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We prove the Lee-Huang-Yang formula for the ground state energy of the 3D Bose gas with repul-
sive interactions described by the exponential function, in a simultaneous limit of weak coupling and
high density. In particular, we show that the Bogoliubov approximation is exact in an appropriate
parameter regime, as far as the ground state energy is concerned.
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I. INTRODUCTION

We consider a three dimensional system of N interacting bosons in a cubic (periodic) box A
of side length L, described by the Hamiltonian:

N
Q,
HN:fZAiJrR—% ST g (xi—xy). (1.1)
=1

0 1<i<j<N

Here x; € A, i =1,..., N, are the positions of the particles, and A; denotes the Laplacian with
respect to x;. Units are chosen such that i = 2m = 1, where m is the mass of the particles. The
interaction potential is taken to be vg,(X) = > ss e~ xtnLl/Ro and ay and Ry are positive
constants. The Hamiltonian (1.1) operates on symmetric wave functions in the Hilbert space
L?(AVN dx; ---dxy), as is appropriate for bosons.

We are interested in the ground state energy Eo(N) of (1.1) in the thermodynamic limit when
N and |A| tend to infinity with the density p = N/|A| fixed, and in a weak coupling regime
ag K min{p’l/ 3 Rp}. The constant ag is the first Born approximation to the scattering length
a of the potential (ag/R3)e~1*I/Fo  which is defined as usual as a = limy| o |x|(1 — ¥o(x)),
with g a solution to the zero energy scattering equation

aog _ x
—2A¢(x) + R I/ Roy(x) = 0 (1.2)
with boundary condition lim|y o % (x) = 1. It is well known that, if ag/Ro < 1, a/ag can be
written in terms of a convergent series in powers of ag/Ry (Born series), which will be denoted
by a = ag + Zk21 ay, and whose first non-trivial term is given by

1 v(k)? 57 a3
S dk = T% 1.
BUR DY /Rs K2 16 Ro ’ (1.3)
where
ao —|x|/Ro ,—ikx 87Ta0
v(k) = —/ dx e~ 1Xl/foe = (1.4)
RS Jeo [1+ (kRo)?]?

The current understanding of the properties of the ground state of (1.1) is based on the
pioneering work of Bogoliubov [1], who developed an approximate theory of the ground state
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of weakly repulsive bosons. In the regime 1> a/Ry > /pa® > (a/Ry)?, Bogoliubov’s theory
predicts [7] that the ground state energy Eo(N) of (1.1) in the thermodynamic limit N, |A| — oo,
with p = N/|A| fixed, satisfies

Eo(N) 4 <1+128 a3+0(m)> . (1.5)

i
NijAlbso N 157 VP

This formula was first derived in [2] and it is known as the Lee-Huang-Yang formula. Our
goal is to prove that the expression (1.5) is asymptotically correct in a regime such that
a < p~ /3 <« Ry, that is a weak coupling and high density regime. We shall prove the following
theorem.

Theorem 1. Let Y = pa®. There exists a positive constant dy, which can be chosen to be
do = 1/69, such that, if 0 < d < dy and a/Ry = O(Y/2=9) then (1.5) is valid, asymptotically
as'Y — 0.

This result represents the first rigorous proof of the Lee-Huang-Yang formula for the ground
state energy of a weak-coupling Bose gas. We note that for d < 1/6, R3p > 1 and hence
Theorem 1 concerns the high density regime. Our result is not expected to be optimal. In fact,
the formula (1.5) is expected to hold even for d = 1/2, i.e., for a/Ry fixed and pa® — 0 [2], but
the Bogoliubov approximation is not valid in this case. The prediction of Bogoliubov’s theory
is that (1.5) should be valid for any 0 < d < 1/4, i.e., in the regime a/Rgy > +/pa3 > (a/Ry)?.
The latter condition is necessary in order that a &~ ag + a; to the desired accuracy (i.e., up
to error terms that are much smaller than agpy/pag), and the former is certainly needed since
Eo(N)/N < 4dmwpag (i.e., the right side of (1.5) must be equal to 47 pag plus a negative correction,
which requires |a1| > ag+/pad).

For simplicity, we shall restrict our attention to interaction potentials given by the exponential
function. Our proof can be adapted to a larger class of potentials, including the Yukawa
potential. In our proof, however, we need the potential to be positive definite, with a Fourier
transform satisfying nice decay properties as |k| — oo (e.g., polynomial decay), and our proof
does not immediately extend beyond this class. Such restrictive condition is not supposed to
have any physical relevance, of course, and (1.5) should hold for much more general repulsive
potentials. We hope that the technical restrictions under which we proved Theorem 1 will be
eliminated in future works [8].

The proof of Theorem 1 will proceed in two steps: we will get upper and lower bounds with
the correct asymptotic form. The proof of the upper bound is based on a computation of
the variational energy corresponding to the Bogoliubov trial wave function, following ideas of
Girardeau and Arnowitt [5], see the next section.

The strategy of the proof of a lower bound will follow closely the one of Lieb and Solovej in
[6], where the ground state energy of bosonic jellium was investigated. We shall first localize
the Hamiltonian in boxes of size ¢. Using the positivity of the Fourier transform of the ex-
ponential interaction, we shall derive a preliminary estimate on the ground state energy and,
correspondingly, on the degree of condensation in the small boxes. With this a priori bound
on the number of particles n outside the condensate, we shall be able to bound from below
the full Hamiltonian by the Bogoliubov Hamiltonian minus an error term, depending on the a
priori bound on ny. The key point is that it is possible to find a scaling regime for ag and Ry
such that the new error term is much smaller than the preliminary one, as Y — 0. With this
improved bound on the ground state energy we shall obtain new improved bounds on the size
of fluctuations of n, that, in combination with the bounds for the ground state energy, will
allow us to conclude the desired lower bound.



