Universality of conductivity in interacting graphene
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The Hubbard model on the honeycomb lattice describes charge carriers in graphene
with short range interactions. While the interaction modifies several physical quan-
tities, like the value of the Fermi velocity or the wave function renormalization, the
a.c. conductivity has a universal value independent of the microscopic details of the
model: there are no interaction corrections, provided that the interaction is weak
enough and that the system is at half filling. We give a rigorous proof of this fact,

based on exact Ward Identities and on constructive Renormalization Group methods.

1. INTRODUCTION AND MAIN RESULTS

The effects of interactions in quantum many body theory at low temperatures pose noto-
riously difficult problems; in certain cases the physical properties of the system are radically
changed with respect to the non interacting situation, while in other cases, like in the so-
called Fermi liquids, a simple modification or renormalization of the physical quantities is
expected. There is, however, a very small group of phenomena which are universal; the
physical quantities appear to be protected from any renormalization due to the interactions
and their values do not dependent on the details of the model, but rather upon fundamental
constants. A celebrated example is provided by the Quantum Hall Effect, in which the value
of the plateaus only depend on the von Klitzing constant h/e? and not on the material pa-
rameters; universality appears to be related to topological invariance [1, 2] or to the presence
of Ward Identities [3]. Other examples of universal phenomena come from the physics of

superconductivity, in which the magnetic quantum h/e plays an important role.



In recent times, evidence for universality has been observed in the conductivity of
graphene, a one atom thick layer of graphite. Its electronic properties can be well described
in terms of a tight-binding model of electrons hopping from one site to a neighboring one
of a honeycomb lattice, but often this model is approzximated by an effective one expressed
in terms of massless Dirac fermions in the two-dimensional continuum [4]. Recent optical
measurements [5] show that at half-filling and small temperatures, if the frequency is in a
range well inside the temperature and the band-width, the a.c. conductivity is essentially
constant and equal, up to a few percent, to oy = %% Such value only depends on the
von Klitzing constant and not on the material parameters, like the Fermi velocity; it is
apparently universal, at least inside the experimental precision.

Is graphene a.c. conductivity truly universal? Theoretically, the computation of the
conductivity in the absence of interactions gives exactly the value oy = %%, both in the
idealized Dirac description [6] and even in the more realistic tight binding model [7]. How-
ever, since truly universal phenomena are quite rare in condensed matter, it is important
to understand whether this apparently universal value is just an artifact of the idealized
description in terms of non-interacting fermions or rather it is a robust property still valid
in the presence of electron-electron interactions, which are certainly present and expected
to play a role in real graphene. Such a question has been studied in the physical litera-
ture, but contradictory results have been found, see [8-10]. The reason for this is that the
Dirac approximation, which works well for the free gas, is not very accurate in the pres-
ence of interactions: the corrections to the conductivity are expressed by logarithmically
divergent integrals. One can argue that such divergence is spurious, just an artifact of the
Dirac approximation, and that a regularization must be adopted to cure it (in the tight
binding model, the lattice provides a natural cut-off); however, the results appear to be
regularization-dependent and no unique predictions can be drawn.

In this paper we consider the Hubbard model on the honeycomb lattice, as a model of

monolayer graphene with screened interactions, and we prove that the a.c. conductivity has

e2

the universal value g = <7 even in presence of interactions: the interaction corrections
to the conductivity are vanishing, provided that the interaction is weak enough and the
system is in the half filled band case. Remarkably, the presence of the lattice and its
symmetries is essential to get the result. The idea of the proof is based on the two main

ingredients: (i) exact lattice Ward Identities (WI) relating the current-current, vertex and



2-point functions; (ii) the fact that the interaction-dependent corrections to the Fourier
transform of the current-current correlations are differentiable with continuous derivative
(in contrast, the free part is continuous and not differentiable at zero frequency).

The paper is organized in the following way. In Section 1 A we describe the model, in
Section 1B we derive the Ward Identities, in Section 1C (and Appendix A) we perform
the computation of the conductivity in the non interacting case, and in Section 1D we
present the proof of our main result, under some regularity assumptions on the current-
current correlations. The proof of these regularity properties, the full description of the
expansion for the current-current correlations and vertex functions, as well as the proof of
convergence of this expansion, is given in Section 2 (Appendix B and C collect the proof of

some symmetry properties extensively used in Section 2).

A. The model and the observables

We consider electrons on a two-dimensional honeycomb lattice interacting via a local
Hubbard interaction, as a model describing the charge carriers in graphene. Its ground
state properties at half-filling, including the asymptotic behavior of the correlations at
large distances, have already been analyzed in [11, 12]. In this subsection we recall the
definition of the model and introduce some of the key observables (density and current),

which will allow us to define the conductivity, i.e., the quantity of main interest in this paper.

The fermionic fields and the Hamiltonian. Let A = {nll_i—l—ngl_; :ny,ng=0,...,L—1} be
a periodic triangular lattice of period L, with basis vectors: [; = %(3, V3), Iy = %(3, —V/3).
Let us denote by Ay = A and Ap = A + (i the A- and B-sublattices of the honeycomb

lattice, with 67 the n.n. vectors defined as:
- | - 1
51 == (1,0) y 52 = 5(-1, \/g) 5 (53 - 5(—1, —\/g) . (11)

If A and B are two arbitrary constant vectors, we introduce creation and annihilation

fermionic operators for electrons sitting at the sites of the A- and B- sublattices with spin



index o =T| as

+ -2 +ik(Z—A) n % -
az, =1L eHik@ )aE’U : TeNy, (1.2)
keBr,
b%g — L*Q Z eiik(me)b;gtya , Tc AB , (13)
keBy,

where By = {E = n1@1/L+n262/L : 0 < n; < L}, with 5172 = 2{(1,:|:\/§), is the
first Brillouin zone; note that in the thermodynamic limit L=2> -, — [B|™" [4 dk, with
B=1{k=¢6GC+&Gs : &€ 0,1)} and |B| = 872/(3v/3). The operators a;tg,b;tg satisfy

the canonical anticommutation rules and are periodic over A; their Fourier transforms are

normalized in such a way that, if /2, k' are both in the first Brillouin zone:

{&%’ 5 } L25k’k"55 5’500 N {ba } LZ(S];’E/(SE 5’500 . (14)

i
k/ ! ) k/ /

Moreover, they are quasi-periodic over the first Brillouin zone:

+ _ _+iGi A+ + :I:z@ (B=6;) 5+
CLE—FGZ,G =€ aE,T ’ bE G_" - bk T (15)
where €'¢% = ¢27/3_for all values of 4, j. The phases A and B are arbitrary, the freedom in

their choice corresponding to the freedom in the choice of the origins of the two sublattices
A4 and Ap (this symmetry is sometimes referred to as Berry-gauge invariance). A convenient
choice for A and B which makes the fields ajf bﬁ periodic over the reciprocal lattice A*,

is A=0and B = (51, which reads:

af, =LY et o ph =LY eHRRE L Fed, (16)

T+01,0
EEBL EGBL

This is the choice made in [11, 12], which will be used throughout this paper, too.

The grand-canonical Hamiltonian of the two-dimensional Hubbard model on the hon-
eycomb lattice at half-filling is Hy = H45(t) + UV), where H}(t) is the free Hamiltonian,
describing nearest neighbor hopping (¢ € R is the hopping parameter):

B0 = H({teb,, oo Sl = — 30 S (madoby s a0 i)
TEAA o=T|
j=1,23
(1.7)

and V) is the local Hubbard interaction:

Va= ) (G;Ta;ﬂ - %) (aaaii - %) > (b:Tb:?T ><b:lb;l %) - (L8

TEA ZeEAB
1=1,2,3 1=1,2,3



The current and density operators. The current is defined as usual via the Peierls sub-

stitution, by modifying the hopping parameter along the bond (7, ¥ + 53) as
t — tx]( _’) zefo x+s5 5 ds : (19)

where the constant e appearing at exponent is the electric charge and /Y(:E') € R? is a
periodic field on Sy = {& = L& 1y + Lély « & € [0,1)}. Tts Fourier transform is defined as
A(@) = |84l Y jep, Age ™", where |Sy| = 23L? and Dy = {ﬁ: m Gy /L+nyGy/L @ n; €

Z}; note that in the thermodynamic limit |Sy|™! — (2m) 72 [pe dp. If we denote by

PEDA
Hy(A) = HY({tz,;(A)})+ UV} the modified Hamiltonian with the new hopping parameters,

the lattice current is defined as Jﬁ = —|S)| OHA(A)/ aAﬁ, which gives, at first order in A,
. L1 L
T =T+ ==Y Apady, (1.10)
‘SA| G€DA
1—e— iP5

where, if 77, = =,

— 1 — . A .7 A~ < rd
- _ (AT - —ik(d;—=61) _ 1+ ~— (k) (5;—01))
Jy = et I E (5]17ﬁ(a];+ﬁ7abaae bEﬂwaEJ )
k‘EBL
o—7j
_ —ipES I (o b _pt S —ipE § 7 7
= iet g e 5Jnﬁ(af,abf+§j,g bﬂgjﬂaf,a) =: evy g e” oy (L.11)
ZeA FeA
Y] J=1,2,3

is the paramagnetic current (in the last rewriting, vg = 3t/2 is the free Fermi velocity and

= (2i/3)(az o ﬁ+6]’0 b;g Uaia) are the bond currents) and

[Aﬁ"ﬂ Im — Z p+q)z(5]) (5J)m77~77~A Zj (1.12)
FEA
j=1.2,3
with Az; = —e* > (a :Jb:+6 + bf+g az ), is the diamagnetic tensor. Similarly, the
N T+dj,0 s

density operator is defined by coupling the local density to an external field, i.e., by adding

to the Hamiltonian a local chemical potential term of the form
Y S i@t e, - S w@w b, (L13)
ZEA  o=T] ZeAp o=T|

where pu(Z) = [Sa|™' Y sep, wpe” ™" is a periodic field on Sy. If we denote by Ha(u) =
HY(t) + UVh + Ma(p) the modified Hamiltonian in the presence of the local chemical po-



tential, the lattice density is defined as py = —|Sx| OHa (1) /Opz, which gives

AL N T —iphii+ 1 — ) _
P = 73 (aE+;zan,a+€ bE+ﬁ,abE,a) = (1.14)
keBy,
o=Tl
—ipT — —ipT — —ipT A —ipT B
I S e YL
TEA 4 TEARB TEA A TeAp
o=Tl o=T]

It will be convenient for the incoming discussion to think the two components of the param-
agnetic current jﬁ}l, [ = 1,2, as the spatial components of a “space-time” three-components
vector jﬁw w=0,1,2, with j,;;o = epy. In the following, it will also convenient to introduce

the reduced current jp, related to the paramagnetic current by

-

J5 =007 (1.15)

with vy = 3t/2 the free Fermi velocity.

