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Abstract

We study the 1D extended Hubbard model with a weak repulsive short-range interaction
in the non-half-filled band case, using non-perturbative Renormalization Group methods and
Ward Identities. At the critical temperature, T' = 0, the response functions have anomalous
power-law decay with multiplicative logarithmic corrections. The critical exponents, the
susceptibility and the Drude weight verify the universal Luttinger liquid relations. Borel
summability and (a weak form of) Spin-Charge separation is established.
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1 Main Results

1.1 Introduction

The Hubbard model, see e.g. [1], describing interacting spinning fermions on a lattice, plays the
same role in quantum many body theory as the Ising model in classical statistical mechanics,
that is it is the simplest model displaying many real world features: it is however much more
difficult to analyze. While our understanding of the Hubbard model in higher dimensions at
zero temperature is really poor (except for special choices of the lattice as in [2] and [3]), the
situation is better in d = 1, when the model furnishes an accurate description of real systems,
like quantum wires or carbon nanotubes [4].

The one dimensional Hubbard model (from now on the Hubbard model tout court) can
be exactly solved by Bethe ansatz, as shown by Lieb and Wu [5]: the system is insulating in
the half filled band case while it is a metal otherwise and the elementary excitations are not
electronlike, a phenomenon which is nowadays called electron fractionalization [6]. Recently in
[7] a strategy for a proof that the lowest energy state of Bethe ansatz form is really the ground
state has been outlined (see also [8]). This method is however of little utility for understanding
the asymptotic behavior of correlations; and does not apply in studying the ground state of a
slight generalization of the model, the extended Hubbard model, that consists in replacing the
local quartic interaction with a short-ranged one. Other approaches has been therefore developed
to get more insights into the physical properties of the Hubbard model.

Under certain drastic approximations, like replacing the sinusoidal dispersion relation with a
linear relativistic one and neglecting certain terms called backward and umklapp interactions (see
after (2.25) for their definition), one obtains the spinning Luttinger Model, which is exactly solv-
able in a stronger sense, [9], [10]: all its Schwinger functions, at distinct points, can be explicitly
computed. This model, describing interacting fermions, can be exactly mapped in a model of
two kinds of free bosons, describing the propagation of charge or spin degrees of freedom and
with different velocities (spin-charge separation); again, a phenomenon of electron fractional-
ization which has received a considerable attention in the context of high T, superconductors
[11]. Moreover, as in spinless Luttinger model, the correlations have a power law decay rate with
interaction dependent exponents.

However, neglecting the lattice effects and backscattering or umklapp interactions is not
safe, and indeed the mapping to free bosons is not expected to be true in the Hubbard model.
A somewhat more realistic effective description can be obtained by including the backward
interaction in the spinning Luttinger Model, so obtaining the g-ology model. This system is no
more solvable; however, a perturbative Renormalization Group (RG) analysis, [12], shows that,
in the repulsive case, such extra coupling is marginally irrelevant, i.e. becomes negligible over
large space-time scales. In [13] the necessity of implementing Ward Identities in a RG approach
was emphasized, in order to go beyond purely perturbative results, but the analysis was limited
to the Luttinger model and no attempt was done to include the effects of nonlinear bands. In
[14] it was observed that the correlations of the repulsive g-ology model would qualitatively differ
from the Luttinger model ones for the presence of multiplicative logarithmic corrections.

A new point of view, that extended previous ideas of Kadanoff, [15], and Luther and Peschel,
[16], was proposed by Haldane, [17], and is nowadays known as Luttinger Liquid Conjecture. The



idea is to exploit the concept of universality, a basic notion in statistical physics saying that the
critical properties are largely independent from the details of the model, at least inside a certain
class of models. In the present case, as the exponents are non trivial functions of the coupling,
universality has a meaning more subtle than usual; it does not mean that the exponents are the
same (the exponents do depend on the details of the model), but that the exponents and certain
thermodynamic quantities verify a set of universal relations which are identical to the Luttinger
model ones. Such relations give an exact determination of physical quantities in terms of a
few measurable parameters. The validity of such relations has been checked in certain special
solvable spinless fermionic lattice models [17], but a proof of their validity in the Hubbard model
(or in the non solvable extended Hubbbard model) is an open problem. It should be remarked
that, even thought the Hubbard model differs from the spinning Luttinger model for irrelevant
or marginally irrelevant terms in the Renormalization Group sense (in the weak non half filled
band case), this would not imply at all the validity of the same relations as in the Luttinger
model; irrelevant terms do renormalize the exponents and the thermodynamic quantities.
Starting from the 90’s, the methods developed in constructive Quantum Field Theory (QFT)
for the analysis of QFT models in d =1+ 1 [18, 19] were applied to interacting non relativistic
spinless fermionic systems in the continuum [20], so establishing the anomalous dimension in a
non solvable model, by combining Renormalization Group methods with non perturbative infor-
mation coming from the ezact solution of the Luttinger model; the extension to spinning fermions
was done in [21]. An important technical advance was achieved in [22, 23], by implementing Ward
Identities based on local symmetries with Renormalization Group methods. A well known diffi-
culty in any Wilsonian Rermalization Group approach is that the momentum cut-offs break the
local symmetries on which Ward Identities are based; in [22, 23] it was developed a technique
allowing to rigorously take into account the extra terms produced in the Ward Identities by the
cut-offs, so that interacting non relativistic fermions in d = 1 were constructed without any use
of exact solutions [23, 24, 25]. The main outcome, with respect to the early Renormalization
Group analysis [12], is that the results are exact (the lattice and non linear bands are fully taking
into account) and non-perturbative; and physical observables are written in terms of convergent
expansions so that they can be computed with arbitrary precision. The complexity of such ex-
pansions made however impossible to verify explicitly the universal Luttinger Liquid relations
in [26]; they have finally been proven for interacting spinless fermions on the lattice (the X X Z
chain and extended versions) in [27, 28] through Ward identities; this fact appears to be related
to a non-perturbative version of the Adler-Bardeen theorem of the non renormalization of the
anomalies, [29]. In this paper we will extend such ideas to spinning fermions in the Hubbard
model; as we will see, the extension is rather non trivial and new phenomena take place.

1.2 Extended Hubbard Model and Physical Observables

Let 8 > 0 be the inverse temperature, —u the chemical potential and C = {—[L/2],...,|[(L —
1)/2]L} a one dimensional lattice of L sites. The extended Hubbard model [30] describes fermions
hopping on C with a short-range density-density interaction; the Hamiltonian plus the chemical
potential term is

1

— § + 4= + 4, E + - E + - 4+
H = _§ (ax,saa:Jrl,s + az,sa:pfl,s) +u Ay Qg s +A ’U(LI? - y)az,sam,say,s’ay,s’ (11)
xzeC xzeC z,yeC
s=+ s=+1 s,s/=+1
+

where a7, are fermionic creation and annihilation operators at site « with ’spin’ s, and v(z) is

x,s

a smooth, even potential such that |v(z)| < Ce** (short range condition); periodic boundary
conditions are assumed: ag i, , = aj .

The set-up of the Grand Canonical Ensemble is standard, and we remind it concisely; more

details are, for example, in [31]. If O, is a monomial in the operators af ,, €,5 = +, or in



the density operators aZ g,e,s,8 = &£, given xg € [0, 5], define x = (x,x9) and Ox :=

eflro0Q,e~H0 (50 that zo has the meaning of imaginary time); then, given the observables

T,s 13’7

Ox,,...,0Ox,, their Grand Canonical correlation is
Trle PHT(Oy, - Ox,)]
(Ox, "'Oxn>L,B = Tr[e—ﬁH] (1.2)
where T is the time order product. Similarly, (O, ;- - 3Oxn>T; 1,5 denotes the corresponding

truncated correlations. We are interested in the correlations in the thermodynamic limit L — oo
and at the critical temperature S~ = 0; the limit L, 3 — oo will be indicated by dropping the
labels L, 3.

Define pr € [0, 7], the free Fermi momentum, and v, the free Fermi velocity, such that

COSpr = [ Up = sinpg .
In this paper we have three main assumptions on the parameters:
pr#£0,7/2,m, ©0(2pp) >0, A>0 (1.3)

The condition pg # 0,7 means that the empty band and the filled band cases are not included;
the reason of such exclusion is that, if v = 0, the scaling of the model would be very different
and would depend in a critical way on the interaction. The condition pr # 7/2 excludes the
half-filled band case; it will have the effect to make the Umklapp interaction (see §2.1) irrelevant
(in the RG language). The two other conditions can be loosely called the repulsive condition on
the interaction; they indeed imply that one of the contribution to the effective interaction (in
the RG language) is strictly positive at all scales.

The model is SU(2) symmetric, as the Hamiltonian is invariant under transformation a3 , —
Do Msys/af’s, with M € SU(2); and includes the standard and the U-V Hubbard models,
corresponding to the interactions Av(z — y) = Ud,, and Av(x —y) = Udy,y + %Véw_ym,
respectively: in the former case the repulsive condition is U > 0.

By definition, the T'= 0 free energy is

E(\) :=— lim (LB) ‘logTr[e PH], (1.4)

L,f—o0
and the 2-point Schwinger function is
Sopr(x—y):= <a;,+a;'r,+>6,L = (ax,_a ;,r VoL - (1.5)

The connection with experimental physics is through the response functions, defined as Fourier
transforms of the following truncated correlations:

Qaprx—y):= <pxpy>T B,L - <Px:0y>g L <Pf§>/3,L<P;>5,L (1.6)

where p% is one of the following densities (see pagg. 54, 55 of [4]):

oS = Z af Jax., (charge density)
P = Z ax Oy S,ax » (spin densities)
s,8'==% (17)
1
p3C = 3 Z sas, (a5 (singlet Cooper density)
i
1 ~ . "
pLrCi = 3 Z as,. s i,ax+e s, e=(1,0) (triplet Cooper densities)
s,s'==+
e=+



where i = 1,2,3 and
w_ (01 @ _ (0 —i @ _ (1 0
? (1 0) ? (z 0) ? (0 -1
_ 10 _ 0 1 - 0 0
M = @) = (3) —
el O A () B S ()

When the interaction is off (A = 0), all functions Q,(x—y) have power law decay for large |x —y|
with the same exponent; as we will see, turning on the interaction removes such degeneracy: some
correlations are enhanced by the presence of interaction and others are depressed, so that the
exponents become different.

Define the Fourier transform of the response functions as

. B/2 .
Qn(p) := lim dzo Y eP* Qg 51(x) (1.8)
B,L—00 —B/2 1%; A
where p = (p, po), with p € %"C and pg € %’“Z. The susceptibility is given by !
# = lim Q¢ (p, 0) . (1.9)
p—0
The paramagnetic part of the current J, is defined as

1 L

xz = Z [aaz+1,sar,s - a;sa;Jrl,s] (110)

s=+

while the diamagnetic part is
1 _ _

Ty = _5 [a;sa’w-&-l,s + a’;—&-l,sax,s (111)

s==+

The Drude weight is defined as
B/2 ) .
_ T . . ipx _ .

D= —{ra) = Jim, I Jm ], 0070 X% (hedo)rp 5 = lim lim D(p)  (1.12)

where the first term is a constant independent from x. If one assumes analytic continuation in
po around py = 0, one can compute the conductivity in the linear response approximation by

the Kubo formula, that is 0 = lim,, o limg_,g D(#Ig’o). Therefore, a nonvanishing D indicates
infinite conductivity.
The conservation law
0/),? - eHxO[H ] —Hzo _ _;5(1) 5 — _'[J —J } (1 13)
8130 - y Pz)€ = —10, x = U Jz,xq z—1,z0] » .

where aé” denotes the lattice derivative, implies exact relations, called Ward identities (WI),
between the Schwinger functions, the density correlations and the vertex functions, defined as
G2l (x,y,2) = (pic)a;ajh and G?’l(x,y,z) = (Jxay af ). Some Ward Identities, which will
play an important role in the following, are

—ipoGy' (l k+p) —i(1 — e )G (k, k +p) = (k) — Sz(k + p) (1.14)
—ipoQo(p) —i(1 — e )0 ,(p) = 0 (1.15)
—ipoQ,(p) — (1 — e~")D(p) = 0 (1.16)

where Q; ,(x,y) = <ngy>T,5,L'

1

in a fermion system, k = k.p?, where k. is the compressibility and p the density, see e.g. (2.83) of [32]



1.3 Anomalous exponents and logarithmic corrections

In the free case, A = 0, pr determines the position of the two singularities of the Fourier transform
of Sy, which are at k = (£pp,0); whereas vp is the velocity of the large-distance leading term
of SQ,

e WPFT

S ~ .
2(x) u;i VpTo + 1w

In the following theorem we see that, when the interaction is turned on, A > 0, the singularities
of the Fourier transform of Sy are moved into new positions, k = (£pp,0), with pr = prp+O(X).
Moreover, the power law decay of S(x) and the response functions is strongly modified: the
decay exponent is changed (anomalous dimension) and there are logarithmic corrections.

Theorem 1.1 If the conditions (1.3) are satisfied, there exist Ao > 0 such that, if 0 < XA < Ao,
there exist continuous functions

pr =pr(\) =pr + O(}N) vrp = vr(A) =sinpr(A) + O(N)
(depending also of the other parameters of the model, like v(z) and ), such that, setting

X := (z,vpx0) , L(X)=1+b\0(2pr)log|x|, b=2(msinpr)!

. 22 s 1.17)
on) x VFpXoCOSPR TSI pPp (
QO(X) = W 5 SO(X) = |),E|

the large |x| asymptotics of the two-points Schwinger function is

L(x)¢*
‘3{|1+TI

SQ(X) ~ [So(X) + RQ(X)] (118)

where Ry(X) is a continuous function of A and X, such that |Ra(x)| < CyA\*=?, for some positive
constants Cy and O < 1. Besides, the large |x| asymptotics of the correlations are

B _ Q0(X) + Ra(x) L(x)% ~
for a=0C,S; QQ(X) ~ w + COS[2pr]W [1 + Ra(x)}
3 S = L(x)% 1 L(x)%
for a=SC Qo (x) ~ — [Q(X) + Ra(x)} cos(2ppx) RETTIA ~ RN 1+ Ra(x)]
2 I(x)S
for a=TC; Qu(x)~ ZZ&(T& [+ Ra(x)] (1.19)

with the functions Re(x) and Ro(x) having the same properties of Ry(x). Moreover, the critical
exponents 1 and X, are continuous functions of X, while the exponents ZSC and (, of the
logarithmic corrections could also depend on x (we can not exclude it), but satisfy the bounds
ICse| < CA and [Co — Co| < CA, for a suitable constant C, with

_ 3 - 1 - 3 - 1

¢.:=0, §c=—§ . Csi==, C(sc=—7%, (rc, == (1.20)

In the free A = 0 case the response functions decay for large distance with power laws of
exponent equal to 2. The interaction partially removes such degeneracy by producing anomalous
exponents which are (in general) non trivial functions of the coupling (see Theorem 1.2); in
particular the response to charge and spin densities are enhanced by the interaction, while the
response to triplet Cooper densities are depressed. While the presence of non universal exponents



is a common feature with the Luttinger model, the presence of logarithmic corrections is a striking
difference. Such corrections remove the degeneracy in the response of charge and spin densities:
the response to spin density is dominating. Note on the other hand that the exponents of the
non oscillating part of charge or spin density correlations are the same as in the free case; also
logarithmic corrections are excluded.

Similar formulas have been derived in the physical literature [14] under the g-ology approzima-
tion, that is replacing the Hubbard model with the continuum g-ology model describing fermions
with linear dispersion relation. The existence of anomalous exponents was proved previously in
Theorem 1 of [24] (see also [21]), and the absence of logarithmic corrections in the non oscillating
part of charge or spin density correlations was also previously proved in [33]. The above theorem
improves such results, as it proves for the first time the existence of logarithmic corrections and
universal relations.