II. THE UPPER BOUND

Let us first derive an upper bound to the ground state energy, asymptotically agreeing with
(1.5). In second quantized form, the Hamiltonian Hx can be rewritten as:

HN = Zk2 kCk + = 2|A| Z Ck+p q kaCq s (21)
k

k,q,p

where the sums run over vectors of the form 27v/L, v € Z3, and CI{, cx are standard bosonic
creation and annihilation operators, associated with the canonical basis of plane waves (for an
introduction, see, e.g., [7]). Following [5], we choose the following variational state, inspired by
Bogoliubov’s approximate treatment of the weak coupling Bose gas:

Q5.3) —exp{ > 6 (G5 ox — foa) i) (2.2)
k£0

where:
1) |Qn) = (N)=12(c)N|0) is the ground state for N non-interacting particles;
2) the operator ay is the pair annihilation operator ay = cxc_x;

3) if we denote by Ng = C(T)CO the number operator associated to the constant wave function,
0o is the partial isometry defined by

BY? = coNGV2 g = (B = NV (2.3)
having the properties
Boln) = On—2) (N2>2),  BION) =5 10n) = [Qns2) .

[ﬂ(],NO} == 2/60 5 [ﬂalaNO] = 72ﬁ(;1 )
[Bo, e = [Bo,c] =0 (k#0); (2.4)

4) 1 is a continuous function from R® to R.
Note that [Qp, n) is normalized, and that the particle number is equal to N. The variational
principle implies the upper bound

Eo(N) < {(Qpn|Hn|QBN) - (2.5)

Following [5], after a lengthy but straightforward computation, we find that in the thermody-
namic limit

) 1 1 B 1 )
lim N<QB,N|HN|QB,N> = 5/)1/(0) +p 1/ {kQ + pov(k) + §Ig(k) sinh? ¥(k)

N—oo

dk
(2m)?
s / (iﬁ‘)g{poy(k) — %Il(k)] sinh (k) cosh (k) , (2.6)

where:

d
= [ oy sini® vla)

2n)?
(k) = [ vl = a)sinh () cosh(a)
B(k) = [ vl a)sink v(a) (2.7)

Choosing (k) = 4 tanh ™! kzp:(lljzk we find that

1k2 + pr(k) — Vk?* + 2pv(k)k?

.12 o
sinh” ¢ (k) = 5 Kt 200 (K2 ;

. 1 pv(k)

sinh ¢ (k) cosh (k) = NS (2.8)
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Recall that v(k) is given in (1.4), and that a/Ry = O(Y''/?2~%). A simple calculation shows that

po = p(1+O(\/pa?)) (2.9)

for any d > 0. Moreover, we have the bounds
1, (k)| < Cpag 2 ! I>(K)| < Cpagy/ pas ! (2.10)
1 = 0 T T o 2 < 0 0 .
Ro [1 + (kRo)2)? 11+ (kRo)?)?
for a suitable constant C'. Substituting these bounds into (2.6) we find that

I 1
im —
4dmpay N—oo N

-1 1 /RS (Qd:);; (k2 + pr(k) — W) + o(/pad®)

- 2mplag

(Qp,N|HN|B,N) = (2.11)

for 0 < d < 1/4. A computation [7] shows that for d > 0 the integral on the right side equals

ap | 128 -
—_ 4+ — . 2.12
g\ e+ olVpe?) (2.12)

Noting that a/(ag + a1) = O(ao/Ro)? < Y'/2 for d < 1/4 this yields the desired result.

Remark. The upper bound we have just derived yields the desired expression for any
0 < d < 1/4. By suitably modifying the trial function (k) above, one can actually show that
the upper bound holds for any 0 < d < 1/2 [3]. For d = 1/2, however, the ansatz (2.2) can not
be expected to yield the Lee-Huang-Yang formula, even for the optimal choice of ).

IIT. THE LOWER BOUND

We shall split the lower bound into several parts. The strategy is similar to the proof of the
lower bound on the ground state energy of jellium by Lieb and Solovej in [6], and we shall refer
to their paper for several essential ingredients.

A. Sliding and localizing

We start by rewriting (1.1) in the form

N
Qa
H;V:HN—47TNpa0: _ZA1+R7%|: Z URO(Xi_Xj)_ (31)
i=1 0 "1<i<ji<N

N 9

p
_pE /dyvoxi—y —&-—// dxdyvr,(x—y)| ,
= n ) 2 JJaxa n )}

with p = N/|A|. We shall use the sliding method of [4] to reduce the problem to a small box.

Let t, with 0 < ¢t < 1/2, be a parameter which we shall choose later to depend on p in
such a way that ¢ — 0 as pR3 — oo. Let x € C5°(R?) be supported in [(—=1 +¢)/2, (1 —t)/2]*,
0 < x < 1, with x(x) = 1 for x in the smaller box [(—1 + 2¢)/2, (1 — 2t)/2]°, and x(x) = x(—x).
Assume that all m-th order derivatives of x are bounded by C,,t~™, where the constants C,,
depend only on m and are, in particular, independent of . If M € N and £ = M 1L, let x,(x)
be a function on the torus A defined by x¢(x) = >, c,s x(¢7'(x + nL)). For given x we also
define v > 0 by v~ ! = [x(y)*dy, and note that 1 < v < (1 — 2¢)~3. We shall prove the
following.



