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Abstract

With a renormalization group approach, we study the pressure of the two
dimensional Coulomb Gas along a small piece of the Kosterlitz-Thouless tran-
sition line, i.e. the boundary of the dipole region in the activity-temperature
phase-space.

1 Introduction

Occasionally in Statistical Mechanics the study of a special model inspired major
advances of the general theory. This was the case, for example, of the exact solutions
of the two dimensional Ising and Six-Vertex models in the ambit of the theory
of universality; and was certainly the case of the Renormalization Group (RG)
analysis of two dimensional Coulomb Gas as prototype of the Kosterlitz- Thouless
(KT) transition for systems with long range interactions.

Two dimensional Coulomb Gas is the statistical system of point particles on a
plane, carrying a charge +1, and interacting through the two-dimensional electro-
static potential that, for large distances, is

1
V(x—y)N—%lnlw—yh

An ideal realization of the model is a system of infinite, parallel, uniformly charged
wires in thermal equilibrium; historically it was proposed as a model of strongly
magnetized plasma (see introduction of [15] and references therein). Very soon,
anyways, the Coulomb Gas acquired a great theoretical importance, for Berezin-
skii, [4], and Kosterlitz and Thouless, [26], found in it the solution of a puzzling
dichotomy in the theory of the two dimensional XY model: the spin-wave approxi-
mation, quite reliable for low temperatures, predicted, in agreement with the gen-
eral Mermin-Wagner argument, absence of order and power law fall-off of the spin
correlation; on the other hand, high temperature expansion clearly demonstrated
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exponential decay of the correlations. The two scenarios were merged together by
the fundamental observation that the former picture did not take into account spin
configurations with wvorter excitations, which interacted through the logarithmic
potential written above.

Using RG ideas, Kosterlitz and Thouless, [26], [25], were able to obtain the
diagram of phases of the Coulomb Gas (and so of the XY model) depicted in Fig.1,
where z is the activity and [ the inverse temperature. At high temperatures, the gas
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Figure 1: Diagram of phases: the separatrix is the KT line.

is in the plasma phase - or Debye screening phase: the configurations of significant
probability are those in which the long-range electrostatic interactions generated
by a uniform density of particles of opposite charges almost cancel each others,
resulting in an effective, short range potential; as consequence, the correlation length
is expected to be finite, and certain screening sum rules are conjectured. Low
temperatures, on the contrary, favor the formation of pairs of opposite charges, the
dipoles: the effective range of the interactions remains long, and the correlations
length is infinite; this regime is the dipole phase - or KT phase. In between the two
phases, there is (at least) one critical curve, that is called KT transition line, and
was found to intersect the z = 0 axis at (.(0) = 8w, [25]. This picture represented
a new kind of phase transition, because all the temperatures below f.(z) are, in a
sense, critical; in fact, approaching (.(z) from higher temperatures the correlations
length is expected to diverge as & ~ explc(z)|8 — B.(2)|72], as opposed to the
En~|B =B (or & ~In|B — B.|) of the second-order phase transitions.

After the pioneering analysis of Kosterlitz and Thouless, efforts of many au-
thors were addressed to the topic, in search of stronger evidence of the KT phase
transition: the reader interested in theoretical physics works can find useful discus-
sions and a good selection of references in [15], [1], [36], [27] and [23] (see also the
conjecture in [20] of an infinite series of thresholds, intersecting the z = 0 axis at
Ben(0) = 8m(1 —1/2n), n = 1,2,...00, where more and more coefficients of the
power series of the pressure in the activity are divergent; criticism is in [34]).
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The first major rigorous result was the proof of Frohlich and Park, [17], of
the existence of the thermodynamic limit for pressure and correlations. Later on,
Frohlich and Spencer, [18], [19], proved, for 5 large enough, an upper and lower
power-law bound for the correlations of fractional (i.e. non-integer) charges; then,
refinements of the same technique allowed Marchetti, Klain and Peres, [29], [28],
to cover increasing regions in the dipole phase that eventually included the point
(B,z) = (8m,0), but not the rest of the KT transition line. Despite its fast im-
provement, Frohlich-Spencer method seemed to have some unavoidable limitations:
it could not provide the exact power of the correlations fall-off, nor could exclude
logarithmic corrections to such decay (which actually were expected along the KT
transition line); and it did not provide any useful bound for correlations of integer
charges. For this reasons, different authors started developing an RG approach to
the model - at the beginning in some approximate form: hierarchical metric, or or-
der by order in perturbation theory; see [2], [30], [12], [33], [24], [3]. Later, Dimock
and Hurd, [14], achieved a rigorous construction, under no approximation, of the
pressure in a region of the dipole phase that included (3, z) = (87,0) but not the
rest of the KT transition line; they could not discuss charge correlations, though.
Finally, the only rigorous result on the plasma phase is the work of Yang, [35], that
extended to the two dimensional case the proof of dynamical mass generation for
f < B.p(z) obtained in higher dimension in [6], [8].

The objective of this paper is to study the Coulomb Gas along the KT transition
line, for small activity. Using the general RG approach of [5] and some model-specific
ideas in [14], we are able to give a constructive proof of the existence of the pressure.
We shall not discuss here the critical exponents of the correlation functions; but in
view of the bounds of this paper, the task should not be difficult. Besides, we
shall not consider in these pages more complicated models studied by Frohlich
and Spencer, such as the XY, Villain, discrete Gaussian, Z,-Clock and the solid-
on-solid models, because they require (perhaps) a large-activity framework. Even
more interesting - and more difficult to treat - is the surprising (formal) equivalence
between the KT transition and the second-order phase transitions of certain two-
dimensional, lattice models, such as Ashkin-Teller, Six-Vertex and Eight-Vertex,
()-states and anti-ferromagnetic Potts models, O(n) models (including the n = 0
case, i.e. the Self Avoiding Walks) etc. (see [22], [32] and references therein). Future
efforts should be addressed to these appealing applications of the Coulomb Gas.

2 Definitions and Results

A possible microscopic realization of the two-dimensional Coulomb Gas is the fol-
lowing. Consider a system of point particles labeled with numbers 1,2,3... and a
finite square lattice A C Z? endowed with periodic boundary conditions: a configu-
ration is the assignment to each of the particles, say the j-th, of a charge o; = £1
and a position x; € A. Particles interact through a two-body electrostatic potential
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Wa(xi, x;) = Wy(x; — x;), so that, if Q,, is the set of all the possible configurations
of n particles, the total energy (self-energy included) of the configuration w € 2, is

Hy(w) = % > i Wala; — ;) . (2.1)

4,j=1

If z is the activity and § > 0 the inverse temperature, the Grand Canonical partition

function is "
z
_ < —BHA(w)
Zp(B,2) = - > e . (2.2)
n>0 wEN,

Before stating the main theorem, we have to give a precise definition of electrostatic
potential Wy. It is to be the inverse of —A,, the Laplacian operator on A; anyways,
because of the periodic boundary conditions on A, —A, has zero modes, and we
have to assign a regularization procedure to make sense of (—A,)~!. Define the
Yukawa interaction on A with mass m

Wi(z;m) = ﬁ Z

keA*

eikx
—_— (2.3)
m? — A(k)
where A* is the reciprocal lattice of A and —A(k) =23 j—0.1(1—cos k;) is the Fourier
transform of —Ajy; then, if Hy(w;m) is the Yukawa energy of the configuration w,
re-define (2.1) such that

ePHAW) . i ¢~ 3 Tiymr o Wa@imesim) (2.4)
m—0

Of course in the massless limit m — 0 the Yukawa potential is, by itself, ill defined;
though we shall see in Sec. A.1 that (2.4) makes sense and, in fact, assignes weight
zero to configurations of non-neutral total charge - so it is apparent that the system
is symmetric under z — —z. Finally, for R and L positive integers, L odd and
bigger than one, assume that A is a square with a side of L? lattice sites; then the
thermodynamic limits of the pressure is

p(8,2) = lim ——n Zy(8, ) . (2.5)

The main result of the paper is the following theorem.

Theorem 2.1 For e > 0 small enough, there exists a function ¥(z) > ¥(0) = 8«
such that, if |z| < e and 5 = X(2), the limit (2.5) exists.

As stated at this point, the Theorem is slightly imprecise, because we have not
found a way to characterize the Kosterlitz-Thouless transition line in terms of the
pressure only; though it will become apparent in the next section that the curve
[ = 3(z) is exactly such line. Lengthier computations, simple but not explicitly
pursued in this paper, would prove that 3(z) is a smooth function.
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3 Strategy of the Proof

The starting point of this analysis is the functional integral representation of the
partition function that allows for a more standard RG approach. In Sec. A.1 we
shall prove an equivalent formula for the partition function for finite lattice A:

2(8.) = Iy, [aPon(c®im) [aPas(c V) [anc)

-/dPO(C(O)) ey(4<o>+<<1)+...+<<R—1>+<<R>) (3.1)

where dP>g((;m) is a Gaussian with massive covariance, [dP>p((;m) (¢, =
I'sg(x —y;m), while dP;, for j =0,..., R—1, is a Gaussian measure with massless
covariance [ dPj(¢) (¢, = I'j(z — y). Explicit definitions of I'sg and T'; (and
precise meaning of 'massive’ and 'massless’) are given in Sec. A.l. Here we stress
that, besides being positive-definite functions, I'g, I'y, ..., 'r_; satisfy the following
properties

Li(x)=0  for |z| > L/"!/2, (3.2)

10°T ()| < C, L7714 for |z| < L/*1/2, if |a| >0, (3.3)
1 j

I';(0) = glnL +¢;(L) for |¢;(L)| < cL™% ; (3.4)

where C, and ¢ are independent of L. Namely, I'; has compact support O(L/*)
and typical momentum O(L™7). Finally, to complete the explanation of (3.1),

1 ,
V(g) = [AIIn(1 = s) + 5D (0,) +2 ) €79 (3.5)
TEA TEAN
nee o=+

where e = {(1,0), (0,1), (—1,0), (0, —1)} and 0", = Qs+, — ¢x; the notation > -
implies also a factor 1/2 that we do not write explicitly (so that the Fourier trans-
form of ) ., 07#0" coincides with ﬁ(k) defined after (2.3)). The parameter s is in
[0,1/2) and will be chosen as function of z: in the final limit R — oo, it will fix the
relation between a and the inverse temperature 3 through the formula o? = (1—s)2.
The RG approach consists in computing the integrals in (3.1) progressively from
the random variable with highest momentum to the one with lowest. After each
integration we define V;, the effective potential on scale j, such that Vy =V,

eViti(®) — /dpj(g) Vit j=0,1....,R—1; (3.6)
and, at last,

Za(B,2) = lim / APon(¢im) VR | (3.7)
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In this way the evaluation of the partition function is transformed into the flow
of a dynamical system of effective interactions Vy, Vs, ..., Vg. To have control on
it, we must distinguish the irrelevant part of V;, namely the terms that, along the
flow, become smaller and smaller by simple 'power counting’ arguments, from the
relevant part, namely the terms that require a more careful study. In order to do
that, it is important to introduce some special kind of lattice domains: blocks and
polymers ([5], [10]). Define |z| := max{|xo|, |z1]|}. Recall that L was chosen odd,;
and, for j = 0,1,..., R, pave the periodic lattice A with L2>=7) disjoint squares of
size L7 in a natural way: there is the central square,

{zeh:|z|<L7)2)

and all the other squares are translations of this one by vectors in L/Z. We call
these squares j-blocks, and we denote the set of j-blocks by B; = B;(A). 0-blocks
are made of single points, so, for example, By(A) = A. A union of j—blocks is called
j—polymer, and the set of all j—polymers in A is denoted P; = P;(A). Suppose
X is a j—polymer: 0X is the set of sites in X with a nearest neighbor outside X;
B;(X) is the set of the j—blocks in X; |X|; is the cardinality of B;(X); and X is
the smallest polymer in P;.1(A) that contains X. A polymer made of two blocks,
B,D € B;(A), is connected if there exist x € B and y € D s.t. |v —y| = 1; the
definition extends to connected polymers of more blocks in the usual way. We call
Ps = Pi(A) and S; = S;(A) the set of the connected j-polymers and the set of
the connected j-polymers that are made of no more than 4 j—blocks - the “small
polymers” - respectively. §; = &,(A) is the set of the connected polymers that are
not small; and S is the (j-independent) number of small j—polymers that contain
a given j—block. Given a j—polymer X, the collection of its maximal connected
parts (each of which is a j—polymer by construction) is called C;(X); while its small
set neighborhood is X* = U{Y € S;(A) : Y N X # (}. The empty set is considered
as an element of P;(A), but not of P§(A).

