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The effects of gauge interactions in graphene have been analyzed up to now in terms of effective
models of Dirac fermions. However, in several cases lattice effects play an important role and
need to be taken consistently into account. In this paper we introduce and analyze a lattice gauge
theory model for graphene, which describes tight binding electrons hopping on the honeycomb
lattice and interacting with a three-dimensional quantum U(1) gauge field. We perform an exact
Renormalization Group analysis, which leads to a renormalized expansion that is finite at all orders.
The flow of the effective parameters is controlled thanks to Ward Identities and a careful analysis of
the discrete lattice symmetry properties of the model. We show that the Fermi velocity increases up
to the speed of light and Lorentz invariance spontaneously emerges in the infrared. The interaction
produces critical exponents in the response functions; this removes the degeneracy present in the
non interacting case and allow us to identify the dominant excitations. Finally we add mass terms
to the Hamiltonian and derive by a variational argument the correspondent gap equations, which
have an anomalous non-BCS form, due to the non trivial effects of the interaction.
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1. INTRODUCTION

Graphene, a two dimensional crystal of carbon atoms that has been recently experimentally realized [45, 46], has
highly unusual electronic properties. The lattice in graphene has a honeycomb shape and the corresponding energy
bands intersect at two points, close to which the effective dispersion relation is approximately conical and similar to
a “relativistic” one. The low energy excitations of the half-filled system consist of hole-particle pairs created close to
the tips of these two cones. These quasi-particles behave like two-dimensional (2D) massless Dirac fermions: for this
reason the infrared (IR) properties of the system can be understood in terms of a model of 2D Dirac particles in the
continuum [51, 56]. As a result, a number of concepts and features of high energy physics have a correspondence and
can be observed at much lower energies in this crystal.

The description in terms of Dirac fermions is quite accurate in the free case, and it is also helpful in the presence of
many-body interactions (see, e.g., [7] for a review), as it allows to translate and adopt a number of powerful methods
from the realm of quantum field theory (QFT) to that of graphene. However, taking the effective description too
seriously has some drawbacks, since a model of interacting 2D Dirac fermions in the continuum has spurious ultraviolet
divergences due to the linear bands. In order to make the continuum theory well-defined, ad hoc regularizations must
be introduced to cure the short distance singularities, which are obviously absent in the tight binding model, where
the honeycomb lattice acts naturally as an ultraviolet (UV) cut-off. It is unfortunate that the computation within
the Dirac model of certain physical observables, such as the conductivity, is sensitive to the specific choice of the
regularization scheme, a fact that makes the comparison with experiments difficult or inaccurate, see, e.g., [35].

These ambiguities make an approximation-free analysis of the effects of the lattice and of the non-linear bands
in graphene highly desirable. In this paper, we study a lattice gauge model for graphene that describes electrons
hopping on the honeycomb lattice and weakly interacting with a three-dimensional (3D) quantum U (1) gauge field.
Our model has two independent parameters: the bare Fermi velocity v and the electric charge e (we use units such
that the reduced Planck constant h and the speed of light ¢ are equal to 1). The analysis is performed by using exact
Renormalization Group (RG) methods, which allow us to express the physical observables in terms of renormalized
expansions in the electric charge with finite coefficients at all orders, uniformly in the volume and in the temperature
(more precisely, we show that the coefficient multiplying e?” in the renormalized expansion grows at most as n!). Our
main physical predictions are the following.

1. Thanks to the validity of exact lattice Ward Identities, the gauge field remains massless and the IR behavior
of the system is characterized by a line of fized points (i.e., the effective charge has vanishing beta function).
Correspondingly, the physical parameters are strongly renormalized by the interaction. In particular, the Fermi
velocity increases up to the speed of light and Lorentz invariance spontaneously emerges in the infrared. This is
proved by fully taking into account the discrete lattice symmetries, which are used to exclude the presence of
dangerous extra marginal or relevant terms in the RG flow.



2. The wave function renormalization diverges at the Fermi points with an anomalous exponent. This last properties
strongly resembles one of the crucial features of one-dimensional Luttinger liquids; in this sense, the model
considered in this paper is one of the very few established examples of Luttinger liquid behavior in two dimensions
(it has been suggested that also the Hubbard model on the square lattice close to half filling is a Luttinger liquid,
but this is still an unproven fact).

3. The response functions have an anomalous behavior expressed in terms of non trivial scaling exponents. The
difference between the interacting and non-interacting exponents is small at small coupling. In particular, the
response functions associated to fermionic bilinears, which decay as r—* at large distances in the non-interacting
case, remain integrable even in the presence of weak interactions; therefore, magnetic, phonon or superconducting
susceptibilities are finite and no evidence for quantum instabilities is found, in agreement with the fact that the
fixed point is close to the trivial one at weak coupling.

4. On the other hand, the interaction removes the degeneracy in the decay exponents of the response functions:
some exponent increase and some other decrease and this depresses or enhances the effects of local perturba-
tions associated to specific fermionic bilinears. This gives an indication on the possible quantum instabilities at
intermediate to strong coupling. An explicit computation of the anomalous exponents shows that the dominant
excitations correspond to: (i) Kekulé distortions, associated to a dimerized Peierls’ pattern, (ii) charge-density
waves associated to an excess/deficit of the electron density on the two sublattices of the honeycomb lattice, (iii)
Neél antiferromagnetism, (iv) the Haldane circulating currents [27]. In the deep infrared these four excitations
take the form of relativistic masses and match with the Dirac masses identified and classified in [26, 30]. In all
these cases, the logarithmic singularity at zero transferred momentum in the first derivative of the response func-
tion in momentum space is changed into a power law singularity with an anomalous exponent. The singularity
in the other responses is either absent or weaker than in the four cases mentioned above.

5. If we add a symmetry breaking field coupled to a Kekulé distortion the induced energy gap in the spectrum
is dramatically amplified by the interaction: the ratio between the energy gap and the amplitude Ag of the
external field diverges as Ag — 0 with an anomalous power law.

6. The effect of the electronic repulsion on the Peierls-Kekulé instability, usually neglected, is evaluated by de-
riving an exact non-BCS gap equation, from which evidence is found that the gauge interaction facilitates the
spontaneous distortion of the lattice and the gap generation. Similar conclusions can be drawn for the mass
terms corresponding to the other dominant excitations.

The exact Wilsonian RG methods we use are based on ideas borrowed from constructive QFT and have been
introduced in the context of interacting Fermi systems in [3] (and then extended in [47, 54]) at the beginning of the
90s, and since then successfully applied to various problems in solid state physics, see, e.g., [39] for an updated review.
In contrast with other RG approaches, the integration of the high energy degrees of freedom is performed exactly
and the irrelevant terms are carefully taken into account. Such methods appear to be very well suited to analyze
the properties of graphene without any Dirac approximation, large-N approximations or unphysical regularization
schemes. Such methods have been first applied in [15, 16] to the Hubbard model on the honeycomb lattice (describing
graphene with short range interactions), where we proved in a full non-perturbative fashion the analyticity of the
ground state of the half-filled system; we used the same methods to rigorously establish the universality of the optical
conductivity of graphene with weak short range interactions [20, 21], an issue that still needs to be fully understood in
the case of electromagnetic interactions. In [18] we considered a model of interacting Dirac fermions in the continuum
interacting with a U(1) gauge field, which can be considered as an effective model for the more realistic lattice gauge
model (describing graphene with long range interaction) considered in the present paper. Technically, the main
difference between the analysis in [18] and the one in the present paper relies on the symmetries: the identification of
the relevant and marginal terms in the RG sense requires a subtle exploitation of the discrete symmetries of the lattice
model (to be contrasted with the continuous symmetries of the effective model). This issue is rather delicate in view
of the spontaneous emergence of Lorentz symmetry at low energies: in fact, the lattice produces symmetry breaking
terms that, even if irrelevant in the RG sense, produce a finite renormalization of the effective parameters, which
could destroy the emergence of Lorentz symmetry. Cancellations must be established to ensure that several of such
finite renormalizations are indeed vanishing. Another novelty with respect to [18] is the computation of the response
functions (which allows us to determine the possible quantum instabilities of the system) and the gap equations for
the masses. Most of the results in this paper were announced in [19], but all the proofs and the construction of the
theory are given here for the first time.

Let us add a comment on the range of applicability of our theory. Our analysis is based on resummations of pertur-
bation theory in o, where a = €2 /(4mehv) is the effective fine structure constant of graphene, which unfortunately is
not small: e.g., in suspended graphene, o ~ 2, which makes graphene an intrinsically strongly coupled problem, apriori



not accessible to approaches based on power series expansions. However, one needs to take into account that the
effective Fermi velocity is considerably increased by the interactions (recent experiments [12] can observe a factor three
amplification of the velocity close to the Fermi points and even a larger enhancement is expected at lower energies), an
effect that goes in the direction of decreasing the effective fine structure constant. Therefore, our theory is valid close
to the IR fixed point, with effective parameters e and v (v close to the speed of light) that should be thought as being
obtained by the (non-perturbative) integration of the “first few IR scales”, possibly by using numerical methods, like
those of [9, 10]. Let us also remark that since we predict the emergence of anomalous critical exponents, our final
results can be easily extrapolated to intermediate coupling, which would not be the case if the apparent logarithmic
divergences emerging in perturbation theory were not correctly resummed at all orders.

The rest of the paper is organized as follows. In Section 2, we define the model, we present in detail our main results
and compare them with existing literature. In Sections 3 to 9 we discuss the proof of our results: in Section 3 we
discuss the functional integral representation of our model and derive the relevant Ward Identities (WIs); in Section
4 we describe our RG scheme to compute the functional integral; in Section 5 we show how to use WIs to prove
the vanishing of the photon mass, the vanishing of the beta function for the effective charge, and how to control the
flow of the renormalization parameters (Fermi velocity, wave function renormalization, vertex functions); in Sections
6 and 7 we compute the response functions associated to several fermionic bilinears; in Sections 8 and 9 we explain
how to modify the general RG scheme to include the effects of an external field coupled to local order parameters
and how to derive the non-BCS equation for the gap. The spontaneous emergence of Lorentz symmetry is discussed
throughout the construction, see in particular: (i) Section 4 A, where the representation of the effective propagator in
terms of gamma matrices is discussed; (ii) Section 5B, where the proof that the effective Fermi velocity flows to the
speed of light is given; (iii) Section 8, where the relativistic form of the masses is derived. A number of more technical
aspects of the proof are deferred to the Appendices: in Appendix A we derive the functional integral representation,
we derive the WIs and we explicitly show the equivalence between the Feynman and Coulomb gauges; in Appendices
B and C we analyze the symmetry properties of the theory and use them to identify the symmetry structure of the
relevant and marginal kernels; in Appendix D we perform the lowest order computations of the beta function and
of the critical exponents; finally, for completeness, in Appendix E we check at lowest order the cancellation of the
photon mass and of the charge beta function, which follows from the general gauge invariance of the model.

2. A LATTICE GAUGE THEORY FOR GRAPHENE

In this section we introduce the model, define the main quantities of interest and present our main results. A
comparison with existing literature is also presented.

A. The model

We let A = {nlfl + noly + ny = 0,...,L — 1} be a periodic triangular lattice of period L, with basis vectors
I = %(3, V3), Iy = %(37 —v/3). We denote by A4 = A and Ap = A 4 §; the A- and B- sublattices of the honeycomb
lattice, with 5; the nearest neighbors vectors defined as:

N 1

5 =(1,0), by = 5(71,\/§) . 83==(-1,—V3). (2.1)

We introduce creation and annihilation fermionic operators for electron sitting at the sites of the A- and B- sublattices
with spin index o =1 as

aj{g =12 Z eiikiégg , ZeEAy,
EEBL

br, =LY eHERE L Fe g, (2:2)
EGBL

where By, = {E = nlél/L + ’ngég/L :0 < n; < L}, with 61)2 = 2?(1, +4/3), is the first Brillouin zone; note that in
the thermodynamic limit L=2Y": s — |B|™! [,y dk, with B = {k = &,G1 + &Ga : & € [0,1)} and |B| = 872/(3V/3).
The operators a;fa, b;fg satisfy the canonical anticommutation rules, and are periodic over A; their Fourier transforms



are normalized in such a way that, if E, K e By,

~+ ot — {47 4z + _ I - _ e oAt _ = it 72855,
{af ot Y={ar ag y=1{bF b5 y={bz bz }=0, {ag .a% }={bz b5 }=I*0;5000

Definition Eq.(2.2) implies that d%g, IA%J are periodic over the reciprocal lattice A*.

L

We also introduce a quantized photon field living in the 3D continuum. Let Sz 7 = S, x [~ & 5 5 )
3 with periodic boundary conditions and Sy, = {7 = Lflfl + ngl; 1 & €10,1)}; let also bL,L’ D1, x L/Z be the
corresponding dual momentum space, with Dy, = {p' = nlél/@ + nzég/L :n; € Z} (the honeycomb lattice can be

thought as being contained in the section Sy, x 0 at z = 0 of §1,). For all p = (p,ps) € Dr,1/ we introduce bosonic

creation and annihilation operators é;f,., with helicity index r = 1, 2; they satisfy the commutation relation

be a subset of

leheh ] =epmen =0, [e),m¢h ] =LS|6pp0rm - (2.4)

T Uplr T Cp ! D, “pl 1!

Let A(z) = (A(z), As(x)) be the quantized vector potential on Sy, defined as:

A(z) = L’|SL| Z Z

p€Dy r 7=1,2

spv,. (ezeﬂpf + é;,,.ewx) : (2.5)

P,

where €, € R3 are polarization vectors satisfying the conditions
EprEprt = Oty Epr P =0, (2.6)

which reflect the choice of the Coulomb gauge. Note that, in the thermodynamic limit |Sy,|~* Y opedy (27)3 [gs dp.
Moreover, the function x(|p|) acts as an UV cutoff function: more exactly x(t) is a smooth compact support function
equal to 1 for 0 <t < % and to 0 for t > 1. The photon UV cutoff is chosen to be on the same scale as the inverse
lattice spacing. We expect that this cutoff should be removable, but this is not our main concern here.

The interacting electron-photon system we are interested in is described at half filling and in the Coulomb gauge
by the following grandcanonical Hamiltonian:

Hy = H} + H, + V), (2.7)

where the first term is the (gauge-invariant) hopping term, the second represents the field energy, and the third is the
Coulomb interaction, namely:

b ds A(#+555,0)-5, - —ie [} dsA(T+55;,0)-8; 1+ -
HA__t Z Z (wfo AT 0 Jaa‘c‘,obf+5j,0+ Zefo SAEH00 ]bx+5j7aa$ ")’ (2.8)
TEAA o=T1]
j=1,2,3
7 1 o 62 — —
= pisy 20 Wea =g 2 (- Dl gy -1,
peDy 1/ Z,JEAAUAB
r=1,2

where ¢ > 0 is the hopping strength, e is the electric charge, and ngz is equal to > _ " aj{gaJj , or to ZU:N b;g 7o
depending on whether T € A 4, Ap, respectively; moreover, ¢(Z) is a regularized periodic version of the 3D Coulomb

potential:

. 1 xX(pl) —iz.z

T E SoteT T 2.9

(7) = L’|SL| p2 (2.9)
PEDL L’

where we remind the reader that p = (9, p3). Note that the electron-photon interaction is induced both by the complex

hopping rate t exp{ie fol dsA(Z + 55;) . 5;} in HR and by the static Coulomb interaction Vj; the combination of the
two describes the retarded electromagnetic interaction mediated by 3D photons. If the electric charge e is 0, then the
Hamiltonian decouples into a sum of two quadratic terms:

1
— + + - T i = () f
Halo=—t 3 Y (of,b5,5, +0%5 ,05,) + Dy X Pt = Hl (210)

TEA o=1T| pE€Dy 1/
Jj=1,2,3 r=1,2



which can be explicitly diagonalized; the corresponding correlation functions can be computed exactly, via the Wick
rule, in terms of the electron and photon propagators, which read as follows. Let ¥ = (af,, b 16,.0) and U =

a- -
( % ) be row and column spinors, with d; = (0,41), x = (20, %), o € [0,3) an imaginary time, 8 > 0 the
x+61,0

inverse temperature, and ai , = efa®o a;;ge*H”O bx+61 " eH”Ob;erghUe*H”O the imaginary time evolved of the
creation/annihilation operators. Then the free electron propagator is [15]
. 1 iky  —oQ* (k)
oL T{¥, Ul e xSy (k Sok) i = ————— 0 ,
F = IO D= g B R0, = s (o
B,L

(2.11)
where (-) 5 ; denotes the average with respect to e PH® T is the fermionic time ordering, Bga,r == 27”(2 +3) x Bg,

v = 3t is the bare Fermi velocity and Q(k k) = 2 Z “;(5-7'_51) the complex dispersion relation. The function Q(k)

2T 2
j:3f
ik} £ kb + O(|K'|?). Therefore, setting p% = (0,p%), k' = k — p%, w = =, the propagator in momentum space reads

is vanishing if and only if k= pF, where pF = ( ) are the two Fermi points, close to which Q(E’ —|—]315§) =

e — L ik w(—ik] +wks)) T
500+ 98 = = (gang "y e (1+00F ). (212

where Z =1 is the bare wave function renormalization. Eq.(2.12) has the form of the propagator for massless Dirac
fermions in 2 4+ 1 dimensions.
Similarly, defining, for x = (¢, Z), Ax = eHK“’”A(f, 0) e’H/f\“"", the in-plane free photon propagatoris, for i, j € {1, 2},

e O Y Y- (Ul R R

peDs, 1 p3e237

where Dg 1, := %“Z x Dy,. In the limit L' — oo,

_zxAc L(C dps x(|p DiD;
W (x) = Z =P (O (p) | w§j)(p):=/—3 (I \)2(%_ j 2)7 (2.14)

pEDBL R 27 p2+p3 |ﬁ|2+p$

where the apex (C) reminds the choice of the Coulomb gauge. Note that the IR singularity of the in-plane photon
propagator in momentum space is ~ |p|~!, rather than the usual ~ |p|~2 of standard quantum electrodynamics
(QED). Therefore, interacting graphene at low energies is similar to a gas of massless 2D Dirac particles interacting
via a modified |p|~! photon propagator.

B. Response functions

Our goal is to understand the behavior of the system in the presence of a non-zero electron-photon coupling. We will
be mainly concerned with the computation of the interacting correlations, in particular of the interacting electronic
propagator and response functions. The latter are particularly relevant from a physical point of view, since we can
read from their long distance behavior (or, equivalently, from their singularities in momentum space) the tendency of
the system to develop quantum instabilities associated to several putative local order parameters, in the same spirit
as [52]. For illustrative purposes, we restrict our attention to the response functions associated to the following bond
fermionic bilinears:

K,j =>. (eie Iy ds 53 Axras, a/;’(_’gb;+5j70- + C~C-) (lattice distortion)
W =%, (a;(‘—oa_o - bL,sj,Ub;Mj,g (staggered density)
fj =20 (CLI cOx,oc — b;ﬂ;j,ob;”j,o (staggered magnetization)
i = 20 (Ghotxs T Uiy, oOxis, 0 (bond density) (2.15)
L=, (e Jo o3 Atas, 0 b 6,0 T CC (bond current)

H _ ie fO ds mJAx_Hm + o —ie fol ds rﬁ_jgx+,gm. + —
x,j Za ie g Ay UaermJ,o’ e ’ beri,a x+6,;+m;,0 +c.c.