Lemma III.1 Let EtR_ be large enough There exists a function of the form w(t) =
constt ' Ro /¢ such that if we set R~1 = Ry'' +w(t)/¢ and

wh(x,y) = xe(x)vr(x — )X (y) (3.2)

then the potential energy satisfies

S onx pZ/dvao D+ [[ixdyon -y (33)

1<i<j<N

YR / dz
> 5 Z
Ro m 1<z<j<N

1
+7p2// dxdywj\z(x—kz,y—kz)}—N
2 AXA

where Qm is a cube of side length { and centered at m/ (so that the collection {Qm}mep,..., M]3
paves the torus A).

ﬁ<xi+z,xj+z>—pZ/Adyw%<xj+z,y+z>+
J

wt) R — const N2e~L/(2R) ,

The proof of Lemma III.1 utilizes the following lemma, whose proof will be given after the
proof of Lemma III.1. An analogous result for the Yukawa interaction potential was proved in
[4, Lemma 2.1].

Lemma IIL.2 Let K : R® — R be given by

K(z) = e7 (1 e h(z)) (3.4)

with v > w > 0. Let h satisfy (i) h is a C® function of compact support; (ii) h(0) = 1; (iii) all
its m-th order derivatives, 1 < m < 6, are bounded by Ct'=™ for some constants C > 0 and
t > 0. Assume further that h(z) = h(—2) so that K has a real Fourier transform. There exists
a constant Cy (depending only on C but not on t, w or v) such that, if min{l,w}vt > Cy, then
K has a positive Fourier transform.

Proor or LEMMA III.1. We calculate

R dz
i / 75 wh(xtzytz)= (3.5)
0 me(l,..., M]3 m
R dz R
:'JY%—O/A EXE(X-FZ)UR(X—y)XZ(y—f—Z) = Fohf(x_Y)UR(X—y),

where we have set hy = v £~3 y; * x¢. Note that hy(x) vanishes if ||x|| > ¢, so we can naturally
introduce a function h : R® — R of compact support and vanishing outside the cube of side
2 centered at the origin, such that he(x) = >, c,s (¢~ (x +nL)). Note that: (i) h(0) = 1;
(ii) h has a quadratic maximum at z = 0; (iii) & is an even C'* function of compact support;
(iv) all m-th order derivatives of h, m > 1, are bounded by C,,t'~™, where the constants
C,n, depend only on m and are, in particular, independent of ¢. The function h thus satisfies
all the hypothesis of Lemma III.2. Note also that the role of ¥ and w in Lemma III.2 are
here played by ERgl and w(t) respectively. So, if w(t) > C1Ro¢~1t~1, where C} is the constant
appearing in the statement of Lemma III.2, we then conclude from it that the Fourier transform
of the function K (x) = e~ XI/Fo — p(¢=1x)e~XI/B(R/Ry), is positive. Now, defining K*(x) =
> nezs K(x+nL) and (x) = vg, (x) — he(x)vr(x)(R/Ro), we note that ¢(x) = K*(x) + R(x),
with |R(x)| < const e~ (F=0/R_ Because of positivity of the Fourier transform of K,

> elxi—x)) PZ/ 29 //R3XR3 p(x —y)dxdy >

1<i<j<N

N
> —EKA(O) — const N2e=(E=0O/8 (3.6)



Since K*(0) < Rw/¢ + const exp(—L/Ry) this implies (3.4). m

PROOF OF LEMMA II1.2. We write h(z) = 1+ ¢(z) + F(z), where ¢(z) is an even polynomial
of degree 4 that vanishes at the origin, and F(z) < Ct°|z|®. The Fourier transform of =12 —
e~w+lzl /(1 4 w/v) is given by

8T 8Ty 4871w
5 — 5 > - (3.7)
@2 +p?)°  (v+w)?+p?)° (v +w)?+p?)
Moreover, the Fourier transform of g(z)e~(*+<)I7l is
) 8m(v +w
(V) ) (3.9

(v +w)? +p?)°
whose absolute value, if vt > Cj, can be bounded above by const - vt~1[(v + w)? + p?|~3
(here we used that ¢ is assumed to be even and that its m’th order coefficients are bounded
by Ct'~™). Finally, we claim that the Fourier transform of F(z)e~ )7l is bounded by
const - v 3t 5[(v + w)? + p?] 3. To see this, note that F(z)e”#+«)I7l is a C® function, and
hence

((V +w)?+ p2)3 / F(z)e_(""'”)‘zle_ip‘zdz = / {((1/ +w)? — A)

’ F(z)e_(”'“")lzq e Pidy.