Given a block B € B;, we define the interaction
Uj(8727§07B):‘/}(8727¢7B)+Wj(87z7907B) (38>

where W;(s, z, ¢, B) is quadratic in s,z and will be defined precisely below; while
Vj is basically given by the original interaction

Vils, 20, B) = 2 3 (002 + 2178 Y oo (3.9)
x€B zEB
nEE o=+

Notice anyways the factor L=% that makes V; explicitly j—dependent; besides, it
actually depends upon {p,}, for x in a domain slightly bigger that B (because
includes the outer boundary sites). We assume the W;(s, z, ¢, B) depends upon
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Figure 2: Lattice paving with blocks of different sizes in the case L =3 and R = 3

{¢z}zep+. We extend these definitions to polymers X € P; additively:

Uj(S,Z,QO,X) = Z Uj(s>za(paB) ; (310)
BEBj(X)

Vi(s, z,¢,X) and Wj(s, z,p, X) are defined in the same way. If we drop the first
two variable of U, V; and W, it means they are s; and z; - i.e. their have the same
label j of the potential. Finally, inductively assume the following formula for the
effective potential

Vi(p) = Ej|Al +1In

> e ] ey e
)

XePj(A YeC;(X)

where the polymer activity, K;(p,Y), is a function of {¢; }yey+. Finally, from (3.7)
and (3.11) with j = R

Zn(B, z) = ePrIAl limo /dP>R((;m) (VRN 4 K (¢, A)] o= ePralt 0 (3.12)
m— -

The details of these constructions are in Sec. 4; as opposed to the original RG
method in [11], we will not need any ’cluster expansion’ to handle the tails of the
covariances, for in our setting they have compact support (this idea was devised in
[31], [5]). We shall be more specific on the regularity of U; and K later. At this
stage, we just mention that U; is going to contain the second order part of marginal
terms of the iteration, whereas the irrelevant terms, as well higher order marginal
terms, will be stored in K.
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Assumption (3.11) holds at j = 0, for (FEy, so,20) = (%ln(l —38),8,2), Wo =0
and Ky = 0. In Sec. 4 we shall prove that, iterating (3.6), assumption (3.11) holds
at any scale j = 1,... R, with (s;, z;, K;) recursively given by: for j = 0,

S1 =S
2
2 = LPe~ 7100,
Ky = Ro(2,5) ; (3.13)

foryj=1,2,...,R—1,
sjr1 = 85— a;z; + F(K;)
2SO e (K.
Zjp1 = L7e™ 2 2 = bjsjzj + M;(K;)
Kjn = L;(K5) +R;(z, 55, K5) - (3.14)
F; and M; are real functions of the polymer activity; £; and R; are a linear and

high order maps of the polymer activities (and functions of z; and s;). Note that
a; = aj(L), bj = bj(L)

Lemma 3.1 If o® = 87, set a := 87%e“In L and b := 2In L, where c is a constant
introduced in (A.29); then there exist C' and C(L) such that

L2~ O 1| < CL™% | |a;—al, b —b| < C(L)L7% . (3.15)

The former inequality is a consequence of (3.4); the latter in proven in Sec. A.3.2.
The energy parameters, Fy, E1, ... Eg, are recursively defined by

Ej+1 = Ej + L_Qj [S?/@\&j + 2]2/6\47]' + sj€27j + é\l,j(Kj)} s (316)

where € ;(K;) is linear in K, while the other €, ;’s are independent of s;, z; and
K;. Epiy is defined in (3.12). For 5 =0,1,..., R, let £ := E;1; — E;. In Sec. 5.1,
we will set up a norm || - ||z, for polymer activities on scale j depending on two
parameters h and A: if properly chosen, the following lemmas hold.

Lemma 3.2 There exists C(a, L) such that, for any given j = 0,1,... R, if
|sils 1251, 1Kl Iy < €0, .
1&| < C(a, L)L % g . (3.17)

Besides, &, . ..,Ep_1 (but not Eg) are the same on A and on Z2.

The proof is in Sec. 6.1. (3.14) is the RG map. The solution of (3.14), for initial
data (s, z0, Ko) = (s, z,0) will be called the RG flow; the sequence of energies given
by (3.16) has no influence on the RG flow, hence can be seen as the history of an

o

2
observable. Consider the case a? > 8: by (3.4), for L large enough, L?e~ 70 <
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1; consequently, if also |z| is small enough, the flow goes to zero as was discussed in
[14] (in the sub-case of |z| small w.r.t the value of §). This paper is focused on the
more complicated case o = 87, when [2e~ 5150 i basically 1 and then the flow is
determined by the second order terms (see Lemma 3.1). In fact, neglecting higher
orders and neglecting the RG map for (Kj);, (3.14) is the equation that Kosterlitz
obtained with a (formal) RG technique in coordinate space, [25]. The corresponding

approximate solution is, for j > 1,

7T T Vab” Tl el - 1)

(3.18) describes a line, i.e. a first approximation of the separatrix in Fig. E.1, which
is the Kosterlitz-Thouless transition line. Our goal is a proof that the solution of
the full RG map (3.13), (3.14), is, qualitatively, not too different from (3.18). In
order to achieve that, we need to know the smoothness of the remainder terms.

(3.18)

Lemma 3.3 There exist C, C(a) > 1 such that, if L is large enough,
\Fi(E))| < CAT K gy, IMG(E)| < C@) AT Kl - (3.19)
Besides, Fi,...,Fr_1 and My, ..., Mr_1 are the same on A and on Z>.
Lemma 3.4 There ezist C(«) > 1 and n, ¥ > 0 such that, for L large enough,
125 () ln,z540 < Cla) (L7 + A7) (1Kl - (3.20)

Lemma 3.5 Ife; > 0 is small enough, there exists C' = C(A,L,a) > 1 such that,
for any (sj, 25, Kj) and (35, 2, Kj) satisfying the conditions |s;|, |2, |31, |2;] < ¢
and || K;|\nz;, |1 K ||nr, < €5 we have: for j =0

|Ro(2,5) — Ro(2,8)||nmy < Ceolls — 5]+ 1|2 —2]] ; (3.21)
while, for j=1,2,...,R—1,
IR (2, 55, K;) = R GGy 855 Kj) Iniry
SC 5?’3]'_éj’—i_g?‘zj_Zj’—i_gj”Kj_Kth,Tj . (322)

The proofs are in Sec. 6. In particular, Lemma 3.4 is crucial: to prove the con-
traction of £; we have to show that £;(kK;) is made of irrelevant terms. The role
of constants and parameters so far introduced is the following: o? = 8, although
in many sub-results of the paper we will just assume a? > 87; h is a numerical
constant related to the propagator, see (5.7); L will be taken large; A is to be large
enough w.r.t. L; finally, eg, the size of z, is to be small enough w.r.t. A and L
(and «). In a sense, the major improvement w.r.t. [14], crucial for studying the
Kosterlitz-Thouless line, is that in this paper h is independent of L.

Thanks to Lemma 3.3, 3.4 and 3.5, we have the following result on the RG flow.
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Theorem 3.6 Given L, A large enough and an ¢ = (A, L, «), in correspondence
of any z, |z| < €, there exists an s = X(z) such that the solution of (3.14) with
initial data (z,s) is

~ q; 3 _
), %= \/Zb_b +0(72), K|, =077, (3.23)

for j=0,...,R and ¢ = O(z). Besides, ¥(z) can be chosen independent of A.

The proof is given in Sec.7, and uses the fixed point theorem for Banach spaces.
Since the flow of (s;, zj, K{;) remains bounded, Lemma 3.2 applies, and

In ZA(ﬁa Z)
R—>oo ‘A|

Bp(B,2) = li = lim Bpy = Ey+ ) &,

320

where the series is convergent because of (3.17) (valid also for £Egy1). This completes
the proof of the main result, Theorem 2.1; in the remaining sections, we shall take
up the task of proving all the above sub-results. Note that C', C(«a), C(L,«) and
C(A, L,«), will indicate (possibly) different values in different equations.

4 Renormalization Group Map

In this and the following section we adopt an abridged notation for the fields. In
general, we remove the labels j because they will be clear from the context and
label the sum of the fields on hlgher scales with a prime, so that (, := Cx and
o = ¢ D 4 (U besides, 0 = ¢l + (. We also use E;| - | for the
expectations w.r.t. the measure dP;(¢ (1)), Therefore the RG map for the effective
potential is

eViti¥) — E, [evj(wc)} , (4.1)

for V;(p) given by (3.11). As function of the fields, V, is made of a periodic term
of period 27/, and a derivative term: then V), is invariant under ¢, — ¢, + %t
for the a constant, integer field ¢t. The latter property remains true, by induction,
for V; and then for K;. As consequence, we shall prove in appendix B the following

decomposition of K;(¢,Y) into charged components.

Lemma 4.1 For any j =0,1,..., R, there exists a decomposition
X) =Y Kjlg,0,X) (4.2)
qEZ

such that, if ¥ is a constant field,

Ki(g,9+0,X) =" K;(q, ¢, X) . (4.3)



May 2, 2011 11

This simple result is borrowed from [14] and for completeness is reviewed in Sec. B.
The 'power counting’” argument - that we shall make rigorous in the rest of the paper

- implies: a) terms with charge ¢ contract by a factor L’%qQ; b) terms proportional
to (O¢’)™ contract by a factor L™"; c) all terms are increased by a volume factor L?
(the ratio of volumes of j+ 1- and j-blocks). Therefore, at a® = 87, RG reduces the
size of the components with charge |¢q| > 2; of the components with charge |¢| = 1, if
the O-th order Taylor expansion in d¢’ has been taken away; and also the of neutral
charge component, if the 2-th order Taylor expansion in d¢’ has been taken away.
The terms so removed are absorbed in Fj, s;, z; to give 11, Sj41, 2j41. Guided by
these ideas, we pass to a technical description of RG; because of technical reasons,
it is more convenient to define the first RG steps in a different (in fact simpler) way.

4.1 First RG step

After integrating the field ((¥) in V), we want to recast the effective potential V;
into the form (3.11). There are many ways to achieve this.

Lemma 4.2 Given s and z, define sy and z, as in (3.13), and
Bi=— ;(auaﬂro)%()) . (4.4)
There exists a choice of Ky and Uy such that (3.11) holds with K, = O(VZ).
Proof of Lemma 4.2 - For D € B; and Y € Pf define
Py(¢',¢, D) = Vole.D) _ Vil D)+ EnlD

Py (¢,¢) : H Fo(¢', ¢, D) - (4.5)

DeBy(Y)

(recall Vy(p, D) = Viy(s, 2,9, D) and Vi(¢', D) = Vi(s1, 21, ¢, D)). Expand formula
(3.6) at j =0 w.r.t. Py, namely

Eo [N =Ky | ] (POQOC D)+ DB | (46)

DeBi(A
to obtain (3.11) for U; = V; (i.e. Wp =0) and
K¢ Y) = e BIVEy [RY (¢,)] - (4.7)
The linear order in V; of (4.7) may not be zero only when Y is a 1—block D:
[LoKo] (¢, D) = Eo[Vo(, D)] = Vi(¢', D) — Ex|D] . (4.8)

But this expression is zero by the choice of s1, z; and E;. m
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4.2 j-th RG Step

Consider now 7 = 1,2,..., R — 1. After integrating the field {, we want to recast
the effective potential V;,; into the form (3.11):

Vit1(¢) — oEi+1lAl Z eUit1(#',0\X) H Ki(o,Y) . (4.9)
XePjr1(A) YeC;1(X)

Again, this formula does not determine K, and Uj4; in a unique way; we want
to take advantage of this freedom in order to make K;;; either irrelevant or third
order in V;. To achieve that, we have to extract a Q;(¢/,X) from E;[K;] and a
Q;(¢,Y) from IE;[’[V;7 V;]: the next lemma, purely combinatorial, furnishes such a
K1 and the corresponding Uj;.

Lemma 4.3 Suppose to be given two activities: @j(go’,X) = O(K;) with support
on sets X C S;, and Q;(¢',Y) = O(Vj?) with support on sets Y C Sjy1; and suppose
the difference between (s;, zj, E;) and (sj41, zj+1, Ej+1) is such that

(Ej1 = Ej)ID| + Vi (¢, D) = E; [V(, D)] = O(K;, V7). (4.10)
Then there exists a choice of K1 and Ujy such that (4.9) holds with
Kja(@,Y') = [LIG] (@ Y) + Ry, YY) (4.11)
where R;(¢',Y') = O(K7, K;V;, V) and,

xX=Y"’
LR Y) = Y [ElKe. X)) - Q0. X)
XePS(Y')
1 BouB,=Y’
t3 > E] [Vi(e, Bo); Vil By)l — Q¢ Y)
Bo,Blegj(Y/)

D=y’ Y>D Q;(p
S [wmw,m B W e D) - Y SEY)
DeBjt YeSi J+l
B=Y’ XDOB
Q(QO/,X)
= > |&IBI+ Viale, B) = E; [Vi(p, B)] = ) J|T\ (4.12)
BeB; Xes; J

(recall the short notations for V;, Vi1 and Wiy, defined after (3.10)).

In the third line there is W;(s;1, 241, %, D) as opposed to Wj(s;, zj, p, D): the
former is more convenient for our analysis and the difference with the latter is
O(V?, K;V?, K7), which can be left inside R;. Besides, (4.11) gives the third line
of (3.14), with R;(¢',Y") = [R;(s;, 25, K;)]|(¢', Y").
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Before giving the proof we elaborate on (4.12). As planned before, in the first
and second line of the r.h.s. member we read the extraction of @j and @Q; from
E;[K;] and ET[V; Vj]; the same terms are re-absorbed into Ej, s; z; in the third
line, so obtaining Ej1, sj+1, zj+1. Therefore, to determine the latter parameters,
we have to choose Q and @), first.

