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revisited here, to exhibit a few interesting properties of the ellipti
 integrals.Write the pendulum energy, with inertia moment I and gravity 
onstantg2 (rather than the usual g), in the 
anoni
al 
oordinates (B; �) or asB22I � Ig2(1� 
os �) def= H(B; �) (1.1)where the origin in � is set at the unstable equilibrium: the de�nition impliesthat g has dimension of inverse time and the Lyapunov exponents of theunstable equilibrium are �g. B def= I _� and � are 
anoni
al 
oordinates forthe motions.It is well known that near the unstable equilibrium of the pendulumB = 0; � = 0 it is possible to de�ne a 
anoni
al transformation, mappingthe origin into itself, introdu
ing new lo
al 
ordinates (p; q) su
h thatB = R
(p; q); � = S
(p; q) (1.2)with R;S holomorphi
 in a polidisk jpj; jqj < � with � > 0, and in termsof whi
h the motion near B = � = 0 is des
ribed by a Hamiltonian Gdepending on the produ
t pq only, of the form U(p � q) = H(B; �) withdUd(pq) (0) = g.The purpose of this paper, whi
h in
ludes an unpublished note [2℄ wherea proof of the latter statement via the theory of ellipti
 fun
tions was de-rived, is to provide an alternative proof of the main formula, Eq.5.1. Theinterest of the new derivation is that it is dedu
tive in nature and it yields aninteresting appli
ation of the theory of global relative 
ohomology 
lasses:the latter allows to perform 
al
ulations dis
arding systemati
ally a largenumber of quantities that 
an be shown immediately that will give, if keptand evaluated, no eventual 
ontribution.The approa
h of both proofs presented in this paper is not the simplest ifone is just interested to know the existen
e of normal hyperboli
 
oordinates:existen
e of R;S 
ould be easily established without deriving their \expli
it"expressions for p and q in terms of ellipti
 fun
tions. Here we also 
orre
t afew errors in the earlier attempt made in [3, Appendix 9℄ (where the mainformula was not derived).The natural 
orresponden
e between the hyperboli
 �xed point of thependulum and its ellipti
 �xed point is brie
y reported in Appendix C andleads to the 
onstru
tion of the normal 
anoni
al 
oordinates for the smallos
illations, hen
e to the a
tion-angle variables.2



2 Solution in terms of ellipti
 integralsMotions near the unstable equilibrium have a quite di�erent nature depend-ing on the sign of the total energy H(B; �) = U : the ones with U < 0are \os
illations" (their motions do not en
ompass the full perimeter of the
ir
le) while the ones with U > 0 are \librations". Therefore it will not bepossible to �nd global a
tion-angle 
oordinates: motions near the separatrix(whi
h with our 
onventions has U = 0) require other 
oordinates to beexpressed in a simple way.Introdu
e the variables that appear in the theory of Ja
obi's ellipti
fun
tions k0 =p1� k2; h0 = kp1 + k2 ; h = q1� h02U =2g2I 1k2 ; u = ts U2I g0 = g �2h0K(h) (2.1)where, K(k) def= R �20 (1� k2 sin2 �)� 12d�. Hen
e the separatrix has k = +1and U = 0; and the data above the separatrix 
orrespond to U > 0 (ork > 0). Note that g0(0) = g be
ause K(0) = �2 (as U = 0 
orresponds tok =1 and h0 = 1; h = 0); the following formulae be
ome singular as U ! 0,but the singularity is only apparent and it will disappear from all relevantformulae derived or used in the following.Other important quantities in the ellipti
 fun
tions theory are, see thereferen
es [1, (8.198.1)℄,[1, (8.198.2),(8.146)℄,x0 def= �(h) =e��K(h0)=K(h) = �+ 2�5 + 15�9 + ::� def= 12 1�ph01 +ph0 = P1n=0 �(h)(2n+1)21 + 2P1n=1 �(h)4n2 (2.2)where �(k0) denotes here what in [1℄ would be q(k0) ([1, (8.146.1),(8.194.2)℄).In terms of the above 
onventions we have, dire
tly from the de�nitionsof am ; 
n ; sn ; dn (Ja
obi's ellipti
 fun
tions, [1, (8.14)℄), and from theequations of motion:�(t) = 2 am (u; ik); u = tgk ; B(t) = I _� = 2Igk dn (u; ik) (2.3)([1, (8.143),(8.141)℄). So that the a
tion B is given as a fun
tion of timeB(t) = 2Igk dn (uh ; h0) = 2Ig 
n(�iuh ; h)k dn (�iuh ; h) ; (2.4)3