Schwinger functions and response functions. The thermal state of the system at inverse
temperature 3 > 0, associated to the density matrix e ##4_ can be characterized in terms
of Schwinger functions and response functions. The Schwinger functions are the analytic
continuation to imaginary time of the off-diagonal elements of the reduced density matrices;
the response functions give us informations about the reaction of the system to a diversity
of external probes within the linear response regime. They are defined as follows. Let
zp;lfa = (a ;ta, bjE ), let Og(??, 1 =1,...,n, be local monomials in the w;a operators and let
us denote by Oxi = emioHa Ogi)e_“voHA the corresponding imaginary-time evolved operators;
here x; = (2,0, ;) and z; € [0, 3) is the imaginary time. The average of a product of local
operators in the thermal state of the system at inverse temperature 5 > 0 is defined as

Tr{ePHaT (0L ... OL)}
oW ...om n)J
< X1 Xn >5,L Tr{ee BH A}

(1.16)

where T is the operator of fermionic time ordering, acting on a product of fermionic fields

as:
T( ill,ol,m T iT:L»Un:Pn) = (_1)W¢Z(<11))70w<1>va(1> T Z%,mn),pﬂm (1.17)

where &; € {+, -}, o; € {1, 1}, pi € {1,2}, x; € [0, 8) X A, ¥,y = aif, and, if §; = (0,6;),
;—L’U’Q = biﬂrél »- Moreover, 7 is a permutation of {1,...,n}, chosen in such a way that

Tr(1)o =+ = Trmyo, and (—1)7 is its sign. [If some of the time coordinates are equal each



other, the arbitrariness of the definition is solved by ordering each set of operators with the
same time coordinate so that creation operators precede the annihilation operators.] Finally,
we denote by <Ox11); cee O,@) 5.1, the corresponding truncated expectations. We shall also use
the notation (-); = limz oo ()5, and () = limz . () -

Choosing the local operators O,(fi) in Eq.(1.16) simply as monomials in the fermionic fields,

we get the Schwinger functions of order n:

€1 e q)En >
X1,01,pP1 Xn,0n;Pn! 3L :

(1.18)

SgL(Xl? €1,01;...,Xn,En, Un)pl,.,.,pn == <

Choosing the operators O,(fi) as suitable combinations of the current and density operators,

we get the current-current, density-density and current-density response functions:

” B2 B2
K (p) ; T pL? /g/g%/ﬁ/gyoe—% " S i T ) (1.19)

where p = (po,p) € %WZ X Dy and Jizo 50 = eonAjﬂue*onA. An important role will be

also played in the following by the two- and three-points functions:

$24e) = 6L/ /d-‘/e*”‘@‘”Sﬁ’L(x,—,o;y,+,a), (1.20)
(8,L (B,L

o B2 pB2 e8RS .

) . 1Ro(Zo—Yo po(To—=20 . -

G2717N p . BL /ﬁc/l;E‘O/ﬁC/Z%/O/ﬁC/i;OG <J(207I7)’/J7’l/}(xo’k’+ﬁ')’o_w(y07 K)o >ﬁL
(1.21)

where f(ﬁ 1) dx is a shorthand for f 572 Ao > zen and wi = e“”oHM/AJ,;oe_“COHA, with

O?k)
zﬂgg = (d%a, bgo). Here and in the following, we will exploit whenever possible the vectorial
structure of v and the tensorial structure of products of ¢’s; to this purpose, we will think
of 9~ as a column vector and ¥* as a row vector, so that, e.g., 1 +Vy » Will be naturally

thought as a scalar, while ¥, will be thought as a 2 x 2 matrix. In particular, both

yO'

SPL (k) and G’2 I u( p) (for any fixed choice of i1 € {0, 1,2}) can be thought as 2x 2 matrices.

Conductivity. The ac conductivity in units such that i = 1 is related to the current-current

correlations via Kubo formula [7], which reads, for all 2737'Z 3 py # 0 and I,m € {1,2}:

2 172
Tin(P0) = =5 R 0,0) + A7, (1.22)

where K] (p) = limy,_. o0 K12 (p) and

M—MLZ@@MWL (1.23)



is the diamagnetic contribution (see Eq.(1.12)) and the factor 2/(3v/3) appearing in Eq.(1.22)
must be understood as the inverse of the area of the unit cell of the hexagonal lattice.

The main goal of this paper is to compute alﬁm(po) in the zero temperature and zero
frequency limit (taking the limits in a suitable order, so to make contact with experiments
on the optical conductivity of graphene), i.e., to compute the so-called universal optical
conductivity:

O := lim  lim o) (po) - (1.24)

po—0t B—o0
A key role in its computation will be played by Ward Identities, which show that the
quantities introduced above are not independent; on the contrary, they are related by exact

identities, which we now describe.

B. Conservation laws and Ward Identities

xoHp

By definition of p(,, 5 = ™4 pge~*0Hr we have:

axop(xo,ﬁ) = [HAap(acg,ﬁ')] . (125)

Computing explicitly the r.h.s. of this equation and using, in particular, the fact that
[VA, pﬁ] = O, we find:

xop (z0,p) — tz € pr - Zﬁ&j)(aiabx—i-&],o bx+5 o xa) . (126)
TEA
0-7]

Comparing the r.h.s. of this equation with the definition of the paramagnetic current, we

recognize that Eq.(1.26) can be rewritten as a continuity equation:
—z’e@zop(m@ +ip- J(:Co,ﬁ) =0. (1.27)

Using the continuity equation Eq.(1.27), we can easily derive an exact identity relating
three- and two-point functions. In fact, by the definition of G2 i O(k, p), see Eq.(1.21), and
integrating by parts, we find:

B/2 B/2 " A N
—IR0Y0—1P0Z0 . -
ZpOGQlo /ﬁ%yo/ﬁ%z € Ol J(z0.9).05 (0,E+ﬁ),a¢(yo,ﬁ),a>ﬁ@
(1.28)



The derivative with respect to zy can act either on J, 50, in which case we use the continuity
equation, or on the Heaviside step functions involved in the definition of time-ordering

operator T. After some straightforward algebra, and using the fact that

i, )= M@ i) = vl M) (1.29)
with
1 0
M(p) = . , (1.30)
0 e 0

we end up with

—ipoGyio(k,p) + p1Gaia(k, p) + p2Gain(k, p) = —eSPE(k + p)M(p) + eM () S*F (k) .

(1.31)
Proceeding in the same way, we also find:
—ipokg,’oL(P) +P1f(ﬁ’oL(P) + pzf(gﬂ,bL(p) =0, (1.32)
. ) - > 1 — A
~ipoKgn(p) + LY () + PR3 (D) = — 5 [P (Dsiar| (1.33)
where m = 1,2, and we used the fact that
elpp gl = > (5 6) 0P Ay =5 As . (1.34)
TEA
j=1,2,3
The term in the r.h.s. of Eq.(1.33) is known as Schwinger term.
Note that from Eq.(1.33), setting, e.g., p, = 0, we find that, for i = 1,2,
N . 1 ~ Do -~
Kii(po, p1,0) + B,ILITOO ﬁ< [Ap1,0).(=p1.0)] 1i>57L = Zp—le(poaph 0), (1.35)

provided the limits of these functions as (3, L — oo exist.

Now, if we knew that the correlations in Eq.(1.35) were continuous and continuosly differ-
entiable at p = 0, from the latter equation we would conclude that limp_m[f( u(P)+Ay =0
(with Ay, = limg_o A

s See Eq.(1.23)); moreover, continuous differentiability together

with the symmetry properties of our model would imply that (with a proof analogous to the
one of item (ii) in Proposition 1 below) limp_o 8y, K1;(p) = 0. Comparing these equations
with the definition of the universal optical conductivity, see Eqgs.(1.22)-(1.24), then we would
be tempted to conclude that o1; = 0 (and a similar argument would imply that oo, = 0).

This is in contrast with the explicit computation of the conductivity in the non-interacting
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case, which will be discussed below. The solution to this apparent paradox is that K im(P) is
not continuosly differentiable at p = 0. In fact, as it will turn out from the following discus-
sion, the regularity properties of the Fourier transform of the current-current correlations

play a crucial role in the physical properties of the conductivity.

C. Properties of the non interacting model

In the absence of interactions, that is for U = 0, the two-points function defined in
Eq.(1.20) reads (see [11, 12]):
1 iky  —voQ (k)

SO (k) - . =: So(k) , (1.36)
v=0 k‘2+v 12(K) |2 —vp2(k) ik

where vy = 3t and Q(k k) = 2 Z] L€ ik(35;=51) The complex dispersion relation Q(k) vanishes

only at the two Fermi points

Pp = (?73&3_\/3> ) (137)

close to which it behaves as follows: Q(Fa+k) = ik £k, +O(|k'|2). The Schwinger functions

of higher order can be explictly computed in terms of Sy(k) via the fermionic Wick rule.
Also the universal optical conductivity can be computed explicitly, see Appendix A, and

turns out to be equal to (restoring the presence of the dimensional constant A = h/(27) in

the result):

_ 2 2%, dkq So(k + (po, 0)) — So(k )L (LG TR
o= g S [ [ " IR, o>so<k>rj<k,£>38)

where
O /ie_ig(gj_ 1)

3

S oo 2 -

r(k,ﬁ):525j . . (1.39)
j=1

_ietiEEE-5)

Note that the r.h.s. of Eq.(1.38) depends on vy. Moreover, the integral is not uniformly
convergent in py as pg — 0; in particular, it is well known that one cannot exchange the
limit with the integral [13]. An explicit computation, see Appendix A, yields

2
s, (1.40)

Ui]"U:o — 9%
a value that, remarkably, does not depend on vy. It is also remarkable that the same value

of the conductivity is found in the so-called Dirac approzimation, that is by replacing Sy (k)
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in Eq.(1.40) with its linear approximation around the Fermi points, in the presence of an
ultraviolet cutoff, i.e.,
-1
—Z/{ZQ —U0<—ik1 + UJ]{ZQ)

S xlk =l <e)G (ko k—77) . GU(k) = , , :
o —vg(iky + wko) —iko

(1.41)
where ¢ is a small positive number. Therefore, O-Z'jl v—o does not depend on the lattice

parameters and, in this sense, we can say that the free conductivity is universal.

D. Universality of the conductivity

Let us now discuss the effects of the Hubbard interaction. We will first recall the results of
[11, 12], concerning the thermodynamic functions of the model, the Schwinger functions and,
in particular, the two- and three-points functions. Next, we will state our results concerning
the interacting conductivity.

In Theorem 1 of [11], we proved that, if U is small enough (uniformly in the system
size and in the temperature), then the specific free energy f3(U) and the finite temperature
Schwinger functions in the thermodynamic limit are analytic functions of U, uniformly in
B as § — oo, and so are the specific ground state energy e(U) and the zero temperature
Schwinger functions in the thermodynamic limit. In particular, we proved that the Fourier
transform of the zero-temperature two-points function in the thermodynamic limit is singular
only at the Fermi points k = piE = (0,]3}{5) and, close to the singularities, if w = 4, it can
be written as

. %[ = I} -1
S(pp +K) = % _Zf% o @ AR (1+RK)) . (1.42)
—vrQ(py + k') —ikyo
where Z and vp are two analytic functions of U, analytically close to their unperturbed

values,

Z=1+0(U%, vp = vy + O(U?) . (1.43)

Moreover the matrix R(k’) satisfies ||R(k')|| < C|k/|” for some constants C,9 > 0 and |K/|
small enough. In [12] we also announced the following result, whose detailed proof will be

given below.
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Theorem 2. There exists Uy > 0 such that, the three-point function FEq.(1.21) is uni-
formly analytic in B, L and uniformly convergent to an analytic function as 3, L — oo, for
allk # px, p # 0 and for (min,, [k—p%|), [pl(min, |k—p%|)~! sufficiently small. Moreover,
the vertex function at the Fermi points (in the thermodynamic and zero-temperature limits)

18 equal to:

lim lim [S(k + p)] " Ganu(k, p)[S(K)] ™ = eZ,T,(52,0) (1.44)

k—p% p—0

where Ti(E,ﬁ), i = 1,2, were defined in FEq.(1.39), Fo(lg,ﬁ) =land Z,=2,U), p=0,1,2,

are analytic functions of U.

Note that the existence of the limits in Eq.(1.44) is part of the statement of the theorem.
An important consequence of Theorem 2 (also announced in [12]) is obtained by combining
its result with the WI Eq.(1.31): in fact, using Eqgs.(1.42)-(1.44) into Eq.(1.31) we find that
the vertex functions are related to the wave function renormalization Z and to the Fermi

velocity vp by simple identities:
ZO =7 s Z1 == ZQ = ’UFZ . (145)

These relations can be proven as follows: take the limits in the Lh.s. of Eq.(1.44) with
k = p% + k'e, and p = p'e,, where ¢y = (1,0,0), e; = (0,1,0) and e, = (0,0, 1); using
Eq.(1.31) and Eq.(1.42) we can rewrite the L.h.s. of Eq.(1.44) (after having taken p’ — 0)

as:

—e(i)™ I},igj[g(p% +Ke,)] ' 9,5(ph + Ke)[S(ph + Ke,)] ™! =

= (i)’ lim 0, [S(p + Ke,)] (1.46)

that, using again Eq.(1.42), is equal to eZ(vp)'~%oT (5%, 0).