1.4 The Luttinger liquid relations
Theorem 1.2 Under the same conditions of Theorem 1.1, there exist continuous functions
K=K\ =1-cA+0(\?), K=K\ =1-cA4+0(\?) (1.21)

with ¢ = [0(0) — 9(2pr)](7sin pr)~1, such that the critical exponents satisfy the extended scaling
formulas

dn=K+K'-2, 2Xg=2Xg =K+1,

~ (1.22)
2XTC¢:2XSC:K71+13 2XSC:K+K71.
Moreover
R K ’U2p2
QC(p) = v p2 + ’U2p2 (p)
0 (1.23)
A v = Po
D = — B
(p) = — o + B(p)

with A(p), B(p) continuous and vanishing at p = 0, v = sinpp + O(\) and K = 1+ O(\);
therefore the Drude weight D (1.12) and the susceptibility k (1.9) are O(\) close to their free
values and verify the Luttinger liquid relation

v> =D/k (1.24)

The above Theorem says that, even if the logarithmic corrections alter the power law decay
of the spinning Luttinger model, the exponents verify the same universal relations (1.22), in
agreement with the Luttinger liquid conjecture [15, 16, 17]. Such relations say that the knowledge
of a single exponents implies the determination of all the others.

The Fourier transform of the density correlation is similar to the free one, the interaction
producing a renormalization of the velocity and of the amplitude K. The susceptibility and
the Drude weight are finite, saying that the system has a metallic behavior (contrary to what
happens in the half-filled band case).

Besides the universal relations involving the critical exponents, there is also the wuniversal
relation (1.24), which relates the susceptibility and the Drude weight to the charge velocity v
appearing in (1.23); this relation was conjectured in [17] (in the spinless case, but the extension
to the spinning case is straightforward, see e.g. [4]). In the notation of [17], vy = 7~ v; = 2
so that (1.24) takes the form

vy = V2 (1.25)



The validity of (1.22), (1.24) is a rather remarkable universality property following from the
combination of conservation laws of the Hubbard model and Ward Identities coming from the
asymptotic gauge invariance of the effective theory. Wether a similar relation holds also for the
spin conductivity is an interesting open problem.

1.5 Spin Charge separation

Theorem 1.3 Under the same condition of Theorem 1.1, the Fourier transform of the 2-point
Schwinger function is given by

Sao(k +pp) = Z(k)Sww(k)[1+ R(K)], p = (wpr,0) (1.26)
where
)\2
|R(k)| §Cm , a>0, (1.27)
Z(k) = L(k "1+ R'(K)], |R' (k)| < CA (1.28)

L(t), t > 1, is the function defined in Theorem 1.1 and S’Myw(k) is a function whose Fourier
transform is of the form

_ 1 [vpag + (21 /vp)?] 7/ LCH+O(1/Ix])
2mvp (v,xo + iwxy fvp) /2 (Voo + iwzy JUR)1/2

with v, o =1+ O(N), 1, = O(N?), v, — vy = A + O(N?), with ¢, # 0.

S w(x) (1.29)

The above theorem says that the two point function can be written, up to a logarithmic
correction, as the 2-point function of the spinning Luttinger model, a model which shows the
phenomenon of spin-charge separation (see also [25]). A manifestation of spin charge separation
is that the 2-point function is factorized in the product of two functions, similar to Schwinger
functions of particles with different velocities. In this sense, the above theorem says that the
spin-charge separation occurs approximately also in the Hubbard model, but is valid only at
large distances and up to logarithmic corrections. Similar expressions are true also for the
density correlations (the explicit formulae are in §5 and are not reported here for brevity). In
the spinning Luttinger model v, = v, where v is the velocity appearing in (1.23); in the present
case we can verify this identity only at the lowest order in A, and whether this identity holds or
not in the Hubbard model is an interesting open problem.

1.6 Borel summability

In §2.6 we shall prove the following Theorem.

Theorem 1.4 Given § € (0,7/2), there exists ¢ = €(d) > 0, such that the free energy, the
Schwinger functions and the density correlations are analytic in the set
D.s={AeC: |\ <e¢,|Arg N\| < m—d} (1.30)

and continuous in the closure, D. 5. Moreover, if f()\) is one of these functions, there exist three
constants co, ¢1, K, and a family of functions fr(\), h <0, analytic in the set

D" = D.sJ {l €C:|) < 1—i0h|} (1.31)
such that o
V)] < ere™ )= > fa(N) (1.32)
h=—o00

By using the Lemma in [19], see pag. 466, this Theorem implies that all the functions satisfy
the Watson Theorem, see pag. 192 of [34]. Hence they are Borel summable in the usual meaning.



1.7 Contents of the paper
The paper is organized in the following way.

1. In §2.1-2.3 we resume the RG analysis of the extended Hubbard model given in [35, 24].
The fermionic field is decomposed as a sum of fields ™, h integer and < 1. The field
¥ is associated to the momenta far from the Fermi points, while the fields 1® with
h < 0 are supported closer and closer to the two Fermi points, hence are more and more
singular in the infrared region. The iterative integration of such fields, accompanied by
a free measure renormalization (the field strength renormalization), leads to a sequence
of effective potentials V"), expressed as renormalized expansions in a set of 5 running
couplings Tp, = (U, On, 91,1, 92,10, 9a4,1), Whose flow is driven by a recursive relation called
beta function. The coupling v, is associated to the only relevant term (in the usual RG
language) present in the effective potentials (the others are marginal) and describes the
change of the Fermi momentum due to the interaction; in order to control its flow, we
change the chemical potential x in p — v and we compensate this operation by adding to
the interaction a counterterm vy, _af a .. The value of v is then chosen, by an iterative
argument, so that v, — 0 as h — —700; this will implicitly determine the interacting Fermi
momentum. This procedure works since one can prove, under the conditions of Theorem
1.1, the convergence of expansions in the running couplings, by using two crucial technical
tools: the determinant bounds for fermionic truncated expectations and the partial vanish-
ing of the beta function (see (2.45) below for the definition), which implies the convergence
of Tj, 10 U_0o = (0,0_00, 0, g2,—c0, §4,00)- This limit can be seen as characterizing a point in
a set of fized points, depending on 3 parameters, of the RG transformation, suitably scaled;
of course, the chosen fixed point depends on all details of the model.

2. In Appendix A a property of the effective couplings flow is proved, implying the conver-
gence of our expansions in the set D, s, defined in (1.30). At this point, as explained in
§2.6, simple dimensional arguments allow us to prove Theorem 1.4 and then the Borel
summability of the free energy and all the correlation functions.

3. In §2.4-2.5 the analysis is extended to the 2-point function and to the response functions,
which are expressed in terms also of renormalizations of the density operators. In partic-
ular, from the flow of these renormalizations one obtains the critical exponents and the
logarithmic corrections appearing in (1.19). The critical exponents only depend on vy and
U_s0, what will play a crucial role in the subsequent analysis. This is apparently not true
for the logarithmic corrections; such corrections, absent in the spinless case, are due to the
weaker convergence of the effective couplings to their limiting values.

4. The Luttinger liquid relations (1.22) or (1.23) can be checked directly by the expansions
at lowest orders, but the complexity of such expansions makes essentially impossible their
proof at any order. Similarly, the partial vanishing of the beta function, on which the
RG analysis is based, cannot be proven directly from the expansions. Such properties are
related to the asymptotic validity of certain symmetries, and our strategy consists in the
introduction of a suitable effective model, for which such symmetries are ezact, and in
showing that certain quantities computed in the effective model coincides, with a proper
choice of its parameters, with analogues quantities in the extended Hubbard model. The
effective model is introduced in §3.1 and is expressed directly in terms of functional integrals
with linear dispersion relation; the model has an infrared and an ultraviolet momentum
cut-off, and several interactions are present, non local and short ranged (both in space
and time). The model can be consider a variation of the g-ology models introduced in
the physical literature, the main difference being that the cut-offs are on space and time
momentum components, what is of advantage for our approach (but makes the model not
accessible to bosonization techniques).



. The non locality of the interaction allows us the removal of the ultraviolet cut-off and a
Renormalizaton Group analysis in the infrared region can be performed (similar to that
performed in the Hubbard model), leading to convergent expansions in the effective cou-
plings, see Appendix B. A first use of the effective model is in the proof of the partial
vanishing of the beta function of the extended Hubbard model; a proof of this property
was already given in [24], but we present here a simplified version of it (the main novelty
is that the ultraviolet cut-off in the effective model is removed), see Appendix C. Ward
Identities and Schwinger-Dyson equations, with corrections due to the infrared cut-off,
can be combined in the absence of back-scattering interactions to get relations implying
the partial vanishing of the Beta function of the effective model; from this fact and using
the symmetry properties in Appendix B, we can derive the partial vanishing of the beta
function of the extended Hubbard model. Note the remarkable fact that a model with
no back-scattering interaction and not spin-symmetric is used to prove properties of the
Hubbard model, which is spin symmetric and in which the back-scattering interaction is
present.

. If the back-scattering coupling is set equal to zero and both the infrared and ultraviolet cut-
offs are removed, the model becomes exactly solvable, in the sense that the Schwinger func-
tions verify a set of closed equations, obtained combining Ward Identities and Schwinger-
Dyson equations, derived in §3.2-3.5. The non locality of the interaction has the effect
that the anomalies in the Ward Identities verify the Adler-Bardeen non renormalization
property, see [36], [28], so that they can be exactly computed; therefore also the critical
exponents, which are expressed in terms of such anomalies, can be exactly computed and
the analogue of the relations (1.22) for the effective model are obtained.

. In §3.6 we prove that the limiting values v_., of the effective couplings of the effective
model with no back-scattering coincide with that of the Hubbard model, if a suitable fine
tuning of the bare couplings of the effective model is done. Since the critical exponents
only depend on v_., and have the same functional dependence on it as in the Hubbard
model, this implies that also the critical exponents coincide. Therefore we can prove that
(1.19) is satisfied for the extended Hubbard model, with the critical exponents verifying
the relations (1.22).

. In §4 the proof of Theorem 1.3 is presented. By using the closed equation of the effective
model in the limit of removed cut-offs, we can prove for it the exact Spin-Charge separa-
tion. We show that this implies the approzrimate Spin-Charge separation for the extended
Hubbard model.

. Finally, in §5 we compute the Drude weight and the susceptibility and we prove the Lut-
tinger liquid relation (1.24). The proof is based on the fact that these quantities are related
to the Fourier transform of some density correlations. However, the bounds obtained in
Theorem 1.1 in coordinate space do not allow us to exclude logarithmic singularities. In
order to prove their finiteness, we use the Ward Identities of the Hubbard model (1.14),
(1.15), (1.16), combined with the information coming from the effective model, keeping in
this case also the backward interactions; this works since, even if the effective model is not
completely solvable in that case, the Fourier transforms of the density correlations can be
still exactly computed from the Ward Identities. We can prove that, by a suitable fine
tuning of the couplings of the effective model, the Fourier transforms of the current and
density operators coincide up to a constant and a renormalization, whose values are fixed
by the Ward Identities (1.14), (1.15), (1.16): this implies (1.24).
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2 RG Analysis for the Hubbard Model

2.1 Functional integral representation

The analysis of the Hubbard model correlations is done by a rigorous implementation of the RG
techniques. To begin with, we need a functional integral representation of the model, because
the RG techniques are optimized for that. We give here a concise description of it; a thorough
discussion is in Sec 2 of [24]. The main object to study is the functional W(J,n) = Was. 5(J, 1),
defined by

W) _ / Pdip)e YO+ JdxIZpz S, [ dxlnd b 45 i) (2.1)

where z/;,f and nF s are Grassmann varlables and the fermionic density operators p$ are de-
fined as in (1.7), with 1/)x s in place of ax s J2 are commuting variables, [ dx is a short form
for > cc I- ,8/3 /2 dxo, P(diy) is a Grassmann Gaussian measure in the field variables ¢$s with

covariance (the free propagator) given by

[P gvs. =0, [P v =0,

Mko) zngMefzk(x y)

_ o _ . X
[ Paw) vy, = aulx ) = 5 Z e @)

keDy,

In the above formulae, x(t) is a smooth compact support function equal to 1 for [¢| < 1 and
equal to 0 if [t| > ~, for a given scaling parameter v > 1, fixed throughout the paper; M is a
positive integer; Dy, g := D, X Dg, Dy, 1= 22C, D 1= 2 (Z +1);

j=A 3 / dxdy ¥ b o(x — ) s (23)

s,8' =%

with v(x —y) = §(zo — yo)v(z — y). Due to the presence of the ultraviolet cut-off ¥, the
Grassmann integral has a finite number of degree of freedom, hence it is well defined. The time
shift in (2.2), 67 := B/v/M, is introduced in order to take correctly into account the discontinuity
of g(x) at x = 0: our definition guarantees that, fixed L and 8, lim ;o gar(x) = g(x) for x # 0,
while lim /00 Gas(0,0) = g(0,07), as it is to be for Proposition 2.1 below.

If A =0, the Hubbard model correlations can be easily calculated by using (2.2), hence they
are singular at momenta (wpg,0), w = £1. Since in the interacting theory, A # 0, the position
of the singularity is expected to change by O()\), when the first of conditions (1.3) is satisfied,
we add to the interaction a counterterm

B=v3 / dx g7,
s=+

and, to leave unchanged W(J,7) in (2.1), we subtract the same term from the free measure, that
has then a covariance:
Mko) ’Lko(;]\/[e—lkx

2.4
91 (x) Lk;: —zk0+ (cospp — cosk) ’ (24)

where pg is the interacting Fermi momentum defined such that

COSpp = p— V.
We introduce the following Grassmann integrals:
a’l’L

S,]LV[’B’L X1, 81,€15 i Xn, Sny €n) = ——o————— W(J, 2.5
(x1,81,¢€1 ) I (Jim) 0.0 (2.5)

11



It is well known that such Grassmann integrals, called Schwinger functions, can be used to
compute the thermodynamical properties of the model with Hamiltonian (1.1). This follows
from the following proposition.

Proposition 2.1 For any finite § and L, there exists a complex disc, centered in the origin,
DLﬂ, such that, if A € DLﬁ,

Trle PHTag (- an ] _
Tr[ZEZlH} Xosfnd | = Mhl)nOo SMBL (%), 51,6153 X, SnyEn) (2.6)

besides both members are analytic in A in the same disc. A similar statement holds for the
density correlations.

The proof of this theorem can be done exactly as in the spinless case, see [35]. The main
point, strictly related with the fact that we are treating a fermionic problem, is that, for L
and M finite, the Lh.s. of (2.6) is the ratio of the traces of two matrices whose coefficients
are entire functions of A, hence it is the ratio of two entire functions of A. Then, it may have
a singularity only if Tr[e~"H] vanishes, which certainly does not happen in a neighborhood of
A = 0 small enough. On the other hand, it is rather easy to prove that also the r.h.s. of (2.6)
is analytic in a small neighborhood of A = 0 and that its Taylor coefficients coincide with those
of the L.h.s.. This follows from the fact that the UV singularity of the free propagator is very
mild and can be controlled with a trivial resummation, in the RG expansion, of the tadpole
terms (see pag. 1383 of [35]). In this resummation, the only important thing to check is that
limasy00 ga2(0,0) = g(0,07) (otherwise the perturbative expansions of the two sides of (2.6)
would not coincide).

The RG analysis will allow to prove that the analyticity domain is indeed of the form Dg j, =
{\ A < cgomin{(log )71, (log L)'} U{|A| < €0, |arg A] < 5 + 6}, with ¢,e9 > 0,0 <0 < 7/2
independent of 8 and L.

2.2 Multiscale analysis for the effective potential

We will briefly recall here the RG analysis for interacting fermionic systems on the lattice as
developed in [35] and [24] in the spinless and the spinning case, respectively. Note that the
proof of many technical points do not depend on the spin, hence we shall refer to [35] for the
corresponding details.

