.p, p is
the set of labelled trees, completely analogous to the set 7p, ,,, unless for the follow-
ing modifications (see figure [D.I): (i) a tree 7 € Tx.p,, has vertices v associated
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S

h h+1 h K+1

\

Figure D.1. A tree 7 € Tk, with its scale labels.

with scale labels h +1 < h, < K + 1, while the root r has scale h; (ii) with each
end-point v we associate V(\I/(i"") + QlLK] AGr) 4 A[LK}). In terms of these trees,

the effective potential V;?), 0 < h < K (with V}?) identified with V'), can be written
as

= BIAIFpr + Vi (I, ARKY) = 37 37yl A @)

n=1 TGTK;h,n

where if vy is the first vertex of 7 and 7,... ,7s (s = s,) are the subtrees of 7 with
root vg, YV (73 Wyl A[l’h]) is defined recursively as follows:

e if s > 1, then
VO (7, Wb AILRY = [Dl14)
_ lg;{ﬂ (DD (g ), A PO (7 gl 411
where V4D (7;; WILAH - AR+ 5 equal to VD) (7 WILAFL | AILAHDY f the
subtree 7; contains more than one end-point, or if it contains one end-point

but it is not a trivial subtree; it is equal to V(WA ALAY) if 7 is a trivial
subtree;

e if s = 1 and 7 is not a trivial subtree, then V) (r; WL AL s equal
to Egﬂ(v(h“)(ﬁ;\IIU’HH,A[ULH})); otherwise, if 71 is a trivial subtree it

corresponds to £ (V(\If[l’hﬂ], ALYy (@l A[Lh])) .

Repeating step by step the discussion made for the infrared integration and using
analogous notations it follows that:

V) (rywlhlAlLH) Z Z/Val

n=1GeI'(r)
Val(G { H A;[tl(?],p(fH T 95 o0 | 60) Val(G)
fero
Val(g / I = [a™]] O &%) @)
v not e.p. v- e v* e.p.
v¥>v

hv* =hy+1
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the explicit form of the vertex functions Kgf”) can be derived starting from Eq.

(Z215). Note that if Kz()]:”) corresponds to a vertex with NV external wavy lines then
its value is bounded as (const.)” N!=1eN. Using the bounds (DI3) and proceeding
as for the infrared bounds it follows that if 7 € Ty, y and G € T'(7):

— 1
[Val(G)| < (const.)NeN H _'M—hv(sv—1+n5‘)
v not e.p. Sv:
1 1
= (const.)N e —— Mo Puo H — M~ (he=h)De (D] 16)
Svp! Sy
vo V>0 v
v not e.p.
where Dy, := ny—1+43 55, n— Therefore the scaling dimensions are always negative,
except for the case n, = 1, n = 0 for v > v, which corresponds to the fermionic

tadpole graph; however, in thls case the dimensional bound can be improved, noting
that [g(h>(k)]p , is odd in ko and that [g(h>(k)]p 3-p "™ M2k which means that:

1 . 1 ) )
B Z%Tn [g(h)(k)}p,ﬂ =0, MH ;g(h)(k)u < (COHSt.)M h (Dl?)

nel

Therefore, with any loss of generality we can assume that in (DI16) n, > 1. Now,
let W[((h)% g be the N-th order contribution to the kernel WI((h;T]LVm o that is

h - e
Wik o = > Y Val(@), (Dl18)
T€TK;n,N GET(T)

|PA |=m

|Py |=2n

where the * on the sum denotes the following constraints: Uyc PA p(f) = U™, pi,

Upepy K(S) = Uik Upepa i(f) = Uipiss U py p(f) = U1 pi; the bound (DITG)
implies that

sup |W Kgnmm ({ki}, {p; Dl <

iy Pj
1
N _N hD, —(ho—hyr)Dy
< (const.)Ve E E M 0 | | = !M
TETK;h,N QEF(T) V>0 v
\PA\—m v not e.p.
111 _
‘P’Uo‘_2n

which, after counting the number of Feynman graphs, gives the second bound in
(24110). The bound on the N-th order contribution to F} can be proved in the
same way, and this concludes the proof of ([Z4LT0).

To conclude the proof of Lemma[2.4.T] note that the sequences WI((O )2n mp FéYK
are Cauchy in K; in fact, the quantities WI((O)Qnmpu WI(()2nmp;u F(fYK — F({VK,

with K’ > K can be written as a sums over trees with at least one endpoint on scale

K < h* < K’ + 1. Therefore, since the scaling dimensions are all negative, by the

7 (OLN

short memory property of the GN trees it follows that the bounds on W5, o
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W}f,{gx’mw, F&[K — FOJYK, are improved by a factor M~/ with respect to the basic

bounds (Z410); taking the limit K — +oo (Z4L1T]) follows. This conclude the proof
of Lemma [2.4.T]

K/2






Appendix E

Proof of Lemma 2.4.2

In this Appendix we shall prove Lemma 242} to simplify the notations, we shall
drop the dependence on the infrared and ultraviolet cutoffs h*, K in the kernels
(whose presence does not affect the validity of the symmetries). Moreover, we shall
be concerned only with the case § — +o00, |A| = +00. The proof is based on the
fact that P(d¥(“v)dA®v)) and P(dW(")dAG™)) are separately invariant under
the symmetries listed in Lemma 231} therefore, V" K(W, A), see (ZALT) is also
invariant under the same symmetries.