([1, (8.153.9),(8.153.3)℄) assuming that initial data are assigned with � = 0.The t dependen
e of B(t) is naturally expressed via the argument uh =gtkhK(h) , if the se
ond of Eq.(2.4) is used, sin
e kh � h0, see Eq.(2.1). Thisexplains the important role that the quantityg0(x0) def= g0 � �2 gkhK(h) = �2 gh0K(h) (2.5)will play in the following analysis. The g0(x0) admits a rather simple produ
texpansion, [1, (8.197.1),(8.197.4)℄,g0(x0) = g 1Yn=1�1 + x0n1� x0n�2 (2.6)and its logarithmi
 derivative is 4P1n=1 nx0n�11�x02n so that x0 ddx0 log g0(x0) is12 d2dz2 log �4(z; x0)���z=0, where �4(z; x0), [4, p.463,489℄, is a Ja
obi's theta fun
-tion.It is also 
onvenient to remark that in a motion with energy U it will beH(B(t); �(t)) � U = 2g2I 1k2 (2.7)3 Power series representationFrom the theory of ellipti
 fun
tions the evolution B(t); �(t) with any initialdata above the separatrix (i.e. with �(0) = 0 and B(0) = I _�(0) 
orrespond-ing to a given value of h, with U > 0), 
an be expressed as B(t) = R(
; Æ)and �(t) = S(
; Æ) with 
 = eg0t; Æ = e�g0t and, taking into a

ount [1,(8.146.11)℄, R(
; Æ) = �4g0I 1Pn=1h (�1)n �n� 12 (
2n�1+Æ2n�1)1��2n�1 i (3.1)with � � �(h). De�nitions in Eq. (2.1),(2.2) yieldg0(�) = g�2 1p1� h2K(h) = g (1 + 14h2 + : : :) (3.2)whi
h is analyti
 in h2 by [1, (8.113.1)℄ near h = 0.Eq.(2.2) implies that � = � + O(�5) is analyti
 in � near � = 0 so thath2 = 16�+ : : : = 16� + : : :. Thereforeg0 = (1 + 4� + 12�2 + : : :) g (3.3)4



is analyti
 in � near � = 0.The evolution of ' is then a 
onsequen
e of Eq.(3.1) whi
h leads to anexpression for S by the remark that R = g0I(
�
 � Æ�Æ)S (just expressingthat B is I times the derivative of �): namelyS(
; Æ) = �4 1Xn=1 (�1)n�n� 121� �2n�1 
2n�1 � Æ2n�12n� 1 (3.4)and, after developing in powers of � the denominators and resumming,S =4 1Pm=0 ( ar
tan(�m Æp�)� ar
tan(�m 
p�))R =4I g0 1Pm=0 ( �m
p�1+(�m 
p�)2 + �mÆp�1+(�m Æp�)2 ) (3.5)The �rst formula reminds of one found by Ja
obi whi
h he 
ommented bysaying that \ inter formulas elegantissimas 
enseri debet ", [4, p.509℄ (i.e. \it should be 
ounted among the most elegant formulae \.Note that g0 depends only on �, see Eq.(3.2), whi
h would be surprisingif the me
hani
al interpretation was not taken into a

