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In these lectures I consider the half-filled two-dimensional (2D) Hubbard model
on the honeycomb lattice and I review the rigorous construction of its ground state

properties by making use of constructive fermionic Renormalization Group methods.

1. INTRODUCTION

There are very few quantum interacting systems whose ground state prop-
erties (thermodynamic functions, reduced density matrices, etc.) can be com-
puted without approximations. Among these, the Luttinger and the Thirring
model [31, 37, 40, 45, 46] (one-dimensional spinless relativistic fermions), the one-
dimensional Hubbard model [16, 36] (non-relativistic lattice fermions with spin),
the Lieb-Liniger model [34, 35] (one-dimensional bosons with repulsive delta in-
teractions) and the BCS model [1, 15, 42] (d-dimensional spinning fermions with
mean field interactions, d > 1); the construction of the ground states of these sys-
tems is based on some remarkable exact solutions, which make use of bosonization
techniques and Bethe ansatz. Unfortunately, in most cases these exact solutions
do not allow to compute the long-distance decay of the n-particles correlation
functions in a closed form (with some notable exceptions, namely the Luttinger
and Thirring models, see [32, 38]). Moreover, even the computation of the thermo-
dynamic functions crucially relies on a very special choice of the particle-particle
interaction; as soon as the interparticle potential is slightly modified the exact
solvability of these models is destroyed and no conclusion on the new “perturbed”
system can be drawn from their solution. This is, of course, very annoying and
unsatisfactory from a physical point of view.

There is another rigorous powerful method that allows in a few cases to fully
construct the ground state of a system of interacting particles, known as Renor-
malization Group (RG). This method, whenever it works, has the advantage that
it provides full information on the zero or low temperatures state of the system,
including correlations and that, typically, it is robust under small modifications
of the interparticle potential;, even better, it usually gives a very precise mean-
ing to what “small modifications” means: it allows one to classify perturbations
into “relevant” and “irrelevant” and to show that the addition of a small ir-

relevant perturbation does not change the asymptotic behavior of correlations.



Unfortunately, it only works in the weak coupling regime and it has only been
successfully applied to a limited number of interacting quantum systems. Most
of the available results on the ground (or thermal) states of interacting quan-
tum systems obtained via RG concern one-dimensional (1D) weakly interacting
fermions, e.g., ultraviolet O(N) models with N > 2 [17, 22|, ultraviolet QED-
like models [33] and non-relativistic lattice systems [6, 9, 23]. In more than one
dimension, most of the result derived by rigorous RG techniques concern the fi-
nite temperature properties of two-dimensional (2D) fermionic systems above the
BCS critical temperature [4, 7, 8, 13, 14, 18]. Two remarkable exceptions are
the Fermi liquid construction by Feldman, Knérrer and Trubowitz [19], which
concerns zero temperature properties of a system of 2D interacting fermions with
highly asymmetric Fermi surface, and the ground state construction of the short
range half-filled 2D Hubbard model on the honeycomb lattice by Giuliani and
Mastropietro [24, 25|, which will be reviewed here.

The 2D Hubbard model on the honeycomb lattice is a basic model for describ-
ing graphene, a newly discovered material consisting of a one-atom thick layer
of graphite [41], see [12] for a comprehensive and up-to-date review of its low
temperature properties. One of the most remarkable features of graphene is that
at half-filling the Fermi surface is highly degenerate and it consists of just two
isolated points. This makes the infrared properties of the system very peculiar:
in the absence of interactions, it behaves in the same way as a system of non-
interacting (2 + 1)-dimensional Dirac particles [47]. Therefore, the interacting
system is a sort of (2 4 1)-dimensional QED, with some peculiar differences that
make its study new and non-trivial [29, 44].

The goal of these lectures is to give a self-contained proof of the analyticity of
the ground state energy of the Hubbard model on the 2D honeycomb lattice at
half filling and weak coupling via constructive RG methods. A simple extension
of the proof of convergence of the series for the specific ground state energy
presented below allows one to construct the whole set of reduced density matrices
at weak coupling (see [24]): it turns out that the off-diagonal elements of these
matrices decay to zero at infinity, with the same decay exponents as the non-
interacting system; in this sense, the construction presented below rigorously
exclude the presence of long range order in the ground state, and the absence
of anomalous critical exponents (in other words, the interacting system is in
the same universality class as the non-interacting one). Let me also mention
that more sophisticated extensions of the methods exposed here also allowed
us to: (i) give an order by order construction of the ground state correlations
of the same model in the presence of electromagnetic interactions [26, 27]; (ii)
predict a possible mechanism for the spontaneous generation of the Peierls-Kekulé
instability [27]; (iii) prove the universality of the optical conductivity [28].



The plan of these lectures is the following:
e In Section 2, I introduce the model and state the main result.
e In Section 3, I review the non-interacting case.

e In Section 4, I describe the formal series expansion for the ground state
energy, | explain how to conveniently re-express it in terms of Grassmann
functional integrals and estimate by naive power-counting the generic N-th
order in perturbation theory, so identifying two main issues in the conver-
gence of the series: a combinatorial problem, related to the large number
of Feynman graphs contributing at a generic perturbative order, and a di-
vergence problem, related to the (very mild) ultraviolet singularity of the

propagator and to its (more serious) infrared singularity.

e In Section 5, I describe a way to reorganize and estimate the perturbation
theory, via the so-called determinant expansion, that allows one to prove
convergence of the series, for any fixed choice of the ultraviolet and infrared
cut-offs.

e In Section 6, I describe how to resum the determinant expansion in order
to cure the mild ultraviolet divergences appearing in perturbation theory,
via a multiscale expansion, whose result is conveniently expressed in terms
of Gallavotti-Nicolo trees [20, 21].

e In Section 7, I describe how to resum and cure the infrared divergences and
conclude the proof of the main result.

e Finally, in Section 8, I draw the conclusions. A few technical aspects of the
proof are described in the Appendixes

The material presented in this lectures is mostly taken from [24]. Some tech-
nical proofs concerning the determinant and the tree expansions are taken from
the review [23]. Other reviews of the constructive RG methods discussed here,
which the reader may find useful to consult, are [5, 20, 39, 43].



2. THE MODEL AND THE MAIN RESULTS

The grandcanonical Hamiltonian of the 2D Hubbard model on the honeycomb
lattice at half filling in second quantized form is given by:

A==t Y > ( g b 5+ b++5“0a;g) + (2.1)

AfEAA o=1l
1=1,2,3
B 1
+U Z Ta:m )(awaﬂ ) +U Z b:beT )(b:zr,ibf,¢ - 5)
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where:

1. Ax = A is a periodic triangular lattice, defined as A = B/LB, where L €
N and B is the infinite triangular lattice with basis I, = 1(3,Vv3), I, =
%(3, —\/3) Ap = AA+(§i is obtained by translating A 4 by a nearest neighbor

vector 5;, 1 =1,2,3, where

- - 1 - 1
0 =(1L,0), & =g(-1, V3), 05 = 51 —V3). (2.2)
The honeycomb lattice we are interested in is the union of the two triangular

sublattices A4 and Ap, see Fig.1

2. a;lcg are creation or annihilation fermionic operators with spin index o =1J
and site index ¥ € Ay, satisfying periodic boundary conditions in Z. Sim-
ilarly, b;fg are creation or annihilation fermionic operators with spin index

o =1J and site index ¥ € Ap, satisfying periodic boundary conditions in Z.

3. U is the strength of the on—site density—density interaction; it can be either

positive or negative.

Note that the terms in the second line of Eq.(2.1) can be rewritten as the sum of
a truly quartic term in the creation/annihilation operators (the density-density
interaction), plus a quadratic term (a chemical potential term, of the form —u/N,
with 1 = U/2 the chemical potential and N the total particles number operator),
plus a constant (which plays no role in the thermodynamic properties of the
system). The Hamiltonian (2.1) is hole—particle symmetric, i.e., it is invariant
under the exchange aﬁ <—>a;FU, bt — bF _ . This invariance implies
T+01, O’ +61,
in particular that, if we define the average density of the system to be p =
(2[A)THN) 4 p, With N =370 (af, x0+b;r+5 o ) the total particle number
operator and ()5, = Tr{e” BH). }/Tr{e_ﬂHA} the average with respect to the

(grandcanonical) Gibbs measure at inverse temperature (3, one has p = 1, for



FIG. 1. A portion of the honeycomb lattice A. The white and black dots correspond to
the sites of the A4 and Ap triangular sublattices, respectively. These two sublattices
are one the translate of the other. They are connected by nearest neighbor vectors

51, 52, 53 that, in our units, are of unit length.

any |A| and any (3; in other words, the grand-canonical Hamiltonian Eq.(2.1)
describes the system at half-filling, for all U, 5, A. Let

1
[3(U)=—= ‘A1|1m |A| 7 log Tr{e #HaY (2.3)
—00
be the specific free energy of the system and e(U) = limg_,, f3(U) the specific

ground state energy. We will prove the following Theorem.

Theorem 2.1 There exists a constant Uy > 0 such that, if |U| < Uy, the specific
free energy f3(U) of the 2D Hubbard model on the honeycomb lattice at half filling
1s an analytic function of U, uniformly in 5 as B — oo, and so is the specific
ground state energy e(U).

The proof is based on RG methods, which will be reviewed below. A straight-
forward extension of the proof of Theorem 2.1 allows one to prove that the cor-
relation functions (i.e., the off-diagonal elements of the reduced density matrices
of the system) are analytic functions of U and they decay to zero at infinity with
the same decay exponents as in the non-interacting (U = 0) case, see [24]. This
rigorously excludes the presence of LRO in the ground state and proves that the

interacting system is in the same universality class as the non-interacting system.



3. THE NON-INTERACTING SYSTEM

Let us begin by reviewing the construction of the finite and zero temperature
states for the non-interacting (U = 0) case. In this case the Hamiltonian of
interest reduces to

0 _ + - + _
Hy=—t > 3 (ad,br, V5,050 (3.1)

ZeA o=tl
i=1,2,3

with A, a%a, b;é},a defined as in items (1)—(4) after (2.1). We aim at computing
the spectrum of HY by diagonalizing the right hand side (r.h.s.) of (3.1). To this
purpose, we pass to Fourier space. We identify the periodic triangular lattice A
with the set of vectors of the infinite triangular lattice within a “box” of size L,
ie.,

A:{nll:+n2l_; :0<ny,ny <L—-1}, (3.2)

with [} = 1(3,V3) and Iy = 1(3,—v/3). The reciprocal lattice A* is the set of
vectors K such that eif% = 1,if ¥ € A. A basis él, ég for A* can be obtained by

the inversion formula:
1
G111 G —9r L 7 (3.3)
G21 G22 l12 122

G = 2?”(1, V3), Gy= %ﬂ(l, —V3) . (3.4)

which gives

We call B, the set of quasi-momenta k of the form
k= TlGl + TQGQ , mi, Mo € 7, (35)

identified modulo A*; this means that B; can be identified with the vectors k of
the form (2.2) and restricted to the first Brillouin zone:

BL:{E:—61+752 . Ogml,mQSL—l} (36)

ﬂ@ﬂ%ZJWQ, (3.7)



where we used the identity )
> e = Al (3.9)
FeA
and ¢ is the periodic Kronecker delta function over A*.
(07,5, the

We now associate to the set of creation/annihilation operators aa

corresponding set of operators in momentum space:

1 P N
+ _ - +ikT A+ +ikzr+
af,o' - |A| Z (& CLE,U y I+61, |A| Z b o . (3 10)
keBy, keBL
Using (3.7)—(3.9), we find that
P Fik® 4+ 7+ FikTy+
i, = g, b, =D 5, (3.11)
TeEA

FeA
are fermionic creation/annihilation operators, periodic over A*, satisfying
{bk ,b;, ,} - |A|6E7E/5€,—6/6070' (312)

{az a2, )} = |AM6g 0 —cbo0r
} = 0 [48]. With the previous definitions, we can rewrite

and {aq bZ, )

_ + N

=t Z Z Az, £U+51,O' bz—l—éz,a xa) o (313)
reN o=T]
1=1,2,3

oy (af .bF ) ( 0 Q*(k))(?,ia>
A -
y \k% ai) o i

with vy = 3t the unperturbed Fermi velocity (if the hopping strength ¢ is chosen
to be the one measured in real graphene, vy turns out to be approximately 300

times smaller than the speed of light) and
3
.9 ) .
Qk) = 3 E e!Cimonk 3 [1 +2¢7iaM cos(?l@) (3.14)

the complex dispersion relation. By looking at the second line of Eq.(3.13),
a 2D spinor of

one realizes that the natural creation/annihilation operator is

components a and b:
’530> (3.15)

rt = (ot bt - —
qu7o_< ka bka)’ \IJE,O'_ (

whose real space counterparts read

(7,4
(0,05 wf,o=<1;;>. (3.16)

- 0. -
L,07 " F461,0



In order to fully diagonalize the theory, one needs to perform the diagonalization
of the 2 x 2 quadratic form in the second line of Eq.(3.13), which can be realized
by the /Z—dependent unitary transformation

SIS 0 ()
- V2 V2 |Q(k)|
Uk - 1 Q(k 1 ) (317)
V2 |Q(k)| V2
in terms of which, defining
. . Q* (k) 7 —
(AP: = Of];’o— = U\i/: = i all;’:vo-ﬁ_{_ ‘Q(E)‘b]ao— (3 18)
k,o Bz ) ko 9 | _ k) as + I;_ ’ :
ko 1Qk)| ko ko

vo - 0 k) -

oy = VRSN VAN U TUbs =

A |A] Z aUk Uk <Q( ) 0 UkU k.o
i

o0\
PN ( —|Q<E>|>@Ef (19

keBy,
o="l

= |A’ Z —]‘l’_ ]g ’Q( )’Bg‘:aéig) :
kEBL
o=l

The two energy bands £uvo|Q2(k)| are plotted in Fig.2. They cross the Fermi
energy Er = 0 at the Ferm: points k= Py, w = £, with

=T (3.20)

close to which the complex dispersion relation vanishes linearly:
O(Fe + k') = ik} + wky + O(|K ) (3.21)

resembling in this sense the relativistic dispersion relation of (2 + 1)-dimensional
Dirac fermions. From Eq.(3.19) it is apparent that the ground state of the system
consists of a Fermi sea such that all the negative energy states (the “a-states”) are
filled and all the positive energy states (the “f-states”) are empty. The specific
ground state energy eg s is

con = — 20 3 ) (3.22)

Al -
eBy,

from which we find that the specific ground state energy in the thermodynamic
limit is

i, -
e(0) = —QUO/B 51%F) (3.23)



FIG. 2. A sketch of the energy bands of the free electron gas with nearest neighbor
hopping on the honeycomb lattice. The red plane corresponds to the Fermi energy at
half-filling. It cuts the bands at a discrete set of points, known as the Fermi points
or Dirac points. From the picture, it seems that there are six distinct Fermi points.
However, after identification of the points modulo vectors of the reciprocal lattice, it

turns out that only two of them are independent.