E.1 Proof of (2.4.14)

Let us rewrite Wy , v (k' + p%) as
Wa0,0 (K + PF) = Wa0,,0 (PF) + Ko0aWa,,0 (PF) + O(K'P) . (ET)

Constant part. If p = p/, by symmetry (8) it follows that

-,

W2.0,0,0(K) = =Wa 0, ,(—ko, k) = Wao,,(PF) =0; [E12)

if p # p’ by symmetry (4) we get, using that Tp%. = p + w(gg - 251) (which means
that p% is left invariant by T°),

-

Wa0,p,0 (k) = ei(pfpl)lg@ﬂsl)Wz,o,p,p/(k?07Tﬁllg) = Wy, (P7) =0, (EI3)

because 1 — e*P#(62-61) £ o,

Linear part in py. By simmetry (6.b) it follows that

OoWa,0(k) = OoWao(ko, k1, —k2) = OoWao(p}) = GoWao(pr) - (E.14)

By simmetry (6.a) it follows that

OoWa,0,1,1(k) = 0oWap2.2(ko, —ki1,k2) = 0oWa011(PF) = 0oWa0,22(PF) ,
E.1l5)

where we used that p% + pp* = by + bo, while if p # p' by symmetry (4) we get that

(see (EIL3) L
0=(1- ei(p_p/)k(‘b_&l))(90W2,0,p,p'(P°§) (ETL6)

121



122 E. Proof of Lemma [2.4.2]

which means that dyWa ¢, »(P%) = 0. Finally, from (5) we find, using (E.L4)

OoWa (k) = —0oWa (k)" = doWap1,1(PF) = —0oWa0,1,1(PF)" - (EIL7)

All these properties imply that 9yWso(p%) = —izol with 2o real.

Linear part in p;. By symmetry (6.b) it follows that
N Wao(k) = 01 Wag(ko, ki, —k2) = 01 Wao(p}) = 1 Wa0(pr) - ED8)

By symmetry (8) it follows that

-

01Wa0,p,0(k) = =01 Way (=Ko, k) = 01 Wa,pp(PF) =0, (E19)

while from (6.a) we get

1 Wap12(k) =—01Wa2.1(ko, —Fki,k2) = 01 Wap12(p%) = —01Wap21(PF) -
(E110)
Finally, from (5) we find, using (E.ILS)

hWao(k) = =01 Wao(=k)* = 01Wa012(PF) = —01Wap12(PF)" . ([EI11)

All these properties imply that 01 W o(p%) = —z102 with 2; real and
() 3)- o 18]

Linear part in p;. By symmetry (6.b) it follows that

(92W270(k) = —(92W2,0(k30, k‘l, —k‘Q) = (92W270(pj§) = —(92W270(p1?) . (Im13)

By symmetry (8) it follows that,

-

0oWa0,pp(k) = —0Wa 5 (=Ko, k) = 02Wa g, 0(PF) =0, ([EIl14)

while from (6.a) we get

0aWo01,2(k) = 0oWa g 21(ko, —k1,k2) = 0oWa0.12(PF) = 02Wap21(PF) -

(ETL15)
Finally, from (5) we find, using (E.IL13)

0aWao(k) = —02Wao(—k)* = 0aWa01.2(PF) = 2Wa0,12(PF)" - (E1l16)

All these properties imply that 02W o(p%) = —zewo; with 25 real and

0 1
Finally, the invariance under (4) implies that, using that ﬁ}; is left invariant by 7"
(‘izl> = PF(®—0) <_izl> : (ET18)
—2Z9 —2Z2

which means that z; = z5. This concludes the proof of ([Z4IT4]).
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E.2 Proof of (2.4L15)

Let us rewrite Wy 2 ,,,(p) as

WO,Q,,u,u(p) = WO,2,;L,1/(O) + paaaWOQ,u,u(O) + O(|p|2) . (ml)

Constant part. By symmetry (7), (6.a), (6.b) it follows that if u # v then
Wo,2,u,,(0) = 0; the invariance under (4) implies that

Wo,2,1,1(0) 0 Wo,2,1,1(0) 0 1
21, —r("o2L T, (E22
( 0 Wo,2.22(0) 0 Wo,2,2,2(0) )

which gives Wy 211(0) = Wy 222(0). The reality condition Wy 2(0)* = Wy 2(0) is
implied by (5).

Linear part in pg. If u,v # 0 or p = v = 0 symmetry (7) implies that
0oWo.2.0(P) = 00Wo 2,0 (—p0, P) = 0oWo.2,,,(0) =0 ; E.213)
if (u,v) = (1,0),(0,1) by symmetry (6.a) it follows that
IoWo 2,0 (P) = —00Wo 2,0 (Po, —P1,P2) = —00Wo,2,4,,(0) =0 ; (E24)

if (u,v) = (2,0),(0,2) the same is true by symmetry (6.b).