ount. The Eq.(3.5)exhibits the 
onvergen
e of the map (B; �) !(�; 
), sin
e � < 1 in the regionabove the separatrix: in the latter region Eq.(3.5) provides a 
onvergentexpansion of the solution.4 Hyperboli
 CoordinatesMotions with initial 
oordinate �(0) 6= 0 also admit a rather simple repre-sentation. Remark that all pendulum motions with _� > 0 (hen
e di�erentfrom the two equilibria) pass at some time through a phase spa
e pointwith � = 0. If _� is their velo
ity at that moment we 
an �nd a quantity �su
h that _�; � are given by Eq.(3.5) with 
 = Æ = 1 Therefore they 
an berepresented, at least as long as U > 0; _� > 0 by introdu
ing the dimension-less variables q0 = 
p�; p0 = Æp� and allowing Æ; 
 to be arbitrary. Thenthe motions will be t ! (p0eg0t; q0e�g0t) showing that the motion 
an berepresented by the following two fun
tions,S0 =4 1Pm=0 ( ar
tan((p0q0)m q0)� ar
tan((p0q0)m p0));R0 =4I g0 1Pm=0 ( (p0q0)mp01+((p0q0)m p0)2 + (p0q0)mq01+((p0q0)m q0)2 ) (4.1)
5



The motions t ! (p0eg0t; q0e�g0t) solve the equations of motion if p0; q0 (i.e.
; Æ) are positive. But the equations of motion are analyti
, hen
e the formu-lae Eq.(4.1) together with t! (p0eg0t; q0e�g0t), with g0 = g0(p0q0), give solu-tions of the pendulum equations independently of the sign of p0; q0, providedthe series 
onverge. The 
onvergen
e requires jp0q0j < 1: whi
h representsmany data, in parti
ular those in the vi
inity of the separatrix.Hen
e in the domain where jp0q0j < 1 the motion is linearized in thesense developed in [5℄ but it is not yet in symple
ti
 
oordinates.The 
oordinates 
an be 
alled \hyperboli
" being suitable to des
ribemotions near the separatrix (where p0q0 = 0). We also see that time evolu-tion preserves both volume elements dBd� and dp0dq0; whi
h means that theJa
obian determinant �(B;�)�(p0;q0) must be a fun
tion 
onstant over the traje
to-ries, hen
e a fun
tion D(x0) of x0 def= p0q0. Note that D(x0) has dimension ofan a
tion.It is then possible to 
hange 
oordinates setting p = a(x0)p0; q = a(x0)q0and 
hoose a(x) so that the Ja
obian determinant for (B; �) !(p; q) is � 1.A brief 
al
ulation shows that this is a
hieved by �xinga2(x0) = 1x0 Z x00 D(y)dy; (4.2)whi
h is possible for x small be
ause, from Eq.(3.5) and (2.2), it is D(0) =32Ig > 0. Therefore the variables, whi
h will have the dimension of a, hen
eof a square root of an a
tion,p = p0 a(x0); q = q0 a(x0); (4.3)have Ja
obian determinant 1 with respe
t to (B; �) and the map (B; �) !(p; q) is area preserving, hen
e 
anoni
al. The Hamiltonian Eq.(1.2) be
omesa fun
tion U(x) of x = pq and the derivative of the energy with respe
t to xhas to be g0(x0) (be
ause the p; q are 
anoni
ally 
onjugated to B; �). Notethat x has the dimension of an a
tion, while p; q are, dimensionally, squareroots of a
tion.This allows us to �nd D(x0): by imposing that the equations of mo-tion for the (p; q) 
anoni
al variables have to be the Hamilton's equationswith Hamiltonian U(x) def= U(x0) � H(B; �) it follows that dU(x)dx = g0(x0),i.e. dU(x0)dx0 dx0dx = g0(x0) or dU(x0)dx0 = g0(x0)( ddx0 (x0 a(x0)2)) = g0(x0)D(x0) bythe above expression for a(x0). The just obtained relation, together withEq.(2.2), gives 6