(Haldane circulating currents)



where in the last line m; = d5 — 83, my = d3 — d; and mgz = §; — d, indicate next to nearest neighbor vectors. The
corresponding response functions are defined as:

R (x—y) = (i) = Jim lim (GG, (2.16)

L—oo

where the semicolon in (-;-) indicates truncated expectation: (4;B) := (AB) — (A)(B). From the long distance
behavior of RZ(»?) (x) we can read the possible emergence of long range order. For instance, if the lattice distortion

response function behaved as REJK)(X) ~ C cos(ph(T— 5+ 5;)) for some C # 0 asymptotically as |x| — oo, this would
signal the spontaneous emergence of a Peierls’ instability in the form of the dimerized Kekulé pattern of Fig.2a, which
is one of the possible distortion patterns of graphene [13, 33]. In fact, Cf ; 1s the local order parameter coupled in the
Hamiltonian to the hopping strength, whose mean value heuristically represents the intensity of the hopping from a
given site to its nearest neighbor. Having C' # 0 means that far away bonds are strongly correlated and that the joint
distribution of their hopping rates is non uniform, but rather oscillating with a cosine dependence. With reference
to Fig.2a, this oscillation can be heuristically understood by associating a factor proportional to 1 (to f%) to the
dogble4 (single) bonds and by averaging over the three equiprobable configurations obtained by rotating Fig.2a by
0 T us

, 5, 5+ In momentum space, this would correspond to the appearance of a delta singularity (i.e., of a “condensate”)

in REJK)(p) at p = pt. Similarly, a condensate in the p = 0 mode of ]%Z(-]CDW)(p), RE;‘F) (p) or ]:ZEJH)(p) would signal
the spontaneous emergence of a staggered density pattern (charge density wave), of a staggered magnetization pattern
(Neél order) as in Fig.2b and Fig.2c, respectively, or of the specific pattern of circulating currents discussed in [27].

Even in the absence of condensation, that is of delta-like singularities in Rg;)(p), the possible loss of regularity in

]EL’E;) (p) due to the interaction can be interpreted as a tendency of the system to develop quasi-long range order in
the corresponding channel.

C. Ciritical behavior and anomalous exponents

We are now ready to state our main results. As shown in the following, after systematic resummations of per-
turbation theory, we are able to express the observables of our theory as renormalized series in the electric charge,
with finite (and explicitly bounded) coefficients at all orders; the coefficient of e?" grows at most as n!, a behavior
compatible with Borel summability of the theory at weak enough coupling strength.

In particular, in the limit 8, L — oo, the interacting two-point function in the Feynman gauge (see Section 3) is
given by:

S(x) = (T ,08,)) = [ Tk /B fgeipx$<k>,

oo (27)
S +py) = —% (v(k/)(iZZOJF wk}) ”(k/)(iig + “’ké)) ) (1+ B(K")) (2.17)

where Z(k') and v(k’) are the interacting wave function renormalization and Fermi velocity, while B(k) is a sub-
dominant term, vanishing at the Fermi points k/ = 0. The interacting propagator close to the Fermi points has a
structure very reminiscent of the free propagator, Eq.(2.12). However, Z(k') and v(k’) are strongly renormalized by
the interaction:

Z(K) ~ K|, 1—ok)~(1-2v)K|, (2.18)
where
2 2
e 4 _ 2e 4
=193 +0(e%), 1=r + 0(e”) , (2.19)

are anomalous critical exponents, well defined at all orders in renormalized perturbation theory (the O(e*) remainders
in Eq.(2.19) are written below in terms of a series in 2", with coefficients growing at most as n!). Eqs.(2.17)-(2.19)
are very reminiscent of the IR behavior of the 2-point function of a Luttinger liquid [28, 41, 52], and are consistent
with results obtained in a model of interacting Dirac fermions in the continuum [22].

On the contrary, the interacting 2-point function for the photon has the same IR singularity ~ |p|=! as the free
case; this means that the gauge field remains massless (no screening).

Regarding the response functions associated to fermionic bilinears, we find that in general the interaction changes
their decay exponents at large distances as compared to the non-interacting case, where all the responses decay as



~ r~% at large distances. The presence of the interaction makes these exponents non trivial functions of e (anomalous
dimensions). In particular we prove that

K 27 cos (Fh(Z — 6 +0;) X

10 = o ) -

R(EDW) _ 27A 1 (CDW) 291
ij (X) = 32 CDWW +Tij (X) , ( . )
AF 27 1 Ar

R§'j' )(X) = @AAFW +T§j )(X) ; (2.22)
(H) oy _ 81 1 (H)

Rjy(x) =55 Hi e i (%), (2.23)

where
€00 2 oty ¢00m) 2% L oety gam 2T Loty e = 2 ot (2.24)
32 ’ 3n? ’ 3n2 ’ 3 32 '

and Ay = Ay (v, e) are constants that are equal to 1 at the free Dirac point, i.e. A#| =1 (in particular, for

v=1,e=0
v close to 1, Ag = 1+ O(1 —v) + O(e?)). Moreover, the correction terms r( )( ) are subdominant contributions,

decaying at infinity faster than |x|_4+f(a); they include both the effects coming from the irrelevant terms in a RG
sense and the effects proportional to 1 — v(k’) (see Eq.(2.18)) coming from the Lorentz symmetry breaking terms.
From Egs.(2.20)—(2.22), we see that the decay of the interacting responses in the K, CDW, AF, H channels is slower
than the corresponding non-interacting functions; i.e., the responses to K, CDW, AF, H are strongly enhanced by the
interaction. On the contrary, all other responses decay at infinity faster than |x\*4+(°°“5t')64, ie, if a =D, J, (and
similar bounds are valid for other observables like the Cooper pairs, see Section 7 below)

R (x)] < —2

‘— |X|4_Ce4 ) (2.25)

for some constant C' > 0. These results can be naturally extrapolated to larger values of the electric charge, in which
case they suggest that the lattice distortion, staggered density, staggered magnetic order and the “Haldane circulating
currents” are the dominant quantum instabilities at intermediate to strong coupling strength.

As we noticed, quantum instabilities are also signaled by divergences in the Fourier transform of the response
functions. Even in the presence of non trivial exponent, the power law decay remains integrable at weak coupling:
therefore, no divergence is found in the Fourier transform of the response function. On the other hand,

OO0+ pE) ~ [P and R\ (p) ~ [p| ¢, with a=CDW,AFH, (2.26)

so that the singularity in the first derivative of the response functions in momentum space, which appeared as a
discontinuity or at most as a logarithmic divergence in the non interacting case, is enhanced and turned into a power
law singularity by the interaction for these four responses. The singularity at different momenta or for other response
functions is either weaker or absent. Also in this respect, the conclusion is that the system shows a tendency towards
Kekulé, charge density wave, Neél ordering or to the formation of the Haldane gap.

D. Mass renormalization and gap equation

The enhancement of the response functions suggests that the effects of small external staggered fields coupled to
the K, CDW, AF, H local order parameters are dramatically enhanced by the interactions. This is in fact the case.
Let us, for instance, add an external staggered field coupled to the lattice distortion local order parameter, with the
same cosine dependence as the long distance decay of R,EJK)(X), see Eq.(2.20). Physically, this can be interpreted as
a fixed distortion of the lattice into a Kekulé pattern as in Fig.2a. In fact, if we allow distortions of the honeycomb
lattice, the hopping becomes a function of the bond length £z ; that, for small deformations, can be approximated
by the linear function tz; = t 4+ g({z; — {) =: t + ¢z ;, where £ is the equilibrium length of the bonds and ¢z ;
plays the role of a classical phonon field. If a Kekulé distortion of amplitude proportional to Ag/g is present, then

Oz = % 2 cos(pyt (& — 5; + 5;0)) for some jo € {1,2,3} and the Hamiltonian becomes

H2 = H, - % S S e E K (2.27)
j=1,2,3 feg



If the electron-photon coupling e is equal to 0, then the fermionic 2-point function has a mass proportional to Ag.
If we switch on the interaction, the mass (i.e., the decay constant describing the exponential decay of the 2-point
function at large distances) becomes

2
A=Ay gy = % +o (2.28)
3T

that is, the Kekulé mass is strongly amplified by the interaction (note that the ratio between the interacting and bare
masses diverges with an anomalous exponent as Ay — 0). This phenomenon is very reminiscent of the spontaneous
mass generation phenomenon in QFT, the main difference being that while in a truly relativistic theory in the
continuum the flow of the mass can be studied also in the UV region and the bare mass can be let to zero with the
UV cutoff (still keeping the same dressed mass at fixed IR scale), see [25], here the lattice acts as a fixed UV cut-off,
so that the mass is amplified but not spontaneously generated. Similar arguments can be repeated for the other
dominant excitations.

Let us finally discuss a possible mechanism for the spontaneous generation of a Kekulé instability in our model.
Rather then fixing the distortion pattern ¢z ; once and for all, we can let ¢ = {¢z ; }sz}\23 be a classical field to be
fixed self-consistently, in such a way that the total energy in the Born-Oppenheimer approximation is minimal, i.e.,

¢ = argmin{Eo(Q) + % E (b%j} , (2.29)
TeEA
§=1,2,3

where Eo(¢) is the ground state energy of HY = Hy — 3" zea b3, gj) We find that the Kekulé distortion pattern
= =1,2,3 k

4 9 e
oY) = po + §A0 cos (P (Z— 6 + 6j,)) (2.30)

z,j

is a stationary point of the total energy, provided that ¢y = cog?/k + --- for a suitable constant cq and that A,
satisfies the following non-BCS gap equation:

§ 27 (K)A(K)

A026i / /
K 2 2 (k! w2 2’
o BRI+ )P+ A

(2.31)

where A = AY 0T and, for A < K| < 1, Z(K) ~ |K/|77, v(K) ~ 1 — (1 — v)|K|" and A(K') ~ Ag |[K/| =72, Our
gap equation has the same qualitative properties of the simpler equation:

1 n—na
1= 92/ dp% (2.32)

from which it is apparent that at small e, the equation admits a non trivial solution only for g larger than a critical
coupling g.; remarkably, g. ~ /v, with v the free Fermi velocity, even though the effective Fermi velocity tends to the
speed of light. Therefore, at weak coupling, the prediction for g, is qualitatively the same as in the free case [33]; this
can be easily checked by noting that the Fermi velocity v(k’) is sensibly different from v only for momentum scales
exponentially small in v/e?. See Section 9 for more comments about this point.

Even more interestingly, the value of g. decreases as e increases; i.e., interactions facilitate the formation of a Kekulé
pattern. Egs.(2.31)-(2.32) can be naturally extrapolated to intermediate coupling: if in such a regime na —n =

17267:2 +- -+ exceeds 1, then the integrand in the r.h.s. of the gap equation diverges as A — 0, a fact that guarantees the
existence of a non-trivial solution for arbitrarily small g. In other words, the larger the electron-photon interaction,
the easier is to form a Kekulé patterned state; it is even possible that at intermediate coupling g. = 0, which would
imply a spontaneous generation of the Peierls’-Kekulé instability. Note the non BCS-like form of the gap, similar to
the one appearing in certain Luttinger superconductors [40]. A similar analysis can be repeated for the gap generated

by the staggered density, the magnetization or the Haldane mass.

E. A comparison with existing literature

Before we enter the technical part of our work, let us conclude this expository section by a comparison of our model
and our results with existing literature. We do not pretend to give a full account of the rapidly expanding literature
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on the effects of interactions in graphene; several excellent reviews already exists, like [7, 38], which we refer to for
extensive bibliography. Here we focus on the difference between the approaches and results based on the effective
models of Dirac gas in the continuum, which is the most popular and widely studied model of graphene, and ours,
which is based on a tight binding lattice model.

Short range interactions. Graphene with electron-electron screened interactions has been studied in terms of an
effective model of 2D massless Dirac fermions interacting with a local quartic potential: in the weak coupling regime
this interaction is irrelevant in the Renormalization Group sense [24], while at strong coupling analyses based on
large N expansions found some evidence for quantum critical points [29, 30, 49, 50, 53]. This model requires an UV
regularization and some observables, like the conductivity, appear to be sensitive to the specific UV regularization
scheme used: different results are found [31, 32] depending on whether momentum or dimensional regularizations is
chosen.

A more realistic model for graphene with short range interactions is a tight binding model that keeps into full
account lattice effects, such as the half-filled Hubbard model on the honeycomb lattice. Formally, the Hubbard model
reduces to the continuum Dirac gas in the limit as the lattice spacing goes to zero; in this sense the latter can be
thought as a scaling limit approximation of the former. One important advantage of the lattice model as compared
to the continuum one is that within the former no ambiguities arise in the computation of the conductivity. In
particular, all the interaction correction to the conductivity ezactly cancel out in the optical limit [20], in agreement
with experimental results, [43], and in disagreement with the Dirac model with momentum regularization.

Gauge-invariant electromagnetic interactions. In the early paper [22] (written much before the actual realization
of graphene) an effective model for interacting of graphene was proposed, in which massless Dirac fermions in the
2D continuum are coupled to a quantum 3D photon field, with the fermionic propagation speed much smaller than
the speed of light. The main result of [22], based on second order perturbation theory (and, therefore, valid in the
weak coupling regime), is that at low energies the Fermi velocity tends to the speed of light and the wave function
renormalization diverges with an anomalous exponent. No computation of the response function exponents was
performed.

In [18], we revisited the model proposed in [22] and, rather than using dimensional regularization as in [22], we used
an UV momentum cut-off; this is a much more natural choice, since the Dirac continuum model should be though of
as an effective model emerging in a Wilsonian RG after the integration of the high energy degrees of freedom. Using
this model, we extended the results in [22] at all orders, but still we computed neither the response functions nor the
gap equation. On the other hand, the momentum cutoffs, necessary to avoid spurious UV divergences, break gauge
invariance and this imposed the introduction of counterterms in order to keep the photon mass vanishing and in order
to have one (rather than three) effective charge [18].

In the more realistic model considered in this paper the electrons live on a honeycomb lattice and interact with a
quantum photon field living in the 3D continuum. The fact that gauge invariance is not broken has the effect that
no unphysical counterterms need to be introduced. The critical exponents and the gap equation have been computed
here for the first time. Moreover, lattice gauge invariance prevents the generation of several potentially dangerous
marginal and relevant terms. As in the case of Hubbard interactions, the conductivity computed in the continuum
model show an unphysical dependence from the conductivity [35], while considering the model and the formalism
introduced in this model will resolve such ambiguities.

Static Coulomb interactions. The most popular model used to describe graphene with unscreened electromagnetic
interactions is a Dirac gas with static density-density Coulomb interactions; this is an apparently sensible approxi-
mation, since the (bare) propagation speed of quasi-particles in graphene is much smaller than the speed of light, so
that retardation effects should be negligible at least in a wide range of energy scales. However, in the weak coupling
regime, a second order RG analysis predicts an unbounded growth of the Fermi velocity in the IR and the vanishing
of the effective charge at the Fermi points [23]. Therefore, in the static model at low energy scales the Fermi velocity
becomes comparable with the speed of light and the model with static interactions loses its significance, a fact that
can be seen as a dramatic manifestation of its “uncompletness”, see [55]. Another peculiar feature of the static
model is that apparently the increase of the Fermi velocity close to the Fermi points is logarithmic (i.e., proportional
to |log |k — p%||) at all orders in perturbation theory; this feature should be contrasted with the results found in
the retarded model considered in this paper, in which the Fermi velocity increases up to the speed of light with an
anomalous power law that, if read in naive (i.e., non renormalized) perturbation theory, corresponds to the familiar
log™ divergence in the 2n-th order contributions. These strange features of the static model are probably related with
the fact that the theory with static Coulomb interactions does not appear to be renormalizable at all orders, see [19,
p.1425], and should be considered as an approximation of the more complete model with retarded interaction.

The effective Dirac model with Coulomb interactions has been also extensively analyzed in the strong coupling
regime. It has been argued that, at large enough coupling, an excitonic gap spontaneously opens [25, 36, 37], by
a mechanism similar to mass generation in QEDs41 [42]: in these works, the gap equation is derived by a self-
consistence argument; the corresponding solution is shown to be momentum-dependent and vanishing in the limit of
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high momenta. However, these findings rely on several approximations, in particular: in [25, 36] the vertex, wave
function and velocity renormalizations are neglected; in [37] the renormalization of the velocity is taken into account,
but the corresponding flow is IR-unbounded and UV-cutoff dependent. In our work, the gap equation is obtained
by using an exact energy optimization problem and fully takes into account the renormalization of all relevant and
marginal operators; moreover, since we do not neglect effects of the honeycomb lattice, our results are free from the
ambiguities related to the presence of the spurious UV divergences typical of the Dirac approximation.

In [26, 30] a systematic classifications of the possible interaction and mass terms allowed by symmetry is performed
in the Dirac model with Coulomb interactions; in the present paper a similar analysis is carried out, with the difference
that the lattice discrete symmetries rather than the continuum symmetries are taken into account.

RG analyses based on large N expansions [11, 29, 30, 53] and Quantum Montecarlo analyses [9, 10] in the presence of
Coulomb interactions have identified critical exponents for the response functions and found evidence for the presence
of excitonic phase transitions (like CDW and Kekulé instabilities). Again, these results are in qualitative agreement
with our finding that the effective Kekulé mass (or the CDW, AF, H mass) grows at low momenta with an anomalous
power law, although the model and the method are quite different (expansion in the charge and retarded interactions
versus 1/N expansions and instantaneous interactions). A strong coupling expansion for a square lattice gauge theory
for graphene has been performed in [1, 2] and evidence for spontaneous Kekule’ mass generation is found. It is worth
stressing that the lattice used for the Quantum Montecarlo analysis in [9, 10] is a square lattice, rather than the
original honeycomb lattice; it would be interesting to repeat similar analysis for the more realistic honeycomb lattice
gauge theory introduced in the present paper.

Let us finally note that the Peierls-Kekulé instability was first discussed in the non-interacting case in [33], as a
key ingredient for the emergence of electron fractionalization without the breaking of time-reversal symmetry (on this
issue, see also [8, 34]). Our gap equation generalizes the one of [33] to the interacting case.