Linear part in p;. If y,v # 1 or p = v = 1 symmetry (6.a) implies that
Wo 2,0 (P) = O Wo 2,40 (Pos —P1,p2) = O Wo,2,,(0) =0 ; E2l5)
if (u,v) = (0,1),(1,0) symmetry (7) implies that
01Wo.2,,0(P) = —01Wo 2,10 (—Pp0, D) = 01 Wo,2,,,(0) =0 ; (E26)

if (u,v) =(1,2),(2,1) the same is true by simmetry (6.b).

Linear part in py. If p,v # 2 of 4 = v = 2 symmetry (6.b) implies that
0oWo.2.10(P) = 02Wo,2, 10 (D0, D1, —D2) = 02Wo 2., (0) =0 ; (E27)
if (u,v) =(0,2),(2,0) symmetry (7) implies that
02Wo 2,0 (P) = —02Wo 2,40 (—po, P) = 2Wo2,,,(0) =0 ; ([E2L8)
if (u,v) = (1,2),(2,1) symmetry (6.a) implies that
0oWo 2,00 (P) = —eiiﬁ&@QWo,Q,M,u(po, —p1,p2) = 0oWo2,,,(0) =0. (E.29)

This concludes the proof of (ZZLTH]).
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E.3 Proof of (2.4116)

Case p=0. If p# p by symmetry (8) it follows that

—.

Wa1,0,0.0 (K, P) = =Wo 1.0, ((—ko, k), (=p0, 7)) = Wa 1,000 (PF,0) =0; ([E3T)
if p=p' by (6.a) it follows that
Wor011(k,p) = e P1Wy092((ko, —k1,k2), (po, —p1,12))
= Wa1,0,11(PF,0) = Wa1022(p%,0), (E32)

where we used that gy + p* = b1 + by. The invariance under (6.b) implies that

Woiok,p) = Waio((ko, k1, —k2), (po,p1,—D2))
= Wa10(PF,0) = Wa10(pr”,0), (E313)

and, finally, from symmetry (5) we get that, using (E.3L3):
W10k, p) = —Wa10(—k, —p)* = Wa10(pF,0) = —Wa10(p7,0)", (E34)

which means that Wy 1 o(p%,0) = —iAgl with Ay real.

Case p = 1. The invariance under (6.b) implies that

Woiik,p) = Wai1((ko, k1, —k2), (po,p1,—D2))
= Wa11(pF,0) = Wa11(pr”,0) . (E3l5)
Symmetry (8) implies that,

—.

Waiippk,p) = —Wai1,,((=ko.k),(=po, D))
= Wa11,,(PF0) =0, (E.316)

while symmetry (6.a) implies that, using (E.3L5]),

Waii12k,p) = —e P01 Wa1.1,21((ko, —k1, k2), (po, —p1,D2))
= Wa1112(P%,0) = —Wa1121(P%,0) . ([E3L7)

Finally, symmetry (5) implies that, using (E.3L3])
Wai1(k,p) = =Wai1(=k,—p)" = Wa11(P%,0) = —W211(p7,0)",  (E3S8)

which means that W1 1(p%,0) = —Aj0o2 with A; real and o9 given by (E.II12).

Case i = 2. By symmetry (6.b) it follows that

Waiok,p) = —Waia((ko, k1, —k2), (po, p1, —p2))
= W12(p%,0) = —Wa12(pp”,0). (E39)
The invariance under (8) implies that
Wai2,ppk,p) = —W2,1,2,p,p((—k0,]€),(—Po,ﬁ))

= W212,,(P7,0) =0, (E3110)
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while symmetry (6.a) implies that

Waii2k,p) = Waio21((ko,—Fki,k2), (po, —p1,p2))
= W21212(PF,0) = Wa1221(PF,0) . (E3l11)

Symmetry (5) implies that, using (E.3[9]),
Wa12(k,p) = —Wa12(=k, —p)* = Wa12(pF,0) = Wa12(p7,0)", (E312)

which means that Wo ;1 2(p%,0) = —Xewoy with Ag real and oy given by (E.ILLT).
Finally, the invariance under (4) implies that, using that ﬁ; is left invariant by 7'

() omior (20 E313)
—A2 —A2

which means that A\; = Aa. This concludes the proof of [Z4116]).

E.4 Proof of (2.4L17)

If o = (p1, p2, pn3) has an odd number of labels p; = 0 then by (8) it follows that

Wos,u(P,P') = =Wo3,u((—po, D), (=10, P)) = Wo,3,,(0,0) =0 (E41)

the same is true if the number of labels p; = 0 is even by (7). This concludes the
proof of (Z4I17) and of Lemma [24.2]






Appendix F

Lowest order computations

In this Appendix we reproduce the details of all the lowest order computations
performed in this Thesis.

F.1 The Beta function of the wave function renormal-
ization

We start by performing the computation of the lowest order contribution in the
running coupling constants to the Beta function [5’;’(2) of the wave function renor-

malization; by definition, see B2IH) and BA2), 7 = 20 = Fg@oWQ(’%)’wM(O).
Following the rules discussed in Section [B2] its lowest order contribution [5’;’(2) is

graphically represented by the Feynman graph depicted in Fig. [F1l

Pr hal Pr

Figure F.1. The lowest order contribution to 7. The wavy line labelled by a “0y” symbol
corresponds to 801D(h1)(p); a sum over all the possible scales hy, ho > h 4 1 is understood.