where B := {k = t;G; + t:G5 : t; € [0,1)} and |B| = 872/(3v/3). Similarly, the

finite volume specific free energy féA = —(B|A]) " log Tr{e PPX} is
) , ,
oA =~z O log [ (14 #0120 (14 ¢-wia@l) | 3.24
fO,A 5|A| Z 8 ( )( ) ( )
keBy,
from which
2 [ dk Brol(B) ~BuolR)|
f8(0) = 3 Elog [(1 + IR (7 4 g Ao )} : (3.25)
B

Besides these thermodynamic functions, it is also useful to compute the Schwinger
functions of the free gas, in terms of which, in the next section, we will write down
the perturbation theory for the interacting system. These are defined as follows.
Let xy € [0,8) be an imaginary time, let x := (z9,Z) € [0,8) x A and let
us consider the time-evolved operator \Ifig = eHxO\Iffgge_HxO, where \Ifffg is the

two-components spinor defined in Eq.(3.16); in the following we shall denote its
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with p € {1,2}, U = biﬂsl , (here

5 = (0,61)). We define the n-points Schwinger functions at finite volme and

and ¢F

components by W x0,1 = (5] o x,0,2

X,0,p?
finite temperature as:

Sg7A(X17 €1,01,P15- -+ Xn,Eny On, pn) = <T{\I/i11701 o \ijg;,dmpn}>ﬂ A (326)

where: x; € [0, 5] x A, 0; =1, €; = £, p; = 1,2 and T is the operator of fermionic
time ordering, acting on a product of fermionic fields as:

T(\Ifal o pEn ) — (_1)7|—\Ij57r(1) e \Ijé‘w(n) (327)

X1,01,pP1 Xn,0n,Pn X7 (1),07(1)Pr(1 X (n)s9m(n) Pr(n)

where 7 is a permutation of {1,...,n}, chosen in such a way that z.q)y >

- > Tr(nyo, and (—1)7 is its sign. [If some of the time coordinates are equal each
other, the arbitrariness of the definition is solved by ordering each set of operators
with the same time coordinate so that creation operators precede the annihila-
tion operators.] Taking the limit A — oo in (3.26) we get the finite tempera-
ture n-point Schwinger functions, denoted by S?(x1,¢e1,01, 015 - - - Xn, Ens Ons Pr);
which describe the properties of the infinite volume system at finite temper-
ature. Taking the § — oo limit of the finite temperature Schwinger func-
tions, we get the zero temperature Schwinger functions, simply denoted by
Sn(X1,€1,01, P15 -+ - ;Xn, En, On, Pn), Which by definition characterize the proper-
ties of the thermal ground state of (2.1) in the thermodynamic limit.

In the non-interacting case, i.e., if Hy = HY, the Hamiltonian is quadratic in
the creation/annihilation operators. Therefore, the 2n-point Schwinger functions
satisfy the Wick rule, i.e.,

+ — + o
<T{qjx1 101,01 \IJYMUi 4 T \Ijxn,an,pn \ijn,a;“p’n>ﬂ7 =detG )
+
Gz] - 50 o <T{\Px1’gl’pquYj’U;’p;}>B,A . (328)
Moreover, every n—point Schwinger function S (xy,e1,01, p1; - . Xn, En, Tn, Pn)

with > " & # 0 is identically zero. Therefore, in order to construct the whole
set of Schwinger functions of HY, it is enough to compute the 2-point function
SPA(x —y) = (T{¥,,, V5 yop }>5A. This can be easily reconstructed from the
2-point function of the a-fields and (-fields, see Eq.(3.18).

Let ' € A, ozfﬂ =A™ Yken, ei””oz,;’g and Béca =A™ Yken, ei“mo?,w; if
x = (0, ), let of, = eH/O\:UOOz;f’Ue_HRIO and 35, = eH/O\""Oﬁ;er_ /0\:‘0. A straight-

forward computation shows that, if —8 < zo — yo < S,

b} .
_ Vo0’ —iR(E-7) |
(T{ay 0y}, Al 2= © (3.29)
keBy,
v0(0—y0)|Q(R)| evo(@o—yo+8)|Q(k)]
A1 (2o —yo > 0) —————— — L (zo — 4o < 0 ]
[ (20 =0 > 0) 1 + evoBIAR)] (0 =40 < 0) 1 + evoBIQ(F)|
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0, o
- o+ o0’ —ik(Z—7) |
(T{Bobyoton = a7 2= © (3.30)
kEBL
o—v0(@0—y0)|2(P) o~ v0(@o—y0+B)IE)|

— 1 (2o — 50 < 0)

-[]1(1:0 —yo > 0)

1+ e—voBINF) 1 + e—v0BIQF)]

and (T{a;aﬁ;(y,})ﬁ’/\ (T{Br sy o )/8’/\ = 0. A priori, Egs.(3.30) and (3.31)
are defined only for —f5 < 2o — yg < S, but we can extend them periodically
over the whole real axis; the periodic extension of the propagator is continuous in
the time variable for xg — yo & (6Z, and it has jump discontinuities at the points
To — Yo € B7Z. Note that at xo — yo = [n, the difference between the right and
left limits is equal to (—1)"dz 5, so that the propagator is discontinuous only at
x —y = 7 x 0. If we define Bz, := Bs x By, with Bg = {ky = Z(no+3)
no € Z}, then for x —y & 7 x 0 we can write

O o A 1
(T{ax,0y o)y s = 2ir e ) — (3.31)
VTAA  BIA k%L —iko — vo|Q(K)]
000 . 1
(T{BeobByo}) 50 = arx e k) — . (3.32)
07y, B,A 6’[\‘ ke%[, —iko + U0|Q(l{i)|

If we now re-express axa and 5 in terms of af  and bfw o using Eq.(3.18),
we find that, for x —y & SZ x ().

A A
‘S((?7 (X_y)p,p' = ‘5(2/87 (X7U7_7p;Ya07+7pl)

U=0

1 ke (x-y) ko —voQ(k
= _A 26 2 7 ( o 7 UO. ( )> (333)
BIA| keBy, Ko+ V2| QK2 \ —vol2(k) ik p

/

—,

Finally, if x —y = (07, 0):

11 1 0 —ue*(K)
SBvA 07,0) = —= + —— - o 0 . (3.34
I Z K + o31k)I2 <—voﬂ<k> 0 .

4. PERTURBATION THEORY AND GRASSMANN INTEGRATION

Let us now turn to the interacting case. The first step is to derive a formal
perturbation theory for the specific free energy and ground state energy. In other
words, we want to find rules to compute the generic perturbative order in U of
fan = —(B|A]) " log Tr{e P}, We write Hy = HY + V), with Vj the operator
in the second line of Eq.(2.1) and we use Trotter’s product formula

e N — lim [e~#HR/n(1 évA)]" (4.1)
n

n—oo
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X OX

FIG. 3. The four-legged graph element (left); an example of a Feynman diagram of
order 3 (right).

so that, defining Vj(t) := et HRV, e~tHR

Tr{e P2} (42)
Tr{e BHR} '
g n et Te{e PRV (1) - - Vit
= 1+Z(—1)N/ dtl/ dtg---/ dty e A(_;)HO SUIY
N1 0 0 0 Tr{e "1}

Using the fermionic time-ordering operator defined in Eq.(3.27), we can rewrite
Eq.(4.2) as

Tr{e 7} (=D 0
iy, = 1 ) e (T{(Vaa (9)V) (4.3)
_ 0 ) BN
Tr{e PHr} = N
where <->27A = Tr{e PHR.} /Tr{e P11},
_ 1 _ 1
p=1,2 )

and f(ﬂ,A) dx must be interpreted as f(ﬂ,A) dx = f_ﬁéz dxo ) zc5- Note that the
N-th term in the sum in the r.h.s. of Eq.(4.3) can be computed by using the
Wick rule (3.28) and the explicit expression for the 2-point function Egs.(3.33)-
(3.34). It is straightforward to check that the “Feynman rules” needed to compute
(T{(VB,A(\I/))NH%A are the following: (i) draw N graph elements consisting of
4-legged vertices, with the vertex associated to two labels x; and p;, 2 =1,..., N,
and the four legs associated to two exiting fields (with labels (x;, T, p1) and (x;, |
,pi)) and two entering fields (with labels (x;, T, p;) and (x;,, pi)), respectively;
(ii) pair the fields in all possible ways, in such a way that every pair consists of one
entering and one exiting field, with the same spin index, see Fig.3; (iii) associate
to every pairing a sign, corresponding to the sign of the permutation needed to

bring every pair of contracted fields next to each other; (iv) associate to every
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paired pair of fields [W N

Xi,04,P37 — Xj,05,05

the j-th vertex, with orientation from j to ¢; (v) associate to every oriented line

| an oriented line connecting the i-th with

[j — i] a value equal to

1 ity Xo(27M[Ko|) ik —voQ2* (k)
9pip; (Xi —Xj) 1= e v = - .
XX i 2 i iap \v® k)

(M)
keB; 7

(4.5)
where B = B x By, B = Bsn{ko : xo(2M|ko|) > 0} and xo(t) is
a smooth compact support function that is equal to 1 for (say) [¢| < 1/3 and
equal to 0 for |t| > 2/3; (vi) associate to every pairing (i.e., to every Feyn-
man graph) a value, equal to the product of the sign of the pairing times U
times the product of the values of all the oriented lines; (vii) integrate over x;
and sum over p; the value of each pairing, then sum over all pairings; (viii)
finally, take the M — oo limit: the result is equal to (T{(V@A(\D))N}}g’A. Note
that the M — oo limit of the propagator g(x) is equal to Sg’A(x) if x # 0,
while limp; o0 g(0) = SE™07,0) + 3, see Eq.(3.34): the difference between
lim 00 g(x) and S5 (x) takes into account the —3 terms in the definition of
V().

An algebraically convenient way to re-express Eq.(4.3) is in terms of Grass-
o="m, p=1,2

G677, where the Grass-
keB'T

mann integrals. Consider the set Ay 1 = {ﬁlia,p}

mann variables Qﬂfg , satisfy by the definition the anticommutation rules {@Efw e
ibf(l,’g,’p,} = 0. In particular, the square of a Grassmann variable is zero and the
only non-trivial Grassmann monomials are at most linear in each variable. Let
the Grassmann algebra generated by Aj; s be the set of all polynomials ob-
tained by linear combinations of such non-trivial monomials. Let us also define

the Grassmann integration [ [Hk e Hg’jf d@/A)l': o pdzﬁg . p] as the linear oper-

ator on the Grassmann algebra such that, given a monomial Q(lﬁ_, 1$+) in the
variables &ig’p, its action on Q(¢)~, ") is 0 except in the case Q¢ ¢ht) =
erB%) Hﬁz#f Qﬂ;’g,pi};mp, up to a permutation of the variables. In this case the
value of the integral is determined, by using the anticommutation properties of
the variables, by the condition

p=1,2 p=1,2
T II @i, IT T1 G, =1 (40)
kes(M) o=t kes(M) o=t

Defining the free propagator matrix gy as

G = xo0(27 ko) (—v_olfl;?lg) —vi)é)(k)) (4.7)
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and the “Gaussian integration” Py (di) as

o="14 _
_62A2 02 Mko 2
I A Dxo (2~ Ko )]

PM(dw) = - dz;lto ldiﬁga ldlﬁlja QdQEl:U 2:| ’
keB(]V[) k% + U8|Q(k)|2
o=m{
cep{ — (AN YD B, ) (48)
keBS")
it turns out that
/P(dtb)%&l:l,al&l—:g,og = 5|A|5017025k1,k2gk1 ) (49)

while the average of an arbitrary monomial in the Grassmann variables with
respect to Py (dv) is given by the fermionic Wick rule with propagator equal to
the r.h.s. of Eq.(4.9). Using these definitions and the Feynman rules described
above, we can rewrite Eq.(4.3) as

Tr{e PHa} ) V)
T~ [ P, (110
where
V(d]) =U Z / dx ¢Xprx7T,p¢i¢,p¢;¢,p ’ (4'11)
p=1,2 (B,A)
ey = Z et L x e (=B/2,8/2] x A (4.12)
keB(M>

and the exponential e7Y*) in the r.h.s. of Eq.(4.10) must be identified with its
Taylor series in U (which is finite for every finite M, due to the anticommutation
rules of the Grassmann variables and the fact that the Grassmann algebra is finite
for every finite M). Apriori, Eq.(4.10) must be understood as an equality between
formal power series in U. However, it can be given a non-perturbative meaning,
provided that we can prove the convergence of the Grassmann functional integral

in the r.h.s., as shown by the following Proposition.

Proposition 4.1 Let

FOD = L o / Pas(dip) (e7V)) (4.13)

and let 5 and |A| be sufficiently large. Assume that there exists Uy > 0 such that
Fb(’]\/{) is analytic in the complex domain |U| < Uy and is uniformly convergent as

M — oo. Then, zf\U\ < Uy,

Joa =551 > log (2+ 2cosh(Bu|R)) + lim Y. (4.14)

k‘EBL

ﬁ\/\!
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Proof. We need to prove that

Tr{e AHr}

_ o : (M)
Tefe Piony exp{ BIA| A}[gnw Fya } (4.15)

under the given analyticity assumptions on F; éﬂi) The first key remark is that,
if 5, are finite, the left hand side of Eq.(4.15) is a priori well defined and
analytic on the whole complex plane. In fact, by the Pauli principle, the Fock
space generated by the fermion operators afg, bjf , with ¥ € A, o0 =1, is finite
dimensional. Therefore, writing Hy = HY AT+ VA, Wlth HY A and Vi two bounded
operators, we see that Tr{e ?#4} is an entire function of U, simply because e=#H4

converges in norm over the whole complex plane:

. A" ﬁkl|VA|lk el 125
[l < 3~ (IERI -+ [1Vall)" Z > n_A)
n=0 n>k
/3|IH B 1IVall (4.16)
where the norm || - || is, e.g., the Hilbert-Schmidt norm |[|A|| = /Tr(AtA).

On the other hand, by assumption, F! A) is analytic in |U| < Uy, with Uy inde-
pendent of 3, A, M, and uniformly convergent as M — oo. Hence, by Weierstrass
theorem, the limit F = limp/yo0 F, /6(,]\1{) is analytic in |U| < Uy and its Taylor

coefficients coincide with the limits as M — oo of the Taylor coefficients of F’ éﬂi)

o—BIAIFSY

Moreover, limp;_sqo A = e PIMFsA  again by Weierstrass theorem.