3. FUNCTIONAL INTEGRAL REPRESENTATION AND WARD IDENTITIES

The correlation functions introduced in the previous section can be conveniently expressed in terms of a functional
integral. We introduce the generating functional of correlations in the £-gauge with infrared cutoff on the photon
propagator as

6W5,h*(¢>,J,,\) _ /P(d\IJ)Pg’h* (dA)ev(\ll,A+J)+B(\I/,A+J,<I>)+(/\,\IJ) 7 (3.1)

where:

1. U= {\Il,fg} are two-components Grassmann fields, the components being denoted by \Ilig, o P = 1,2, the first
corresponding to the a®-fields, the second to the b*-fields. Moreover, A = {4, x}, with u = 0,1,2, are real
fields. The convention on the Fourier transform of the fields that we use is the following:

1 e 1 B
\Iyi — E :l:ikx\I, —ipx
X,0,p ﬁLQ € k,o,p 5 Au,x = B|SL| E e 'P Alhp . (32)

kEBgyL pe'Dﬁ)L

2. If ny =0,0, 0 =0,1,2, and

ene dps x(|p|) — x(27""|p|) Puby — Po(Punn + pumny,)
sl :/— 8, — 2 & & 3.3
R e (0 — ¢ e ) (3.3)

is the photon propagator in the &-gauge (the Coulomb gauge corresponding to & = 1 and the Feynman gauge
corresponding to & = 0) with infrared cutoff at momenta of the order 2", h* < 0, then P(d¥) and P%(dA) are
the gaussian “measures” associated to the propagators Sy(k) and wéh” (p), respectively:

1 - s 1 - . 14
Pav) = I I a¥f, a0, e0f - gz 2 W [500)] oy (3.4)
v keBg, 1 p=1,2 keBg, L
o=",1 o=10
. 1 1 e g
PR (dA) = e dReA,, pdImA,, , exp{ - 5] ST Aot (p)]; AWP} , (3.5)

PEDg, L
p,v=0,1,2
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where Ny, N¢ two normalization factors; in the second line, the product over p runs over the subset DE 5, of
Dg 1, such that p > 0 (here p > 0 means that either py > 0, or pg = 0 and p; > 0, or pg = p1 = 0 and ps > 0)
and p is in the support of x(|p|). Similarly, the % in the sum at exponent indicates that the summation runs
over the momenta in the support of x(|p|).

Remark. Note that, by the very definition of the cutoff function x (see the lines following Eq.(2.6)), the modes
A, p associated to momenta close to :t(p; — pr) and to their images over the dual lattice A* (i.e., to the points

(0, :i:(ﬁ; —Pr)+ n1G1 + ngég), with ni,ne € Z) are vanishing. In other words, the UV cutoff on the photon field is
chosen so small that umklapp processes are suppressed.

3. The interaction is

ie [ ds8; Axyss. _ —ie [Fdsb; Axyss., —
V(\II’A) =t Z /dx{(ewfo POixresy — 1)\113—:0,1\111(-&-5]'—51,0,2 + (6 wfo Poafateds — l)qjjc_-i-éj—ﬁl,aﬂqjx,g,l}
o=1,1
j=1,2,3
— e dx(Agx Vi, U, 1+ A Wl oU ) (3.6)
0,x ¥ x,0,1 ¥x,0,1 0,x+61 ¥ x,0,2 *x,5,2) » .
o="{

where [dx is a shorthand for [ LB [62 dxo ) zcn- The interaction can be equivalently rewritten in momentum
space, see Eq.(B.1).

4. The external sources are

B@AAxm:3/dx§j S e o <A»m::/lm S O W, + UL (3.7)

a j=1,2,3 o=11

where the sum over the index a runs over the choices a = K, CDW, AF, D, J,C, and (', are given by the same
expressions Eqs.(2.15) after the replacement of the femionic and bosonic operators by the Grassmann and real
fields ¥ and A. The external fields )\,{U are Grassmann (two-components) fields, while ®¢, and J, x are real
fields, the first defined on the lattice, the second in the continuum with the same UV cutoff as the photon field
(therefore, as discussed in the previous remark, the UV cutoff on the J field is chosen so small that the modes
JA,L’p with p sufficiently close to (p} — px) and to their images over A* are vanishing). The source term can

be equivalently rewritten in momentum space, see Eq.(B.1).
The response functions introduced in Section 2 can be written as functional derivatives of the generating function,

2
R(x—y)= lim lim lim ——0 W& (@,0,0

3.8
v B—o0 L—00 h*——o00 8@‘;’)(8(1)?7}, ( )

Moo

that, remarkably, are independent of the choice of the gauge, £ € [0,1] A sketch of the proof of the functional integral
representation of the observables of our theory, as well as a proof of the independence of Eq.(3.8) on the specific choice
of the gauge, is given in Appendix A. Since the response functions are independent of £, from now on we choose to
evaluate them in the Feynman gauge, i.e., £ = 0.

Similarly, the Schwinger functions in the -gauge at finite volume and finite temperature are defined as the h* — —oo
limit of

AHWERT (0, 7, \)
8)\>E<11,al,p1 R a)‘i7270n,Pn6Ju1,xn+1 e aJI—Lm»xnﬁ»m A=J=0 '

Sﬁ,m;g,g@,g(xla"'axn;ylv'"aym) = (39)
Contrary to the response functions, the Schwinger functions (at least the way they are defined in Eq.(3.9)) are not
gauge invariant and, therefore, they depend on the specific choice of the gauge. Nevertheless, we decide to compute
them in the Feynman gauge, which is technically the simplest where to perform computations. Although the Schwinger
functions in the Feynman gauge do not have an obvious Hamiltonian counterpart, we believe that they are a source
of valuable information on the behavior of the system. In particular, as we will see, the 2-point functions and the
vertex function, defined as

864 (], = pr2 W (0,00 S0 () = plsy TN (0.,0)
20 2 ep ey ON 0.2i(u.v) 0Jipdd, o

31, R
W= (0. ,4) , (3.10)

7 \— +
a‘]/‘vpa)‘k,mp’a)‘k-%p,mp

[S5:1,.(k, )], = B°L?|SL|
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will play a crucial role in the study of the flow of the effective couplings (and, therefore, of the response function
themselves).

The independence of the gauge invariant observables on the specific choice of ¢ is strictly related to the gauge
invariance of the generating functional W&"" with respect to U (1) gauge transformations. Namely, for all £ € [0, 1]
and h* < 0, we have:

0

SR (@, Aetee 11
0= 8apW (®,J + 0a, e )a:o’ (3.11)

see Appendix A for a proof. By taking derivatives with respect to the external fields in Eq.(3.11), we can generates
infinitely many identities between correlations, also known as Ward identities. In fact, Eq.(3.11) is equivalent to

2

OWER (D,0,0) e N OWER (BT N)  OWER (D, ., N) <
Py - A Lo(p) ———— + ——To(P)A\r | (3.12)
,;) 0, BlS ke;[ e 0N Diipo |
o="l

with Ty(p) = <O e_?p51>' Taking, e.g., one derivative with respect to J or two derivatives with respect to A, we

find:

2
Zpﬂsg’g @) =0, >SS (kp) = ¢(To(p) 558 (k) — 5557 (k + p)To(p) ) (3.13)

pn=0

which will be used below to deduce that the dressed photon mass is zero and the dressed electric charge is close to
the bare one within O(e3). Note the crucial fact that Egs.(3.11)—(3.13) are valid at finite volume, finite temperature
and for any value of h*.

4. RENORMALIZATION GROUP ANALYSIS

In this Section we start the evaluation of the generating functional Eq.(3.1). In the following, for simplicity, we set
the external fermionic and bosonic fields to 0, J = A = 0, and h* = —co (dropping the h* index in the formulas).
The effect of the external fields J and A has been discussed several times in the literature, see, e.g., [18, Appendix
BJ. The presence of a finite bosonic infrared cutoff on scale 2"" will be discussed at the beginning of the next section.
Moreover, we set all the external fields ®(®) but the one coupled to the Kekulé distortion to zero. The presence of
the external field ®) will be discussed in detail, for illustrative purposes. The effect of its addition is non trivial,
particularly because of the new marginal terms it can generate. The effect of other external fields ®(*), ¢ # K, can
be studied along the same lines and will be discussed in Section 7.

As mentioned above, from now on we will work in the Feynman gauge, £ = 0, in which case, the bosonic propagator
simply reads

. dps x(|p)
D(P)Oyr = wi”(p)‘gzo - /R 21 p? + p} e (4.1

The bosonic propagator w(p) is singular at p = 0, while the fermionic propagator is singular at the two Fermi points
k= p}E. The first step of the RG analysis consists in rewriting both the fermionic and the bosonic propagators as
sums of two propagators, one supported close to the singularity (infrared propagator) and one in the complementary
region (ultraviolet propagator), that is,

So(k) ==V (k) + 3V k), w(p) ==V (p) + @ (p). (4.2)

where

. . dps 1 x(Ip[)
(<0) k) = k S (<0) (=0) = —_— = . 4.3
9=V (1) = > x(k — p#)Sol E pr), W= (p)=x(|p|) R T (4.3)

Note that in the first formula the support functions x (|k—p}|) and x(|k—p3|) have disjoint supports. Correspondingly,
we rewrite the Gaussian measures as

P(v) = [ [ P@¥G0)]P@w?),  PYdA)| = P(dA=")PdAM), (4.4)
w==% =
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where \115)30), \il(l), A9 and A® have propagators given by gﬁfo)

, ¢, (=9 and W™, respectively. The fields
\TI&SO) are called quasi-particle fields, and the index w = =+ is called quasi-particle or valley index.
Using this decomposition of the fermionic and bosonic fields, the generating functional W(®) = W% ~(®,0,0) | £=0

at J = A = 0 can be rewritten as

M) = / P(dUE0)P(dAS) / P(AUD) P(dAD)) V(¥ 0D AL AD) LB 04w A0 A0 8)
_ e—ﬂL2F0+S(Z°)(<I>) /P(d\II(SO))P(dA(SO))eV(O)(\I’<SO)’A<SO))+B(O>(@(S0)7A(SO)’¢) 7 (4.5)

where the expression in the second line is obtained by an explicit integration of the UV degrees of freedom, which is
very simple: in fact, the UV theory for the imaginary time variable in the presence of a fixed UV cutoff on the spatial
variables is trivially convergent, see £15, Appendix C] or [48] for more technical details on this issue. The quantities Fy
and S(Z9(®) (normalized so that S(Z9(0) = 0) are the contributions to the specific free energy and to the generating
function of response functions, respectively, coming from the ultraviolet integration. V() and B (that are both
normalized in such a way that V(9)(0,0) = B (0,0, ®) = 0) are the effective interaction and the effective source term,
whose structure will be explicitly spelled out below.

The integration of the IR effective theory is performed by using an iterative procedure, based on the following
decomposition:

GO =3 g (k IW (K = fr.(K)S (K + pL) ,
h<0

+(<0) p) = Z@(h)(p) , w(h)(p) — JZ‘|(;)|) , (4.6)
h<0

where f1,(p) = x(27"|p|) — x(27"*'|p|). At each step we integrate the propagators ¢ and v, h =0,-1,-2,...,
corresponding to degrees of freedom on momentum scale of order 2°,27,272, .., the result of the integration defining
the new effective interaction and source terms at scale h. At each step, we identify the marginal and relevant terms in
these effective potentials and correspondingly define the effective coupling constants at scale h. Finally, after having
inserted the quadratic fermionic relevant and marginal terms in the gaussian Grassmann integration (so defining a
flowing dressed fermionic propagator), we proceed to the next integration step. After the integration of the scales
0,—1,...,—h+1, we get (see below for an inductive proof)

V(@) _ —BLEF+SEM () /P(d\D(Sh))p(dA(Sh))eV(’”(\/Z\P(S’”,A<§’”)+B””(mq’(gh')’A(Sh')’é) , (4.7)

where P(dUS") and P(dA(SM)) have propagators

~(<h) (1! :_Xh(k/) ikg Uh(k')Q*(E'+ﬁw) . (<P :Xh(p)
o0 =56 (ot o " ) =S

with x1(p) = x(27"|p|)and Z;,(K'), v, (k') the effective wave function renormalization and Fermi velocity at scale h,
to be inductively defined below. Moreover, if Z;, = Z5,(0), the effective interaction and the effective source can be
written as sums over monomials of the fields (we recall that all the external fields ®(*) with a # K are set to zero,
for notational simplicity):

2n m
V(h)(\/Z\I” A) = Z / |:H \I/k 30i5Pi s ‘*’7:| |:HA/M7PL:| WQ(Z)HL O(k/ )5 (k/72) ) (49)
i =
2n m 14
N2 AR = Y Z(Zh)"/[ T | P [H K | Wi (<2, 0K D)
n,m>0: p>1 i=1 i=1 i=1
n+m>1

where the integral sign is a shorthand for the sum over momenta and over the field labels, the underlined variables
indicate a collection of variables (e.g., k' = (k},...,kb,)) and d,, enforces momentum conservation; note that, precisely

because of momentum conservation, WQ(n)m p(k’ P, q) explicitly depends on 2n + m + p — 1 variables rather than on
2n 4+ m + p (the “missing” momentum, which can be eliminated using the delta, can be chosen arbitrarily among the
variables (k' P, q)). In Eq.(4.9) the kernels WM also depend on the choice of the field labels ¢, o, p, w, i1, but we

2n,m,p
dropped these indices to avoid an overwhelming notation.
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A. Emergent relativistic theory

In order to make the emergent relativistic structure of the theory apparent, it is convenient to rewrite the fermionic
propagator in Eq.(4.8) as

~ - xn (k') 1
9=m (K’ U, U = (14 Ry, (K 4.10
1) = gz Mool = 7,30) ikoT?, +m(k’)k/.rw( () 10

where k' = (ko, k'), | Ry, (K')| < (const.)|k’| and

, Il =ioy, I? =iwoy , (4.11)

o1 = (? é) , 09 = <? OZ) , o3 = <é _01> ) (4.12)

the standard Pauli matrices. We can introduce a “Dirac” 4-spinors, which makes the relation between the quasi-
particle fields ¥E and a theory of massless Dirac fermions more transparent:

with

<h)—
\IIIE(’ U;I,Jr
—(<h) <h)+ <h)+ <h)+ <h)+ <h Voo
’(/}k’,a = ( \Ich’ 0')2 _\Ill(c’ 0')1 \I/i, 0)1 40 \Ilfc’ 0)2 +) ’ l(c’ ) W%(Shj%-‘r . (413)
k'’ ,0,2,—
<hj=
\Ijl(( 0?1,—
The propagator of the 1, fields reads:
<h) xn(k’ 1
WEn gy = X (14 Ry(K)) (4.14)

[3L2 Zp(k) tkoyo + v (k') k. 5

where | Ry, (k)| < (const.)|k’| and v, p = 0,1,2, are euclidean gamma matrices:

o 0 1 o 0 iUQ o 0 iO’l
Yo = <ﬂ 0) ) "= <Z'O_2 0 > ) Y2 = (Z'o_l 0 ) ) (415)

satisfying the anticommutation relations: {v,,7,} = —20,,. For what follows, it is also useful to define v3 =

( ?g _E)U?’) and the corresponding fifth gamma matrix:
—103

1 0
V5 = Y0V17273 = (0 ]1> ) (416)

which anticommutes with all the other gamma matrices: {v,,75} =0, Vu =0,1,2,3.

Modulo the correction term Rp, the propagator in Eq.(4.14) is the same as the one for euclidean massless Dirac
fermions in 2 + 1 dimensions. The analysis is therefore very similar to the one performed in [18] for a system of
interacting Dirac fermions coupled to with a massless gauge field. In particular, the scaling dimension of the kernels

WM of the effective potential is the same, see [18]:

2n,m,p
D=3-2n—-m-—p, (4.17)

where we use the convention that positive scaling dimensions correspond to relevant operators and viceversa.

B. Lattice symmetries

An important difference between the present case and the one studied in [18] is that here the propagator is not
exactly equal to the Dirac one: on the contrary, it differs from it by the correction term proportional to Ry (k). Of
course, this correction term is dimensionally negligible: therefore, it does not change the power counting. However, it
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violates some continuous relativistic symmetries used in [18] to exclude the presence of several relevant and marginal
terms in the RG flow. One may fear that the lack of such symmetries might be responsible for the generation of new
marginal or relevant terms, which are absent in the relativistic Dirac model. These potentially dangerous terms can
be controlled through a careful analysis of the honeycomb lattice symmetries. In particular, it is proved in Appendix
B that the effective interaction, the effective source and the gaussian integrations at all scales h < 0 are separately
invariant under the following symmetry transformations. Again, we spell out the symmetries only in the presence
of the external field ®X, the effect of the other external fields being discussed in Appendix B. In the following
formulas, we drop the scale label h for notational simplicity; moreover, we think of \Il;,,w (\Iﬁt,@ﬂ as being the the

column (row) vector of components Uy o piw (T a,p,w)’ p=1,2, and we think of Ap as being the column vector of

components Au,pa w=0,1,2.

(1) Spin flip: \ila,ya,w — \ila,’ and A, p, éfp are left invariant;

—o,w?

(2) Global U(1): g, — e ¥g,

K 0w with o, € R independent of k/, and A, p, ® K are left invariant;

)0-70‘)’

s, 00 [V
(3) Spin SO(2): (\i/ls‘ ’T’P"“> — ¢l <\ifl; mp*“’) with ¢ independent of k', and A, ,, @}, are left invariant;
k’,|,p,w k', }.pw

(4) Discrete spatial rotations: if Tk = (ko,e 5 2k) and n_ = (1 — 03)/2,

\i/_

- w 7
o s ez(pF+k )(83—81)n_

A A . w ’ _
\IJTk/,mw 7 \Iji(i-/ N \Il;k',mwe i(pp+k’)(d5—81)n—

/Alp — T ATp s @K - (p]—i-l Tp

(5) Complex conjugation: if ¢ is a generic constant appearing in the effective potentials or in the gaussian integra-
tions:

*

T A A K K
c—c, li’,mw — \I’ik’,o,fw ’ AP - _A*P ’ (b _> (bj —PpP )

(6.a) Horizontal reflections: if Rpyk = (ko, —k1,k2) and r,1 =1, rp2 = 3, rp3 =2,

- & — &+ &+ A i ipdy K o—iP(8;=01) .
\I!k/ﬂ,w — alllthk, \I/k,ﬁjw — \I!th, Ap = RpAg,pe , @ — @TW Rnp€ J ;

g
7U)w ’ 1o-7w 1 ’

(6.b) Vertical reflections: if R,k = (ko, k1, —k2) and 7,1 =1, r,2 =3, r,3 = 2,

wow = Vhwo—w, Ap = RAp,, 0K oK. .
(7) Particle-hole: if Pk = (ko, —k),
Vs oo — Vo o s A, — PA_py T
(8) Time-reversal: if Ik = (—ko, k),
- i \TRE gt A i X
\I/k,’a’w — ZUg\I/Ik,’U’w , \I/k,’a’w — Z\I/Ik,’mwa'g , Ap = IArp , <I> — <I>]7Ip

In the following subsection, the implications of these symmetries on the structure of the marginal and relevant terms
are discussed.