The choice of @j requires Taylor expansion in V¢', that we now define. Let
F(&,X) be a smooth function of the field (£;),cx+; the n-order Taylor expansion of
F( X)at£=0is

am
(Tay, F) Z DS G 00 @)

LI EXF ' afzm

the n-order remainder is (Rem, F')(¢, X) := F (¢, X) — (Tay, F')(&, X). The Taylor
expansion of K is to be in the field £ ~ V¢', namely we have to single out the part
of the activity that is purely dipolar. That is accomplished by (4.3): for any point
xo € X, if (6¢'), == ¢, — ¢, (which is a sum of V'’s),

kj(Qa QO,X) = eiaqcpécof?j(q’ 590/ + CaX) .

Therefore, our choice for @); is

Qe X) = 157 3 Tl [ (0.04/ + . )]

rg€EX

|X| S 3 e Tay E, [ (0,60 +C, X)} (4.14)

ro€eX o==*1

where Taylor expansions are in & = §¢’ (the special point xq is averaged over X);
in (4.14) we also used the fact that K is even in ¢, therefore the expectation of one
derivative of K is zero. We shall prove in Sec. 6.2 that (4.14) makes irrelevant the
first line of (4. 12) Then, define intermediate parameters £; = E; — E;, 5; and Z;
such that

5j =5+ F(K;), 7= L2 THO [+ My(K)]
Ej = L7V [e1;(K;) + sjéay) (4.15)
where
X320 .
~ 1 ~ R L%
oK) =) WEj [KJ(U,C,X)} Gy = ) (0"0MT)(0)
XeS J uee
X>0 :
L% K,
Fi(K;) = IBaNEEl Ej | 5——F—(0,¢ X)] (z1 — 20)" (22 — 0)"
)= 2 i 2 [a%a% 2
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cﬁ X350
M;(I;) = Z B[R0 X)) (4.16)
XeS; Xl g==1

In Sec. 6.2 we shall also prove that, with the above choices, the following quantity
(compare it with the third line of (4.12)) is irrelevant:

B=Y' X>B ~
_ . / Q(QD/’X)
> |EIBI+ Vi (5,75, ¢ B) = E; [Vi(p, B)] = Y L~

BeB; XeS; X1
J J

(4.17)

Then set @; so that the second line of (4.12) is vanishing:

BoUB1=Y"

1
Q. Y) =5 >, E V(e Bo)iVile Bl ; (4.18)
Bo,Blij(Y/)

and choose &;, sj1+1, 2j+1 so that the remaining part of (4.12) vanish:

D=y’

> | (& =&) DI+ Viga(sjn = 55,201 — %, ¢, D)
DeBjqa
YDOD

Q;(yp
+ Wiaa(@', D) =B [Wylsji1, 21,0, D) = > | =0 419

YES; i1 |J+1

Because of the simple identity

YDOD Q 1
Z ] §ET [V(8]72j7307D);‘G(SjazjﬁgowD*)] (420>

Y€$+ |]+1

and computations in Sec. C.2, cancellation (4.19) is obtained if
— L2 J(O)b
2j41 = Zj 852

. .52
Sj+1 = S5 CLJZ]- s

(‘:j = gj + L_2j [S?é\gd + Zj 647]'] (421)
and if W; is given by
Wailp, B) + 22 |Was(9, B) + Wes (9, B) | + 2sWas (0, B) (4.22)

where, setting I'; ,,(z) := Iy (z) + Tpya(x) +--- + T(x) and f(0|z) := f(0) — f(x),
the definitions of the functions used in (4.21) and (4.22) are

2
a]’ = % Z ‘y’Q |:wb7]<y) <€7a2rj(0|y) _ 1) + e*QQI‘j(O) (€a2Fj(y) . 1) L74j:|

YEZL



May 2, 2011

2
bj = %Z

637j = —

yeZ
nee

ZZ (00T 0)(y) + 2(0"0°T;10)(1)] (2"0°T) (10)

o]

yEZ? #Ec

g =207 wy(y) [60‘ O — 1 — — Z "o
Yy

+ L% Ze_o‘QFf(O) (e i) 1) ;

Yy

and Wy, 0(s, 2, ¢, B) =0 for m = a,b,c,d, e, while for j > 1,

aJ 907

Wb] 907

C] SDa

Wd] 907

for

wai(y) =

wy,(y)

== 2 Y W) Y@ [0, — (07|

HEE ye7.2 z€B
vee

2

=D wn(y) ) [<> — 1+ 5 Y (0") (@ ey

yEZ? IEB %
[foxe" -+
E wcg E e 9093 4P58+y
yEZ2 :cEB
w [ 10y (a,u ) _ eioouprJ (au )]
dg Pty P
2 z€B
n o yeZ el
_ E weg E zoagpz+y . ezoagpm)
2 €B
YEL ; i

(0"0"Tj-10)(y)

o= i 1n+1(0ly) ;=T (0) <€a21"n(y) _ 1) L

Jj—
126—a2[ry 1,41 ( +Fj_1,n+1(y)}e—a21“n(0) (e—OéQFn(y) _ 1) L_4n )
2 ;
—1

¥

@

25 O, )1

15

[(0@)2 (y) +2)(9"T0) (y) (0"T;) (y)e™ -1 Lzu—m]

(4.23)

|

(4.24)

o? _a?p —2n
e IO (@ 1) (1) — (°Ty10)” ()] L2

n=0 I
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(4.25)

By (3.2), W;(¢, B) depends on the field ¢, for z in a neighborhood of B of diameter
L7/2, which is a subset of B*. Finally, joining (4.21) with (4.15) we obtain (3.14)
and fulfill condition (4.10).

Proof of Lemma 4.3. - The re-blocking operation used here is different from the

one in [5], partly because the extraction of @); (that for the dipoles of [5] is not

required), partly because of a different large field regulators introduced below.
Starting from (3.11), reblock the polymers on scale j + 1 and obtain:

eVi®) — oEilAl Z Ui (P A\X) H Ki(g,Y) (4.26)

X€EPjt1 Ye€j1(X)

for
Z P \X) H Ki(p,Y'). (4.27)
eP;( v'ec;(

If Dis a j+ 1-block, and Z a j + 1-polymer, define

Py, ¢, D) 1= Ui@D) _ (Ui (¢! D+&IDI
P/, () = H Pi(¢',¢, D) ; (4.28)
DeBj11(Z)

besides, if Y and X are j + 1-polymers, define
Rj(gol,C,Y) = [A{']((pay) - Z Jj(SOI?DaY) )
DeBj1(Y)
RI¢, Q= ] Ri#.¢Y) (4.29)

YeC;1(X)

where J;(¢', D,Y) contains the extracted terms @j and @); (which have support
on j + l-small and j-small polymers, respectively): if Y ¢ S;q, or D ¢ Y,
Ji(¢', D,Y) = 0; otherwise

Ji(¢, D,Y) = QiLY) | 3 Z

Y41 BEB, (D) X<5)
Y'5D Q:(¢' X= Y’—
-9 Qi@ Y7) ; 4.30
DY Z |Y’!j+1 + Z Z \XIJ ' ( )
Y'eSj1 BGB (D) XGS
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hence J;(¢', D,Y) is a function of {¢/ },.ey+; if Y € S;,1; and, by construction,
i\P x j

Y Ji¢,DY)=0. (4.31)

YePs,

Plugging decompositions (4.28) and (4.29) in (4.26) and expanding we find (4.9),
for

—Y’
Kj+1(§0/,Y/) = Z eigj‘w‘+Uj+1(4P/,Y’\W) )

X0,X1
Z,(D)

-E; [PE(¢ ORS¢, 0] 1PN () (4.32)

In this formula, we abridged Xy, U X; U Z into W. And we labeled — Y’ the sum
over three j+ 1-polymers, Xy, Xi, Z, and over one j+ 1-block, Dy, for each polymer
Y € C;j+1(Xo), such that: a) X, and X are separated by at least by one j+ 1-block,
so that Cj11(Xo U X1) = Cj41(Xo) +Cj11(X1); b) Z is a subset of Y\ (X, U X3); ¢)
each connected component of Xy is j + 1-small; d) Uy D}y U Z U X; = Y'. Finally,
given Xy and a Dy for each Y € C;11(Xj), we defined

e | R o

YeCj41(Xo)

For (4.32) we also used the factorization of E; over sets that are in two different
connected components of a j + 1-polymer (hence at distance not smaller than L7+,
while the range of I'; is L/t1/2). Besides, by construction, W C Y’ so that that
Kj11(¢',Y) depends on the fields (¢} ),cy+ as required.

Finally, we have to prove that the linear part in K; and second order part in Vj
of this choice of K, is (4.12): this follows from two simple identities,

xX=Y"’
Y L@ DY) =Y+ Y Qi X)
DGBj+1(Y’) XGSJ'
D=Y’' Y>DOD B=Y' XOB ~
Sy Y AR SO uw
DeB;j41 YES |Y|J+1 BeB; X€S; X1
j+1 41 j j
and, by (4.31),
D*=Y"’ Y’ YDD
) J@.DY)= Z > Ji(¢.D.Y)=0. (4.34)
Y€8j+1 DEBJ'+1(Y) DEBJ+1 YESJ+1

This completes the proof. m
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5 Estimates

5.1 Norms and Regulators

Unless otherwise stated, j = 0,1,..., R—1. Given X € P¥, let CJZ(X) be the vector
space of the bounded functions ¢ : X* — C. For n = 0, 1,2, define (for 0" the
discrete derivative defined after (3.5))

V5[l Le(x) := max max L”j|8“1 i -(9“”8090‘ (5.1)

H1yeonsfin EX

and the norm ||<P||c]2(X) = max,—o,1,2 || V}@l L(x+). Also, consider L? norms:

IVl =172 > 3 L]0 -0l

TEX p1,.sln

HV?SOH%JZ(aX) = L7 Z Z L2"j|8’“ = -a“”@x’2 , (5.2)

Bounds on expectations of Cf—norms can be obtained by these L?—norms.

Let AV;(X) be the space of the smooth complex activities of the polymer X*, i.e.
the set of C* functions F(p,X) : C3(X) — C. The n-order derivative of F along
the directions fi,..., f, € C3(X) is

O"F

DR, X)- (o d) = 3, (o Undeg—g—

(¢, X) .

The size of the differential of order n is given by

1F (e, Xllzpexy = sup  |DgF(,X) - (fi,--.. fu)] - (5.3)

HfiHcJZ(X)Sl

Then, given any h > 1, we define the norm

hn
1E (0, )lInzy o) = D 1P (0, Xz o) - (5.4)

n>0

In order to control the norm of the activities as function of the field ¢, for any scale
J and any X € P5 introduce the field regulators, Gj(p,X) > 1, that depends upon
derivatives of ¢ only. Accordingly, define

(@, X) Iz (0.0

1 F'(X) |ln,z;x) = sup : (5.5)
) pEC2(X) Gj(p,X)

Finally, we have to weight the polymer activity w.r.t. the size of the set. Given a
parameter A > 1, define

|F|lnz, = sup AN F(X)|n,cx) - (5.6)
XePs
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As already announced, in this paper, as opposed to [14], h is independent L and of
the scale j (as well as independent of «, s and z). Consider the function h;(z) :=
[;(z) —T';(0): by (3.3), there exists a numerical constant Cy > 0 such that, for any
X € §; that contains 0, thHcf(X) < Cp; then any fixed h > 1 that satisfies

h > 2aC, (5.7)

will work for our purposes.
A convenient choice for the functions G, that guarantees the integrability of
the polymer activities at any scale, is inspired by [5]: for X a j-polymer, define

Wile. X7 = Y llellie 3 (5.8)
BEBj(X)

then, given two positive constants ci, ¢3, and a positive function of L, kr, if X € Pf
InGi(p, X) = c1br| Vil e + eshnl Vielzox) + ansWi(Vie, X)* . (5.9)

N;(X) with the norm || - [[5,7,(x) is a Banach space. For the field dependence of Uy
we shall use the strong field regulator, G3*: for B € B;j and X € P,

IG5 (p, B) = mp max | Viglie . G, X)= [ G0, B). (5.10)
’ BeB;(X)

These definitions suits the Coulomb Gas, more than those ones in [5] (Sec. 6.2.4-
5.), designed for the Dipole Gas; the reason is the need of a finer decomposition of
the covariance suggested in [7]; we will discuss this in Sec. D. Anyways the basic
structure of the regulators is unchanged, therefore we still refer to [5] in most of the
proofs below.

We now list some useful features of the field regulator. As apparent from the
definition, if X € Pjiq,

Gj'tr((ple) S Gjtil((p/vX) : (511>

For any polymer X € P;, the sets Y’s in C;(X) have disjoint boundaries, then the
norm L3(9Y) (besides the norm L3(Y')) is additive in Y; hence

I[[ Gite.Y)=Gi(p, X). (5.12)
Yec;(X)

In the following results, borrowed or inspired by [5], ¢3 and ¢; must be large enough,
but independent of the scale j and of the parameters L, s and z.

Lemma 5.1 For X € P,
For X € P; and B a j—block that is not inside X,
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Lemma 5.2 If v = c(log L)™' with ¢ > 0 and small enough:
a) for X € P5,

E; [G;(p, X)) < 2X6 Gy (¢, X)) ; (5.15)
b)if X €S, foraC >1,
3 olX1; —
(1 + max HV?HSO/HLOO(X*)) E; [Gj(e, X)] < CWGJ+1(SOI>X) . (5.16)
’ L

Besides (5.16) holds also if Gj(p, X) is replaced by sup;ep 1) Gj(te’ + ¢, X).