As discussed above, the Taylor coefficients of e #IMFs.a coincide with the Tay-
lor coefficients of Tr{e s} /Tr{e PHoa}: therefore, Tr{e P} /Tr{e FHon} =
e AIMFsA in the complex region |U| < Uy, simply because the Lh.s. is entire in
U, the r.h.s. is analytic in |U| < Uy and the Taylor coefficients at the origin of
the two sides are the same. Taking logarithms at both sides proves Eq.(4.14). =

By Proposition 4.1, the Grassmann integral Eq.(4.13) can be used to com-
pute the free energy of the original Hubbard model, provided that the r.h.s. of
Eq.(4.13) is analytic in a domain that is uniform in M, 3, A and that it converges
to a well defined analytic function uniformly as M — oco. The rest of these notes
are devoted to the proof of this fact. We start from Eq.(4.13), which can be

rewritten as

N =~ IA!Z N,) ET(V;N) | (4.17)

N>1
where the truncated expectation ET is defined as

N

0
ENViN) = oy log / Prg(dip)e |, (4.18)
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More in general,

8N
ET(VL o VN) = —8/\1 o log / pM(dw)eAﬂh(¢)+"'+>\NVN(¢)

and ST(Vl,...,VN)‘V:V = ET(V;N). Tt can be checked by induction that
the truncated expectation is related to the simple expectation £(X(¢)) =

J Pr(d) X () by

(4.19)

Ai=0

EVi-Vn) = Y 5T(Vﬁ,...,vjﬁm)---5T(vj;n,...,wr;ml), (4.20)

where the second sum in the r.h.s. runs over partitions of {1,..., N} of multi-
plicity m, i.e., over m-ples of disjoint sets such that U™,Y" = {1,..., N}, with
V' ={ji,-...]ly,}. Note that EVV) =EM,... ’VN)’W:V can be computed as
a sum of Feynman diagrams whose values are determined by the same Feynman
rules described after Eq.(4.4) (with the exception of rule (viii): of course, since
E(X) = [ Pu(dy)X, M should be temporarily kept fixed in the computation);
we shall write

EWVV) =3 Valg), (4.21)

gel'y

where I'y is the set of all Feynman diagrams with N vertices, constructed with
the rules described above; \72;1(@) includes the integration over the space-time

labels x; and the sum over the component labels p;: if G € T'\, we shall write

symbolically
Val(G) = ogUY > / dxy -+ dxn | [ 0o0).00 9000000 (x(0) = X' (€)) , (4.22)
Plseees PN eg

where og is the sign of the permutation associated to the graph G and we denoted
by (x(£),0(¢),p(¢)) and (x'(¢),d' (), p'(£)) the labels of the two vertices, which
the line ¢ exits from and enters in, respectively. Using Eqs.(4.20)-(4.21), it can
be proved by induction that

E'WViN) = Y Val(g) (4.23)

gery,

where I'Y, C 'y is the set of connected Feynman diagrams with N vertices. Com-
bining Eq.(4.17) with Eq.(4.23) we finally have a formal power series expansion
for the specific free energy of our model (more precisely, of its ultraviolet regu-
larization associated to the imaginary-time ultraviolet cutoff xo(27*|kg|)). The
Feynman rules for computing \//2;1(9) allow us to derive a first very naive upper
bound on the N-th order contribution to Féf\,{), that is to

1 (=n~

“HA M ET(V;N) . (4.24)

M;N) |
F,B(,A ) —
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We have:
M;N 1 1
Fn ™ < g 2o Val@)l <
" ger?
’F ’2NUN N+1 425
< S 2 U gl gl (4.25)

where |T'%| is the number of connected Feynman diagrams of order N and
BIAIUNN |||+ [|g]|¥* is a uniform bound on the value of a generic con-
nected Feynman diagram of order N. The bound is obtained as follows: given
G € I'L, select an arbitrary “spanning tree” in G, i.e. a loopless subset of G
that connects all the N vertices; now: the integrals over the space-time coordi-
nates of the product of the propagators on the spanning tree can be bounded
by B|Al||lg||Y~!; the product of the remaining propagators can be bounded by
||g|| ¥+t finally, the sum over the p; labels is bounded by 2V. Using Eq.(4.25)
and the facts that, for a suitable constant C' > 0: (i) [T'h| < CN(N!)? (see, e.g.,
23, Appendix A.1.3] for a proof of this fact), (ii) ||g||-c < CM, (iii) ||g|| < CB,

we find:
S| < 203UV N MV N L (4.26)

Remark. While the bound ||g||; < CfB (see Appendix A for a proof) is
dimensionally optimal, the estimate ||g||cc < CM could be improved to ||g|so <
(const.), at the cost of a more detailed analysis of the definition of g(x), which
shows that the apparent ultraviolet logarithmic divergence associated to the sum
over kg in Eq.(4.5) is in fact related to a jump singularity of g(xo, 6) at xy = BZ.
This can be proved along the lines of [3, Section 2]. However, to the purpose of
the present discussion, the rough (and easier) bound ||g||.c < C'M is enough; see
Appendix A for a proof.

The pessimistic bound Eq.(4.26) has two main problems: (i) a combinatorial
problem, associated to the N!, which makes the r.h.s. of Eq.(4.26) not summable
over N, not even for finite M and §; (ii) a divergence problem, associated to
the factor MYT13N=1" which diverges exponentially as M — oo (i.e., as the
ultraviolet regularization is removed) and as § — oo (i.e., as the temperature
is sent to 0). The combinatorial problem is solved by a smart reorganization
of the perturbation theory, in the form of a determinant expansion, together
with a systematic use of the Gram-Hadamard bound. The divergence problem is
solved by systematic resummations of the series: we will first identify the class of
contributions that produce ultraviolet or infrared divergences and then we show
how to inductively resum them into a redefinition of the coupling constants of the
theory; the inductive resummations are based on a multiscale integration of the

theory: at the end of the construction, they will allow us to express the specific
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free energy in terms of modified Feynman diagrams, whose values are not affected

anymore by ultraviolet or infrared divergences.

5. THE DETERMINANT EXPANSION

Let us now show how to attack the first of two problems that arose at the
end of previous section. In other words, let us show how to solve the combina-
torial problem by reorganizing the perturbative expansion discussed above into
a more compact and more convenient form. In the previous section we discussed
a Feynman diagram representation of the truncated expectation, see Eq.(4.23).
A slightly more general version of Eq.(4.23) is the following. For a given set of
indices P = { f1,..., fip}, with f; = (Xi,ai,pi,ei), gi € {4, -1}, let

vp = H w a(f () (5.1)

fepP

Each field @D J( o) €A be represented as an oriented half-line, emerging from
the point x( f ) and carrying an arrow, pointing in the direction entering or exiting
the point, depending on whether e(f) is equal to — or +, respectively; moreover,
the half-line carries two labels, o(f) € {1,{} and p(f) € {1,2}. Now, given s
set of indices P,. .., P, we can enclose the points x(f) belonging to the set P},
for some j = 1,...,s, in a box: in this way, assuming that all the points x(f),
f € U;P;, are distinct, we obtain s disjoint boxes. Given P := {Py,..., Ps}, we
can associate to it the set T'7(P) of connected Feynman diagrams, obtained by
pairing the half-lines with consistent orientations, in such a way that the two
half-lines of any connected pairs carry the same spin index, and in such a way
that all the boxes are connected. Using a notation similar to Eq.(4.22), we have:

6T<¢P17 s 7is Z Val

Ger'T(p)
Val(G) = 0g [ [ 60y 0y 9p0) 0 (x(£) = X' (0)) | (5.2)
leg
A different a more compact representation for the truncated expectation, alter-
native to Eq.(5.2), is the following:

E'(Wpy, - p) = > aTHgg/dPT t) det GT(t) | (5.3)
TeT(P) LerT
where:
e any element 7 of the set T(P) is a set of lines forming an anchored tree

between the boxes P, ..., P, i.e., T is a set of lines that becomes a tree if

one identifies all the points in the same clusters;
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e a7 is a sign (irrelevant for the subsequent bounds);
e g, is a shorthand for d,(p),07(¢) 9p(e),0(0) (X(£) — X' (£));

o ift ={t;» €[0,1],1 <i,i" < s}, then dPp(t) is a probability measure with
support on a set of t such that ¢;;; = u; - uy for some family of vectors

u; € R" of unit norm;

e if 2n =37 |P, then GT(t) isa (n—s+1) x (n—s+1) matrix, whose el-
ements are given by G 1 = ti(p).ir9ecs.p), where: f, f' & User{f}, f7} and
[}, f# are the two field labels associated to the two (entering and exiting)
half-lines contracted into ¢; i(f) € {1,...,s} is s.t. f € Pip); gocr,pry is the
propagator associated to the line obtained by contracting the two half-lines
with indices f and f’.

If s = 1 the sum over T is empty, but we can still use the Eq.(5.3) by in-
terpreting the r.h.s. asequal to 1 if P, is empty and equal to det GT (1) otherwise.

The proof of the determinant representation is described in Appendix B; this
representation is due to a fermionic reinterpretation of the interpolation formu-
las by Battle, Brydges and Federbush [2, 10, 11], used originally by Gawedski-
Kupianen [22] and by Lesniewski [33], among others, to study certain (1 + 1)-
dimensional fermionic Quantum Field Theories. Using Eq.(5.3) we get an alter-

native representation for the N-th order contribution to the specific free energy:

(M;N)__L(_l)N Ty L (=D y /
Foa™ =~ gy € Vi) = BIAI N' v Z > ar [ dx -

""" pN TETN

T 0e0r00 9000 (X(0) = X(8)) / Pr(t)det GT(t) . (5.4)

Using the fact that the number of anchored trees in Ty is bounded by CVN!
for a suitable constant C' (see, e.g., [23, Appendix A.3.3] for a proof of this fact),
from Eq.(5.4) we get:

[Fin ™1 < (const.) V(U™ [|gl1Y ]| det G ()]l - (5.5)

In order to bound det GT, we use the Gram-Hadamard inequality, stating that, if
M is a square matrix with elements M;; of the form M,; = (A;, B;), where A,,
B; are vectors in a Hilbert space with scalar product (-, -), then

[det M| < TT1IAMl- (1Bl - (5.6)

where || - || is the norm induced by the scalar product. See [23, Theorem A.1] for
a proof of Eq.(5.6).
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Let H = R" ® Hy, where Hy is the Hilbert space of the functions F :
[—5/2,8/2) x A — C?, with scalar product (F,G) = Y _,, [dzF;(2)G,(z),
where F, = [F],, G, = [G],, p = 1,2, are the components of the vectors F and
G. It is easy to verify that

G = titprir) Sa(e).or0) 9oty (X(f) = X(f1)) =
= (Ui(y) @ eo(f) ® Ax(f)p(f)> Wi(s) @ €o(s1) @ Bu(pry pipn) s (5.7)

where: w; € R", i = 1,...,n, are vectors such that ¢, = u,; - uy; e; = (1,0),
e, = (0,1); Ax, and By , have components:

\/W —ik(z—x)
Z Xol( |Kol) 5. (5.8)

1/4 P
(k2 + w31(F)2]

Ay

7p
k B(M)

1 VX0 TR e e (kg e (E
R o e
(4

3/4 1. :
G [P \mwf®) ik

so that

2 o 1 Xo(2~" ko)
AP = Bl = i 3 <ou. (59
kB[(;Vi) |:k0 O‘Q( )‘:I

for a suitable constant C'. Using the Gram-Hadamard inequality, we find
|| det GT||o < (const.)N MNF1: substituting this result into Eq.(5.5), we finally
get:

[FSY] < (const ) V|U N M BNY (5.10)

which is similar to Eq.(4.26), but for the fact that there is no N! in the r.h.s.!
In other words, using the determinant expansion, we recovered the same dimen-
sional estimate as the one obtained by the Feynman diagram expansion and we
combinatorially gained a 1/N!. The r.h.s. of Eq.(5.10) is now summable over N
for |U| sufficiently small, even though non uniformly in M and . In the next
section we will discuss how to systematically improve the dimensional bound by

an iterative resummation method.

6. THE MULTISCALE INTEGRATION: THE ULTRAVIOLET
REGIME

In this section we begin to illustrate the multiscale integration of the fermionic
functional integral of interest. This method will later allow us to perform iterative
resummations and to re-express the specific free energy in terms of a modified
expansion, whose N-th order term is summable in N and uniformly convergent
as M — oo and 8 — —o0, as desired.
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The first step in the computation of the partition function

EMBA = / Py (dip)e™Y®) (6.1)

and of its logarithm is the integration of the ultraviolet degrees of freedom corre-
sponding to the large values of ky. We proceed in the following way. We decom-
pose the free propagator gy into a sum of two propagators supported in the regions
of ky “large” and “small”, respectively. The regions of ky large and small are de-
fined in terms of the smooth support function xo(¢) introduced after Eq.(4.5);

note that, by the very definition of yg, the supports of xg <\ [ k3 + |E — pE? ) and

Xo(\/ k2 + |k — pp)? ) are disjoint (here | - | is the euclidean norm over R*/A*).

We define

fun () = 1= x0 (VB3 + F =5l ) = o (VWB+F =52 ) (62)

and f;, (k) =1— f...(k), so that we can rewrite gy as:

N A~ ~ def . w.v. ~ (7.7,
G = fuw (K G + fir (k)= g (k) + 0 (k) . (6.3)

We now introduce two independent set of Grassmann fields {w(“v } and

{g[)kgp }, with k € Bau o =tl, p = 1,2, and the Gaussian integrations
P(dy™v)) and P(d)"™)) defined by

/P(dw(u.v.)) 1(51:71 7vz)l(<7;1<)72 :ﬁ|A|(501,U25k1,k2g(u.v.)(kl)7
/ P N = BN, 00,10 § 0 (1 ) - (6.4)

Similarly to Py(di), the Gaussian integrations P(di(“v)), P(dy(")) also admit
an explicit representation analogous to (4.8), with g, replaced by §®)(k) or
3% (k) and the sum over k restricted to the values in the support of f,., (k) or
fir.(k), respectively. The definition of Grassmann integration implies the follow-
ing identity (“addition principle”):

[ Pawe @ = [ Pawto) [ Paptene e (o)

so that we can rewrite the partition function as

y . 1 )
EMpA = e BIMESY /P(dw(l"”'))exp { Z EEEU_(—VW(”') +-)n)} =
n>1

_ 6_/8|AFO,M/ (dw ir. ) Vo iﬁ(”)) (6'6)
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where the truncated expectation EF, is defined, given any polynomial V; (%))
with coefficients depending on ("), as

log / P(d¢<“~”~>)ewl<¢(“'””>’ (6.7)

A=0

m

&L, (Vi()im) = 5

and V) is fixed by the condition Vy(0) = 0. We will prove below that V, can be
written as

nw-SEa Y Y [T ]

n=1 01,000 =T p1,..,p2n=1,2 k1,....kap

Waranp(Ki, - Kan 1) 6(2(1%1 —ky)), (68)
j=1
where p = (p1, ..., p2n) and we used the notation

6(k) =6(k)o(ko) . O(R)=IAl D GfnGiimds s O(ko) = B, (6.9)

n1,nN2€Z

with Gy, Gs a basis of A*. The possibility of representing V,, in the form (6.8),
with the kernels WM,%,,; independent of the spin indices o;, follows from a number
of remarkable symmetr;es, discussed in Appendix C, see in particular symmetries
(1)=(3) in Lemma C.1. The regularity properties of the kernels are summarized
in the following Lemma, which will be proved below.

