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Preface (2003)

This book started as a translation of an earlier Italian book by one of us.
The present book is not only a substantial revision of the earlier book but
it also deals with a number of problems that were not treated there. The
main novelty is the systematic treatment of a few characteristic problems
of ergodic theory by a unified method in terms of convergent power series
expansions. The methods of resummation necessary to deal with such se-
ries have become familiar as “renormalization group methods” and in our
opinion provide the simplest and most intuitive approach to the problems
that we discuss (like KAM theory and Anosov maps).

A substantial number of questions, some even more interesting than the
ones in the main body of the book, are treated in the form of guided prob-
lems. This is not done to save space (in spite of the importance of such
saving) but mainly because we feel that it constitutes, for the interested
reader, a more stimulating way of presenting the matter.

We are grateful to Dr. Alessandro Giuliani for his many critical comments
and suggestions. And we warmly thank Professor Wolf Beiglbock for his
continuous support and encouragement.

version 3.1.

Roma 18 july 2003. Giovanni Gallavotti
Federico Bonetto
Guido Gentile

Preface to the Italian book (1980)

In recent years books on problems of ergodic theory appeared with the
common theme of stressing the close relations observed between it and the
theory of Gibbs states.

In these lectures I collect the contents of several courses and seminars that
I presented in various occasions (mainly Courant Institute, (1972), EPF of
Lausanne (1979), Scuola di perfezionamento in Fisica di Roma (1980)).

The organization and the choice of the arguments has been largely in-
fluenced by the monographs of R. Bowen and D. Ruelle: this book mainly
deals with the ergodic theory of maps (one dimensional ergodic theory). My
intention has been to exhibit the existence of a tread connecting apparently
different problems by always selecting, for illustration purposes, simple ex-
amples and by often avoiding formulating results in the widest generality:
this collection of lectures is intended for beginners in ergodic theory and it
follows a particular point of view: that of keeping always contact with sta-
tistical mechanics (from which the problems originated but which no longer
appears clearly as the source of the main problems, ideas and conjectures).

The problems at the end of every section are an essential complement to
the text and they are not always obvious or of easy solution. In using this
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book as a textbook for a course it would be useful to solve many of the
problems leaving to the students the task of studying the main part of the
textbook: it is only through the problems that the student can reach and go
beyond the formal (hence superficial) level of understanding and to master
the technical difficulties and to reach at the roots of the ideas. Almost all
problems propose a proof of a classical result that, although I consider it
not very useful to describe explicitly in the text, nevertheless cannot be
neglected of skipped if one is attempting to study the subject of ergodic
theory.

At the same time the problems provide a guide to the systematic study
of related results or of results traditionally pertaining to other disciplines;
the guide is meant to put within the frame of ergodic theory a certain
number of them and to show their connection with some basic achievements
in ergodic theory. Such a guide is necessary because the extraordinary
variety of techniques and methods that constitutes one of the reasons of the
fascination that ergodic theory exerts on mathematicians becomes also the
main difficulty for a beginner.

The lectures on Gibbs states concern only one-dimensional systems: nev-
ertheless a good part of the results extends with obvious modifications to
systems in higher dimensions (which are more directly related to the sta-
tistical mechanics) and this holds in particular for the §(6.1)§(6.2) and to
a fair extent for §(5.1), §(5.2), §(6.1), §(6.4), §(6.4). Therefore I think that
what is discussed in this book could also serve as an introduction to the
theory of Gibbs states and of stochastic processes in more dimensions.

In the references the publication years refer to the quoted edition rather
than to the original edition.

While writing up these lectures I benefitted from several discussions with
students and collaborators or colleagues whom I wish to thank because
without their help and encouragement this work would have been impossi-
ble. In particular I thank G. Benfatto, M. Campanino, F. Ledrappier, G.
Pianigiani.

I am also indebted to several institutions for invitations to give courses
and seminars providing me the chance and the means to learn and to or-
ganize the topics treated here: among them in particular Institut Hautes
Etudes Scientifiques (IHES), Scuola Matematica Internazionale (SMI), Is-
tituto Nazionale di Alta Matematica (INDAM), Scuola di Perfezionamento
in Fisica di Roma.

Finally the encouragement to start writing these notes from Unione Mate-
matica Italiana and Carlo Pucci has been essential.

Roma 15 giugno 1980 Giovanni Gallavotti
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§1.1: Historical note 1

CHAPTER 1

General qualitative properties

§1.1 Historical note

We begin with a few comments on the meaning of the word ergodic.

At the beginnings of Statistical Mechanics a “collection of time evolution
invariant probability distributions on phase space” or a “collection of sta-
tionary distributions on phase space” for a given Hamiltonian system, was
called by Boltzmann, see [Bo09] and pag. 85 of [Bo96], a monode: the mod-
ern abbreviated locution describing this notion is a “statistical ensemble”
(or simply an “element of a stationary ensemble”).

The word monode, one among many coined by Boltzmann who clearly loved
to invent this kind of words, is of greek origin: it is composed by uévoc ,
unique, and by eldoc , aspect, appearance. Probably because this suggests
the image of a collection of copies of the considered system which keeps, as
a collection, its appearance as time evolves: each copy being subjected to a
motion whose only global effect is a permutation of the various copies.

Boltzmann, then, called ergode a monode characterized by a uniform dis-
tribution on a surface of constant energy: a monode is ergodic if it is an
ergode.

Hence it looks difficult or, better, impossible to attribute a literal meaning
to ergodic theory, a locution that has not been used by Boltzmann. The
origin of the word seems to go back to the Ehrenfests who, in the their
important work of interpretation and popularization of Boltzmann’s ideas,
called “ergodic” any mechanical systems whose surfaces of constant energy
consist of a single trajectory (which had been named, instead, isodic by
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2 §1.1: Historical note

Boltzmann, from iooc , same, 6d36¢ , road, path), see footnote 93 in [EE59].
They called quasi-ergodic any mechanical system whose trajectories invaded
densely the surface X g of constant energy F, see footnote 98/99 in [EE59],
and concluded with words of discomfort and doubt on the actual existence of
systems endowed with the ergodic property, see pag. 25, line 15, of [EE59].
In this respect see also the footnote 97 in [EE59], where one cannot avoid
being surprised by the depth of Boltzmann’s intuitions. The meaning of
these intuition, we feel, still escaped the Ehrenfests in 1912. Indeed Boltz-
mann chooses, in quoting an example of an ergodic system, a system which
is still today considered a possible example. The work of the Ehrenfests
generated renewed efforts, by many mathematicians, to interpret formally
Boltzmann’s ideas. Thus the true and proper ergodic theory began and the
first fundamental result has been the classical formulation by Birkhoff of
the ergodic hypothesis: a precise mathematical translation of a nice formula
by Boltzmann, see formula (34) at pag. 25 of [EE59].

Such a hypothesis also called metric transitivity hypothesis, supposes that
for “interesting” mechanical systems the trajectories of almost all points of
the surface ¥ i invade it densely and, furthermore, spend in each of its parts
A C ¥ g a fraction of time proportional to its Liouville measure:

[ 6(H (p,q) — E)dpdg
Js, 8(H(p, q) — E)dpdg

(1.1.1)

having denoted with p, ¢ the canonical coordinates of the system and with
H(p,q) its Hamiltonian function.