Let T be the one dimensional torus, ||k — k||t the usual distance between k and &£’ in T and
lk[lr = ||k — O|lr- We introduce a positive function x(k’) € C°(T x R), k' = (ko, k'), such
that x(k') = x(=k') = 11if |K'| < o = agvp/vy and = 0 if |K'| > apvp, where vp = sinpp,
ap = min{ 2, T=LE} and |k'| = \/kZ + vZ||k’||2. The above definition is such that the supports

of x(k — sz, 1;0) 2and X(k + pr, ko) are disjoint and the C* function on T x R
F1(k) =1 x(k = pr, ko) = x(k + pr. ko) (2.7)
is equal to 0, if v%||[|k] — pr| |2 + k3 < t&. We define also, for any integer i < 0,
FuK) = x(77"K) = x("TK) (2.8)

which has support toy" ™1 < |K/| < toy"! and equals 1 at |k/| = tp7"; then

0
X&)=Y fulk) (2.9)
h=hr g
where

his = min {h:tey" ™" > [ku|} for ky, = (7/B8,7/L) . (2.10)
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For h < 0 we also define
fn() = fu(k = pr, ko) + fu(k + pr, ko) (2.11)

(for h = 1 the definition is (2.7)). This definition implies that, if b < 0, the support of f, (k) is the
union of two disjoint sets, AZ and A, . In AZ, k is strictly positive and ||k — pr|T < toy" < to,
while, in A;", k is strictly negative and ||k + pp|lr < toy". The label h is called the scale or
frequency label. Note that
1
> Jalk) (2.12)

h=hr s

and that, since pg is not uniquely defined at finite volume (we are interested only to the zero
temperature limit) then we can redefine it as (27 /L)(np +1/2), with np = [Lpp/(27)]. Hence,
if D}, = 25(C + §) and D}, 5 = D}, x D, we can write:

0
gx—y)=gV(x—y)+ Z Z e iwpr(@=y) g(h) (x _ y) (2.13)
w==% h=hL,5
where
M (x - o ik(x—y) f1(k) -
o k;; 8 —iko + (cospp — cosk) ( )
! i my) (K
& - i (x—y)___Sn(K)
9" (X —y) = > e - ; (2.15)
BL weD, —iko + B, (k)
and
Ew(k/) = wupsin E + COSpF(l — cos k/) (216)

Notice we have dropped the important phase factor e* 0™ from g, for it plays no explicit role
in the following analysis, since the limit N — oo is taken before the limits L — oo and f —
00. As consequence of fundamental properties of the Grassmann Gaussian integration, the
decomposition of the covariance (2.13) implies a decomposition of the field

_ 5(1 +Z Z elwprex iw)s (2.17)

w==+ h= th

where fields with different scale labels or different label w are independent, and the covariance
of (1) is ¢ while the covariance of w&h) is gﬁ,h). Basically the label w refers to either two
branches of the dispersion relation.

Let us now describe the perturbative expansion of the functional W(J,n) defined in (2.1); for

simplicity we shall consider only the case n = 0. We can write:

eW(.I,o) — /P(dwgo)/P(d¢(1))6—v(w)—uN(w)+Zafde)((a)p;w _

(2.18)
o / P(dip=0) eV 0= HBO w0

where, if we put x = (X1,...,%X2,), W = (wW1,...,wa,) and Yxw = [[1y 1/1x“w1 Hl 1 Vi oo
the effective potential V(O)(’L/)) can be represented as

VO@) =3} / dx W, (x)xw (2.19)

n>1 w
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the kernels W“(J %n( ) being analytic functions of A and v near the origin; if |v| < C|\| and we
put k = (ky,...,kop—1), their Fourier transforms satisfy, for any n > 1, the bounds, see §2.4 of
[35],

W%, (k)| < ¢ |amaxtin=t} (2.20)

A similar representation can be written for the functional B (4=, .J), containing all terms
which are at least of order one in the external fields, including those which are independent on
P=0.

The integration of the scales h < 0 is done iteratively in the following way. Suppose that we
have integrated the scale 0, —1, —2, .., j, obtaining

W) o= LSE, / Py, o, (dST)e™V WEVENTE VZ ) (2.21)

where, if we put C;(k')~! = Zi:hL , [n(K'), Pz, c, is the Grassmann integration with propa-
gator

-1
y) _ 11 —ik(x—y) Cj (k)
. i /
7L 5 ik + Bu ()

1 (<9) (x

2.99
7% (2.22)

VU (4h) is of the form

= / dxW ), (%)t o (2.23)

n>1 w

and B (1=7,J) contains all terms which are at least of order one in the external fields, including
those which are independent on </, For j = 0, Zy = 1 and the functional V(©) and B are
exactly those appearing in (2.18).

First of all, we define a localization operator in the following way:

DVZi) =i B, (VZj) + a;Fa(Z30) + 2 F=(\/Zj0)

2.24
+ 11 F1 () + Lo Fo(\/Zj0) + 1aj Fa(N/Z) 224

where

Fy:Z/dxwst X,W,8 Fy %Z /dX’ll)xwg X, —w,s ;—st/ ;v‘*’vsl

w,s w,s,s’

F —Z/dxl/}st X,Ww,s I F2 Z/ st stl/f{, ‘,_;Sw; w,s’ (2.25)

wss’

F, = Z/dxwxw saow;,w,sv Fy = 7Z/dx¢xw9 ;w sqzzjxw,—s X,w,—8

and Dy, s = [ dke™™ Ew(k)zlzl':%s (see definition (2.16)). Note that

lyo = 2X0(0) + O(N?)  la0 = 2X0(0) + O(N\?) 110 = 2X0(2pF) + O(N?) (2.26)

and in writing (2.24) the SU(2) spin symmetry has been used. In the case of local interactions,
0(p) = 1. Fy in (2.25) is called backward interaction while Fy, Fy are the forward interactions;
the umklapp interaction, defined analogously as (B.1) below, is not present in LYY as well as
other terms quadratic in the fields. The reason is that the condition pr # 0, 5, 7 says that such
terms are vanishing for j smaller than a suitable constant (depending on pg and \), because they
cannot satisfy the conservation of the momentum, so there is no need to localize them (more
details are in [24]).
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Moreover, the local marginal operators associated with the densities (1.7) are defined in the
following way:

BY(\/Z, ) = / dx J,(f‘)[ ST 20008 () + 3 230 (y) (2.27)

a;ﬁT01

where O are the small momentum transfer correlations, (see pag. 231 of [12])

E wst X,w,s

S _
O(l )_ waws ss’(/}st (228)
w,s,s’
ORI = 37 5 e PrPys | W
£,w,s

while O®) are the large momentum transfer correlations, (see pag. 221 of [12])

2,C) _ 2iwpFT
O( ) Ze r wst X,—W,S

0(2 Si) — Z eszppa:w ’L/Jf

w,s,s’ ) (229)
O =3 " 505 Wi s

€,w,s

(2 TC;) _ Z e 1EwpE )€ g(’)

X,w,s” s,8' ¥'x,—w,s’

EUJSS

These definitions are such that the difference between —V9) 4+ BU) and —£V1) 4 £BU) is made
of irrelevant terms.

Note that the factor e *“PF in the definition of O,((Q’Tc'i) comes from the fact that the two a®
operators in the definition (1.7) of the triplet Cooper density are located in two different lattice
sites (otherwise the density would vanish). Moreover, there is no local operator O,(cl’Tci) because
Doee Vs 5\ Pxw.sr = 0 by anticommutation of the fermion fields.

X,w,Ss .S s’
We then renormalize the integration measure, by moving to it part of the quadratic terms in

the r.h.s. of (C.5), that is —z;(BL)~" D ws 2l —iko + Ew(k;)]w:,w’sw;w’s; equation (2.21) takes
the form:

W(J,0) :e—Lﬂ(Ej+tj)/p~ ( 1/,(<J)) VO (/2= +BD (/2547 ,7,) (2.30)

Zj-1,C.

where V) is the remaining part of the effective interaction, P (dp=7) is the measure whose

i—1,Cj

propagator is obtained by substituting in (2.22) Z; with
Zi 1 (k) = Z[1 + 2,C5(k) 7] (2.31)

and t; is a constant coming from the normalization of the measure. It is easy to see that we can
decompose the fermion field as (59 = (SI=1) 4+ 4)()) | 5o that

PZJ 1,C (dw<j) PZj—l’Cj—l(dw(Sj_l))PZ» hfjfl(dw(j)) (232)

i—

where '];;(k) (see eq. (2.90) of [35]) has the same support and scaling properties as f;(k). Hence,
if we make the field rescaling ¢ — [\/Z;_1/+/Z;]¢ and call V) (\/Z;_11=7) the new effective
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potential, we can write the integral in the r.h.s. of (2.30) in the form

<i—1 VO (/Z: 1 EIN 4 BE (7D T
/pZM“dw(J)/me (1))=Y VTS +B89) (/2 )

By performing the integration over 9U), we finally get (2.21), with j — 1 in place of j. In order
to analyze the result of this iterative procedure, we note that £VU )(1/1) can be written as

LV () = A F, () + 6 Fo () + g1, F1 () + g2,jFo(¥) + g4, Fa(¥) (2.33)

where v; = (\/Z;/\/Zj-1)nj, 85 = (VZi/\/Zi1)(0; — %) and gi; = (/Z5//Zj-1)%ij,
i=1,2,4, are called the running couplmg constants (r.c.c. ) on scale j-

In Theorem (3.12) of [35] it is proved that the kernels of V@) and BY) are analytic as functions
of the r.c.c., provided that they are small enough. One has then to analyze the flow of the r.c.c.
(the beta function) as j — —oo. We shall now summarize the results, following §4 and §5 of [24]
with some improvement.

2.3 The flow of the running coupling constants

Define vector notations for the r.c.c.,
Tn = (V1,0 V2,15 V4 b Vs hs Vih) = (91,05 92,05 940 Ons Vi) = (G Ons V) - (2.34)
The r.c.c. satisfy a set of recursive equations, which can be written in the form
Vajo1 = AaVa; + B9 (T}; ..., To; M, 1) (2.35)

with A, =, A, = 1 for @ # v. These equations have been already analyzed in [24], where it
has been proved that, if A is real positive and small enough, then it is possible to choose v so
that, fixed ¥ < 1, |vp| < CAyh, VA <0, and 0 < g1 < A(1 + aA|h|)~}, for some @ > 0, while
the other r.c.c. stay bounded by C'A and converge for h — —oo. In this paper, in order to proof
Borel summability of perturbation theory, we extend the proof to complex values of A, restricted
to the set D, s defined in (1.30); this implies that we need an analysis a bit more precise of the
flow equations (2.35).

To begin with, we put v1 = v and we suppose that the sequence {v}, },<1 are known functions
of A, analytic in D, s, such that

lvn] < CIAY", A <1 (2.36)

and study the flow equations of the other variables. The idea is that this restricted flow has
properties such that, by a fixed point argument, the sequence {vp, }r<1, satisfying the last equa-
tion of (2.35), can be uniquely determined. Since this point can be treated in the same way as
in spinless case (see §4.3 of [35]), we shall give for granted this result. Hence, from now on, we
shall define v; = (g1,5,92,5,94,5,0;) and we shall consider the restriction of (2. 35) to v;.

The next step is to extract from the functions B(J ) the leading terms for j — —oo. Observe
()

that the propagator gy’ of the single scale measure P L, f1ocan be decomposed as
(i 1 ;
390 = - 98,() + 19 (x) (2:37)
J

where ggL is the Dirac propagator (with cutoff) and describes the leading asymptotic behavior

G oy L o Ji) 2.38
95u(X) = 57 D “iko + wopk ’ (2.38)
keDyr s
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(4)

while the remainder )’ satisfies, for any ¢ > 0 and 0 < ¢ < 1, the bound

1+9)g
O] < 12 Cuo
=Tz T (i)

(2.39)

Let us now call Zp_; the values of Z; one would obtain by substituting V(*) with £V(©) in (2.18)
and by using for the single scale integrations the propagator (2.37) with ré} )(x) =0 for any i > j.
It can be proved by an inductive argument, see §4 of [35], that, if all the r.c.c. stay of order A,

Zj ZDJ 2,95
< Cesn?? 2.40
‘Zjl Zp j-1 ’ .
where
ej = max{|A], max |gnl, max |0n[} .
It is then convenient to decompose the functions 54 39) &
B&j)(ﬁ'j; s T3 A\, V) = ﬁg)(vj, Vo) + ij)(ﬁj; ey To3 A) (2.41)

where 5,9) (vj,...,vg) is given by the sum of all trees containing only endpoints with r.c.c. 5, g,

0 > h > j, modified so that the propagators gU(J ) and the wave function renormalizations Zh,

0 > h > j, are replaced by ggf?u and Zp p; 53 ) contains the correction terms together with the

remainder of the expansion.

Lemma 2.2
C’€2 L& ifa#9

) 2.42
(ceo+Ce ifa=46 (2.42)

1B (@5, To; M| < {

As showed in [24], this lemma is basically a consequence of (2.40) and (2.36). Therefore the
leading term in (2.41) is B&J ), that we further decompose as

B (V. v0) = B (V;) + Ta i (Vs s Vo) (2.43)
where Eéj)(v) =¥ (v, .., V). We can write:

BD () = 37 bk (vy) + YL, (v;) (2.44)

i=0,1

where b(J) 2 (v;) is the contribution of order ¢ in g1 ;, wile bof)>2(vj) is the contributions of all trees
with at least two endpoints of type g;. The crucial property is the following lemma.

Lemma 2.3 (partial vanishing of the beta function)
B (vj)| < 2%, i=0,1 (2.45)

The above property was proven in §5.3 of [24], extending the proof for the spinless case in
[37, 23], and it will be reviewed in App C. Now, let us extract from B(J )( v;) the second order
contributions, which all belong to ba >2(V]) we get:

5&j)(vj) = —aag; g T Z baj (vj) +Ta,;i(vy) (2.46)
7=0,1
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with a; =a >0, as = a/2, ay = as = 0, and, for some b; > 0,
Pai (Vi) < bigjlgnl* . (2.47)

In the limit L, 8 = oo, lng =h) _Zg hg](Dj)w’

. ~ ~ log
=21 ISP a5 (k) = == 2.4
@ hirzloo |h] / 27)2 9D+ )gD’_ (k) TUR (2.48)

Let us now analyze in more detail the functions 7“(] )(

define, for j' > j 41,

Vj,..., Vo), which appear in (2.43). If we

D((Ij’j,)(Vj, ...,Vo) = B((Xj)(Vj, ey Vi, Vir, ...7V0) — 6(()?-) (Vj7 -y Vi, Vi, ...,Vo) (249)

(J)(

we can decompose 7’ (V;, ..., Vo) in the following way:

0
T (Vi Vo) = Y DYI(vj, ..., vo) (2.50)
Jj'=j+1

Note that D,()éj’j/)(vj7 ..., Vo) is obtained from B&j)(vj, ..., Vo), by changing the values of the r.c.c.
in the following way: the r.c.c. associated to endpoints of scales lower than j’ are put equal to
the corresponding r.c.c. of scale j; those of scale greater than j' are left unchanged; at least
one of the r.c.c. v, is substituted with v, j; — v, ;. By using the short memory property (see
e.g. (4.31) of [35]), we can show that , if €; is small enough,

DG (v, ey v0)| < bagjy™ 0 vy = vy (2.51)

for some b3 > 0. If we insert in the flow equation (2.35) the equations (2.41), (2.43), (2.46),
(2.50) and use the bounds (2.42), (2.45), (2.47) and (2.51), we get, if €, is small enough,

0
Vic1 = Vil < (a+bigj)lgr|* + (oo + baed)y"T +bse; > 4 vy — v (252)
i=j+1

for some by > 0. The form of this bound implies that, in order to control the flow, it is sufficient
to prove that g; ; goes to 0 as j — —oo so fast that |g1,j|2 is summable on j. Hence, we have to
look more carefully to the flow equation of g; ;. By proceeding as before, we can write

g1j-1=491,5 — agij T T (2.53)
0

Pl < bogiy™  [Fuyl <bigjlgisP Il <bse; D> vV vy — vy (2.54)

Pt
It is easy to show that, if €y is small enough, there is a constant c4, such that, if g0 € D¢, s

and c4|jol[g1,0/* < |g1,o|2 ", 1 < 1, then, for j > jo,

91,5 € Dacy 5725 |9101/2 < lg1,5] <2[g10], €5 < 20 (2.55)

Hence we put jo = —(ca|g1,0]"/?) ™" and suppose &y so small that
€j 72]0 < 205'91 ]0|’72 < ‘91 Jo| (2'56)

where we also used the fact that, since 9(2pr) > 0, €9 < ¢5|g1,0|, for some constant cs.
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Lemma 2.4 If g1 o € D.ys and j > jo, then, if €9 is small enough,

|Vj_1 - Vj| < 2a\gl7j|2 + 2560’}/%j (257)
Proof - We shall proceed by induction. By (2.55), if &¢ is small enough, ¢eq + bae? < (3/2)ceg
and a + bie; < 3a/2; hence, (2.57) is true for j = 0. Let us suppose that (2.57) is verified for
j>h>0.By (2.55),if j > h > jo, |g1.;|/191,n] < 4; hence, by using (2.52) and (2.57), we get:

|Vh_1 — Vh‘ S (3/2)a|gl,h|2 + (3/2)560719h+

0
bsep, Z ’y_ﬁ(j_h)(j — h) max {2a|g1,j/|2 —&-25507%1’]

A h<i'<i
> 9 > 9
< lg1.nl* | (3/2)a + 64absey Z ny~ | 4 2heg l(3/2)c + 4ébseg Z ny 2"
n=0 n=0
Hence, (2.57) is verified also for j = h, if g¢ is small enough. I

The previous analysis implies that the flow is essentially trivial up to values of j of order
lg1.0/ 712 (or even |g10|™7, 0 <n < 1). If j < jo, we write (2.53) in the form

T T T

91,5—-1 = 01,5 — Qj g%,j , aj=a 5 (2.58)
91,5
and we define A, = 0 and, for j < jo,
1 . = 91,50
A; . Z aj 915 =7 W (2.59)

R =

Lemma 2.5 There are constants ci,ca,c3 such that, if g1,0 € De,,s and it €9 s small enough,
then the following bounds are satisfied, for all j < jo.