Lemma 6.1 The constant Fyy in (6.6) and the kernels Wagan,, in (6.8) are
given by power series in U, convergent in the complex disc |U] é Uy, for Uy
small enough and independent of M, 3, \; after Fourier transform, the x-space
counterparts of the kernels WMQnyp satisfy the following bounds:

/dxl e A% | Wiron (X1, - - Xan)| < BIA|CT U1 (6.10)
for some constant C' > 0. Moreover, the limits Fy = limp_,oo Forr and
W2n,E<X17 cey Xop) = limpy oo WM72n’B<X1, ..., Xoy,) exist and are reached uni-

formly in M, so that, in particular, the limiting functions are analytic in the
same domain |U| < Uy and so are their 5, |A| — oo limits (that, with some abuse

of notation, we shall denote by the same symbols).

Remark. Once that the ultraviolet degrees of freedom have been integrated
out, the remaining infrared problem (i.e., the computation of the Grassmann
integral in the second line of Eq.(6.6)) is essentially independent of M, given the
fact that the limit W5, , of the kernles Wy 2y, , is reached uniformly and that the
limiting kernels are anz;lytic and satisfy the same bounds as Eq.(6.10). For this
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reason, in the infrared integration described in the next two sections, M will not
play any essential role and, whenever possible, we will simplify the notation by
dropping the label M.

Before we present the proof of Lemma 6.1, let us note that the kernels Wy o, ,
satisfy a number of non-trivial invariance properties. We will be particularlgf
interested in the invariance properties of the quadratic part WM,27(p17p2)(k1,k2),
which will be used below to show that the structure of the quadratic part of the
new effective interaction has the same symmetries as the free integration. The
crucial properties that we will need are summarized in the following Lemma,

which is proved in Appendix C.

Lemma 6.2. The kernel Wy(k) := W2 (k, k), thought as a 2 x 2 matriz with
components WMQ,(,-J)(k, k), satisfies the following symmetry properties:

A

Wa(k) = e*C=253 N, (ko, €5 2 k) ) e O =32)F — 117 (k) = Wy ((ko, k1, —k2))
= o1 Wa((ko, —k1, ko)) o = Wi ((ko, —K)) = —asWa((—ko, k))os,  (6.11)

where oy,09,03 are the standard Pauli matrices. In particular, if W(k) =

limg |A| o0 Wa(K), in the vicinity of the Fermi point p% = (0, %), with w = +,

oo izoko 0o (k) o
W(k) = (509(,;) iz0ko >+O(Ik Prl) (6.12)

for some real constants zy, dg.

Note that Eq.(6.12) can be read by saying that, in the zero temperature
and thermodynamic limits, the two-legged kernel has the same structure as the
inverse of the free covariance, S5'(k), modulo higher order terms in k — p%.
This fact will be used in the next section to define a dressed infrared propagator
1551 (k) + W (k)]™", with the same infrared singularity structure as the free one.
We will come back to this point in more detail. For the moment, let us turn to
the proof of Lemma 6.1, which illustrates the main RG strategy that will be also

used below, in the more difficult infrared integration.

Proof of Lemma 6.1. Let us rewrite the Fourier transform of §(“)(k) as

g (x) = Zg(h) (x), (6.13)

where

M) (x) = R _ilexe Juw. (K)Hp (ko) ik ) —UOQ*(E)
g7 ) BIA| Z ‘ k2 + v2|Q(k) |2 \ —voQ(k) ik ,  (6.14)

(M)
keB']
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with Hl(k’o) = X0(271|]€0|) and, if h > 2, Hh(k’o) = X0(27h|k’0|) — X0(27h+1|]€0|).
Note that [¢("(0)],, = 0, p = 1,2, and, for any integer K > 0, g (x) satisfies

the bound
e boun Cr

(h) <
g X)) = -
197G < T s + R

where |zg|s = min,ez |29 + nf| is the distance over the one-dimensional torus of

(6.15)

length 3 and |7];, = ming_g |Z+ L] is the distance over the periodic lattice A (here
B is the triangular lattice defined after Eq.(2.1)); see Appendix A for a proof.
Moreover, g/ (x) admits a Gram representation that, in notation analogous to
Eq.(5.7), reads

g (x —y) = (Al B (6.16)
with
7zkz X)
[AL)(2) V fuw (K Spi (6.17)
ol %@ [ + v2|Q(k) (24
B (2) Z v Fur ) e i — v (k)
nd ! Fun () (ko)
[(TROR h
AL = B[P = N >, S 01/2 <C, (6.18)
s (kg + v3|QK)|?]

for a suitable constant C'. Our goal is to compute

o~ BIAIFo 2 =Vo (1) _ / P(dp!M) eVttt

= exp{log / P(dw[LMl)e*"w‘“‘”w“’m)} , (6.19)

where P(di)M) is the fermionic “Gaussian integration” associated with the
propagator S, §™ (k) (i.c., it is the same as P(dy(*))); moreover, we want to
prove that Fy s and Vy(10")) are uniformly convergent as M — oco. We perform
the integration of (6.19) in an iterative fashion: in fact, we will inductively prove
that for 1 < h < M,

e BIAFo v —Vo (7)) _ 6—6|A|Fh/p(dw[lyh})e—V(h)(w“‘“)ﬂb”’h]) (6.20)
where P(dy!"") is the fermionic “Gaussian integration” associated with the prop-
agator S1_ §® (k) and VM) = V: for 1 <h < M,

VW (y) = (6.21)

=35 [ m,% s | Wit 310 20)
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In order to inductively prove (6.20)-(6.21) we use the addition principle to rewrite

[ Pty [pggitny [ pagine v e )

(6.22)
where P(dy™) is the fermionic Gaussian integration with propagator ¢ (k).
After the integration of 1" we define

eiv(h_1)(w(i.r.)+,¢)[1,h—1])7IB|A|€h _ /P(d¢(h)>€V(h)(w(im.)er[l,h—l]Hp(h)) : (623)

which proves (6.20) with

F, = Z e . (6.24)

k=h+1

Let & be the truncated expectation associated to P(di(): then we have

a V() = 0 L e 0 ) . (625)

n>1

Eq.(6.25) can be graphically represented as in Fig.4. The tree in the Lh.s., con-

h+1
h+1
h-1 h h-1 h h+1 h-1 h h-1 h h+1
— @ = ——+o—— @ + + + ...
h+1
+1

FIG. 4. The graphical representation of Ph=1),

sisting of a single horizontal branch, connecting the left node (called the root and
associated to the scale label h — 1) with a big black dot on scale h, represents
V(=1 (3). In the r.h.s., the term with n final points represents the corresponding
term in the r.h.s. of Eq.(6.25): a scale label h —1 is attached to the leftmost node
(the root); a scale label h is attached to the central node (corresponding to the
action of £'); a scale label h + 1 is attached to the n rightmost nodes with the
big black dots (representing V). Iterating the graphical equation in Fig.4 up
to scale M, and representing the endpoints on scale M + 1 as simple dots (rather
than big black dots), we end up with a graphical representation of V) in terms
of Gallavotti-Nicolo trees, see Fig.5, defined in terms of the following features.

1. Let us consider the family of all trees which can be constructed by joining
a point 7, the root, with an ordered set of n > 1 points, the endpoints of
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FIG. 5. A tree 7 € 7~'M;h,n with n = 9: the root is on scale h and the endpoints are on
scale M + 1.

the unlabeled tree, so that r is not a branching point. n will be called the
order of the unlabeled tree and the branching points will be called the non
trivial vertices. The unlabeled trees are partially ordered from the root to
the endpoints in the natural way; we shall use the symbol < to denote the
partial order. Two unlabeled trees are identified if they can be superposed
by a suitable continuous deformation, so that the endpoints with the same
index coincide. It is then easy to see that the number of unlabeled trees
with n end-points is bounded by 4" (see, e.g., [23, Appendix A.1.2] for a
proof of this fact). We shall also consider the labelled trees (to be called
simply trees in the following); they are defined by associating some labels

with the unlabelled trees, as explained in the following items.

2. We associate a label 0 < h < M — 1 with the root and we denote by
7~'M;h’n the corresponding set of labeled trees with n endpoints. Moreover,
we introduce a family of vertical lines, labeled by an integer taking values in
[h, M + 1], and we represent any tree 7 € %M;hm so that, if v is an endpoint,
it is contained in the vertical line with index h, = M + 1, while if it is a
non trivial vertex, it is contained in a vertical line with index h < h, < M,
to be called the scale of v; the root r is on the line with index h. In general,
the tree will intersect the vertical lines in set of points different from the
root, the endpoints and the branching points; these points will be called
trivial vertices. The set of the vertices will be the union of the endpoints,
of the trivial vertices and of the non trivial vertices; note that the root is
not a vertex. Every vertex v of a tree will be associated to its scale label
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h,, defined, as above, as the label of the vertical line whom v belongs to.

Note that, if v; and vy are two vertices and vy < vy, then h,, < hy,.

3. There is only one vertex immediately following the root, called vy and with
scale label equal to h + 1.

4. Given a vertex v of T € %M;h,n that is not an endpoint, we can consider the
subtrees of 7 with root v, which correspond to the connected components of
the restriction of 7 to the vertices w > v. If a subtree with root v contains
only v and one endpoint on scale h, + 1, it will be called a trivial subtree.

5. With each endpoint v we associate a factor V(@7 + M) and a set x,
of space-time points (the corresponding integration variables in the x-space

representation).

6. We introduce a field label f to distinguish the field variables appearing in
the factors V(1) + M) associated with the endpoints; the set of field
labels associated with the endpoint v will be called I,;; note that if v is an
endpoint |I,| = 4. Analogously, if v is not an endpoint, we shall call I,
the set of field labels associated with the endpoints following the vertex v;
x(f), e(f), o(f) and p(f) will denote the space-time point, the ¢ index, the
o index and the p index, respectively, of the Grassmann field variable with
label f.

In terms of trees, the effective potential VW, 0 < h < M (with V© ()
identified with Vy(1/"))), can be written as

V(h) (w(zr) + w[l,h}) + B’Aléh-i-l _ Z Z 9(h) (T’w(i.r.) + ¢[1,h]) 7 (626)

n=1 TE%M;}LJL

where, if vy is the first vertex of 7 and 7y,...,7s (s = s,,) are the subtrees of T
with root vy, VW (7,90 4 ¢plLh1) is defined inductively as:

(_1)8+1
s!

i}(h) (T’ w[O,h]) _ 5}:LF+1 D’}(h-ﬁ-l)(ﬁ’ ¢[0,h+1]); o ;{}(hﬂ)(%’ w[o,h—i-l})] .
(6.27)
where [0 = ) 4 qplbhl and, if 7 is a trivial subtree with root on scale M,
then VM) (7, pl0M]y = P(pl0-M])
For what follows, it is important to specify the action of the truncated ex-
pectations on the branches connecting any endpoint v to the closest non-trivial
vertex v’ preceding it. In fact, if 7 has only one end-point, it is convenient to

rewrite VW) (7,0 = €L &L, -+ ELV(IOM)) as:

VO (7, plOh) = p(Ohly gl EF (VM) — P(loh)) | (6.28)
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Now, the key observation is that, since V(¢) is defined as in Eq.(4.11) and since
our explicit choice of the ultraviolet cutoff makes the tadpoles equal to zero (i.e.,
[9"(0)],, = 0), then the second term in the r.h.s. of Eq.(6.28) is identically zero:

Ely - EG (VRO — ()Y =0, (6.29)

for all 0 < h < M. Therefore, it is natural to shrink all the branches of 7 € %M;h,n
consisting of a subtree 7/ C 7, having root 7’ on scale b’ € [h, M] and only one
endpoint on scale M + 1, into a trivial subtree, rooted in r’ and associated to
the factor V(¢**1). By doing so, we end up with an alternative representation
of the effective potentials, which is based on a slightly modified tree expansion.
The set of modified trees with n endpoints contributing to YV will be denoted
by Tahn; every T € Tapp, is characterized in the same way as the elements of
%M;h,n, but for two features: (i) the endpoints of 7 € Tys.p., are not necessarily
on scale M + 1; (ii) every endpoint v of 7 is attached to a non-trivial vertex on
scale h, — 1 and is associated to the factor V(¢!%"~1) See Fig.6. In terms of

Sy
T

FIG. 6. A tree 7 € Ty;nn With n =9: the root is on scale h and the endpoints are on
scales < M + 1.

these modified trees, we have:

VOO 4 BAfe s =S S VO (7, o) (6.30)

n=117€Tr;nn

where

(_1)3—0—1
s!

V(h) (7_7 77/}[O,h]) _ 5}’{+1 [V(h+1)(T1, ¢[O,h+1}); o V(h+1)(7'5, ZD[O’h—H])] (631)
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and, if 7 is a trivial subtree with root on scale k € [h, M], then V¥ (7, ¢l0k) =
V(oK)

Using its inductive definition Eq.(6.31), the right hand side of Eq.(6.30) can
be further expanded (it is a sum of several contributions, differing for the choices
of the field labels contracted under the action of the truncated expectations E,zl
associated with the vertices v that are not endpoints), and in order to describe
the resulting expansion we need some more definitions (allowing us to distinguish
the fields that are contracted or not “inside the vertex v”).