For the proof of Lemma 5.1 see Lemma 6.21 and formula (6.52) in [5]; for the former
we need ¢; > 4, in the latter we have to assume c3 < ccq, for a certain geometrical
constant ¢. Lemma 5.2 has analogies with formulas (6.53) and (6.58) in [5], but the
proof is a substantial re-shuffling of the one in that paper, and so is given in Sec. D.
It means that k7, = O(1/In L), as opposed to k;, = O(1/L?) of [14]: this makes an
important difference, because the r.h.s. of (5.16) is then proportional to O(In L)3/2,
and is beaten, for large L, by any power of L.

Lemma 5.2 holds for j = 0,1,...,R — 1. Let Egr be the expectation with
covariance I's g(z; m), followed by the limit m — 0.

Lemma 5.3 If kg = c(log L)~ with ¢ > 0 and small enough,
Er[Gr(p,AN)] <2. (5.17)

We conclude this section with two bounds. For A € (0,1) and p = s, 1, set

Y=V
ko(A ) = sup AV 3 (xA)~Y (5.18)
VePs, veo,

where Oy = §; and O; =J;.
Lemma 5.4 There exist ¢ > 0 and n > 0 such that, for A large enough
Eo(AN) <cl? k(AN < AT (5.19)

In brief, when the sum is over small sets the bound is proportional to a volume
factor L?; when the sum is over large sets, the bound is finite in L and vanishing
for large A. For the proof see Lemma 6.19 and Lemma 6.18 in [5].
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5.2 Power Counting Analysis

For the definition set up so far, we can easily derive some fundamental bounds
(mostly introduced in [5]), that will be repeatedly used in the rest of the paper.
From the definitions one can easily verify the two following facts: first, for any
¢ € C7,,(X), we have ||<,0||CJ2_(X) < |]g0||cjz_+1(X), so that, for any F' € N;(X)

HF(QD?X)“h,TjH(%X) < ”F((JD?X)Hh,Tj(%X) ) (52())

second, if Y C X, for any ¢ € C}(X) we have [[¢lc2iyv) < [|¢llez2(x), so that CF(X) C
C}(Y) and
(e, X700 < NE (s X[z 07 - (5.21)

For any two polymers Y7, Y5 not necessarily disjoint and such that Y; UY, C X, and
any two polymer activities, Fy € N;(Y1) and Fy € N;(Y2), we have the triangular
inequality

[ F1(p, Y1)+ F2 (0, Yo) ||n10,x) < I1F1(0, Y0) 015 000) 1 F2 (0, Yo) |7 (0v2) » (5-22)
and the factorization property
1F1(0, Y1) Fo (0, Ya) [|n1y0,%) < N1F1(00 YOl Ity 000) [1F2(0, Yo)[lnmy02) - (5.23)

(The former is a consequence of (5.21) and of the triangular inequality for norms;
the latter follows from differentiation rules.) By (5.20) and (5.15), for any X € Pf

AN "Xl o
I8, 0. X0 D0 < Wb, () G (520
and similarly, for each charged component
. AN Xl .
/
15 (R0 X)) I < Kb, (5) - Grale' ). 629

We passed from scale j+1 to scale j by the bound (5.20) which is of general validity.
But, under special circumstances, this step can be done in a more efficient way and
the above bounds can be considerably improved.

Theorem 5.5 If L is large enough, there exists ¥ > 0 such that, for any X € S;,

~ A
[Rem B [R(0.0.0] I < LK, (5

=Xl o
N G,

(5.26)
Theorem 5.6 If L is large enough, o > 8w and |q| > 1, then, for any X € S;,

R - A\ Xl o
15, [Ry 000030 i < CQL2 N s, (5) G 0.

2
(5.27)
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Theorem 5.7 If L is large enough, o* > 87 and q = %1, there exists ¥ > 0 such
that, for any X € S;,

A

IRetno &5 (R 03] o < 2O, (5

—IX1; o
2 > GjJrl(gO/?X)

(5.28)

These results make rigorous power counting arguments mentioned below Lemma
4.1. Theorem 5.6 is borrowed from [14] and means that the charged terms - on
small sets - are irrelevant as soon as L~219 beats the volume factor L2, i.e. for
lg| > 2. Theorem 5.5 is taken from [5] and means that the second order Taylor
remainder - again, on small sets only - is an irrelevant term because the factor
L=3(In L)*/? on the r.h.s. member beats the volume factor. Theorem 5.7 is a fusion
of the first two: it was missing in [14] and prevented that paper to cover the case
of the Kosterlitz-Thouless line. It means that a charged component with |¢| = 1
is irrelevant if the zeroth order Taylor term has been taken away. Although we do
not need any essential change respect to the formulations in [14] (even in the case
of Theorem 5.7, once the L-independence of h, found in this paper, is taken into
account) we reviewed the proofs of these fundamental results in Sec. E.

6 Smoothness of RG Map

6.1 Proof of Lemma 3.3 and 3.2
Given X € S; and zp € X, set f! = (z — )"

X350 _2
7 cZ 1B [Fi0.6 X0 o D105 (6)
XeS; HEE

as ||f”||c]2.(X) < CL’ and by (5.25), (6.1) is bounded by CA™| K| .1,

X350 L
2 ]
|Mj<Kj>|sZ ZHE[ X Ihaawn . (62)
XeS; J o==+1

which, by (3.4) and (5.27), is bounded by C'(a)A™"(|Kj||sz,. Lemma 3.3 is proven.
By (3.2), (3.3), (3.4) and as 9"T;(0) = 0, for |y| < C(L)L’

2
—a“l'; o v v —3j
e O 1 — = 3 (04T ()" y| < CL)L™ ]yl

W, VEE
e Ot W) 1] < O(L,)[Ty(y)], e O — 1] < C(L,a)|y| L7,
|(0"0"T)(0ly)| < C(L)[yIL™, (6.3)
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so that (using also the bounds (C.9), (C.10))

les;] < C(L), leal <O lea;| < C(L,a) ,
|aj| < C(Lva) ) |b]’ < C(L,Oé) .
Then
X320
CRUOED DS HE[ (0,6, )] gy o0
XeS;

which, by (5.25), is bounded by CA™"|| K ||n,. Finally, a bound for £ is

IEr| <
Al

1
——IEg [1+ "N — 1l rucn) + 1 KRG M) lnzacn)]

23

(6.6)

therefore (3.17) with j = R follows from (5.17). Proof of Lemma 3.2 is complete.

6.2 Proof of Theorem 3.4

Taking into account cancellation (4.19),

(LK) (V) =Y (LYK (V)

p=1
for (Taylor expansions are in §¢’)
Y=V
1
(LK) (¢, V) = > E[E(p,Y)]

Yeg;(V)

LRV = 3 Y B[Raey)]

qr'\q|>2 Yes;(V)

<$%www:Zng[m%w
YeS;( )

<WMWM:232RMO[< Y]

a=£1YeS;(V)

(LK) (¢! Z [VJH 55, %), ¢ B) — E; [Vj(, B)]
BeB;(V)
XDB
Qly, X
+5 |B| — Z (X )}

XGS ’ |.7

(6.8)

(6.9)

(6.10)

(6.11)
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Consider each term separately: we want to prove that
IE Iy 0 < p(A D), (6.12)

for p = 1,...,5; the constant p(A, L) is to be small enough if L and A are large
enough, uniformly in the scale j.

6.2.1 Norm of £V
Use (5.22), (5.24) and definition (5.18) to find

Y=V
”(E;'DKJ)(‘P/’ V)Hh,Tm(w’,V) < Z IE; [£5 (e, Y)] ||h,Tj+1(g0/,Y)

YESj
Y=V
< G (¢S VKl Z AV liolY;
YG‘S]‘
< Gy (@ VYAV o || K|, (A, 1/2) (6.13)

by (5.19), we find (6.12) for p(A,L) > A™".

6.2.2 Norm of £?
Use (5.27) and definition (5.18) to find

Y=V
1KY gy o € D 0 1B [Rila V)| Iy o

q:lq|>2YeS; (V)

< C(@)Gar (@, VIA M |K gy k(A 1/2) S0 L7205 (6.14)

q:[q|>2

by (5.19) we obtain (6.12) for p(A, L) > C(a)L™2.

6.2.3 Norm of £®

By (5.26)
Y=V
. "
1257 K@ VI oy < [RemaBs | K50, 0,Y)] Ity
YGSj(V)
< G V)ATV b [ g, L7k (A,1/2) (6.15)

by (5.19) we obtain (6.12) for p(A, L) > CL™Y.
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6.2.4 Norm of £®
By (5.28),

[ DRG] IPREITESS Z HRemoE[ 5@ Iy

q=%1YeS;(
< Gy (¢, V)ATVin HKth,Tj L™"k(A,1/2) . (6.16)
by (5.19) we obtain (6.12) for p(A, L) > CL™".

6.2.5 Norm of £®

Here we prove that (4.17) is irrelevant as claimed before (4.17). Further decompose
this term as

(LYK V) = (LFVE) V) + (L7 E) (V)

J

where
B (08 | TayE; [R(0,¢, X))
- ¥ S5
eB; (V) L xeS; moex [ XX

— j+1(}}(Kj),07<P'7B)—gl,j(Kj)]

(5,b) / L 1R, [kj(QaCaX)]
(LK) (e V Z ZZZ 1 X[|X];
BeB,;(V) LXeS; =% xpeX J

a2 .
— Vi (0, LPe T OMG(K;), ¢, B) (6.17)

Consider £§-5’a). The term proportional to €; ; exactly cancels the one proportional
to the zero order of Tay,E; [IA( (0,0, X )] We are left with the difference between
Vis1(F;(K;),0,¢', B) and the 2-nd order of Tay,E; [IA(j(O, ga,X)] (the first being

zero by symmetry), that, by invariance under space translations of the problem,
yields

B=V XDOB - R
(LK -y ¥ ¥ R s PR o)
BEB; (V) XES; w0€X, 2|XHX| agoml&pm

z1,x0€X*

where RZ° (') is given by

1,22

(Ph = Pog) (P = ) = LY Y (0"9))0 (079" )a(@a — o) (w1 — p)"

€D pvee
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=L Z [uwhwo (@, ) g 0 (T3 ) + Vg 0 (T, 0 VUi o (T, )

zeEB

+ Uz 2 (x, @/)Umz,xo (:E, 90/) (6'18>
and

Ugq 20 (SL’, 90) =Py — Py — Z(au90>x(xl - xo)”
nee
Uml,ro(xa 90) = Z(a#@)x(xl - Z'O)# . (619)
Hee

Notice that |zg — z1|, |21 — 22| < CL7; it implies

1ty o (@, ) 1,1 (0300 < CLTH(1 + max [[ V5, 10| 1o (x0))

00220 My 3) < CL™ (U mia [Vl i) (6:20)

and then a bound for ||(£§5’“)Kj)(<p’, V) hay vy 18

B=V XDOB AN XL
Clishr, ¥ X (5) 50 IR,

BeB; (V) XES; £0,2L, “
< O A0 27 (14 1970 e
< O L o, G (', V) AV b (6:21)

(the sums over B and X have no more than C'L? terms, in all of which |V];;; = 1).

G5 (@', V) can be replaced by G, 1(¢', V) by (5.13). Next consider £§5’b). Simple

computations and symmetry IA(j(—l,Q,X) = IA(j(l, ¢, X), give

(£(5 b)K Z L~ 27 Z ezqacpzo

BeB;(V) zoi?

XOB < iga(@y, —$h) _ 1)

2 L]

XGS yoEX

Y E, [fg(e,g,xﬂ . (6.22)

o=%1
Notice that by construction |zg — yo| < C'L? so that, by (5.13),
[l =20) — 1z, (r.x) < Cl@) L1+ max ||V, @[l oo (x+))

< C'(a)s;'L™ GHl(gp V) (6.23)
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and then, using (5.27), a bound for H(Ef’b)Kj)(@’, V) hzy vy is
B=V XDB

Cla)r LG (@ V)Y Y Z ||]E [ (€, ¢, X)] 0,741 (67,v)

o= :I:BEB V) XeS;

< C'(a)r L7 Ga(@ V) A ‘V‘J“HKJ‘Hh,Tj : (6.24)
Again we obtain (6.12) for p(A, L) > C(a)rx 'L~
6.3 Preparation Bounds
We begin with bound (6.74) of [5].
Lemma 6.1 There exists n > 0 such that, for any X € P;,
(1 +2n)[ X141 < |X]; +8(1+ 20)|C;(X)] - (6.25)

In the next section we shall need bounds on the “building blocks” of the RG map.
Let us introduce a vector notation and a norm with weight p > 0,

Kj = (s5,25, Kj) , Cilg = w7 ssl + 17tz + w2 Ky - (6.26)

Lemma 6.2 There ezxistn >0, C = C(A, L,a) > 1 such that, for o small enough,
any K; and K; with |Kil1 5, |Kjl1; < o and D € Bjyy orY € Piy,y

65 = el 1y 0.0) < CeolKs = Klea G5 (D) (6:27)
[eViti(#D) _ (Uil lnz, 0.0y < Ceol Ky — - K; ileos G (¥, D), (6.28)

||Pj(90/7gaD)_Pj((plaC7 )HhT(gp’D)
< CeolKj = Kjla s AT [GF (¢, D) + G5 (9, D)] (6.29)

175(¢', D, Y) = J5(&'s DY) [In1y 6
< Ok — K|y jA 1+">‘D*‘J+1GS“ (¢, D), (6.30)

HR‘(SPI ¢,Y) - .'(90/ G, )HhT(@’Y)
< Cel Ky — Kjlop g AUl [G5F (Y ) + Gy, )] (6.31)

where Uj, Uj+1, Pj, Rj and Jj contains dotted parameters ICj = (55, %, KJ) :
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Remark. Although the Tji1(¢’,Y) norm requires a decay in the size of Y as
A=W+t inther.h.s. of (6.29), (6.30) and (6.31) the decay is (basically) A~(+mVli+1,
this is because the extra factor A="Vli+1 is needed to control the sum in (4.32)
(cfr. Sec. 6.4). In (6.29) and (6.30), |Y|;4+1 is bounded and a A="Yli+1 factor can
be extracted from C'(A, L, a); in (6.31), instead, we shall need Lemma 6.1 to have
such an improvement.