D(x0) = g0(x0)�1 ddx0U(x0) (4.4)whi
h is an expli
it expression for the Ja
obian �(B;�)�(p0;q0) � �(R;S)�(p0;q0) = �(p;q)�(p0;q0)(note that the Ja
obian between (B; �) and (p; q) is identi
ally 1 by 
on-stru
tion). Eq.(4.4) is dimensionally 
orre
t be
ause x0 is dimensionless sothat U(x0) has the 
orre
t dimension (i.e. energy).The fun
tion U(x0) is in Eq.(2.7) where k2 = h02h2 , by Eq.(2.1), is relatedto x0 = �(h) by Eq.(2.2), so that [1, (8.197.3),(8.197.4)℄,U(x0) = 2g2I 1k2 = 2g2I h2h02 = 32Ig2x0 1Yn=1� 1 + x02n1� x0(2n�1)�8 (4.5)To 
omplete the determination of the 
anoni
al hyperboli
 
oordinates itremains to �nd an expression forD(x0);U(x) in terms of the ellipti
 fun
tionsto obtain the 
anoni
al variable and the Hamiltonian in 
losed form (ratherthan as power series as done so far).5 Determination of the Ja
obian. RemarksIt is remarkable that the fun
tion a2 de�ned above, hen
e su
h that D(x0) =ddx0 (x0 a2(x0)), seems to be simplya2(z) = 8I ddz g0(z); (5.1)in a 
ommon holomorphy domain, for both sides, around z = 0. This issuggested by the agreement of the �rst 200 
oeÆ
ients of the expansion ofthe two sides in powers of z: however this is not a proof and the relationEq.(5.1) holds be
ause it 
an be seen to be equivalent to an identity on ellip-ti
 fun
tions, as dis
ussed in Appendix B below, or it 
an be independentlyderived from symple
ti
 geometry, as dis
ussed in Appendix A below.Remarks: (1) The expansion of D(x0) in powers of x0 
an be derived fromEq.(4.5),(2.6), while that of a2(x0) is obtained from Eq.(5.1) and, again,Eq.(2.6).(2) It is perhaps natural to guess that the fun
tion a(x0)2 should be 
loselyrelated to g0(x0); this is a guide to its determination as it be
omes, then,natural to look for it among the derivatives of g0 with respe
t to x0. Bydimensional analysis all x0-derivatives of Ig0 have the same dimension as a2.7



Looking also at the derivatives of g0 as 
andidates for a2 is an idea due to oneof us (PG). This follows a similar line of thought whi
h led to a 
onje
tureon the 
anoni
al integrability of the \Calogero latti
e", [6℄, whose proof wasdis
overed in two subsequent works [7℄ and [8℄.Other pe
uliarities are, setting 32Ig = 1; g = 1,(1) The fun
tion g0(x0); U(x0), hen
e ddx0 g0(x0);D(x0), have Taylor 
oeÆ-
ients in powers of x0 whi
h are all positive integers as it follows from therelations Eq.(4.5) and Eq.(2.6), while U(x) � x seems to have alternatingsign Taylor 
oeÆ
ients:U(x)� x = 2x2 � 4x3 + 20x4 � 132x5 + 1008x6 + : : : (5.2)where U(x) is obtained by power series inversion of x = x0a(x0)2 and fromU(x) = U(x0) together with Eq.(4.5).(2) The fun
tion U(x0), energy of the pendulum expressed as a fun
tion ofx0, has also the formU(x0) = 32Ig20 [p0Ux0(p0) + q0Vx0(q0)℄[p0Vx0(p0) + q0Ux0(q0)℄ def= x0 f(x0) (5.3)whi
h, remarkably, has by Eq.(4.5) to depend only upon x0, and have theform x0f(x0) for some f . This is not a priori evident, unless the me
hani
alinterpretation is kept in mind, from the expressions found for U; V , namelyUx0(z) = 1X̀=0 x02`1 + (x02`z)2 ; Vx0(z) = 1X̀=0 x02`+11 + (x02`+1z)2 ; (5.4)(3) Existen
e of an analyti
 