(3.9)
It is not difficult to see that the latter integral is bounded by Ct=°v~3. After collecting all the
terms, we arrive at the statement of the lemma. ®

Below, we shall choose the parameters ¢ and ¢ as functions of p, Ry and ag. We shall choose
them in such a way that t < 1 and ¢ > Ry. Moreover, we will have conditions of the form

0t ag w(t) 1 R
= a0, = - 0, and — —1 3.10
Ry R L pagy/pal Ry (3:10)
as paj — 0, such that the error in the specific ground state energy corresponding to the term
Nw(t)R/(2¢) in (3.4) is much smaller than Npag+/pa3, which is the precision to which we want

to compute the ground state energy.
Consider now the n-particle Hamiltonian

n
; R
Hina == 280+ T W (3.11)
j=1

where we have introduced the Neumann Laplacian Agx)n , in the cube Qm z = @m + z and the
potential

Wo(X1,. ., Xpn) = Z w%(xi—l—z,xj +z)—pZ/ dng(xj +z,y+2)
1<i<j<n j=174A
1
+=p? // dxdy wh (x +z,y +2) . (3.12)
2 AxA

Denoting by Ey, , the ground state energy of the Hamiltonian Hy, , in (3.11) considered as a

bosonic Hamiltonian for n particles confined to the cube Qm ,, and using Lemma III.1, we find
that the ground state energy Fy of (1.1) can be bounded below by

dz agw(t)R

. n ap _
Ey > 4w Npay + Z / il 1<1TrLl£NEm’z - NW — const N2ﬁe L/(2R) (3.13)
me(l,...,M)s  Qm == 0 0

Note that all the Hamiltonians Hy, , are unitarily equivalent to

(4) , JaR A - A L, A
=D AT+ [ > wR(Xqu)—p;/Adwa(vay)+2p //AxA dx dy wg, (x,y)

j=1 0 Ti1<i<ji<n
(3.14)
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where A&j) denotes the Neumann Laplacian for the j—th particle in the cube [—£/2,¢/2]3. As a
consequence, in the L — oo limit, we have reduced the problem to studying the Hamiltonians
Hp} on L?([—€/2,¢,2]3"), given by

j=1
+7aOR{ Z wr (Xi,X;) — 2":/ dy wr (x; y)+1 2// dx dy wg (x,y)
R% RAZO S p R3 RARD 2,0 R3 X R3 RS

1<i<j<n j=1

with wg(x,y) = x(x¢~ e *=YI/Ey(y¢=1). If E} is the ground state energy of H}', from (3.13)
we infer that
agw(t)R

W. (3.16)

E 1
lim WO > dmwpag + % igf Ey —

N—o00

In the remainder of this paper we shall study the Hamiltonians (3.15). For future reference,
let us finally note that in second quantized form H;' can be rewritten as

agRT1 R N 1 .
H} = Z pza;f,ap + 7R04 [5 Z wpq,,“,ai,azlaua,, —pl? Z wgpyoqaLaq + §p2£6’w00700:|
p 0 pPa,puv pa
(3.17)
where the sums over the momenta run over the values p = (p1,p2,p3) such that fp;/m €

Ly, aI,, ap are bosonic creation/annihilation operators corresponding to the orthonormal basis
Pp(x) = cpl™3/? H?:l cos (pjm=1(z; +€/2)), and the coefficients Wpq, . are defined as

pa = / / dxdy wr(%, ¥) 6p()6a(y)bu(X) 60 (y) - (3.18)

B. Scalings

Before proceeding with the proof of the lower bound, let us make a few remarks on the choice
of the parameters ag, Ry, ¢,t. We recall that our purpose is to compute the ground state energy
of (1.1) up to terms of the order Npag+/pag, asymptotically as Y = paj — 0. In the following
we shall choose ag/Ry ~ y1/2-d, ap/l ~ Yo+1/2 and t ~ Y7, where d,b and 7 are positive
scaling exponents. [Here by f ~ g we mean that C~tg < f < Cg, for some universal constant
C'.] We shall require d < 1/4. Note that the conditions b,d > 0 and d < 1/4 imply in particular
that ap < Ry < ¢ and ag/¢ < +/pa3 (two conditions that are of course necessary to be able
to neglect finite size effects due to the boxes of size £) and that ag/Ro > \/pai > (ao/Ro)? (a
condition that is necessary for the Bogoliubov approximation to be valid, as explained in the
Introduction). In order to be able to prove that the various error terms in our estimates are
much smaller than N pag+/paj we will be forced to require that b, d, T are small enough and that
they satisfy a number of inequalities, some of which will now be discussed. Such inequalities
will be satisfied by proper choices of b and 7, as long as d is small enough.

1. We require pR3 > 1, that is 0 < d < 1/6. Note that under this condition we also have
ao/Ro > pa% > (QQ/RO)S.

2. We require (/tRy "' > 1, as in (3.10), so that b+d > 7.
3. We require agRy ¢~2t~! < pag+/pa3, as in (3.10), so that 2b —d — 7 > 0.

4. Noting that the contribution from the potential energy per particle in H}' is expected
(on the basis of Bogoliubov theory) to be of order nagRy ! relative to the main term, we
require both that tagRy Y and ag(R™! — Ry ') are much smaller than \//?37 in order to
guarantee that the errors produced by the presence of 7 in front of the potential energy
and by the replacement of Ry with R are negligible. These conditions imply 7 > d and
2b+d>T.

Further requirements will be discussed below.



C. A priori bounds on n and ny

As a first step in our argument, we shall derive preliminary bounds on the number of particles
minimizing £} and on the average number of particles () outside the condensate. [Here the
operator fiy is defined, in second quantized form, as n4 = Zp 20 apap .] First of all, note that
0 > infi<,<n £, so we can restrict our attention to the values of n such that £} < 0. As
proved in the next lemma, such values of n cannot be too small, namely they all satisfy n > cpf3
for a suitable constant c. We can thus assume, without loss of generality, that n > cpf3 in the
following.