C. Localization and the symmetry properties of the local terms

In order to inductively prove Eq.(4.7), we write VM = £V + RY(M) and BM = £B") + RBM | where the £
operator isolates the local terms, while R isolates the irrelevant terms; according to Eq.(4.17), we define

WQ(:LL) ;g,#,j(QvQ7 Q) ’ if 2n+m +p= 3,
LW s @) = {14 (K w) - Oty + - Bp + - 0g) Wil (0,0,0), if2n+m+p=2,

2n,m,piw, K, J
0, otherwise.

(4.18)
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In the second line, (k' w) - O’ w) = Z?gl(k;7wi) - O/ w;)» Where (k',w) - O wy is a shorthand for

—

(K, w) - Oaer ) = koOk, + QP+ K) 0, + O (B3 + k)%, (4.19)
. I . 1,
with O = 5(—28;@1 + w0y ) BE,)W = §(zak/1 +wy) -

In Appendix C it is proved that, thanks to the symmetry properties (1)—(8) listed in the previous subsection, the
only non-vanishing local terms with 2n 4+ m + p = 3 are either those with (2n,m,p) = (0,2,1) (i.e., terms of the form
®K AA) or the vertices, with 2n = 2 and m +p = 1 (i.e., terms of the form AUVTW¥~ or X ¥+W¥~). The latter have
the following explicit structure:

+

Z
h) iy . (h),K YKt
ﬁW 1,0: (w,w), M(k/7p) = Z)\H,hrfu , £W2 0,13 (w, %), J(k”p) = ij , (4.20)
+iw2E (j—1)
+ 0 (& 3
where Ly = <6_M;(j_1) 0 )

and the apex K added to the kernels with p # 0 is meant to remind the reader that the external field ® is of type K.
The constants A, p, Z[?h, Zy, are real and A1 = A2 . Note that the kernel with 2n = 2 and m = 1 with different
omegas is zero simply because the photon field A, as well as the external field J, has an UV cutoff that makes the
modes corresponding to momenta p close to :I:(p; — pr) and to their images over A* vanishing, see Remark after
item 2 in Section 3.

Moreover, the only non-vanishing local terms with 2n + m + p = 2 are either those with (2n, m,p) = (2,0,0) (i.e.,
terms of the form W) or those with (2n,m,p) = (0,2,0) (i.e., terms of the form AA). They have the following
explicit structure (see Appendix C for a proof):

(h) n_ 120, 21,12 (P + k') 77 (h) _
EWQ 0:05(2) () = <21,hQ(ﬁf’ + E/) 120,k ’ EWO,?»O;(u»V)(p) = Vyu.hOuv » (4.21)

where 2, and v, 5, are real and vy 5, = vo p.

D. The single-scale RG step: the inductive integration procedure

The splitting into local and irrelevant terms is used in the inductive integration of the generating functional in the
following way: we rewrite the integral in the r.h.s. of Eq.(4.7) as

/P(d\I/(Sh))P(dA(Sh))ev(h)(mql(Sh)’A<Sh))+6(h)(mW(Sh)’A(Sh)’@) _

_ 65L2th /ﬁ(d\:[l(gh))P(dA(Sh))e{}(h)(mq;(ﬁh)7A(Sh))+B(h)(mW(Sh),A(Sh),Q) 7 (422)

where V(W = ph) _ £¢V(h), with £¢V(h) the contribution to £V™ that is quadratic in the fermionic fields (i.e.,

the one corresponding to the first term in Eq.(4.21)) and ¢, is a normalization constant. Moreover, P(d¥(<") has a
propagator given by the same expression as Eq.(4.8) but for the fact that Z (k') and vy, (k') are replaced by Z;,_1 (k')
and vp,_1(k’), respectively, where

Zn-1(K') = Zn(K') + Znzonxn(K) ,  Zn_1(K)op—1(K') = Zp (K )on(K') + Znz1 nxn(K) (4.23)
and Zy, = Z,(0), vy, = v, (0). After this, defining Z,_1 = Z,_1(0), we rescale the fermionic field by setting

VO (JZpw(EW A0 = PO (7 G(ED A(<h)y
BM (2, u( =M AW @) = B (\/Z, 0= AN @) (4.24)

By using Egs.(4.20)-(4.21), the local part of the rescaled effective potential can be written as

H,—P~ " 1,P

LM (\/Zp WER | AER)) = 7S |Z (Zh_1e,, h](<h)A(<h) A(<h)A(<h)] (4.25)
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_ _Z : -
where e, == 7%=\, p and, if vy = vp—1(0),

~N<h) (<h)+ 0 g, (Sh)— ~(<h) . wh 1 L)+ B g (£h)—
Jop ¢ 5L2 Z \Ilk/+p0wrw\1jkﬁ;,W’ ]r(f )= Z \Ijk'-&-p,aw \Ilk’,mw' (4.26)

w,o,k’ w,o,k’

Note that, by using the notation defined in Eqs.(4.13),(4.15), the density and the current in Eq.(4.26) can be rewritten
in the familiar relativistic form as

~(<h —(<h) = Wh—1 —(<h) (<h
(() P ) . 5L2 Z ¢k '+p, U’Yowk/ o j(<h) . BLLQ Z ¢k +P7U’yw ) . (427)
ok’ o,k

Finally, by using Eq.(4.20) and the properties stated right before this equation, we find that the local part of the
effective source term is given by

N 1
LBM(\/Z,_ WM AN @) = Z )\K (o112, , DK AEm Ash)

/82|8L‘2 2:9” "H1,P T TH2,—P—q
J;Mhliz
1 + GK GEM i+ Gl - &K (<h)+ (<h)-
+ﬁ2L2|SL‘ Z [ZK h(I) \I]k’-&-p awrw ]\I/k/ o,w + ZK hCI)J)pF p_“+p\Ijk/+p awrw j\:[lk’ o,— wi| . (428)
k'.p
w,0,]J

Note that, in contrast to what happens in a relativistic QFT, the effective source term Eq.(4.28) contains marginal
terms that were not present in the original functional integral, i.e., the terms ®* AA in the first line of Eq.(4.28).
These potentially dangerous terms can be shown to be harmless by using the lattice symmetries (1) — (8), see Section
5B for a discussion of this point (nevertheless, let us anticipate that the reason why these terms do not create troubles
is that they are “almost zero”, precisely because they vanish in the relativistic approximation; therefore, their naive
dimensional bound can be improved and they can be shown to be effectively irrelevant).

After the rescaling Eq.(4.24), we rewrite the r.h.s. of Eq.(4.22) as

e*ﬂLch/P(dqf@h—l))P(dA(Shﬂ))/P(dq/(h>)P(dA<h>)e‘>(h)(VZ’H“’(Sh)’A(Sh)”B(h)(mw(gh)’mgh)’q’), (4.29)

where P(d¥(=h=1) P(dA(S"=1) have propagators given by (4.8) with h replaced by h— 1, while P(dA™), P(du(M)
have propagators

~(h) (1,1 o
) . In(P) g (K')  fu(k) 1 , ,
O™ (p) = , — — (1+R, X)), 4.30
. 2Ip| Zh-1 Zn—1 ikolY +ivh—1(k/)k’~f‘w( o)) (4.30)

where f5 (k') := Z,_1 fn(K')/Z_1 (k') and | R}, . (K')| < (const.)[K'.

Remark. The single scale propagator can be decomposed as a sum of a Dirac-like propagator ggf)h (k’), which is
the propagator obtained by setting Rj, , = 0 in the second definition in Eq.(4.30), plus a rest, which has a better
infrared behavior. We shall Correspondlngly write g(h)(k’ ) = ggl) (k") + rM (k). This decomposition will be useful

in the following, as already anticipated by the comment after Eq.(4.28).

At this point, we can finally integrate the fields on scale h and, defining
e_ﬂLzF}L71+S(2;L71>((I))ev(hfn(\/Kq,(gh,A)7A<§h71>)+B<hr71>(\/ﬂxp<§h*1),A(S”'*l)xb) — (4.31)
— o BLA(Futtn)+5EM (@) /P(d\I!(h))p(dA(h))efz(h)(\/ﬂ\IJ(Sh),A@h)HB(’”(\/ﬂqﬂﬁh),A(Sh),@)

our inductive assumption Eq.(4.7) is reproduced at scale h — 1. Note that Eq.(4.31) can be thought as a recursive
definition for the effective potential. The integration in Eq.(4.31) is performed by expanding in series the exponential in
the r.h.s. and by integrating term by term with respect to the gaussian integration P(dw("))P(dA™). This procedure
gives rise to an expansion for the effective interaction and source terms in terms of the renormalized parameters
{eu,kal/u,k,Zk—l,Uk—l,Z}i<’k7>\f#7k}h<k§07 which can be conveniently represented as a sum over Gallavotti-Nicold

(GN) trees [14]; the value of each GN tree can be thought of as a sum over connected labelled Feynman diagrams,
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i.e., every GN tree represents a set of Feynman diagrams characterized by the same hierarchical structure of the scale
labels associated to the propagators, see [18, Section 2.2] for a thorough discussion of this expansion.

We will call {e,, k, vk k<o the effective couplings or running coupling constants. The constants e, j, play the role of
effective charges, while v, j, play the role of effective photon masses. It will be shown below that the effective charges
stay constant under the RG flow (more precisely, e, ;, are essentially independent of y and h) and that the effective
photon mass is vanishing (more precisely, v, j, is small uniformly in &, on the “right scale”).

Remark. Note the unusual dependence of the effective charges on the index u: the global symmetries (1)—(8)
discussed above ensure that e;j; = ez but they do not a priori guarantee that ep; = ey. This situation is in
striking contrast with what happens in QFT, where Lorentz invariance guarantees such a property to be valid at all
scales. However, in the next section we will show that, thanks to lattice Wls, eg » and e; 5, even if not exactly equal
to each other at all scales, admit the same limit as h — —oco; namely, €y, —oc = €1,—00 = €+ 0(62).

The expansion in GN trees and labelled Feynman diagrams allows us to obtain the following inductive estimate
on the kernels VAVgn)m’p in Eq.(4.9). Let &, = maxp<i<o{leuk|, [V k|} be small enough. If Z;/Z,_; < eC%h and
C~ ! <wy_q1 <1, forall h <k <0 and a suitable constant C' > 0, then the N-th order contribution to Wzn,m,p in the
effective couplings (to be denoted by Wﬁi(h) ) admits the following bound (the “N! bound”):

m,p
N
Wiyl < (comst)NaY ()1 (4.32)
where ||V || = 9=hB=2n—m=—p) gp | (g d th is performed with t to th t
onmp P IWap mp (K, Py@)| an e sup is performed with respect to the momenta

and the field labels. The proof of Eq.(4.32) can be found in [18, Section 2.4]. The basic ingredient in the proof is a
dimensional estimate of the kernels, which follows from the bounds:

Z | ™ (p)| < (const.)2%"

@™ (p)| < (comst.)27" ,

5|3L|

16 (k)| < (comst.)2™" L2 Z 16 (k)| < (comst.)22h | (4.33)

that is, every propagator on scale h is associated to a factor 27" and every loop integral on scale h is associated
to a factor 23". The estimate Eq.(4.32) follows from: (i) counting the number of propagators and loop integrals on
each scale h for every given labelled Feynman diagram; (ii) realizing that the corresponding dimensional estimate is
uniform in the Feynman diagram, for all the diagrams associated to the same GN tree; (iii) performing the sum over
scale labels for every fixed GN tree; (iv) counting the number of Feynman diagrams associated to each GN tree and
the total number of GN trees contributing to order N in renormalized perturbation theory. See [18, Proof of Theorem
2.1] for more details.

The bound Eq.(4.32) tells us that the N-th order contribution to the effective potential is finite in norm, uniformly
in h. If the effective couplings remain small in the infrared, informations obtained from our renormalized expansion by
lowest order truncations are reliable at weak coupling. The importance of having an expansion with finite coefficients
should not be underestimated. The naive perturbative expansion in e the fine structure constant is plagued by
logarithmic infrared divergences and higher orders are more and more divergent. More precisely, one can find classes
of diagrams of order N in e contributing to the effective potential on scale h whose size grows like O(|h|™). Therefore,
finite order truncations of the naive perturbation theory do not give a priori any reliable information on the IR
behavior of the theory, not even at weak coupling.

Regarding the combinatorial factor in the r.h.s. of Eq.(4.32), we note that the (N/2)! dependence is compatible
with Borel summability of the theory. However, summability does not follow from our bounds. Constructive estimates
on large fields for the bosonic sector (in the spirit of, e.g., [6]) combined with determinant estimates for the fermionic
sector (in the spirit of, e.g., [15]) may allow a full non-perturbative construction of the theory. However, this goes
beyond the scope of this paper.

Let us conclude this section by adding a comment, which will be useful for the study of the flow of the effective
parameters discussed in the next sections. Consider the splitting g k') = ggl)w(k’ )+ r&h)(k’ ) mentioned in the

remark after Eq.(4.30). As mentioned there, the rest r&h) is better behaved in the infrared than the relativistic

propagator gg‘fw. More precisely,

1
rM (K| < const. , — rM (K| < (const.)2%" 4.34
w ﬁLz w
k/
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which should be compared with the second line of Eq.(4.33). It is apparent that ri,h) is associated to a dimensional

gain 2" as compared to the leading term le,)w(k’ ). This implies that if we decompose WQJ\TIL Sz)p
N;(h N;(h),D | T N;(h
WQn gm)p W2n gm)p WQn Sn,)p (435)
where WQJZEZ)I,D is obtained from WQJX (Tﬁ '» by replacing all the propagators g(h)(k’ ) by gg)w(k’ ) (and by neglecting
the contributions coming from the UV propagators on scale h = 1), then W2n,$n,)p is dimensionally negligible in the
IR as compared to the “relativistic” contribution WQJ\ZL SZ)pD, ie., ,Wvglgz)p admits a bound similar to Eq.(4.32), with
an extra factor (dimensional gain) proportional to 297 with 0 < # < 1. This follows from the improved dimensional

estimate on the propagator rw ), Eq.(4.34), and from the fact that “long GN trees are exponentially depressed”, i.e.,
the property referred to as “short memory property”, see [18, Section 2.4].

5. WARD IDENTITIES AND THE FLOW OF THE RENORMALIZED PARAMETERS

We have seen that the effective potentials (and, similarly, the correlation functions) can be written as series in the
effective charges e, n and the effective masses v, , with bounded coeflicients at all orders, uniformly in the infrared
cut-off, provided that the ratios Z;/Z;,_1 remain close to 1 and that effective Fermi velocity remains bounded away
from zero along the RG flow. Of course, such expansions are useful only if the running coupling constants remain
small for all values of h, a fact that we are going to prove to be true, thanks to exact lattice Wls. In this section
we first study the flow of the running coupling constants {e, n, v, r}r<o and next the one of the other renormalized
parameters.

A. The flow of the electric charge and of the photon mass

The key idea is to get informations on the running coupling constants {e, n,7un}n<o by using the WIs Eq.(3.13)
for the sequence of reference models WO (®,J,\), where the scale of the bosonic IR cutoff h* is thought of as a
parameter. For each choice of the IR cutoff h*, the generating functional W®"" (®, J, \) is computed by a multiscale
integration procedure similar to the one described in the previous section, with the important difference that after the
integration of the scale h* we are left with a purely fermionic theory, which is super-renormalizable: in fact, setting
m = 0 in the formula Eq.(4.17) for the scaling dimension of the kernels of the effective potentials, we see that the
scaling dimension of the reference model below the cutoff h* is D = 3—2n —p. In particular, the kernels of the effective
interaction (i.e., those with p = 0) are always negative once the two-legged subdiagrams have been renormalized; as
shown in [15, 20, 21], the effect of the integration of the scales < h* is just to renormalize by a small finite amount

the effective parameters Z«, vp«, Zfi( he \E Let us denote by {elhh;],yl&h;]}hgo the running coupling constants of

gy, h*
the reference model with infrared cut-off on scale h*. Of course, if h > h*,

h
{@L h]a Vin }h*<h<o = {€u,hs Vu,h fh*<h<0 s (5.1)
where the constants in the r.h.s. are those of the model without IR cutoff, i.e., e, := et;;o] and v, = 1//[;;0]. On
the other hand, as proved in [18, Appendix B], the two- and three-points correlation functions of the reference model
are proportional to the inverse wave function renormalization and to the effective charges, i.e., if k' and p are such
that |k’| = 2" and |p| < 2"", then

~(h™) K
g ( )(

Syp (PF +K) = 14 B (K)) (5.2)
h*—1
(h™) K +
U p .
Sg,’{l;o(Puﬁ“ + kl,P) = % (60 h*FO + eBw h*(k/7p>)9&h )(k/> ) (53)
i (K + p)

337?: (p% + k/a p) = Z.vh*—l Z (61 h* Fl + eBw h* (k ))gi;h*)(k/) I l S {17 2} ) (54)
” h*—1

where the correction terms B, 5+ (k) and B - (k',p) are of order 2. (recall t}Eat en = max{le, k|, [Vu k| th<k<o),

uniformly in A*, for all [k/| = 2"" and |p| < 2"". For later use, let us note that B,, j,- (k') is differentiable in k’ and

its derivatives computed at |k’| = 2"" are dimensionally bounded by (const.)2~""z7..
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Thanks to Eqgs.(5.2)—(5.4), we see that informations on the mutual relations between the correlation functions of
the reference model with cutoff h* (which are provided by the WIs) imply relations between the effective charges on
scale h. Regarding the photon mass, an equation similar in spirit to Egs.(5.2)-(5.4) is valid, namely, if |p| < 2"",

S((]):g;(p,,y) (p) = 2h* (l/u,h*(s#l’ + B;:i/(p)) ) (55)

where the correction term B! (p) is of order &7, uniformly in h*, for all [p| < 2"". The proof of Eq.(5.5) can be
worked out along the same lines of [18, Appendix B] and is based on the following remarks: for all scales h > h*, by
construction, the external field J appears in the effective potential in the combination A+ J, see Eq.(3.1). As discussed

in the previous section, the corresponding kernel, Wég{o;(”,y)(p) is equal to WO(Z{O;(M’V) (p) =2~ (th(swj + B} (p)),

with B;L“’(p) a bounded correction, of second or higher order in the effective coupling constants. Therefore, after the
integration of all the scales h > h*, we are left with a kernel J.J equal to the r.h.s. of Eq.(5.5), with a slightly different
correction term B} (p) replacing By (p). From that scale on, we are left with the super-renormalizable theory studied
in [15, 21], in which the only marginal interactions are the JUT W™ terms, whose coefficient is renormalized by a finite

amount under the RG flow from h* to —oo, see [21]. Therefore, the dominant correction terms to S‘g g *(u ) (p) coming

from the integration of the scales below h* are obtained by contracting two effective vertices JUT ¥~ on scale h < h*,
and then summing over h. The resulting contribution is dimensionally bounded as >, _,. O(2"é7.) = O(2h"&2.).
Higher order corrections are bounded in a similar way, using the hierarchical structure of the GN trees, see also [21].