Proof. Let B € B;(D) and use (5.22) and (5.23) to obtain
- : 2 1
Vi, B) = Vil By o.m) < |55 = 851 (M + IVl ()™ + 2027 — Zle™”
< (@) [l = 8 12 = 4] (14 mas 1930l ) - (6.32)

A similar bound holds for W; that, by support property of the propagator, depends
on fields at B* (more details are in Appendix C.3):

Wi, B) = Wj(e, B)lln15(4,5)
< C() |Is = 551 + |25 - 1] A7 (1 + ma Hv;?sor\%w)) - (633)

From the definition of G5
> (1t Vil ) SO @D (630
BeB;(D) ’
and for gy smaller than a ey(L, ),

1
I] e {C(a)é‘o (1 + max IIV?sOH%oo(B*)) } < 2G5 (p, D)3 . (6.35)
BeB;(D) -

Then (6.27) follows by factorization property (5.14) and these inequalities. (6.28) is
obtained by repeating (6.32) and (6.33) on scale j + 1; and by taking into account
that, by (3.16), (3.14) and the bounds in Sec. 6.1, if A is large enough,

max {\8]- = G [0 — 3] 4 2500 — 2J+1\} < C(L, )|k = Kjluy - (6.36)

Accordingly, for €y smaller than a ¢(L, ),

Uss1 (' D)+EID] _ Uy 1(o,D)4+E51D)
™7 7 e PR o)

S C(L, Oé)“Cj — ].Cj|1’jG§-tr(()0/, D) s (637)

which, together to (6.27), proves (6.29). Next, consider (6.30). By (4.14), for any
X € §; that contains a given B € B;(D) (if L > 8 then X* C D¥)

1Q;(¢", X) = Q;(¢, X)lnayor.x) < Cla)A™ B K — K|z, G351 (0, D) 5 (6.38)
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then, as | D*| < 45, replace C(a) A=l with C(A, a) A=(+MIP"li+1 | Besides, for any
Y € §;41 that contains a given block D € B, by the second order computation
in in Appendix C.2,

1Q;(¢",Y) = Qi(#" V) lamy o)
< C(L,a)eo |Is; = 551 + 125 — 51| G (@, D) 5 (6.39)

again we replace C'(L,a) with C(A, L, a) A=D1 a5 |D*|;,, < 4S. Together,
(6.38) and (6.39) prove (6.30). Bounds so far have been straightforward conse-
quences of the properties of the norms. As announced, bound (6.31) is slightly
more sophisticated because requires Lemma 6.1.

Ko 0) =Ky V) = 3 [0 \x) ~Ue\x)] ] Kile.2

XePs ZeC;(X)

1 .
/ dt [etUj(%Y\X)-F(l—t)Uj(%Y\X)]
0

Py e S ] K2 - Kien)] T Rie2)

XeP§ Xo€((X)); Z€C;(Xo) Z€C;(X\Xo)

where ((X)); is the family of sets made of unions of connected parts of X, empty set
excluded. Therefore, using the factorization property (5.14) and previous bounds

HKJ'(Soa Y) - Kj(gpﬂ Y) Hh7Tj(‘P7Y)

X=Y
< [l = 81l 12 = 5] Gile, V) Y Cl@) WA Hieo)
XeP;

X=Y
+ 0 1K = Kjllnn, G, Y) - 2P gl 00l A= Xlig
Xe’P]?

X=
< &0l = Kjleog G0, Y) C'(@)l Y7 AT (455) 1) (6.40)

X€eP;

In order to extract the factor A~0+MI¥li+1 and, at the same time, to control the
sum over X, which is made of no more than 2"l = 2F°Vli+1 terms, use (6.25) and
obtain

A7IXL A-80+2mIC (] < A-(+20)Y 41 (6.41)

Therefore, for 448275 < 1, bound (6.40) is smaller than

. Yl
A5 11C; — Kl Gy, Y) (Cla) A7) aas2n,

I
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finally, for A large enough, C'(a)” A" < 1 and choosing C/(A, a, L) > 4A80+20)

1K (0, Y) = K (0. Y) |y ov)
< C(A, L, a) A"Vl gl C — K.y Gy, Y) (6.42)

To conclude, (6.31) follows from (6.30) and (6.42). This completes the proof. m

6.4 Proof of Theorem 3.5
We need an explicit formula for R;(s;, z;, K;). Expanding (4.32) we obtain:

Kia(@,Y') =E; [PV, 0] + (M = 1) B; | PY(¢/,€)]
—Y’

+ Y E [P ORME, O] (¢

Cjt1(XgUX1)>1

—Y’
. <€—sj|W|+Uj+1<¢,W\Y'>_1).

Cjt1(XgUX1)>1

CE; [PE( ORS¢, O] Py . (6.43)

Next, we have to remove the part £;K;: to this purpose, further expand the first
term in the r.h.s. of (6.43)

D=Y’ DoUD,=Y"

Z ]Ej [PJ(SDI7C7D>] + 5 Z Ej [-P]‘(QOI,C,D())PJ'((,O/,Q, Dl)]
DEBj+1 DOvDIEBj-Q—l
Do#Dy

z=Y'’

+ > B [PA.Q) (6.44)

ZEPj 11
[Z]j4123

and also further expand the second line of the r.h.s. member of (6.43)

D=Y’

E; [Ri(&, CYN+ > > Ji(¢,D,Y)
YESj+1 DEB11(Y)

—Y’

+ > E; [PA(¢, QR (¢, Q)] T D) . (6.45)
Cjp1(XguUXp)>1

|Z]j41+Cj41(XpUX71)>2

Grouping together the above decompositions and definition (4.12), we obtain

Ri(,Y') = K (¢, Y') = (LK) (¢, Y') = ZR“ (¢, Y) (6.46)
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where the eight summands are

D=Y'
RO YY) = S |E [P(¢.¢. D)+ &ID| + Up(¢', D)
DeBjt1
1
—E; [Uj(p,D)] — §E,T Vi(e, D); Vi(e, D)]]
D=Y’
RO Y = Y By [Wilsjar, 241,90, D)) — E; [Wsj,zj,so,D)]]
DGBj+1

DoUDy =Y’

1
RO Y =5 3

Dgy,Dq GBJ'+1
Do#D)

E; [Pi(¢', ¢, Do) Pi(¢', ¢, D1)]

— ET [Vi(¢, Do); Vj(¢, D1)] ]

—Y’

4 Xo,(D
W S o
Cj+1(XguXq)=>1
[Z]j41+Cj41(XouX1)22

—Y/
RO V)= > (6—5j|W|+Uj+1<so’,Y'\w> _ 1) .
Cjr1(XpuXq)>1
K, [PZ(¢, ORI, Q)] TP

zZ=Y'

Rg-ﬁ)(SO',Y') = (e‘gﬂ“y‘ — 1) E, [Pjy (gp’,g)] + Z E; [P7(¢',¢)]
ZePj
1Z]j 4123

RO, Y) = Z E; (W@ T Ki(e,Y)

X' €P; Yec;(X')
cj(xf)zg
RO, Y7 Z E, <eU (pY\X') _ 1) [ Ky . (6.47)

X'eP; YEC;(X')
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Notice that, for j = 0, we instead have

D=Y'
Ro(¢.Y') = Y |Eo[Po(¢',¢, D)) + &|D| + Vi(¢', D) — Eq [Vi(p, D))
DeBy
zZ=Y'
+ (e B [R9,0] + D B [PAY.O) (648)
RS

Then, Lemma 3.5 is a direct consequence of the following result.

Lemma 6.3 There exists C(A,L,«) > 1 such that, for g small enough, any K;
and IC]' with |’C]”507j, ’ICj|50,j <1 and Y’ € j¢+1.' Zf]:O,

HRW—RﬂMBSC@LLakOb—ékﬂz—ﬂ]; (6.49)
while, if j =1,...,R—1, for anym =1,2,...,8,

IRV — RY™ ||z, < C(A, L, @) KC; — Kl - (6.50)

Remark. Many details of the construction of Kji; out of K; and U;, (4.32), are
designed with the goal of having (6.49), (6.50). In particular, the preliminary re-
blocking of K, with support on j-polymers, into K j, with support on j+1-polymers
- a step not done in [5] - seems necessary here to obtain (6.52) form (6.51) through
the new integration property (5.15).

Proof. First consider R§4) that is the most instructive term. By Lemma 6.2, its
bound is made of three kind of factors: a product of field regulators; a product
of A™Vs; a product of ||K;|nr,’s and C(A, L, a)’s. The field regulators stemming
from the P; and R; factors can be merged together by Lemma 5.1: given disjoint
Z, X1 € Pjya,

I[I & we.D)+ch@.D)] [ [Gile.Y)+GH(¢. V)]

DeBj1(Z) YeCjt1(X)
< D0 G Z2\W) G (L X\ W) G, Wi U WD) (6.51)
W1€P;11(2)

Wae((X1))j+1

where ((X7));+1 is the collections of subsets of X; made of unions of connected parts
of X;. There are no more than 2/€+1 (V1241 terms in the sum above. Then take
the expectation E; in (6.51) using (5.15), and merge also the (strong) field regulators
stemming from the bounds for the J;’s factors, to obtain the upper bound for (6.51)

2ICirt(XVHZ+1 9P X002l . (o Uy Dy U X3 U Z) . (6.52)
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Next, collect all the A~! factors from the bounds of P;’s, R;’s and J;’s to obtain
A=Y i Finally, since the variation in the vector KC; can occur in each of the
factors, that are no more than |Y”|;41, we obtain:

4 = (4
||R§ )<Q0,7 Yl) — Rg )((,D/, Y,)”h,Tj(g0’7Y’)
< Ginly, Y/)A_(Hn)'w‘jﬂvcj — /.Cj|507j|Y’|j+12L2|Y’\j+1 .
—Y’
> [2C(A, L, o)) Al #2Cm (Xouxl (6.53)
Cjp1(XoUX1)2>1

[Z]j41+Cj41(XoUX1)22

Notice the following facts: the number of term in the sum is not bigger than
AV 4141811 (X0)l. if £ is small enough, 8C(A, L,a)sy < 1; by the constraint on
the sum there is a least factor [8C/(A, L, a)eo]? in each summand; finally, for A large
enough, (A=72F+2)V'lin1|y7|;,, < 1. Therefore, for C'(A, L, A) > [8C(A, L, a)]?,
an upper bound for (6.53) is

C'(A, L, a)eg|Kj = Kjlzo ;G (¢, Y AT e (6.54)
This proves (6.50) for m = 4. Now consider R§5). It can be recasted as

—Y’ [WouW1 4121

; [Wol;
Sy (e )" e,

Cj1(XoUX1)>1  WoeP;(W)
W1EP; (Y \W)

) Ej [P]-Z(QOI, C)Rg)(l (90,7 C)} H (er-&-l(‘P',Dl) _ 1> ) (655)

DieBj11(Wh)

Bound (6.50) for m = 5 follows, mostly, as for m = 4; so we just stress one detail:
after field regulators are multiplied and integrated, we have to merge strong field
regulators originated by the bound on (possibly, the variation of) J;’s, but also
e~ Uit1(¢.D1) _ 1’g: still, by construction, the final bound for the field regulators is
G+1(¢,Y"), as wanted.