Ergodic theory thus acquired the precise meaning of “theory of the ergodic
hypothesis”: i.e. it became the complex of mathematical propositions con-
nected, or held as connected, with attempts of showing the validity (or the
falsity) of the hypothesis in the case of various mechanical systems.

As a curiosity it can be interesting to note that, oddly, the Ehrenfests
derive the ethimology of the word ergode from &pyov , energy, and 636c¢ ,
road, rather than from &pyov and €ldoc , as it seems to be beyond doubt:
by reading Boltzmann the word ergode comes out as a natural abbreviation
of the word (more clearly explicative of the concept but lengthier hence,
perhaps, less satisfactory) ergomonode, see footnote 93 in [EE59].

Mathematicians and physicists made efforts (with increasing vigor, par-
ticularly after the 1950’s) directed to obtain a proof of the validity of the
ergodic hypothesis in particular mechanical systems: although the efforts
did not lead to a solution of the original problem, at least not in a generality
relevant for applications, they led to extensions of the problem and to a vast
class of mathematical results that encompass fields which at a first sight are
rather inhomogeneous (like number theory or information theory). It is to
this set of results, a mixture of results on diverse fields and in continuous
expansion, that we refer today when we talk of ergodic theory which is,
therefore, a name characterizing rather unprecisely each of its arguments.
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§1.1: Historical note 3

In this book we shall select and illustrate several different problems that
represent aspects of ergodic theory, trying to stress the common features
that justify their classification as elements of a single mosaic.

Note to §1.1

(1) The use of the aziom of choice seems to have influenced in an essential
way the interval of time that has been necessary for the correct mathemat-
ical formulation of the metric transitivity hypothesis: this appears quite
clearly from the footnote 87 of the quoted book of the Ehrenfests, [EE59],
that seems to consider as an insuperable obstacle to the otherwise natural
formulation of the hypothesis a (probably unconscious) application of the
axiom.

Indeed the o (p, q) of the quoted footnote would be, in a metrically tran-
sitive system, a nonmeasurable function whenever really varying from a
G-path to another and it would not be possible to construct it without us-
ing the axiom of choice, that is therefore implicitly used, see problem [2.2.54]
for an example of the construction of such a function along the argument
of [EE59].

This instance is likely to be the only one in which the axiom of choice has
exerted its sinister influence over a fundamental question of physical and
applicative interest.

(2) A detailed critical analysis, and an exegesis in contemporary language,
of Boltzmann’s work would be very interesting. Until now such an enterprise
has not been really undertaken, obviously because of the prohibitive amount
of work that it implies. Nevertheless the literature on Boltzmann is large and
rich of ideas and proposals for a deeper understanding, as the fascination of
his personality allows anyone (even a profane) to predict, see [Ce99]. A first
bibliography of studies on Boltzmann is given here although it is possibly
seriously incomplete.

Bibliographical note to §1.1

On the foundations of statistical mechanics many of the original works are
interesting. Among these we mention those of Boltzmann, Gibbs, Maxwell;
see [Bo09], [Bo02], [Bo03],[Gi60], [Ma65]

Among the works of critique on the foundations see for instance Ehrenfest
and Ehrenfest, [EE59], and Krylov, [Kr79]. More recent discussions can be
found in [Br99], [Ga00].

The life and scientific achievements of Boltzmann are molded together in
the books [Ce99], [Li01]: the first being more informative on the scientific
aspects of Boltzmann’s figure while the second gives a very clear picture
of the aspects of his personality that made his life look to himself rather
unhappy.
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4 §1.2: Examples and some definitions

§1.2 Examples and some definitions

We begin our analysis by illustrating simple examples of “dynamical sys-
tems”: dynamical systems, indeed, constitute the fundamental mathemati-
cal entity of ergodic theory, [AAGS].

Ezample (1.2.1) : Let f € C>=(R% R%) be a function on R* with values in

R? that we shall suppose to be uniformly bounded together with its first
derivatives. We denote by t — z(t) = S¢(£) the solution of the differential
equation

i=flx) z(0)=¢, EcR™ (1.2.1)

Then (S¢);er is a group of maps of class C™ of R into itself and
(Rd, (St)ier) is a dynamical system called the flow on R? generated by
the differential equation (1.2.1) or by the vector field f.

Often f has other remarkable properties. For exam_ple sometimes f has
zero divergence: B

d af;
Z L (&) =0 for all £ € R?, (1.2.2)
i N
if f = (f1,...,fa). If X denotes the Lebesgue measure on R? one has, in

the latter case,
AME) = A(SLE) for all t € R, (1.2.3)

for every A-measurable set E: i.e. the map S} preserves the Lebesque mea-
sure.

Sometimes f generates a group that leaves a closed set 2 invariant. For
instance this happens if © is a sphere or a torus or, more generally, a domain
with C*°-regular boundary 9 and, denoting by n(¢) the external normal
to 0N in £, B

f(€)-n(E) <0 for all £ € 09, (1.2.4)

holds everywhere on 9. In such a case S;(Q2) C Q, for allt > 0, and one
can consider the flow generated, for t > 0, by equation (1.2.1) in 2, that
will be denoted (€2, (S¢)icRr , )-

Invariant sets can also be constructed from first integrals, also called con-
stants of motion, of equation (1.2.1), when they exist. Indeed if F' €
C"O(Rd,R) is a first integral for equation (1.2.1), d.e. if F(S;§) = F(§),
for all £ € R? and for all t € R, given v € R the sets

Q5 ={{F(©) <} Q7 ={{F(©) >}, Q@ ={{F =1} (125
are obviously invariant under the flow generated by equation (1.2.1).
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§1.2: Examples and some definitions 5

From example (1.2.1) that we have just discussed one derives as particular
cases, or as generalizations, the examples below (1.2.2) (Hamiltonian flows)
or (1.2.3) (flows on differentiable manifolds), respectively.

Ezample (1.2.2) : (Hamiltonian flows) Let H € C=(R* R) and E € R be
such that
(i) Q5 = {(p,Dl(p,q) € RN, H(p,q) < E} is a bounded set.

b, q
(i) @z = {(p, 9)|(p, @) € RN, H(p,q) = E} is a bounded smooth surface of
dimension 2N — 1 with no equilibrium points, i.e. with no points such that
OH = 0, where 9 denotes the gradient.

Under such conditions the Hamilton equations

OH OH
_ L= N, 1.2
90 @i =5 i (1.2.6)

pi =

allow us to define a group (S;);cg of maps of class C*™ on R*" such that
for all £ € R:

(1) the sets Q5 and Qg are invariant.

(2) the maps preserve the Lebesgue measure A restricted to Q%, or to Qg.t

The dynamical systems (5, (St)1er)s (2, (St);er) are called Hamiltonian
flow with energy < F or with fixed energy E, respectively.

The hypotheses (i) and (ii) allow us to define the normalized Lebesgue
measures \g on QE or on 2 obtained by normalizing to 1 the restriction
of the Lebesgue measure to Q% or to Qp: the normalization factor turns
out to be, indeed, < +oc.