anoni
al map integrating, near the hyperboli
point, the system with energy Eq.(1.1) into one with Hamiltonian U(pq) =g pq + O((pq)2) is well known: it 
an be established without an expli
it
al
ulation by perturbation analysis, see [3, Appendix A3℄, for instan
e .Appendi
esA A dedu
tive proof of Eq.(5.1)A �rst proof for this formula 
an be based dire
tly on the equalities onsymple
ti
 forms: 8



dB ^ d� = D(�)dp0 ^ dq0 = dd� [�a(�)2℄dp0 ^ dq0: (A1)In prin
iple, the 
omputation of dS0(p0; q0)^dR0(p0; q0) should provide thevalue of the fun
tion D. But the 
omputation gets too involved. The idea isto 
ompute only the 
lass of the volume forms in the relative 
ohomology ofthe fun
tion � = p0q0. This type of 
omputation is well-known in the theoryof limit 
y
les of plane ve
tor �elds [9℄, [10℄ but is perhaps more novel in the
ontext of Hamiltonian dynami
s.Re
all that any holomorphi
 2-form �(p0; q0)dp0 ^ dq0 has a unique de-
omposition �(p0; q0)dp0 ^ dq0 =  (�)dp0 ^ dq0 + d� ^ d�: (A2)Remark that the fun
tion  (�) = P1n=0 �nn(p0q0)n is obtained from�(p0; q0) = P1n;m=0 �nmp0mq0n by 
olle
ting all terms in the series of equalexponents for both variable p0 and q0 and � =P1n 6=m=0 �nmp0nq0mm�n . This is a
onsequen
e of the identityp0nq0mdp0 ^ dq0 = d(p0q0) ^ d(p0nq0mm� n): (A3)by linearity.The 
lass of 
ohomology of the 2-form �(p0; q0)dp0 ^ dq0 relative to thefun
tion � is de�ned as the quotient of the holomorphi
 2-forms modulo the2-forms of type d� ^ d� for � holomorphi
. It is 
onveniently representedby  (�)dp0 ^ dq0 (or equivalently by the fun
tion  (�)). In the lo
al versionnear an isolated singularity, this is a very spe
ial 
ase of a general theorydue to Brieskorn and Sebastiani, [11℄.There is another equivalent representation of the 
ohomology 
lass of a2-form �(p0; q0)dp0 ^ dq0. Write�(p0; q0)dp0 ^ dq0 = d[f(p0; q0)p0q0!℄; (A4)with ! = 12dlog(q0p0 ) = 12 [dq0q0 � dp0p0 ℄: (A5)Then this yields: �(p0; q0) = f(p0; q0) + 12(p0 �f�p0 + q0 �f�q0 ); (A6)9