Therefore, we find (repeated p labels are summed):

z > d N g
5/{(2) = —Fgei,hﬂ/ﬁ [30w(h+1)(l))]r59£h+1)(P)Fff;+ E11)

_ Zn 2 r dp . .
T2 Zzl) /(27r)3 [0 "2 (p)] TLg5 (P)TY +

9 Zn dp R X
Tl | gy P00V @ITLIL ()T

Using inductively the Beta function equations for vyy1, Zxy1, €, 41 We find that,

127



128 F. Lowest order computations

setting Fp41 := fl%+1 + 2fng1fhe2s

dp Fhi1(p) I 010
g — & / rOrsrors 4 E12
Cruh (27T)3 2|p|3 po + Uh‘ﬁIQ v )

peLoTETorY,
2p|*(p5 + vilp1?)

d
éﬁ,h/ 2 p) [fha1 (frer + fae2) + froofos]

+0(et) 4+ O(e2 M)

passing to radial coordinates p = p(cos 6, sin 6 cos @, sin 0 sin ¢), using that

/dp (fhorSner + JhorSnve + fhyofne1) =0, éi,h]?g]?éjl‘g]?ﬁj = egn — 207 161,
we get:
2
2(2) _ (0,2 2 9 L [ Fh+1 cos? 0
B = Quiery — eo,h)W /0 dCOSH cos2 0 + vle sin2 9} *
+0(e2 M) + O(et) . (ET3)

The integral over the radial coordinate p can be computed by using the definition

(B2

/ L1240+ 2fniifure) = [E14)
dp M- dp
= [ 2e0w) - xp) - (@)~ ) = [ L = 1og
finally, an explicit evaluation of the integral over dcos 6 leads to (B.4119).
F.2 The Beta function of the Fermi velocity
By definition, see formulas (B2[15]) and (B.412), [5’2’(2) = zf% - vhz(()?,)” with 2z 5 =

Fi}31W2(ff)2w7w(O). At second order, proceeding as in the derivation of (EI12), we
find:

2
@ _ 2 / dp Fri1(P)  —UnPT 1l 2 )10
25 =e TLTETITE + O(et) + O(e* M) | (E21)
Lh th (2m)3  2[pP3 po +Uh’m2 w

(the term involving the derivatives f} 41 1, 4o of the support functions is zero, as
before); using that

2l 1 2

eu,hrwrgrwrg) = _eo,h )

passing to radial coordinates, we get that:

1

o in2
@ s dp , . 1 sin“ 6
2 = €0nh T3 [/0 ) (fier + 2fh+1fh+2)} [/_1 deost 5o o7 sin? 9} :

The integral over the radial coordinate can be evaluated as in (ELIL4]), and gives
log M; therefore, an explicit evaluation of the integral over d cos 6 leads to

(2) 9 _qlogM (arctan &, &p — arctan fh)
= e v _ ,
Lh = €0h%h Tg 3 & g

which, combined with [5’2’(2) = zf}z - vhz(()?,)” proves (B4119).

E22)

z
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F.3 The Beta function of the Kekulé mass

By definition, Apd, = iw(jo)*ﬁoplﬁv/é%)(k), that is, setting Fy41(p) == f7i1(p) +

2fn+1(P) fri2(P):

5D~ o2 /(dp Fha(p) i

(Jo)*
T 7
,h 277)3 2]p\ P3+U;€!W M iz

dp  Fui1(p) 1

2 22

= (eqp + 2vre / (E31
( 0,h h 1,h) (2 )3 2’p‘ % 0}21‘412 )

1 oo Fhia(p) 1 1
_ 2 22y L Fh+1\P)] | 5
= (e +20pe1n) g 3 {/0 = ] [/,1 Aot T v sin? 9}

where in the second equality we used that 'y,/y(jo)* = —’y(jo)*yu, and that ~U0)*~00) =
I. The integral over the p coordinated can be computed as in (E.114]), and an explicit
evaluation of the integral over dcos 6 leads to (B.3[23]).

F.4 Anomalous exponents of the generalized suscepti-
bilities

In this Appendix we shall compute the lowest order contribution to the Beta func-
tions 3 5, ; of the running coupling constants Zg ,, whose flow has been discussed in
Section L3I} in particular, these computations will allow us to compute the lowest
order contributions to the anomalous exponents of the generalized susceptibilities.
Basically, we will compute the Feynman graph depicted in Fig. [F.2] for all possible

(@), 7a

values of the inner scale labels, «, wy and wy, and with the external field <i>q 1245

does not depend on the bond label a, therefore we set a = 1 for simplicity.

[e3 .

Figure F.2. The lowest order contribution to 37 j ;; a sum over the inner scales h; > h is
understood.

Preliminaries. Before working out explicitly the computations, it is useful to
recall a list of notations and identities that will be repeatedly used in the following.
The main difference with respect to the previous lowest order computations is that
here we will not use the compact relativistic notations.
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(i) The vertex on scale h from which emerges the wavy line associated to the
external field is represented as:

dk’ dp & (a) & (<h)+.T pag(<h)—
Z Z Zzh/f@ﬂs q)q?lll]kaq,a,wlra\l]kjmwz ’ Ed1)

T wi,w2

where the symbol \T/Sz)f has been introduced in ([B2[4]), and the I'* matrices

have been defined in ([A3LT).