Lemma IIL.3 If ¢/R and t~! are large enough, then H} >0 if n < pl3/4.

ProoF. From the definition of H} we see immediately that

N 'ya R ~yaoR*
H} > 0 Z/dwa Xi,¥) +%// dxdywg(x,y)| > 2« 13‘01 (f4np+p2€3),

(3.19)

where we used that sup, [wgr(x,y)dy < 87R? and that, for //R and t~! large enough,
[ dxdywg(x,y) > 4w R3¢3. This proves the lemma. ®

A similar argument allows us to get a preliminary bound on the average number of particles
outside the condensate (7).

Lemma II1.4 Ift and (Ry — R)Rg1 are small enough, then for any state such that (H}') <0,
the expectation of the number of excited particles satisfies (i) < const naoézRg?’.

ProoOF. Using the fact that the potential e~*I/% is positive definite, we obtain

Hp > - AP - WOR ZwR Xi, %) - (3.20)
=1

The claim of the lemma follows by using (—> ., Agj)> > (fy)w?/f? and the fact that
wr(x,x) <1.m

Of course, in order for the bound in Lemma III.4 to be useful, it must be a0€2R63 < 1. In
the following we shall impose this condition by requiring that, in terms of the scaling exponents
introduced in the previous section, 2b + 3d < 1/2. We shall define vy = 1/2 — 2b — 3d, so that
our preliminary a priori bound reads (fy)/n < Y.

D. Bound on the unimportant part of the Hamiltonian

Motivated by Bogoliubov’s computation of the ground state energy, we would like to be able
to neglect in H}' all terms but those containing precisely two a?, with p # 0. Let ng = agao

p?
and let us rewrite (3.17) in the form

agR
sz‘” 72}%4 > a0 ( halaoao + 2afagaoag + aoa(T>apaq) +
pP,q#0
VGORA e — o2 — i N o — pf3al i Ao — of3
SRi | Woo.00 [(Ro — p?)* — g ] +2 pro,OO (o — pl?)agpao + agap (o — pl”) | +
0 p#0
+ 2 Z ’UAJp()_’q()anaq(’rAlO — pg?’) + 2 Z ’UA}quLO (aTPaLaMQO + aI)aLaqap) +
p,q70 P,q,p7#0
+ Z wpqvuya;gazla“a,,] . (3.21)

P,q, 1, v#0



We would like to show that all terms but those in the first line are negligible. Let us then
estimate all these contributions in terms of 7y and n — pf3. We shall use, without proof, a
number of lemmas from [6]. Note that from now on we shall always assume valid the conditions
discussed in Sec. III B above. Note also that g = n — fi4 and |Wpq,uw| < const R3/63.

1. The first term in the second line of (3.21) satisfies

R
L;]O%g Woo,00 [(ﬁo — pl?)? — flo} > const %(ﬁo — pl*)? — const % (3.22)
and, for any € > 0
R R 73
L;% Woo,00 [(fo — pl?)* — fg] > 72623 w00,00(1—¢)(n — pt?)? — const %f — const C%ﬂ

(3.23)

2. By Lemma 5.5 of [6], the second term in the second line of (3.21) satisfies for any € > 0

agR N A o
FYRO4 Z Wp0,00 [(no — pEB)aLao + aaap(no — pﬁg)} (3.24)
0 p#o
N4 nag ag . 3.2 ag
> —const B const 873(”0 — pl>)* — const 56—3
and
agR N . -
’YRO4 Z Wp0,00 {(no - p€3)a2;a0 + a:r)ap(ng - pKS)} (3.25)
0 pxo
)
> 7204]% Z Wp0,00 [(n - pﬁ?’)a;f)ao + a;f)ap(n — pés)} — const 5ﬁ+c%n — const ni%
0 p+#0 ¢
3. By Lemma 5.3 of [6] the first term in the third line of (3.21) satisfies
yao Rt . b 3 ao; 3 X apf
1 Z Wpo,q0apaq (Mo — pf”) > —const ﬁ[pé — n]4MN4 — const 7 (3.26)
0 pg£0

where [t]; = max{¢,0}.

4. By Lemma 5.6 of [6] and its proof, the second term in the third line of (3.21) satisfies for

any € >0
Yaolt A bt it 9
Rl Z Wpq,uo (apalauao + apa)aqap (3.27)
P,q, 170
aopn . 1 agn 1 vagR .
> —const a;—gmr — const z OR3+ — g7;4 Z wpq,;wal,a:gaﬂau
O p.a.ur£0
5. The term in the fourth line of (3.21) satisfies

ao R aph?

0< 72]%4 Z wpq,“,,a;r)agaua,, < const %; . (3.28)

0 p,qur#0

This follows immediately from the fact that wg(x,y) < 1.

Remark. According to Bogoliubov’s theory we expect that in the ground state (fiy) ~
ny/pa3. From the upper bound in (3.28) we thus expect that the contribution to the ground
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state energy from the quartic term ” 4 Zp Q1,0 wpq,“,,a;f,aflaua,, is at most ~ n? pao R3 In

order to show that Bogoliubov theory is asymptotically correct up to terms of order npag+/pad
we shall require such a bound to be much smaller than npag+/pag. For n ~ pf* and in terms
of the scaling exponents introduced above, this implies Y1/2730=3¢ « 1 that is 3b + 3d < 1/2.
In the following we shall assume this condition valid. It will be convenient to summarize here
all the requirement we asked for so far on the scaling exponents introduced in Sec. III B:

1
2b—d>71>d, and 6>b+d>r. (3.29)

From now on we shall always assume that these relations are valid and that Y is small enough.