To summarize, at half filling, weak local electron-electron interactions do not change the
infrared behavior of correlations: they “just” change the values of some physical parameters,
namely the wave function renormalization Z, the Fermi velocity vy and the vertex functions
Z,; the latter are related to Z and vp in a simple way, thanks to WIs. The next natural
question we would like to answer to is how is the conductivity changed by the presence

of interactions. Since the infrared behavior of the interacting correlations is the same as
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the non-interacting one, it is natural to expect that the interacting conductivity remains
finite in the zero-temperature and zero-frequency limit; what is apriori unclear is whether
the zero-frequency conductivity remains universal in any reasonable sense, in analogy with
the universal behavior of the free conductivity. Quite remarkably, we can prove that the
interacting conductivity is universal in a very strong sense: namely, we prove that oy, is

not only independent of the details of the lattice, but it is also exactly independent of U.

Theorem 3. There exists a constant Uy > 0 such that, for |U| < Uy and any fized po
(non vanishing and sufficiently small), alﬁm(pg) is analytic in U uniformly in 3 as f — oo
and uniformly convergent to an analytic function of U as 3 — oo. Moreover,

2
e’

op, = lim lim of = —— .
Im pon0+ Ao lm(Po) L9 Im

(1.47)
Note that the limit 8 — oo is taken before the limit py — 0. In other words, the
theorem says that the interaction corrections to the conductivity are negligible at fre-
quencies 71 < py < t, in agreement with experiments on the optical conductivity [5].

The above results says that all the interaction corrections to the conductivity cancel out

exactly, even if the Fermi velocity and the wave function are renormalized by the interaction.

The proof of Theorem 3 is based on two main ingredients: (i) the use of the exact Ward
Identities Eqgs.(1.32)-(1.33); (ii) the fact that the interaction-dependent corrections to the
Fourier transform of the current-current correlations are differentiable with continuous
derivative (in contrast, the free part is continuous and not differentiable at zero frequency).
The main technical point of this paper is to control the regularity properties of the in-

teraction corrections to the conductivity, which are summarized in the following proposition.

Proposition 1. There exists Uy > 0 such that, if |U| < Uy, then the current-current
function f(gnL(p) is analytic in U, uniformly in 3, L, for all sufficiently small p # 0 and
it is uniformly convergent as 3, L to the function f(lm(p) = limg_ o limy . f(ﬁ;f(p), which
is also analytic in U for all sufficiently p # 0. The latter function satisfies the following

properties:

1. f(lm(p) is continuous for all sufficiently small p € R x B (in particular at p = 0) and
continuously differentiable for all sufficiently small p # 0.
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2. Kim(p) can be decomposed as:

- 1L,

Klm(p) 72 <]plaJ pm> UF"'RW( )7 (1-48)

where:

(i) if (- )OUF the average with respect to the density matriz e PHAGvF) gssociated to

the non-interacting Hamiltonian with Fermi velocity vg, then
Gsdopt® = i [ sy [ e o
Py J-pm B0 BL2 59 50 (z0.9).3 J(wo—P)m) g 1, >
With jze 0 = "1 jgie=™Hr and J; the reduced current defined in Eq.(1.15);
(i) R(p) is continuously differentiable for all sufficiently small p € R x B (in partic-
ular at p = 0); moreover, R(py,0) = R(—po,0).

One can immediately realize that Theorem 3 is a simple corollary of Proposition 1 and

of the WIs Eqs.(1.32)-(1.33). In fact, from Eq.(1.33) computed at p = (0, p1,0), we find

A 1 A
Kli(()?pl? 0) + 111'11 _< [A(plvo)V(_plvo)} 1i>,8,L =0 (149>

L—oo [2

that implies, using the continuity of f(lm(p) at p = 0 stated in Proposition 1,

lim Klz( ) == _Ali (150)
p—0

and a similar argument shows that
lim Ky (p) = —Aum (1.51)
p—0

for all I,m € {1,2}. Therefore, using again the continuity at p = 0 of the current-current

function and the definition of conductivity, we can rewrite

2 1 A
Otm = ———— lim [Km 0) = Ku, 0] . 1.52
! 375, oo | K (po, 0) — K (0) (1.52)

We now use the decomposition Eq.(1.48) to rewrite the latter equation as

2> 172, A 0 w0
m = ——= l ——[ -, 7 -, YUF _ 7 m 7’UFi|
a1 373 posot o 22 o083 T o, 0).m) {Jo.3 Jo.m)
2 1
——%_ lim [Rm .0) — Rum 0] . 1.53
2= Tim [ Run(0,0) = Run(0) (153
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Now, using the identity Z; = Zvg, see Eq.(1.45), we conclude that the limit in the first
line reduces to the computation of the free conductivity Eq.(1.38) with vy replaced by vp:
however, since the result does not depend on the Fermi velocity, from the first line we simply
get (€2/h)(m/2)0m. On the other hand, the limit in the second line, using the continuous
differentiability of R(p), reduces to —%aoR(O), which is zero, simply because R(p) is even
in p.

This concludes the proof of Theorem 3, once that Proposition 1 is given. The rest of the

paper will be devoted to proofs of Theorem 2 and Proposition 1.

2. REGULARITY OF THE CURRENT-CURRENT CORRELATIONS

In this section we prove Theorem 2 and Proposition 1. We will use an extension of the
method discussed in [11]. We will assume the reader familiar with the proof in [11] and
we will only describe in detail the new aspects of the construction, as compared to the one
n [11]. Still, we will try to be as self-consistent as possible, possibly giving reference to a
well-defined section of [11] for the few technical aspects that will not be fully reproduced

here.

A. Grassman Integral representation for the correlation functions

The goal is to prove analyticity in U and regularity in k, p of the three-point and current-
current functions. We remind the reader that the proof of analyticity and the control of
regularity of the Schwinger functions (in particular, of the two-points function) has already
appeared in [11], see in particular Section 3.4 of [11]. The starting point of our construction
is a representation of the generating function for correlations in terms of a Grassmann
functional integral, completely analogous to the one used in [11] to write the generating
function for the Schwinger functions. The Grassmann functional integral we are intersted
in is defined as follows.

Let M € N and xo(t) a smooth compact support function that is 1 for t < ay and
0 for t > 2ag, with ag a constant that can be chosen equal to, e.g., 1/3 (see the con-
dition on ay appearing after Eq.(3.41) of [11] and read it for v = 2). Let Bj, =
{2087z + §) N {ko : x0(27M|ko|) > 0}} x Br. We consider the finite Grassmann algebra
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generated by the Grassmannian variables {‘Q[Jkg » iegl P=12 and a Grassmann integration

i [HkEBZ,L 5_1Tf d\I/IUpd\If;ap} defined as the linear operator on the Grassmann algebra
such that, given a monomial Q(¥~, ¥*) in the variables \Illfgp, its action on Q(U~, Ut) is
0 except in the case Q(\if_, \iﬁ) = HkGBE,L fj_le \Illzopllll‘fgp, up to a permutation of the
variables. In this case the value of the integral is determined, by using the anticommuting

properties of the variables, by the condition

p=12 p=1,2
/ H H d\I}:Upd\IIl:ap} H H \Ilkap k,o,p T =1 (21>
keBj ; o=Tl keBj; ; o=Tl

Let us define the free propagator matrix gy as
N\ -1
R . —Zl{fo —UOQ*(A’J)
i = X0 (27" |ko) . _ (2.2)
—UQQ(/{I) —Zk’o

and the “Gaussian integration” P(dy) as

o=Tl _
—ﬁ2L4 0 M kO 2
H [xo(y™"[kol)]

P(d¥V) = =
) RN

d\ijlto'7 1 d\ill:,a,l d\ijlta,Qd\ill:,o‘,Q} ’

keBj |
o=T]
: exp{ (BL*)~ Z \Ifko_ Gy } (2.3)
KeBy |
Let us also introduce the generating function
Wiras(A, ) = log [ Pamye e voa) (24)
where
V(U) = —U Z/ dx Wi, W Whowl (2.5)
PN
Z/ dx \I/-l- ¢xa+¢xo xa)? (26)
o=Tl
(4,) Z/ dx A J7 + 00 ) / dx Ay JI (2.7)
j=1,2,3 (B,L)

and, in the last line, denoting by oy, 09, 03 the standard Pauli matrices,

<0 1) <o —i) (1 0)
01 = s O9 = 5 03 = (28)
10 i 0 0 —1
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and defining ny = (1 + 03)/2 and o1+ = (07 £ i03)/2,
/)
FE= Y Wl =T o, — U o U] (29)
o=Tl o=1]

We will be particularly concerned with the three-points functions:

— ML 9, 0?
G271§ﬂ (Z’ X, y) - eaA i 8¢_ a¢+
z, Y,o X,0

WM,B,L(A,gb))A:qS:O L ote{+, 1,23}, (2.10)

and with the current-current response functions:

M,B,L 0?

§7g . — 2 —_
Kﬁ b (X7y) =e an,jjaAy,b WM,ﬁ,L(Aa ¢)’ ) ﬂ?b S {+7 ’ 17 2a 3} : (211)

A=¢=0

)

The connection between these functions and the corresponding objects evaluated in he
Hamiltonian model of Section 1A is provided by the following proposition, which is the

analogue of Proposition 1 of [11].

Proposition 2. For any (3, L < +00, assume that there exists Uy independent of B and
L such that the three-points functions Gé\ﬂ’ﬁ’L(z; x,y) and current-current response functions
Kﬁ%’ﬁ’L(x;y) at distinct space-time points are analytic in the complex domain |U| < Uy,
uniformly convergent as M — oo. Then, if |U| < Uy and z,x,y are three distinct space-

time points,

7/8’

<pz)¢xa >,3L = ]\}l—r»nooG21T (Z)X7Y) ) T:j:7 (212>
€U0< ¢xg >3L = ]\/}EHOOG21] (Z;X7Y) ) j: 17273 ) (213)

where: the averages in the Lh.s are defined as in Eq.(1.16) and following lines; p2 =

o X,07X,0

S, afax, and pB =>" b;al,o wi6,.0- Moreover, if X,y are two distinct space-time points,

MBL

Ly )y, = Im K2 (xy),  nrl=x, (2.14)
00(pls 1Y), = A}EHOOKMB’ (xiy), 1=+, j=123, (2.15)
V(I ), = lim Ko xy), =123, (2.16)

The proof of this statement is completely analogous to the one in Appendix B of [11] and will
not be repeated here. Note that, once that the various correlation functions in Proposition

2 are known, we can reconstruct the functions f(ﬁ;,L( ) and G2 i #(k, p) in Egs.(1.19)-(1.21)
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simply by Fourier transformation (provided that the correlation functions in Proposition 2

have good enough decay properties so that the Fourier transform is well defined), e.g.,

G210 k p BL /ﬁ /ﬁ /ﬁ dZ€ (e=y)Fip(x Z)<(pz +e 2p51pz+51> wxo‘ y0'>ﬁL7
3

~B,L €U[) xX— ip(x—2z
Gg, p) = /ﬁ /ﬁ /g)ze y)+ip( Z ) ]‘]]7¢xa y0>ﬁL’(217)

Jj=1

similar formulas are valid for K2 (p).