Now, combining Eq.(5.5) with the first WI in Eq.(3.13) computed at p = pu,, (with u, the unit vector in direction

pand p = |p| < 2""), we find:

1 o — (=2
Vune = = lim B (pu,) = O} (5.6)

which means that there is no spontaneous generation of the photon mass (i.e., the photon field remains unscreened).
If read in naive (non-renormalized) perturbation theory, the above identity is equivalent to an infinite sequence of
cancellations taking place at all orders among the graphs contributing to the photon mass. At lowest order, the
cancellation takes place between the two graphs in Fig.3, as discussed in Appendix E 1.

A similar argument can be applied to control the flow of the effective charge. In fact, note that by computing the
second WI in Eq.(3.13) at (k/,p) = (Zh*uu,puu) and by taking the limit p — 0, we find:

S’g:iu(p% + 2" u,,0) = _eaugg:g (PF + 2" u,) . (5.7)

By plugging Egs.(5.2)—(5.4) into Eq.(5.7), we get
€one = e(l + BY - (P + 2" ug, 0) — 2" 9 By - (P4 + 2h*uo)) = e(1+ Agp-) = e(1+ O(F2)) (5.8)
e = (14 Bl e (PF 42" 01, 00, = 2701 B (7 + 2" W) ) =i (14 Aupe) = (1 +O(.)) ,  (5.9)

which tell us that the effective charges e, n+ remain close to the unperturbed value e, o = e at all scales h* < 0 and
at all orders in renormalized perturbation theory. If read in naive perturbation theory, Egs.(5.8)-(5.9) are equivalent
to infinitely many cancellations taking place at all orders among the logarithmically divergent graphs contributing
to the dressing of the electric charge. At lowest order, the cancellation takes place between the graphs in Fig.4, as
discussed in Appendix E 2.

The corrections A, p+ in Eqs.(5.8)-(5.9) are given by sums over GN trees of order two or higher in the effective
couplings; their N-th order is bounded by (const.)™ (&) (N/2)! Moreover, |4, p+ — Ay —oo| = O(E% o (v_co —vp)) +
O(g2 ,2"?), see [18, Section 4 and Appendix B] for a proof of these facts. Note that a priori Ay o # A1 _oo;
however, the approximate Lorentz invariance of the theory combined with the flow equation for the Fermi velocity
will allow us to show that /_10,700 = /_11,700, see the next subsection for a discussion of this point.

Remark. The discussion in this section is very similar to the corresponding one for a model of Dirac fermions
with electromagnetic interactions in the continuum in the presence of a fixed rotationally invariant UV cutoff, see
[18, Section 3]. The key difference is that the analogues of Egs.(5.8)-(5.9) in [18, Section 3] have an extra term in
the Lh.s., i.e., they read e, (1 — ay) = e(l + Ay p), with |A, 5 — Ay —oo] = O(E2 (Voo — vp)) + O(E2 ,2M?)
and |Ag —oo — A1,—0o| < (const.)e?; see [18, Egs.(4.13)-(4.14)]. The extra constants c, in the Lh.s. are due to the
corrections to the WIs produced by the momentum cutoff used in [18], which explicitly breaks gauge invariance;
as shown in [18], oy # g, the difference being of second order in the electric charge, which implies that Lorentz
invariance is not recovered asymptotically in the IR. This has to be contrasted with the case studied here, where exact
lattice gauge invariance is preserved by the RG flow, so that no correction terms appear in the Lh.s. of Egs.(5.8)-(5.9)

and Lorentz invariance spontaneously emerge in the deep IR, as proved in the next subsection.
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B. The flow of the effective parameters

We are now left with studying the evolution of the effective parameters vy, Z, Z h, )\]K# ,, under the RG flow. If
we use the analogue of the decomposition Eq.(4.35), we can write the flow equation for these parameters as:
_ A
L S S R S (5.10)
Vp Zn,
+
K,h—1
ZE, =148, +7 s M1 = Noun s (5.11)

where B# are the relativistic part of the beta function that, by definition, are obtained by replacing all the propagators

gfﬁ) (k") contributing to the r.h.s. of the flow equation by their relativistic part ggﬁ)w (k’), while r# are the rests, which

are smaller by a factor 297, 6 € (0, 1), as compared to the corresponding dominant terms (the reason is the same as the
one sketched after Eq.(4.35)). Note that both ,6# and 7“# are functions of the whole sequence of effective parameters
{ewr, Vi, Zk,l,vk,l,Z§k7Afu7h}h§k§0 that are bounded respectively by O(z2) and O(2°&2), provided that the

ratios Zy/Zy_1 are close to 1 and that v are bounded away from zero, for all h < k < 0.
In the second equation in Eq.(5.11), we used the fact that the domlnant part ﬁ u.n 18 exactly zero for all ch01ces of

Js I, h, by a parity argument (inspection of perturbation theory immediately shows that all the contributions to ] b

are given by integrals of odd functions of k’ over a domain that is invariant under k" — —k’). The bound on rJ b

immediately shows that /\ b 18 uniformly bounded by O(& ) in the IR.
Regarding the flow of vh, Zh, we note that modulo the correction terms 7} and rj, they are the same as those for
Dirac fermions in the continuum, derived and written down in [18]. In particular, using [18, Eq.(3.14)], we can write:

Vh—1 log2 |8 4 .
o =1+ ol I (1 —wp)(1+ A}) + ge(l + By)(eon —ern)| + 17, (5.12)

where A) is a sum of contributions that are finite at all orders in the effective couplings, which are either of order
two or more in the effective charges, or vanishing at vi, = 1; similarly, B} is a sum of contributions that are finite at
all orders in the effective couplings, which are of order two or more in the effective charges. The proof of Eq.(5.12) is
based on the remark that /3, , would be vanishing if v, := 1 and eg j, := ey1,5, by Lorentz invariance (see [18, Section
3.3] for more details); the numerical coefficients follow from an explicit computation, see [18, Appendix C]. From
(5.12) it is apparent that vp, tends as h — —oo to a limit value

Voo =1+ 63(60’,00 —e1—00)(1+C ) (5.13)
e

with C’ _ a sum of contributions that are finite at all orders in the effective couplings, which are of order two or more
in the effective charges. The fixed point (5.13) is found simply by requiring that in the limit A — —oco the argument
of the square brackets in (5.12) vanishes.

Consider now the identities Eqgs.(5.8)-(5.9). In a Lorentz invariant theory (i.e., in a theory where all the propagators

( (k’) are replaced by their Dirac approximations g (k’ ), the Fermi velocity is equal to the speed of light, vy, := 1,

and the charges e, are pu-independent, eg , = €14), we would get that Ao, = Ay . Therefore, using the GN trees
representation for Ag p, A1 p, their approximate Lorentz symmetry and the short memory property (see [18, Section
2.4]), we find:

€0,h—1 —€1,h—1 = E1pleon —ern) + Eopn(l—wvp) + Esp (5.14)
where Ej , and Esj, are O(2) and Ej j, = O(£,2%"), for 0 € (0,1). If we combine Eq.(5.14) with Eq.(5.12) we get
€0,—c0 — €1,—00 = E_o0(€0,—00 — €1,—00) (5.15)
with E_., = O(2 ), which implies the spontaneous emergence of Lorentz invariance in the deep IR, i.e.,
€0,—00 = €1,—0o and v_o =1. (5.16)

Using these informations into Eq.(5.12), we see that the approach of v, to the speed of light is anomalous, i.e.,

2¢?

1—wp, ~ A(v) 27" = —
Uh (U) ) n 52

+0(e?) (5.17)
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where A(v) is a function of e and v that vanishes linearly at v = 1, i.e., for v close to 1, A(v) = (1 —v)(1+ O(1 —
v) 4+ O(e?)). The “~” in the first equation means that the ratio of the two sides tends to 1 as h — —oo.

Regarding the flow of the other renormalization parameters, a second order computation of the dominant contribu-
tion to the beta function (see [18, Appendix C] and Appendix D 1), the fact that e, , are close to e_o, = e(1+0(e?)),
asymptotically as h — —oo, together with Eq.(5.17), shows that

2

Bz = 1% log 2 + O(e%(1 — v)2°°") + O(e) (5.18)
B = 122 log 2 + O(e*(1 v)2cezh) +0(et) B, = % log2 + O(e?(1 — v)2662h) +0(et) (5.19)
for some ¢ > 0. Egs.(5.18)-(5.19) imply that
Zp~Bv)27M, Zf, ~ BY(v)2 Mk Zg, o~ B (v)2 Mk (5.20)
with
n= 1;; +o@Eh,  nf= 1;; +Oo@Eh,  np= % +O(eY) (5.21)

and B#(v) = 1+ O(1 — v) + O(e?), which concludes the study of the flow of the renormalized parameters.

6. THE KEKULE RESPONSE FUNCTION

In this section we explicitly compute the Kekulé response function (the other responses can be obtained in a similar
way and will be discussed in the next section),

2

(K) _ 9 0,h*
R00 = Jim Jim i e W @00, ©1

The iterative construction of the generating functional described in Section 4 induces an explicit representation for the
Kekulé response function in terms of GN trees, completely analogous to the one described in [21, Proof of Proposition
1]. In particular, using the analogue of the decomposition in Eq.(4.35), we can rewrite

(K) (y) — p(E),D p(K)
R (x) = R (x) + R;; (%), (6.2)

where REJK)’D(X) is obtained by replacing the lattice by the Dirac propagators in the expansion for REJK) and EE‘]I() (x)
is the rest. Using the same strategy leading to the bounds Eq.(4.32) and, more specifically, to [21, Egs.(2.81)—(2.84)],

we find that the N-th order contribution in renormalized perturbation theory to RZ(;{)7D(X) is bounded, for all M > 0,
by

. h C N
BP0 < e (X 3 ZZ( L) (03

h=—00 h=h w==%

for a suitable constant Cjs. The factors 2723 [1 + (2[x[)M] ~! represent the dimensional bound on all the labelled
Feynman diagrams corresponding to the same GN tree, where: (i) h is the lowest among the scales of the propagators
in the diagram; (ii) & is the lowest among the scales of the propagators in a path connecting the two special vertices of

type @K UHT—; (iif) 2h = 2hB—2n—m=—p) |::;n:0 is the scaling dimension of the graph; (iv) 231 is the dimensional gain
coming from the fact that the locations x and 0 of the external fields ®X are fized rather than integrated over the
whole space-time domain (as it is the case for the Feynman diagrams contributing to the thermodynamic functions,
where all the space-time labels of the vertices are integrated over the whole space); (v) [1+ (2"|x])] ~!is the decay
factor coming from the propagators on a path connecting the two special vertices of type OEPTU~. Now, picking
M =5, exchanging the order of summations over h and h, and summing over h gives (recall the asymptotic relations
Eq.(5.20))

0 oh(4+2n—2n;)

) X Ty

|RNUOP ()] < (const.)N|e|N( 7

h=—o00

oz )=

= |R57(K)’D(X)| S (COnSt.)N|e|N<

)!% , (6.4)

1 4 |x|*+20—2m
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where we used the fact that n, > 77;2. The correction term EEJK) (x) admits a similar bound, with a dimensional
gain factor that implies a faster decay in real space. Using the symmetries in Appendix B together with relativistic
invariance (see symmetry [18, (7)]) and proceeding as in Appendix C, we find that the symmetry structure of RN (K)( )
is:

Ni(K) o) N €08 (55 (T = 3 +5)) :
R, (x) =ay e x[i€ + faster decaying terms, (6.5)
where the faster decaying correction terms come from: (i) the irrelevant terms that, scale by scale, produce corrections
smaller by a factor O(2") as compared to the dominant terms; (ii) the Lorentz-symmetry breaking terms, i.e., the
terms proportional to 1 — v, that come from a rewriting of the effective Fermi velocity v, in the definition of §p ., as

22(const.)62h)

vp, = 1 — (1 —vp); these produce corrections that, scale by scale are smaller by a factor O(e as compared

to the dominant terms. In Eq.(6.5), ¢ = 25, —2n = 37r2 + O(e?) and ag) is a suitable constant, bounded
in absolute value by (const.)" (%)' The 0-th order constant, which gives the dominant contribution to the Kekulé

response function, is given by the value of the graph in Fig.5.
More explicitly,

R(_);_(K),D<X) — _9 zo: Zei(p?‘i_p;w)x (ZI_{,h\/k)2 / dk dp fh(k)fk(p)ei(k—p)x .
v WA AYA® 27T|B| 2’/T|B|

—ikol% +ik - Ty, —ipol®,, +ip-T_,
-Tr{ 0% 1 i L r- -}+O(e2|x|74+5(K))+faster decaying terms , (6.6)

k2 w,i p? —w.j
where hV k = max{h, k}. Recalling that ', . = e"“% ¢, = ¢Pr(%=91) 5 and using the fact that Tr{T% o T" o1} = 2
for all v € {0, 1,2} and that Tr{T"*cT” 01} = 0 for p # v, we can rewrite
RUEUOL (x) =4 Z Ze_ipﬁ(x—&ﬁ&j) (Zic i) dk dp Fu(K) fio(p)eik—P)x k-p 6.7
v R 2ir | o | AR GRS 6

modulo corrections O(e2|x|~4+¢"™") or decaying faster than |[x|~4+¢" at infinity. Using Eq.(5.20), we can replace
Z 2 -

( IZ(thV:) by (BO((:;}))) ~2mic (V) gnhtnk - modulo faster decaying corrections. Finally, rewriting, e.g., 27" = [x|~7[1 +
((2"x[)" — 1)], it is easy to realize that the contributions to the response function coming from the terms like

x|~ [(2"|x])" — 1] are O(ez|x|*4+f(K)), see [48, Section 4.3.2]. Therefore, using the identity ;oo fn(k) = x(k),

05(K),D () — 4 B~ (0)\? 2tnz—n) —ip%(x—57:+5~)/ dk k ikXL./ dp —ipx_P_
RZ] (X) (BO(U)) |X| K ;e ! QW‘B‘X( )e |k|2 27T‘B‘X(p)e ‘p|2 Y (68)

modulo the aforementioned corrections. Finally, using the fact that f %‘ 5 x(k)e ikxﬁ = 138\7{5%

+ faster decaying
terms, we can rewrite:

RGO () _ 2T B_(v))zcos( plx 5+5))

_ (K) .
ij 8?( BO(v) x40 +O(P[x|7) + faster decaying terms . (6.9)

Using the fact that B#(v) = 1+ O(1 — v) + O(e?) we finally get Eq.(2.20).

As we already remarked in the introduction, the effect of the interaction is that of enhancing the response function
of the Kekulé distortion, but still preserving its integrability, so that REJK)(p) is finite. However, 8pl%g-{) (p) is singular
in p = p%. In fact, the Fourier transform of Eq.(2.20) gives:

REJK)(p) = (const.) e~ Pr(3i=9;) p—pr|'” €09 4 emiPr(8i=0)) p-prl'" ~€" 4 more regular terms (6.10)

which implies that (“)I,REJK)(p) diverges like |p — p°§|_5(K) at the Fermi points, as claimed in Section 2 C.
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7. OTHER RESPONSE FUNCTIONS

An analysis analogous to the one for the Kekulé response function can be worked out for the other responses and is
sketched below. Regarding the CDW and AF responses, the symmetries of the model imply that the relevant terms
of the form ®¢PW A or ®AF A are vanishing, while the marginal terms of the form ®¢PW I+ ¥~ and dAF T+ ¥~ have
the following structure:

£Béﬂ%w( Zn_ 1\11(§h) A(Eh) , D) = (7.1)
CDW 3 (Sh)+ (<h)— CDW (<h)+ iwhin_ o 1 (Sh)—
ﬁ2L2|SL‘ Z |: CDW, h(I) \Ijk"i‘p oW \Ilk' ,O,W + ZK hq)j’pp p_“+pq]k’+p,a w [6 ]\Pk’,a, w:| )

w UJ

LBY) (ﬁqﬂé’ﬂ,A(Sh) o) = (7.2)

+ AF §, (Zh)+ (<h)— — &AF T, (<h)+ iwln_ & (<h)—
[ZAFh(I) p Victp.ow 3‘I'k’,a,w+ZK,h(I)j,p‘;—p;“+p‘I’k’+p,a,w[e o] | -

B ﬁ2L2\SL| Z,
k',p
w,0,j

Similar expressions are valid for the other external fields ®*. Note that besides the marginal terms spelled out in the
previous equation, there may also be marginal terms of the form ®AA, ®®A or p,PA; the flow of the corresponding
coupling constants can be easily controlled along the same lines followed to prove the boundedness of the flow of Afm h
in Section 5 B. a

As seen in the previous section, the flow of the renormalization constants ZgDW.h and ZXF ,, control the large
distance decay of the CDW and AF response functions. In Appendix D 2 it is shown that ’

2 2

ZgDWh 1 3e ZaDWh 1 e
T 14 T log2 + O(et) 4 - - -, 2T 14 ——log24+0(eM) + -, (7.3)
Zepwn 4 Zcpwn 1272
which implies that
_paE
Zé'tDW,h = B:C‘tDW(v) 2~ Meow (7.4)
with
362 _ 62
Nepw = ) +0(e"), epw = 1973 +0(e) (7.5)

and BZ,(v) = 1+ O(1 — v) + O(e?). The exponents for the AF are exactly the same, simply because the kernels
of the marginal source terms ®AFWHW~ are the same as the corresponding terms of the form ®¢PW It~ see
Eqs.(7.1)-(7.2). Therefore, proceeding as in the previous section, we get, for a = CDW, AF,

+
R ) = o () e + O™ ) faster decaying terms (7.6)
4e?
¢ePW) = ¢(AF) = =2(ntpw —n) = 37T2+O( . (7)

As for the Kekulé response function, the anomalous decay in Eq.(7.6) implies the presence of a singularity in the first
derivative of the corresponding Fourier transforms, in analogy with Eq.(6.10).

It is now clear how to extend such analysis to all other responses. The large distance asymptotic behavior depends
on the specific values of the critical exponents, which are determined at leading order by a second order computation
along the lines of Appendix D: one first identifies the structure of the local part of the effective source terms, in analogy
with Eqs.(4.28),(7.1),(7.2); for each such term two renormalization constants appear, corresponding to processes with
transferred momentum equal to 0 or to p§ — pr~; the flow of each of them is given by a diagram like the one in Fig.6
and can be computed as in Appendix D. The resulting values of the critical exponents £ (channel) — 2(Nehannet — M) at
second order in the electric charge are summarized in Table L.