£j < €380 (2.60)

Vi =il < eilgrj (2.61)
1915 = G151 < 1g14* (2.62)
la; —af < calgn .o (2.63)

Proof - We shall proceed by induction. By using (2.56), (2.57) and (2.55), we see that the
bounds (2.60) and (2.61) are satisfied for j = jo, if ¢3 > 2, ¢; > 3a and 4¢éeg < a. Moreover,
91,50 = 01,5, and, by proceeding as in the proof of Lemma 2.4 and using (2.56), it is easy to prove
that there is a constant ¢s, such that

|a'j0 - a| < 62|gl7j0‘

Hence, all the bounds are verified (for €9 small enough) for j = jo, if ¢; > 3a, ca > &2 and ¢3 > 2.
Suppose that they are verified for jo > j > h.

The validity of (2.62) for j = h — 1 follows from Prop. A.2, which only rests on the bound
(2.63) for j > h. On the other hand, (2.62) implies that, if €¢ is small enough, 271|g; ;| < |g1 ;] <
2|g1,;]; hence, using (2.59), we get, for j > h

11+ Angi,j, (o — h)|
=1+ Aj91,5 (o — )]

91,5
gi,h

(2.64)
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Let us now define, as in App. A, A; = o +iB;, o = RA;, and suppose that
2c9e0 < a/2 (2.65)

so that, by (2.55), a; > a/2, |B;] < 2cag0, |A4;] < 3a/2, for j > h. By proceeding as in the
proof of the bound (A.8) in App. A, we get, if j > h and |Arg g1/ < 7 —6, 0 > 0 (so that
|Arg g1,| <7 —3d/2, see (2.55)),

) . 1 . . .
11+ 91,00 (Jo — )| > 3 sin(6/2)[1 + |g1,4, | (o — J)]

and, if we put 1+ 4,91 4,(jo — j) =1 + a;91,5, (Jo — ) + w;, we choose gg so that

|w;] Gcacolgujolio —5)  _  12¢ee0  _ 1 (2.66)
11+ 91,5005 (Jo — J)| — sin(6/2)]g1,5,1(a/2)(jo — j)  asin(6/2) — 2
Then, by using (2.64), we get
91,5 24 1+ (3a/2)|91,5o1(Go — R < -
: ; — < C —h 2.67
g = S00672) 1+ (@/2lgr el Go— )| = VM (2467)

for some constant Cs, only depending on § and a. Moreover, since €, < c3eq, then cep + bgafl <
2¢ep and a + b18j < 2a, if
bgcgao S c ; and b163€0 S a (268)

Hence, by using the bounds (2.52), (2.61), (2.56) and (2.67), we get

0
Vo1 = val| < 2algyn]* 4+ 22207790y o |* + c1bsen Z v UM (G — h) Jmax 91,5717
j=ht1 <=
oo
< \91,h|2 2a + 2550C§ max 7*”19712 + clehbgCg Z AR
n=20 n=0
It follows that (2.61) is satisfied also for j = h, if
oo
2a + 2¢£9C? max 02 4 2¢1c360b3C3 Z A3 <y (2.69)

n20 n=0

Moreover, by using (2.61) and |g1,;] < 2|g1,;], we get, for some by > 0, only depending on a,
under the condition (2.65):

0
ep_1 < ¢eo0+ Z |Vj_1 — Vj| < eg + bscieg
j=h
so that e,_1 < c3eg, if
14 bge; < c3 (270)

The bound for ap_1 — a can be done in the same way; it is easy to see that

o0
lan_1 — a| < |bies + bycieoC3E m&(}){fy_mgn2 + 2c1¢c3b3C3 Z A3 g (2.71)
nz

n=0

Hence, (2.63) is verified for j = h — 1, if

52 = 260(? I}llg(})(’}/inﬁn2 + 20163()3052 Z ’Yﬁﬁn’nfg S C2 (272)

n=0
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The conditions (2.65), (2.66), (2.68), (2.69), (2.70) and (2.72) can be all satisfied, by taking, for
example, ¢; = 4a, c3 = 1 + 4aby and co = max{éa, C2}, if £ is small enough.

Lemma 2.5 implies that, if g1 o € D, 5, with € small enough (how small depending on J), g1 ;
goes to 0, as j — —oo, and Z?:h lg1,;1* < C6~1|A|, uniformly in h. This is an easy consequence
of the condition (2.62) and the condition ¥(2pr) > 0; note that the power 3/2 in the r.h.s. of
(2.62) could be replaced 2 —n, n > 0, but 2 is not allowed. The form of the flow (2.35) then
implies also that g2 ;, ga.; and 6; converge, as j — —oo, to some limits go —oo, g4,—0o and d_
of order A, such that

920 = 920 — 3910+ OAP'?) = [26(0) = 6(2pp)] A+ O(AP) (273)
9a,—00 = 91,0 + O(X?) = 2X0(0) + O(X\?)
000 = O0(N) (2.74)

Let us now suppose that X is a (small) positive number; the previous bounds imply that g1 ; > 0,
for any j < 0. The following Lemma will allow to control the logarithmic corrections to the power
law fall-off of the correlations.

Lemma 2.6 There are four sequences wjp, d;p, i = 1,2, h < jo, such that

Jo
1 .

915 = (1+wi) = log[L + agu s, (o = W] + 31 (2.75)

j=h
Jo 1
D 925 =92 00] = (14 wa,n) 51081+ agijo(jo — h)] + 02 (2.76)
j=h

with
lwin| < CX, [8in] < OAY? (2.77)
CA

|wi 1 —win| < (2.78)

[1 + agi j, (.]0 - h)} log[l + agi,j, (.]0 - h)]

Proof - Let us put go = ¢1,,, and a(s) the function of s > 0, such that a(s) = aj,—p, if
n <s < n+ 1. Then, by using (2.59), (2.62) and (2.63), it is easy to see that

Jo n
go
g1y — Ly SONV2 T, = / ds— 90 (2.79)
JZ:]; 1,5 Jo 0 1+ g0 fO dta(t)

On the other hand, (2.63) also implies that a(s) = a + Ar(s), with |r(s)| < C; hence

" n 2 [Cdtr(t
In:/ ds—90 —/\/ ds—— 9 Jo dir(l)
0 1+ goas 0 (14 g0 [y dta(t)][1 + goas]

implying that

4C\ x

1 agon 4C\
I, — p log(1 + agon)| < ?/0 dxm < e log(1 + agon)

Hence there is a constant w,, such that I,, = (1/a + w,)log(1l + agon), with |w,| < CA; this
bound, together with the bound in (2.79), proves (2.77) for ¢ = 1. To prove (2.78), note that

n+1
2
[lng1 — In] < / dSLa = —log (1 + ago)
n 1+g05s a 2 + agon
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ago

P ~n - ~n 1 1
2 b (@t~ ) ou(1 + agon)

Iny1—1I,=(1/a+ Wyy1)log <1 +

so that, if A is small enough,

4
|Wn41 — wp|log(1 + agon) < (2 + C)\) log (1 4“0 ) 90

<
1+4+agon/) = 1+ agon
To prove (2.77) and (2.78) for ¢ = 2, note that, by (2.46) and Lemma 2.5, if j < jo,

J )

a a g2 .
925 = 9200 = Y [5 +00)] g2 = [5 +0()] / ds ﬁ +0(G;7)
f il agos
1 ~
=[5 +ow]a, + 0@

Hence, the proof of (2.77) is almost equal to the previous one, while the proof of (2.78) needs a
slightly different algebra; we omit the details. I

2.4 The flow of renormalization constants

The renormalization constant of the free measure satisfies

Z;_
Z

J

=14 B9(G;, 85, Gos 80) + B (Tj; .. Tos A) 5 (2.80)

while the renormalization constants of the densities, for a« = C,S;, SC,TC; and i = 1,2, satisfy
the equations

Z(%a) =1 +ﬂ(1 a)(g]a6]7' 790550) +5((:Z)a)(ﬁjv . 7607)\) . (281)
J

In these two formulas, by definition, the Bt(j ) functions, with ¢ = z or (4, «), are given by a sum

of multiscale graphs, containing only vertices with r.c.c. gj,d,, 0 > h > j, modified so that
the propagators gg,h) and the renormalization constants Zj, Z,(f’a), 0 > h > j, are replaced by
ggi, Z}(lD)7 Z,(lD’i’a) (the definition of Z}(ID’i’a) is analogue to the one of Z,(LD)); the Bt@ functions
contain the correction terms together the remainder of the expansion. Note that, by definition,
the constants Z(D) are exactly those generated by (2.80) and (2.41) with Bij) = BY) = 0. Note
also that |ﬁzj)| < Co3~%7, while \B(J) )| < Co;y%.

By using (2.80) and (2.81), we can write
Z(-L?) Z(l @) ()
T = S (14 B0 ) (3500 + B o (T T V)| (2.82)

J—1 J

with |327(1’Q)\ < Co;v%. If we define ﬁ 1a)(g,(5) the value of 5 1a)(gJ76]7' .50, 00) at

(gi,0:) = (4,0), 5 < i <0 and j&fla))(g,é) the sum of its terms of order 0 and 1 in gy p, it

turns out that

18107 (G5, 69)| < Clmax{lgulgal lgal, 0}, if o= C (2.83)
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This bound, as crucial as the analogous bound (2.45), has been proved in [33]; the proof will
be sketched in App. C. The bound (2.83), together with 22:3‘ lg1.x[* < C|\| and the fact that

Z}(Ll’s") = Zf(Ll’C) by the SU(2) spin symmetry, imply that

J
-1
7.

J

Z(lva)

Regarding the flow of the other renormalization constants, we can write

t) _ =g 5(t)
Zj =y n JZj (285)
where ZJ(-Z) = Z; and, by definition,
= jggloc M,y = log, [1 + B2 (g3, — 0 G, —o0r 60 -3 G2, — 001 G4, —o0s 5—00)} (2.86)

Note that the exponents 7; are functions of v_., only, an observation which will play a crucial
role in the following. Moreover, by an explicit first order calculation, we see that

(27vF) "Lge, 0o + O(A2) t=1(2,0),(2,5)

e = —(2m0F) g2 00 + O(N?)  t=(2,5C),(2,TC;) (2.87)
O(\?) otherwise
while
7t
h_lflJrO(N )\)Jrr(t) t=2z(1,a),a#TC;
PO 91,h [ =2z,(1,a), i
h
52:0) . i
Z?gé) =1-agin+ 5(92,h — 92,—00) + O(G1,0A) + r,(f’c)
h
2250 ) |
ﬁ =1+ 5(92,h —92,—c0) + O(g1,n\) + r,(lz’sl) (2.88)
h
2,37 a a ~ (2,50)
2}52,30) =1- 991h 5(92,h —02,—00) + O(q1,nA) + 1))
227 e a _ e
W =1+ 59Lh — 5(92,11 —92,—00) + O(G1,pA) + 1,

h

where a and gy, are defined as in (2.48) and (2.59), respectively, and 22:_00 |7’}(f)| < C|)\J2.
Let us define:

5 (t)
Q. L — 2.89
& log(1 + agi o|h|) (2.89)
Hence, by using (2.75), (2.76) and (2.77), we get
‘qgh)‘ <Cx, t:z,(l,a),a#TCv
(2.90)

1-_
" = 3Gl <OX, 1= (20)

where the constants ¢, are those of (1.20).
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2.5 Proof of Theorem 1.1

In order to prove the representation (1.19) of the density correlations Q,(x), we can proceed
exactly as in §5 of [35], where a similar problem was treated in all details; hence we shall only
describe the result. We can write for Q,(x —y) a convergent tree expansion, whose trees have
two endpoints associated to density operators (special endpoints) and an arbitrary number of
interaction endpoints (normal endpoints). As one could expect, 2, (x —y) behaves, as |x —y| —
oo, as the function f)a (x — y) calculated by taking only the trees with two special endpoints of
scale h < 0 and no normal endpoints. This function can be obtained by the following procedure.
Let us consider the expression

(O 00 + (02 0]

where the operators OY"® i = 1,2, are those defined in (2.28) and (2.29) and ()g is the

truncated expectation evaluated with covariance ), Z, ! ggl‘)d. Hence, this expression can be

written as a sum of terms, each one proportional to Z}jlggfzu (x—y) Z,:,lg]gh)‘j, (x —y), for some

values of h, b/, w and w’. Q,(x —y) is obtained by multiplying each one of these terms by
[Z}(L{/Z,)F (hV A = max{h,h'}), if it appears in the calculation of <O,((1’Q)O)1,’°‘>g, otherwise by

[Z}(szg,) ]2. Let us consider first the case a = C'; we have

Qe (x) = Q1 (x) + cos(2prz) 23 (x)

L Zii P ) ()
A0 =233 e 90w (I 20
w  h,h’ heh!
b [zﬁff,)]? (h) (h")
o100 =435 T 10 o0
h,h’

Let us now observe that, for any N > 0, |g](3h()d(x)| < OnYM1 + (v"[x)N]~1. Hence, if x| > 1,
in the previous sums the main contribution is given by the terms with |h| and |h'| of the same
size as log, |x|, so that one expects that the asymptotic behavior of Q0O (x), i = 1,2, is the

same of the the function Q(-)(x), obtained by the substitutions of v~ and =" with |x| in

the asymptotic expressions of the renormalization constants, given by (2.85) and (2.88), that is
5P -100)

2(ni,c—nz)
A I [+ 7(3) log x|

(2.92)

where the coefficients qt(h) are defined as in (2.89), hy = inf{h : ¥"|x| > 1}, and, by (2.26),
(2.48), (2.59) and Lemma 2.6,

agij, 2X0(2pr) 3/2
= = 2-
f) og v p— +O(N7) (2.93)

In order to justify the substitution (2.92), let us put n; = 2(n; ¢ — 1,) and ¢;(x) any continuous
interpolation between 2[q§flc") — qgh")] and 2[q§%‘_1) — qgh"_l)]. Note that, thanks to the bounds
(2.77) and (2.78), ¢;(x) is a bounded function of order A, defined up to fluctuations bounded,

for [x| > 1, by CA[L(x)log L(x)] ™!, with L(x) = 1 + f(\)log |x|; hence, its precise definition
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modifies the following expressions only for a factor 1 + O(\). Let us now note that

h/
Q(i,C) Q(z C) <C n,—2 + 1 ql(x) Y |X| Y |X|
26700~ 060 < o1+ O ol 2 e e

(3" x]): (4 x]) {Lﬂx)r”{Lﬂx)]qih”{ L(x]) }”ﬁgww_l
GVRPe LGP ] |ZePY ] [T

Crun
(2.94)
where (h
L) =1+ f(\logt, cp =L~ /2 & = LI -ae 709

By (2.88), (2.75) and (2.76), ¢, = 1+ O(A\/?) and ¢, = 1 +O()\1/2). On the other hand, if » > 0
and t # 0,
|rt — 1| < [tlogr|(rf +7r71)

and, if ¢ # 0,

’ {LL((v'i))r - 1’ <Gy [If(A) log(y"[x )| + [ f(N) log(fyh|x|)|\Q\+1}

These two bounds, together with the bound

i (v"7)*| log(7"r)|°

Cna
1+ (yhr)N = TN

h=—

valid for any 5, r > 0, a > 0 and N > «, imply that

Q0 (x) = QU ()] < Cn A2 x| 72[1 + F(A) log [x]] ) (2.95)

By the remark after (2.59), the factor A'/2 can be improved up to \'=7, 9 < 1.