B. Renormalization Group

The naive perturbative expansion in U of Wi g.1.(A4, ¢) is affected by infrared divergences
due to the singularity at the Fermi points of the free propagator Sy(k), see Eq.(1.36). The
case with A = 0 has been studied in detail in [11], where it has been shown that the
apparent divergences affecting the naive perturbation series can be cured by proper iterative
resummations; these allowed us to recast the original expansion into a new convergent
expansion (uniformly in M, 3, L) involving a sequence of effective parameters Zj,, vy, playing
the role of effective wave function renormalization and Fermi velocity at momentum scale
2" h < 0, relative to the Fermi points. The iterative resummations can be implemented
by using constructive fermionic Renormalization Group (RG) techniques; a key point of the
analysis, which make the construction of the ground state possible, is the fact that density-
density interactions are irrelevant in a RG sense. In this section we review the iterative
integration scheme used to compute Wy s.1.(A, ¢), with particular emphasis to the novelties

due to presence of the external field A.

1. The ultraviolet integration.

Proceeding as in Sections 3.2 and 3.4 of [11], we decompose the propagators g(k) into
sums of two propagators supported in the regions of kg “large” and “small”. The regions

of ko large and small are defined in terms of the smooth support function x(¢); the con-

stant ag entering in its definition is chosen so that the supports of xg (\ /K2 + \E - ﬁ}|> and
Xo(\/ k2 + |k — ﬁﬂ) are disjoint (e.g., ap = 1/3 is fine). We rewrite g(k) as

g(k) = g (k) + g (k) (2.18)
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where, setting p% = (0,p%) with w =+
G0 =900~ 37000 . 000 =Y (k- phato . (219)
Defining V/(A, ¥, ¢) = V(¥) + (¥, ¢) + (4, J), we can rewrite
eV (49) — / P(dW)eV A9 — / P(dw)) / P(dWo))V (AVETIREE0) (9 90)

where P(d¥(™)) and P(d¥(“?)) are the Gaussian integrations associated to the propagators
3% (k) and §™v)(k), respectively. Using Eq.(2.20) we can further rewrite the generating
functional as:

VMo tAe) — / P(dwtr)) exp{Z & (VAW 4 9)im) = (2:21)

n>1

Y

—: ¢ 0o / P(QUr))Var (FET D) Bar (AT ) (9,0 (A, 00))

where: £, is the truncated expectation with respect to the propagator §“)(k); Fp
is a constant; Vy is the effective potential on scale 0; By (A, W@ ¢) collects the terms
depending on A, ¢ generated by the ultraviolet integration; J@™) is defined in the same way
as J (see Eq.(2.9)) with ¥ replaced by W(™). As proved in [11] (see Eq.(3.36) and Lemma

2 of [11]), the effective potential V), can be written as

LIS DE 75 R DEND DN DN | | 1AM 1
n=1 O yueny on=Tlp1,.-, p2n=12kq,..., ko, Jj=1
'WM;2n;B<k17 s 7k2n71> 6(2(1(2] 1 k2j>> ) (222)
7j=1
where p = (p1, ..., p2n) and we used the notation
o(k) =8(k)o(ko) ,  O(R)=L° D Oppciimcy s Oko) = B0k, (223)

n1,n2€7
with Gy, G, the basis of A* defined after Eq.(1.3). Moreover (see Lemma 2 of [11]), the
constant [ s and the kernels VAVM;Qn;B are given by power series in U, convergent in the
complex disc |U| < Uy, for Uy small enough and independent of (3, L, M; after Fourier
transform, the x-space counterparts of the kernels WM;%; p satisfy the following bounds:

/Xm“'dXQn[ H % — x|

1<i<j<2n

| W51, 20)| < BIAIC U1

(2.24)
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for some constant C,, > 0, where m = ZKK].Q” m; ;. The limits Fy = limp/_o Fo ar and
Wonp(X1, -+ s X2n) = limps oo Waranp(X1, - - -, Xa,) exist and are reached uniformly in M, so
that, in particular, the limiting functions are analytic in the same domain |U| < U.

The functional By, (A, W) ¢) admits very similar representation and bounds, i.e.,

BM(Av \Ij(”')v ¢> Z (/6L2)2n+m Z Z [H 901(27 1,035,025 —1,72j— 1901(2] 05,P25 ”/23] [H Aﬁi,pi}
i=1

gpkp j=1

n m

‘WM;Qn,m;B,g;l({kjL {pz}) 5( Z <k2j—1 - k2j> - Z pi) ’ (2'25>

j=1 i=1

where ¢ := (01,..., o), §:= (1, -, §m) (With §; € {+,—,1,2,3}), v = (71, - -, 72n) (With
i € {eat,int}), k = (ki,...,Kks,), P = (P1,- .., Pm) and the field ¢ can be either W) or ¢,
depending on the label v, i.e., gbia’ext = ggfa and 951f,a,mt = \ill(f;)i The kernels WM;gn,m;B,M
are analytic in U, they admit bounds analogous to Eq.(2.24), uniformly in v and M, and
converge uniformly as M — oo to limiting kernels denoted by W%m%&m (for this reason,
the label M will not play any important role in the following and will be dropped from now
on). The proof of these claim goes along the same lines as the proof of Lemma 2 in [11] and
will not repeated here.

The kernels WQn,m;B’m satisfy a number of symmetry properties inherited from the
symmetries of the action and of the Gaussian integration, described and proved in Ap-
pendix B. In particular, thinking of ngm;g;l as tensors with entries Wgnm oty and defin-
ing WZ,w(k,) = Waoy(int,int) (K + P, K + PF), Wu,b(p) = Woa;u,b(P, -p), W o(K\p) =
WQ,I;ﬁ;(int,int)(k, +p% + p, K + pf, p),

Wo(K) = —izokl, + 21 (K o9 + wkior) + O(|K'|?) (2.26)
o(p) = e BN (g 1 d/r7') + O(Ip]?) (2.27)
W.;(p) = brpo + O(|pl*) , (2.28)
5 (0) = B0 (e + ) + O(IpP) (2.29)
Tw(k, P) = X+ As7o3 + O(K'| + |p]) , (2.30)
Wiw(K,p) = M\e5 00750, + O(K|+ |p|) (2.31)

where the constants zg, z1,a,d’,b, ¢, ¢, Mg, A1, A3 are all real. The proof of Eq.(2.26) is in

Lemma 3 of [11], while the proof of the remaining relations is in Appendix C.
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2. The infrared integration.

After the integration of the ultraviolet modes, we decompose the infrared propagator as

a sum of two quasi-particle propagators:

g(”‘)(x —y) = Z e_ip;(x_y)gffo) (x—y), (2.32)
w==%
where, if k' = (ko, E/)a
. —1
1 L —iko —voQ2" (K + py)
) = g 3 e | @39
k’EBE’ —'U()Q(k +pF) _Zko

and BY; = {27871 (Z+1)N{ko : X027 M|ko|) > 0} } x {BG i +2G5—pg , 0 < ny,np < L}
Correspondingly, we rewrite W™ and ¢* as sums of two independent Grassmann fields,
\Ilg(i"g')i DY 1Py X\I/)(caw and ¢ =Y. _.e etiPpx L
functional as (dropping systematically the M label):

xow and rewrite the generating

WaL(Ae) _ (2.34)

—BL2Fy+S(=0) A, <0 Y(0) (¢ (£0)) 4 B(0) ,47\1;<§0)7 A\p(SOLT W (<0) ,\1/(§0>
_ BL2 RS0 ¢)/pXO7CO(d\I;(_ 1)V O F =)+ 5O B+ V0 (9 B(=0)

where:

o([K'[)>0
<0)+ <0)
Py co (AW E0) [ | B 2R S (2.35)

k’GB“’ o,w,p

o=11x0(/k'[)>0

e { =TS Y G DB Coui) U}

w=t KeBY,
and

—ik —vo* (K + p¥

Cow(k') = Y o EPE)) (2.36)
—U()Q(k’/ + ﬁFu‘J) —Zko
—ik vo(ik] — wk;
_. ZO 0 0( 1 2) (1+R0’w(k/))’
UQ(—Z]{?,I — wké) —Zk?()

with Aj chosen in such a way that [ Py, c,(d¥=Y) =1, Z; = 1 and Ry, a matrix such
that ||Ro.(K')|| < C|K'|>. Moreover, the functionals V@, (AUED T1W(E0) and (¢, W)

are the same as Vi, (A4, J07)) and (¢, ¥0™) in Eq.(2.21), with ¥ and ¢* rewritten
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in terms of U5 and ¢=; similarly S(S0(A, ¢) + B is the same as By, after the same

rewriting, with S(=% collecting all the terms depending on A and/or ¢ but not on W(=0),
E.g., to be more explicit, defining fl‘r‘,’,_ ﬁ“” = flp% g and recalling the definition of n4,

e, ny = (1£03)/2,

(<h w,w 7, (<h)—
(AU 7, g(<0) SPEE e, puEn (2.37)
ww' ot k',p/
with T(k', p') = n, and
jv;’)l,w/(k/’p/) = % ez?(j 1)(w’n+—wn,)(O_+e—ik’(5j—51) _ 0._€+i(k/+p/)(5j—51)) ’ (238)

similar expressions are valid for the other functionals appearing in the exponent of Eq.(2.34).

The integration of Eq.(2.34) is performed in an iterative fashion, justiﬁed by the in-
frared divergence caused by the singularity at k' = 0 of the propagator §&= (k’ ), s
Eqgs.(2.33),(2.36). We define fh(k’) = xo(27"K|) — x0(27""!|K'|) and rewrite

Xo([K']) = Z fuk) = xu(K) + frea(K) + -+ fok) . (2.39)

k=—o00

The integration procedure consists in the following: we first rewrite xo = x_1 + fo and corre-
spondingly decompose the propagator gffo) = gu(,g_l) +g§,0) and the field U= = v 1)+\If(0)
next, we integrate out the “0-mode”, i.e., the Grassmann field \IISJO), and re-express the result
in terms of a new effective potential on scale —1; then we iterate, by integrating out step by
step the degrees of freedom on scale —1,—2,..., h+ 1, with h < 0. After the integration of
the fields on scales —1, — yh+ 1, we get:

WaL(Ad) e—ﬁL?FthS(Zh)(A@). (2.40)
/P o (d\Ij(gh))ev(h>(\11(§h))+B<h)(A,\I!(Sh),¢>)+(A\I/(§h>,ThH‘1/<§h))+(¢,Q(h+1)\II(§h>)

Xh,Uh ?
where Fj,, C,, V™ B® T, QM will be defined recursively (in particular, Fj,, C
[called A;, in [11]], VW Q™ have already been defined in [11]) and P, ¢, (dU(EM) is
defined in the same way as Py, c,(dUE?) with WED v Co o, Zo, vo, Ro. replaced by

UER N Chss Zny Uny R, Tespectively. Moreover,

o0 n

n <h)-—
V(h)<\11) Z(ﬁLQ - Z [H 2] 1"7171’2] 1,W2j5— 1\111(‘21'7373'4’2]"”2]'] ’
n=1 o,pw 7j=1
2n
Wi (K Kb, ) 60 (—1Y(PF +K))) (2.41)

J=1
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and

(h) 2 —2n—m —
B (A’\IJ’QS) Z ﬁL Z [H@k2j 1:05:P2j—1,72j—1,W2j— 1901(2],037;7237’7217“)23} (2'42>

Uptivg j=1

[ﬁ o WA (0, (D11 0 (i(—l)j*l(k; +py) - i@; +p - pi))

where: the %’s on the sums remind the fact that only terms explicitly depending on gb;tn =
UM contribute to BW; w = (W1 v ey Wanj W1 — WYy e e ey Wiy — Wh).