E. The quadratic Hamiltonian

In this section we consider the main part of the Hamiltonian. This is the “quadratic” Hamil-
tonian considered by Bogoliubov. It consists of the kinetic energy and all the terms with the
coefficients Wpq,00, Wo0,pq Wpo,0q, a10d Wop,qo With p,q # 0, i.e.,

CLQR
B = Z anLa 72R4 Z Wpq,00 (a al 40000 + 2a;f,a;r)a0aq + agaaapaq) ) (3.30)
o p,q7#0

In order to compute all the bounds we find it necessary to include the first term in the second
line of (3.25) into the “quadratic” Hamiltonian. We therefore define

R
ZanT 'y 0 Z Wp0,00 [(n — pl®)al bao + abap(n — p€3)} (3.31)
p7#0

'yaoR
2RI Z Wpq,00 ( alaoao + 2af,abagaq + agagapaq) .
p,q70

Note that Hg = Hg in the neutral case n = pf3. Our goal is to give a lower bound on the
ground state energy of the Hamiltonian Hy.

For any k € R? denote Xex(x) = e®x(x/f) and define the operators
blT( = Z(gi)p, Xz,k)anao and bx = Z(X“" gi)p)a;r)ap . (3.32)
p#0 p#0

Note that they satisfy the commutation relations

[bie, bl ] = 70 (Xede Xeae) = Y (Xeder bp) (b Xexe )adiap — Rio (e, $0) (G0, xeae) - (3.33)
P,q70

Using Lemma 6.2 of [6] we find that

2 1\2, —1 dk |k|4

for a suitable constant C’ and for all states with particle number equal to n. Concerning the
potential energy terms, note that we may write

wny) = [ | G VlOndniay). (3.35)

where Vi (k) = 87R3[1 + (kR)?]2. The last two sums in the Hamiltonian (3.31) can therefore
be written as

Z%OZE . (262_{)3‘713(@ [(n — pl*)*? ( (kO)bf, + x*(kﬁ)bk) (3.36)

X
1 R
5 (blT(bk + 00 b+ BT+ bicd )} 7a0 Z Wpq,000),0q -
P,q70
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Thus, we have for states with particle number equal to n that
dk yaoR

<HQ> > /]12{3 (271_)3 <hQ(k)> - R4 Z uA}Pq,OO <a’La’CI>’

0 p,a#0

(3.37)

where
(1-C"t)? k|*
2n k|2 + (0t3)

;g%g Vi(k) [(n o33/ (k(ké)(bli +b_1) + X (kO (b + bik)) (3.38)

ho(k) =

— (bLbk + bikb—k)

+

b+ b bk + BT+ b

In order to give a lower bound on hg(k), we can use Bogoliubov’s method, in form of Theorem
6.3 of [6]. This theorem states that, for arbitrary constants A > B > 0 and k € C, the inequality

Al + b7, b_3) + B(bLbT | + bicb_1) + ks (bl +b_1) + K" (b + b1 ) (3.39)
1 2|k |?
> (A — VA2 = B2)([b, b] + [b1e, b7, ]) —
- 2("4 A )([ k> k]+[ k> 7k}) A+B
holds. Note that in our case
(b, bl ] < g / dx x(x/0)? < nt® . (3.40)
With the notation
YyaoR ~
= k
Bk 2Ré€3 VR( )7
(1-cC't)? k|*
= .41
A= T k2 B (3-41)
yagR - .
= gpigara VR09(n — o) ()
we thus obtain that on the subspace of n particles
2|kxc/?
ho(k) > —nf? — A -BE) - . 3.42
o) > 0t (A= [~ B ) - 2 3.2)
Moreover, since
~ + dx T
Z Wpq,000p0q = 7 dwa(x,y){Z(bp(x)ap} [Z%,(y)ap} < (3.43)
p,q7#0 p#0 p#0
dx T STR?
< [ [tverten)| Y éntian] [ S nixlan] < T
p#0 p#0
we have that
ya0 R Z lpq.000]aq < const n2o. (3.44)
é ) p - 03
P,q#0
Using (3.37), (3.42) and (3.44), we find that, on the subspace with n particles,
dk 2|kk|? ag
> — 3 — A2 B2 ) 4+ — .
Hg > /]RS Ok {nﬁ <Ak AL Bk> + A +Bk} constng3 (3.45)
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Now, using Ay > By and the definitions of By, ki, we get

dk 2|"€k|2 / dk |I€k|2
— < 3.46
/Rs (2m)3 Ax + Bk ~ Jrs (2m)2 By ( )
_yaoR, a0 dk - . o YyaoR g5
= ot | VRO = i (n = o Pianoo

As a result, on the subspace with n particles,

apR . a
Hg > —nl — 72]%% (n— p€3)2w00700 — const ng—g , (3.47)
where
1 dk
=55 | G 100 = V0P = glkP] (3.49)
¢ k|* vaoRp
k)= (1-C"t)2— k
f( ) ( C ) n ‘k|2+(€t3)_2 + Ré VR( )a

aplRp -
9() = T Vi(k)
0

Similarly, the Bogoliubov Hamiltonian in (3.30) on the subspace with n particles admits the
lower bound