The pairs (Q%, Ag) or (g, Ag) are, in the language of probability theory,
probability distributions on QE and on Qp. Such distributions are invari-
ant with respect to the Hamiltonian flows on QE or on (g, because the
Hamilton equations have zero divergence. When considered together with
the corresponding Hamiltonian flows, they are denoted with the symbol
(Q3, Xé, (St)ier) or (25, Mg, (St)icr), respectively, and their collections,
as the energy F varies, constitute two examples of invariant statistical en-
sembles or stationary ensembles. In Boltzmann’s nomenclature they are an

example of a monode (the first collection) and of ergode (the second), see
Sec.1.1.

Ezample (1.2.3) : Let V be a compact differentiable Riemannian manifold
of class C°° and let f a vector field tangent to V. The differential equation

i=flz), x2(0)=¢ (1.2.7)

1 The Lebesgue measure restricted to Qg is, the measure Ag(dpdg) = 6(H(p,q) —
E)dgdg = % if dog is the surface element on Qp. This is locally finite in all di-

mensions N > 1 if 9H does not vanish to a too high order at the equilibrium points, if
any. See also Appendix (1.2).
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6 §1.2: Examples and some definitions

allows us to define a group of maps (S;);cr of V into itself as we did in the
example (1.2.1). Such maps are of class C*° and the pair (V, (S¢).cr) will
be the flow generated on V by (1.2.7).

We shall say that (S¢);cr preserves the volume on V' if the volume measure
won V is invariant under the action of Sy, i.e. if for each E € B(V) = {Borel
sets of V'} (see Appendix (1.2)) one has

w(E) = u(SeE) for allt € R. (1.2.8)

The measure p will be always considered normalized (note that the volume
of V is certainly finite) and the probability distribution (V,u) will be a
stationary distribution for the flow (V,(S;),cr) when (1.2.8) holds. In the
last case p will be called a stationary distribution for the flow (V, (S;)icRr)-

A concrete case associated with the above example is described in the
following one.

Ezample (1.2.4) : (Quasi-periodic flows) Let T? be the standard d—
dimensional torus (i.e. T? is [0,27]? with “opposite sides identified” or,
more precisely, T¢ = R? / Zd) and consider the differential equation on ¢

Y =w, (1.2.9)

where w € R%. Tt defines the group (St)ier:
Sip = @+ wt = (p1 +wit, ..., pq + wat) mod 2 (1.2.10)
The flow (T, (St)ier) is called a rotation flow or a quasi-periodic flow of

the torus T¢ with velocities w € RY. Tt preserves the volume measure A on
T (thought of as a flat Riemannian manifold with the natural metric)

Adi) = 22 1.2.11
Ifge]Rd the map
Sp=¢+p=(p1+p1,...,0a+ pa) mod 27 (1.2.12)

will be called a rotation map of T with rotation vector p- Obviously S = 51

if (St)¢cRr is the rotation flow of T? with velocities p.

Many important examples of maps S of manifolds do not correspond to dif-
ferential equations on the same manifold (in the sense that S = Sy if (S}),cr
is the flow associated with a suitable differential equation). A classical case
is the following.2

2 Another one which is widely studied in literature is the standard map which will be
discussed in Sec. (9.2).
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§1.2: Examples and some definitions 7

Ezample (1.2.5) : (Arnold’s cat map) Let S be a d X d matrix with integer
entries and define, for all ¢ € Td,

d
(Se)i=>_ Sijp; mod2m, i=1,....d (1.2.13)

j=1

Then S maps the torus T? into itself and is of class C™. Furthermore, if
det S = £1 then S is invertible and preserves the volume.

In general even if det S = 1, it is not possible to find a differential equation
on T* generating a flow (St)ier that interpolates S (i.e. such that S; = 5).

A typical and important example is provided by the map of T associated,
via (1.2.13), with the matrix:

1 1
S = (1 2), (1.2.14)
see problem [1.2.9].

If the map S defined by (1.2.13) has det S # +1 then it is not invertible:
every | € T? is an image of | det S| pairwise distinct points ¢ of T?. In this
case the pair (Td, S) is a noninvertible dynamical system.

Ezample (1.2.6) : (Lorenz’ equation) Noninvertible systems have usually

origin in connection with the theory of equations, or maps, that model
dissipative phenomena. Consider the equation in R?

=0y —x),
Y= —0x —y— T2, (1.2.15)
z=—-bz+ay— o

then the solutions of this equation exist globally for ¢ > 0 for every initial
datum if, as we shall suppose, o, b, @ > 0. If (S;)¢>0 is the semigroup that
solves the (1.2.15) it is, furthermore, true that the sphere

_ 3 . 2a
Qo—{éléeR, |§|§p077min{1’a’b}} (1.2.16)

is invariant (as a consequence of (1.2.4), see also problem [1.2.11]): S, C
Qp, for allt > 0. The pair (Qq, (S¢)¢>0) is a noninvertible dynamical system
or a noninvertible flow on g, because S; fails to be surjective from €y to
Qo. Note however that S; is invertible as a map from R? into itself, see
problem [1.2.11].

Note that the divergence of the second member of (1.2.15) is —(1+b40) < 0
and, hence, the measure of every (measurable) set A contracts according to

S A) = e AFbFINA) >0 (1.2.17)
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8 §1.2: Examples and some definitions

i.e. the Lebesgue measure is not invariant under the flow (S¢)¢>0 and there
can be no invariant measure on €y equivalent to it.2 If a measure p is
absolutely continuous with respect to the Lebesgue measure or with respect
to the volume measure on a manifold one often omits the reference measure
and one says simply that u is absolutely continuous.

The equation (1.2.15) is usually written using x,y,z + r + o, instead of
x,y, z, and is called Lorenz’ equation, see equations (25),(26),(27) in [Lo63].

Ezample (1.2.7) : (Interval maps) Another example of noninvertible dynam-
ical system is provided by a continuous, piecewise C°°, map S : [0,1] — [0, 1]
with a graph of the form

1 ) fe)

0y 1

Fig.(1.2.1) : A map of the interval [0, 1].

In general the map S will not be invertible and the pair ([0, 1], S) will form,
therefore, a noninvertible dynamical system.

The above are examples of the mathematical entities called dynamical sys-
tems. Because of their obvious interest, they motivate the following defini-
tions that summarize and put in abstract form their main properties.

(1.2.1) Definition: (Topological dynamical systems and metric dynami-
cal systems)

Let Q be a compact separable metric space and let S be a continuous map of
Q into itself. The pair (2, S) will be said a discrete topological dynamical
system on Q. (Q,S) will be said invertible if S has a continuous inverse
S—1L.

Let i be a complete probability measure defined on a o—algebra B of sets
of Q and let N € B be a set with zero u—measure, and suppose that S is a
map measurable with respect to B outside N, see Appendix (1.2). If

w(A) = u(S~tA) for all A e BNN¢, (1.2.18)
where N¢ = Q/N is the complement of N, we shall say that (2,5) is p—
preserving or that p is S—invariant. The triple (2, S, u) will be called a

3 Qiven two measures u and v defined on the same o-algebra B, see Appendix (1.2), v

is absolutely continuous with respect to p if there exists f € Li(p) such that v = fpu.
The measures p and v are equivalent if p is absolutely continuous with respect to v and
v is absolutely continuous with respect to pu.
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§1.2: Examples and some definitions 9

(discrete) metric dynamical system mod 0 defined outside N. If N = the
triple (Q, S, p) will be called a (discrete) metric dynamical system.