Bounds (6.50) for m = 7,8 can be obtained in the very same fashion as (6.31);
while cases m = 1,2, 3,6 are even simpler than the previous ones. This completes
the proof of Lemma 3.5. =

7 Stable Manifold Theorem

In this discussion, a? = 87. Then, a natural way to recast (3.14) is

_ 2
Sj+1 = S]' — GZ]- +.F:j(8j,2j,Kj)
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zj1 = 2 — bsjz; + M;(s), 2, Kj)
Kjp1 = Li(Kj) + Rz, 85, Kj) (7.1)

for a = a(L) and b = b(L) given in Lemma 3.1, and

Fi(sj, 2z, K;5) == Fj(K;) = (a; — a)2;

[e] a2
M(s, 2, K;) = L T O M;(K;) + [L%’TFJ'(O) — 1|z
o2
- Lze_Trj(O)bj - b] SjZj . (72)
The flow equation for j = 0 is simpler and given in (3.13). We want to redefine

the dynamical system so that it begins at step 1 instead of step 0 (and so to
absorb the constants a and b). To this purpose, define (x;,y;, W;);>1 such that:

(21,91, W1) := (bs1,Vabz,0), while, for j > 2, (xj,y;, W;) = (bsj, \/%zj, K;).
Accordingly the flow equation becomes
_ 2 T
Tiv1—x; = —y; + Fi(xs,y5, Wj)
i1 — Y5 = —x5y; + Mg,y W)
Wit = L;(W;) + Rj(z, 45, W) - (7.3)

o2 -1
with, for j =1 and A = [L%*TFo(O)} ’

«7?1(371,y1, Wl) = bfl(Sl,Zl,Ro(Sl, )\Zl)) )
Mj<1717y17W1) = \/%Ml(slazlaRO(SlaAzl)) )
R1($1791,W1) = 51(R0(517>\21)) +R1(31721,R0(517>\21)) 3 (7-4)

while, for j > 2,
R, y5. W;) = Ri(s;, 2, K;) |
Fi(xj,y;, Wi) = bF;(s4, 2, Kj)
M(zj,y5, W)) = VabM;(s;, 2, K;) - (7.5)

Then, equations (3.13) and (3.14) for the RG flow are equivalent to (7.3). Note the
following consequences of Lemmas 3.1, 3.3, 3.4 and 3.5: if |z, |y;], |5], 9] < €;
and [[Wjlln, [Wjlln; < €7,
~ = . ] :
[Fi (5,55, Wy) — Fi(dg, 95, W)l < C(L)L™5]y; — o5
+ C(L)A[IW) = Willag, + jaer(lzr — df + y1 — 5a]) (7.6)
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M (25,95, Wy) — My(a5, 95, Wy)| < eL™t|y; — 951 + C(L)L ™ |ajy; — 59|
+ CILAT W = Willn, + paerl(lor =il + i —inD)]  (7.7)

R (g5, W) — Ry, 5, W)l < e(L77 + A 65021 (|on — @] + [y — 1)
+ C(A, L) [2a; — 5] + £2lys — 53] + &5 IW; = Wilas (75)

The RG equations that we are describing here are well defined, and so considered,
in “infinite volume”, i.e. for any j > 1 and with polymer activities defined on Z2.
Theorem 3.6 (which is about the RG on finite lattice A and with j =1,..., R) will
be a corollary of the following result - see the remark after the proof. Hypotheses
slightly more general than what we need, since W is not assumed to be 0.

Theorem 7.1 Consider the solution of (7.3) with initial data (x1,y1, W1). If L and
A are large enough, if |y1| < ey for a small e1 = 1(A, L) and if |Wh||nz ts small
enough w.r.t |y1|, there exist x1 = X(y1) such that || < 2e1 and

3 3 -
=gl +0G72),  y=¢+0G2), Wik =0G"), (79
where q; is the same defined in (3.18) with ¢ := y;.

Proof. Without loss of generality, assume y; positive. The strategy - partially in-
spired to [10] - is to mimic the treatment of the continuous version of (7.3). We look
for a solution (z;,y;, W;) of (7.3) into the form z; = ¢; + u;, y; = ¢; +v;, where u;,
vj, W; are unknowns with initial data u; = x; —y;, v1 = 0 and W;. By the identity
gj+1 — ¢ = —q;qj+1, the equations for u; and v; are

Ujp1 — Uj = —zvjq]‘ + uj(uja Vj, WJ)
Vi1 — U = —uiq; — v;q; + Vi(ug, v, Wi) (7.10)

for L{j(ujﬁj,Wj) = —UJZ- — quqjﬂ + Fj(xj,y;, W;) and V;(uj,vj, W;) 1= —u,v; —
@5 qj41+M;(x;,y5, W;). In order to diagonalize the linear part, introduce the stable
direction, wj := u;+2v;, and the unstable direction, w; := u; —wvj;, that have initial
data w{ = w; = z; — y; and satisfy

w;r+1 w;r (— 2%'+1+q32+1)wg‘++wg‘+(ujavj:MG)
wiy —wy = g, + Wi (ug, v, W) (7.11)

for Wi := U; + 2V} + [2¢; — q41]gjs1w] and W, := U; — V; (changing the linear
order of the former equation into (—2¢;11 + quﬂ)w;-r, up to a correction O(qf-)w;-r
that is absorbed into VVJr will make easier the next step). Since g; is strictly
positive, w is driven to zero by the linear term in any case; whereas w; converges

to zero only for a special initial w;{ = w; = z; — yi, to be found. With Some simple
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algebra, turn (7.11), together to the condition w_ = 0, into a form that resembles
the integral equation for the continuous flow:

2 Jj—1 2
7 4
wi = (—j> wi + ) <_]) W, (uj, v5, W)

q1 s—1 q.s—i-l
_ q8+1 _
wy ==Y W (ug, 05, W)
> U
j—1
W= Ly aWi+ Y L1 e W (0, W) (7.12)
s=1

for Lom = Lno Ly_y 00 Ly and W) (u;,v;, W;) := ﬁj(xj,yj,Kj). (As in

standard conventions, when a counter ranges over an empty set, the corresponding

summation is zero, the corresponding chain of convolutions is the identity.)
Introduce a vector notation, w = (w;?, w; , Wj)j>1, and the norm

]| = Sggmax{(fhj)_llwfla 2(mhy) " wi |, (Thy) Wil }
JZ

where h; is the sequence h; = y;1[1 + y1(j — 1)]72 and 7 > 0. It is casy to see
that W = {w : |Jw|]| < 1} is a Banach space. Then define the operator T =
(T;7,7T;,T); such that (7.12) reads w = Tw, i.c.

wi =T (w), wy =T (w), W=T"(uw). (7.13)
We shall prove that, if 7 is small enough (independently of A and L), 7 is a

contraction of W; then w = 7w has a unique solution in W.
Define p; := 2-0=1 and the operators

ds+1 q

THW) ;:Ji( & >2Ws, T (W) ::—ZQSTWS.

s=1 s>7

For a = +,
T3 (W) < Chy [T} (pg)l < Chy . (7.14)
By definition of W}, for o = =, if L is large enough,
(WS (g, 05, W) < CR2[7% + @] + C(L) [py? + A2 + CL Tpyq; 5 (7.15)
therefore, using (7.14),

T2 (W) < Chy |72 + g1 + L5+ CL)(A™ +41)] (7.16)
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Now consider two vectors in W, w = (u;,v;, W;); and w = (4, v;, W;);; then
WS (g, 05, Wy) = Wi (i, 05, W)
< Cllw —wllr [hﬁ[T +aq]+ C(L)A™ A + L’iquj} o (T17)
hence, by (7.14),
TP W) = TP 0A°)| < Cllw —tillrhy |7+ a1+ LTF+ CD)AT] . (718)

Finally, from (7.16) and (7.18), assuming 7 small enough so that 16C'T < 1, L large
enough so that 16CL"1 < 7, A large enough so that 16C(L)A™*C' < 7 and finally
¢1 = |y1| small enough so that 16C(L)q;C < T,

Thj
2

. o Ths
T W) < T ) — TP < - . (7.19)

Now consider the third of (7.12). For a polymer activity W;, define
j—1
TTOV) =) LitsnWs .
s=1

Suppose that [|[W;||nzr, < h3; if (L77 + A™") is small enough (cfr. Lemma 3.4),

|TQsl; < 2. (7.20)

By (7.8)
Ve 05 W)l < C[L77+ A7 4+ C(A, Ly |2, (7.21)

and then
ITOOV) s, < C[L77 + A7+ C(A, Dyar |12 (7.22)

Besides, given two vectors in W, w = (u;,v;, W;); and w = (i, v;, W;);,
HW]Q(UJ" Vg, VV]) - W]Q(uﬁ @jv WG)Hh,TjH
< rllw — @]|C L7+ A1 4+ C(A, L)gs] 12 (7.23)
and using (7.20) again,
TP V) = TP OA)lnzy < 7llw — wl|C [L7 + A"+ C(A, L)qr ] b . (7.24)
For L and A large enough, 4C[L=" + A™"] < 7% then, for ¢ small enough,
4C(A, L, a)q;C < 72; then

(rh;)’ lw— 1w . (7.25)

17OV, < (thy)* s TPV = TV, < 5w —
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Finally, consider the operator 7. By (7.19) and (7.25), if w € W,

2
q; _ _ A Th;
Tl < (L) ol + IVl oy, 17w < 170 < 2
1T @)llnz, < NT; OV Iy < (7hy)? 5 (7.26)
and, if w,w € W, with similar derivation
) Th; ) _ . Th; .
75 (w) = T (@) < ZHlw =l |75 (w) = 75 (@) < —7*lw - ,
) Th;)?

170w ~ T @lhr, < T2 (1.27)

Hence T is a contraction on W with norm 1/2. The Theorem is proven. =

Remark. Using the same choice ¥(y;) for x; found above in the infinite-volume
case, the very same bounds for the decay of x;,y;, W; are valid also for the finite-
volume RG flow. In fact, the flows of z; and y; are unchanged, for ﬁj and ]\—/lvj are
built out of W;’s living on small sets only. The flow of W}, instead, is changed, but
only when the support of W; is a polymer that wraps around the torus A - a non-
small at any scale j = 1,2,..., R—1: since W} is anyways a stable (i.e. contracting)
direction of the flow, this change does not require a different initial datum (xq,y;).
Therefore, Theorem 7.1 indirectly implies Theorem 3.6.

A Functional Integral Formula

A.1 Siegert-Kac transformation

We begin with stressing two properties of the lattice Yukawa potential in two di-
mensions, (2.3). First, the self-energy of a particle,

Wi(0;m) = ﬁp; m (A.1)

is positive divergent. Next, if we define the normalized interaction W (x|0;m) =

Wi (z;m) — Wa(0;m), we find

1 e — 1
Wi (z|0) := lim Wy (z|0;m) = — — ; (A.2)
m—>0 Al peA*Z\{O} —A(p)

then, in the infinite volume, W (x|0) := limp_,o, Wa(x|0) has large |z| behavior

W (x]0) = _%mm +0(1), (A3)
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which is what is called the Coulomb potential in two-dimensions. Now consider
(2.4) written in terms of normalized interactions and self-energies,

n
m) = % Z 0i0;Wa(z; — x;]0;m) (Z al) Wi (0;m) . (A.4)
i,7=1

As consequence of (A.2) and (A.3), in the limit m — 0, the latter term of (A.4)
assign an infinite energy, .e. a zero probabilistic weight, to configurations of €2,
that are not globally neutral. For neutral configurations, instead, the latter term
is zero and the particle interacts through the normalized potential. This justifies
the use of the Yukawa potential as regularization of the Coulomb one. Notice that
W (x;m) is positive definite and thus e #2@™) < 1; then, in the formula for the
partition function, the sum on n can be taken before the limit m — 0, for the
resulting series is convergent uniformly in m:

)= lim 372 S e (A.5)

n>0 wWEN,

Now we introduce the Siegert-Kac construction. Since Wy (z;m) is strictly-positive
definite, introduce at any site x € A a random variable, or 'field’; ¢,, with Gaussian
measure dPro(¢; m) determined by [dPgo(p;m) ¢, = 0 and [dPgo(p;m) @m0, =
Wi (z — y;m). Accordingly, Boltzmann weights of a given configuration in €, can
be re-written as characteristic functions of the Gaussian measure

® . N — o~ BHA(wim)
dPr (—, m) exp (z Zajcpxj) = e PHA .

Notice that at this point of the analysis the Gaussian measure is finite-dimensional
and non-degenerate; then its density has an explicit formula. For RG analysis
purposes, we want to consider a part of the Gaussian density as an integrand: for
any s € [0,1/2], if o® := B(1 — s) and replacing m with =

APy ( vl m) APro (Z5m )exp{%;(aﬂwf}fvi”(s;m) (A.6)

pee

where N, takes into account the different normalization of the two measures

m?— (1 —s)A(k)
Na(s;m) = _ )
kl;[ m? — A(k)

(A7)

With some algebra, the functional integral representation of the partition function
of the Coulomb Gas is

Zx(B) = Tlnﬂ_{lo /dPR,0(<P; m) eV (A.8)

for V given by (3.5). To obtain (3.1) we need a decomposition of the fields.
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A.2 Multiscale decomposition.

Suppose there exist positive-definite functions I'o(z;m), [y (z;m), ..., Tr_q1(z;m)
and I'sg(x; m) such that

Wa(z;m) = Tj(w;m) + Tor(a;m) . (A.9)

Jj=0

[y

By standard theory of (finite dimensional) Gaussian processes, ¢ can be decomposed
into R + 1 random variables,

or =G+ 4 (0
that are independent and Gaussian:
dPro(w;m) = dPsp(C®;m) dPr_1(CFV;m) - dPy(¢FY;m) (A.10)

for dP; and dPspr Gaussian measures with covariances I'; and I's g, respectively.
Decomposition (A.9) can be obtained in many ways. Here we take advantage

of a similar decomposition for W(x;m), the massive covariance for the infinite

lattice, Z?2, derived in [9], but implemented on a finer set of scales (cfr. Sec. D).

Suppose L = M, for v and M positive integers; v odd. The decomposition of the

covariance that we shall consider is done on scales 7", for integer A > 0. Define,

for j =0,...,R—1, I;j41 := {j+mlog,y | m=0,1...,M — 1} ; also, define

Qn 1= [=my", 77" and Q := Q.