The interaction removes the degeneracy of the critical exponents and, therefore, we can identify the excitations
whose response functions decay slowest at infinity, which correspond to the order parameters in putative strong
coupling broken phases. In particular:
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— channel critical exponent

chanmnel critical exponent 7 T

- - o(ab 50w,o + bl obuw,o) 0
aw,obw,o + bw,oaw,d 0 F i

+ + 2 2 J(G'w,o'afw,d +bw,a'b*w#7) 0
ah ob—wo+b5 s0 w0 |4e°/(37%) T - 3 3
.+ g+ U(aw,o'a‘*’ o bwyf"bwra) de /(371- )
14y, obw,oc — by ¢ Qw0 0 7 7

.4+ b .b+ 0 U(aw,o-afw o bw,o'bfw,a) 0
Wy,09—w,0 = Wy o0-—w,0

— P 0 w(ad » e — bl ybu.o) 4e? /(3m
Qg o0w,o + w,oVw,o .

+ + ZU(a:;,o'aj,fa + btj,a'b:,fa) +c.c —62/(37T2)
aw,cra*w,ﬂ + bw,ab*w,ﬂ 0 . + + + + 2 2

+ + 2 2 Zo—w(aw,aaw,—a + bw,abw,—a) tece |—e /(371' )
aw,aaw,a - bw,abw,a 46 /(37T ) + + + + 2 2
- 4 T b 0 abob", ; — bl sal . +ce —e”/(37%)

w,ocWl—w,0c 7 Yw,oV—-w,o . + + + + 2 2

Za(aw,ob—w,—o — bw,ua—w,—o) +cc|—e /(37T )

TABLE I. Lowest order contributions to the anomalous exponents. Summation over the valley and spin indices is understood.

1. the dominant exponents correspond to the second and seventh channel in the left table and to the third and
fiftth channel in the right table. The first three are the K, CDW and AF local order parameters discussed
in the introduction. The fifth channel in the right table was introduced in [27]. Microscopically, this order
parameter may be understood as a specific pattern of circulating currents and its enhancement in the presence
of interactions is in agreement with the expectation that a time-reversal broken fixed point should emerge in
the strong coupling regime [30].

2. The last four channels in the right table are Majorana-type masses that correspond to inter-node and intra-node
(uniform and non-uniform) Cooper pairings [37]. Their critical exponents are all negative, which means that
superconducting order is unfavored at intermediate to strong coupling. There are other possible Cooper pairings
besides those explicitly reported in the table and it turns out that all their exponents are either equal to or
smaller than —e?/(372) at second order.

3. The exponents of the density-density and current-current response functions at zero transferred momentum
(third and fifth channel in the left table) are vanishing. Actually, using the second WI in Eq.(3.13) it can
be easily proved that these two exponents are zero at all orders in renormalized perturbation theory. This is
indeed a necessary prerequisite for having finite conductivity and a semi-metallic behavior also in the presence
of interactions, as expected [49].

8. RENORMALIZATION GROUP ANALYSIS IN PRESENCE OF A MASS TERM

As discussed in the introduction, it is natural to investigate the effects of a mass term coupled to the local order
parameters associated to the largest critical exponents. In this section we discuss how the RG construction is modified
by the presence of a mass. Consider, e.g., the Hamiltonian in Eq.(2.27) (similar considerations are valid for CDW,
AF masses or for the “Haldane mass”, i.e., the mass associated to the local order parameter in the fifth line of the
right part of Table I). The model is still invariant under the same symmetries (1)—(8) described in Section 4 B, the
only novelty being that now the value of j, appearing in the very definition of the Kekulé mass, see Eq.(2.27), should
also be changed under the symmetry transformations; i.e.,

e under (4), jo — jo — 1;
e under (6.b), jo — 7 Jo;
® jo is left invariant in all other cases.

In the presence of the mass term, the multiscale integration of the generating functional is performed in a way very

similar to the one described in Section 4 for the massless case. After the integration of the ultraviolet degrees of freedom

and the definition of the quasi-particle fields, one immediately realizes that the presence of the mass produces new

local relevant terms of the form Zw,a’ Afjoh) aS];): bﬁﬁ?jw + c.c., which can be step by step inserted into the definition

of the fermionic propagator. The symmetries of the model imply the following conditions on the complex constants
(Jo).
Aw,‘)h.

1. using (4), we find that AU = e=iwiF AlL0~L),

. g ’ w,h w,h

)
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2. using (5), we find that AS(}B = [A(jo) I

w,h
3. using (6.b), we find that Afjoh) = A(fwjfl)

This fixes the structure of the effective mass term, in the form:

1 <h)+p— <h)—
VO, A) = A o ST WS (8.1)

L)

mass

k/ ,w,o

with AK a real constant such that Af = Ay is the same as the one in Eq.(2.27). The term in Eq.(8.1) is the only
extra contribution to the local part of the effective action. In fact, the localization procedure can be now modified
by requiring that the localization operator extracts from the kernels with 2n 4+ m + p = 2 (or = 3) the first two (or
the first) terms of a Taylor series in (k,p,q) and in {AK},<o: this is because all the terms in perturbations theory

proportional to the mass itself have a dimensional gain of 0(2(1*“’““'62)") with respect to their “massless” bound, see
[17, Sections 3.2 and 3.3] or [48, Section 5.3.2]. Therefore, with this new definition of localization, the only possible
extra local term in the effective action is a quadratic bilinear in the fermionic fields as the one in Eq.(8.1). Note also
that such term can be rewritten in relativistic form as:

1
LV, 4) = —Af 221/}“"” 03075 5| () (8.2)

mass

with 6;, = 2% (jo — 1).

Remark. The masses corresponding to the CDW, AF and Haldane mass terms can be worked out along the same
lines. It turns out that these effective masses have the form:

1 <h)+ (<h)—
‘Cgvgaggv)v(h)(\p?A) ACDW 5[/2 Z \ch’wa 3\I’k’ w)g ’ (83)
k'’ ,w,o
LERYVO(T,4) = AR w > oo i, (8.4)
k/ ,w,o
L) Yt (g Ay = AH_— L2 DI i S (8.5)
k' \w,o

which can be rewritten in relativistic form as

1 —(< _
LEPWIVO (W, 4) = AP o 2P wag, P (8.6)
1 <h)+ _
CR ) =i o 5 w‘ A (8.7)
<h)+
ﬁmassv(h (\Ij A - ZA}L 5[/2 Zw( ) 7375¢(<h ’ (88)

which are the same as those considered in [26, 30].

As mentioned above, the fermionic bilinear in Eq.(8.1) is inserted step by step into the definition of the fermionic
propagator. As a consequence, the effective propagator at scale h acquires a mass gap of size A, Of course, this
gap is not visible as long as |[AX| < 2". Therefore, if the bare mass A is small, the multiscale integration and the
dimensional bounds remain unchanged up to a scale hy such that AhKO ~ 2ho At that point the propagator has a
mass of size comparable with 270 itself, and we can integrate the fermionic degrees of freedom associated to scales
< hg in a single step. From that on, we are left with a purely bosonic theory. The symmetries of the theory can be
still used to prove that the only local terms in the effective action for such a bosonic theory are photon mass terms
of the form } Qhﬂu)hA,(;h)AfLSh), h <0, with 7,5, independent of jg, see [48, Section 5.3.2]. Since the Kekulé mass
term in the Hamiltonian does not break gauge invariance, the same argument used in Section 5 A to control the flow
of 7, , can be repeated here to show that 7, j, = O(€?), which allows one to safely integrate all scales up to —oo.
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We are left with the problem of computing the scale hy that separates the massless and massive regimes. In order
to do this, we need to control the flow of AhK , which is driven, as usual, by a beta function equation:

Ay 7y
AE T Z,

(1+B%.4) - (8.9)

Proceeding once again as in Appendix D, we find that

2 2
B2 = 2% log2 + O(e?) + O(¢22") + O(e3(1 — v)2(eonst)e’ny 8.10
b T g2

The resulting flow is:

AF ~ Ag(v)2778" | with na =ng —n = + O(et) (8.11)

3n2
and Ag(v) = Ag(1 4+ O(e?) + O(1 — v)). Therefore, the equation for the dressed electron mass A = 2" becomes:
A=2M = Ag(v)2h = A= [Ag(v)] ) (8.12)

which proves Eq.(2.28).

9. GAP EQUATION

The variational equation corresponding to the minimization problem Eq.(2.29) is

2
b2 = (5 (9.1)

¢

where (-)” is the statistical average in the presence of the phonon field ¢z ;. We now want to check that the distortion

(b(j") defined in Eq.(2.30) is a stationary point of the total energy, provided ¢ and Ag are chosen properly. The

stationarity condition Eq.(9.1) with ¢z ; = qbwj; in the limit 8, L — oo is equivalent to the two following coupled
self-consistent equations for ¢y and Ag:
2 P\
g (Z@) dp dk 7 XN A ~_ ; —ik(8;—81
d)o - ; n! / (27T)3 271'|B| <[ (6 )]p ak+p abk U>(Jo) e’ (® ) tcc., (9'2)
n>0
AO 92 (Ze)” dp dk/ Lo — *n A+ ~_ . iK' (8 —& _ip® (8. —&
3 ;Z n! /( )3 27T|B|<[ (05 A)] Y prpp® o bk’+p%,a>(]o)€ (0i=01)e= P =) 1 cc.
n>0

where |1 98 - ff)]m was defined in Eq.(B.2), (->(j°) is the statistical average in the presence of the phonon field

QS(]Q and we denoted by a ak o bi the first and second components of the spinor \I/k - respectively. These equations
are Well defined provided that the right hand sides of the two equations are mdependent of j, jo and w. Using the
symmetries of the model, we find that (see Appendix C3 for a proof)

_ ie)" dp o o cwm o o
(g abico)” =3 (n? / 70 A, Ul pobico) ) = QR)Alk) (9.3)
n>0 ’
. - Go) . N ()" [ dp’ e o - o) — (7 ip(850 01
<<a:/+p;w7abk/+p‘;7a>>jjo T Z nl / (271_)3<|:77](6] : A)] :’-{-p/-‘rp bk/+p‘;‘,a>(] ) - Q(kI)B(k/)e P ( 0 ) )
n>0

with A(k) and B(k’) two functions, independent of w and jo, transforming as follows under the discrete symmetries
of the model:

A(k) = A(Tk) = A(Ik) = A*(Ryk) = A(R.k) , (9.4)
B(K) = B(TX) = B(IK') = B*(R;k') = B(RX/) , (9.5)
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The dimensional bounds following from the multiscale integration, combined with an explicit lowest order computation,
show that, if |k/| ~ 2" with h > hq (here hq is the scale defined in Eq.(8.12)),

(@ i ) = A )
R+ IO 7P

(@l o by >>(j0):Q(E/)ﬁ eip;;((sji_al)

Kreen R 3 Zn K3+ QK + py)?

(14 4'(k")), (9.6)

(14 B'(k')), (9.7

where the correction terms A’(k’) and B’ (k') satisfying the same symmetry properties as A(k) and B(k’) in Eqgs.(9.4)-
(9.5) and of order O(e?) +0(2") +O(A,27"). If we plug Eqgs.(9.6)-(9.7) into Eq.(9.2), we are led to the self-consistent
equations

~ 27 1 (k)| +p7)[?
b0 —2 Z/<k’<1 27|B| Z(k') k2+v(k’) |Q(k’/—|-p E (9.8)

A ? a1 A(K)
"7k Jagiei< 2718l Z(K) k2 + (k)2 |k + p2))2

(9.9)

Ua?

where the indicates that we are neglecting higher order corrections and, for k’ small, Z(k') ~ |k’|7"7, A(k) ~
AplK/|72 and 1 — v(kK') ~ (1 — v)|K/|7. Tt is apparent that Eq.(9.8) can be solved by fixing ¢ to be a suitable
(positive) constant of order g2.

On the other hand, Eq.(9.9) is equivalent to Eq.(2.31) and leads to Eq.(2.32) and to the conclusions spelled out
after Eq.(2.32). In particular, at small coupling, the critical phonon coupling g. above which the gap equation
admits a non trivial solution scales like g. ~ /v. This can be proved by observing that the range of p such that
the denominator of the 1ntegrand in the r.h.s. of Eq.(2.32) is larger than (say) 3v is contained in the interval [0, p*],
where 1 — (1 —v)(p*)" = 21), which gives, for small v, an exponentially small p*, i.e., p* ~ e~?/(21); in other words,
at small coupling, the range of momenta such that the effective Fermi velocity is substantially different from the bare
one is exponentially small, and gives no relevant contribution to the r.h.s. of Eq.(2.32). However, the gap equation
can be naturally extrapolated at intermediate to strong coupling. As noted in the introduction, the larger the charge,
the smaller g.; possibly, g. goes to zero for large enough values of the electric charge.

Acknowledgements. A.G. and V.M. acknowledge financial support from the ERC Starting Grant CoMBoS-
239694.

Appendix A: Functional integral representation and gauge invariance

In this Appendix we sketch the derivation of the functional integral representation presented in Section 3 and prove
its gauge invariance properties.

1. Functional integral representation

Using standard methods of many body theory [44] and the explicit form of the electron and photon propagators
discussed in Section 2 A, we can write the partition function Tre=##4 of our model in the Coulomb gauge as

Tr{e PHa}
Tr{e~AUHRHHD)}

= / P(dT) PO (dA)eV (T4 (A.1)

which should be understood as an identity between power series in the electric charge e. In Eq.(A.1), P(dV) is the
same Grassmann gaussian integration as in Eq.(3.4), P(¢)(dA) is the gaussian measure

- 1 i —13
P(C)(dA) Na H H dReA; pdlmA; p exp{ - W Z Ai,p[w(c)(P)]ileJ}—p} ) (A.2)
ey, 1712 iR
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-

L (C . . : -
with wl(j )(p) the covariance matrix in Eq.(2.14) and, if and ¢, (x) = 6(zo)e(Z + (p — p')d1),

_ § : zef ds §; Ax+<5 + - ie fo dsd; Ayss, +
\II A =1 /dx ’ - 1)‘I]x7071‘11x+5j*61,o,2 + (e ’ ’ 7 )\IIX+5 —d1, 02\IIXU1
o= 7
=123

> /dx/dy UE Vs o (X =Y)US W, (A.3)

pp'=1,2
o,0'=1]

CY I

The quartic fermionic term in V can be eliminated by a Hubbard-Stratonovich transformation, at the cost of intro-
ducing an extra component Agx of the photon field. This yields a representation of the partition function in terms
of a functional integral analogous to Eq.(3.1):

/ P(d0) PO (dA) eV = / P(dp)PE(dA)eV VA | (A.4)

e=1

where V(U, A) is given by Eq.(3.6) and P$(dA) by Eq.(3.5), with @& replaced by @¢ := %% ~°°. The functional
integral representation for the observables can be derived along the same lines.

2. Derivation of The Ward Identities

The derivation of the Ward Identities involves manipulation of the functional integral. Therefore, it is crucial to
define with care the cutoffs used to regularize the functional integral and how they are eliminated. First of all, keeping
the IR cutoff at scale 2" fixed, we introduce an ultraviolet cut-off, by replacing the fermionic and bosonic propagator
by xnr(ko)So(k) and XM(po)w£ 27 (p), with xar(ko) = x(27M|ko|). Next, we replace the compact support cut-off
functions by new functions, exponentially close to them but with full support in R; i.e., we replace x(¢) by a smooth
function x¢(¢) such that Xs(t) =x(t)=1for 0 <t <3 and x(t) < x°(t) < x(t) + ce" for ¢t > 3. Finally, we let the
Grassmann field live on a finite lattice, both in the space and time variables: pick NV € N and define:

2 1

A = (s = 0 << Ny <A, ByY = {ko=J(n+3): 0<n<N}px By,

2)'

Let ¥ be a Grassmann field on AgN) with antiperiodic boundary conditions in the z variable, with propagator
ikoB/N _1

So(ko, k) == So(dn (ko), k), where dn (ko) = i“—57—=. We shall think of Eq.(3.1) as the M, N — o0 and ¢ — 0
limit of a regularized functional, with the limits taken in the following order:

eWs,h*(q;.’J,/\) — lim lim lim eWﬁfX,(‘I’,J,A) 7 ewﬁi,h;(q’n]»)\) — /PMN(d\I/)PE h* (dA) A+T)+B(T,A+1,2)+(\, ) ,
M—00e—0 N—oo
(A.5)

where the interaction and source terms are the same as in Section 3, with the only differences that [ dx should be
understood as a shorthand for % Zx N and the term in the second line of Eq.(3.6) should be replaced by
B

+ - ie [§/N Ao, (g ts,7 - ie [/ A zo+s,E+5
Z /dx \anlql(x +£ a*:),g,1(ewf° Olote) — 1) +\IIXUZ\II($0+5 ), gz(e 0 fototesin — 1) |
o="l
MCREY is a non-singular finite dimensional integral. Therefore, we can freely

Now, the regularized functional e Wiiln
perforrn unitary change of variables of the fields ¥, without affecting the value of the integral. In particular, by
performing the unitary phase transformation \I/x op \I/f,mpei’m(x*(p*l)‘sl), we find:

b . ,
0= —W5" (®,J + o, Ae™®) + A5, (DD, TN (A.6)
aOZp ’ a=0 ’
where
0
NSy (010, 0) = S log/PMN(d\I/)Pfuh (dA)eP(TATD B ALT )T HC (T ) o’ (A7)
o -
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and

C(l:[/a ¢) = ﬁ2L2|8 ‘ Z d)p k+p, gCJV[ N(k p)\Ijlza )
keBYY
pPEDg, L

Cirn(k,p) = | (r(ko +p0) ™" = 1| Byl + PITo() — | (i (ko) ™ = 1| To(#)Bu (k) (A8)

where By (k) = [So(dn(ko), k)] 1. The correction term Afy n is due to the presence of the imaginary time UV cut-off

in Py, ~(d®), which slightly breaks gauge invariance. It can be studied by a multiscale analyisis of the functional
integral in Eq.(A.7), using ideas similar to (but much simpler than) those of [18, Appendix D] (using methods first
developed in [4, 5]), where the correction to the WIs due to a fixed fermionic UV cutoff at momenta of order 1 were
studied. Here the main difference is that the UV cutoff is only on the imaginary time coordinates and it cuts off
momenta of scale 2V . By the support properties of the kernel C5r.n(k, p) all the contributions to A, y(k, p) have at
least one loop momentum flowing at scale 2. Moreover, since the scaling dimensions in the UV theory for the time
variables are all negative, see [15, Appendix C] and [48], it is easy to show that all such contributions go exponentially
to zero as M, N — oo:

lim lim lim A5, v(p;®,J,\) =0, (A.9)

M—00e—0 N—oo

for all fixed p, which proves Eq.(3.11). More details on the proof of Eq.(A.9) can be found in [48].