Often the set IV of “singularities of S” is not explicitly mentioned and one
simply talks of a metric dynamical system (2,5, ). We shall try to avoid
this practice because of the risks of confusion it generates. Analogously:

(1.2.2) Definition: (Topological flows and metric flows)
Let © be a compact separable metric space. Let (St)icr or (St)icr, be a
group or a semigroup, homomorphic to R or to Ry, of maps that act with
continuity on Q.4

The pair (2, (St)ier) or (2, (St)ier, ) will be called respectively an invert-
ible topological flow or a topological flow on €.

Let p be a complete probability measure on a o-algebra B and let (S¢),cr
be a group of p-measurable maps homomorphic to R and preserving p.
Suppose that the function (t,x) — Stz defined on R x Q with values in
Q is u—measurable with respect to the o—algebra generated by the sets in
B(R) x B. Then the flow (£, (St)ier, 1) will be called a invertible metric
flow on €.

If, mutatis mutandis, we replace (St)ycr by a semigroup (St)ser, » B(R+) x
B-measurable, we obtain the notion of metric flow.

Flows will also be called, sometimes, continuous dynamical systems because
their time “elapses continuously”.

Speaking of dynamical systems one often omits the qualifications (topolog-
ical, metric, discrete, continuous, invertible,...) that are usually supposed
to be understandable from the context. One can (generously) even consider
the (here seldom used) notions of abstract discrete dynamical system (9, .5)
with Q being a “space” and S a “map” acting on it, as well as the similar
notion of abstract flow.

Before proceeding to analyze the structure of certain classes of dynami-
cal systems it is convenient to set up the notion of isomorphism between
dynamical systems.

(1.2.3) Definition: (Isomorphisms)

If (,5) and (Y, S") are two abstract discrete dynamical systems, we shall
say that they are isomorphic, or conjugated, when there exists an invertible
map I : Q< Q' such that

1S =S'I. (1.2.19)

If the systems (2, S) and (£, 5") are discrete topological dynamical systems
we shall say that they are topologically isomorphic if they are isomorphic
and if the isomorphism I can be chosen bicontinuous.

Let (2, S,p) and (¥, 1) be two discrete metric dynamical systems
mod 0, defined outside the sets N, N' of zero u,u’ measures and defined
on the o-algebras B, and B, respectively. If (2/N,S) and ('/N’,S") are

4 This means that the functions (t,z) — Stz of R x Q or of R4 x  into 2 are continuous.
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isomorphic and if I can be chosen bimeasurable outside N, N' with respect
to the o—algebras B, and B, and if, furthermore,

W (ITA) = u(A) for all A € B, (1.2.20)

we shall say that the systems are isomorphic mod 0.

In the latter case there exist two zero measure sets N € B and N’ € B’

such that S7IN = SN = N and 8’ 'N’ = §’N’ = N’ and furthermore
(Q/N,S, ) and (2'/N',S’, ') are isomorphic in the sense that there is a
bimeasurable map I of Q/N to Q' /N’ verifying IS = S’T on such sets and
mapping g onto p’. One can formulate, in an analogous fashion, various
notions of isomorphism between flows.

Appendix 1.2: Basic definitions of measure theory

We recall here some basic defintitions of measure theory. A collection of

sets among which is the empty set and that is closed under the operations
of complementation and of finite union is called an algebra; if it is also
closed under countable union is called a o—algebra. The smallest o—algebra
containing a given family F of sets is called the o-algebra generated by
F. The o-algebra generated by the open sets of a topological space €2 is
called the Borel o—algebra B(f2) and its elements are called Borel sets. A
measure p on a o—algebra B is a countably additive non-negative function
of the sets of B, which are called p—measurable sets. Given a o—algebra
B and a measure 1 we can consider the o—algebra B, generated by B and
all the sets contained in a py—measurable set with zero p measure. The
o—-algebra B, is called the p—completion of B. A measure ;v can always
be extended uniquely to a measure on the o-algebra B,. If B = B, the
measure p is called complete. A measure p which is defined on the Borel
sets of a topological space is called a Borel measure, while a measure that is
the completion of its restriction to the Borel sets is called a complete Borel
measure.

The usual Riemann measure on R is defined over the algebra of sets which
are approximable from inside and from outside by unions of rectangles with
an arbitrarily small volume in between. It is not countably additive but it
can be extended to the Borel sets and then completed defining in this way
the Lebesgue measure. On Riemannian manifolds the Riemann measure is
defined in the same way by using local charts and the volume form generated
by the metric. The usual Lebesgue measure and, more generally, the volume
measures A on Riemannian manifolds will be regarded as complete measures
defined on the Borel sets B(2) and extended to Bx(2), see problem [1.2.19].

Given a function S from € to Q' the inverse image S~!(E) of a set E C ¢/
is the set of all z € Q such that S(z) € E. A function (map) S between
two spaces € and € is measurable with respect to the o—algebras B and B,
defined respectively on 2 and €', if the inverse image of every set £ € B’ is
an element of B. A function S measurable with respect to the completion
B, of B relative to a measure p is called p—measurable. A function S is
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called bimesurable if S™1 exists and if both S and S~! are measurable. If
Q = Q' and B = B’ we simply say that S is measurable with respect to 5.
Given a set N in B we call B(2) N N¢ the o-algebra generated by the sets
Ay for A € B. If N, N’ are sets in B, B’ and the map S of Q\ N into Q'\ N’
is such that S™1E’ € B(Q)NN¢ for all E' € B(Y') N N’® then S is said to
be measurable with respect to BB, B’ outside N, N’. If both S and S~ are
defined and both are B, B’ measurable outside N, N’ then the map S is said
bimeasurable with respect to B, B’ outside N, N'.

Problems for §1.2

[1.2.1]: Show that the differential equation (1.2.1) admits, as stated in example (1.2.1),
global solutions under the assumptions considered there.

[1.2.2]: (Liouwville theorem)
Show that equation (1.2.2) implies equation (1.2.3).

[1.2.3]: Show that equation (1.2.4) implies the invariance of 2.

[1.2.4]: Construct an example of a non-Hamiltonian differential equation in R? possess-
ing first integrals in the sense of example (1.2.1), in C* (RQ).

[1.2.5]: Show that £ = —z is a differential equation with no non-constant C'°° first
integrals.

[1.2.6]: Consider a differential equation in R? of the type considered in example (1.2.1)
and suppose that for every x € RY the limit lim¢ 4+ o0 Stz exists and takes only a finite

number of values as z varies in R?. Show that the differential equation does not admit
non-constant C° first integrals.

[1.2.7]: Find some other criterion of non-existence of first integrals for a differential
equation inspired by that of problems [1.2.5], [1.2.6].

[1.2.8]: Show that, in the case of equation (1.2.13), if det S = %1 then S is invertible
and it is of class C° together with its inverse.