We associate with any vertex v of the tree a subset P, of I,, the external fields
of v. These subsets must satisfy various constraints. First of all, if v is not an
endpoint and vy,...,v,, are the s, > 1 vertices immediately following it, then
P, C U;P,; if v is an endpoint, P, = I,. If v is not an endpoint, we shall denote
by @, the intersection of P, and P, ; this definition implies that P, = U;Q,,. The
union Z, of the subsets P,, \ Q,, is, by definition, the set of the internal fields of
v, and is non empty if s, > 1. Given 7 € Tysp,n, there are many possible choices
of the subsets P,, v € 7, compatible with all the constraints. We shall denote
by P, the family of all these choices and by P the elements of P,. With these

definitions, we can rewrite V) (7, y[%N) as:

Tw[Oh ZV

PeP,
V(h)(T7P) = / Uow;’) h]K(h+1)( Uo) I (632)
where x, = Uper, {Xy},
0 h] [0 h] 8(f)
= T 55230 (6.33)
feP,

and K ih;,r 1)(xvo) is defined inductively by the equation, valid for any v € 7 that

is not an endpoint,
(h”) hv 1 (hv
KT’P Xy) 81}' 11 +1) (x,)] Shv [wpvl\Qvl wpvé \stv] (6.34)

where wg::ini has a definition similar to Eq.(6.33). Moreover, if v; is an endpoint
Kq(j?vﬂ)(xvi) = U, if v; is not an endpoint, Ki(,:.lvﬂ) = Kgﬁ”{;:l), where P; =
{Py,w € 7;}. Using in the r.h.s. of Eq.(6.34) the determinant representation of
the truncated expectation discussed in the previous section, we finally get:

VW) (r, P) Z/ Xy U W =Y V(7P T) (6.35)

TeT TeT
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where

Wep (X)) = (6.36)

= U”{ Il / dPr, (t,) det G" T (t,) | T] doter.00) 93557 0y (x(0) — x'(e))] }
v not LeT,

and Gh“’Tv (tv) is a matrix analogous to the one defined in previous section, with
g replaced by ¢g. Note that W, p s and, therefore, V) (7, P) do not depend
on M: therefore, the effective potential V") (1)) depends on M only through the
choice of the scale labels (i.e., the dependence on M is all encoded in Tps.p.n).
Using Eqs.(6.35)-(6.36), we finally get the bound:

R S T S YD YD 3

n>max{1,/—1} T€Tamhyn PEP; TET
| Pug |=21
1
[ T e >[ TT - max[det 6 e,)] TT |16 x(6) = x (6|
LeT ve};)f?t vr LET,
(6.37)

Now, an application of the Gram—Hadamard inequality Eq.(5.6), combined with
the representation Eq.(6.16) and the dimensional bounds Eq.(6.18), implies that

|detGPoTo(t,)| < (const. )i Pul=1Po[=2(s0=1) (6.38)
By the decay properties of g (x) given by Eq.(6.15), it also follows that
1
/ I] dx (0) llg"(x(6) =x' ()] < (const.)" [T —27 1.
'U S'U'
v not LeT, v not
e.p.

(6.39)
Plugging Eqgs.(6.38)-(6.39) into Eq.(6.37), we find that the Lh.s. of Eq.(6.37) can
be bounded from above by

Z Z Z Z (const.)"|U|" [H —‘2 holso=D) ) (6.40)

n>max{1,l—1} T€T;n,n PEP; TET v not Sv
| Pyg |=21 e.p.

Using the following relation, which can be easily proved by induction,

> ho(sy = 1) =h(n—=1)+ > (hy — hy)(n(v) — 1), (6.41)

v not v not
e.p. e.p.

where v is the vertex immediately preceding v on 7 and n(v) the number of

endpoints following v on 7, we find that Eq.(6.40) can be rewritten as

Z Z Z Z(Const_)n|U|n2—h(n—1)[H%2—(hv—hv,)(n(v)_1) 7

n>max{1,l—1} T€Tn;n,n PEP, TET v not ~ Y
Pyyl=21 ep.

(6.42)
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where, by construction, we have that n(v) > 1 for any vertex v of 7 € Tarnn
that is not an endpoint (simply because every endpoint v of 7 is attached to a
non-trivial vertex on scale h, — 1, see the discussion after Eq.(6.29)). Now, the
number of terms in ) .y can be bounded by (const.)" [, o op. So! (see [23,
Appendix A.3.3]); moreover, |P,| < 4n(v) and n(v) — 1 > max{1, n; }, so that
n(v ) —1>1+ ‘P” . Therefore,

m /dx1 e dx21|W$’)2[’B(x1, Xy < Z (const.)™|U|"2~ =1

n>max{1,/—1}

SO 272y ST (] 2. (6.43)

TETM;h,n vV DOt €.D. PeP, v not
|Pugl=21  ep-
Now, the sum over P can be bounded as follows: defining p, := |P,| (so that

Po < Py + - +pvsv)’ then

Z (H 9— \Pv|/16 < H 22 —pv/16 (Pm p-+pvsv) ‘ (6.44)

PcP- v not v not Do
|Pyy|=21  ©-P-

The sum in the r.h.s. can be computed inductively, starting from the root and
moving towards the endpoints; in fact, at the first step

S»UO
S g/t (pv1 * . +vam> =JJa+271) (6.45)
Vo

Pug Jj=1

at the second step,

5”0 p —|—+p 5”0 Suj ) ,
[T +27110)ms Y g /e < Uit ”w) =TTt +2 w0 +27 7)™
p'U]'

J=1 Pu; j=1j=1
(6.46)
so that, iterating,

Ly
e () o
U%Ot Do v vep. k=1

where L, is the distance from v to the root and we used the fact that p, = 4 for
all endpoints v. Plugging Eq.(6.47) into Eq.(6.44), we get

> ([T =< (21/1;_ 1>n ' (6.48)

Similarly, one can prove that

Z ( H 2—%(hv—hv')) < (21/24—_1>n7 (6.49)

TETM;h,n ¥ 1Ot
e.p.
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uniformly in M as M — oo, see [23, Lemma A.2]. Collecting all the previous
bounds, we obtain

1
M /dX1 cee dX2Z‘W]E/][1,)21,B(X17 e ,X21)| S Z (COHSt.)n‘UVLQih(nil) y

n>max{1,l—1}

(6.50)
which implies Eq.(6.10). The constant €, can be bounded by the r.h.s. of
Eq.(6.37) with [ = 0 and n > 2 (because the contributions to e, with | =

are zero, by the condition that the tadpoles vanish), which implies

ey < Z(const.)”|U|”2_h(”_1) < (comst.)|U|?27" . (6.51)
n>2

Therefore, Fy p = Zkle € is given by an absolutely convergent power series in
U, as desired. A critical analysis of the proof shows that all the bounds are
uniform in M, 5, A and all the expressions involved admit well-defined limits as
M, B,|A| = oo. In particular, this implies that Fy = limp;_,o Fo s is analytic in
U (and so is its f,|A| — oo limit, which is reached uniformly) in the complex
domain |U| < Uy, for Uy small enough. See [24, Appendices C and D] for details
on these technical aspects. This concludes the proof of Lemma 6.1. n

7. THE MULTISCALE INTEGRATION: THE INFRARED REGIME

We are now left with computing

Sarpa = e PIAF / P(depli))eVo@ ) (7.1)

We proceed in an iterative fashion, similar to the one described in the previous
section for the integration of the large values of ky. As a starting point, it is
convenient to decompose the infrared propagator as:

g Z e PEED G0 (x —y) (7.2)
where, if K = (ko, k),
- -1
1 i (x —ik —oQ* (k' + p¥
) =i 3 v ()
KeBs Pr ¢

(7.3)
and By, = B x By, with By = {G, + %Gy — pF , 0 < nyynp < L— 1}
Correspondingly, we rewrite 1)(*") as a sum of two independent Grassmann fields:

Yogt = PR (7.4)

w==%
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and we rewrite Eq.(6.6) in the form:

S = €PN / Pyt (di(S0)e VO (7.5)

—

where VO (1(<9) is equal to Vy(10")), once ™) is rewritten as in (7.4), i.e

VO (1(<0)y = (7.6)

- Z(ﬁ‘AD—Wl Z, Z_ Z [Hwkjo,)j_ag P25 —1,W25— 1¢k<0<7; p2; w2]i| ’

n=1 01y N p1p2n=1,2 Ki,... k)
2n
0 YR
Wy K 1) 6(D (-1 (07 +K))) =
j=1
_ . <0)+ <0)— (0)
= Z / Xm . e dXQn |: H 1/)3((2] 1,05,025—1,w25— 11/}3(42j)27'j7p2j7w2jj| W2n’B’Q(X17 P ,in)
n=1g,p,w 7=1
with
) w=(wi,...,wo), c = (01,...,0,) and p% = (0,p¥);
2) Wir, W (Kh - Kby 1) = Warano(K; + D5, K, + P52 ), see (6.8);
3) the kernels Wz(g?p&(xl, ..., Xg,) are defined as:
WQ(’I?,?B,Q(X17 cee 7X2n) = (77)
2n
—2n z 2n ixX 0 o wj
= (BIA]) Z > (-1)7k; JWQ(n)pw(k’l, oKy ) 5(2(—1)J(pF] i k;)) .
Kok, j=1

Moreover, Py, ,(d(S?) is defined as

xo([k'])>0
_ <
Py ao (d00) = N 1[ 11 Hdwk/wdwlﬁ'gpw}

k’EB“’ o,w,p

=1 xo0(|k’|)>0

~eXp{ ﬁ‘A’ Z Z ’k/ l((’<2 wAOW(k/) l((’g,g?jw} )

w==% k’EB“’y
where:
s _ * _‘l =W
AO w(k,) _ ilk() B UOQ (k + pF) —
’ —voQUK' + pE) —iko
. _ZCOICO + So(k/) Uo(lkll — CUI{?IQ) + t(]’w (k/>
’Uo(—’lki — Wké> -+ tEk),c«J(k,) —?;Cok’o + 80(1{,) ’

Ny is chosen in such a way that f o, Ao (AW <0) =1, =1, s = 0 and
ltow (k)| < ClK|.
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It is apparent that the (=% field has zero mass (i.e., its propagator decays
polynomially at large distances in x-space). Therefore, its integration requires
an infrared multiscale analysis. As in the analysis of the ultraviolet problem,
we define a sequence of geometrically decreasing momentum scales 2", with h =
0,—1,—2,... Correspondingly we introduce compact support functions f; (k') =
Xo(27"K']) — x0(27" T |K|) and we rewrite

0

Xo(lK'l) = > fulk) (7.9)

h=hg

with hg = [log, (?TE)J (the reason why the sum in Eq.(7.9) runs over h > hg
is that, if k' € Bj | and h < hg, then f,,(k’), simply because |k'| > 7/3). The
purpose is to perform the integration of (7.5) in an iterative way. We step by
step decompose the propagator into a sum of two propagators, the first supported
on momenta ~ 2" h < 0, the second supported on momenta smaller than 2".
Correspondingly we rewrite the Grassmann field as a sum of two independent
fields: (=P = (M 4 p(SP=1) and we integrate the field ™. In this way we
inductively prove that, for any h < 0, Eq.(7.5) can be rewritten as

Evpa = e BIAIFY /PXh,Ah (d¢(éh))e—v(h>(¢(§h)) ’ (7.10)

where Fj,, A, V® will be defined recursively, x,(|k'|) = ZZ:hB fr(k') and
Py, 4, (d)SM) is defined in the same way as Py, a,(d(SY) with (S g,
Ao o, Vo, S0, to Teplaced by (=M xp Ay o Ch, Un, Sy tha, Tespectively. More-
over VM (0) = 0 and

n

—2n <h)+ 2(£h)—
( ) Z 5"/\‘ Z Z |:H 2J 105,025 —1,W2j—1 kéj,0j7p2j7w2j

apw K. kb =1
2n

Wik Ko 1) 00 J(-1Y (pF +K))) = (7.11)
j=1
<h)— (h)
- Z / dx; -- dx2 Hw)% 150502~ 1,02 — 1w>(<2gwt)7j,p2jmj] W2n7g7g(xl7 -y Xan) -
n>1
o—p7

Note that the field w whose propagator is given by xj(|k’ \)[A&h)(k’ )t

has the same support as y, that is on a neighborood of size 2" around the

O'w’

singularity k’ = 0 (that, in the original variables, corresponds to the Dirac point
h)

W) h/ S O, as funCtiOl’lS

k = p%). It is important for the following to think W2n
of the variables {(x, vk }n<r<o. The iterative construction below will inductively
imply that the dependence on these variables is well defined. The iteration con-

(M)
tinues up to the scale hg and the result of the last iteration is ;54 = e PIMFEA
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Localization and renormalization. In order to inductively prove Eq.(7.10) we
write

Y =y 4 ry® (7.12)

where
w=+ xn(K'[)>0

<h (h ~M<h)—
V= B|A| Z Z Vot Wil B (7.13)

and RV is given by Eq.(?.ll) with Y7 | replaced by > 7, that is it contains
only the monomials with four fermionic fields or more. The symmetries of the
action, which are described in Appendix C and are preserved by the iterative
integration procedure, imply that, in the zero temperature and thermodynamic
limit,

- —izpk on (k] — wkb)
W (k) = 1<hio PR 9RO | 7.14

for suitable real constants zj, d,. Eq.(7.14) is the analogue of Eq.(6.12); its proof
is completely analogous to the proof of Lemma 6.2 and will not be belabored
here.

Once that the above definitions are given, we can describe our iterative inte-
gration procedure for h < 0. We start from Eq.(7.10) and we rewrite it as

/ Py, a, (dip(SM) =V WD) RO @) g Ry (7.15)
with
xa(K/)>0
VW (M) = (B|A])~ Z Z (7.16)
L (<h)+ —izpko + op(K) On(ik) — wky) + Thw(k') | - (<n)-
K ow (Sh(—Zkll — wkg) + T}t,w(k/) —izhko + Uh(k,) Kow -

Then we include £LV™ in the fermionic integration, so obtaining
/ P (A0 e RO BN Ften) (7.17)

where

End put)aitaowl w1t (ras)

w,0 k! n>1
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is a constant taking into account the change in the normalization factor of the

measure and
A, () = —iCp,_1ko + Sh-1(K') U1 (1K) — whj) + fh-1,0(K')
Onor (—iky —why) + T, u (k) =iCyiko+ Fno1 (K)
(7.19)
with:
G (K) = G+ znxn(K) Op-1 (k') = vn + dpxn (k) (7.20)
Sno1(K) = su(K) + on(K)xa(k) ,  thorw(k) = tho(K) + 7oK )xa(k') .
Now we can perform the integration of the 1™ field. We rewrite the Grassmann

field (=" as a sum of two independent Grassmann fields (&P~ 4+ (") and

correspondingly we rewrite Eq.(7.17) as

_ . _ _RY) ((<h
‘ e /thl,Ah1(dw(§h 1)) /Pfh,Ah_1<d¢(h)) e’V MEED ) )
(7.21)

where

—iCp_1ko + sn_1(K') oni (ik], — whkb) + thl,w(k’)>

A W kl — ) .
h—1, ( ) (Uh—l(_Zki _ wké) + tZ—l,w(k/) —iCp—1ko + Sh—l(k/)

(7.22)
with:

Ch-1=Ch+ 2n, Up—1 = Up + Op ,
Shfl(k/) = Sh(k/> -+ O'h(k,) y thfl,w(k/) = th’w<k/) + Th,w(k/) . (723)

The single scale propagator is

/Pfh Ah 1 (d’[?Z)(h )wxlz);l wl,lvag o2,wa 0'1 0'25"-117"-1291,(0}1) (Xl - X2) ’ (724)
where
9 (x; — x) Z =i ta—x2) £, (/) [Ah Lo(K )} . (7.25)
k’ED“’

After the integration of the field on scale h we are left with an integral involving
the fields ("1 and the new effective interaction V"~ defined as

_ph=1) ((Sh=1)y_g —RY ) ((Sh=1) 1 q/5(h)
VD @ED) 84 _ /Pfh,A,Ll(d¢(h))€ RV (p(h D4 y(M) (7.26)

with V=D (0) = 0. It is easy to see that V=Y is of the form Eq.(7.11) and that
Fy 1 = Fj, + ep + €. It is sufficient to use the identity

1
e+ VI (ETY) = 3 DS (1) ET RV (pEY + @) im) - (727)

n>1
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where EF (X (¢);n) is the truncated expectation of order n w.r.t. the propaga-
tor gﬁ,h), which is the analogue of Eq.(6.7) with (%) replaced by ¢ and with
P(dp™v)) replaced by Pfh,Zh,l(d¢(h))~

Note that the above procedure allows us to write the effective constants ((p,, vp,),
h <0, in terms of (¢, vx), h < k < 0, namely (1 = ﬁg((gh,vh),...,(go,vo))
and v,_1 = BZ((QL, Uh)y -+ (Cos vo)), where 6# is the so—called Beta function.