whi
h de�nes a 1 � 1 linear 
orresponden
e between Pm;n �mnp0mq0n andPm;n fmnp0mq0n by �mn = fmn[1 + 12(m+ n)℄: (A7)Remark that this 1-1 transformation de�nes by restri
tion a 1-1 
orrespon-den
e between  (�) = P�nn(p0q0)n and F (�) = P fnn(p0q0)n. In otherwords, the 
ohomology 
lass of the 2-form �(p0; q0)dp0 ^ dq0 is uniquely de-�ned by the fun
tion F (�) or equivalently by  (�).The appli
ation to our problem of �nding an expression for a(�) 
an beimplemented by remarking thatD(�)dp0 ^ dq0 = dd� [�a(�)2℄dp0 ^ dq0 = dd� [�a(�)2℄d� ^ ! = d[�a2(�)!℄: (A8)So that, by Eq.(A1), the 
ohomology 
lass of the symple
ti
 form dB ^ d�with respe
t to � (i.e. D(�)) 
orresponds to the fun
tion a(�)2 via Eq.(A7),and we 
an use the formulae Eq.(3.1) to 
ompute it.The symple
ti
 form 
an be writtendB ^ d� = dR0(p0; q0) ^ dS0(p0; q0) = d[R0(p0; q0)dS0(p0; q0)℄; (A9)and this yieldsR0(p0; q0)dS0(p0; q0) = 16Ig0(�)� f+1Xm=0[ (p0q0)mp01 + ((p0q0)mp0)2 + (p0q0)mq01 + ((p0q0)mq0)2 ℄g� f+1Xl=0[ (p0q0)ldq01 + ((p0q0)lq0)2 � (p0q0)ldp01 + ((p0q0)lp0)2 ℄g (A10)modulo d(p0q0).In this double sum, it is 
onvenient to �rst isolate the terms 
orrespond-ing to both l = m = 0 �nding;16Ig0(�)[ p01 + p02 + q01 + q02 ℄[ dq01 + q02 � dp01 + p02 ℄= 16Ig0(�)[ p0dp0(1 + p02)2 � q0dq0(1 + q02)2 + p0dq0 � q0dp0(1 + q02)(1 + p02) ℄: (A11)10



The term 16Ig0(�)[ p0dp0(1 + p02)2 � q0dq0(1 + q02)2 ℄ (A12)gives 0 in the relative 
ohomology. The term16Ig0(�) p0dq0 � q0dp0(1 + q02)(1 + p02) = 32g0(�) p0q0(1 + q02)(1 + p02)! (A13)
ontributes with 32Ig0(�)p0q0 +1Xi=0(p0q0)2i!; (A14)and hen
e 32Ig0(�) 11� (p0q0)2 ! (A15)in 
al
ulating the relative 
ohomology by Eq.(A4),(A7).The other terms of the double sum 
an be writtenXl;m;l+m�1( (p0q0)l+mf1 + [(p0q0)mp0℄2gf1 + [(p0q0)lq0℄2g+ (p0q0)l+m�1q02f1 + [(p0q0)mq0℄2gf1 + [(p0q0)lq0℄2g)p0dq0� Xl;m;l+m�1( (p0q0)l+mf1 + [(p0q0)mp0℄2gf1 + [(p0q0)lq0℄2g+ (p0q0)l+m�1p02f1 + [(p0q0)mp0℄2gf1 + [(p0q0)lp0℄2g)q0dp0; (A16)
hen
e they have the form:P (q0; p0)p0dq0 +Q(q0; p0)q0dp0 =�(q0; p0)(p0dq0 + q0dp0)+ �(q0; p0)(p0dq0 � q0dp0); (A17)with � = P+Q2 , � = P�Q2 . Noti
e then that the term �(q0; p0)(p0dq0 + q0dp0)gives 0 in relative 
ohomology. The term �(q0; p0)(p0dq0 � q0dp0) yields:11