By proceeding as in §5 of [35], it is possible to prove that a bound of this type is satisfied also
from the sum over all the other trees. Hence, in order to complete the proof of (1.19) in the case
a = C, we have only to calculate Q1¢)(x) and Q) (x). By using (2.84), we see that 11 c = 7.

and qgh()j = qgh), so that, if we define X¢ = 1— 12 ¢ —n, and (c(x) = 2[¢g2,c(x) — ¢.(x)], we get

(IC) _QZng ng )

Q(2’0)(X):4IXIQ(1 YL+ f(N) log [x]]°“ ™ gp 4 (x) g, - (x)

0 (h)
h=—o00 JD,w

(2.96)

where gp (%) = (x). On the other hand, it is easy to see that, for any N > 2

1 1
2T vEpxo + twT

gp.w(x) = O(|xI=™)

It follows that, up to terms that we put in the “remainder” R (x),

L(x)¢c®)

r2|x[2Xc

Q9 (x) = Q(x), Q*D(x)= (2.97)

7rx2

where the functions Qg(x) and L(x) are defined as in Theorem 1.1. Hence, by using (2.87) and
(2.93), we get (1.19) for a = C, together with the fact that (¢ (x) = —3/2 + O()), in agreement
with (1.20), and 2X¢ = 2 — bA + O(A\?), in agreement with (1.22). Note also that, in Theorem
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1.1, we have modified the function f(\) by erasing the terms of order greater than 1 in A; the
only effect of this modification is a change of the function Ro(x), which does not change its
bound.

The proof of (1.19) in the other cases is done in the same way. In particular, in the case a = S;
we have to use again the bound (2.84), while the fact that there is no oscillating contribution to
the leading term of Q7¢, is due to the fact there is no local marginal term which can produce
it, by the remark after §2.29.

Finally, the proof of the scaling relations (1.22) follows from the important fact, proved in
§3.6, that they are the same as those of the effective model. Hence they follow from the explicit
calculations of §3.5.

2.6 Proof of Theorem 1.4

First consider the free energy (1.4), We can decompose it as E(\) = 22:700 Ey(N), where
Ep()) is the contribution of the trees whose root has scale h, hence depends only on the running
couplings ¥; with scale 7 > h. The tree expansion implies that there exists €¢, such that, if

Ap = EI1§}§|UJ| <éo (2.98)

then |Ey| < c27?ep, with ¢y independent of h. The analysis of §2.3 implies that, given § €
(0,7/2), there exists € such that, if A € D, s, the condition (2.98) is verified uniformly in h;
then it is easy to see that E()) is analytic in D, s and continuous in its closure. The domain
of analyticity of Ej()\) is in fact larger; the form of the beta function immediately implies that
there exist two constants ¢s and & such that g < es|A| and, if A < €0, then Mp_1 < Ap + E;\%;
hence, if c3|A| < min{eq/2,1/[4¢(|h| + 1)]}, then, if j > h and A; < 2X,

j\jfl < ;\0 + |]|55\2 < 5\0(1 +4|]|E;\0) < 25\0

It follows that Ej(\) is analytic in the set (1.31), with ¢ = c3 ' min{eq/2,1/(4¢)}, and that
|EL(N)| < e1y?h, with ¢; = cagp; hence E()) satisfies (1.32) with k = 2log 7.

Let us now consider the 2-point Schwinger function Sz(x). By using the tree expansion
(similar to that written in [20] for the infrared part of the spinless continuous Fermi gas), we
can write S3(x) = 22:_00 So.1(x), where S 5, (x) is the contribution of the trees whose root has
scale h. By proceeding as in §6 of [20], we can prove that, if (2.98) is verified (possibly with a
smaller ), then, for any N > 0,

AR
_h=h Y 1 1 1nl
|S2.n(x)| < en VT e————, || <7 (2.99)
h_z,;ﬂ Zp 1+ (DN 12k

he o )
1Sen()| < ca | D T EyiigE 4 3T iRy 20 | <G 48y (2.100)
h=h+1 h=hyx

and a similar bound holds for hy < h so that

1820 ()] < €5y (14 [x]) 74 (2.101)

and we can proceed as in free energy case, so proving (1.32) for So(x), with ¢; = ¢, (1 + |x|)~/4

and o~ = % (this value could be improved up to any value smaller than 1, at the price of
gy

lowering g down to 0).
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The previous argument can be extended to the generic 2n-point Schwinger function, by using
the same strategy used in §2.3 of [38] to analyze the corresponding tree expansion in the case
of the Thirring model. The proof of the Theorem in the case of the density correlations is very
similar to that of the 2-point function case, if one uses the description of the tree expansion given
in §5 of [35]. We shall not give any further detail; the idea at the base of the proof is always
that, in the tree expansion of the correlations at fixed space-time points, the contribution of the
trees with the root at scale h must decrease exponentially with the distance from some fixed
scale depending on the space-time points.

3 RG Analysis of the Effective Model

3.1 Introduction

We introduce an effective model (related to the g-ology model introduced in [12] but differing
because the interaction is time-dependent), describing fermions with linear dispersion relation
and a non-local interaction; such model will be used to prove the crucial bounds (2.45) and (2.83)
(on which the previous analysis is based) and for the proof of the Luttinger liquid relations (1.22),
together with Theorems 1.2 and 1.3. The model is expressed in terms of the following Grassmann
integral:

Vem (@) = / Pz (dy"N) exp {—V(@/}WU +2 / Ty o s DETURD
e (3.1)
+ Z/dww: s T Ot VRO ]} ,

where x € A and A is a square subset of R? of size y~!, say v7!/2 < \/NX| <7l Py(dytN) is the
fermionic measure with propagator

[LN] (| -
LNl o 11 iy X (KD e I 5
gD W (X Y) Z L2 € —Zko —I—wck ) (C 7k0) ) & UF( + 6) (3 )

where Z > 0 and § are two parameters, to be fixed later, vg is defined as in Theorem 1.1 and
Xi,n(t) is a cut-off function depending on a small positive parameter ¢, nonvanishing for all k
and reducing, as ¢ — 0, to a compact support function equal to 1 for 4! < |k| < V! and
vanishing for [k| < 4'~! or [k| > vV *! (its precise definition can be found in (21) [22]); 4 is
the infrared cut-off and vV is the ultraviolet cut-off. The limit N — oo, followed from the limit
I — —o0, will be called the limit of removed cut-offs. The interaction is

V() = g1, Vi, 1 ($) + g Vi () + 91 Vi (¥) + 9aVa(¥)) (3-3)
with

1 _ _

%,L(w) = § Z/dXdyh(X - Y)¢)tw,s X,Ww,—8§ y,—w,s¢;,—w,—s
Vi) Z [ axyhiox = 30
(3.4)
Z/dXdyh X - )¢xw s ;w sw —w,—s Py, —w,—s

V4(¢ /dXdyh X = )¢st¢st¢y w,—s7y,w,—s
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where h(x —y) is a rotational invariant potential, of the form
1 ) ip(x—
hix =) = 75 > h(p)eP*) (3.5)
P

with |h(p)| < Ce #Pl, for some constants C, p, and h(0) = 1.

The model with g;,; = 0 is invariant under the global phase transformation PE

X,w,S —
eimw’swiw’s, with the constant phase «, s depending both on w and s. However, if g; | # 0,
the model is only invariant under the transformation /(b)fw“s — etiow wiw’s with the phase inde-
pendent of s. '

The removal of the ultraviolet cut-off is controlled by an easy extension of the analysis given
in §2 of [36] or in §3 of [39] for a spinless model with interaction AV} (3); the presence of the other
terms (including the gs-interaction considered in App. B) produces more lengthy expressions
but introduces no extra difficulties. The crucial idea is to use an improvement respect to the
power counting bounds due to the non-locality of the interaction, and to use that the ”fermionic
boubble” (see (2.39) of [36] or (3.17) of [28]) is exactly vanishing.

Regarding the removal of the infrared cut-off, we perform a multiscale analysis very similar
to the one given in §2, that we shall sketch in App. B and App. C (we will refer to §4 of [24]
for more details). It turns out that the infrared cut-off cannot be removed by this technique for
all values of the couplings, but we are able to consider only two situations leading to a bounded
flow:

1. the case g1,1 =0
2. the case gy = g1 —¢g1,1 and g1,1 >0

In the first case, when the ultraviolet and infrared cut-offs are removed, the model becomes
exactly solvable, a property related to the invariance under the local phase transformation
d’iw,s — eimx:wvfz/;,ﬂé%s. Indeed, as we will see in §3.2-83.5, the functional integrals generating
the correlations can be exactly computed, up to corrections which are proved to be vanishing in
the removed cutoffs limit. This will allow us to prove (2.45) and that the exponents of this model
and the Hubbard model (also analyzed via functional integrals) are the same, if the parameters
of the effective model are suitable chosen (see §3.6 below), so that the universal relations (1.22)
follow. In the second case the model is not solvable, but still some correlations can be exactly
computed, see §5, and this, again via a fine tuning of the effective model parameters, allows us

to prove the relation (1.24).

3.2 Ward Identities in the g; | = 0 case

In the g1,1 = 0 case we can derive a set of Ward Identities (WI). If we make in the generating
functional (3.1) the gauge transformation 5 , , — e'®«=1pg , .. we obtain, in the limit of

removed cutoffs, the functional Ward identity (WI):

OW(J,n) OW(J,n)
.(P) o7 s u(p); (p) o7

(3.6)

~

J_p s
- D_,(p) 47{_})27;’0 + Bp,u,s(J, 1)

where D, (p) = —ipo + cwp,

1 dk ow ow
Bpus(Jn) == [ — |0 —
= | ()2 ["““”“*saﬁm Oiceps "
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and

h
V(D) = [Bun (Buag s+ durgy) + 0 10e200] 20 (37)
Summing (3.6) over s we obtain the charge Ward identity:
ow ow
[Du(p) = va(P) D (P)] Y- = — 2, (P)D-u(P) Y —
5 9Jpu.s 0Jp,—ps
7 (3.8)
_ P,i,S
= XS: [—D—u(p)m + Bp s (J, 7))]
with . .
va(p) = gah(p)/(4mc),  2v,(p) = (9 + g1)h(p)/(47c)
Multiplying (3.6) by s and summing over s we obtain the spin Ward identity:
ow ow
[Du(p) + 1(p) D (p)] Zs — 20, (p)D—u(p) Y 5
aJp,u,s s 0Jpps
. (3.9)
—Zsl_ 4;%"‘ pus(Jn)]
with .
2v6(pP) = (9) — 91 )h(p)/(4mc) (3.10)

The proof of (3.8) and (3.9) with J = 0 is essentially identical the one in §2 of [36] or in §3
of [39], while the presence of the term linear in J in the r.h.s. is explained in Sec. IV B of [40]
(see also App. A of [27]); hence, we will omit here the details.

Note the presence, in the WI (3.8) and (3.9), of the vy, v,, v4 terms, which are called
anomalies; they appear as a consequence of the breaking of local symmetries in the functional
integral (3.1), due the momentum cut-off x; y(k) in the fermionic integration. This symmetry
breaking produces extra terms in the WI which do not vanish when the cut-offs are removed.
Note also that such anomalies are linear in the coupling. Such a property is called anomaly non
renormalization, and is crucially related to the non locality of the interaction [36]; in presence of
local interactions, like in the massless Thirring model, it can be violated [38]. Another important
point to be stressed is that (3.8) is true also when g3, > 0, while (3.9) is not; this remark will
be used in the proof of Theorem 1.2.

By some other simple algebra we obtain from (3.13),(3.14) the identity

OW 5o My (B) + S5ME, () l_ D (p)Lmes

o 2 AnZ%c

p,p s’ 1,8

+ Bp u,s(J, 77)] (3.11)

where, if v = p, 0, and setting v4 , = —v4 5 = V4,

s

{Dﬂt(p) - V4,7(p)Du(p)} 5#’,# + [ZVv(p)Du(P)} 6#/7711

M), ,(p) =
[D4:(p) = 145 D-(p)] [ D-(P) V4 (P)D: (P)| — 42(P) D4 (P)D-(P) (319
_ Uy, (P)0p pp + Wy (P)O = | Uy,—(P)Opr e + Wy~ (P)Opr,—
—ivy, () (po + ipvy(P)ep1)  —ivy 4 (P)(Po — iy (P)cpr)
for

Uy (D) = % [1 —vis(p) | 1+u47( )}

””(Il’) ””* P) (3.13)
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2,0) = (1= war (@)~ 2() . v4(0) = v, (0)/v7,+(p) (3.14)

By doing suitable functional derivatives of the functional WI (3.8), we can get many WI
between the correlation functions. For example, if we make two derivatives w.r.t ﬁ;: tkw,s and

Mi.w,s i both sides of (3.8), we sum over p and we put 7 = J = 0, we get the following charge
vertex Ward identity:

—ipo [1 —2v,(p) — va(P) |G piw,s(P; P + k) + cp1 [1 —2v,(p) + V4(p)] Gjws(Pip+k)

1 (3.15)
= 7 [G2,0,5(k) — Gai,5(P + k)]
where
W
Gp;w,s(p; P+ k) = Z = —— (316)
w,t aJP»Hvtaﬁ]—:Jrk,w,sank,w,s
Pw

Gjuws(Pip+K) =D p—= — (3.17)

w,t 8JP7H7t6ﬁ;+k,w,sank,w,s

2

GQ;UJ,S = a4 (318)

N‘» A~
ank,w,sank,w,s

In a similar way, the functional WI (3.11) can be used to obtain a closed expression for the
correlations of the density operator px .. = ¥, Wy, o In fact, if we take (3.11) with n = 0

and we perform a derivative w.r.t. J_p , s, we obtain:

E(P) Mup)’,w (p) + S,SMg/,w (p)

(Ppw' s P—pws)r = —D—w(P) dnZ2¢ B (3.19)
which implies that
1
(P Pyass)r = 5 |Gl u (X = ¥) + 85 G ,(x — )] (3.20)
where . s s
1 P S(x—v) Py T C°D
Y ) — ip(x—y) £0 M,
G“/’“’(X y) 47TZ2C/ (2m)? © D,(p) ¥ "”(p)

3.3 Schwinger-Dyson and Closed equations.

By substituting the Ward Identities found in the previous section in the Schwinger-Dyson equa-
tions, one get a set of closed equations, up to corrections which are vanishing in the limit of
removed cut-offs; this is due to the non locality of the interaction and the proof is essentially
identical to the one in [36] or in §4 of [39] for the spinless case. The presence of the spin makes
however the resulting closed equations much more complex, and new properties emerge from
their solution, like the spin-charge separation phenomenon.