The terms (A\IJ(Sh),ThH\II(Sh)) and (¢, QD W(=N) read:

<h
(ATED 7 WD S ST K P (2.43)
wl:.l)’pzzﬁ
(¢, QU <h) L2 Z (AS/;):QkI}H) ¢k/w+¢klw (h+1)+\11§:;z)w> , (2.44)

w,o,k’

for suitable matrices Tﬁ”,;“jr/l (k’,p’) and Q hH)i with Ql({l,)f = 1. The iterative procedure
goes on up to scale hg, where hg is the largest scale such that apy" ! < % The result of

the last iteration is e"Vs.L(4:9),

3. Localization and renormalization.

In order to inductively prove Eq.(2.40), we rewrite

VW (@) = LYp® (pEh) 4 RYM (gE) (2.45)
where
(<h) h)
EV(h)( (<h) BLQ Z Z k’ JJW( (k/)\pl(c/ O')U.) ) (246)

and RV is given by (2.41) with Y>> | replaced by Yo7, that is it contains only the
monomials with four or more fields (note that in Eq.(2.46) the two fermionic fields have the
same w-index; terms with two different quasi-particles indices are not allowed by momentum

conservation, see also the remark after (3.62) of [11]). Moreover, defining

()~ 2 (h = (h)+ s (h

W27w (kl) = WZ(,O);(w,w);(int,ezt) (k/7k/> ) WQ,W <k/) = WQ(,O);(w,w);(ext,mt) <k/’ k/) ’

77 (h) o 7 (h)

Wﬂ%MW’(k/’ p,) T Z WQ,l;ﬁ;(w,w/;w—w’);(int,int) (k, + p,7 kl’ p/) ) (247)

wi,w2
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we rewrite:
BM(A, UM, ¢) = LBM(A, WEN, 6) + RBW (A, W, ¢) (2.48)

where

1 ~
‘CB(h) (A’ \D(Sh)’ ¢) - 372 Z (\IJ o +W <k/)¢k’ ,0,W + ¢k’ UWW(h)J’_ 1:’ UW) +

2 k/,o.w
BL o,w,k’
w—w' 3, (Lh)+ 27(h) = (<h)—
ﬁLQ Z Z A qjk’+p owWﬁ;w,w’ (k/7p/)“pk/’g’w . (249)
w,w' k,p’
Cfﬁ

At this point we “reabsorbe” £V in the fermionic gaussian integration and £B™ into the

definition of the effective source terms:

o BL Fn+8EM (A,9) / P

o (d\IJ(Sh))eV(h)(‘P(Sh))+3(h)(A,Q’(Sh)7¢)+(A‘I’(Sh),Th+1‘1’(§h))+(¢7Q(h+1)‘P(Sh))
Xh;Ch

o~ BL2(Fiten) +SCM (4,9) / P & (dUEM) RV @ED), (2.50)

Xh,Ch-1

_e'RB(h) (A,\p(éh)7¢)+(,4\p(§h) ,Th\ll(gh))Jr(q&’Q(h)\I}(Sh))

Y

where ¢, is a suitable constant (see Eq.(3.67) of [11]) and

ahfl,w(k/) = Ch,w( ) + Xh(kI)WQ(’]EZWw) (k,) 9

1
A(h)— h+1)— h) o A (k) —
f{’,)w l(<’+ + W( ww)(k/) Z gfdk)Ql((/,)w ) (251)
k=h+1
A(h)+ h+1 (k)+ A h)
g{’,)w + < Z Qk')w Yo >W( w,w)(k/) ’
k=h+1

T5° (K, p') = Tml(k’,pv+WS’;{w,<k',p'>.

The second and third equations in (2.51) can be proved as in [11], see Egs.(3.111)-(3.113).
We are now ready to perform the integration of the U field: we rewrite the Grassmann
field U(=M) as a sum of two independent Grassmann fields W<~ + W) and correspondingly

we rewrite the r.h.s. of Eq.(2.50) as

65L2(Fh+eh)+s(>h)(A’¢)/ PXh17Ch1(d\Ij(Sh1))/ Pfh Cho1 <dq](h))€RV(h)(\I’(Sh_l)Jr\Il(h)) ’

ERB AR L0 ) ) (AWERD 0 00) T3, (IR0 L0 4 (6,QW@ERD 1w 00) g 59

where

Chotw(K) = Cru(K) + W (K. (2.53)
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In [11] we proved (see Egs.(3.68)-(3.69) and proof of Theorem 2 of [11]) that the single scale
propagator, defined as

/Pfh Ch 1<d\I’ ) x}i);l w1 \D)(c};);g,wg = 5017025w1,w295.1h) (Xl - X2) )

gi;h) (Xl _ XQ) — é Z efik'(x1fx2)fh(k/) [thl,w(kl)} -1 : (254)

WeBs |

can be rewritten as

1 w
9 (x; — x2) = 3Lz Z e lamx2) (2.55)
k'eBg |
-1

. fh(k/> —iko Eh—l(k,)@ki - wjfé) (1 + Ehfl,w(k/))il

Zna(®) \ 7y (K (—ik], — whb) —iko
with Zj,_1,7,_1 two functions such that (choosing 0 < 6§ < 1)

\Zh,l(k’) — Zn(K)| < (const)|U2" ) Zo(K)=Zy=1,
3

[Oh—1(K') — h(K')|| < (const.)|U[27" To(k') = vy = §t (2.56)
and Ry, a matrix such that |[R,_;,(K)|| < (const.)|K'|? and, if 21 < |K/| < 2M+1
108 Ry -1 ,(K')|| < (const.)22=™" The constants Zj, := Z,(0) and vy, := v,,(0) play the
role of effective wave function renormalization and Fermi velocity on scale h. Similarly, the
local parts of the matrices Tﬁ“j ,’l‘”l(k’ ,P’) play the role of effective vertices; in particular, the
“relativistic” vertex functions, which represent the dominant contribution in the infrared
to the kernel of the three point function, are defined as (see the subsection The three-point

function below for more details):

Zow = T(0,0), Ziy= —022 1T50(0,0), Zyy = —wor Z )2T7(0,0)
Tﬁi (2.57)
From the symmetries discussed in Appendix B and C (see also Eqs.(2.30)-(2.31)), Z,p,
pw = 0,1,2, are all real, independent of w and proportional to the identity matrix and,
therefore, they can be regarded as constants, as we will do in the following; moreover,
Zin = Zop, Zoo =1, Z1og = Zao = vy and |Z, -1 — Z,.p| < (const.)|U[2%, see Eq.(2.64)

and following discussion for a proof.
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Now, going back to Eq.(2.52), if we integrate out the field on scale h and define:

_BL2% (=h-1) (h=1) (y(sh—1) (h—1) (sh—1)

o BL7eEn-1+5 (A,9)+V =D (v )+B" (AW 9) (2.58)
. S(Zh>(A,¢>) . (h) Rv(h)(\p(Sh—l)+\p(h))+RB(h)(A’\I;(Sh—l)+\p(h)7¢)
=€ Pfh,Ch—1(d\I[ )6

AV T U (ERD) 4 (AW R0, T, ) (AT, T, ) 4-(6,Q W (1))
)

we get Eq.(2.40) with A replaced by h — 1 (and Fj,_y = Fj, + €5, + €).

The integration in Eq.(2.58) can be performed by expanding in series the exponen-
tial in the r.h.s. and integrating term by term with respect to the gaussian integration
Py @, (d¥™). This gives rise to an expansion for Wy (A, ¢), which can be conveniently
represented in terms of Gallavotti-Nicolo trees, as described in Section 3.3 of [11] and in the

next subsection.

4. Tree expansion.

For each n > 0 and m > 2, we introduce a family 7,", of rooted labelled trees, defined in
a way similar to the family 7}, ,, described in Section 3.3. of [11] (which we refer to for more

details), with the following minor modifications:

1. 7,7 has n+m endpoints (rather than n); n of them are called normal endpoints and m
of them are called special endpoints; moreover, the special endpoints can be either of
type A or of type ¢. If v is a normal endpoint, then, as in [11], it is associated to one of
the monomials with four or more Grassmann fields contributing to RV (W(she=1));
if v is a special endpoint of type A, then it is associated to one of the monomials
contributing to (AWEh=D Ty W= (AW(Eh=2) T, W(She=2)): if ¢ is a spe-
cial endpoint of type ¢, then it is associated to one of the monomials contributing to

(6, QD gth),

2. Among the sets of field labels and external field labels associated to the vertex v,
denoted by I, and P, in [11], we distinguish the field labels of type A, ¢ and ¢;
we correspondingly introduce the sets PA, P¥, P? IA I¥ and I?. All the trees

contributing to Wg (A, ) + BL*F), are characterized by the fact that PY = () and
PLUPS #0.
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Given 7 € 7,7}, the sets P# # € {A, ¢,v}, satisfy several constraints that depend on 7

(see [11]). In particular:

a. denoting by vy the vertex immediately following the root on 7, we have |P,j€| =0 and

[PA|+PS| > 05 if v > v, then |PY] > 0;

b. for any v € 7, sets of external field labels such that |P,| = |P¥| = 2 are not allowed
(this follows from the definition of localization Eqs.(2.45)-(2.46) and from the choice of
“reabsorbing” at each step the local part into the gaussian integration, see Egs.(2.50),

(2.52), (2.58));

c. if v is not an endpoint, then sets of external field labels such that |P,| = 2 and
|P¥| = |P?| = 1 or such that |P,| = 3, |[PA| = 1 and |P¥| = 2 are not allowed
(this follows from the definition of localization Egs.(2. 48) (2 49) and from the choice
of “reabsorbing” at each step the bilinear terms (¢, W. 9w ) into the definition of
(¢, QM) and the “vertex” terms (A\II,WLEZ)),\I/) into the definition of (AW, T}, V),
see Eq.(2.51)).

As in [11], we denote by P, the family of all the choices of P# compatible with these
constraints and by P the elements of P,. The generating functional can be expressed as a

sum over trees in the following fashion (analogous to Eqs.(3.77),(3.79),(3.87),(3.88) of [11]):

Wor(A @)+ BLF, =Y Y > Y Y Y wh(r,P,1), (2.59)

n>0 m>2 h>hg 7€, PP, T€T

where, as explained in [11], T is a suitable family of spanning trees. The contribution

W (7, P, T) can be further rewritten as

WM (7. P,T) = / dx,, A(P2) §(P2Y WD (x4s) (2.60)
where
_ —i(ps D —p Dyx(f) gl )= (f) T poy _ ie(Np ) x(f) 4(f)
= [[ = er Alpan” )= T VP D6l e
ferd fepy,

(2.61)
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and, calling v}, ..., v} the endpoints of 7, putting h; = h,» and denoting by Ki}:i)(Xu;) the

kernels associated to the endpoints,

7

{ H /dPTv ) det G (e [H 6‘”1 w ‘71 7 [ggzlv)( X yz)}pzﬁ] } |

v not e.p. leTy

W, pr(Xy,) = [HK’:” X, ] : (2.62)

In the latter equation, dPr(t) is a probability measure with support on a set of t such that
tiw = u; - uy for some family of vectors u; € R® of unit norm. Finally G"(t) is a Gram

matrix, whose elements are given by, see [11], Eq.(3.83):

GhT = 11’6 (50';70'7_ [gc(flL)<le - ;Yi’j’)} -+ (263)

ij,i' 5 W W 7P
this matrix takes into account all the possible contractions of fields not involved in the
spanning tree T. See [11] for more details. The effective potential V® and the effective
source term B admit representations very similar to Eqgs.(2.59)-(2.60)-(2.62), the main
difference being that these are expressed as sums over trees and field labels satisfying slightly
different constraints: i.e., the trees contributing to YV do not have special endpoints and
are associated to external field labels such that Plj‘(‘) = ng) = 0 and |[PZ| > 0; the trees
contributing to B™ have at least one special endpoint, and are associated to external field

labels such that |P¥| > 0 and |PZ| + |P2| > 0.