(i) The AUTWU ™~ vertex is represented as:

_ dk’ dp & () & (Sh)+.T g, (Sh)—
Zze%h/3(2ﬂ_)3 q)q,l\:[lk’+q,o,wr5\1jk,a,w t GMQ)

where €g , = eg , and €1, = €25 = vp_1€1 ), and the matrices I'” are given by

—-i 0 0 i 0 —w £

(iii) The fermion propagator on scale h for k = k' 4+ p% and |k’| small is given by

, k'’ I~ (I LT
P () = kp? +fg§k/))2|12/|2 ( — Tiko + ok )kiFW) (1+0(k). €44

(iv) The following identities will be useful:

19 TE-10 = -TL T5-TL =ww 2 12 =-1% | (£45)
F31FE+F?JQ = Fi}lrE-FFim = _W1W2F3}1FE+FW2 = - )

10 1OPWT0 =1l TOPWTL = wywol? TOPWT2 = bW
FSHPDFSm - _FierI&m = _wlwzrierPiQ =-rP )

(v) Setting Fy(Ipl) := fu(P)® + 3/n(P)* fnr1(P) + 3/n(P) fnr1(p)?, it follows that

/Jroodth—(p):logM. (E4l6)
0 P

The first part of the calculation is the same for all «, w; in fact, we can write
the value of the graph depicted in Fig. [F.2] as follows, neglecting corrections O(e?)
and O(e?M") (repeated o indeces are not summed):

,(2
L8 =
. dp dp  Fu(lpl)  un
Cuh 3 Tl g0 ()90 (p)T, ") (p) = e T Dy T
(2) (2m)* (pg + v lP1*)* 2lp|
Tl (P00, DTS, + ofpiTL, ToTL, + opp3l2, 112, | T4, + O(e?) + O(e*M")
2

= = log MT¥ T% T°T%, T + O(e*) + O(e2M") . A7)

127_(_2 w1 Wi w2 w2
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Using (E4[5]) we get that:

riryrfrvrt =rh- . iy rPrir =i

TATYTE+TYTH = 9rf+ | TATYTE+ T T = T8+

oA rePWrrpt = pePw o phpy rOPWTY T = o1 PV

riryirPrert =P rhryrPrirk =P [E48)
plugging these identities into (EL4L7)) we get the lowest order contribution ﬁ::,(f% to
B3 515 the results listed in Table Il follow from 7 := limp oo logay (1+ B35, 1)

F.5 Lowest order check of the Ward identities

In this Section we shall check at lowest order in non-renormalized perturbation
theory the validity of the Ward identities that allowed us to prove the infrared
stability of the flows of the effective charge and of the photon mass.

F.5.1 Ward identity for the photon mass

We start with the check of the Ward identity for the photon mass; as we have
discussed in Section B3] the gauge invariance of the theory implies that the effective
photon mass is vanishing, i.e. that the electromagnetic interaction is unscreened.

At lowest order, the graphs contributing to the dressed photon mass are depicted
in Fig. [.3} for 4 = 0 or v = 0 the second graph is absent. As we are going to show
here, the sum of the two graphs is ezactly vanishing.

Figure F.3. The lowest order contribution to the renormalized photon mass in naive
perturbation theory. The graphs are all computed at vanishing external momenta, and for
1 =0 or v =0 the second graph is absent. The sum of the graphs is exactly vanishing.

These graphs are obtained by expanding the interaction V(¥, A) to second order
in A; it follows that, see Eq. ([Z2[14]), assuming without any loss of generality that
the field fl%p is supported inside the first Brillouin zone (p = 0 in the graphs
represented in Fig. [F.3)):

A

e T VN L T

LD (27)3 " Kktpo

+€21}/ql1t+p1+p2,orul7u2(k’ﬁl’ﬁ2)q’£,aAu1,p1Auz,pz + 0(63) , ([E41)

V(U,A)=¢
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where eg = e, €1 = € = ve with v = %t, 1 :=(1,0), & = (0,1), and

07 - (1 0 )

I (k’ﬁ) T <0 _ieiﬁ'zﬁ) ’ (IMQ)
2i 0 o—1k(8;—51)

'k, p) = (65 - €)n;(P) < o
3 193 J J _el(k+p)(0;—01) 0

TH0H2 (o, 1, ) = E53)

_ —ILi(6u0—1) 2 (R 0 e 1k(6;—01)

= s ; [g% (P7) (95 -G/Ji)} ei(l;+ﬁ1+ﬁ2)(gj_gl) 0

Notice that T*(p%, 0) = T*, where T'* are the matrices introduced in Eq. (ZZLI4).

w?
Before starting, it is useful to recall that the fermion propagator is given by

R B ; ikg . _UQ*(%)
o) = k2 + 2| Q(E)|? <—”Q(k’) o ) | o

with Q(k) = 2 2 =123 el(8=31) With these notations, the value of the sum of the
two graphs in Fig. (E3) is:

—éuéy/%Tr{g(k)F“(l_{, 0)g (k)T (k, 6)} + ([E55)

dk -
_ 962 G Tn%
2e v/ Tr{g(k)F (k:,0,0)} .