Theorem A.1 There exists a positive-definite I's g(x;m) and, for any j = 0,1,..., R—

1 and any s € I j+1, a positive-definite Cs(x;m) such that

W(x;m) = g Tj(z;m) +Tsp(zym), T(z;m) = Z Cs(z;m),  (A.11)

7=0 Selj’jJrl

with Cs(x;m) = 0 if |z| = max{zo, z1} > v*M /2. Besides, for any h/M € I;; 1,
there exists Fy,(p;m), defined for p € Qy, such that, if h = sM,

Cy(a;m) = / Tp o [Fn(v'pym) — By (7" psm)]
o (2m)2 m2 — A(p)
Tsg(z;m) :/ p 62pi Frr(y™Bp;m) . (A.12)
Y o 2m)% m2 — A(p) ’

The proof (without the finer scales, i.e. for v replaced by 12L) is in [9]. Notice that,
as opposed to the full interactions Wy (x;m) or W (x;m) that are strictly positive-
definite, the Cy’s might be positive-definite only, i.e. the corresponding Gaussian
measure might be degenerate. Anyways notice that, for example, if Cy = g, o g, for
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positive-definite g, and if E¢ is the expectation w.r.t. the Gaussian measure with
covariance C(z — y), then, for any integrable function F', E¢,[F(2)] = E;[F(gs o 2)]
where I(z —y) := d,, and hence strictly positive-definite (see App. of [13]).

There is a standard way to construct the periodic Wy (z;m) out of its infinite
volume version W (z;m),

Wi(x;m) = Z W(z + L%y;m) . (A.13)

yEZ2

By finite support of C, T'j(z;m) = 0 if |z| > L7*+!/2; therefore by simple arguments
(A.11), through (A.13), implies (A.9) for

L;(v;m) =T (z;m), Tsplr;m) ]A\ Z FMR(L p;m) . (A.14)

[9] provides also some properties of Fj(p;m)’s that we shall need below.

Lemma A.2 Guwen an integer h > 0, for n =1,2,... h, there are complex func-
tions Apn(p,m), defined and differentiable for p € Qn and m in a neighborhood of
0, such that

h—1
Fo(pim) =1,  Fulp;m) = [ 1Ann(p,m
n=0
Besides, there exists a constant ¢ = ¢(vy) such that

|Apn(p;m)] <1, Apn(0;0) =1, |1 — Ay, (p;0)] <clply ™™,  (A.15)

-~ C
[Ann(pim)| < 77 R (A.16)
|A\h n(p;0) — A\h-i-l nr1(p;0)] < 297" (A17)

W.r.t. [9], here we abridged the notation Ashh o(Rp—n)(p) into A\h,n(p; vhm).
Therefore the above estimates (A.15), (A.16) (A.17) correspond to formula (3.12),
formula (6.17), Lemma 5.4 and Lemma 6.7 of [9], respectively; to optimize the
constants, read off that paper the case n = 1 only; the other values of n can be
obtained by scaling (3.26) of [9)].

A direct consequence of (A.15) and (A.16) is that

C
14 p*

0<1—Fup;0)=clpl,  [Fa(p;im)| < (A.18)
Now we can complete the proof of (3.1). Define dPg_10(p; m) as the Gaussian mea-
sure corresponding to the covariance I'g_1o(z;m) = T'gr_1(z;m) + Cr_o(a;m) +

-+ To(xz;m), and neglect the m dependence in measures when m = 0, i.e.
dPr_10(¢) == dPr_10(9;0), dPj(p) := dP;(¢;0). (3.1) is a consequence of the
following result.
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Lemma A.3
lim. / dPpo(p;m) e¥?) = lim / dPsr(¢;m) / dPr_10(p) "9 . (A.19)
m—r m— -

Proof. It is an explicit check. For masses m and m/, define the Yukawa potential

(1=9) |Taoro(pm) + Dan(pm)
Ta(z;m,m') = ﬁ Z e'P* [ } (A.20)

pers 1+ [fR_l,o(p; m') + Tsg(p; m)} A(p)

In particular, notice that Wy (z; \/%) = Tx(z;m, m). Consider Ty(x;m,0) instead:
it is well-defined and positive-definite; T (0;m, 0) is positive divergent for m — 0;
and Th(x]|0) := limy,, o[Ta(x;m,0) — Tx(0;m,0)] = Wx(x]0). This means that
there is no change in (A.5) if we replace W (z; =) with Ty (z;m, 0). The r.h.s.
member of (A.19) stems from repeating all the derivations of Section A.1 for the

latter potential. m

A.3 Explicit Computations

In order to prove (3.4) and (3.15) we need explicit computations that involve the
covariances. For p € R?, consider the differentiable function u(p) = limj,_,, F,(p;0);
and define the covariance

é(l’) — /(ZW];Q eixpu(p) ;;L(’yp) . (A.Ql)

By construction, «(0) = 1 and, uniformly in 9, lim, ,. u(pcos¥, psind) = 0

Lemma A.4 Foranyj=0,1,...,R—1and s € I;j11, if h = sM,

5h

|0"Cy(2;0) — v_hé’“(y_hxﬂ <cy r o, (A22)

Cul;0) = C(y"a)| < ey77
where the upper label , u indicates the continuous derivative (as opposed to O* that
is the lattice one).

As consequence, C(z) = limy,_,o Cs(7"2;0), and C(x) = 0 if |z] > /2.

Proof. We discuss the details for the former inequality only; for the latter the argu-
ment is similar. Consider the formula for the Fourier transform of the covariance
C}, given in (A.12) for m = 0: the idea is to replace the h-dependent cutoff function
Fi(p; 0) with u(p); and to replace —ﬁ(p) with p? and the interval of integration Q
with R2. We have to prove that the errors so generated are O(y~"") for some 9 > 0.
If pe @, —A(p) > (4p%/72) and [p> + A(p)| < (v/2/3)|p[?; then, by the second of
(A.18),

(A.23)
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The replacement of ﬁ(p) with p? in C, gives an error not larger than the integral of
(A.23) over R?, which is O(y™"). Add and subtract u(y"p) and u(y""p) in place
of Fy,(v"p;0) and Fj,. 1 (7"*1p;0), respectively, to get

o) = [ o e R0 [ o B0 00

o (27)2 P2 o2 p?
Pp iy Fr1 (0" 1p; 0) — u(y"p) h

— “ ’ O A.24

| e > +O(™). (A.21)

Now assume that (proof is below)

d*p | Fiu(p; 0) — u(p)| @

’ < B A.25

| e e et (A.25)

(A.24) and (A.25) directly give (A.22). We are only left with proving assumption
(A.25), that is a consequence of

&p |Fi(p;0) = Fia (p; 0)| -
’ ’ <c 1 A .26
| G p2 < () (A.26)
for any h > h’ > 0. Define
hoo noo
= H [ Ann(; 0)F = T 1 Ans 1041 (03 0)?
n=0
h m— hooo
=) |:|Ahm Pi0)2 = | A1 msa (15 0 } H P IT 1Arcrna(p;0)
m=1 n=1 n=m+1

+ [1 |Ah+1 1(p; 0 } H |Ah+1n+1 p;0 Z Onm(p) ; (A.27)

then, using (A.15), (A.16) and (A.17), for 0 < m < h,

| hﬂ’l(p)’ — 0(7) 1 p4 )

therefore
Rl

2 / Cunltll < coyrt

(when m < h/2, use the bound |p|'y*(h*m : when m > h/2, use the bound |p|y~ (=™
for the integration over |p| < y~"?2 and the bound y~™ for the integration over
7~ M2 <|p| <1 and [p| > 1). This proves (A.26). m
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A.3.1 Proof of (3.4)

Integrating in polar coordinates, only using that «(0) = 1 and lim,_,o, u(p cos ¥, psind) =

0,

0= [ 55 MO~ (A.28)

(3.4) follows.

A.3.2 Proof of Lemma 3.1

A preliminary result is that, for large |z|,

foo,o(xlo) = /(;17:;2 (e — 1)% = —% In|z| 4+ c+o(1). (A.29)

This formula is an easy consequence of the decomposition of the integral into three
parts: for I} = {|p| < |z|7'} and I, = {|p| > |z|~'}, the above integral is equal to

&P ey ulP) &Ep  ipeulp) [ Ip ulp)
/11 (277)2( b P? +/12(27T)2 p? / (2m)2 p*

the only term that is divergent for large |x| is the third, and its leading term can

be explicitly computed. Now consider the coefficient a;. Let w,; and fj(0|y) be

the same function defined in Sec.4.2, but with C(y ") in place of Cy(x). It is not
difficult to see, also using (A.22), that an equivalent formula for the coefficient a;

is, up to O(L~1) errors,
2

ol /de y? [@bj(y) oI5 0ly) _ 1) + o~ °T5(0) (ea2fj(y) _ 1) [74]}
2 2

for
Rg_l)(y) = =@ Ti-1n41(0ly) ;—0°Tn(0) (60‘21:"(?’) — 1) L=

From now on we only consider the case a® = 8. Since RY 71)(y) = L4R7(£1(yl}),
(A.30) becomes

o / iy y2RY) / 2y 10T 010 =T 0) (e—OéQfo(y) _ 1) + oL
d’y -1 —j
=3 /? [w(y) —w(yL™")] + O(L™) (A.31)

for w(y) = y46_a Teo0(09) and the new error O(L™) in the first line is due to the
replacement of FJ 1(0]y) with Tue1(0]y). The last integral can be computed in polar
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c

coordinates only using the fact that w(0) = 0 and, by (A.29), lim, ., w(y) = €.
This proves the first of (3.15).
Now consider the coefficient b; (still o = 8r). With the same argument used

for a;, an equivalent formula for b; is, up to an error term O(L‘i),
> Z /d2 (T4 (y) — (T4 W)| - (A.32)
AsT j 1o(y) = Lf’” (Y L) (A.32) becomes, up another error term O(L™7),

—Z /cﬂ 22 ) () + (4 (w)]

oy [ < 2] @ [ & [u(p)? = [u(Lp)?
— _Z / 4%y F (y) — (%) (y>] bl / (2m)2 p?
(A.33)

This proves the second of (3.15).

B Charged Components

The following constructions was introduced in [14]. By iteration on scale j, the
polymer activities are showed to satisfy, for any m € Z,

Kyl + 228 X) = K, X) (B.1)

Accordingly, given X € Pf§ and a field {¢, }zex, the function of real variable F(t) :=
K;(¢ + t,X) is smooth and periodic of period 27 /a: expand F(t) in (absolutely
convergent) Fourier series and, at t = 0, obtain (4.2) with charged components

IA(j(q, 0, X) = 5= fo%ﬂ ds K;(¢ +1t,X)e " . Besides, since G;(p, X) only depends
upon the derivatives of ¢,

1K5(q, 0, X)ln1y0.x) < NEG(X) |nzy )G, X)) (B.2)

C Lowest Orders Computation

C.1 First Order
Let B € B;. An explicit computation of E; [V;(¢, B)] yields

Sj /\2 Sj —2j 7 1o0upy,
LN ()2~ |BIE S (@0 )(0) 4+ L B O3 e

= I
. o2
— B Y (@ T)(0) + V(s L2502,/ B) . (C.1)

HEE
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C.2 Second Order

Notice the following “cancellations”:

2
S e (ecﬁr;—(y) _ 1) gy = S e T <6azrj<y) _ 1) % |

S (04T (y) = —k“k”fj(k)‘kzo ~0. (C.2)

Let D =B, and B € B;. An explicit computation yields:

1 *
§Ef Vi(p, B);: Vi(p, D*)] =s5F,j11(¢', B) + 2  Fy j1(¢', B)
+ 27 Fe (¢ B) + 2i8iF01(¢', B) (C.3)

where we have defined:

Foji(¢, B) = —= Z D (0T () Y (0", [(0"¢sy) — (2°L)]

y622 5? z€B
+ 13| > (0"0°T)) () (94T ) (yl0) (C.4)
yeZ2 MGE

1 .
Fb,j+1(§0/, B) = Z 567Q2FJ‘(0) <€a2pj(y) _ 1) L74J.

yeZ?

2
) ica(pl—¢l ) a” Ny, v
5 [ i) 14 O3 (00 %)yﬂy]

zEB nee
o=+ vEE

1 Z —2T;(0) <€azpj(y) _ 1> LB
Yy
2
. O[_ —a?T;(0),,12 [ ,o?T;(y) _ —4'1 1\2
> SO (W — 1) LSS (04) (€5)

yeZ? zEB uce

L_4] : / /
Feji(y, B) = = > ereh© (e*ﬂj@) - 1) 33 et (C.6)

y€eZ? xEB €
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ZZO-OC |: zo'ozgoz augpx+y) . zo'ozgo’zﬂ (81/80;)]

L_2j o? 1 ! 3 /
— S D ENO@T () Y (e - ek )
yI/GEZEQ iii
L=% _alr (0) [ aqr \2 2 ioap)
) Ze 700" ) (y) Ze = (C.7)
y€ez2 :ii

vEE

C.3 Estimates for W;
Let B € B;. If |y| < L™ /2, uniformly in j

Tj—1041(0) = T (w) £ €

. 1
Li1m41(0) + Do (y) — (G —n — 1); InL| <C. (C.8)
Accordingly,
L7 )y <CL), L7 [wiw) lyl < C(L), (C.9)
yEZ2 yEZ2
LY fwe ()| <CIL), LY |wh(y) <C(L),
yeZ? yeZ?
LY wei()] [yl < C(L) . (C.10)
yEZ2

The above inequalities yield

HWa,j(s,z ' )HhT (¢,B)

$ Y D ki)l 1yllBl Sup 1(0"02)(0°0" :2) In.7; 0,5)
W,v,pEE yGZZ
< s*C(L) (1 + max ||V?Lp||%oo(3*)) (C.11)

Wi (s, 2,0, B)llnayem) < 2°Clo, L) Y |wn; ()] [yl -

yEZ?