An iterative implementation of Eq.(7.27) leads to a representation of V()
h < 0, in terms of a new tree expansion. The set of trees of order n contributing
to VW (y(=1) is denoted by Tj,,. The trees in T, are defined in a way very
similar to those in 7N’M;h’n, but for the following differences: (i) all the endpoints
are on scale 1; (ii) the scale labels of the vertices of 7 € T, are between h+1 and
1; (iii) with each endpoint v we associate one of the monomials with four or more
Grassmann fields contributing to RV (1(=0) corresponding to the terms with
n > 2 in the r.h.s. of Eq.(7.6) (here R is the linear operator acting as the identity
on Grassmann monomials of order 4 or more, and acting as 0 on Grassmann
monomials of order 0 or 2). In terms of these trees, the effective potential Y

h < —1, can be written as

VO (D) + BIAErs = Z > VO pEY) (7.28)
n=17€Ty p
where, if vy is the first vertex of 7 and 7y,...,7s (s = s,,) are the subtrees of T
with root vy,
_1 s+1
W) (T, w(éh)) — —( >' g}al [Ry(hﬂ)(ﬁ’ ¢(Sh+1)); o ;RVULH)(TS, w(éhﬂ))} 7

(7.29)
where, if 7; is trivial, then 4+ 1 = 0 and RV (1, (ShHD)) = RYO) (y(sh+1),
Repeating step by step the discussion leading to Eqs.(6.32),(6.35) and (6.36), and
using analogous definitions, we find that

(re=) =2 2 / Xu Uy Wrp 7 (%) (7.30)
PeP; TeT
with

H /dPTU ) det G T (t,) -

v not

Wepr(Xy) = [HK :L ] {

: [H 6w(£),w/(£)5o(€),o’(€) [ggzZ)) (X(ﬁ) - X,(E))]p(g)m/(g)] } . (731)
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and: v}, i =1,...,n, are the endpoints of 7; Ki}i")(xvf) is the kernel of one of the
monomials contributing to RV@ (1)) GT' g a matrix with elements
hT (h)
Gy = tit)atrm utne)0opotr [9uir ) = XUEN] 00 - (7.32)

Once again, it is important to note that G*7 is a Gram matrix, i.e., defining
e; =e; = (1,0) and e_ = e; = (0, 1), the matrix elements in Eq.(7.32), using a
notation similar to Eq.(5.7), can be written in terms of scalar products:

Gy = (7.33)
= (Wi() @ €u(y) @ o(p) @ Ax(p),p() () Wi(y) @ Cu(rr) © o () @ B(g) p()w(r))
where

e‘ik,(Z—X) 3 /
Acpelli= o S V()

N BIA| KeBy | ‘detzhflvwa{/)’l/‘l m

efik’(zfx) /
Bupo@i = - > V) (7:34)

BN g, et Ao ()
_ iy, ko — Sn_1(k) U1 (k) — wkb) +th_1.(K')
Ot (—ik] — wkh) + 1, ,(K) iCp—1ko — 3h-1(k') i
so that, using that 5,_; is purely imaginary,
1 fn(K')
Aol = IIBepull? = = = <2, 7.35
[1Aspisl” = 1Byl 5mu§%uMAMWWWM (7.35)

for a suitable constant C.

Using the representation Eqs.(7.28),(7.29),(7.31) and proceeding as in the
proof of Lemma 6.1, we can get a bound on the kernels of the effective potentials,
which is the key ingredient for the proof of Theorem 2.1 and is summarized in
the following theorem.

Theorem 7.1 There exists a constants Uy > 0, independent of M, B and A, such
that the kernels Wz(lh ;&
of U in the complex domain |U| < Uy, satisfying, for any 0 < 0 < 1 and a suitable

constant Cp > 0 (independent of M, 3, \), the following estimates:

(x1,...,Xy) in Fq.(7.11), h < —1, are analytic functions

1
_5|A| /Xm . dXQl‘WQ(l}j;g(Xl, . aX2l)‘ S 2h(372l+9) (00 ‘U’)max(l,lfl) ] (736)

Moreover, the constants ey, and €, defined by Eq.(7.18) and Eq.(7.27) are analytic
functions of U in the same domain |U| < Uy, uniformly bounded as |e,| + |en| <
Cy|U|2M3+9) . Both the kernels Wé{%w(xl, ..., X)) and the constants ey, €, admit
well defined limits as M, B, |A] —>7<;o, which are reached uniformly (and, with
some abuse of notation, will be denoted by the same symbols).
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Before we present its proof, let us show how Theorem 7.1 implies, as a corollary,
Theorem 2.1. It is enough to observe that, by Proposition 4.1 and by the multi-
scale integration procedure described above, f3(U) = Fy + Z(,)L:hﬁ(eh +€p), with
Fy, ey, €, analytic functions of U for U small enough (see the discussion at the end
of Section 6 and the statement of Theorem 7.1). Since |es| + [en| < Cp|U |28+,
the sum Zgzhﬁ (en+€p) is absolutely convergent, uniformly in hg; therefore, both
f5(U) and its f — oo limit are analytic functions of U for U small enough. This
concludes the proof of Theorem 2.1.

Proof of Theorem 7.1. Let us preliminarily assume that, for b’ < h < —1,
and for suitable constants ¢, ¢,,, the corrections z,, 95, 05 (k’) and 7,,(k’) defined in
Eq.(7.14) and Eq.(7.16), satisfy the following estimates:

max {|z/, [0} < U2, (7.37)
Sup {10% on (&), 1108 Thw (K|} < cn‘U|22(h’fh)2(1+0—n)h .

2h/—1g|kl|§2h’+1
Using Eq.(7.37) we inductively see that the running coupling functions (j, vp,
sp(k’) and t, (k') satisfy similar estimates:

max {|¢y, — 1], [vn — vol} < ¢|U], (7.38)
sup  {[[0%sn ()], 1105 (thw (K) = too(K))|[} < cp|U[22H P04

Qh/—lg|k/‘§2h’+1
Now, using the definition of gﬁ,h), see Eq.(7.25) and Eq.(7.19), and the bounds
Eq.(7.38), we get (proceeding as in the proof of Eq.(A.5) in Appendix A),
22h

L+ (28 — %ol

195" (%1 — x2) || < Cke (7.39)
for all K > 0 and a suitable constant C. Using the tree expansion described
above and, in particular, Eqgs.(7.28),(7.30),(7.31), we find that the Lh.s. of
Eq.(7.36) can be bounded from above by

S Y > 3 [ Taso <o) [Tsoa] - @

n>17€T,,, PeP; TeT” (eT*
| Py |=21

[ 11 Siylma [det 6™ T (t,)| TT |19 (x(0) —x’(é))l\]

ty
v not LeTy,

e.p.

where T* is a tree graph obtained from T = U,T,, by adding in a suitable
(obvious) way, for each endpoint v}, i = 1,...,n, one or more lines connecting

the space-time points belonging to x,:.
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An application of the Gram—Hadamard inequality Eq.(5.6), combined with the
representation Eq.(7.33) and the dimensional bound Eq.(7.35), implies that

|detGh1“Tv (tv)| S (Const)zfil |Pvi|_|PU|_2(SU_1) . 2h”(zfil|P'Ui|7|P’U|72(S’Ufl)) . (741)

By the decay properties of go(Jh) (x), Eq.(7.39), it also follows that

H /H d(x ) Nl (OOl < e T] %2“@1) . (7.42)

v not eT, v not ~Y°
e.p.

The bound Eq.(6.10) on the kernels produced by the ultraviolet integration im-

plies that
[ I a0 -x @) []15 x) (7.43)
LET*\U, Ty i=1
where p; = .(7.40) can be

bounded from above by

Z Z Z ZC"[H '2’%(2 1 |[Po; = Po|=3(su—1)) ][Hcpl

n>17€T,, PeP; TeT v not Sv
| Py |=21 e.p.

!

(7.44)

Let us recall that n(v) = > 1 is the number of endpoints following v on T,

that ¢ is the vertex immediately preceding v on 7 and that |/,| is the number of

1) >v

field labels associated to the endpoints following v on 7 (note that |I,| > 4n(v)).

Using the following relations, which can be easily proved by induction,

> h[Z|P| ~ 1P| = bl = 1P+ D (o = h)(LI = |P)

v not e.p. v not e.p.
> ho(so—1)=hn—1)+ Y (hy—hy)(s,—1), (7.45)
v not e.p. v not e.p.

we find that Eq.(7.44) can be bounded above by

Z Z Z Z Cn2h(3_|on|+|Iv0|—3n) .

n>17€T,, PeP; TeT

|Pug =21
{ H i‘2(hv7hv/)(3f|Pv|+|Iv|*3n(v) } [HC“ U|? 1} : (7.46)
Sy!
v not =1
e.p.

Using the following identities

2t I 2twtnt) = T 2™ (7.47)

v not v e.p.
ohllug | H 9(ho=hy)Iu| _ H Qhwrllol (7.48)
v not v e.p.

e.p.
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combined with remark that all the endpoints are on scale 1 (so that the right
hand sides of Eqs.(7.47)-(7.48) are equal to 1), we obtain

1
—mA| /dX1 e dXQZ‘WQ(l}f;,g(Xla S S Z Z Z Z M 9h(3=Pug)

n>11€Ty,, PePr TeT
[ Pyg |=21

U

%—1] . (7.49)

[ I1 ﬁg—wu—hmu&—a] [ﬁcpi

v not =1
e.p.

Note that, if v is not an endpoint, |P,| —3 > 1 by the definition of R. Now note
that the number of terms in » ;. can be bounded by C" ], o op. So!- Using
also that |P)| —3 > 1 and |P,| — 3 > | P,|/4, we find that the Lh.s. of Eq.(7.49)

can be bounded as

B’A\ /dX1 dx2l|W2lpw(X17'- , Xa1)| <2h3 lPUO‘)ZCm Z (7.50)

n>1 T€Th,n
(T 20 reg G- 0hn/zy 5™ (T 2701 Hcpl
v not PeP, v not
e.p. |pv0| 2]  e.p.

Proceeding as in the previous section, we get the analogue of Eq.(6.48):

Z H2 (1- 9|Pv|/8 Hcpz n‘Uln
PcP- v not
|Pog|=2l  ©-P-
Finally, using that [T, .o op. 2° O(ho=hy) < 290 and that, for 0 < # < 1 (in analogy

with Eq.(6.49)),

SO 20tz < om

TE€Th,n v NOt €.p.

and collecting all the previous bounds, we obtain

BA| /dX1 dX21|W2lpw(X1"' ,Xop)| < 2B Pol+6) ZCR|U|H (7.51)
n>1
which is the desired result.
We now need to prove the assumption Eq.(7.37). We proceed by induction. It
is easy to see that the assumption is valid for h = 0; in fact,

20] = 10k Wa 1 1) oy P+ 100] = |0k Wa,1,2) () (D)
2

oo (K)]| Z / / s'K K., 0,0, W, (1,1), (wiw) (SK) |

70 (k)| Z / / ds' k), K}, 0,0, W, (1,2),(w) (SK)|

(7.52)
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so that,
1
masc{ [zl ]} < o7 [ dxdy x =311 Wa (e = W) (7.53

. ) 022}1’
sup {[[dh ook, [[dk o(K)} < —+
|k |~2h ﬁ! ‘

which can be bounded via the same strategy as the proof of Eq.(6.10), yielding
Eq.(7.37) for h = 0. Similarly, assuming that Eq.(7.37) is valid for all h > k + 1,
the quantities of interest for h = k can be bounded by

dxdy |[x = y||" [[Wa ) (x = ¥)I|

1
mac{ a5} < s [ ey =yl WL eyl (750
and
swp {0 | 195 7hs ()]} <
2h’—1§|k/‘§2h’+1
C22h’

- n k
< a7y =yl W, eyl (7.55)

The same proof leading to Eq.(7.51) shows that the r.h.s. of Eq.(7.54) can be
bounded by the r.h.s. of Eq.(7.51) times 27* (that is the dimensional estimate
for ||x — y||), and that the r.h.s. of Eq.(7.54) can be bounded by the r.h.s. of
Eq.(7.51) times (const.)"22"2-("+2)k (where 27%("*+2) is the dimensional estimate
for [jx — y|["*?).

It remains to prove the estimates on ey, €,. The bound on €, is an imme-
diate corollary of the discussion above, simply because €, can be bounded by
Eq.(7.40) with [ = 0. Finally, remember that e, is given by Eq.(7.18): an explicit
computation of A,:L(k’)WQ(fELM (k') and the use of Eqgs.(7.37)-(7.38) imply that
A, LKW (K| < ClU[2%, from which: |e,| < C'230 S - (CU[2)", as
desired. This concludes the proof of Theorem 7.1 and, therefore, as discussed
after the statement of Theorem 7.1, it also concludes the proof of analyticity of
the specific free energy and ground state energy. [

8. CONCLUSIONS

In conclusion, I presented a self-contained proof of the analyticity of the specific
free energy and ground state energy of the 2D Hubbard model on the honeycomb
lattice, at half-filling and weak coupling. The proof is based on rigorous fermionic
RG methods and can be extended to the construction of the interacting correla-
tions, i.e., the off-diagonal elements of the reduced density matrices of the system
[24], and to the computation of the universal optical conductivity [28]. Such con-

struction shows that the interacting correlations decay to zero at infinity with
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the same decay exponents as those of the non-interacting case. The “only” effect
of the interactions is to change by a finite amount the quasi-particle weight Z 1
at the Fermi surface and the Fermi velocity v.

The example presented here is the only known example of a realistic 2D in-
teracting Fermi system for which the ground state (including the correlations)
can be constructed. The main difference with respect to other more standard
2D Fermi systems is the fact that here, at half-filling, the Fermi surface reduces
to a set of two isolated points. This fact dramatically improves the infrared
scaling properties of the theory: the four-fermions interaction, rather than being
marginal, as in many other similar cases, is irrelevant; this is the technical point
that makes the construction of the ground state possible and “relatively easy”.