We shall consider only the cases ;= 0, p = 2; the case p = 1 can be obtained from
the case p = 2 using the symmetry (4) of Lemma 23711

Case ;= 0. Let us first consider the case p = 0; using that

G)TO (K, 0)g(k) = —00g (k) , [E56)
we get that (EL5LD) is equal to:
dk -
eey | = Tr{aa(k)r"(k,0)} = 0. E37)
D
Cases =2, v # 0. Since
G(k)eT? (F, 0)3(k) = ~ i (k) , E3s)
we can rewrite the integral in the first line of (ELEL]) as:
dk -
e’ / e ger (%,0)) ; [ER9)
D
using the identity
L 1 -
PV72(k7 0, O) = _iazry(ka 0) ) (MlO)

we see that the second line of (ELBH) exacly cancels the first line.

The case 1 = v = 1 can be obtained from p = v = 2 by using symmetry (4) of
Lemma 23T} it follows that even in this case the sum of the two graphs is vanishing.
All the other cases can be obtained using the cyclicity of the trace; this concludes
the lowest order check of the Ward identity for the photon mass.
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F.5.2 Ward identity for the effective charge

In this Section we shall check at lowest order in non-renormalized perturbation
theory the Ward identity for the effective charge; this identity allowed us to prove
at all orders in renormalized perturbation theory that the effective charge is close
to the bare one.

Graphically, the lowest order contribution to the renormalized charge in naive
perturbation theory is given by Fig. [F.4}

Gy
i;ea&i&

Figure F.4. The lowest order contribution to the renormalized charge. To avoid ambigui-
ties, the photon propagator is regularized in the infrared by a cutoff function. The sum of
the graphs is exactly vanishing, and the cancellation does not depend on the presence of
the cutoff.

notice that the first and fifth graph are logarithmically divergent; therefore, to
avoid ambiguities we fix an infrared cutoff on the photon propagator, for instance
by replacing (p) with @ (p) defined in (F5F) with e = 0. As we are going to
show, the sum of these six graphs is exactly vanishing; therefore, the dressed charge
is equal to the bare one at lowest order. Remarkably, this cancellation does not
depend on the presence of the infrared cutoff on the photons; this fact has been
exploited in Section to derive a Ward identity for the effective charge on a given
scale h. We shall only consider the cases y = 0 and p = 2; the renormalization of
the charge corresponding to p = 1 is equal to the u = 2 one by symmetry (4) of
Lemma 22371

The graphs in Fig. [.4] can be obtained by expanding the interaction V (¥, A)
to third order in A; it follows that, calling Vo(¥, A) the expansion to second order

derived in Eq. (E5L):
V(U,A) =Va(¥,A) + ([EAl11)

A A

o3 (D = = Ny — 4 4
€ U/\Ijk+z pi,o DHUESES (K, P, P2, 3)\Dk,oAM17P1AM27p2AM37p3 +0(€")

with
DHUH2IE (B 51 iy, ) = EH12)
159 i —1) Z > N 0 e ik(6;—01)
— “ . i 5 - e i Lo L= - .
9 - [ZI:I1 mj (p )( J R )} _el(k"'zipi)(‘sj_‘sl) 0

Case i = 0. In this case only the first and fifth graphs in (4] are present; and
using the identity (EL5L6) we get that their sum is exactly vanishing.
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Case p = 2. Here the situation is more complicated, because of the presence of
the second, third, fourth and sixth graph in Fig. [[.4, and because the 9y derivative
can act on the vertex functions. However:

(i) the first graph is cancelled by part of the fifth, because of the identity (E-59);

(ii) the contribution due to the action of the 02 derivative on the vertices of the
fourth graph are exactly cancelled by the second and third graphs; this is so
because of the identity

- o 10

B2 70) = —=—TH"(k
PHRAE,7.0) = 5 TR ) E313)

where the factor % is compensated by a factor 2 which counts in how many

ways we can choose the external wavy line in the second graph;

(iii) the sum of the fouth and sixth graphs in Fig. [F.4]is exactly zero, because of
the identity

L 10 .
Ful,ﬂ2,2(k’p, _p’ 0) _ga—karﬂl P'Q(k’p, _]5) ) (m'14)

where the factor é is compensated by a factor 3 which counts in how many ways

we can choose the external wavy line in the third graph.

The case = 1 can be obtained from the case y = 2 by symmetry (4) of Lemma
231} it follows that even in this case the sum of the graphs in Fig. [[.4]is exactly
vanishing. This concludes our lowest order check of the Ward identities.