[1.2.9]: (A map not embeddable into a flow)

Show the non-existence of a differential equation on the torus T? such that S; = S
where S is the map of T2 into itself defined by (1.2.14). (Hint: Show that if @ = f(p)
were such an equation we would have: Z]. Sijfi(p) = fi(Se) and, more generally:
Ej(sn)ijfj(f) = fi(S"g) foralln € Z. This is absurd. In fact since the ma-

trix S is Hermitian with eigenvalues (3 4 +/5)/2, one greater and one smaller than 1,
limsup |S™v| = +oo, for ally € R?\ {0}, while | £(S™p)| < maxy, |f(3)] < 00).

|n|—o0 - - - -

[1.2.10]: (Toral maps)

Show that if S is a matrix with integer entries and if N = |detS| # 0 then S is a

continuous map of the torus into itself and every point of T is the image of N points of
T?. Furthermore S is of class C* on T%.

[1.2.11]: (Lorenz’ equation)

Show that Lorenz’ equation (of example (1.2.6)) admits global solutions (in the past
and in the future); and show that Qg is invariant only in the future. (Hint: Multiply
scalarly the (1.2.15) by (z,y, z) and deduce an a priori bound on the solutions of (1.2.15)
by noting that the cubic terms obtained in this way disappear. Use criterion (1.2.4) to
conclude.)

[1.2.12]: (Ezpanding interval maps)
Let Sz =2z,0<2<1/2, Sz =2(1—-2), 1/2 <z <1, cf. example (1.2.7). Show that
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the Lebesgue measure X on [0,1] is S—invariant (A(E) = A\(ST1E), for all E € B([0, 1])).

[1.2.13]: (The equation for invariant density)

Consider a continuous piecewise smooth (in general noninvertible) map T of [0,1] and
suppose that the measure pur(dy) = f(y)dy, absolutely continuous with respect to the
Lebesgue measure, is T—invariant, see definition (1.2.1): then the equation for its density

is f(y) =D, poey [T (2).

[1.2.14]: Let S and T be two smooth maps of [0, 1] which are conjugated or isomorphic,
i.e. such that there exists an invertible C1([0,1]) map F : [0,1] — [0, 1] such that Ty =
FSF~1y, and suppose that u7(dy) = f(y)dy is T—invariant (see problem [1.2.13]). Check
that setting ps(E) = pr(F(E)), i.e. us(dz) = f(F(z))|F'(z)|dz, yields an S-invariant
measure fig.

[1.2.15]: (Ulam—von Neumann map)

Show that the Ulam-von Neumann map ¢ — T'(z) = 4z(1 — z) and the map =z = Sz,
where S is defined as in problem [1.2.12], are conjugated via the map y = F(z) =
(2/m) arcsiny/z. The map T'(z) = axz(l — z), with a € R, is sometimes referred to as the
logistic map.

[1.2.16]: It is known that every compact C' Riemannian manifold V' can be smoothly
immersed into an Euclidean space of suitably large dimension n. Denoting by Y such
an immersion show that there exists a differential equation § = p(§) in R"™, of class C°,

that admits the manifold V = Y (V) as an invariant manifold and that induces on Va
flow (St)ter that is the image of the flow on V generated by equation (1.2.7) so that,
denoting the latter by (St)ier, it is SiYz =Y Siz, t € R, z € V.

[1.2.17]: (Geodesic flow)

Let V be a C*° Riemannian manifold, let g be its metric tensor and let W be the tangent
bundle, i.e. the manifold consisting of the points (z,v) with € V and with v tangent
to V in . Define on W the geodesic flow (St)ier that associates with (z,v) the point
St(z,v) = (x¢,v¢) obtained by constructing the geodesic that starts in « in the direction

v and by running on it with uniform velocity given by |v| = 4 /Zij gijv*vJ on a portion

of length |v|t (in the metric g) reaching in this way a point x; with velocity v;.
It is convenient to describe the geodesic flow as a flow on the space W of the pairs (z, p)

of points of V' and of vectors cotangent to V' in z. Recall that the vector p cotangent in
z and corresponding to the vector v tangent in z is, by definition:

d

pi=Zgij(l‘)vj, i=1,...,d

j=1

The geodesic flow on W is naturally described by the correspondence (z,p) — (z¢,pt)
built by
(1) starting with (z,p) € W and constructing, via the preceding construction, the vector
v tangent in x, namely v = g~ (z)p,
(2) associating with (x,v) the point S¢(z,v) = (¢, v¢) and then

. d j
(3) defining (p¢); = Zj:l gij(z¢)v].

A celebrated proposition of geometry and of mechanics states that the geodesic flow is
described on W in every chart, by the Hamiltonian differential equations with Hamilto-
nian

d

Hep) =5 > (57 @) pin.
j=1

Deduce that the geodesic flow on W preserves the measure that on W coincides with
the Lebesgue measure dx dp. Deduce that the geodesic flow on W conserves a measure
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that is absolutely continuous with respect to the volume measure on W considered as a
Riemannian manifold with the natural metric ( Ed: (gij(z)dzidz® + gij (x)dvidvj)) 3 and
express the density with respect to the measurej Tﬁat in a natural chart for W becomes
the measure dx dv. Find its expression in terms of the metric tensor.

[1.2.18]: Deduce the differential equation of the geodesics on V' and hence that of the

geodesic flow on W and W by using the definition of geodesic as an extremal curve for
the line element ds? = ZZ ; 9id (z)dx*dz’ and the principles of Mechanics. (Hint: The

geodesic flow takes place at constant speed and takes place over curves that minimize or

make stationary f]? A /Zi ; gijdxtdad over all lines joining Pp, P».).
1 5

[1.2.19]: (Incompleteness of the restriction of Lebesgue measure to Borel sets)
Assuming that there exist sets in [0, 1] that are not Lebesgue measurable show that there

exist sets in R? which are not Borel sets but that are contained in sets of 0-Lebesgue
measure. Show in fact that if L is a not Lebesgue-measurable set of the segment [0, 1]
then the set L x {0} C [0,1] x [0,1] is an example of a set which is not a Borel set
of the square [0,1]? and it is nevertheless contained inside the set [0,1] x {0} with 0
Lebesgue measure. (Hint: Just show that L x {0} cannot be a Borel set as a subset of the
square [0, 1] X [0,1]: if so it could be obtained by a transfinite induction via operations
of countable unions and intersections starting from open sets of the square. But the
same transfinite construction performed with the intersections of the open sets with the
segment [0, 1] x {0} would lead to the set L which would therefore be a Borel subset of
0,1].)

Bibliographical note to §1.2

Examples and definitions are taken from [AAG68], [Si77], [Av76] where sev-
eral other examples can be found.

81.3 Harmonic oscillators and integrable systems as dynamical
systems

We shall consider a few simple dynamical systems which provide us with
a first illustration of the just introduced notions and establish a relation
between the examples (1.2.2), (1.2.3), (1.2.4) of Section §1.2.