Given any F'(v) which is a power series in the field, the Wick Theorem says that, if < - >
denotes the expectation w.r.t. the free measure,

~ _ OF (1)
<¢k,w,sF(¢)>0 = gD,w(k)<#>0. (32]_)
8,(/)k,w,s
It follows that
oe?V ~ R 9
ot (0,n) = <¢k)w)sev(¢,0m)>0 = 9w (k)( =~ 61}(w’n)>o (3.22)
k,w,s 31/}1(,@’3
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Hence, by using (3.3) and (3.7), we find, in the removed cutoffs limit:

5"V 1 __
Dw(k) ~F (0777) 77]1(’“;75 w.m)
0 k,w,s Z
“ 3.23)
dp ’ 626W (
-7 / drevyy (p)— (0,m)
2 e W e

that we shall call the Schwinger-Dyson equation. Let us now take the WI in the form (3.11),
with J =0 and p/ = —u’, derive it w.r.t. 77;+k.w,s and insert the resulting expression in (3.23);
we obtain the following closed equation

0e? dpdq -
D,k e “r(p):
()a/i-ws kas 7wst )
(3.24)
i 0%V B (‘326W = ]
+p,u,t —~ ot |
e aﬁ(;u,taﬁl—i—&-p,ws aﬁl:+p,wysa77Q+P,#,t o
where, if M , is defined as in (3.12),
S 1 o
_47TCZVSS/ M, Lw(p) , M; = §(M57#,+SM#7#,)
3.4 The two point function
By using (3.24), we easily get:
( ;,w,sw;_,w’,s/> = bw,w 05,5 Sw(X — y)
where S, (x) is the solution of the equation:
_ 1
(0wSw) (%) = F—, 4 (%)Su(x) = Ed(x) , (3.25)
with 9, = 0z, + twcd,,. The solution of (3.25) is:
Su(x) = A0 (x) | gulx) = oo (3.26)
’ 2rZ cxg + iwx
having defined Af such that 9FAS(x[z) = F=, ((x):
dk e—zkx _ e—zkz N
A% (x|z) = /(27r)2 D) F2, (k) = AS(x|z) + sAZ (x]z) . (3.27)
o M (D) ML_.(-p)
A 2 —w,—we\TP 94 7 w,—we -Pp
A° h et Th(—p) e 2
A 2 Mzw w ( p) 94 MLS ws(ip)
A5 (p) = grh(—p) =525 P2 — Shi(p) e S
) =p) D, (p) 2 MP) D,,(p)
In order to evaluate the asymptotic behavior of A%(x|0), we need to study functions of the type
d’p e" X _ 1
I,.(x)= / a(p - - 3.28
0= ] T PGy e P — i (p)ep] (3:25)
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where a(p) and vy(p) > 0 are even smooth functions of fast decrease. It is easy to show that

= a(O) I, X X
S 00+ A+ 0(1/x) (329)

where A is a real constant and, if v = v_(0)/v4(0),

I /+1 dpy /+<>° dpy  e~iPozotpizi/e) _ |
x - . .
e —1 (2me) J_oo (27) (po + iwp1)(po — dewvpr)

One can see that, if v > 0, v # 1 and x # 0,

~ 1

I,.(x) = Sme(l T e0) [F(z0,wz1/c) + eF (v, —ewx1 /c)]

where
' dp: i
F(-T07xl) = / pi [e—p1(|xo|+zsgn(fco)f£1) _ 1:| =In |Z‘ + iArg(sgn(mO)z) + B+ O(l/z)
0 1

where z = g + 921, B is a real constant and |Arg(z)| < 7. Since
Arg(sgn(zo)z) = Arg(z) — ¥(zo)sgn(w1)m

the function F(x) (considered only for |x| > 1) is discontinuous at zy = 0, while fwys(x) is
continuous. We can then write

I, (x) = [log(zg + iwxy/c) + elog(vrg — iewzy/c)] + C + O(1/|x]) (3.30)

2me(1 + ev)

where C' is again a real constant. By using (3.12), (3.28), (3.29) and (3.30), one can easily check
that

H: H: _+H: xo + twz/c
AE 0) = — €1 2,.2 2y _ 7 v+ 0
2 (x/0) o n (vZzg + (z1/c)?) Trc oo + i fe (3.31)
+C5 + O(1/]x])
for
HY — 207Uy e + g4y Wy e _ _ %9
i Uy, + F EVy,— Uy, 4V, -
H- — 204 Wye + Gantlye _ 4me _ (g = evy+)°
e Uy, — EVy — 2y Uy - 4
where C$ are real constants and v, = vy,4(0)/vy,—(0) (and g4,, = g4 while g4, = —ga).
By using (3.13) and (3.14),
+ + +
Hy 4 _ " & Hy +Hy, —0 (3.32)
4dme Uy 4V, — 2 4dme '

Hy o _1-qy+o,)? oy Hi_ +H ., 1 (3.33)
dre 20y, 4y~ 2 dme 2

Note that this expression is continuous in v, = 1, as one expects, and that, at least at small
coupling, n, > 0.
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By using (3.26) and (3.27), we finally get

1 (Pued + 2d) /2 (Rolad + )0

Tz (cvpzo + twzy) V2 (cvpxo + iwey) /2

2
S,y (%) eCHO0/Ixl) (3.34)

where C is a real constant O(g) and z'/2 = |2|'/2¢¥479(2)/2 Note that the leading term is well
defined and continuous at any x # 0.
Note also that, if g4 =0, v, = v, = 1 and 7, = 1, = 1/2, so that

_ 1 (e +aD) " oionm) (3.35)
2nZ  cxg +iwTy

Su(x)

If we also put g, = 0 and g = A, we get for n the value found for the regularized Thirring
model, that is n = 272 /(1 — 72), with 7 = \/(4c); see eq. (4.21) of [39].

3.5 The four point functions and the densities correlations

We want to calculate the truncated correlations <O,(f)0§,t)>T of the local quadratic operators O,(f),
t = (1,a) or (2,«), defined as the analogous operators of the Hubbard model, see (2.28) and
(2.29); note that pr has no special meaning in the effective model, but it is left there since we
want to compare the correlations in the two models.

Our UV regularization implies that (O,@} = 0 for any ¢; hence we can make the calculation
very simply, by using the explicit expressions of the four points functions which follow from the
closed equation (3.24) and then evaluating them so that the two coordinates corresponding to
each O™ operator coincide, if this is meaningful. This works for all values of ¢, except (1,C) and
(1,S3), where there is a singularity, related to the fact that the operators pxw s = ¥, Vs o.s
are not well defined in the limit N — oo, because of the singularity of the free propagator at
x = 0. However, in these cases we can use directly the WI (3.19) for the density correlations,

which allows us to calculate correctly, in the limit N — oo, the correlations of O,((l’c) and 0;1’83),
by using (3.20), (3.12) and the equations (3.28), (3.29), (3.30). We get, for |x| > 1,

2
~y ( ) ~ L= Uy Uy, + 1 _ Uy, — 1
W 8m2c2Z2 vy 4 — Uy — (Vyo +iwx1/C)? Uy g + Uy~ (UyTo — twzy/C)?
2
GY,, (%)~ 1-v Wy, + L _ Wy L
T 8n2c2Z2 vy 4 — Uy~ (Vyzo +iwz1/C)? Uy 4 + Vy— (V920 — iwx1/C)?

the corrections being of order 1/|x|3. This implies that, for |x| > 1,

v o(l—va+20,) + (1 +vs—2vy) vizg—a?/c?

0(1’0)0(1,6')
(0 <) 2w 222, v, (V2 4 22/c?)?

+0(1/|x®)  (3.36)

while (061’53)0,((1’S3)>T is obtained from this expression, by replacing v4 with —vy and v, with
vy (hence also v,, v, 4 and v, — with v,, v, 4+ and v, ).

One can see, see Lemma 4.1 of [41], that the same result could be obtained starting from the
four point function, if we take the limit € — 0 of the expression obtained by the substitution of
the density operator px ., s with the regularization

£ _ + —
px,w,s */dU(s&(uix) X,w,s Yu,w,s

where d.(x) is a smooth approximation of the delta function, rotational invariant (in agreement
with our UV regularization), whose support does not contain the point x = 0.
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In order to calculate the other correlations, we first note that the only four points functions
different from zero are those defined by the equation

Gl (xy,u,v) = (U v, u, vwns)

S1,S2 < X,W1,81 TYy,w2,52 7 U,w2,52 7V,W1,51

By (3.24), G¥»¥2(x,y,u, V) is the solution of the equation:

$1,82

(8x Gwhw?) (X7 y,u, V) = 6(X - V)Swz (y - u) - 6w1,w2551,82§(x - u)Sw1 (y - V)+

S$1,52

—Wwiwsz —wiwsz — w1 ,ws (337)
|: F—wl,slsz(xibq F—wl 9192()(711) +F‘—<J.)1,+(X7V)} Gsl,’sz (X,y,u,V)
For the two-points correlation of O,((z’a) we are interested in the case w; = —wy = w. For
G¥(x,y,u,v) = G“:, wo(x,y,u,v) we find
— AT (x—y|lv—y)-AF (x—u,v— :|
G¥(x,y,u,v)=e [ Geylvay) A Gy Su(x—=v)S_u(y —u). (3.38)

Therefore, for a = C,S3 we set x =u, y = v and s = +, while for a« = 57.5; we set s = —;
for TC1,TC3 we set u=v, x =y and s = +; while for T'C5, SC we set s = —.

For the two-points correlation of O,((l’a), a # C, S3, we are interested in the case wy = ws = w.
If GY(x,y,u,v) = G (x,y,u,v) we find

— — A (x—y|lv-y)—A, (x—u,v—u
GY(x,y,u,v) =e [ - feyvy)=AL )} Su(x—v)S,(y —u)

(3.39)

— AT (x— —y)—AT (x—v,u—
gy sty s,
Fora=SC weset x=y,u=vand s=—; fora= 57,5, weset x=u,y =v and s = —; for
a=.53Cweset x=u,y=vand s =+.
Therefore, it is easy to see, by using (3.27) and (3.34), that, for |x| > 1,
1 cos(2ppx)™e 1
02 O@eNT o@/|xl*), v
(O ) T2 7202 (v%x% T 22/c2) %o (0222 + a2/ c2)Far +O(1/x]”), Va
. 1 cos(2prx) viag —a?/c?
o5 olSONT — o(1/|x? 3.40
( 0 x ) 127202 (ng(z) I xz/cz)znp (pr T x2/c2) (1/1x[") ( )
1 1 112:10% — a2 /c?

(0§ ol +O(/x"), a = 8,8,

T T272:2 (V22 + 22 /)0 (v2ad + 22 [c?)?

where m,, = 1, if a = C, S;, while m, =0, if « = SC,TC};, and

My — Gy +1/2 =(2,0),(2,53)
b G 12 = (2,80, 25 o
77W+C'y+1/2 ( ,TC),(2,TCs)
Ny +5(7)¢ +1/2 t—( ,5C),(2,TCs)

Let us now consider the special case g, = 0 (i.e. 7y = (, = 0), which we use as a effective

model for the Hubbard model. In this case, the equations (3.40) imply that (O(()t)Ogct)) decays,
for x| — oo, as |x|~2%¢, with

2421, — 2¢, t:(2> )( )

90X, = 242n,+2¢, t=(2,80),(2,TC;) (3.42)
244n, t=(1,50)
2 t=(1,0),(1,5)
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Note that ) )
1 4—wvg, —vg Qv
Mp=—m bt em e

3.43
2 4v,4 vy Vpt-Vp ( )

Let us now define K = 2X5 ¢ — 1 and K= 2X5 s¢ — 1. By using (3.14), we see that

P e \/(1 — ) =2, \/(1 +va) — 20, (3.44)

Vot Vp— (1 —V4)—|—21/p (1+Z/4)+2Vp

[Aé —_ (]‘ +2VP)2 — VZ — K*l
’UP+UP,

dn, =K+ K —2

These equations imply that all the critical indices X; and the parameter 1, can be expressed
in terms of the single parameter K, only depending on g»/c and g4/c. In the following section
we will show that the coupling of the model (3.1) can be chosen so that its exponents coincide
with the Hubbard ones; then, by some simple algebra, one can check the validity of the scaling
relations (1.22).

3.6 Fine tuning of the parameters of the effective model

Let us call v, = (2,1, Ga.h, gh), h < 0, the running coupling constants in the effective model with
ultraviolet cutoff v and parameters

911=0, g =9¢1=0nN, G1=Jan, O0=0y (3.45)

so that, in particular, ¢ = vp(lJrgN), and put vy = (§27N,§47N,5N). We call v, = (92,1, 94,1, 6n),
h < 0, the analogous constants in the Hubbard model, while ¢}, will be defined as in §2.3, that is
Un = (U, g1,h, vn). The analysis of the RG flow given in §2 and App. B implies that, for h <0,

Tnr = op + O (@, ., To) + 7P (T, .., Do, TN) (3.46)
Uph—1 = Up + ﬁ(o.'h) (Uha oy UO) + r(h) (’Ufu LR 170; A) (347)

where B(%") (%, ..,7y) is the beta function of the effective model with parameters (3.45), modified
so that the endpoints have scale < 0. Note that 3" (v, .., v9) is the function B (vy,, .., v0)
defined in (2.41), modified so that, in its tree expansion, no trees containing endpoints of type
g1 appear and the space integrals are done in terms of continuous variables, instead of lattice
variables (the difference is given by exponentially vanishing terms). The crucial bound (C.8)
and the short memory property imply that [F") (2, ..,ox5)| < Clmaxgsp [0]]> ", while the
analysis of §2.3 implies that " (@, .., %, \) satisfies a bound similar to (2.51).

Lemma 3.1 Given the Hubbard model with coupling A such that g1 € D s, it is possible to
choose U as analytic function of A\, so that

Go =2\ {@(0) — ;@(2pp)} +OMN?), Ga=2X0(0)+0(N), §=0() (3.48)

and, if U, are the r.c.c. of the effective model with parameters satisfying (3.45), while vy, are the
r.c.c. of the Hubbard model, then, Vh <0,

l91,0
1+ (a/2)|g1.0] |R|

Moreover, the r.c.c. U, have a well definite limit as N — +o0o and this limit still satisfies (3.49).

|1}h—5h| SC

(3.49)
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Proof - We have seen in the previous sections that the flows (3.46) and (3.47) have well defined
limits v_o and v_oo, as h — —oo, if the initial values are small enough and gi9 € Des.
Moreover, the proof of this property for the flow (3.46) implies that v_., is a smooth invertible
function of vy, such that 7_., = Uy + O(0%); let us call Uy (V_o0) = V—oo + O(D2 ) its inverse.
It is also clear that Un(U_) has a well defined limit as N — oo, that we shall call ¥(\), and
that this is true also for the r.c.c. vy, h < 0.
The previous remarks, together with (2.73) and (2.74), imply that it is possible to choose
UN, satisfying (3.48), so that
Vg — Voo =0 (3.50)

In order to prove (3.49), we note that, because of the bound (C.8) and the short memory property,
in the effective model with couplings satisfying (3.48),

[Uh — T_oo| < CX24" (3.51)
On the other hand, from Lemma 2.4 and 2.5

h

o IR T l91.0] 3.52
v | < Z (191,51 vl < 11—1—((JL/2)|91,0\|h| 552

Jj=—00
These two bounds immediately imply (3.49). I

Let us now note that the critical indices of the effective model can be calculated in terms of
U_so by the same procedure used for the Hubbard model in §2.4 and that we get an equation
like (2.86), with the same function Bt(o"j ), Hence, the above lemma allows us to conclude that the
critical indices in the Hubbard model and in the effective model coincide, provided that the value
of ¥ = limy _, o Un is chosen properly. It follows that all the indices are given by the equations
(3.42), with

o g2(A) _ /\17(0) —9(2pr)/2 +O()\3/2)

v, = = ——
~47(T§) (2(7;) o (858)
94 v 2
4dme 2w sinpp +OW)

where (3.48) has been used, together with ¢ = sin pr + O(X). Moreover, (3.53) and (3.44) imply
that K = 1 — 2X\[8(0) — 9(2pr)/2]/ (7 sinpr) + O(A*/?), in agreement with (1.21).