It is natural to ask how the system behaves in the presence of electromagnetic
interactions among the electrons, which is the case of interest for applications to
clean graphene samples. In this case, the system has many analogies with (2+1)-
dimensional QED. The four-fermions interaction, rather than being irrelevant, is
marginal, and the fixed point of the theory is expected to be non-trivial. The long
distance decay of correlations is expected to be described in terms of anomalous
critical exponents and the effective Fermi velocity is expected to grow up to the
maximal possible value, i.e., the speed of light. The specific values of the critical
exponents suggest that local distortions of the lattice (in the form of the so-
called Kekulé pattern [30]) are amplified by electromagnetic interactions: this
led us to propose a possible mechanism for the spontaneous formation of the
Kekulé pattern, via a mechanism analogous to the 1D Peierls’ instability [27].
All these claims have been proved so far only order by order in renormalized
perturbation theory [26, 27]; proving them in a non-perturbative fashion is an
important open problem, whose solution would represent a corner stone in the
mathematical theory of quantum Coulomb systems.

Appendix A: Dimensional estimates of the propagators

In this Appendix we prove the dimensional bounds on the propagators used
in Sections 4-5-6-7 and, in particular, the bounds ||g||.c < CM and ||g||1 < CPB,
stated right before Eq.(4.26), and the estimates Eqs.(6.15),(7.39). The basic idea
is to decompose the propagator in Eq.(4.5),

o) = o S0 e JolZ k) ( o ‘““.Q*(’f)>, (A1)

keB{D kg + og|QR)[2 \ —voQ2(k) ko
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as a sum of single scale propagators:
M 0
x)=> "X +> > W, (A.2)
h=1 w==+ h=hg

where: (i) if 1 < h < M, then g (x) is defined as in Eq.(6.14); (ii) if hs :=
| log, (i—g)j and hg < h <0, then

_ 1 it ko, — P iko  —voQ(k
gSJh)( ) = Z ok f;z( 0 . _}F) 0 0. (k) : (A.3)
BIA| | B0 k2 +v3|Q(k)|2 \ —voU(k) ko

with £, (k') = x0(27"K/|) — x0(27""!|K’|). The main issue is to prove Eq.(6.15),

ie.,

C
) (x)|| < K A4
o = el + TR A
and the analogue of Eq.(7.39), i.e
C2%h

where [|x||* = |zo|3 +|Z[3, for all K > 0. Note that ||g]|.c < CM and ||g||y < CB
are immediate corollaries of Eqs.(A.4)-(A.5). In fact, plugging these bounds into
Eq.(A.2), we find:

||9Hoo<200+220022h<00M+ 5, (A.6)
w==% h= hg
<C / +2C. / <
loll 42 N 2h|:co|/3+|a:|A 42 o1t 2h||x|y)
<Cj Z 27h < Cj2hoHt (A7)
h=hy

which are the desired bounds.

So, let us start by proving Eq.(A.4). We denote by 0y the discrete derivative,
and by 5# = €, - Ok, with p € {0,1,2}, the discrete derivative in the direction
€, (here &y = (1,0,0), &; = (0, ;,%) and é; = (0, ;,—%)) defined as follows:
given a compact support function F(k) with k € Béy L), we let

F(k+¢é,Ak,) — F(k)

0uF (k) = &, - O F (k) = N , (A8)
I
with Aky = %r and Ak; = Aky = g—z. Note that, if
F(x)= Y e ™F(k), (A.9)

(o0)
keBy )
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then, defining 7, = x - €,,,

IAKLE, 1

> e, F(k) = (€T> d o e k), (A.10)

keB( keBSY

so that, using the fact that |zo|s < Fds(zo) and 7]y < F5(di (7)) + d2 (75))1/?
(here dg(zo) = W and dy(7;) = S2ELBL)Y e find

27 /3L
2 2 iAk'()Z‘()
2 ™ 9 . ™| € - —ik-x
o} Foo) < dbenl POl = T/ | X o] -
keB("o
2 : . m? -
:Z‘ Z e_zk.xagoF(k)‘ <= Z 02 F(Kk)|, (A.11)
keBE? keBﬁ?

and, similarly,

FR PG| < 5 (dh(30) + i (22) ) [P ()| =

2 N
_Ty 6“““—1’2 Y g - (A12)
2 Ak,
p=1 keBgf‘z)
2 2 2
T Cikex 3T -
=5 ‘ > e 35F(k)‘§? > @+ a)EFK)
n=1 keB(y) keBSy

Coming back to Eq.(A.4), recalling that

g™ (x) = 6]1 N Z o~k fuo.(K)Hn (ko) ( iko —UOQ*(k)>  h>a2.

s K2+ 02Q(k)2 \ —uQ(k) ik
/J‘
(A.13)
Therefore,
fuv( ) h(kO) h o—h
g™ (x)|| < a < (const.)2" 27" | (A.14)
6|Al Z o [ + oF10(R)P]

where in the last inequality we used the fact that, on the support of f,, (k) Hp(ko),
k2402 |Q(E)|2 ~ 22" (here ~ means that the ratio of the two sides is bounded above
and below by universal constants) and that, moreover, the measure of the support
of fuw.(K)Hp(ko) is itself of order 2" that is (B|A]) ™" Y.y fuw.(K)Hp(ko) ~ 2"
Moreover, using Eqs.(A.11)-(A.12), we have that for all N > 0 and a suitable
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constant C,

N

E

[fw( )Hy, (ko) iko —0pQ2* (k) ”‘
%) k2 +021Q(F)2 \ —vo(k) ik

22N g™ on [ fuo.(K) Hp (ko) Z‘]{70_’ _UOQ*(E)
g0l < S %)a [0 (_Uog(k) o )}

7319 ™ (x ||_5|A|Z\

ke B(M)

Now, in the first line, every derivative with respect to ky can act either on the
denominator k2 + v2|Q(K)|2, or on fu.. (K)Hp(ko), or on the diagonal elements of
the matrix, iko; in all these cases, recalling that, on the support of f,., Hy, |ko| ~
2" every derivative O, can be estimated dimensionally by a factor proportional
to 27, This leads to the bound

\:col Hg ( )| < (const.)NQh 9 2Nho=h (A.15)

which differs from Eq.(A.14) precisely by the factor 272V Similarly, in the
second line, the derivative with respect to k can act either on the denominator
k2 4+ 02|QK)[2, or on fu. (K)Hp(ko), or on the off-diagonal elements of the matrix,
—UOQ(E) or —UOQ*(E); in the first case, 512 can be estimated dimensionally by a
factor proportional to 27" while, in the other cases, by an order 1 factor. This
leads to the bound

Kl Hg ( )|| < (const.)V2" 27" (A.16)

which, if combined with Eqs.(A.14)-(A.15), finally implies Eq.(A.4).
The proof of Eq.(A.4) is very similar. In fact, for all N > 0,

N . = : x (T,
2N ||=(h) on [ fu(ko, k — PF) iko —vpQ2* (k)
el " e )“—mAy Z Jo [kgﬂg,g(,;),z —uQF) ik |

(M)

(A.17)
Now, using the fact that, on the support of f,(ko, k—p 7Y, | kol = Py, |2k k)| ~ 2,
we see that every derivative dx, when acting either on f,, or on the denominator
k2 + v2|Q(K)[2, or on the elements of the matrix, can be estimated dimensionally
by a factor proportional to 27": moreover, the measure of the support of f; is
itself of order 2%, that is (B|A])~ S, fu(ko, k — %) ~ 2%, This leads to the
bound
[PV 1175 ()| < (const.)¥2% 272" 270, (A.18)

which finally implies Eq.(A.4). ]
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Appendix B: Truncated expectations and determinants

In this Appendix we prove Eq.(5.3), following [23, Appendix A.3.2]. Given s
set of indices P, ..., P, consider the quantity £ (¢p,,...,1p,). Define

PE{feP : o(f) = 4) (B1)
o T + s _
and set f = (j,4) for f € P, with i = 1,...,|P;"|. Note that >, [P/"| =

Z;:l |P;"|, otherwise the considered truncated expectation is vanishing. Define

by= H[ I1 4o p(fH LT o) - (B.2)

J=1  fepf fep;

s |P7IIPY]

(W GeT) =) ZZ% i GGGV - (B.3)

3,j'=11=1 /=1
+ . E . o s +
where ¥ = Uit a6 00 i =30 [P = 305

n X n matrix with entries

G(gz (5,4 - _5 o (3,0),0(" i) 9p(4,) 005, )( (]7 ) X<j/77;/>)7 <B4)

so that
& (H wp]) =detG = /Dw exp [— (v*,Gy7)] . (B.5)

Setting X := {1,...,s} and

P IP)]
V]]l = Z Zwa/,’i/)G(jvi)v(jlvi/)w(_j,i) ’ (BG)
i=1 i'=1
we write
=) V=) Vi, (B.7)
Jy'eX J<y’
where
Vji if j =4,
0 7= (B.8)
Vi +V“, if j <.
In terms of these definitions, Eq.(B.5) can be rewritten as

(H ¢P> =detG = /m e VX (B.9)

We now want to express the last expression in terms of the functions Wy, defined
as follows:
Wx(Xy, ., Xty ty) = ) Htk Vi, (B.10)
teL(X) k=1

where:
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1. X are subsets of X with |Xy| = k and such that

X, ={1},
X1 O Xy ;

(B.11)

2. L(X) is the set of unordered pairs in X, i.e., the set of pairs (j, ;") with
J,7" € X, such that (j,7’) is identified with (5, j) and, possibly, j = j'; we
shall say that ¢ = (j,7') is non tivial if j # j', and trivial otherwise;

3. the functions t(¢) are defined as follows:

te, if £~0X
() =47 ko (B.12)

1, otherwise,

where ¢ ~ X means that ¢ = (j,7’) “intersects the boundary” of Xy, i.e.,
it connects j € X with j' ¢ X}, or viceversa. See Fig. 7.

©l o

Xl X2

Q

X3

FIG. 7. Graphical representation of the sets Xj, k = 1,2,3. In the example X; = {1},
Xo ={1,2}, X3 ={1,2,3} and ¢ = (1,3). The line ¢ intersects both the boundary of
X1 and of Xs, ie., £ ~ 00Xy and £ ~ 0Xo.

Let us show how to re-express e~V X) in terms of the Wy’s. The basic step is

the following: using the definition Eq.(B.10), we rewrite

that is, we recognize that W (X;t1) interpolates between the full V(X)) and two
of its “proper subsets”, V(X;), V(X\X;). In this way,

1
e V(X)) — o= Wx(X1;0) +/ dt, {i eWX(Xutl)}
0 oty

1
= ¢ Wx(X10) _ Z Vfl/ dt, e~ Wx(Xuty) (B.14)
0

£1~0X1
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Let us now iterate this construction: let us consider one of the terms in the
summation in the r.h.s. of Eq.(B.14); if ¢; = (1,7%), we let X5 := X; U {j*} and
we note that, by definition,

Wix (X1, Xojt1, ta) = taWx (Xy5 1) + (1 — 1) W, (Xo;t1) + V(X\X2)] , (B.15)

so that
€7WX(X1;t1) :€WX(X17X2¢170)+/ dt2 |:_ WX(XI’XQ;tl’t2):| (B16)
0 Ot
267WX(X1,X2;t1,0)_ Z Vy / dt2t1(€2)e*WX(X17X2§t17t2)
, )
lo~DXo
Substituting Eq.(B.16) into Eq.(B.14) we get:
eV Z W00 | § / dty (— o~ Wx (X1, X2i11,0) | (B.17)

£1~0X1

DD / dty / by (1) Viy Viy £y (fg) e Wx X0 Xaitita)

l1~0X1 la~0X2

Using the fact that

Wx(Xl, e ,Xp+1;t1, e 7tp+1) = tp+1WX<X1, e ,Xp;tl, . ,tp) -+
(1= tp1) Wy, (X1, Xpitas oo tp) + V(X \ Xpi1)] (B.18)

and iterating we find

s—1

=> > Z/dtl /dt ) Vi, ...V,

r=0 ¢1~0X1 Lr~0X

r—1
t1(lg1) - -tk(£k+1)> e Wx (Xt Xrgaitt,tr0) (B.19)
k=1

where, if » = 0, the summand should be interpreted as equal to e~ Wx(X1:0),

Moreover, by the definition of the Wx’s, if r > 1,

Wx(Xq,. oo, Xpste, oo teo1,0) = Wi (X, oo, Xooqs b, o b)) + V(X X
(B.20)
Using this remark and the notion of anchored tree, which will be defined in a
moment, Eq.(B.19) can be rewritten in a more suggestive and convenient way.
Let T(X) be the set of tree graphs on X, i.e., the set of (|X| — 1)-ples of lines
in L(X) connecting (in a minimal way) all the elements of X. Given a sequence
of subsets Xy C --- C X, as above, we shall say that T" € T(X,) is an anchored
tree on (X71,...,X,) if its lines can be ordered in such a way that ¢; ~ 90X,y ~
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0Xs,...,l._1 ~ 0X,_1. Moreover, given a sequence X; C --- C X, as above and
a non-trivial line ¢ € L(X), we let

n(f) = max{k : £ ~ 0Xy}, n'(0) = min{k : { ~ 0Xy} ; (B.21)

if ¢ is trivial, we let n(¢) = n’(¢) = 0. Using these definitions, we rewrite Eq.(B.19)
as:

—iZ Z oo =y ve (B.22)

r=1 X,CX Xo,..., X, Ton Xl 77777 7" eT
t
/ i / A <H Hk 1 k e~ Wxp (X1 X 15t1,0tr 1) 7V(X\XT),
T

where “T" on (X1,...,X,)” means that T is an anchored tree on (Xi,...,X,).
Defining

Kx)= Y Y IIv (5.23)

X2,...,.Xp—1 T on (Xi,..., X, ) LeT

[t f e ()

teT
Eq.(B.22) can be further rewritten as

e V(X) — Z (_l)lY\fl K(Y) e~ V(X\Y) ’ (B.24)
YcX
Y>{1}
and, iterating,
V(X) _ Z Z [ &Y, (B.25)
i=1

where the second summation runs over partltlons of X of multiplicity m, i.e., over
m-ples of disjoint sets Y',..., Y™ such that U™,Y? = X. Plugging Eq.(B.25)
into Eq.(B.9) gives

<H¢P> = Z > (= /D¢Y1HK (Y9 (B.26)

R + - _1\o
where Doy = Tlievs | e 465 0000 | | e @iy oqs o] and (<)
is the sign of the permutation leading from the ordering of the fields in Dy to

the ones in [[, Dyy:. In Eq.(B.26), each factor K(Y"), after small manipulations
of its definition, Eq.(B.23), can be rewritten as

- Z HW/dtl /dtml

TeT(Y?)  Yi,.., LeT
\Y'| 1
compatible with T'

Tty - tug—r)e™ Zeeron ot (B.27)
LeT
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where: (i) Y} := {min{j : j € Y'}}; (ii) the second summations is over sequences
of subsets Y of Y with [Y/| = g and such that Yy C Y3 C -+- C Yy, C Y3y =
Y* and T is anchored on (YY,..., Y3, ); (iii) in the second line, if n(¢) = n'((),
the factor (¢ - - - tn(p—1 should be interpreted as equal to 1; (iv) in the exponent,
if ¢ is trivial (and, therefore, n'(¢) = n(f) = 0), t, should be interpreted as equal
to 1. Now, using the analogue of Eq.(4.20) in a case, like the one at hand, where
the monomials ¢ do not necessarily all commute among each other, we have that

(denoting the elements of Y7 as Y = {ji,... ’inYil})

01 B DR S N
j=1

e
(B.28)
where (—1)7 is the parity of the permutation leading to the ordering on the r.h.s.