5. The kernels of the special endpoints of type A

In order to prove Theorem 2 and Proposition 1, we will be particularly concerned with
estimating the contributions with |PZ| = 2 and |P2 | = 0 or with |P2| = 1 and |P2|+|PY| =
2. The key estimate that we preliminarily need to prove is

WP (K, p')]| < (const.)|U[2% (2.64)

for all £ < 0 and with # € (0,1), uniformly in k/,p’. Note that Eq.(2.64) implies, in

particular, that the kernel of the special endpoints of type A is uniformly bounded as
1755 (&, p)I| < Co (2.65)

for all k < 0 and a suitable constant Cp, and that |Z, 1 —Z, 5| < (const.)|U|2°", as claimed

after Eq.(2.57). Let us proceed by induction: we assume the validity of Eq.(2.64) for & > h
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(so that Eq.(2.65) is valid for all £ > h) and prove it for k = h. Using the tree expansion,

we can rewrite:

0P = 5 3 T 3 [l et

n>1 Te’]'l  PeP- TeT

(2.66)
where the * on the sum reminds that P,, = Py U PY, P2 = {fi} and PY = {f, fs} (with
w(fi) = w(fe) = w, W'(fi) = w(fs) = @, x(fi) = 2z, x(f2) = x, X(f3) =y, ifi) =4,
e(fo) = —e(f3) = — and o(f2) = o(f3)). Using translation invariance, the representation

Eq.(2.62) and proceeding as in the proof of Theorem 2 of [11], we get (see Eq.(3.93) of [11])

LFERCRUIES 95 9 b 9 ) RN | (0

n>1 Te']‘l PecP,. TeT leT*

1
[ 11 Engx]detGh”’T”(tu)‘H’|95)l”)<xl_3’l)”]'

v not e.p. leTy

] . (267)

The r.h.s. of this equation can be bounded dimensionally, using the scaling properties of
the propagators g&h“)(x) and of the Gram determinants det G"1*(t,) (see Eqs.(3.92),(3.94)
of [11]). Following the proof of Theorem 2 of [11] and using in particular Eqgs.(3.94)-(3.95)-
(3.96), we get the analogue of Eq.(3.97) of [11], that is

3 (h
Wi o (P < (2.68)
« n Lo (552 1PE D= I1PY 1 -3(s0—1)) 1701 |P;ﬁ|71
SIS WAN | il (] e2ion™
n>1 TEThl,n PcP, TeT Ue.rll)(.)t v v ep.
where p; =

in Eq.(2.65) (in fact, in deriving this bound, we estimated the kernel of the special endpoint
of type A by using the inductive hypothesis Eq.(2.65)). The r.h.s. of this expression can
be rewritten in a convenient form, using the analogues of Eqgs.(3.98)-(3.100) of [11], that is

(recalling that m is the number of special endpoints in 7 — equal to 1 in the current case),

S [(SSIPED) — 1P81] = BT~ 1PE) + 3 (e — )21~ 1P

hnot =1 h not
€.p.
Zh v =hn+m=1)+ Y (hy — hy)(n(v) + m(v) — 1) , (2.69)
h not h not
e.p. e.p.

where: ¢’ is the vertex immediately preceding v on 7; I, O P, is the set of field labels

associated to v (i.e., including both the internal and the external fields to v); n(v) is the
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number of normal endpoints following v on 7; m(v) is the number of special endpoints
following v on 7. Note that in the current case, where there is only one special endpoint of
type A, m(v) = |P;!| and m = |P}|. Plugging Eq.(2.69) into Eq.(2.68) and using Eq.(3.100)
of [11], we get the analogue of Eq.(3.101) of [11], that is,

RIS DS Z S e IPI-IRD [ I L'QthU/)(sfm"\—|Pf|>

v

n>1 TETl PE’PT TeT v not
o o
H hor (|PY |+ P3| -3) 'P |1
| IT 2 I[TI o w1 (2.70)
v e.p. v e.p.

where we used that, if v is an endpoint, then |I¥| = |P¥|. At this point, by Eqgs.(3.102)-
(3.103) of [11] and by the argument described after Eq.(3.103) of [11], we end up with the
analogue of Eq.(3.104) of [11], that is

WS (6P| < A" CIPRIIRERO 3 7 emue. (2.71)
n>1
Recalling that in the current case 3 — |P¥| — |Pi| = 0, this proves the desired estimate on

the kernels of the special endpoints of type A, Eq.(2.64). A similar strategy also allows us
to prove that

T (K p) = T2 (0,0) + O((K| + ) + U1 (W] + 1)), (272)

with 6 € (0,1). Let us also recall that also the kernels Q™ of the special endpoints of type
¢ admit a uniform bound of the form [|Q™|| < Cy, see Eq.(3.114) of [11]. We are now ready
to give the proof of Theorem 2 and Proposition 1.

6. The three-point function (Proof of Theorem 2).

The goal is to bound G§7’1L;l(k, p) at k # px, p # 0, with |k — p%| and |p| sufficiently
small (and |p| < |k — p%|), for a given w € {4, —}. The three-point function, by definition,
using Eqgs.(2.10)-(2.13)-(2.17) and Eqgs.(2.59)-(2.62), can be rewritten as

3
G4t . p) = 25 E53DDIDIDS [y e )

n>0 h>hg €T3 PEP; TET

(2.73)
where the #* on the sum over P reminds that P,, = PLUP?, P2 ={fi} and P2 = {fs, f3},

vo? ()

with w(f1) = W'(f1) = w(fe) = w(fsz) = w, x(f1) = 2, x(f2) = x, x(f3) =y, ﬁ(fl) =7,



31

e(fe) = —e(fs) = — and o(f2) = o(f3). The reason why all the quasi-particle indices of
the external legs are equal to w is that, by assumption, |p| < |k — p%| < 1, so that by
momentum conservation all other choices of quasi-particle indices give zero contribution to
ég’ﬁl(k, p). The trees contributing to GAg,’lL;l(k, p) have a few more features that are worth

remarking. First of all, among the three special endpoints of 7 € 7}5’ one of them is of

type A (let us call it v4 and note that f; € PJE,) and the other two are of type ¢ (let us call

them v;,v;, with fo € P? and f5 € P(Z). Moreover, let hy be the (negative) integer such
Vs Ys

that 2™ < |k — p%| < 21 and let |p| be so small that 2"«~! < |k + p — p%| < 2MF2:

then, only trees with |hv§ — hyx| <1 and with h < hy + 1 contribute to ég”ﬁl(k, p).

Now, let us distinguish in the r.h.s. of Eq.(2.73), the contributions with n = 0 and those
with n > 1. The latter can be bounded in a way completely analogous to Wu(f:))@(k’ ,p’), with
the following important differences. In the current case m = 3 and m(v) = m?(v) + m?(v),
with m?(v) = |PA| (resp. m®(v) = |P?|) the number of special endpoints of type A (resp.
type ¢) following v on 7. Taking this into account and following the same strategy used to
bound Wﬁ(;f:),@’ see Eq.(2.67)-(2.68)-(2.69), we get the analogue of Eq.(2.70), that is we can

bound the contributions with n > 1 to the three point function by

> D D Z ch2h<3—|P%—P;g|—|Pfo|>.[HL'va_hv,)(g_R¢|_|P§|_H?|) .

Sy-+
n>1 h<hyr+1 Te’]‘}? PecP, TeT v not ~ Y
n e.p.
hur(1PEHPAHPE 1-3) 8y B
RIEZ ; o (2.74)
v e.p. v e.p.

Now note that, if v is a special endpoint of type ¢, then |P¥| + |PA| + |P¢| — 3 = —1 and
that, if v is a special endpoint of type A, then |P¥| + |PA| + |P?| — 3 = 0. Therefore, using
the fact that |P,,| = 3, we can rewrite Eq.(2.74) as

e2—2hkz Z Z i ch_ [ H %2(hv—hv/)(3—lﬂl)] .

n>1 h<hyx+1 773 PeP, TET v not Y
h,n e.p.
P P
P, P,
[ I1 2hvl<|Pv|73)} [ 11 el ;'71} _ (2.75)
v normal v e.p.
e.p.

The only potentially dangerous contributions to Eq.(2.75) are those coming from a vertex v
that is not an endpoint and such that |P,| = 3. By construction, such vertex has necessarily

|PA| = |P¥| = |P?| = 1; on the other hand, by momentum conservation, 0 < h, — h, < 2,
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simply because |p| < |k — p%| < 1 and, therefore, the quasi-momenta associated to the
external fields ¢ and ¥ have essentially the same momentum scale (i.e., the two scales differ
at most by 1); in conclusion, the overall contribution coming from a vertex that is not an
endpoint and such that |P,| = 3 can be bounded by an O(1) constant and gives no trouble.
Therefore, Eq.(2.75) implies that the overall contribution to G2 1 l(k, p) coming from trees
with n > 1 can be bounded by (const.)|U[2-2+9". We are left with the contributions

coming from the trees with n = 0, which read (defining k' = k — p%)

hyx+1 3
Z Qk”rp w gw k/ +p) [2(5 in Ij;T]whw(k ) p)] gf,h )<k,) L}},L_ , (2.76)
h,h!= j=1

where h := max{h,h'}. Using Eq.(2.64), as well as the estimates on Q"™ and on the
two-point Schwinger function proved in [11], see Eqgs.(3.114),(3.120)—(3.122) of [11], we can
rewrite Eq.(2.76) as

e (S0 +p) [ Y (@)pT35 0. p)] S (k) ) (14 O(U[2)) (2.77)

Jj=1

for some 6 € (0,1). Moreover, using Eq.(2.72), we can further rewrite Eq.(2.77) as
¢ (S(k+ )2 (57, 0)S () ) (1 + O(2") + O(U]2") ), (2.78)

where the vertex functions Z;;, were defined in Eq.(2.57) and we remind the reader that
Iy (p¥,0) = —05 and Ty(5%, 0) = —woy. Theorem 2 is an immediate corollary of the previous
estimates and, in particular, of Eqs.(2.75)-(2.78). Using the fact that |Z,, — Z;—1| <
(const.)|U]2%, we also find that the constants Z, in the statement of Theorem 2 coincide

with the infrared limit of the running coupling constants Z, 4, i.e., Z, = limy_,_ Z,,,. =

7. The response function (Proof of Proposition 1).

In order to prove Proposition 1, we start by deriving bounds on the current-current
response function K l%f (x —y) at distinct space-time points, x # y, which can be expressed
in terms of the tree expansion as follows:

kokk

KiH-y) =20 Y G0 Y Y T S0 Y [, (s W)

7,4'=1 n>0 h>h/g T€T2 PecP, TeT

(2.79)
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where the * % on the sum over P reminds that P,, = P2 = {f1, fo}, with w(f1) — /(1) =
() = () = 0, x(f) =%, X(f2) = y, x(fs) =y, (1) = j and §(f) = J'; moreover, the
* over dx,, reminds that we are integrating over all the variables in x,,, but x and y, which
are fixed (and distinct); finally, H; j is the Fourier transform of n%n{l 5 and (Hjj * WT(?,T)
denotes the convolutions between H; ;; and W, p r. The trees contributing to K ﬁ;f have two
special endpoints of type A; we call them v; and v, we denote by v* the rightest vertex such
that v* < vy, vy with respect to the partial order induced by the tree and by h* its scale.
Proceeding as in the previous subsection, we distinguish the contributions to K fW’LL coming
from trees of order n = 0 or n > 1; we denote the two by K ) and K respectively. The
latter can be bounded by (using a notation analogous to the one used in Eq.(2.67))

kokk

LS y|\<e2v32\|ﬂu|mzz > Y [Tty es0)

7, = n>1 h>hg TGTQ PeP, TeT leT*
: [H |K£I;”)(x )] [ H %max!det Gh”’T”(tv)’ H Hgﬁ,l“)(xl - YZ)H] )
i=1 ' v not e.p. Sv leTy

where [[;.,. is the product over all lines of the (modified) spanning tree 7%, but one line
belonging to the subtree Tk, C T™ connecting x with y and contained into the cluster v*
but not in any smaller one; let us call [ this special line. Eq.(2.80) can be bounded in a way
analogous to Eq.(2.67), with the important difference that the L; norm of the propagator
associated to [ is replaced by its L., norm, which has a factor 23*" more as compared to
the L; norm; moreover, in order to take into account the decay between x and y, we can

extract a factor TN from the product of the propagators in the spanning tree (here

cr
1+(2h*|
N > 1 and Cl is a suitable positive constant); we are still left with an expression that can
be estimated in the same way as Eq.(2.67), thus leading to the upper bound

*3kk n

1K =yl < ey D0 D> D Y Crareriiel o — 2

N
- x—yl)
n>1h>hg reT? PEP; TET

[ H 81'2(1% )(B—Py] } [ H oh/(|Pu|— 3] [ H C’ ]U| \P l_4 (2.81)

v not ~Y v e.p. v e.p.