(1.3.1) Proposition: (Harmonic oscillations)
Let G = (gij), V = (vi5) be two positive definite symmetric matrices and let
G 1= (gigl) be the inverse matriz of G. Consider the function

1 r B T
H = H(E,g) = 5( Z gijlpipj —|— Z Uijqiqj) (131)
i,j=1 ij=1
on ]R2T, and let nM ... 0" be G-orthonormal vectors* verifying
(—2G+ V)™ =0,  k=1,...,m (1.3.2)

1 j.e. such that (GQ(i) -ﬂ(j)) = Z;,k:l ghkn}(li)nl(cj) = 4;;5.
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where w?,... w2 are the roots, ordered and repeated according to multiplic-
ity, of the secular equation det(—w?G + V) = 0.
Define x and & in R" so that

133 g=> aWn®  Glp=> "3y, (1.3.3)
=1 i=1

and consider the motion associated with the Hamiltonian H in R*" with
given initial data p, q. This motion is described by t — Si(p,q) =

(p(t),q(t)), with -

r ) 5 (4) .
q(t) = E (x(z) cosw;t + i Sinwit) 77(1)’
4 : wj -
= (1.3.4)
D =c () = cat
pt) = %( ) = Gq(t).

el.3.4

The proof of this well known proposition is, for instance, a simple check
by substitution of (1.3.4) into the equations of motion.

Remark: It is convenient to remark that the parameters x and & are de-
termined by equation (1.3.3) simply by using the G-orthonormality of the
vectors M, ... p"

20 = Gy . g = (VG - V),
€135 i = g .p= (VD VT Tp),
In other words (z(, (")) are the components of v/Gq and of v/G~1p on the

orthonormal basis in R" formed by the vectors @Q_(i). Note that the map
p—p =(/G)pand ¢ —» ¢ = (VG)q is a linear canonical map.?

(1.3.5)

N1.3.2
From (1.3.5) and from the above proposition an easy, but remarkable,
corollary follows.
o131 (1.8.1) Corollary: (Action-angle coordinates for harmonic oscillations)
Under the assumptions of proposition (1.3.1) let, for (p, q) € R*"
) _ 1/2
A; = (x(z>2 i (g-c(ﬁ/wi)?) ’
el.3.6 20 ' @) (1.3.6)
COS Y; = Ti, S Y; = Aiwi,
2 We recall that a 2n x 2n matrix L = (é g) is called canonical (or also symplectic)

— pT BT
if L71 = (_ oT AT
domain of R?™ into R?" is called canonical (or symplectic) if its Jacobian matrix is
canonical at every point of the domain.

), where T denotes transposition: a map defined on an open
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where %) and £ are determined by (1.3.5).
Let W C R*®" be the set of the points (p, 9) € R*" for which A; # 0,

i = 1,...,7. Define on W, via (1.3.6), the map I1(p,q) = (4, )
(Ala"'aATasala"'asaT) (R+\{Q}) x T".

(1) The map I is invertible as a map between W and IW = (R4 \{0})"xT";
furthermore it has a Jacobian determinant which does not vanish on W,

‘ aA &p ’* (det &) sz i (1.3.7)

and, therefore, I is analytic and invertible on W.
(2) In the coordinates (A, ) the motion (1.8.4) becomes

I(S(p, q)) = (A, ¢ + wt) mod 2. (1.3.8)

Remarks: (1) For a = (a1,...,a,) € (R4 \ {0})" we set
O ={(p.g) eR™|A1 =ay,..., A, = a,}, (1.3.9)

and we denote with

Aa(dpdg) =

[Ti_: 6(Ai(p. q) — as)dpdg H d% (1.3.10)

“normalization to 1”

the Lebesgue measure dp dg restricted to €2, and normalized to 1. If Sy de-

notes the Hamiltonian evolution on R*" corresponding to (1.3.4), we can
say that ), is invariant, that A, is invariant and that the metric flow
(4, (5t)¢cRr, Aa) is isomorphic to the rotation of T" with velocity w, i.e. to
the dynamical system (T", (§t)teR,/\) with §t£ = ¢ + wt(mod 27) and
(2) ThlS is an isomorphism to which one refers by stating that the Hamil-
tonian system (1.3.1) is a system of harmonic oscillators whose trajectories
develop with uniform velocity on r—dimensional invariant tori parameter-
ized by r parameters (each of which, of course, is a first integral).

(3) One says that the phase space W is foliated into analytic r—dimensional
invariant tori: this refers to the relation W = Uyer,\{0}) {2 and to the
fact that Q, topologically is a torus, which by (1.3.6), depends analytically
on r parameters.

The property of oscillators systems established by corollary (1.3.1) lead
to their natural generalization expressed by the following definition that
isolates a class of Hamiltonian systems whose phase space can be thought of
as foliated into r—dimensional invariant tori parameterized by r parameters
and such that the Hamiltonian flow on each of them reduces to a constant
velocity flow, i.e. to a quasi-periodic motion.
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(1.3.1) Definition: (Hamiltonian integrability)

A Hamiltonian system of class C™ in R*" is called integrable in an open
region W C R*" of phase space if there exists a reqular change of coordinates
3 I that transforms W into V xT", with V open subset of R", and, denoting
by (St)icr the Hamiltonian flow on W and setting

(A4,¢) =1(p.9) (1.3.11)

one has

=
N
=
<
I
B
S
+
1€

p (A)t) mod 27 (1.3.12)
where Ww(A) = (wi1(A),...,wr(A)) are r functions of class C* on 'V, called

velocities.

If the Hamiltonian is analytic and the map I and the functions A — w(A)
are analytic on the respective domains of definition the system is called
analytically integrable.

Finally if I is a canonical map, see footnote 2 above, we shall say that the
system is canonically integrable.

Remark: (1) The linear oscillators are an analytically integrable system in
the region W defined by proposition (1.3.1). The velocities w are in this
case A-independent: this is the phenomenon of isochrony of harmonic os-
cillations.

(2) There exist several other examples, although not really many, of physi-
cally or mathematically interesting integrable systems. We refer to treatises
on Rational Mechanics for their list and analysis (such systems are classi-
cally called systems integrable by quadratures). Here we mention only the
system

H(p,q) = %1_)2—9/@ pgeR'xRY  d=23, (1.3.13)
known as the Kepler system. This system is integrable in the region in
which H < 0 and |¢ A p| # 0, but it is not isochronous (indeed the third
Kepler’s law shows that the period of a motion depends on parameters of
the motion itself).

We shall come back later to integrable systems to analyze some of their
aspects that are more interesting from a technical and conceptual point of
view: the above brief introduction is motivated by the simplicity of their
motions and their relevance for the discussion of complexity of a dynamical
system. The latter notion, of obvious interest, will be the first, among
several notions typical of ergodic theory: integrable systems will be the
prototype of systems exhibiting simple motions. They are well suited to be
discussed, from this point of view, as an introduction to the theory of more
complex motions.

3 This means that the change of coordinates is of class C*°, that it is invertible and that
it has non-zero Jacobian determinant.

20/novembre/2011; 22:18



Q1.3.1

N1.3.4

Q1.3.2

el.4.1

§1.4: Frequencies of visit 17

In the next section we begin this analysis by studying the simplest property
of regularity of a motion: namely the property of visiting given regions with
well defined frequency.

Problems for §1.3

[1.3.1]: (Analytical integrability of harmonic oscillations)

Show that the system of harmonic oscillators of proposition (1.3.1) is also analytically
canonically integrable (and not just analytically integrable): the analytic and canonical
map that integrates it on W is (p,q) — (B, ) with ¢ defined by equation (1.3.6) and

B; = w;A?/2. In the new coordinates one has H(p, ¢ Z w;B;. (Hint: (a) The map

(p,g) — (&,z) is canonical as remarked after prop051t10n (1 3.1); hence the problem is
reduced to the case » = 1; (b) the map (&;,z;) — (Bj, ;) is canonical fori=1,...,r
because it has as generating function Fo(x;, ;) = 1w1x tan @;.4, cf. [Ga82].)