3. Independence of the functional integral on the choice of ¢

In this subsection we show that the averages of gauge covariant operators do not depend on the choice of the gauge
fixing parameter £ appearing in the bosonic integration measure. This allows us to work in the technically convenient
Feynman gauge, corresponding to the choice £ = 0.

Let F(¥, A) be a gauge invariant function, i.e., F(¥, A) = F(¥e’*® A + da)). We want to show that

[ P(d¥)PSh (dA)eV VD E (T, A)

O T (@) PE (dA) VA

(A.10)

As in the derivation of the WIs, the proof requires a number of manipulation of the functional integral. In principle,
we should proceed as in the previous subsection, by first introducing proper UV cutoffs in the time variable, then
keep track of the possible correction terms produced by the manipulations and finally discuss the vanishing of the
corrections in the limit where the UV cutoffs are removed. However, the result is that, once again, these correction
terms vanish in the limit, so here we will neglect them from the very first moment.

With obvious notation, let us denote the gaussian measure in Eq.(3.5) by

DA e— 3 (A (ws" 7)1 4)

&,h* _
P = fDAe*%(Av(wé’h*)*lA) ’ (A-11)
and, given a function of ¥, A, let us define
E,h* _1A)
¢ [DAe~ 3( O(T, A)

E5(O(¥,A)) = fDAe (A (e )T A) (A.12)

Note that, letting O; := eV F and Oy := €V, Eq.(A.10) can be rewritten as

P(dW)ES (O1(9, A

f ( 1( )) =0 , (A13)

fp (dD)ES (O2(T, A))

where 07 and Oy are both gauge invariant functions. So in order to prove Eq.(A.10) it is enough to prove that
J P(d\If)GgEi(O(\Il, A)) =0, with O a gauge invariant function. To this purpose, note that

OeES (O, A)) =

Nz

2/3|8L\ Z Dl (b))t [ES (A p Ao, pO(W, 4) — 5 (P)ES(O(W, 4))] . (A19)

uyO
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Integrating by parts the first term in square brackets, we find:

) . . . 820(T, A)
B (O(W, A)) = — B (P)Oe[d®" (p)] b5 (P)ES (-
€E(O(¥, 4)) = — 3575 ; @ik ()OO P05y @I (5= )

WUV V= 0,1,2

2
S e (p i(w) (A.15)
2B|SL| peDL 0A, p0A, _p
,u,u:O,l,2

Using the explicit form of wf“fb* (p), Eq.(3.3), the last expression can be further rewritten as

dps x Ipl x2 " pl)
O:ES (O(T, A > / A.16
3 A( ( )) 25‘8L| o +p3 (|;512 +p3) ( )
p,v=0, 1 ,2
0? ¢
. _ - E v, A .
[pupy = Po(puns + pumy,)] 7007, 2 (09, +J))’J:0

On the other hand, by the gauge invariance of O and performing the unitary phase transformation \I/f,o’ o

\Ilfg o€ etiealx+(p=1)01) a5 in the previous subsection, we find

/P(d@)Eﬁ,(O(\y,A)) = /P(d\I:)]Eg(O(xI/,AJraa)) :

which implies

/ P(dV)ES (O(¥, A + 0ar))

A -i 3 [ P@av)p ES (0w, A+ )| =0 (A.17)
dap p= 0,1,2/ 1.p J=0
Integrating Eq.(A.16) with respect to [ P(d¥) and using Eq.(A.17) finally gives the desired cancellation,

/ P(d0)0cES, (O(V, 4)) =

Appendix B: Symmetry transformations

In this Appendix we prove that both the gaussian integrations and the effective potentials are invariant under the
symmetries (1)—(8) listed in Section 4B. As already done in Section 4, we restrict for simplicity to the case that
J = X =0 and that all the external fields ®* but the one with a = K are set to 0. The invariance of the effective
potentials on scale h and of the single-scale integrations under the stated transformations follows from the fact that
the bare interaction and source terms, Eqs.(3.6)-(3.7), and all the single scale integrations P(dW¥")P(dA™) are
separately invariant under the same transformations. Moreover, since the single scale integrations are obtained from
the bare integration P(d¥)P%""(dA) by recursively including the local terms £, V" (which is invariant under the
symmetries (1)—(8), see Eq.(4.21) and [18, Proof of Lemma 1]), one can immediately convince oneself that the desired
invariance properties of the effective potentials at all scales follow from the invariance of the bare interaction, bare
source term and bare integration under the analogue of the symmetries (1)—(8) written in terms of the fields \I/ia

(rather then in terms of the quasi-particle fields ¥ as done in Section 4 B). The symmetries (1)—(8), if rewritten

k’ow’

in terms of \Illfa, read as follows.

(1) Spin flip: \i!ia — \i!i yand A, p, @ p are left invariant;

(2) Global U(1): W | — efeae \IIE , with o, € R independent of k, and A, p, @fp are left invariant;

(3) Spin SO(2): (\{;T) — eifoz (¢:T> with ¢ independent of k, and A, 5, ] p are left invariant;
K|, K|,
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(4) Discrete spatial rotations: if Tk = (ko,e "5 °2k) and n_ = (1 — 03)/2,

T — ik(63—0 O T+ T+ —ik(8d3—8 _ ) —1 1 K
qfk7a—>el<3 vn Vo @k70—>q/Tk7061<3 e Ay = T Ay, K, s 0K

(5) Complex conjugation: if ¢ is a generic constant appearing in the effective potentials or in the gaussian integra-
tions:

c—c* ) li‘,a - \I}ik,a ) AP - _A*p ’ (DK - (I)JK*p ;

(6.a) Horizontal reflections: if Ryk = (ko, —k1,k2) and rp,1 =1, 1,2 = 3, rp3 = 2,

\i/;’a — Ul\iléhk’a , \i/Io_ — \iJEhk,ao-l , Ap — halehpeipal , <I>K — (I’m Ryp® —ip(8;—81) ,
(6.b) Vertical reflections: if R,k = (ko, k1, —k2) and r,1 =1, 7,2 =3, r,3 = 2,
R Ay — R, AR, p K T
(7) Particle-hole: if Pk = (ko, —k),
fo 2 iUpE ., Ap o PA_py,, N @K L
(8) Time-reversal: if Ik = (—ko, k),
‘1’1:70 — —Z.Uglill_k)o_ , i’l—:o — —i\if}'k7003 , Ay = TAp, , <I>K — <I>J I -

Now, the proof of the fact that P(d¥) is invariant under (1)—(8) has already been discussed in [15, Section 3.1]. The
invariance of P%""(dA) under (1)—(8) is obvious, and so is the invariance of V(¥, A) and B(¥, A, ®) under (1)—(3).
Therefore, we are left with proving the invariance of V(¥, A) and B(V, A, ®) under (4)—(8). As a preliminary step,
let us rewrite the interaction and source term in momentum space:

. . 0 e—zk(ﬁj—ﬁl) .
I 1)) R A (RIS SR

k,p,o j=1n>1

.-

_ZeAO,p lJ(r—Q—p JFO(p)\ijlzg} ) (Bl)
e . . 0 —ik(8;—61) .
BY,4,2) = W\SLP 2 Zq) ["' 0 A7 Vi prao (—1)meilirp+a)(s;—8) 0 Yico
k,p.,q,0 j=1 n>0

where, if nf, = (1 — e=%)/(ipd;),
1

[/ (6;- A)] )" = BT S k(0 Ap)mh (6 Ap,) (B.2)
Pit++Pr=P
0 L
and we recall that T'o(p) = 0 o ipo | In the second of Eq.(B.1), [r’(d; - A. )] should be interpreted as equal to
e

B|SL10p,0. Let us neglect the spin index, which plays no role in the following, and let us denote by

LS 0 e—k(8;—81)\ |
+ —
=1 Z Z Z n' a2 A)] P \Ijk+p ( (—1)neiktp)(8;=81) 0 e (B.3)

k,p j=1n2>1

the term in the first line of Eq.(B.1) and, similarly,

(xx) := —ieZAO)p\i/LrpFo(p)\i/; , (B.4)
k,p
Lo oqEna 0 e~ tk(8;—61)
J(s. . -
kz Z(I)J,q Z [77- (6J A')]p \I]k+p+q (_1)nei(k+p)(6,-—61) 0 \Ilk ’ (B‘5)
,p,aj=1 n>0

Let us prove that these terms are separately invariant under the symmetries (4)—(8).
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Symmetry (4). The term (x) is changed under (4) as

WG, (! . 0 e—ik(®;—63))
_> tz Z Z ( A ))]Tp T(k+p) ( )nez‘(k+p)(5j—53) 0 \DTk ) (B~6)

k,p j=1n>1

where we used that 7/, = 17%1';1. Using the fact that [/ ™ (8;- (T AN = [/ T (541 A. )] and p-6; = (T'p)-841,
we see that the r.h.s. of Eq.(B.6) can be rewritten as

]+1 + 0 efiTk(6j+1*61) A
tz Z Z | +1 A )] \IJT(k+p) (_1)neiT(k+p)(6]-+1761) 0 \Ika 5 (B?)

k,p j=1n>1

which is the same as (x), as apparent by the change of variables (Tk,Tp) — (k,p) in the sum. The proof of the
invariance of the term (K) under (4) is exactly the same. Regarding the term (%), it is changed as

10 \._
_ZeZAoTp Tetp) <o eip63>quk7o, (B.8)

1 0
which is the same as (xx), simply because <

0 ip53> = T'o(Tp) and we can perform the change of variables
e

(Tk,Tp) — (k,p) in the sum.
Symmetry (5). The term (x) is changed as

e e 0 etik(8;=)
%tzzz n! 6 ( A))] \II —k—p (_1)ne—i(k+}))(5j—51) 0 mfk’ (Bg)

k,p j=1n>1

where we used that (n})* = nip. The r.h.s. of Eq.(B.9) is the same as (), as apparent by the change of variables
(k,p) = (—k, —p). The proof of the invariance of the term (K) under (5) is exactly the same. Moreover, the term
(xx) is changed as

(#5) = +ie Y (=Ao _p)UT, TPV, , (B.10)
k,p

which is the same as (xx), because I'f;(p) = I'o(—p) and we can perform the change of variables (k,p) — (=k, —p) in
the sum.
Symmetry (6.a). Using the fact that R,d; = —d,,; and n), = e ”’571]”” the term (x) is changed as

5 ~ 0 o—ik(8;—81) .
n . L —ip(8;—81) i+ _
_> tz Z Z hj Th] A)} th ? ' \IJR}L(k'H)) ( (_1)”ei(k+P)(5j—51) 0 al‘IIth ’
k,p j=1n>1
(B.11)
which can be rewritten as
o 0 oik(8;-61)\
\ . noog+ -
t Z Z Z 0" J Orpj A)] th‘I’Rh(k+p) ( (_1)ne—i(k+p)(5j—51) 0 Vak (B.12)
k,p j=1n>1

which is the same as (x), simply because ek(0;=81) — —iRnk(8r),;=01) and we can perform the change of variables

(Rrk, Rpp) — (k,p) in the sum. The proof of the invariance of the term (K) under (5) is exactly the same. Moreover,
the term (xx) is changed as

— —ie Z AO’theipal \:A[/Jlgh(ker)UlF()(p)Ul \:A[jéhk y (B].?))

which is the same as (xx), because 01Tg(p)o; = e P T,(R,p) and we can perform the change of variables
(Rpk, Rypp) — (k,p) in the sum.
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Symmetry (6.0). Using the fact that R,0; = d,,; and ng) = n;%'”vjp, the term (x) is changed as

¥ & O efik(ajflsl) A
_> ¢ Z Z Z ! TUJ A)] Rvp\IIRU(k+p) (7]_)”ei(k+l))(5j*51) 0 \I]Rvk s (B14)

k,p j=1n>1

which is the same as (x), simply because e~(8;=81) — =iftk(d-,;=81) and we can perform the change of variables
(Ryk, R,p) — (k, p) in the sum. The proof of the invariance of the term (K) under (5) is exactly the same. Moreover,
the term (xx) is changed as

—ie Y Ao rp ¥ ip T0(P)Vr i 5 (B.15)
k,p

which is the same as (xx), because I'g(p) = I'g(R,p) and we can perform the change of variables (R k, R,p) — (k, p)
in the sum.
Symmetry (7). The term (x) changes as

- o ] L 0 —ik(8;-6)\ |
— n, ji—01 (k+ )
k,p j=1n>1 p (—1)nei(k+p)(8;-61) 0 p

3 o) —iP(k+p)(6;—61)
(€)™ 52 o s 0 e p)(5; .
= tz Z Z nl [77] (6-7 : A)] 7Pp\I’Pk (_1)”eiPk(5j—51) 0 \I’P(k-i-p) 5 (Blﬁ)

k,p j=1n>1

which is equal to (x), as apparent after the change of variables (P(k +p),—Pp) — (k,p) in the sum. The proof of
the invariance of the term (K) under (5) is exactly the same. Moreover, the term (xx) is changed as

(rx) = —ie > Ao ppU T3 (P) U paep) » (B.17)
k,p

which is the same as (#x), because I'l (p) = I'o(p) = I'o(—Pp) and we can perform the change of variables (P(k +
p), —Pp) — (k,p) in the sum.
Symmetry (8). The term (x) changes as

3 (Ze)n 5’ A’ + 0 e—ik(éj—él) A _
() = _tz Z Z n! [ (0 )] \IJI(ker) (—1)neiltp)(8,-81) 0 73V =

k,p j=1n=1

O TP 0 s
:tzzz n! [ (85 - Al \I}I(k+p) (—1)nei(etp)(8;-61) 0 e (B.18)

k,p j=1n>1

which is equal to (%), because e =% =91) — =ilk(8;-81) and we can perform the change of variables (Ik, Ip) — (k,p)

in the sum. The proof of the invariance of the term (K) under (5) is exactly the same. Moreover, the term (xx) is
changed as

(%) — —ie Z Ao,lp\il?(kw)agfo(p)ag\llfk , (B.19)
k,p

which is the same as (xx), because o3lg(p)os = I'o(p) = To(Ip) and we can perform the change of variables
(Ik,Ip) — (k,p) in the sum. This concludes the proof of the invariance properties stated in Section 4 B.

Appendix C: Symmetry properties of the kernels

In this Appendix we exploit the lattice symmetries (1)—(8) listed in Section 4 B to prove the invariance properties
Eqgs.(4.20)-(4.21) of the local terms in the effective action stated in Section 4 C. We will start with the “relevant”
terms with 2n +m + p = 2 (i.e., the terms of the form AA, ®¥ A or UT¥~) and we will then proceed with the
“marginal” terms with 2n +m +p = 3 (i.e., the terms of the form AUV~ dEUTT~ AAA &K AA or PKPKA). In
the following, we shall drop all the unnecessary labels (including the scale and spin labels), to avoid an overwhelming
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notation. We will think the operators T, R,, Ry, P, I appearing in the symmetry transformations as 3 x 3 matrices
acting on the p-indices, with

1 0 0 100 100 10 0
T=10cos? —sin%¥ |, R,=|0-10[, R=|010]|, P=-I=]0-10][.(C1
0 sin2F cos 3t 00 1 00 —1 00 —1

1. The “relevant” terms

The structure of the local terms of the form WT¥~ has already been studied in [15, Lemma 3|, where the first
equation of Eq.(4.21) was proved. Let us then look at the terms of the form AA or ®¥ A.

The AA kernels. The contribution to the effective potential quadratic in the A field is proportional to

> AW (p)A_y (C.2)

for a suitable 3 x 3 matrix-valued kernel W (p). Imposing the invariance of Eq.(C.2) under symmetries (4)—(8), we
find:

Wp) Y (@ tp)r 2 W(-p) W Ry (Ryp) Ry % RW(Rop)R, & W (Ip)I . (C.3)

Let W, (0) =: v, and 9y W, (0) =: Ve the properties (6.a), (6.b) and (8) in Eq.(C.3) imply that v, = duvy,
Ve = 0, while (5) in Eq.(C.3) gives v, = v; finally, the property (4) in Eq.(C.3) implies that 11 = v2. This proves
the second equation in Eq.(4.21).

The ®K A kernels. The contribution to the effective potential of the form ®¥ A is proportional to

Z Z PRW (P)Ap (C.4)

(VAV-I%(p), WE (p), WJKQ(p)) Using the symmetries (7) and (8) we get:

: K
for a suitable vector-valued kernel W;* (p) i i

W (p) LW (—Pp)p @ WE(Ip)1 | (C:5)

which implies that WjK(p) =0, because P = —1I.

2. The “marginal” terms

In this subsection we study the structure of the terms of the form AUTY—, X UTT— AAA, ®KAA or DPKPKA.