4 Spin-Charge Separation

If k # 0, the Fourier transform S3(k 4+ wpr) of the two-point Schwinger function Sy(x) in the
Hubbard model can be written as a tree expansion, in a way similar to eq. (2.64) of [38], whom
we shall refer to for the notation:

Sy(k +p%) = ZZ Yoo > G (4.1)

n=0jo=—007€T}q,n,2,0 PEP
|Pug 1=2

where p$ = (wpr,0), w = £. Here @3w (k) represents the contribution of a single tree T with n
endpoints and root of scale jo; if [k| € [y, v"<T1) it obeys the bound:

~ —he Z
G2 ()] < Oy i) o Z DS 2o I atgte. 62

n=0jo=—00 T€T; n k v not e.p.
P 122
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where T}, nk denotes the family of trees whose special vertices (those associated with the external
lines) have scale hy or hyxi1. Moreover, d, > 0, except for the vertices belonging to the path
connecting the root with v*, the higher vertex (of scale h*) preceding both the two special
endpoints, where d, can be equal to 0. These vertices can be regularized by using a factor
A~ (h"=30) extracted from the factor v~ ("x—Jo) g0 that we can safely perform the sum over all
the trees with a fixed value of h* and we get

—he D —hk
A e=h) < o7
Ly, e — T

(4.3)

A similar bounds can be obtained for the effective model with g;; = 0 and couplings chosen as
in Lemma 3.1. We shall call S¥ (k) and Zj, the two-point function Fourier transform and the
renormalization constants, respectively, in this model.

Let us put
- 1
Sa(k+py) =

_ N 1 =
G?%(k), SMk)=—G*Mk 4.4
. w(k) w (k) o (k) (4.4)

We can write

. Zn. GA(k) Z
Solk + p2) = 2 Coll) _ Zng

= = SM(k) +
Zhe I, Zhe ) Zpy,

Note now that G2 (k) differs from G%™ (k) for three reasons:

1) the propagators are different, which produces a difference exponentially small thanks to
(2.39), (2.40) and the short memory property;

2) the r.c.c. vj, and vy, are different, which produces a difference of order gi j,., thanks to
(3.49) and the short memory property;

3) in the tree expansion of G2 (k) and of the ratios Z;/Z;_; there are trees with endpoints

of type g1, not present in the tree expansion of G%M (k) and Zj/Zj_l; this fact produces
again a difference of order g p, .

These remarks, together with the fact that there is no tree with only one endpoint in the tree
expansion, implies that

(G2 (k) = G2 (1) | < CIAGL ] — (4.6)

hk hk

=

For similar reason, we have
7, L 7 7

he H hj ho

Zie 2 Zhims Zno

= [+ O(A?)]e®N Zien 75 = [1 4+ O\ L (k| ~1)OW (4.7)

where L(t), t > 1, is the same function defined in Theorem 1.1.
Theorem 1.3 easily follows from (4.6), (4.7) and the explicit expression (3.34) of S,,(x) in the

effective model, applied to the case g, =0, ¢ = vp(1 +§).

5 Susceptibility and Drude weight

The effective model is not invariant under a gauge transformation with the phase depending
both on w and s, if g;, | > 0; however, it is still invariant under a gauge transformation with the
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phase only depending on w. This is true, in particular, if the interaction is spin symmetric, that
is if g = g1 —g1,1, see item d in App. B. Since also the Hubbard model is spin symmetric, it is
natural to see if one can use this “restricted ” gauge invariance to get some useful information on
the asymptotic behavior of the Hubbard model, by comparing it with the effective model with
91,1 > 0.

Let us put g, = g2, 11 = 1 and gy = 92 — g1 We want to show that we can choose
the parameters of the effective model g1, go, ga, 0, so that the running coupling constants are
asymptotically close to those of the Hubbard model. This result is stronger of the similar one
contained in Lemma 3.1, since now all the running couplings are involved, and this implies also
that the values of g, g4 and & are different with respect to the analogous constants defined in
Lemma 3.1. The main consequence of these considerations is that we can use the restricted WI
of this new effective model to get non trivial information on some Hubbard model correlation
functions, not plagued by logarithmic corrections.

Let lh = (G1,h>G2,hs G4, b 5x), h <0, be the running coupling constants appearing in the inte-
gration of the infrared part of the effective model. The smoothness properties of the integration
procedure imply that, in the UV limit, lo is a smooth invertible function of the interaction param-
eters | = (g1, G2, G, 5) whose inverse we shall call [{ly); hence we can fix the effective model by
giving the value of lp and by putting [ = l(lo). In a similar way we call g, = (91,1, 92,1, 94,1, On),
h <0, the running couplings of the Hubbard model with coupling A.

We now define &, = [, — Jn, h < 0. By using the decomposition (2.41) for gj, and the similar
one for l:L, we can write

fh—l :£}L+ [H(l)(ghy"ag ) (1)(l hy - )]+/B (ghayh"'§071/05A)+g}(7,3)(lﬂha'~ylﬂ0alﬁj (51)

where E,ﬁ” coincides with the function 3" defined in (2.41). In the usual way, one can see that

13D G o) — B G >|<0[A|+sup|zk]zv 951z, (5.2)
k=h

and that |B \ < C|AyoR, \5(3)| < C[supg>p |Ik]]?. Note that the different power in the coupling
of these two bounds is due to the terms linear in X in the beta function for d;,, which are present
in the Hubbard model, while similar terms are absent in the effective model, see remark after
(B.9) in App. B.

We want to show that, given A\ positive and small enough, it is possible to choose l_('), hence
Zo, so that ¥_,, = 0; we shall do that by a simple fixed point argument. Note that ©_,, = 0 if
and only if

h
S . 1 - o) 3
= Z B (G G0) — B (I, o)) + B2 + B (5.3)
We consider the Banach space My, ¥ < 1, of sequences ¥ = {Zj}rn<o with norm [|Z| =

Supy <o | Tk |7~ (9/2)k and the operator T : My — My, defined as the r.h.s. of (5.3). Given
>0, let Be = {f € My : ||f|| < &€A}; if A is small enough, say A < g9 and £\ < &g, and
I, = gn + T, the functions ﬁh (l_;“ ..,E)) and ﬁ_;(f)(l_;“ ..,l};,f) are well defined and satisfy the

bounds above, even if Z is not the flow of the effective model corresponding to lo. Hence, we
have:

h—1
N~ WO/DRT(F) ] < coMEN + 1) Z A/%k < A(1+EN) (5.4)

k=—o0
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so that By is invariant if £ = 2¢; and A < g1 = min{eg, £9/(2¢1),1/(2¢1)}. Moreover

h
T@n ~T(@ =Y. {8 UGk + Tuhemn) — By (G + Thhusn)]

h=—o00
+ [gf(lg)({% + Ty br>n) — g;(f)({ﬁk + T tisn)l}

and |T(Z), — T(Z)n| < c2A||x — 2’|, thanks to the fact that all the terms in the r.h.s. of this
equation are of the second order in the running couplings. It follows that, if coA < 1, T is
a contraction in B, so that (5.3) has a unique solution #® in this set; moreover, if we put

l_;I =g+ j.glo)’ {l_;z}hgo is the flow of the effective model corresponding to a value of ['such that
G — Tal < CIAlY " (5.5)

Finally, this solution is such that lis equal to gy at the first order; hence, by using (2.26), we get
g1 =2\0(2pF) + O(N?) , G2 =2X0(0) + O(N?), g4 =2X0(0) + 0N\, §=0(\) (5.6)

Thanks to the bound (5.5), this choice of l_; allows us to extend to the Hubbard model
Lemma 1 of [27], proved for the spinless fermion model. Hence, we can say that there are
constants Z =1+ O(A?), Z3 =1+ O()\) and Z3 = vr + O()) such that, if <1 and |p| < &,

Qc(p) = ZHppi—p)'? + Ac + o(p)

SO (5.7)
D(p) = ~Z3{jpj—p)'? + A; + o(p)

where <~>(g ) denotes the expectation in the effective model satisfying (5.5), Ac and A; are suitable
O(1) constants and

Px = Z¢;w wa,ws jx = wa:w swx7ws . (58)

w,s

Moreover, if we put p% = (wpr, 0) and we suppose that 0 < x < |p|, [K'|, [k'—p| < 2k, 0 < ¥ < 1,
then

UK 4 P K P+ DY) = Zs(ptic ol sp o) L+ O(7)] (5.9)
Sa(K' + Pg) = (Vg oo Uit o) P+ O]

where G%'(x) and G?’l(x) are defined after (1.13), while the functions (ﬁpwk@ww;ﬂ,w}(g) and

<5p¢k',w¢f§+p’w>(g) coincide with the functions (3.16) and (3.17), respectively, with ¢ = vp(1+9).
As already mentioned, if g; > 0, the effective model is still invariant under a spin-independent
phase transformation; hence the WI (3.6) is satisfied, if we sum both sides over s and we substitute
vH(p) with

h(p)
4dme

7L (P) = {0w,1[05,-192 + 95,1(g2 — G1)] + 0w, ~105,-194} c=vp(l+9) (5.10)
Therefore we get the a WI similar to (3.15), that is
= ipol1 = 74(p) = 20, () pthe w1 )+ L+ P4(D) = 205 (D)] Upthe wiil )

1
= E |:<¢l:,w,awl:,w,a>(g) - <¢1:+p,w,g¢1:+p7w,g>(g)} (511)
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where .
_ _h(p) 92— G1/2;
_ _92=0/2 12
ne) =9, (p) = 2 ) (5.19)
By replacing (5.9) in (5.11), and comparing with (1.14) we get, if 74(0) = 74, 7,(0) = 1,

Z: Z:
21— —-2p,), 7“ = (14 4 — 20, (5.13)

Z

Moreover, by proceeding as in derivation of (3.19), we get:

Do (p)(p,0%) N — 74(D) D (0) (0,0 )

5.14)
. (© @ (@) _ D_.(p) (
_2yp(p)D_UJ(p)<pp,7wp—p,w’> ——5w,w'm
Hence, by some simple algebra, we get:
© 0 yo_ L Do®[D-uw®) D) 515
(PpwP=p.o) 2 Z2c02 PE + c202p? o) (5.15)
© () (9 _ 1 25,D.(P)D-w(®) 516
(Pph=p—w) = 5 7. miday (p) (5.16)
where
Up =TVp— Vo, Do, = (1— ping)® — 407 (5.17)
Therefore the charge and current density correlations are given by:
. 1 —p3(1 — g +20,) + p*(1 + vy — 207,)
<p£))p(—cl))>(g) = 2--2 0 2’0 —5-9 o L + O(p)
wZ%cu; 4 Py + cUsp (5.18)
(O — L —po(L =7 = 20,) + EpA (L4 v +20) O(p) '
p 7P T Z%c0; | pg + c2v2p?
From the WT (1.14) we see that
and this fixes the values of the constants A, and A; in (5.7), so that
A 72 &2p?
Q = — 3 (1474 —20 02(1 — 0y + 20,) | ——s——
C(p) 7T225’1727+ [( + vy I/P) + Up( Vg + VP)]p(Q) ¥+ 17362])2 + O(p) (5 20)
R 72 2 ’
D(p) = —z 5 (1 + 74 +20,) + 02(1 = 74 — 20,)]| 05 + 0(p)

- 2772 o2 2 1 52722
nZ?*cv; v Py + Usccp

If we insert (5.13) in the previous equations, we get, for the susceptibility (1.9) and the Drude
weight (1.12), the values

1— 7y —20,)? %
H:%[(1%74—2z7p)+17§(1fz74+2,7p)]: —
mCUs L U3 T, (5.21)
E(l + vy — 20 )2 B B g B B Keu ’
D:W[(1+V4+2Vp)+vp(l—V4—2z/p)]: W”
where
PEE S S TS EEs o2
Vp+Vp— (1—04)+20,\ (14 24)+20,



so that
K

1
= — 5.23
D 62175 ( )

and this completes the proof of Theorem 1.2.

Remark We are unable to see if €0, = vp(1 + 6)v, coincides with the velocity cv, = vp(1 +

d)v, appearing in the two-point function asymptotic behavior (3.34), with v, given (see (3.14))
by
(14 va)* —4v2)
v, =
(1= ra)? —42)

(5.24)

with v, and v4 defined as in (3.53). In fact, it is easy to see that 5 is equal to § at the first
order and this is true also for v, and v, by (5.6), (5.12) and (3.53); however, our arguments are
not able to exclude that the two velocities are different. Moreover, (5.22) and (3.44) imply that
K = K at first order, but they also could be different. Note that the equality of K and K, would
imply that k = K /v, with v = ¢v,, being the charge velocity, a relation proposed in [17] which,
together with (1.22) and (1.24), would allow the exact determination of the exponents in terms
of the susceptibility and the Drude weight.

A The g map
Let us consider the following map on the complex plane:
Gnt1 = gn — angi, (A.1)
where a,, is a sequence depending on gp, such that, if |gg| is small enough,
an=a+o0n,, |onl <colgol, (A.2)

for some positive constants a and ¢g. We want to study the trajectory of the map (A.1), under
the condition that

go€D.s={2€C:|z| <g,|Arg (2)| <m—06}, 6€(0,7/2) (A.3)

We shall first study the properties of a sequence g,,, which turns out to be a good approximation
of g,. Let us define:

n—1
1
Ap=— ;) ax (A.4)

Lemma A.1 Given § € (0,7/2), there exists €0(0) such that, if € < €0(0) and go € De s, the
sequence

~ 90
A p—L A.
g 1+ gonA, (A-5)

at any step n > 0 is well defined and does not exit the larger domain De, s,, for e1 = 2¢/(sind)
and 61 = §/2.

Proof - First of all, we choose ¢ so that
coe<af2 = a/2<Ra, <3a/2, [San| < colgol (A.6)
where ¢q is the constant defined in (A.2); we can write

An = Op, + Zﬁn B Oy Z (1/2 ) |Bn‘ S CO|QO| . (A7)
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Define z,, := 1+ gonA, := 1+ gonay, + Wy; then, if go € D, 5,

no

|1+ gonay,| > max {simé7 SIT(I + |go|nan)} (A.8)

In fact, it is trivial to show that |1 + gonay,| > sind; on the other hand, if |go|na, > 2,

|1 + gOnan| > ‘QO‘nO‘n -1= (|gO|nan =+ 2|gO|nO‘n - 3)/3 2 (|g()|nan + 1)/3
By using (A.8), we get

|1Zn‘ 600
. A9
|1+ gona,| — asin§|go| (4.9)
It follows that, if € is small enough,
~ 1
|z | > isiné (A.10)

so that, in particular, the definition (A.5) is meaningful.
Now we want to prove that g, € D, s,, with €1 = 2¢/(sin ¢) and §; = §/2, if € is small
enough. Let go = poe’®; by using (A.8) and (A.9), we see that, if € is small enough,

- 21go| 2e
nl < < — N A1l
gnl < |1+ apgon| ~ sind ( )
besides it is easy to see that
9o Po
A —— || =|A — = ) <O <T—=9.
‘ ® (1+0¢n90n>‘ ‘ - (6190+anp0n>‘ < lof <
Then, since g, = e,woiioapon(l + wy,), with w,, of order gg, for & small enough,
|Arg (gn)| < 7 —0/2 (A.12)

Proposition A.2 Given ¢ € (0,7/2), there exists €0(0), such that, if € < eo(d) and go € De s,
then

3e )
n D 9 = ) 6 == - A13
n € Heado €2 sin & S ( )
Moreover, if g, is defined as in (A.5),
|9n — Gl <[] (A.14)

Proof - We shall proceed by induction on the condition (A.14), which is true for n = 0. Suppose
that it is true for n < N; then, by using (A.11) and (A.12), we see that, if ¢ is small enough and
n <N,

|gn| < 3|gnl/2 < 3¢/sind . |Arg (gn)| <7 —4/4 (A.15)

which proves (A.13). Moreover, by (A.1), if € is small enough,

lgn+1] < 2[gn| < 3[gn| (A.16)
Note now that
1 1 a 1 1
e L — Zan+aign+An=~ _7+aign+An (A17)
In+1 9gn 1- Andn In+1 gn
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where A, is a quantity which can be bounded by c;]g,|?, for some constant c¢;. We can rewrite

(A.17) in the form

1 1 1 1
= = — =+ aign + Ay (A18)
gn+1  Gn+1 9n  Gn

By using (A.6), (A.8), (A.9), (A.15), (A.16) and (A.18), we get, if € is small enough,

1 1

IN+1  gN+1

lgn+1 = gn+1| = [gn 41| [GN 1]

N
o - 9 ~ \90\1/ g0l
<3 > [60°(Gn| + Fe1[gn ] < colgn]*/? § A.19
< |9N|\9N+1|n20[ [9n] + 7 €1l9n]"] < c2lgn] (1+ %190l N)'72 2= T+ &lgoln (A.19)
. 1/2
< Gul2—cslool " <1+9 N) < [u]3/2
= |gN| (1 + %|90|N)1/2 g 2‘90‘ —_ |gN|
where ¢y and c3 are two suitable constants. I

B Symmetries of the Effective Model and RG Flow

The RG analysis of the effective model will be done by exploiting some symmetry properties of
a more general model, obtained by adding to the interaction (3.3) the term g3V3(v), with

1 _
= 5 Z/dXdyh(x - y) X,w, gi/ix Ww,—s Py, —w,s y,—w,—s (Bl)

The integration of the positive (ultraviolet) scales N, N —1, .., 0 is essentially identical to the
one described in §2 of [29] or §3 of [39], for the spinless case; it does not need any localization
procedure.