Proceeding as in the previous subsections, we see that this can be further bounded as

n n * Cx
1K=l <3 3 5 T2 e e @9

n>1h>hg h*>h yl)
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Now, noting that, by construction, A > h* and exchanging the order of summation over A

and h*, we get (picking N =5 and |U| small enough)

HKl(rlrL)( y)|| < (const.)e?|U] Z 2};(4%) = (2.83)
v, 11 (2 yl)
which implies
1
KM (x—y) < t.)e2|U|———— 2.84
IR =9l < fcomst ) 2.8

and, therefore, in the limit 3, L — oo (which exists by the uniformity of the bounds and by
the term by term convergence of the series, see Appendix D of [11] for more details), the
Fourier transform of K is continuous and continuously differentiable for all p € R x B (in

particular at p = 0).

We are now left with the contributions to the response function coming from the trees

with n = 0, which read

. AKADsor
KO (x —y) = —2¢%3 Z CGm S Z/ e P ).
J:j'=1 h,h/>hg ww'

. J , 4’ / Tr{g h)(kl + p )Tv;%w (k,, )gw, (k/)Tw w(k/ + p . —p )}

T+ - +7)
where h = max{h,h'} and the factor 2 in the r.h.s. takes into account the summation

over the spin degrees of freedom. It is important to notice that the integral in the latter

fw W 7]7j/

expression can be rewritten as e!(P#—P#)(x-y) I, }‘L" 07" (x —y), with ;777 (x —y) a function

admitting the dimensional bound:
2n-max{h,h’}

an w,w';j,5" < 22(h+h’)

hh’

(2.85)

for all N > 0. Eq.(2.85) implies that the contributions to K (x — y) with w # ' can be
rewritten as e/®PFPrI)EVE  (x —y), with
on- max{h,h’}

/
O F, ()] < 92An ) <N 2.86
| ( )| 6 N %L:, 1+ (Qmax{h h/}|XDN =€ 1+ |X‘4+n ’ ( )

for all N > 4 + n. This implies, in particular, that we can rewrite

2N /7 dk'dp . o,
0 l X—
K (x = y) = =2¢%] E: (0)u(87)m D Z/ TN

7,g'=1 h,h’>hg w

Te{gl" (K + )T (K, p)gl") () T2 (K + p,—p)} + Hy,) (x — ¥) |
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where the Fourier transform of H(®)(x — y) is continuously differentiable in a neighborhood
of p = 0. Using Eq.(2.72) and the definition of Z;, we can further rewrite this expression
as
dk'dp i oix_vy i i
Kl(m)( —2¢%ug Z Z ZiwLom, / 2m)? |B|26 P -V)néniﬁ-
hh/>hﬁ w

. o = —(0
Tr{gM (K + p)Tu(3, 0)3") ()T, (5%, 0)} + Hy (x — y)

where the Fourier transform of H " (x —y) is continuously differentiable in a neighborhood
of p = 0. Finally, rewriting Z;, = Z; + O(|U|2%), using the expression of the two-point
function in terms of a sum of single scale propagators (see Eq.(3.121) of [11]) and using the

definition of ['(k, §) in Eq.(1.39), we get

dkdp  oix_v) i i . I -
Kz(gz)(x_}’) = _2€2U§ZlZm/W€ P y)nlj;nj_ﬁTr{S(k"‘p>Fl(kaO)S(k)Fm(kaO)}+
+H) (x ), (2.87)

where the Fourier transform of H© (x —y) is continuously differentiable in a neighborhood
of p = 0. Combining Eq.(2.87) with the explicit expression Eq.(1.42) for the two point
function and with the bounds derived above on K(), we finally obtain the statement of
Proposition 1 (the parity property of R(p) stated in item 3 of Proposition 1 easily follows
from the symmetry properties listed in Appendix B and C). n

Appendix A: The conductivity of the non interacting system

In this Appendix we prove Eq.(1.40), with 0;;|y—o given by Eq.(1.38):

_ 2 2%, dkq 50 (k + (p0,0)) = So(k) [, 7 5 > =
oo g iy [ [ - <Mmu<f&,

where |B| = 872/(3+/3) and

with a; (k) = 21— e'3h cos (Lky)] and as(k) = %e’%kl sin (k).

Let ¢ > 0 be a small number, independent of py, to be eventually sent to zero. In the

integral to be evaluated, we distinguish between the region where [Q(k)| > € and the region
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where [Q(k)| < &

2 2e% dko S (k + (po,0)) — So(k) e
Uij|U:0 T 33 h }2—>0p0—>0+/ |B[ 0 Li(k,0)
So(K)T(F, 0) } - [x(I(R)| = &) + x(12(F)] < 2)] (A.3)

The integral associated to the region x(|Q(k)| > €) is uniformly convergent as py — 07
therefore, we can exchange the integral with the limit and check that the integral of the
limit is zero (simply because the integrand is odd in kg). Next, in the integral associated
to the region X(|Q(E)| < ¢€) we rewrite the propagator as the relativistic propagator plus a
correction (similarly, we rewrite I'; as its relativistic limit plus a correction). The corrections
are associated to absolutely convergent integrals, uniformly in py as pg — 07, and one can
easily check that their contribution after having taken ¢ — 0 is equal to zero. We are left
with (after having changed variables and having included a further factor 2 coming from the

summation over the two Fermi points):

2e? . . dko iko iky — k)
U,-j|U:0 = e lim lim = {gj . . o; -
T h e~0p—0+ | po ’|<s k + |k’! —iky — kb ik

[ 1 i(ko +po) ki — ks 1 iky ik, — K } }
(ko +po)? + K2 \ =ik — K i(ko +po) ) K2+ K12 \ =ik — K, ik ’

where o;, i = 1,2, are the first two Pauli matrices. Now, if ¢ # j, the r.h.s. of this equation

is equal to

2 2 /dko/ ai 4k K, 1 1
:i:—— lim lim — = ( —— — — ) , A4
7]' e—0py—0t Po |k'|<e ]{'(2) —+ |k/’2 (ko +p0)2 + |k,|2 kg + ’k/P ( )

which is zero by the symmetry under the exchange K e— — k. If, on the contrary, ¢ = j,

we get:
2 1 2k2 2
Tii|yy—g = —e—hm lim _/dko/ ( koﬁ B ko(k0+p01 >+
= m h e=0py—0+ P |k'|<e k2 + |k"|2 k’2 + |k3/|2 (ko +P0)2 + |k/|2
. 1 1
+ _1 i 2 k/ 2 2 kl 2 - _ - . A5
(1)~ (k) ]<k:§+|k;’|2 (k;o+po)2+|k:’|2> o

Now, the terms in the integral proportional to 2(k{)* — 2(k})? are zero by the symmetry

under the exchange k] <—>k§ Therefore, we are left with:

2 6 dko 1 2]{8 2]60(]{0 + po)
Tii| o = lim lim — 5 ( P > ) )
T h =0 pg—0+ Do '\<s k + |l€’|2 ki + K12 (ko +po)?+ |K']?
A.6)
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that is
dko ko(Ko + po)
" 8% l lim — [ dk-k — :
Til=g = 87 lim fim, o / / k? - k?) [(ko + po)? + k2] - [k3 + k2]>
(A.7)
The integral in ky can be evaluated by residues to give:
/dk0|: k‘g B ko(ko —|—p0> } —9 [ kg ] B
2mi L(k§ + k2)* (ko +po)® + k2] - [K§ + 2] * ko + k)2 ko=ik
[ ko(ko + po) ] B [ ko(ko + po) ] (A.8)
[(k’o + p0>2 + ]{/’2} . [k}() + ’Ll{?] ko=ik [l{}o + po + ’Lk’] . [l{fg + k‘Q] ko+po=ik ’ ‘
that is
(G +RR  Tlho v po2 + 47 - [+ )~ G+ oy
Plugging (A.9) into (A.7) gives
o2 e 2 2
Do 1 e e’T
O'ii‘UZO — 8= . ll_I)I[l)polgrol+ 1_6/ dkm 0 ll_I)I(l)p(}g% arctan(2e/pg) = 75 (A.10)

which is the desired result.

Appendix B: Symmetry transformations

In the Appendix we collect some symmetry properties of the fermionic action, i.e., some
transformation of the fermionic fields and of the external sources that leave separately in-
variant both the gaussian fermionic integration P(d¥) and the interactions V(¥), (¥, ¢),
(A, J). These symmetries will be also preserved by the multiscale integration and, therefore,
they will allow us to exclude the presence of possibly dangerous terms in the effective action
at scale h, see Section 2 and Appendix C. In the following, we denote by o1, 09, 03 the stan-
dard Pauli matrices and we use the follwoing convention for the Fourier transform of the A

field: Ayy = (BL%)! > pehor e A, where By = 2167'Z x By, and § € {+, —,1,2,3}.

Lemma B.1 For any choice of M, 3, L, the fermionic Gaussian integration P(dV), the in-
teraction V(W) and the source terms (V, ¢), (A, J), defined in Eqs.(2.3)-(2.7), are separately
invariant under the following transformations (here v € {ext,int} and Px g int = \i’k,g, while
Pkoeat = ggk’g; whenever this will not create ambiguities, we shall drop the labels o and -,

i.e., we shall use @f as a shorthand for gbljfwy):
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(1) Spln ﬂZp @i,aq = @i,fa,'y;

(2) Global U(1): @5, — €% @g , ., with ay € R independent of k;

(8) Spin SO(2): <gjk’T"’7> — g W02 <Szjk’T"’7>, with 0 € T = R/27Z independent of k;
Spi,l,-,fy spf{,l,-,'y

(4) Discrete rotations: ¢ — o—ik(83—01) %

n i D (50 —5 n iP5 . 25 T
ATp7:|:e:FZ2(63 61) and Ap,] — ATP,]+1€ 2(63 1); w/[/th Tk — (k07 e 173 0'2]{:);

(5) Complex conjugation: o5 — ¢, Apr — A_ps, Apj — —A_p; and c — ¢*, where ¢

is generic constant appearing in P(dV), in V(V) or in (A, J);

_ o N . . . .
(6.a) Horizontal reflections: ¢, — 01¢p 1, Pu — Pr, k01, Ap+r — Apps and Ap; —

—Ath,rhje_iﬁ(gj—gl), with Rpk = (ko, —k1,k2) and rpl =1, 2 = 3, rp3 = 2;

(6.b) Vertical reflections: @y — $% 1, Aps — Apps and Ay; — Ap,p,.;, with Rk =
(ko, k1, —k2) and r,1 =1, 1,2 =3, 1,3 = 2;

. e At T~ AT 2 ~ A ~ .
(7) Particle-hole: ¢, — ippi , ¢ — iPpi » Aps — A_pps and Ap; — —A_py i, with
Pk = (k[)a _kla _kQ);'
. R - . T T+ oSS 7 — . 7 "+ . A_A'_
(8) Inversion: Wy , — —io3Vy ., V' — —iW} 03, &, — 1030 ,» Py — 1Ofy 503,

~

Ap,:l: - _Alp,:t and APJ - AIPJ? with Ik = (—/{70, ki, ]{52).