8Ig0(�) Xl;m;l+m�1(p0dq0 � q0dp0)� � 2(p0q0)l+mf1 + [(p0q0)mp0℄2gf1 + [(p0q0)lq0℄2g+ (p0q0)l+m�1q02f1 + [(p0q0)mq0℄2gf1 + [(p0q0)lq0℄2g+ (p0q0)l+m�1p02f1 + [(p0q0)mp0℄2gf1 + [(p0q0)lp0℄2g�: (A18)
The series formed by the addends(p0q0)l+m�1q02f1 + [(p0q0)mq0℄2gf1 + [(p0q0)lq0℄2g+ (p0q0)l+m�1p02f1 + [(p0q0)mp0℄2gf1 + [(p0q0)lp0℄2g (A19)does not 
ontain any monomials with equal exponents for both p0 and q0,hen
e it does not 
ontribute to the relative 
ohomology. The only term leftis8Ig0(�) Xl;m;l+m�1( 2(p0q0)l+mf1 + [(p0q0)mp0℄2gf1 + [(p0q0)lq0℄2g)(p0dq0 � q0dp0) (A20)whi
h 
ontributes16Ig0(�) Xl;m;l+m�1 �l+m +1Xi=0 �[2(l+m)+2℄i(p0dq0 � q0dp0)= 16Ig0(�) Xl;m;l+m�1 �l+m1� �2(l+m)+2 (p0dq0 � q0dp0): (A21)This last double sum 
an be 
omputed using new indi
es l and k = l +mand this yields 16Ig0(�) +1Xk=1 kXl=0 �k1� �2(k+1) (p0dq0 � q0dp0): (A22)This 
ontributes to the relative 
ohomology, in the 
orresponden
e Eq.(A7),32Ig0(�) +1Xk=1 (k + 1)�k1� �2(k+1) �!: (A23)12



After adding the 
ontribution from the l = m = 0 term and 
hanging k + 1into k, this yields 32Ig0(�) +1Xk=1 k�k�11� �2k !: (A24)Finally one should noti
e that the logarithmi
 derivative of g0 
an be ex-pressed, as 
ommented after Eq.(2.6), bydg0(�)d� = 4g0(�) +1Xk=1 k�k�11� �2k ; (A25)leading to the equality, re
alling Eq.(A8):a2(�) = 8I dg0(�)d� : (A26)B Alternative proof of Eq.(5.1) via an identity be-tween ellipti
 fun
tionsAlternatively the formula 
an be redu
ed to a well known identity betweenellipti
 fun
tions.CallingE(k) = R �20 (1�k2 sin2 �) 12d� it isE(h) = hh02 dK(h)dh +h02K(h), see[1, (8.123.2℄, and E(h)K(h0) +E(h0)K(h)�K(h)K(h0) = �2 , see [1, (8.122℄;the latter \Legendre's relation", [4, p.520℄, 
ombined with dh0dh = � hh0 yieldsthe identity h0h2�K(h)dK(h0)dh0 �K(h0)dK(h)dh0 � = �2 : (B1)This 
an be used to obtain an expression for d log x0dh : keeping in mind x0 =e��K(h0)=K(h) it is d log x0dh0 = ��( 1K(h) dK(h0)dh0 � K(h0)K(h)2 dK(h)dh0 ) whi
h is trans-formed into d logx0dh0 = log x0 ( 1K(h0) dK(h0)dh0 � 1K(h) dK(h)dh0 ).Form Eq.(B1) it follows, therefore,ddh0 log x0 = �2 log x0h0h2K(h)K(h0) ddh log x0 = ��2 log x0hh02K(h)K(h0) : (B2)and the 
orresponding derivatives with respe
t to h are obtained by multi-plying both sides by � hh0 . 13



To establish Eq.(5.1) 
onsider the relation,ddhnhh02 dK(h)dh o� hK(h) = 0 (B3)see [1, (8.124.1℄. This implies by simple algebra, and keeping in mind thathh0 = �dh0dh , the following identityhK(h) = h03 ddh�hh02(� 1h0 ddhK(h) + hh03K(h))� (B4)whi
h is a known linear equation, solved by K(h). This 
an be rewritten,sin
e hh0 = �dh0dh , ashh03 K(h) = ddh�hh02(� 1h0 ddhK(h)� 1h02 dh0dhK(h))�= ddh�hh02K(h)2 ddh 1h0K(h)� (B5)Remarking that 2hh04 � ddh h2h02 , Eq.(B5) implies, multiplying both sides by2h0K(h) , ddh ( hh0 )2 = 2h0K(h) ddh�hh02K(h)2( ddh 1h0K(h) )�= 2�h0K(h) ddh�hh02K(h)K(h0)�K(h0)=K(h) ( ddh 1h0K(h) )� (B6)and by the �rst of Eq.(B2) multiplied by dh0dh = � hh0 this is, using k2 = h2h02ddh 1k2 = �2h0K(h) ddh� dhd log x0 ( ddh 1h0K(h) )�= �2h0K(h) ddh�x0 ddx0 1h0K(h)� (B7)and multiplying by 2Ig2 dhdx0 it follows2Ig2 ddx0 1k2 = 8I �g2 1h0K(h) ddx0 (x0 ddx0 �g2 1h0K(h) ) (B8)and setting a(x0)2 def= 8I ddx0 �g2 1h0K(h) � 8I ddx0 g0(x0) the last relation isddx0U(x0) = g0(x0) ddx0 (x0a(x0)2) so that Eq.(4.4) and Eq.(4.2) imply Eq.(5.1).
14