Hp > —nl — const n% . (3.49)

Note that f > g > 0 implies f — \/f2 — ¢2 < min{g,¢?/(f — g)}. Thus clearly I can be
bounded as I < (27)73(2p) ! [ dk g(k) < const agR™3, so that

Hp > — const n% . (3.50)

Moreover, if n < Cpf?, we find

1 dk dk  g(k)?
L= 2p {/k|2<aop (2m)3 glk) + /|k2>aop (2m)* f(k) — g(k) }

> 1
< ¢ 3 2/ dk ————— (14 (kt3)~2
< cons {pao pag + pag s L(KR)2+ 1)1 (L+ (k)

1 R\*
< const pag { pag + %(; 1+ TpaR (&3> } . (3.51)
If the scaling exponents satisfy
2b+d—67>0, (3.52)

then the last expression in (3.51) can be bounded from above by const pag 3. Hence, if n < Cpl?
and 2b+d — 67 > 0,

Hp > — const npaoa—lg . (3.53)

F. Improved bounds on n

Using the bounds derived in the previous sections, we shall now get an improved bound on
n, which implies that for states with (H;) < 0, n cannot deviate too much from pl3. In order
to bound (3.21) from below, we use (3.22), (3.24), (3.26), (3.27) and (3.50) [note that we shall
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use (3.27) with e replaced by e7!]. The result is that, for some positive constants ¢ and C, we
have

n ’}/aoR ~
H} > (c Ca) 7 O (g — pl®)% + (1 — Ce) SRA E wpq#l,a;‘,agauau (3.54)
O p.a,ur#0
~9 ~
nag ’I’L+ naop CLO 3 A ao’l’LJr apn4 ap
_C{eS e R LRy +”R3}

for some € > 0. Choosing ¢ = min{1, ¢}/(2C), using iy <, 3o o 20 Wpq,uvafalapa, >0
and recalling that, by Lemma II1.3, n < p¢3/4 implies H}' > 0, we have, for some new constants
¢ and C’ and for any state with (H}') <0,

2
n aop N 3 Qo N n
02 () 2 55 (o = o)) — ' { ) + (3.55)
and, therefore,
(n— pt3)? () | 1
T S const T + ﬁ . (356)

Here, we used {(Rg — pf3)?) > (n — pl3)? — 2n(f). Now, let us recall from Section III C that,
in terms of the scaling exponents b, d, we have (74 )/n < y3-20-3d apqd (PR3~ ~ Y234 g0
that

(n—pt)?

3 < const Y0 (3.57)

where vy = 1/2 — 2b — 3d as before. Eq. (3.57) can be rewritten as
|n — pf?| < const pf® yvo/? (3.58)

In order to get the bounds above we sacrificed all the kinetic energy in (3.21). Of course
this is not necessary: we can decide to sacrifice only half of it and we would still get the same
bounds, only with different constants. If we proceed in this way we see that for any n-particle
state such that (Hp) <0,

Z Ip|*(a ap ) < const npagY™° (3.59)

G. Localization of n

The idea now is to use the improved bound on n together with the bounds in previous sections
in order to find an improved bound on the energy of the ground state. In order to do this it
is clear from the bounds in Sec. IIID that we need to estimate (73 ). Since we have bounded
only n4 so far, we would like to argue that (ﬁi) ~ (74 )2. In this section we shall discuss how
to do this. We shall utilize the following theorem, which is Theorem A.1 of [6]. [The k' supra-
(resp. infra-) diagonal of a matrix A is the submatrix consisting of all elements a; ;+1 (resp.
ai+k:,i)]~

Theorem IIL.1 Suppose that A is an N x N Hermitean matriz and let A*, with k =
0,1,...,N — 1, denote the matriz consisting of the k' supra- and infra-diagonal of A. Let
Y € CN be a normalized vector and set dy, = (¢, A¥) and A\ = (¢, AY) = 2];01 di (¥ need
not be an eigenvector of A). Choose some positive integer M < N. Then, with M fized, there
is some n € [0, N — M] and some normalized vector ¢ € CN with the property that ¢; =0
unlessn+1<j<n+ M (ie., ¢ haslength M) and such that

(6,40) <A+ 753 Z k2| dy| + C Z |dy| (3.60)



14

where C' > 0 is a universal constant. (Note that the first sum starts with k =1).

From this theorem we can get a localization bound on 74 in the following way. Consider a
normalized n-particle wavefunction ¥, which we may write as ¥ = Z:;:o cm Vo, where for all
m=0,1,2,...,n, ¥, is a normalized eigenfunction of 1, with eigenvalue m. We now consider
the (n + 1) x (n + 1) Hermitean matrix 4 with matrix elements A, = (¥, H U,y ).