The integration of the infrared scales is done in a way similar to the one in the Hubbard model
described in §2. However, before starting the multiscale IR integration, we have to perform some
technical operations, which will make possible to compare the flow of the running couplings with
that of the Hubbard model.

After the integration of the UV scales up to j = 1, the free measure propagator is given by
gl[é ﬂ( ), defined as in (3.2) with N = 1. In this expression, the velocity ¢ has the role of the
Fermi velocity vp of the Hubbard model. In order to match the asymptotic behavior of the two
models, we can not choose ¢ = vp; for this reason we introduced the parameter 5. However,
it is not possible to compare the RG flows of the two models if the two velocities are different;
hence, we have to move from the free measure to the interaction the term proportional to d.
Moreover, since also the cutoff function (| (ko, ck)|) depends on &, we have to “modify” it in
v (| ko, vrk) ).

The simplest way of performing these operations without introducing spurious singularities
is the following one. We start with a free measure of the form

Pdyp) = N~ Vexp _é 3" G [=iko + wup(L + )k e Y (B.2)

k,w,s

where Cj(k) = x[1(] (ko, ck‘)\)_l. We can move to the scale 1 effective interaction the term

—35 Zwv Koy DU = —svs(p), with

k,w,s
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Z/dxz/)st (iwvF0s )y s (B.3)

The new free measure differs from (B.2) because § is multiplied by u;(k) = 1 — x!»1(|(ko, ck)|).
On the other hand, since § will be chosen of order A, x[“H(|(ko, ck)|) and xEH(|(ko, vpk)|) differ
only for values of k of size v or 4! and

w(k) =0, if O (|(ko, vpk)|) > 0 (B.4)

Hence, we can write
X (| (Ko, ek)]) = X (k) + x| (o, vek)]) + O (k) (B.5)
with ¥ (k) and (k) smooth functions, whose support is on values of k of size v or ~',

respectively; moreover, if we define

-1

Ci(k) = | X1 (ko vrk)| + ¥ (k) (B.6)

then Cy(k) = 1, if 1 > |(ko, vpk)| > v'** and Cy(k) ' x ¥ (k) < 1. It follows that the free measure
P(dyp1) can be written as P(dy™M)P
same scale properties of (), while

YP(dypl9)), where (1) is a field whose covariances has the

P = NV exp § =5 37 Gl ko +wop(1+wIDHHELIRLT S (B7)

k,w,s

The integration of the single scale field ©)(*) can be done without any problem. At this point, we
start the multiscale integration of the field w[l 01 by performing the effective potential localization
and the free measure renormalization as in the Hubbard model. Thanks to the support properties
of u;(k), the steps from j = 0 to j = [+ 1 will give the same result we should get if the propagator
of {/JV[LO] were equal to

11 eikxXl,0(|(k077)Fk)|)

Z L2 ” —iko +wupk

This means that the renormalized single scale propagator will have the form (2.38), corresponding
to the leading behavior of the single scale propagator in the Hubbard model. This property is
not true only in the last step, j = [, but this is not a problem, since we have to study the RG
flow at fixed j and [ — —oo and, moreover, the contribution of the IR scale fluctuations to the
Schwinger functions at fixed space-time coordinates vanishes as [ — —o0.

Let us now analyze in more detail the RG flow of the effective model for h < 0. The main
difference with respect to the Hubbard model is that (2.24) has to be replaced by

VO (VZi) = g1,1 51, L (VZ0) + 91, F) (VZi)+
+91 i FL(VZi) + 93,3 F3(VZj0) + 91, Fs(\/Zjh) + 6;Vs(\/Z)

where the functions F,, (¢) are defined as the functions V, (¢) of (3.4) with h(x—y) =d(x—y);
the absence of local terms proportional to 11~ is a consequence of the oddness in k of the free
propagator. The running couplings verify equations of the form

Joh—1 — G = B (G, On, --Go, 00, G, 0)

Op—1—0p = Béh) (G Ons --Go, 90, G, 6)

(B.8)

(B.9)

where o = 1 L, ||, 1,3,4 and g; = (91,1,5,93.5,9|.j,9L1,j94,;).- Note that the functions B((xh)

and Béh) are of the second order in their arguments; in the case of Béh), this follows from the
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structure of V(1) (see (3.4)), which does not allow to build Feynman graphs of the first order
in ¢g. For the same reason

So=0+0(d), eo=max{|g],|d|} (B.10)
and this relations can be inverted, if ¢ is small enough.

There are some symmetries which is important to exploit. For notational simplicity, we will
write (Gl,L7 Gs, G\|7GL7 G4,A) or (G, A) in place of (G, n, -0, 00,7, 9) -

a. Spin U(1). Free measure and interactions are invariant under the transformation

€ 1EQs ,/,E
1bx,w,s e wx,w,s

where «; is a spin-dependent angle. This means that the only possible local effective
interactions must have as many ¢} as 1, for each given s. Therefore, all the allowed
local quartic interactions are the ones listed in (3.4); it is also clear from the symmetries
w — —w and s — —s that they must occur in the same linear combinations.

b. Particle-hole symmetry. The free measure is invariant if the particle hole switching involves

~ ’
the spin ¢’ only, i.e. ¥§ . — Y351  .; interactions are not invariant and we find:

—ss'k,w,s?

B (G1,1,G3,G),G1,G1,A) = —BY) (~G3,~G1,1, G|, ~G1,~Gy, A) (B.11)
Bﬁh)(Gm_, G3,G|,G1,Gy,A) = Bﬁh)(—Gg, —G1,1,G, =G, —Gy,A)

B(Lh)(Gl,J_a G37 GH’ GJ_7 G47 A) = —Bih)(—Gg, —GLJ_, GH’ —GJ_, —G4, A) (B12)
Bz(;h)(Gl,J_7G37GH7GJ_7G47A) = —BM(-as, ~G1,1,G), —G1, Gy, D)
BY(G11,Gs, Gy, G, Ga, A) = B (—G3,—G1 1, G|, =G 1, Gy, A) (B.13)

c. Chiral U(1). The free measure is invariant under the transformation

Viiors = € Uins (B.14)

for «, a chirality-dependent angle. All the interactions are U(1) invariant, but for Vi;
if g3 = 0, then an interaction V3 won’t be generated by the flow. This fact can be seen
also graph by graph. Indeed, in the graphs for B, By, B4 and Bs, the number of the
half-lines 9% has to equal the number of the half-lines v, (regardless the spin label); this
can only happen when there is an even number of interactions V3. Therefore these three
beta functions are even in G and then, by (B.12) and (B.13), also even in Gy, ; hence, if
a=]|,L,4,96,

B{(G1,1,G3,G,G1,Gs,A) = B{V(G3 | ,G3,G|,GL,Ga,A) (B.15)

where G2 denotes the tensor {90,j90.j’ }j.j'>n. By a similar argument, B:,()h) has to be odd
in G3 and B%h) even; then, by (B.11), B;h) is also odd in G; and Béh) even, so that

Bglj(Gl,J_a G37 GH ) GJ.; G47 A) = GI,J_B(h) (G%,J_v va GH P GJ_a G4v A)

: (B.16)
th) (GLJ_, Gg, GH s GJ_, G47 A) = GBB(h)(va G%,L’ GH’ _GJ-’ _G4’ A)

where Gaégh) is a shorthand for Zth gaij&h’j).

In this way we have found two invariant surfaces in the space of the interaction parameters
(g.9):
Ci={g,0:91,. =0} C3={g,0:93=0}
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d. Spin SU(2). Tt is convenient to rewrite the interaction as
V) =g (Vin(®) = Vi(®)) + (g + 91,0 — 90)Vj(¥)+
+ g1 (VL) + V(@) + g3Va(®) + gaVa(®) + 3nVs(¥)

It is evident that V7 | — V|, VI +V), V3 Vy and Vs, as well as the free measure, are invariant
under the transformation of the fields

Vs = D UssPicwss Vs = 2 Vit Ul s
s’ s’

(B.17)

for U € SU(2). While V) isn’t: if g + g1 — g1 = 0 it will remain zero. Thus we find four
other invariant surfaces:

Ciy=1{G0:911. =91 -9}, Cs4+=1{g.0:93=9L+9g}

Ci-=1{3,0:—g1,. =91 -9}, C3_-={G,0:-g3=91+g}

(in fact C;—, C3 4+ and C3_ are obtained form C; 1 through (B.11), (B.12), (B.15) and
(B.16)). C5 4+ is also called Fowler invariant (see [12], page 220).

e. Vector-Azial Symmetry. All the terms in V (1), but V4 (¢) and Vs(), are invariant under

the transformation
15 ieVw s ,/,E
X,Ww,S — e X,Ww,8

therefore the surface g;. | = g3 = 0 is invariant.

Finally we consider the flow of Z; and the renormalization constant Z}(Ll) associated with
the density operator px.s = ¥, W5, in the generating functional (3.1); Z,Sl) is defined
as Z}(Ll’c) in (2.27). It is easy to see, by using the symmetry properties of the model as be-
fore, that Z,_1/Z, = 1+ B{"(G,A) and 2V, /Z" = 1 4+ BM(G, A), with BM(G,A) =

Béh)(G%, G2, G),G1,Gy, A) for a = z, p. Hence

(1) (1)
Zy2 2y, = 5
=2k 14+ BM(@G, A B.18
A [ (G, A)] (B.18)
with _ . -
BM(G,A) = BYV(G? | ,G2,G),G1, Gy, A) (B.19)

C Vanishing of the Beta Function

We recall the main ideas of the proof of (2.45) and (2.83) (see [22],[23],[24],[33] for more details).
We consider the model (3.1) with g;,1 = 0; d, g and g, are small but arbitrary parameters. We

take the limit N — oo at fixed I; if [k| = 4" (so that, in particular, f;(k) = 1)

(k) = ( 1+ W3 (k)] (C.1)

sV sl = 7D (k)
where (- ), denotes the expectation with propagator (3.2),

Di(k) = —iko +wvp(14 6)k
and

WD (k)| < C(e} + gin™) (C.2)
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with §; = maxy>; max{|g2 1|, |ga,n|} and &; = max;>; max{g;,|d;|}, Note that we have included

in D;(k) a correction of the free Fermi velocity due to the local term §;V5, so that Wél)(k) does
not contain terms of order g;, except those associated to irrelevant terms. Moreover, by the
analogue of (112) of [22]

(PporsVico sV prnsht = 24 8 (1) S (k — p)[1 + WE (k)] (C.3)

where |W2(li (k)| < C(e? + giv""). In §3.2 we have written the WI directly in the [ — —oc limit,
but they are true also when [ is finite, up to corrections studied in detail in §4 of [22] and §4 of

[23]; using the bounds is such papers for the corrections we derive from the finite [ analogue of
(3.6)

D (P){bpws¥ic,sViepo,sht = Sulk = D) = S, (k) + D (p)Ru(k, D) (C.4)

where k and k — p are of size 7/,

and

Hence, if we put k = k and p = 2k, with |k| = 7/, we get Dy (k)[Z\" /2] = Dy(k)[1 + A(K)],
with |A(k) < C(e2 4 giy?"), which implies that 6, = 6 + O(¢2) and Z\")/Z; = 1+ O(2). On the
other hand, the value of d;, is independent of the infrared cutoff, if h > [+1, and |61 —d;| < Ce?.
It follows that, for any j € [, N] and uniformly in the cutoffs,

;= 0+0(?) (C.5)
ZJ('U =1+0(2 C.6
7 +O(g3) (C.6)

In the same way, we can also use the the Schwinger-Dyson equation combined with the
Ward Identities with a finite infrared cut-off; we get (3.24) with a correction term, which can be
bounded as in §4 of [23]. If we restrict the resulting expression to the four point function with
momenta at the infrared scale, we get, see [23],[24]

g5 =9+ 0(5?) y gL =491+ 0(5?) , G4 =94+ O(E?) (C.7)
Let us call bg)(g”,gbgzl,é) the function which is obtained by BY (Gn»On, --Go, 00, g, 0) (defined
in (B.9)), by subtracting the contribution of the trees containing endpoints of scale grater than 0

and by putting (g;,0;) = (0,0,9),91,94,9), Vj = h,....0 (the value of the r.c.c. is independent
of the scale). Then, by Lemma 3.4 of [37], we get the bound:

69 (91,92 91,0)| < Clmaxllgyl,lgol,lgal, 812", =, 1,4,6 (C38)

In we define in a similar way the function E(j)(g‘|,gL,g4, J) in terms of BO) (gj,05,--90, 00,4, 6)
(defined in (B.19)), (C.6) implies the bound

599, 9..91,0)| < Clmax{lgyl, g |, lgal, 131} (C.9)

The bounds (C.8) and (C.9) allow to show that, in the model (3.1), the infared cut-off can be
removed by an analysis very similar to the one in §2.3-2.4.
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Let us now consider the Hubbard model. In (2.41) we have written its Beta function as sum of
two terms, the second of which is asymptotically negligible, by (2.42); the first term, denoted in
(2.41) by ﬁ(j)(gj7 8553 G0, 00) = éj)(Gl, Ga,Gy4,A) (using a notation similar to that used after
(B.9)) coincides with the Beta function of the effective model on the invariant surface C; + NCs,
if we subtract from it the contribution of the trees containing endpoints of scale grater than 0.
Hence, by using (B.15) and (B.16), we get

B (61, G2, G, A) = Gi B (GR,0, G — G, Ga, G, A)
BY(Gh,Ga, Gy, A) = B9(G3,0,Gy — G1, G, Ga, A)
BN Gy, Ga, Gy A) = B (G2,0,Gy — Gy, G, Gy, A)
ng)(GuG%Gm A) = B((SJ (G1.0,Ga — G1,G2, Gy, A)

(C.10)

where B&j)(G%,O, Gy — G1,Ga, Gy, A) denotes the value of nyj)(G%,O, Gy — G1,Go,Gy, A), after
the subtraction of the trees containing endpoints of scale grater than 0. Therefore, if o # 1,
the contributions of order 0 and 1 in G of 5,8])(@, A) are the same as the contributions of the

same order of B(()[J)(O,O,Gg — G1,G2,Gy, A). By using (C.8), one sees immediately that these
contributions are of order v%7 as functions of j, so that (2.45) is proved. In the same way, using
(C.9) and (B.19) we can prove (2.83).

This completes the proof of the boundedness of the RG flow in the Hubbard model, as well
as in the effective model with g; 1 > 0 and g; = g1 — g1,1. Note that, in order to prove the
boundedness of the flow of the spin-symmetric Hubbard model, we need information from a non
spin symmetric model; in fact, we have derived (2.45) from the model (3.1) with g; # g and

g1,1. =0.
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