F.6 The relativistic propagator in real space

In this Appendix we reproduce the details of the computation leading to ([E348)).
Let us rewrite gc(uh)ﬁ(x) as

h —ip¥x dk’ —i ’xfh k' i

QL,Z:(X)ZG Pr Fe 8 ‘k(/‘Q)(_ngO‘f‘kgrw)- (Ed1)
Notice that
dK' o fo(K) o 0 [dK fK) g

—i k ik'x . il ik'x

D K et Zaxa D wpP°
= i5— / L sin 0d6 fy(p)ePXles? | (FHL2)

To

where to get the second line we have chosen 6 to be the angle of k/ with respect to
x. Then, performing the integral over dcos# and the derivative with respect to z,
we get that

dk’ _pox k), Sk 2 Ta sin ¢
Fe ’k”Q kae = B—lw[/dtTf (‘ +—/dt Slntfh(’ ‘)}
Ea3)
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Plugging this result in (EL6LT)) and using that Y7, <o fn(-) = x(-), we get:

doc®) = Y g (x) (E6.4)

h<0
_ —zol'? —{—xI” / smt t 1 . a:
= e PEx_w w2 (o —|——/dtsmtx — | ;
(B1/2)[x[? | ]| (IXI)}
([Ed5)

finally, using integration by parts and Riemann - Lebesgue Lemma, we know that
for any N > 0

lim \x]N/blTnt[X(i) — 1} =0, lim \x]N/dt smtx ) 0,

|x|—~400 |X| |x|—+o0
([E86l6)
that is, we can rewrite g, £(x) as:
. mOF + x; FZ / smt 1
— e iPx dt 7
G, (X) € (B1/2)|x? 1 T ]x\N) ) A7)
_ —ip¥x —zol% + 2, T W By _ 8T
e V<P +o (1+\x]N) ) = —3\/5.

F.7 Proof of (4.3.49)

In this Appendix we shall compute the trace

Tr{ 0%y, £ ()T g, (%) | E31)
for « = EL,CDW, D. First of all, using (3[48]), we rewrite (E.6L) as:

eflx(pF —Pg )

g T T, — L)} EB2)
then, we use that:
Te{rPro, rPre, b = —me{rPr rerd, |
= —wwT{TPr2 rPr2 b= -2, (E83)
Tr{FCDWFgll“CDWFgQ} _ Tr{FCDWFi}IFCDWFi}Q}

= wiwpyTr{TPVT2 PCPVT2 L — —o ([F4)
To{rP2r0 1210 L = +Te{rPer] rferl |
= FewTr {502 1512 L =52, ([E85)

and that Tr{Fonf,lFOTZ,Q} =0 for p # v, V. From (A3147), (E.612) — (E.6L5) it is

easy to see that the results claimed in ([@3[49) follow.






Appendix G

Corrections to the Ward
Identities

In this Appendix we will show that the corrections to the Ward identities for the
photon mass ([B0124]) and for the effective charge (B0129]) are exponentially vanishing

,P)
can be obtained as functional derivatives with respect to the external fields jp, jl,,,p

- /\+ A_ .
or Jp7 ¢k+p,o,i’ ¢k707j of:

in the ultraviolet limit K — +o00. The corrections puAgféﬂy(p), puAgji{Sj7 u(k

ngim(j’ J,¢) = log/P(d\Il)ch(dA)eV(\I/,A+J)+B(\P,¢)+C(\I/,j) 7 @)
where e d
J) := P 7 g+ K s
C(\I]’ J) T 3 (27-‘-)3 JP\I]k—l—p,a,pCpp’(ka p)\lllgmp/ s @2)

and CK given by:

—ieilC[fg,(k, p) = @3)
e_ipl(pl_l)(xf(l(k‘o +po) —1)[ Bk + p)}pp, — e PP (i (ko) — 1) [B(K))]

As for the generating functional of the correlation functions, the functional integral
(GLI)) can be studied using multiscale analysis and renormalization group; the only
difference is the presence of the term C(¥,.J). A crucial role in the analysis is playied
by the properties of the function C¥(k,p); in fact, it is straightforward to check
that

pp'

gk +p)C" (k, p)g(k) , Gl4)
is non-vanishing only if |kg + po| > M, and/or |ko| > M. Moreover, when it is
non-vanishing (GI4) it is dimensionally bounded as (const.)|p|M ~2%. Let us choose
the external fermionic field as in Section 2t proceeding as in Appendix [D] after

the integration of the ultraviolet degrees of freedom we are left with:
eW/[;?’LK](jvJ’qb) — o BIMF+CEY(e,]) | @5)

) / P(\I](So))P>h(dA(SO))BV(O)(\II(SO)7A(SO)+J)+B(\I/(SO)7¢)+C(0)(\II(SO)7¢7J7A(SO)+J)

where C(29, () contain all the J-dependent terms, and C(©) (0,¢,.J,0) := 0. The
kernels of (29, ¢(9) admit a graphical representation in terms of Gallavotti-Nicold
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trees, following the rules discussed in Section B3.2] and @ppendixﬂ] with the only
difference that new endpoints appear, corresponding to Jp\IfI+p707pCpr,(k, p)\I’;U’p,;
as usual, the trees can be expanded in terms of Feynman graphs, with the new

endpoints corresponding to the vertex represented in Fig.

!

Figure G.1. The vertex corresponding to jp\illt+p7UCK(k, p)\il;’a.

Because of the properties of (GI4)), at least one of the solid lines emerging from
the new vertex has to be contracted on scale K; therefore, using the general dimen-
sional bound (DII6) and the short memory property of the GN trees, the kernels of
C(=9 are bounded proportionally to (const.)|p|M ~?% Hﬁo M~ where P, is the
number of ¢ external lines and {k;} are their momenta, while those in C(?) admit an
improvement of a factor |p|M % with respect to their basic dimensional bounds.
The bound on the kernels of C(Z% is derived from (DII6) taking into account that
the tadpole graph associated to the new vertex depicted in Fig. is exactly
vanishing.