We shall use Theorem IIL.1 for this matrix and the vector ¢ = (co, ..., c,). We shall choose
M in Theorem III.1 to be of the order of the upper bound on (7iy) derived in Lemma III.4,
e.g., M is the integer part of nY"°. Note that, if n ~ pf3, we have M >> 1. With the notation
in Theorem III.1 we have A = (¢, Ay) = (¥, HV). Note also that because of the structure of
H}' we have, again with the notation from Theorem III.1, that d; = 0 if £ > 3. We conclude
from it that there exists a normalized wavefunction ¥ with the property that the corresponding
74 values belong to an interval of length M ~ nY*® and such that

o 1
(U, HPO) > (\IJH;\I/) — const ———(ld | + |da)). (3.61)

We shall now bound d; and do. We have dy = (¥, H}(1)V), where Hj (1) is the part of the
Hamiltonian H}' containing all the terms with the coefficients 1Wpq, .. for which precisely one
or three indices are 0. These are the terms bounded in (3.24) and (3.27). These estimates are
stated as one-sided bounds. It is however clear that they could have been stated as two sided
bounds. Using in addition the bound (3.28) and 7% < nn, then, for any £ > 0 and some
positive constant C, we get

Ny nag

agnn
| < c(w [773+ 75 (0 — pt?)? +573+s RB*}\I/). (3.62)

If ¥ satisfies (¥, Hy¥) < 0, we can use Lemma II1.4 and (3.58) to conclude that

yo
|di] < Cnpag ( + 6Y”0_3b_3d> . (3.63)
€
Optimizing over € > 0 yields the bound
|di]| < Cnpag Y~ Fo+d) = Cnpag 3-5b-3d (3.64)
For dy we obtain
a0kt ; ot i
|da] < (\I/, ﬂ Z Wpq,00 (apaqaoao + aoaoapaq) \IJ)
p,q7#0
agR R ~
= (. [ pPafap + 7;4 > dpaooahabaoaq| V) ~ (V. Hp¥)  (3.65)
P 0 p,a#0

where

~ agR
B :ZanJ{)a 72;4 Z Wpq, 00( T Ta0a0+2a aoagaq az)a:r)apaq) (3.66)
p

p,a#0

is an operator unitarily equivalent to Hp. (It is obtained from it by replacing a;f),ap by

—iaL,iap, respectively.) Of course Hp satisfies the same lower bound (3.53) as Hp. Tt is
not difficult to see that

~yagR . dmyag R .
0< 7 Z wpq,()o(a;f,agaoaq) < Tﬁnmg (3.67)
O pa#0 0

(compare with Lemma 5.4 of [6]). If ¥ satisfies (¥, H¥) < 0 then, using (3.65), (3.67), Lemma
I11.4, (3.59) and (3.53), we get:

|da| < constnpag {Y"" + %)} < constnpag Y0 . (3.68)



15

Putting together these bounds we find that if (¥, H?¥) < 0 then there exists a normalized

wavefunction ¥ with the property that the corresponding 74 values belong to an interval of
length M ~ nY"° and such that

(17 0) > (T, HP) — const 20y e+

nY2vo
> (@H;\i) — Cnpag YH | (3.69)
where pg = —v9 + 1+ %b — %d = % + 12—3b + %d. Since pup > 1/2, the error term in the

last line is much smaller than npagy/pad. Without loss of generality, we may assume that
(\TI,HQ(IV/) < 0, in which case Lemma II1.4 implies that (lf',mr\i) < constnY . We also

know that the possible 14 values of ¥ range in an interval of length M ~ nY*°. This implies
that if (U, HpW) < —CnpagY'/? then the allowed values of 7y for ¥ are less than CnY™°,
for a suitable constant C. In particular, (73 ) < Cn?Y?" in the state U. Hence, as far as the
derivation of a lower bound on the ground state energy is concerned, it is not a restriction to
assume that (n3) ~ (4 )?. This fact will be used in the next section to derive improved lower
bounds on the ground state energy.

H. Improved bound on the ground state energy

Let ¥ be the ground state of H'. In this section we shall get an improved lower bound on
(¥, Hp V) under the assumption that (¥, H}¥) is small enough such that (3.69) implies that
(\Ta H g‘\fl) < 0. Note that if this assumption is violated then the desired bound on the ground
state energy would automatically be true. Hence, as discussed at the end of previous section
we know that

(U, H;W) > (H}) — Cnpag YH° (3.70)

where the average (-) is over an n-particle state with allowed values of 714 smaller than CnY ™.
Using (3.21), (3.23), (3.25), (3.26), (3.27) [this time precisely in the form stated, without
replacement of ¢ by e71] and (3.28), we find that
Ya ap (A%)  agn . aon
)

n OR - 3\2
(Hy") = (Hg) +TR§U/00,00(1—E)(“—P€ )" =C B e B ViR

ap(R?) | aon . Lag(n) laom?ﬁ]

Qa 3/~
+E‘ﬂ — pf |<n+> + 63 + €€T<’n+> + g R3 + - R3 (371)

Now, if 0 < € < 1, using ny < CnY™, (3.47), and and (3.58), we get from the last inequality
that

: 1
(Hy') > —nI — Cnpag [EY”U +Yi 4 EYQVO_?’b_?’d} . (3.72)
Optimizing over ¢ yields
(H) > —nl — Cnpag Y™, (3.73)
where a7 = %1/07 %bf %d: % - %bffid. If
3 9 1
Z_§b_6d>§’ (3.74)

the error term npaoY ®* is much smaller than npaY'/? and, therefore,
E} > —nl — npago(Y'/?) . (3.75)

We are left with estimating the constant I defined by (3.48). It is not difficult to see that,
under the assumptions made so far on the scaling exponents,

ai 128

=14 =
7Tp%(ao 157

pag + o pa%)) . (3.76)
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The conditions (3.29), (3.52) and (3.74) on the scaling exponents that we required for the proof
to work can be summarized into the following conditions:

1
2b+d > 67, T>d, 5>3b+4d' (3.77)

It is easy to check that if d < 1/69 then all these requirements on the scaling exponents can be
satisfied. ®
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