-----

from the one on the 1.h.s.; note that o is the same as in eqn(B.26). Comparing
Eq.(B.28) with Eq.(B.26) and using Eq.(B.27), we get:

ITve / dPr(t . (B29)

LeT

E7 (b, tbp) = (=1)H /w
TeT(X

where we defined:

dPT<t> = Z H n'(£) - (z)—l) ﬁdtq (B-3O)

X2,y X1 LeT
compatible with T'

and
Z ture) -+ tuie) Ve (B.31)
teL(X
Finally, if we use the definitions Eqs.(B.ﬁ),(B.S) and explicitly integrate the Grass-
mann variables along the lines of the anchored tree, we end up with

TWp,.vp)= Y or[[Gppe /D (de) /de( ye V" ® - (B.32)
TeT(P) LeT

where P = { P, ..., P;} and T(P) is the set of anchored trees between the “boxes”
Py, ..., P, ie., the graphs that become trees if one identifies all the points in the
same “clusters” P; (note that now the lines of an anchored tree T € T(P) are
pairs of field variables (f, '), rather than pairs of indices (7, j')). Moreover, ar
is a sign (irrelevant to the purpose of the bounds performed in this paper), f/,
f# are the two field labels associated to the two (entering and exiting) half-lines
contracted into ¢, and

* _ e(f) T
D (dv) = [T 53 oy i) - Z twe) - tay Vi (B.33)

feprP LeL(X
JET
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where
—T
V"/ B f = ! ,
V=g (B.34)
V]]/ + V]/j 5 lf j < j/ .
and, if ((j, i), (7', z’)) is the line obtained by contracting Vi Wlth 77/)( 1 i)
1P 1P
= 0D UGty (G0, (1) €T) . (B.35)
=1 /=1

The term [ D*(d) eV ® in Eq.(B.32) is the determinant of the (n—s+1)x (n—
s+1) matrix G7 (t) (here 2n = Y7 |P), with elements G7 ;. (t) =t Gr.p»

where f, f" ¢ T, j(f) € {1,....s} and t;r = tw () - - - taG):
/ D (dy) eV ® = det GT(t) . (B.36)

Plugging this into Eq.(B.32) finally gives Eq.(5.3). In order to complete the proof
of the claims following Eq.(5.3) we are left with proving the following Lemma.

Lemma B.1 dPr(t) is a normalized, positive and o—additive measure on the
natural c—algebra of [0, 11571, Moreover there exists a set of unit vectors u; € R,
Jj=1,...,s, such that t; y = u; -u;.

Proof. Let us denote by b, the number of lines ¢ € T exiting from the points
x(j,1), 7 € Xy, such that ¢ ~ Xj. Let us consider the integral

1 1
> / dtl.../ dtey [] (twiey - ta—1) =1, (B.37)
0 0

compatible with T

and note that, by construction, the parameter ¢, inside the integral in the l.h.s.
appears at the power by — 1. In fact any line intersecting 0.X; contributes by a
factor ¢, except for the line connecting X}, with the point in X1\ X%. See Fig.
8.
Then
H (turey « - ey thk ! (B.38)
eT

and in Eq.(B.37) the s — 1 integrations are independent. One has:

s—1 1 s—1
1
/ dt; .. / dts_q H W) - - tn()-1) :H (/0 dtkti’“‘1> :Ha, (B.39)
ket fm1

LerT
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A

Xe

FIG. 8. The sets X1, ..., Xg, the anchored tree T and the lines ¢y, ..., {5 belonging to
T. In the example, the coefficients by, ..., bs are respectively equal to: 2,1,3,2, 1.

which is well defined, since b, > 1. Moreover we can write:

*

> :2*: Z D D (B.40)

X2, Xs—1 Xa X3 Xs—1
compatible with T X1 fixed X3p,X> fixed X1,..,Xs—2 fixed

where the *’s over the sums remind that all the summations are subject to the
constraint that the subsets X7, X, ..., X, must be compatible with the structure
of T. Now, the number of terms in the sum over Xj, once that T" and the sets
Xiq,..., X, are fixed, is exactly bx_1, so that

> 1=by...bys, (B.41)

X2 ’~~~7X571
compatible with T

and, recalling that b,_; = 1,

Z /dt1 /dtHH

X2,..,X LeT
compatible Wlth T

2
n(@)-1) Hb—’“ (B.42)
=1

yielding to [ dPr(t) = 1. The positivity and o—-addivity of dPr(t) is obvious by

definition.
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We are left with proving that, for any given sequence of subsets X; C Xy C
.-+ C X, compatible with 7', we can find unit vectors u; € R® such that ¢, =
u; - uy. With no losso of generality, we can assume that X; = {1}, Xy = {1,2},

o Xso1 = {1,...,s — 1}. We introduce a family of unit vectors in R* defined
as follows:
u =V,

- , (B.43)
uj:tj,1Uj,1+Vj1/1—tj_1, jIQ,...,S,

where {v;}{_, is an orthonormal basis. From this equation, as desired:
u; -y = f}j o -tj/fl . (B44)

This concludes the proof of the determinant formula. m

Appendix C: Symmetry properties

In this Appendix we prove Lemma 6.2. The key remark underlying the nice
properties stated in the Lemma is that both the Gaussian integration Py (di))
and the interaction V(1)) are invariant under the action of a number of remarkable
symmetry transformations, which are also preserved by the multiscale integration.
In the following, we denote by o1, 09, 03 the standard Pauli matrices:

01 0 —2 1 0
01:<1 O> , oy = <z 0) , oL = <O _1> ) (C.1)

Moreover, in order to avoid confusion with the Pauli matrices, we shall use the
symbol 7 as spin index rather than o. As a preliminary result, let us start by

listing all the transformation properties under which our theory is invariant.

Lemma C.1 For any choice of M,[,L, the fermionic Gaussian integration
P(dv) and the interaction V(1) are separately invariant under the following

transformations:
(1) Spin flip: 5., < V5

(2) Global U(1): ﬁf(ﬁ — e“"”ﬁf‘w, with o, € R/277 independent of k;

khL" khln'

(8) Spin SO(2): ( f’“) — g~z <%E‘T> , with @ €R /277 independent of k;

(4) Discrete rotations: 1&1;7 — e"'k(a?’—‘sl)%s@;m and zﬂf{T — zﬁkﬁeik(‘g?’—‘sl)%‘%

with Tk = (ko, e~ 2k);
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(5) Complex conjugation: Vs = Yy, and ¢ — c*, where c is generic constant

appearing in P(d¥) or in V(¥);

(6.a) Horizontal reflections: ﬁ;T o O'ﬂ[)éhkﬂ_ and zﬁf{T — I/AJEthal, with Ryk =
(Ko, —k1, ka);

(6.b) Vertical reflections: Qﬂf” — ’(/Aﬁzvk’_r, with R,k = (ko, k1, —k2);

(7) Particle-hole: ¥r . — il ¥ — ipil ., with Pk = (ko, —ky, —k2);
(8) Inversion: Un., — —iostp ., Vi, — —ithh o3, with Tk = (—ko, ky, k).

Proof of Lemma C.1. Let us first recall the definitions of Py, (dy)) and V(1):
=1l

1
Prr(dy)) =N H dwkﬂdl/;kﬂdwkﬂdlpk 2 € — A Vi ¢kT7
keBS')
U
V() = (BIA]? Z (i pgniaticr) (Y _pynatia,,) -
kK p

where N is the normalization constant in Eq.(4.8) and ny = (1 £ 03)/2. Given
these definitions and recalling the definition of g, ! we see that the invariance of
Py (dp) and V(v) are equivalent to the invariance of the following combinations:

. e ’Lk’o U()Q ( )
B ;wk’T (vOQ(/;) ik > wkT ’ (©-2)
a=%

(06) 1= D (Dilepaniathicr) (Vio—pnathic,,) - (C.3)

kk’,p

Now, the invariance of (%) and (**) under symmetries (1) and (2) is completely

apparent. Let us check one by one the invariance under the other symmetries.

Symmetry (3). Note that (x) and (**) can be rewritten as

(*) = Z (glzl)pp’ ZQ&I—:T,P@Z);’:TW ) (C4)

k,p,p’

1 - NN .
(**) - 5 Z <n0‘)PP Z (lpl:rpmpwkmp) (wlt’fp,f/,pwk’,f’,p) (C'5)
k$kl7p T77—/
a,p

Invariance of these expression under symmetry (3) follows from the invariance of
the combination 3 ¢ pzﬁlz, .- I fact, denoting by R’ the matrix ™72, we
see that under (3)

ZwkTp,éZ)k/Tp’ - Z 77ZJk‘r1 pRglj;RiTQ¢Q,T2,p’ : (CG)

T,71,72
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which is invariant, simply by the fact that R’ is orthogonal.

Symmetry (4). Under the action of (4),

with Tk = (ko, R5 k). The r.h.s. of Eq.(C.7) can be rewritten as

iko UoQ*(E)eiE(_‘S_#l) ~_
ZwTkT ( 0 E) 53 51) 'Lko l/JTk,T ) (C8)

which is the same as (x), as it follows by the remark that Q(k)e (=0 —
Q(R% k). Regarding the interaction term, note that

— -

[ei(l_e‘+ﬁ')(5‘375‘1)%’naefik@g*&l)%ﬂ’] _ emg( 3— 1)na ’ (C.9)
which immediately shows that (sx) is invariant under (4).

Symmetry (5). The term (x) is changed under (5) as:

« s —Z/{ZO U()Q(lg) ~_
) — %:@bkﬁ (qu*(E) ke > Y her s (C.10)

which is the same as (%) (simply because Q*(k) = Q(—Fk)). Similarly, the term
(x%) is changed under (5) as:

a=+

(%) — Z @jkfm”a@@:m) (@ijwp,ﬂa@@:k',ﬂ ; (C.11)

k’k/ 7p

which is the same as ().

Symmetry (6.a). The term (x) is changed under (6.a) as:

.a)
. iko v (k) -
*) = ;¢Ehk’701 (UOQ?E) Oiko > TR,k =
' Q(k
= Z%hh < éo(k) vomi )> Drer (C.12)

Using the fact that Q*(k) = Q((—ky, ky)), we sce that this term is invariant
under (6.a). Regarding the interaction term, if we note that oin,o1 = n_,, we
immediately see that it is invariant under (6.a).
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Symmetry (6.b). Invariance of the term (x) follows from the remark that

Q* (k) = Q((k1, —ks)); invariance of (x*) is trivial.

Symmetry (7). The term (x) is changed under (7) as:
> ko w2 ()
ko wo 2
)= ¢Pk7< #) ik ) Vpie,r (C.13)

which is the same as (x) (simply because Q*(k) = Q(—F)). Similarly, using the
fact that nl = n,, the term (xx) is changed under (7) as:

a=%

(%) — Z (¢Pk¢”awp K+p), )(¢Pk' ¢”a¢P K — ¢) ; (C.14)

kX .p

which is the same as (¥x).

Symmetry (8). The term (x) is changed under (8) as:

. —iko v (k .
e (mm,%) )i e
k,7

which is the same as (x). Moreover, note that o3n,o3 = ny, so that the term
(#x) is obviously invariant under (8). This concludes the proof of Lemma C.1. =

Now, we are ready to prove Lemma 6.2.

Proof of Lemma 6.2. The key remark is that, in addition to the fact that
Py(d) is invariant under the transformations (1)—(8), the ultraviolet and in-
frared integrations P(dy(**)) and P(dy)"™)) are separately invariant under the
analogous transformations of the fields (%) and (™). Therefore, the effec-
tive potential Vy(/")) is also invariant under the same transformations. Let us
restrict our attention to the quadratic contribution to V), i.e.,

|A’ Z¢ +W2 (l,:)_ ’ (016)

which, as we said, must be invariant under the symmetries (1)—(8) listed in Lemma
C.1. The very fact that we can write the quadratic term in the form Eq.(C.16),
with T,(k) independent of the spin index 7, is a consequence of symmetries (1)-
(3). It is straightforward to check that Eq.(6.11) follows from the invariance of
Eq.(C.16) under (4)—(8).
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So, we are left with proving Eq.(6.12). Let us start by showing that W (p%) =
0. Writing W(p%) = a¥l + a¥oy + a0y + a§os and using the fact that, by

A

Eq.(6.11), W(p%) = oW (p2)o1 = —o3W(p%)os, we immediately see that
a¥ = a§ = a§ = 0. Moreover, using the fact that (still by Eq.(6.11)) W (p%) =
e“F TW(p)e T 3| we get a0y = a%(cos(2m/3)o1 — wsin(27/3)03), which
implies af = 0.

Let us now look at A% := akHW(pjé). Writing Ay = b1 + bYoy + byoe + 0§03
and using that, by Eq.(6.11), Ay = —(A;“)" = A)¥ = q1Afor = o3A 03, we
see that A = —izpl, with 2y real and independent of w. In a similar way,
writing AY = ¢§I + c¢{o1 + 5oy + c§os and Ay = djI + dYoy + dsos + dfos,
using the fact that Ay = —(A7¥)* = ATY = —01AY0, = — (A7) = —03A%03
and Ay = —(Ay¥) = —AJY = 014501 = —(A;9)T = —03AY03, we see that
AY = c909 and AY = wdyo,, with ¢y and d; real and independent of w. Finally,
using the fact that, again by Eq.(6.11), AY = Z?:l ei“%ﬁ"?’(R%w)ijA;’, we get
¢y = dy =: —d¢ that, if combined with our previous findings, implies Eq.(6.12).
This concludes the proof of Lemma 6.2. n
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the two sets of operators by multiplying them by two E—dependent phase factors,
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alent theory in momentum space. The freedom in the choice of these phase factors
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“advantage” of making dg ,bg periodic over A* rather than quasi-periodic.
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