The single scale integration is performed as in Section A2 with the only dif-
ference that the J-dependent terms independent of ®(=—Y AS—1 4 J are taken
into account in the definition of CZ=1 (¢, .J) := CZ9(¢,.J) +C (¢, .J), where C(0)
collect the new J-dependent kernels independent of W(==1) A=Y 4 J produced
in the integration of the scale 0, while all the other J-dependent ones are contained
into CCD(W(E-D ¢, J, A1 4+ J), and so on. After the integration of the first
|k| < |h| scales we are left with:

Vo T @6)

— ¢ PIAIF+SER (9)+CER (4,]) / P(AUER) P, (dASR) VP (VY ED AED 1)

-eB(h)(“ /_Zk\Ij(Sk)7¢7A(§k)+J)+WI(2k)(1 JZe W (SF) . ACSR) 4 1)) (B(SR) g T ASR) 1)
7

where all the J-dependent terms absorbed in C(Z%) = ¢(20) 4 Z%:kﬂ C®) and C¥),
with C(%) (0,¢,.J,0) := 0, while all the other objects appearing in (GI6) have been
defined in Section Again, because of the short memory property, the dimen-
sional bounds on the kernels of C*) and of C*) admit respectively an improvement
of a factor |p|M?—EK+w) |p|MO—K+k)  with respect to the basic ones derived in
Section B.321 Finally, the integration of the scales < h proceeds in a way completely
analogous to the one sketched in Section The conclusion is that the kernels of
C) are exponentially vanishing for K — 400, uniformly in w; this implies that

. [h,K] 1 [h, K] _
Kl_lff&oo Ao,Q,u,y(k,P) = Kl_lfiloo AQ,LM (k,p) =0, (Gl7)

as desired.



Appendix H

Proof of 5.3.6

In this Appendix we prove that in presence of Kekulé distortion the effective poten-
tial arising after the integration of the ultraviolet degrees of freedom has the form
(BE316). With respect to the case Ag = 0, the only new check to perform is to show
that the relevant terms, that is the mass terms for the fermion and photon field,
have the form claimed in (5304]), (&3L0). The symmetry properties to which we

shall refer here are the (1) — (8) of Lemma [5.3.1]

H.1 Fermionic mass terms

By symmetry (8) it follows that

WZ(vjoo,)p,p,g(O) =0.

Symmetry (4) implies that

7 (o) _
WQ,&pm’ww’ (0) =

EI1)

EHI2)

= W) (O exp {5, — 51)(p — 1) — i (52 — 61)(0' — 1)} .

while symmetry (6.b) implies that

7o) _ o) .
W2‘77(;)7p7p/7w7w/ (O) - W2,8,p,p/,fw,fw/ (O) ?

therefore, from the combination (4) - (6.b) - (4) - (6.b) we find that:

odey)
WQ,Ovpvp’vwvw

Formula (HIL4) together with (H.IL2)) gives, if p # p':

7 (D
W270,p,p’,w,w

(0) = 621177:(52 —51)(0—0’)17/(1)

(0)=0=W3) ., .0).

Symmetry (4) implies in particular that
2m

117 (jo) _ 1ri7(o+1) —iw2E
W01 2w-w(0) =Wagio, € 3,

while symmetry (5) implies that
S01 20 -0(0) = W55 (0]
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2,0,p,p" w,w

HI3)

(HI4)

HI5)

(H.I6)

EI7)
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finally, symmetry (6.a) implies that

W2(;7007)p7p/7w7w/ (O) = Wéf(]o,)pl,p,w,w/ (O) ° (m8)
Therefore, setting WQ(,IO)mvfﬂ—pvwv—w(O) =: Agl), formulas (HLIL6), (HIL8)) imply that:
AS{O) — Tyl (0) = e—iﬁ;@o—gl)Agl) ; (I19)

w 2707073_07“’7_‘0

moreover, formula (HII7) implies that A(()l) € R. This, together with (HILT]),
(H.I15)), concludes the proof of (534).

H.2 Bosonic mass terms

From (6.a) and (7) it follows that, if p # v:

Ws)(0) =0, E21)
while from (4) it follows that
=1 = (2 (3
Wo(,Q),o,o(O) = Wo(,z),o,o(O) = Wo(,z),o,o(O) . (HL22)
Symmetry (6.b) implies
(2 (3
Wo:4(0) = Wg3:4(0) (E23)
and from (4) we get
=1 (2
W()(,Q),l,l - 0 _7 Wo(,z),l,l(o) - 0 7-1. (H24)
0 Wikh, 0 0 Wyaa(0))

therefore, formulas (EL.2[2]) — (H.2[4) imply that:
- (1 (2 (3
W2,u(0) = Wi, (0 =W, .,
W0 = Wik ,(0) . E25)

Formulas (H2LT), (HL2[H) prove the structure of the bosonic mass terms claimed in
(B316]); therefore, this together with what has been discussed in the previous Section
concludes the proof of (316
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