[1.3.2]: (Analytical integrability of Kepler’s system)

Show that equation (1.3.13) is analytically integrable via a map which is canonical in the
region W = {p,q| |gAp| # 0, H(p,q) < 0}. Compute explicitly the variables A, ¢ in the

bidimensional case. (Hint: Just suitably interpret the classical results of the two-body
Kepler problem).

81.4 Frequencies of visit

Let (©2,.5) be a (discrete) invertible topological dynamical system. Motions
i — Sz, i € Z, beginning in x € Q, will be usually described by selecting a
certain number of possible properties of a point of {2 can enjoy and, then, by
listing which of such property is actually possessed by the points successively
visited by x in its motion.

The mathematical model associated with the latter description is the his-
tory o(x) of x on a partition P = {Py, P1,...,P,} of Qinton+1, n > 1,
pairwise disjoint sets where o (z) = {o:(2)};cz € {0,...,n}% is the sequence
such that

Sz € Py  forallicZ (1.4.1)

The set P;, i =1,2,3,...,n, is the collection of the points of Q) that enjoy
the property indicated with the label i, so that the union U P; is the set

of points that enjoy anyone of the properties labeled with 1 2 .,n while
Py = Q\ U, P, is the set of the points that do not enjoy any of them.
We will always require that the elements of the partition P (often called
atoms of P) be Borel sets in B(£2) (see Appendix 1.2): one says that such a
partition is a Borel partition. For the time being, we do not impose further
regularity requirements on the atoms of P.

4 We recall that a sufficient condition for canonicity of a map I : W «— V x T" is
that for all (BO’QO) € W there exist a neighborhood Up of (4,, 20) and a function

Fo:(A,q9) = Fo(4,9) in C°°(R?") such that for all (4,49) € Up one has: p = %(A q)

and p = 52(4,9) if (4, ¢) = I(p, q).
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It is nevertheless clear that in the applications we shall be interested only
on rather reasonable partitions. For example we often consider the following
types of partitions

(1.4.1) Definition: (Topological, analytically regular, C*°-regular parti-

tions)
(i) Given a compact metric space Q we call topological partitions Pthose in
which each P; is either open or closed for all i = 0,1,...,n, and, further-

more, the closure P; of P; and the closure of its interior int P; coincide:
(i) When Q is a class C* or analytic manifold one often considers topo-
logical partitions P with C°—regular or, respectively, analytically regular
atoms, cf. Appendiz (1.4).

We often briefly call any such partition a regular partition.

Ezample (1.4.1) : Let T be the unit circle and S the rotation by an angle
p € (0,27) (one also says a rotation with rotation number p/2m). We can
consider the partion P for the dynamical system (T, S) formed by the sets
Py=[0,7/2], P, = (w/2,7), P» = [7,37/2] and P3 = (37/2,2m). This sim-
ple example will be used in the problems to illustrate some of the concepts
discussed in what follows.

Before formalizing with a mathematical definition the notion of “observa-
tion” of a motion on a given partition of (€2,.5) and before introducing other
possible properties and restrictions on P it is convenient to introduce some
philosophical considerations that should elucidate such a notion avoiding a
too abstract tone and form.

It is natural to think of the result of “real observations” of a motion starting
at x as sequences g € {0, ... ,n}Z generated by making large the observation
time N during which the motion visits successively the elements P,,, i =
—N,...,N. For all N the string ¢™) € {0,...,n}[=™" has the property

N ok
N SRR, A0, (1.4.2)

because S¥z € P, for all k, so that the intersection in (1.4.2) certainly
contains at least x.

Therefore a motion, or better an observation of a motion, will appear as a
sequence o € {0,..., n}Z that enjoys the finite intersection property, in the
sense that
jQ]S’jPUj #0  forall JCZ, |J| < oo, (1.4.3)
where |J| indicates the number of elements of J.

Hence it will be natural to identify the space of the motions observed on
P with the set of infinite sequences

Q={a|ce{0,...,n}7 N STP,, # 0forall J CZ, |J| < oo} (1.4.4)
Jje
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Furthermore, when possible, it will be convenient that the partition P be
fine enough to be S-separating. This means that if z, 2’ have the same
history ¢ then x = 2': if P is a separating partition it will be possible to
identify the points of €2 with their histories.

We note, however, that even if P is S—separating it will not in general be
possible to identify 2 with : setting aside the important but trivial case
in which Py, ..., P, are all closed and pairwise disjoint and P is separating
we must expect that {2 contains sequences that are not histories of points
of Q.

In fact it is quite generally possible to find ¢ € {0, ..., n}Z for which there
isno x € Q with ¢ = g(x) but such that for any arbitrarily long prefixed
time 7" we can find a point = whose history coincides with g between —T'
and T'. The sequence ¢ is thus in {2 but is not the history of any point in 2.
The set of sequences in ) that are not histories of points in 2 is, however,
generally negligible is a sense that will be made clear in the following.

The above remark serves to clarify the interest of the space Q and why in
the study of the motions of (£2,.5) observed on P it is, in a certain sense,
natural to identify motions with sequences of Q rather than with trajectories
of points of €.

In applications the requirement that P be separating appears to be often
imposed via the requirement of expansivity of S on P: S is expansive with
respect to P if for all ¢ € Q one has

N .
lim (diam N ST/P,,) =0. (1.4.5)

N—o00 7

In this case it is clear that if , ' have the same history then they must
coincide.

The above analysis is conveniently summarized into a precise definition
that will be useful as a reference and as a basis for the future study of the
structural properties of dynamical systems.

(1.4.2) Definition: (Symbolic motions)

Let (Q2,S) be an invertible topological dynamical system and let
{Po,..., Pn} =P be a partition of Q into n+ 1, n > 1, Borel sets.

(1) Consider the set !

Q= {g|ge {O,...,n}Z , j:%NS*jPaj # () for all N}. (1.4.6)

We shall call ) the set of (P, S)-histories of the symbolic motions generated
by S on Q as seen from P. When P and S are clearly implicit in the text

1 Remark that (1.4.6) is equivalent to (1.4.4)
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we shall simply call Q the set of symbolic motions (seen from P).
If x € Q we shall call (P, S)-history of x the element o(x) of Q such that

x €S8P, ;) forall jeLZ. (1.4.7)

(2) If the relation o(x) = a(a’) implies © = ' we shall say that P is S—
separating. If P and S verify (1.4.5) we shall say that S is P—expansive or
that it is expansive on P. R

(8) The correspondence defined by the map 3 : Q — Q that associates with
every x € Q) the sequence o(x) € Q will be called the code of the symbolic
dynamics of S with respect to P.

(4) Finally when considering sets J = (ji1,...,7q) C Z, and sequences g ; €
{0,...,n}’ we shall often employ the notation

J — piida _ —j
P =pivii= 0 SR, (1.4.8)

JjeJ
to denote the points whose history in J is specified by ¢ ;.