Proof. The proof of the fact that P(dWV), and V(V) are separately invariant under the
transformations of the ¥ fields has already been discussed in Section 3.1 of [11]. The fact
that (U, ¢) = (BL%)! Zkya(\ifi,g¢21:7g+(§1t0\if;a) is invariant is apparent from the definitions.
Therefore, here we are left with proving only the invariance of the term (A, .J) under the
transformations (4) to (8) of the list above. In order to verify these symmetries, it is

convenient to rewrite the source term in Fourier space:

(A, J) =

p,7T k+p O’nT‘ijl:p' + <B1>

pegﬁ L T=%
keBj 1,

pEBg L .] 1’273
keDj 1,
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where it is implicit that the terms in the sums with k+p & Bj; ; should be put equal to zero.

Symmetry (4). The term
Z AP T k+p anT\ijl;a (Bz)

k,p,7
in the first line of Eq.(B.1) is changed under (4) as:

Z ATp L€ —iT g (63— ) \Ij;(ker)ﬁ. [ei(k+m(6g—51)73,,,LT6—1:]€(53—51)73:| \111:70. . (B3)
k,p,7
Using the definition of n., we find that
[ FrP G005y ~RE-D)F] = (B Gy — ir§Gadiy (B.4)

Plugging this identity into Eq.(B.3) we see that (x) is invariant under (4). Similarly, the

term

k,p,j
in the second line of Eq.(B.1) is changed under (4) as:

Z ATp,JJrle ). (B.6)
Z-U+€fik(5j751) B io_iei(ker)(ijt;l))efik(égfél)} \i,lza
Using the definition of o, we find that eiktP)(0:=81)%F 5 —ik(d3-61) — 5 Filk+5)(8:-61) 5y,
therefore,
[ei(k+p)(53—51)073 (Z-UJre—ik(aj—él) _ w_ei(k+p)(5j—51))e—ik(53—51)} = (B.7)
_ eig(sgﬂsl)(Z-waik(ajfag) . Z-(Lei(ker)(éjﬂsg)) .

Plugging this identity into Eq.(B.6) and using the fact that k(d; — d3) = (Tk)(d;41 — 1)

we see that also (%) is invariant under (4).

Symmetry (5). The term (x) is changed under (5) as:

Z A—pT —(k+p), n’f\i[:k,a , (B.8)

k,p,7
which is the same as (x). Similarly, the term (xx) is changed under (5) as:

(#5) — Z<_Afp,j)¢]t(k+p),g( _ ia+e+zk(6 =01) 4 jg_ e ilk+p)(5; 51))\11_ka 7 (B.9)
k,p.j
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which is the same as (xx).

Symmetry (6.a). The term (%) is changed under (6.a) as

Z ARhP 7’ n(k+p), o-lnTo-llijf_{hkp- . (BlO)

k,p,7
Using the fact that oin,01 = n_, we see that this term is invariant under (5). The term

(xx) is changed under (6.a) as:

(**) - Z(_ARhP,Thj>e p(5;=01) \I/Eh(k-i-p) [01(i0+6_ik(6j_61)_i0—6+i(k+p)(6j_61))0-1] \il;zhk,a

k,p,j

(B.11)

where

ik(8;—81)

— i07€+i(k+p)(5r51))

(8, -81) (jir , K8—31) _ i omi0HP)(8,-81))

o1(tore” 01| = —e
[0 ]

(B.12)
Using this identity and the fact that k(d; — 81) = —(Rpk)(d,,; — 01), we see that (xx) is

invariant under (6.a).

Symmetry (6.0). The term (x) is changed under (6.b) as

ZARUW (ki) nT\i/;zka, (B.13)

k,p,7

which is obviously the same as (x). The term (xx) is changed under (6.b) as

(%) — Z Apyproj @Ev(ker) (io e ™= ia,e”(k*p)(‘sf"sl))‘il]}vkﬂ . (B.14)
k,p,j

Using the fact that k(d,—81) = (R,k)(d,, —01) we see that also (sx) is invariant under (6.b).

Symmetry (7). The term (x) is changed under (7) as:

= =Y A pp Vo Ve = D A pp Vb eV (B.15)

k,p,7 k,p,7

which is the same as (x). The term (xx) is changed under (7) as:

—ik(8;—5 - i(k+p)(8;,—81)\ §+T
(xx) — E A ppj k+p io e @m0 g o TilktP)(o; 1))\prk7g—
k,p.j

=D A pp Uy, (i NP0 g o000y

P(k+p),o (B16)

k,p.j
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Using the fact that k(6; — ;) = —(Pk)(d,, — ;1) we see that also (xx) is invariant under (7).

Symmetry (8). The term (*) is changed under (8) as:
= D A Wy o loan0s] W, (B.17)
k,p,7

which is the same as (x). The term (xx) is changed under (8) as:

(%) — — Z App; W k+p [Ug(imre_ik(‘sj_‘sl) - ia_e+i(k+p)(5f_51))03] ‘ijl_k,a . (B.13)
k,p,j

Using the fact that 30103 = —oy and that k(d; — d1) = (Ik)(d; — d1) we see that also

(xx) is invariant under (8). u

Appendix C: Symmetry properties of the kernels

In this appendix we prove Eqs.(2.27)—(2.31). We start by studying the symmetries of
the kernel quadratic in the external field A and by proving Egs.(2.27)—(2.29). Next we
investigate the symmetries of the kernel quadratic in the fermionic fields ¥ and linear in the
external field A and prove Egs.(2.30)-(2.31).

The AA kernel. We consider the term quadratic in the external fields A; in the r.h.s. of
Eq.(2.25), which has the form (neglecting the dependence on the label M, defining W, (p) :=
WO 2:(4p) (P, —P) and assuming, without loss of generality, that Wiy (p) = ijﬁ(—p)):
ﬁLg Z [ Z APTWTT A—p7'+2 Z APTWTJ( )A—p,j"' Z Ap,jﬁ/j,j’(p)fl—p,j’

e — ji'=123
j= 123

(C.1)
which must be invariant under the symmetry transformations listed in Appendix B. Using

symmetries (4)—(8) of Appendix B, we find that:

A

Wrp(p) = Wrp(Tp)e'2 &m0 =7 (—p) =

W (Ryp) = s (Bup) = W, (1) (c2)
Wrj(p) = Wejna(Tp)e’>@o00=D — 17 (—p) =

= —W_ 0 j(Ryp)e %) =W, i(R,p) = —W,;(Ip) , (C.3)
Wi (p) = Wis1j41(Tp) = W}, (—p) =

A

= thJ rrg’ (Rnp)e (0 =85) = ijmuj’(Rvp) = WMUP) . (C4)
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Eqgs.(C.2)—-(C.4) imply that one can define natural covariant matrix elements as:

WTT’(p) _ 62551(7' T’)VA[/T’T,(p) , (C 5)
W, ;(p) = e 5@ 0=Dy_(p) | (C.6)
W, (p) i= e EG=%0W, . (p) (C.7)

which satisfy the following natural transformation rules:

WT,T’(p) = WT,T’ (TP) = W:,T/(_p) = /—WV—T,—T/(th) = /—WVT,T’(Rvp) = W’T,T’(]p) ) (08)
WT,j(p) = WT,j+1 (Tp) = _W:,](_p) = _WfT,T‘hj(th) = WT,T’»Uj (Rvp) = _WT,j([p) s
Wiy (P) = Wisrj1(Tp) = Wi (—=p) = Woyjm,j (Bap) = Wi i jo(Rop) = Wi (ID) -
At first order in p, defining Wu,b(O) =: ay, and 8puwﬁ7b(0) =: bgfb, with #,b € {+,—,1,2,3}
and p € {0,1,2}, from the first of Eq.(C.8) we get a,, = (a,+)" = a_r_ (ie., a7 =

a+a'r7', for some a,a’ € R) and b , =0, Vu € {0,1,2}, that is:

—

W, (p) =a+drr +0(p*) = W.m./(p)ze 51— T)[G+CLTT]+O< %), a,d €R,

(C.9)
which proves Eq.(2.27). Similarly, from the second of Eq.(C.8), we get a,; = 0, b’ ;= 0for
I =1,2and b ; = br, for some b € R, that is

WT,j(p) = pr() + O(p2) = Wm-(p) = pro + O(p2) , beR , (ClO)

which proves Eq.(2.28). Finally, from the third of Eq.(C.8), we get that a; j = cd; ; + ¢/, for
some ¢, € R and b ;, = 0, for all p € {0,1,2} and j, j" € {1,2,3}; that is,

—

Wj’j/ (p) = C(SjJ/ + C/ + O(p2) = WT,j(I)) = e

MNJ

G [céjj—i-c]—i-O( %), ¢d €ER,
(C.11)
which proves Eq.(2.29).

The Ay kernel. We consider the term quadratic in W) and linear in Ay in the r.h.s.
of Eq.(2.25), which has the form (neglecting the dependence on the label M and defining
Wﬁ(ka p) = W2,1;jj<k + p, ka p))

6L2 O | AW )+ S AW (ko p) BT (C12)

k,p,c T=% 7=1,2,3
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which must be invariant under the symmetry transformations listed in Appendix B. Using

symmetries (4)—(8) of Appendix B, we find that:

W (k,p) = T8 (83— 51)efi(k+P)(53751)%3WT<Tk’ Tp)eik(csgf&)%3 - W:(_k7 —p) = (C.13)
= o\W_,(Rpk, Ryp)oy = Wi (Rk, R,p) = WX (P(k + p), —Pp) = 03W,(Ik, Ip)os ,
Wi(k,p) = e300 itP) & =003y, (Tk, Tp)e™(®-00%F = — /¥ (—k, —p) =
—€ip(5j751)01thj(th> Ryp)or = erj(Rvka R,p) = (C.14)

= —W/(P(k + p), —Pp) = —o3W;(Ik, Ip)os
At k = p% and p = 0 and defining WT(p“Pi, 0) =: Zizo aly o, with o9 = 1 and 01, 09, 03
the standard Pauli matrices, the last identity in Eq.(C.13) reads:

0 1 2 3 _ .0 1 2 3
Ay r + ay, 01 + 02 + Q03 = Ay — Ay ;01 — Gy, ;02 + a, .03, <C15)

which implies a, , = aZ . = 0; given this fact, the second identity in Eq.(C.13) implies that

al = (a®

b *and o} . = (a®,,)*; the third identity implies that a),  is even in 7, while

WT) —Ww,T

al . is odd in 7; the fourth and fifth identity imply that both a,, and a} , are even in w.
In conclusion,

W, (p%,0) = a° + Ta’os (C.16)

with a® and a® two real constants. This proves Eq.(2.30).

Similarly, defining W, (p%, 0) =: Zi o @l 0y, the last identity in Eq.(C.14) reads al)
a,, ;01 + a2, jos+al ;03 = —ag, ;4 a, ;01 +a’, ;o5 — al o3, which implies that af, ; = ai’j = 0;

the first identity in Eq.(C.14) reads:

w

<[y
wld

(C.17)

1 + 2  —w {73( 1 + 2 )

a,; i 2T a;, i+1
which implies 2’3 = g WHF 2’] ; the second identity in Eq.(C.14) implies that
a

a2 . 2.
a,; = —(al_wj)* aild a; = (a?, .)*ijﬁle third identity implies that a); = —aj,, ; and
aiyj =a; ,,h ;; the fourth 1dent1ty implies that a’, . = a® wrojs With 1= 1,2; the fifth identity
implies that a,; = —a',; and a2 ; = a* ;. Usmg the second, third, fourth and fifth
identities for j = 1 immediately gives al,; = 0 and a2, = a € R. At this point, using the
first identity, we get al, = —al, 3 = wa\g and a? , = a3 = —§, which means

W) = am . Walpp) = alw oo —2m) W) = a(w Ll — L)

(C.18)
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that is

~

W;(p$,0) = ac™ 5 0 D7g, (C.19)

which proves Eq.(2.31). "
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