[B] ) sup [I|(0“s0z)3+(5"’(‘9"s0x)(8”90z)||h,Tj<so,B>]

A:rzeB
wsv,p=

< 20(0,) (1+ 15 193¢l | (€12)
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IWei(s, 2,0, B)lnayom < 2°Cla) Y lwes ()] [Bl < 2*C(L, o) (C.13)

yEZ2

1Was(s, 2,0, B)llazy o3y < 1281C() Y > (Il (9)] + [we (w)l1y]] -

H yeZ?
1B s 100
zeB*
< [ss10(a. 1) (14 g [Vl ) (C14)

All together these bounds give (6.33).

D Proof of Lemma 5.2.

The goal in to implement the idea of finer decomposition of the covariances, [7],
in order to have control over the different field regulators needed for the Coulomb
Gas. By (A.11), decompose the covariances and the field

Y Ciw), = > Y, (D.1)

s€ljjt1 s€lj i1

so that fg(cs) is a Gaussian random field with covariance Es[gg(f)gz(f)] = Cs(x — ),
with range L**1°8r7/2 = [i4™*+1/2 and typical momentum L= = L=7y~™ . The
notation for the fields is now ¢ = ) + & for s’ = s + log; v. Tt is clear how
to extend previous definitions to have s-blocks, s-polymers, L? norms and G field
regulators. We use X, to indicate the closure of the set X on scale s (hence, for

any j—polymer, X X; = X and X,,; = X). Given ¢; > 0, define (cfr. (5.9))

Ing.(&,X,) = carr Y Wi(VIE X)) (D.2)

n=0,1,2
Lemma D.1 There exists a choice of the constants ¢y, c3, ¢4 and v such that:
1) for any X € P,

G0, X,) < G, X ) gs(69,X,) ; (D.3)

2) for any X € S,

G5<90(s)a7) < Gs/(SO(S/)aXS’)Q/sgS(g(S)aYS> . (D'4)
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Proof. Only in this proof, let us shorten the notations ol D€)X, and Xy
into ¢, ¢, &, X and X, respectively. Since ¢ = ¢ + &, for any 0 < a < 1, by
discreet partial integration (see (6.117) of [5])

“Vs@H%g(X) < IVsy' ”L2 —i—ozHngo HL2 9X) ‘*’CYHVZ‘P HLg(X)

HIVséllizx) + 20x) 0 I8l Tz ) 5 (D.5)

whereas, by squaring triangular inequalities
IVsellizoxy < 20V llz20x) + 21 Vaslzz0x) - (D.6)
W (Vip, X)? < 2W,(V3, X)* + 2W, (V3 X)?. (D.7)

Collecting the last three formulas, by (6.110) of [5],
InGs(p, X) < anctlVedlliax) + faLlIVee 1T20x) + et We(Vig!, X)?

+fakp Z W (ViE, X)? (D.8)

n=0,1,2

for fs = ac; + 2c3, fi = (4a + 2)c; < 6¢; and fy = 4eja™! + 8¢z + 4ey. In order to
pass to scale ', use the inequality

Vs lZ20x) < Vs 720m) + Vs 2z x) + Ws(Vag', X\X)* (D.9)

for a certain constant ¢ > 0 (for the proof, c¢fr. the proof of (6.105) of [5]). If o and
cs are so small that cf; < ¢,

MGa(p. X) < ernl Vg B + Jorel Vo [, + GermatVa(V20!, X2

i S WL(VIE X)? (D.10)

n=0,1,2

Finally, to restore the old constant cs and c¢; in the 2nd and 3rd terms, observe that
these two terms are irrelevant, i.e. passing to scale s’ gives v~ !’s factors:

”VSSDIHig(aY) < 771”VS/90IH1§,(3Y)
W,(V3¢  X)? <772 W, (V3¢ X)?; (D.11)

the first term is, instead, scale invariant (and the fourth is relevant but there is
no need to scale it). Therefore, for ¢y > fy, if v is so large that f3y™' < ¢3 and
6772 < 1 (D.3) is proven.
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Then consider the case when X € S,. If v > 8, it is possible to find the polymer
T'X, a translation of X, such that T'X is disjoint from X, but (TX)*NX* # () and
TX C X ; by (6.129) of [5], setting X7 =TX U X and for a ¢ > 0,

3
IV lz20x) < IV L2y + WV Xn) 5 (D.12)
besides, as X and T'X have disjoint boundaries,
IV l20x) S IVs@ 20y Wl Vi, X)? S W(Vig, Xr)* . (D.13)

Multiply both sides of (D.8) times 3/2; then use (D.12) and (D.13) to obtain

3 3f3
JInGslp, X) < k| Ve@' 2 xg) + THLHVsSD'H%g(aXT)
kL WV, Xp) +es Y Wo(VEEX)? (D14)

n=0,1,2

for ty = 3f1/2 + cc; and ¢4 = 3f4/2. This inequality is of the same form as (D.8),
except for the fact that X has been replaced by X7 in the first three terms of the
r.h.s, and the constants are different. Therefore one can proceed as done from (D.8)
to obtain (D.3): since by construction X7 = X, (D.4) follows for a and c3 small
enough, and v large enough.m

To conclude the proof of Lemma 5.2, we need two results of [5].
Lemma D.2 If k is small enough (w.r.t v=2), for any X € P,
E, [93(5(5),)()} < eerLlXls (D.15)
where | X | is the number of s—blocks in X.

Lemma D.3 For X € P;

3
N , c o q1/3
<1 +max ij+1$0(]+1)||L°°(X*)) < =75 [Gim (@™, X)) (D.16)
e 2

The former is Lemma 6.31 of [5] and its hypothesis is fulfilled if M is large enough;
the latter corresponds to formula (6.127) of [5]. Use (D.3) iteratively, then (D.15),
to find, for any X € P;,

Ej [GJ(SD(J)7X)} S Gj+1(gp(j+1)’7) H Es [98(6(8)775)}

s€ljjt1

< G (D, K)e et ol (D.17)
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This, for v large enough proves (5.15) for |X,|, < |X|; and ¢k, = C/InL =
C(log,e)/M. In the same fashion, using by (D.4) iteratively, and then (D.15),
(D.16), for any X € S; (so that X, € S, for any s),

3
1+ max | V1 U >) G X) I B [0:(69.X0)]

s€l5,5+1

3
(14 119315 e ) B (G569, X)]
<

%Gj+1(90(j+1)77)66“ Dsety i Xl (D.18)

K

IN

This proves (5.16). (When G,(¢"), X) is replaced by SUPyeo.1) Gy (toU+h + ¢, X),
only little changes are required.)

E Proof of Theorems 5.5, 5.6 and 5.7

In this section we shall use || - |]h’T];m(@7X) for Zn>m 2| - 7 (,%) -

Lemma E.1 Let F € N;(X) and X € P;:
a)if X €S8; and xg € X, for (00)s := ¢z — @z, and p=5L"",

IE @@ 075110030 < IE(E)lon156.%) bty (E.1)

b) given b € C}(X), if A= |[Ylle2x) is finite,
1E (e + O)lnzye0 < IF (@) Inrame.x) ; (E.2)

c¢) form = 0,2 and any h > 0, (for Taylor remainder is £ )

[Rem, F()llnex) < (1477 €llezx) )mtS%I;]||F(t€)Hh,T_zm(t5,X>- (E.3)
elo, J

Proof. (E.1) follows from the identity > fx% = Zx(ch)x% and the fact that,
for X small, H(SfHC]z(X) < 5L—1|]fHC]2_+1(X). (E.2) is a direct consequence of Taylor
series. Consider (E.3) for m = 2 - the case m = 0 can be proved with similar

arguments - and set O(§) := RemyF(); then using test functions fi, fo,... such
that Hf]HC?(X) S 1, for n = O, 1, 2

h" h" t)?
P1020©) (- gl < 5 [ S0 (g6
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< m[h 1”5||c§(xﬂ gtil[épl] 1E CEE) 1,73 (e, ) » (E.4)

whereas, for n > 3, %|D?O(§)'(fl7 )] < %HF(@Hh,T;‘(é,X) . The result follows
by first summing the terms with n = 0, 1,2, 3 with the binomial theorem, and then
summing the terms with n > 3. m

E.1 Proof of Theorem 5.6

Consider the measure E; and an integrable function F'(y). Factorize the covariance
into I'; = g; o g; and call E; the Gaussian expectation with covariance I = (;);
under the imaginary translation ¢, — ¢, +1i(g; f), where f is any test function with
finite support,

E,[F(0)] = ([P (¢ + (9,Q))] = e2 V1D B [ CDP(p +i(T; )] -

Now apply this identity with F'(¢) = I?j(q, ¢, X): calling ¢, := (I'; f), and (0¢), :=
(F.Yf):l: - (ij)xov by (43)7

E; By (g, X)| = 2000 B, [ CDR; (g, + i), X)|
= BTNt D By [Ry(g, 0+ 09, X)|  (B)
where (0,,)s = 0z,2,- Then, choosing f, = asgn(q)d, ., as in [14],
IE; [B5(a . X)] gy o0
< ¢ (ldl=2)2’T;(0) E; [H[?j(q, © + i5¢,X)|’h,Tj+1(<p’,X):| : (E.6)

This inequality is an important result of [14]. Now consider the expectation on the
r.h.s. of (E.6): for p:=5L71 n:=(+idy, A= H(W”cf(xw since [[€/9%%0 ||, 7,1 (o, x)
is less than e by (4.3), (E.1), (E.2), (B.2), and for L so large that ph + A < h,
||KJ(Q7 2 + Z&P, X) |‘h,Tj+1(Lp’,X) S €h|q‘a||Kj (Q7 580, + n, X) ”h,Tj+1(<p’7X)
< eh\qlaHKj(q,f + 1, X)th,Tj(g,X)L_:&p,
< eh\qlaHKj(%f + ¢, X)th+A,Tj(g,X)L_:&P/
< "M K (X) 1,1y 00 G0, X)) (E.7)

(The final inequality is due to the fact that G;(y, X) depends on the derivatives of
¢, and then G;({ + (, X) = G,(p, X).) Finally, plugging (E.7) into (E.6), for any
¥ > 0 and L large enough,

||E] [KJ(Qa Sva)] ||h,Tj+1(<,0’,X)
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< el [=CH=D5 | K, (é

—1X1;
SRS Pt

This inequality proves Theorem 5.6.

Remark. In order to minimize the prefactor in the r.h.s. of (E.5), one should

rather choose f, = aqd, .,; then, the prefactor in (E.6) would be e~ 7T a5 in

heuristic arguments. Though this choice conflicts with the condition ph+ A < h, for
the corresponding A grows with ¢, whereas the radius of analyticity, h, is assumed
independent of q.

E.2 Proof of Theorem 5.5
With Taylor remainder in ¢, by (E.1), (E.3),
||Rem2kj<07 690/ + C? X) Hh7Tj+1(50’7X) < HRem2 KJ(O7£ + Cu X)th,Tj(E,X) ‘525
1 &
< (1400 elleen) s 1RO+ rveo)
3
<C (1 + L||§||c2(X)> p* sup || K;(0;t€ + C,X)Hh,Tj(ts,X)‘
’ t€[0,1] £=5¢’
3
< (1 + LHch;(X)) L7 K5 (X Iy 0 sup Gty + ¢ X) . (E.9)
te[0,1
(We used that, as p = 5L7" <1, then || - || , ;23 < p°|| - [n7.) As X € S},

LN¢ llezx) < € max Vi 19| ey - (E.10)

Therefore, by (4.3), (5.16) a bound for ||[RemsE; [}?j((), gp,X)] [, 40 (o ) 18

L 3 —

A |X‘J ,
Ol Xl (5) Gl X, (©11)

which proves Theorem 5.5.

E.3 Proof of Theorem 5.7
Set n := ¢ 4+ i6¢. By (E.1), (E.3), (E.2), and since, by definition of h, & + A < h,

[RemoK;(q, 0¢" + 1, X)||h15.1 (0 x) < [[Remo (g, & + 1, X)||ph,Tj(g,X>‘

< C (14 Llillero)) sup K026+ X2

§=d¢’

§=6¢’
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< <1 + LHSHCJQ.(X)) L7 sup [|K;(q, & + 777X)H%,Tj(§,X)
0<t<1
<O (14 Llgllezn) L7 sup 1R (g, 86 + & X) e
0<t<1
<0 (14 Llellezin ) LK (Ol sup Gyt +¢.X) . (B12)
As for (E.6), a bound for ||E; [Remol?j(q, cp,X)] [ n 240 (o ) 18

o~ (lal=3)aT;(0) E, |:||Rem0-[/€j(Qa @ + 10y, X) ||h,Tj+1(go’,X)} : (E.13)
so that, continuing the chain of inequalities by (E.10) and (E.12), (5.16),

—(lgl—1)a2T @ =5
S e (“Z| 2) QFJ(O)@MQ‘ Ej [HRemon(q’égp’+n7X)||h7Tj+l(<p/7X):|

~(gl-1)a2r;(0) hlgla L~ A\ %
< Cem M2 ie WHKJ‘Hh,Tj 3 Gil(y, X) (E.14)
L

which proves Theorem 5.7.
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