The AUT W~ kernels. Since A has an UV cutoff that suppresses modes /lp with p close to :I:(p; —pr) (and to
its images over A*), the only non zero terms of the form AUTW¥™ are those with the two fermi fields associated to
the same w index. [Of course, if we were interested in studying the theory without the UV cutoff on the photon field,
then terms of the form AU W  would be allowed, and their structure could be investigated by the same methods
used here.] The contribution to the effective potential of the form AV ¥ is proportional to

Z \Pk/+p w Wa (K, p)- Ap] ‘i’if,w ) (C.6)

k/,p,w

for a suitable tensor-valued kernel W, (K',p) = (W (k. p), W1 ., (K, p), Wa..,(K/, p) (each component W, ,(k’, p) is
a 2 x 2 matrix, acting on the p indices of the grassmann fields). The invariance under the symmetries (4)—(8) implies:

Ww(k’,p) (é) efi(p%+k'+p)(51752)n_ [Ww(Tilk/,Tilp)T ] i(Ppe+k’)(§1—82)n_ _) W* ( k',—p) (62‘1) (07)

©) e=ipd1 5 W, (RuK, Rap)Rilon ‘=) W (RoK', Rop)Re 2 W (P(K' + p), —Pp)P 2 —o3[Wo (1K', Ip)I]os
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Let us define

3

WIHUJ(O’ 0) = Z az,wo—u ’ aZz = (ag,w’ alll,wv ag,w) ’ (CS)
v=0

with og = 1. The properties (C.7) imply that (summation over repeated indices is implied):

alo, @ [aZTﬁl}efip%(‘sl*‘b)”‘Ul,eipiw“(‘;“‘b)”‘ , (C.9)
a%o, 2 _[a% ]*0o — [al ]*o1 + [a2 ]* s — [a3 ) o3 , (C.10)
a’o, (6.) [a% Rp)oo + [al Ry)o1 — [a2 Ry]os — [a2 Ry)os (C.11)
a’o, "2 [a” Ruo, (C.12)
a’o, 2 [a°_ Ploy + [al_Ploi — [a2_Plos + [a® ,P]os . (C.13)
a’%o, 2 _[a%I]oo + [all]oy + [a21]on — [a2 I]os - (C.14)

We recall that T, Ry, R,, P and I are the matrices in Eq.(C.1); the notation, e.g., [a7"~!] indicates the row 3-vector
obtained by matrix multiplication of the row 3-vector a times the 3 x 3 matrix T~1. Properties Eqs.(C.11) and (C.14)
imply that

a), = (ag,,, 0,0), a, =(0,0,a3,), a5 =(0,af,,0), a’=(0,0,0), (C.15)
while from Eq.(C.12) we get that
agﬁw = ag’fw =:—i)g, aé’w = —ay_, = —Wz, aiw = a%ﬁw ==\, (C.16)
with A, € R, thanks to Eq.(C.10). Therefore,
Wo.w(0,0) = —idgoo = iAlY ,  Wiw(0,0) = Moo =iMTL,  Waew(0,0) = —dowoy =iXoL% . (C.17)
Moreover, thanks to Eq.(C.9):
alo) +alos = [a,T7] < .02,, e+i2§“W> + [@2T 1] < Qm _ieH?w) ) (C.18)
e '3 0 e s 0

which gives ad , = wa? , i.e., \] = Xg. This proves the equation in the first line of Eq.(4.20).
1w

2w

The ®K T+ U~ kernels. The contribution to the effective potential of the form &% \IJI\D;, is proportional to

2K + i K -
Z q)j,purp}?*pfv/\Ilk/+p’,ij,(w7w/)(k/’p/)\Ilk’,w’ ) (C.19)
kK'.p
Jow,w'

for a suitable 2 x 2 matrix-valued potential Wf; (k’,p’). The symmetry properties (4)—(8) imply that:

—
=z

wE (kl,p') (4) i (PEAK +p') (81 -82)n i/ K

J717£(T_1k/7T_lpl)ei(p;i/+k/)(61_62)n7 (i) [WK w(_kl7 _p/)}* (6_‘1)

F =
(6.a) ei(p%—p?/-i-p/)(‘sj_al)ole( (RuK', Ry,p o1 (6.b) Wk (R, Ryp') )

ThJ,W ToJ,—W
( T (8)

= (Wi (P +p),-Pp)] = —osW/,(IK , Ip')os , (C.20)

~

Let us define WJ{;(O, 0) = 3% _ % _0,. Then, property (8) in the third line of Eq.(C.20) implies that v, =0, =0.

v=0 "j,w

Moreover, using properties (6.b) and (7) in the second and third lines of Eq.(C.20),

(6.0) (6.b)
b},w = bvl"vj —w biw = b?w —w
b, 2ol 2,2 b
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which implies, in particular, that b2 =0 and bi(w’ to) = by, for two suitable (w-independent) constants by. Using

property (5) in Eq.(C.20), bi ® (b1 _)* we see that both these constants are real, by € R. Property (4) in
Eq.(C.20) implies that, if w = (w,w’),

. 127
1 2 4 0 e (b, — b )
bjwor + 05,02 = ( —iwZE (pl 2 / Oﬂ e I
F b1 +ib] 1)
so that, finally,
N 0 etiwE (j—1)
K _
Wj,(w,:l:w)(o,()) =by (eiwzg'(jl) 0 s (C.Ql)

which proves the second of Eq.(4.20).

The AAA, @K AA and ®K ®K A kernels. The contribution to the effective potential of the form AAA or @K dK A
are proportional to, respectively,

A A A 1 K K KK
Z Al‘«lvPlAl—lzapzA#ST*Pl*P2W(IL17/L27/L3)(p17p2) or Z (I)jl P (I)]g pgA,LL P1*P2W(j17j2)1#(p13 p2) )

P1,P2 P1,P2
M1, (2,143 91,52

for suitable kernels W(m,m,ug)(plv p2), WEE  (py,ps). Using the invariance under the symmetry (7)+(8) we find

(J1,J2),p
that Wi, jaus)(P1,P2) = =W, uaous) (P1, P2) and W([Ji{;2)7#(p1,p2) = —W(ﬂi§2)7#(p1,p2), that is, they are both
identically zero. On the contrary, the contribution to the effective potential of the form ®% AA is proportional to

A K
Z (I)Jpl H1,P2 #27*p1*p2Wj,(#17H2)(p17p2)7

P1,P2
Jok1smz
for a suitable kernel W]K(#1 o) (P1, P2). Its local part WK(#1 1) (0,0) = )\] (u1,0) SAtisties:
ANCD Al pt @ @ p K R, C R K R
which imply
a 00 a 0 0 a 0 0
M=1fowbo AM=10 L0+3¢) Le—b)|. AN=]01b+3c) Lo-0of .,
00 ¢ 0 ¥3(c—b) L(c+3b) 0 ¥3(b—¢) L(c+3b)

for some real constants a, b, c. This the general symmetry structure of the terms in the first line of Eq.(4.28).

3. Symmetry structure of the kernels in the presence of the phonon field

In this Appendix we prove Egs.(9.3),(9.4),(9.5). Let us define, for all k,k’ # pf,

+ 75— w(Go) b (o)
A99) (1) = {(ay abkf» 7 BYY (k') 1= ¢~iP#(850—81) {a K ipp” KPR )i (C.22)
7 (k) “ (k")

Using the symmetries listed in Section 4 B and in Appendix B and proceeding as in Appendix C, we find:

i (4) (5) * (6.a) * (6.b) TU (7) i * (8) i
A9 (k) & AU (1) 2[4V (—k)] " = [AY) (R E AT (RKk) 2[4V (PK)]T 2 AV (1) |

i (4) (5) * (6.a) (6.b) T (7) i * (8) i
B () = BY ) (TK) 2 [BY (1)) = [BYY,(Rak)]T S BUR) (R = [BY) (PR = BYY (1K)

Using the properties (6.a)+(6.b)+(7) in the latter equation, we find: A ]O)(k) = Ay“jO)(k) and Bg(j’) (k) = B(fwjjo)(k)
Combining this with property (4) we get:

AP () = 457 (Tk) = AP (Tk) = AP (T%k) = 47 (17K

A () = 417 (k) = 457 (Tk) = A7 (Th) = AP (T%) . AP (k) = 457 (Th) = AP (1))
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which implies that A;j“)(k) = A,(k). The analogous equations for B imply that Bg(;) (k) = B;(k). Now, using
properties (4)+(6.b) gives A;(k) = Ay(Tk) = A3(TR,k) = A;(T?R,k) = A;(T?k), which implies that A;(k) =
A1 (Tk); therefore, A;(k) is independent of j and transforms as in Eq.(9.4). The same argument holds for B.

Finally, it is straightforward to check that the previous symmetries also imply that, if k = p , then ((ak Ublz o) Go)
<<d:/+ ,wb;urp ;i (o) — 0, which concludes the proof of Eq. (9.3) for all k,k’.

Appendix D: Lowest order computations
1. The beta function for Z;h

Here we prove the two identities in Eq.(5.19) (the identity in Eq.(5.18) has been proved in [18, Appendix C]). The
relativistic part of the second order beta function is given by the sum over hqy, ha, hg of the graph in Fig.6, with the
constraint that mm{hl, ha,hs} = h and that h; — h € {0,1}. In the graph, the external wavy line with transferred

momentum py' — py* represents <I> _pe2 and the straight internal lines correspond to Dirac propagators on scales
1P F F
h1, ho; if w; = w and wy = Fw, then the graph represents a contribution to 5ZFI jor BT, ) where F ; was defined

in Eq.(4.20).
If we neglect corrections of order O(e*) and O(e*(1 — v)2°¢°) for some ¢ > 0, in the computation of the graph we
can replace e, , by e, fn(k’) by fn(k’) (see Eq.(4.30) for a definition of f;) and v;, by 1. As a result, we find:

dp 1 1
BETE QZ Z + v
Fu} = —€ / fh fh ( )fh ( ) Fw j = 5 (Dl)
Pl =0 hish ' : ¢ 2|P| poFO +ip - r, “’ ipolY, +ip Taw o

mm{h }=h

modulo corrections O(e*) and O(e?(1 — 0)2("0““')@2}‘). It is convenient to pass to spherical coordinates. Note that,

if Fr(lpl) :== fo(®)® + 3fu(P)*frr1(P) + 3fn(P)fre1(p)?, then f0+oo dpp~tFy(p) = log2. Therefore, after having
integrated the radial coordinates we are left with:

27
R IOgQZ/ dcose/ d¢ - (D.2)

Ty (- il'% cos @ 4 4T} sin 6 cos ¢ + iI'2 sin f sin ?) Ff,j (- i, cos 6 4 4TL sinf cos ¢ + T2, sinfsin o)L, ,

which implies

21 2 -
/8}::: _ e~ 10g 7] IZFV (FOF:E F +F1F:t FinFFzFi F )FZ . (D3)

1272 wrw,j wTw,j wT w,j

Now, if we pick the plus sign, Fw’j = 01 cosf; —wogsinf;, where §; = 2?“(] —1). Therefore, using the definitions of
X in Eq.(4.11),

vt 0 =rt LTt T, =T7F, r’rr r2=-rt .. (D.4)

wTw,jtw w,j wTw,jw W w,jw —w,j

Plugging Eq.(D.4) into Eq.(D.3) we find ;" = 12”2 log2 as desired.
—iwb;

Similarly, picking the minus sign in Eq.(D.3), I';) ; = e™*“%/ 1, so that
r°r. 10 =1 rir; rt, =1, r2r, 2, =T, (D.5)

W w,j —w w,j W w,j —w w,j wTw,j —w

Plugging Eq.(D.5) into Eq.(D.3) we find 3, = i’ﬂ% log 2. This completes the proof of Eq.(5.19).

2. The beta function for the other renormalization constants

A similar computation can be performed for the beta function controlling the flow of the other renormalization
constants. In particular, the beta functions for ZéiDW‘h, Zepw, and ZZF , and Z, ., are given by expressions

analogous to Eq.(D.3) with FZ, ; replaced by o3 and ew0in— g4 respectively. Using the fact that
Pgagrg =03, Fiagri =03, Fiagri =03,
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2 . . . .
we find that ﬁg DW.h = i’% log 2, modulo subdominant corrections. Similarly,
Fgeszjnfo_sl—\(lw — ezw@,-n,o_?) , Fiezw%n,ezwejn,a_?)rliw _ ezwajnJr o5, Fiezwejnfo_?)raw _ _ezwéﬂur o5,

implies that Bopy,, = 12”2 log 2, modulo subdominant corrections. This proves Eqgs.(7.3)—(7.5). The exponents in
Table I are computed analogously and we will not belabor the details here.

Appendix E: Lowest order check of the Ward Identities

In this section we check at lowest order in non-renormalized perturbation theory the validity of the WIs that we
used in Section 5 to prove the infrared stability of the flows of the effective charge and of the photon mass.

1. Ward identity for the photon mass

We start by checking the WI Eq.(5.6) for the photon mass. At lowest order, the graphs contributing to the dressed
photon mass are depicted in Fig.3. As we are going to show here, the sum of the two graphs computed at zero
transferred momentum is ezactly vanishing, for all choices of u, v

The first and second order interactions (of the form AUTW™ and AAPTY™) involved in the computation of the
two graphs are obtained by expanding the interaction V(¥, A) in Egs.(3.6)-(B.1) up to second order in the electric
charge:

3 —ik(8;—81)
A A 0 e i N
— + —
V(P A) = 52 2|SL| E { Aop Kip.ol0 (p)\IlkJ—i-t g 77%,(5j*1p)Lk+p,a< ikt p)(8;81) 0 )Ik,a}

. 0 e—ik(8,—81)

+

o 753L2|SL|2 kpzp ;nplnpz p1)(0;Ap )‘I’k+p1+p2, (ei(k+p1+p2)(5j—51) 0 ‘I’ka +O(e )
1 2

Defining

2 3 i5 0 e—ik(8;—81)
3 an T\ _gi(k+p)(8;—81) 0 ’

. 0 o—ik(8;—81)
Lim (k. P1,P2) anlnm (05)1(8)m ei(k+p1+p2)(8;—61) 0 ’
j 1
and recalling that v = 3¢, we can rewrite the interaction as V(¥, A) = V,(¥, A) + O(e®), with

V (\I/ A) ﬁ2L2|SL| Z { AOP k+pa ( )\I/koJrv\Ijk-i-pa(_‘(k’p)'A'P>\ijl:,a}

1 ve? - A
CSTDEE L X Atmdun W TP po) Uy (B1)
L k,p1,p2 I,;m=1,2
o="{

Since the term in the last line involves only the spatial components of the photon field, the second graph in Fig.3
gives a non zero contribution only if both p and v are different from zero.

If w = v =0, only the first graph survives, which in the 5, L — oo limit, if computed at p = 0, gives (using the
fact that T'o(0) = 1)

+5 [ o {80050} (.2

where Sy (k) was defined in Eq.(2.11) and |B| = 872/(3v/3) is the area of the first Brillouin zone. Using the fact that

So(k)So(k) = —idySo(k) , (E.3)
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we see that Eq.(E.2) is the integral of a total derivative, which is zero.
Let us now consider the case where ;4 = v = 2. The sum of the two graphs in the 8, L — oo limit, if computed at
p = 0, gives:

v2e? dk N N ve? dk N
= / mTr{So(k)Fg(h 0)So(k)T>(k, 0)f + - / mTr{So(k)Fzz(k,0,0)} . (E.4)
Using the fact that
So(k)vT'2(k, 0)So (k) = 9250 (k) , (E.5)
and integrating by parts, we can rewrite Eq.(E.4) as
ve? dk N ,
5 | =B Te{ So(k)[ — i0aT2(k, 0) + P22(k, 0,0)] } , (E.6)

which is zero, simply because the matrix in square brackets is identically zero. This proves that the graphs in Fig.3
with g = v = 2 cancel out exactly. Using the symmetry (4), we find that the diagonal terms with y = v = 1 cancel
out, too. The non-diagonal terms can be treated analogously.

2. Ward identity for the effective charge

Let us check at lowest order in non-renormalized perturbation theory the WI for the effective charge, Eqgs.(5.8)-(5.9).
This amounts to check the cancellation of the graphs depicted in Fig.4. In order to compute these graphs we use the
bare fermionic propagator So(k) and the photon propagator wgyh (p) =: wZ"")(p)d,, with IR cutoff on scale h*, see
Eq.(3.3). As we are going to show, the sum of these six graphs is exactly vanishing; therefore, the dressed charge is
equal to the bare one at lowest order. Remarkably, this cancellation does not depend on the presence of the infrared
cutoff on the photons; this fact has been exploited in Section 5 to derive a WI for the effective charge on all IR scales.
We shall only consider the cases = 0 and p = 2; the renormalization of the charge corresponding to p = 1 is equal
to the case p = 2, thanks to the discrete rotational symmetry (4).

In order to compute the graphs in Fig.4 we need the interaction V(W¥, A) up to third order in e:

1 w(ie)3 Sy s 4
V(\Il’ A) = VQ(\II7 A) + 8 64L2‘8L|3 kgp l gk X 2Al,plAm,pgAk,pg\Pk+p1+p2+p3,ol—‘lmk(ka P1, P2, p3)\I]k,g + 0(6 ) ’
»P1 smy,R=1,
P2,P3 o=1]

(E.7)
where Vo (U, A) was defined in Eq.(E.1) and
3 —ik(6;—81)
2 . a . - - — 0 e J 1
Flmk(ka P1, P2, P3) = 3 Zl 77{,177{,277{)3 (5j)l(5j)m(5j)k (_ei(k+p1+p2+p3)(5j—51) 0 ) : (E'S)
i=

a. Case pp=0. In this case only the first and fifth graphs in Fig.4 are non-vanishing. Their value in the 8, L — oo
limit computed at the Fermi points k = p% and at transferred momentum p = 0 is

2
. . d ~ * ) & w w R w w
ie ) (leu)Q/ el )(p){Fu(pF + P, —P)So(P% + P)To(P% + P, 0)So (P + p)Fu(ppp)} -

et (2m)3
2 dp
i )2 ~H(=h") —_p)S
+e z::(ley) / G (P) 9%, {Fu(k +p,—p)So(k +p)l'(k, p)}k:p% ; (E.9)
where we defined &y = e, & = ve for | € {1,2} and T'g(k, p) := —T'o(p). Now, in the first line we can rewrite:

So(p% + P)Lo(P% + P, 0)So(p% + p) = iS50 (P +p)

which partially cancel with the second line. We are only left with the terms in the second line where the derivative
Ok, acts on the kernels I',; however, these terms are identically zero, simply because the kernels I', are by definition
independent of k.
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b. Case p=2. Here the situation is more complicated, because of the presence of the second, third, fourth and
sixth graph in Fig.4, and because the 0, derivative can now act on the kernels I',. However:

(i) repeating the same argument used in the case p = 0 and using Eq.(E.5), we see that the sum of the first and
fifth graphs is equal to

2
e 520 (o) {01+ b )k + )T (k) + T, -+ . —p) S0l + P)OLT, (k.1
v=0

k=p%
(E.10)
(ii) combining Eq.(E.10) with the contributions from the second and third graphs, we get
2 dp R
€ Z(léu)z/(2ﬂ_)3 w(Zh )(p){ [akzrlja{ + P, _p) + 7’F2V(k + p, Oa _p)] SO(k + p)Fl/(k, p) +
v=0
+Fu (k +P; _p)SO (k + p) [akzru(ka p) + inlI (k7 Oa p)] }k—p‘*’ ) (Ell)
—rF
which is zero, simply because the terms in square brackets are identically zero, as one can easily check.
(iii) the sum of the fourth and sixth graphs in Fig.4 gives
e > dp W) (p) [0k, Tu(k, p, —p) + iTau(k, 0, p, —p)] (E.12)
9 (277)3 p kol 1l yP, =P 211 U, P, —P pP=p% ) .

1=1,2
which is zero, simply because the term in square brackets are identically zero, as one can easily check.

The case u = 1 can be obtained from the case = 2 by the discrete rotational symmetry (4), so this concludes our
lowest order check of the Ward identities.
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Figure captions:
Fig.1: The honeycomb lattice of graphene.

Fig.2: a) The Kekulé distortion; the double and single bonds correspond to higher and smaller hopping rates, respec-
tively. b) The charge density wave instability; big dots correspond to a charge excess, while small dots correspond
to a charge deficit. ¢) The antiferromagnetic instability; the arrows represent the spins of the electrons, and
they have to be understood as lying on the axis orthogonal to the honeycomb lattice.

Fig.3: The lowest order contributions to the “mass” of the field A, with u = 1,2, which cancel out exactly when
computed at transferred momentum p = 0, as proved in Appendix E 1.

Fig.4: The lowest order contributions to the dressing of the electric charge, which cancel out exactly when computed
at the Fermi points k = p% and at transferred momentum p = 0, as proved in Appendix E 2.

Fig.5: Leading contribution to the Kekulé response function; a sum over h < 0 is understood.

Fig.6: The lowest order contribution to the beta function for Z3';>.
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