C Pendulum at the stable equilibrium: a
tion-angle 
oordinatesFrom the above results it is straightforward to �nd the 
anoni
al transfor-mation that 
onverts the pendulum Hamiltonian in its normal form aroundthe stable equilibrium point. The Hamiltonian is now given by Eq.(1.1)with the substitution: g = igs. It is natural to de�ne ks = ik in order touse the same set of equations from the unstable 
ase. The system energy isthen Us = 2g2s=k2s and large values of ks 
orrespond now to small os
illationsaround the equilibrium point.Finally, it is 
onvenient to de�nek0s =q1� k2s ; h0s(ks) = kspk2s � 1 ; hs = q1� h0s2h0(k) = 1h0s(ks) ; h(k) = ihs(ks)h0s(ks) (C1)and one �nds: g(s)0 (hs) = � ig0(h) = �2 gsK(hs)x0s(hs) = e��K(h0s)=K(hs) = �x0(h) (C2)where we have used [1, (8.128)℄.With these 
onventions, and going through 
omputations similar to theones performed to study the unstable point, the relations found for the latter
an be 
onverted into the 
orresponding ones for the equilibrium point.In parti
ular, by 
hoosing p0 = px0s 
os(g(s)0 t) and q0 = px0s sin(g(s)0 t) thetransformation given by Eq.(4.1) is now:S0s =4i 1Pm=0(�1)m( ar
tan((p02 + q02)m (p0 + iq0))� ar
tan((p02 + q02)m (p0 � iq0)));R0s =� 4I g(s)0 1Pm=0(�1)m( (p02+q02)m(p0+iq0)1�((p02+q02)m (p0+iq0))2+ (p02 + q02)m(p0 � iq0)1� ((p02 + q02)m (p0 � iq0))2 ) (C3)
where the relation R0s = g(s)0 I(p0�q0 � q0�p0)S0s holds. And the energy 
an bewritten (see Eq.(4.5)):Us(x0s) = 2g2sI 1k2 = 32Ig2sx0s 1Yn=1� 1 + x02ns1 + x0(2n�1)s �8 (C4)15



The transformation (B; �) ! (p0; q0) is not 
anoni
al. The 
anoni
alvariables, (p; q), 
an be found by looking for a fun
tion as(x0s) (whi
h de-pends on the 
onstant of motion x0s) su
h that (p; q) = (as(x0s)p0; as(x0s)q0)and the Ja
obian of the transformation is one. It is, as in the hyperboli

ase, a2s(z) = �16I ddz g(s)0 (z); (C5)Finally, the normal form of the Hamiltonian now reads:Us(x) = 32Ig2s W ( x64Igs ) (C6)where W (z) = z (1� 2z � 4z2 � 20z3 � 132z4 � 1008z5 : : :) (C7)whi
h 
an be 
ompared with the hyperboli
 
ase expression Eq.(5.2):U(x) = �32Ig2W (� x32Ig ) (C8)A
tion-angle 
oordinates (A;�) 2 R+�T around equilibrium are relatedto (p; q) by p = p2A 
os�; q = p2A sin�.Referen
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