Remarks: (1) If @ = {0,...,n}%, S = 7 is the translation on {0,...,n}%,
and P, = {a|og =i}, i =0,1,...,n, the sets Pé] will be denoted also C’é]
and will be called cylinders of {0, ... ,n}Z with “base J and specification

a”’, i.e.

cl ={d | €/o,.. .,n}Z,aé-k_ =op forall k=1,...,q}, (1.4.9)
it J=(j1,...,Jq) and g = (01,...,04) €{0,...,n}’.

(2) I Q = {0,...,n}~ one has Q = $(€2), but this is essentially the only case;
if Q is a connected space it will be, in general, D $(€2) and Q # 2(Q).
(3) It is natural to consider the set of symbolic motions Qasa topological
space with the topology that it inherits as a subset of {0, ... ,n}Z which, in
turn, is always considered with the product topology of the discrete topolo-

gies on the factors {0,...,n}. The set Qis closed in {0, ..., n}%, see problem
M1.4.2).

If (2, S) is a topological dynamical system and P is an expansive partition

we can “invert” the coding map X. Given a point ¢ € ) we can consider
the set X' (o) € Q defined by

X(@)= N SIP,,. (1.4.10)

j=—00

where P; is the closure of P;. The set X(g) is not empty because  is
compact.

(1.4.1) Proposition: (Symbolic codes)

Let (22,5) be an invertible topological dynamical system (cf. definition
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(1.2.1)); let P ={Py,...,P,} be a topological partition of Q on which S is
expansive.

(i) The set X(a) defined by (1.4.10) contains one and only one point so that
we can define the map X : Q-0 by setting X (o) to be the unique point in
X(g) or, with a slight abuse of notation,

o> X(@= n SIP,,. (1.4.11)

j=—o00

(i1) X is a continuos map;

(iii) 31X ~Yz) = x for every x of Q;

(iv) X and X are the inverse of each other if considered as maps between
and ¥Q and, respectively, between 38 and €);

(v) S(x) = X(73(x)), where (Ta); = oi+1 is the translation, by one time
unit to the left, of the sequence o.

Remark: Note also that 70 = SA), hence ((Al, 7) as well is an invertible topo-
logical dynamical system (indeed € is closed in {0, ..., n}Z and T is a con-
tinuous map).

Proof: Tt is clear that the set X'(g) defined in (1.4.10) is not empty because
2 is compact and the closed sets P, form a family with the property of

non empty finite intersection, if o € Q.
The S—expansivity on P guarantees that X'(g) consists of a single point;
indeed, cf. definition (1.4.2) and (1.4.5), by assumption for all ¢ € Q:

N—o0

diam ( 1) $7F,) = diam (1) STP,, ) 5=z 0. (1.4.12)
The continuity of ¢ — X (o) also follows from the S—expansivity. If
0, i=ss> @ we have that for every T there exists N such that g,, coincides
with @ from —T to T, if n > N. This implies that eventually X (g,,) is in
ﬂJT:_T S P_(,J The fact that the diameter of this set tend to 0 complete
the proof of (ii).

Since the history of x is uniquely determined by x and it determines x the
validity of (iii) follows. We can say that, among the various sequences that
determine x via the (1.4.10), only one is in 3Q. The validity of (iv) and (v)
is also clear. L]

One among the remarkable properties that a “simple” motion should have
is that of spending a well determined fraction of time visiting an arbitrary
“reasonable” set £ C €. This means that for the motion (S'z);c7 to be
“simple enough” the limit

N—o00

N—-1
lim N7' > xp(S77) = va(E) (1.4.13)
j=0
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should exist (here xg denotes the characteristic function of E): this is, by
definition, the frequency of visit to E' by the motion originating in x.

If F is an element of a partition P = { P, ..., P,} of Q, the existence of the
limit (1.4.13) is directly deducible from the (P, S)-history of x: if E = P;
(1.4.13) becomes

v(E) = lim N™' {number of labels h between 0
and N — 1 such that g, (z) = j}.

From the history o(z) of = one can obtain a more general information: one
can indeed deduce the frequency with which certain groups of p symbols
o1,...,0p appear in the history o(z) of = € Q, in sites which are translates
of given sites ji,...,j5p € Z. Such frequency, if defined, is the limit for
N — oo of

N~!{number of labels h between 0 and N — 1 such that

Gjin(®) =01, aj (@) = 09,05 n(T) = 0y}, (1.4.15)
or, equivalently, it is the limit
. N-1
p(ii :{‘i) g(x)) - 1\}520 N~ };) Xpitir (S"z). (1.4.16)

The number defined inside curly brackets in (1.4.15) will be called the
number of the strings homologue to (i) = <£ :i’;) that appear in
o(x) between 0 and N — 1 and the value of the limit (1.4.15) will be the
frequency of appearance of the portion of history (g) in o(x).

Therefore we set a definition that will be useful in the following and that
fixes more precisely the above notion.

(1.4.3) Definition: (Sequences with defined frequencies)
Let g € {0,...,n}%, {j1,-- -, Jp} CZ and o4,...,0p € {0,...,n}.

(i) We define the number of strings homologue to ;1 " 'ffp appearing in
1..-0p
7 between 0 and N—1 as the number of labels h between 0 and N —1 such that
Gjrth = 01,...,05,+n = 0p. We denote such number NN(? . 'ip @).
1...0p

(i) We define the frequency of appearance in g of the string homologue to
< JU-eJa ) s the limit, when it exists,
01...0q
~\ J1---Jp
g) 7]?(0_1”'0_17

lim N*WN(”'“JP

N—o0 01...0p

Q)
~

(1.4.17)
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(i11) A sequence & will be said with defined frequencies if the limit (1.4.17)
exists for all ji,....jp € Z, for all o1,...,0p € {0,...,n}, and for all
p=1,2,....

In the following chapter we shall show that having defined frequencies is a
“not too rare” property for the sequences o(x) that are (P, S)-histories of
x € Q, for the dynamical system (€, 5).

Appendix 1.4: Analytically reqular sets in R™ and T"

An analytic system of coordinates defined on the open set U C R" is a pair
(2,=), where Q is an open set of R" and = is an invertible function from
to U, analytic together with its inverse.

If © = 2(b), b € Q, we shall say that b = (b1, ...,by), are the coordinates
of z in (Q, ).

A surface M C R" will be called locally analytic in U if M NU can be
covered by a finite family (U, )qca of open set of R" endowed with analytic
systems of coordinates (24, Z,) such that the points of M N U, have coor-
dinates b; = b; for i = 1,...,s, with s > 0 and by,...,b, given; s is the
codimension of M, i.e. n — s is the dimension of M.

In the same way we can define a C° system of coordinates (Q,E) and a
locally O surface M of dimension k in R".

A closed set G C R" is said to be locally analytic if OG is a locally analytic
surface.

A set G C R" is said analytically regular in U if it can be constructed via
a finite number of operations of union and intersection starting with sets
which are locally analytic in U.

The torus T" can be thought of as an analytically regular set in R*" via
the coordinate system:

(pl’“"pn’qjl""’(bn) — (p16i¢la"'7pnei¢n) —

. _ (A1.4.1)
— (p1cos o, prsingy, ..., pn oS Py, pr Sin ¢y,

by fixing p1 = ... = p, = 1. Then the analytically regular subsets of T"

can be naturally defined as the intersections between analytically regular

subsets of R*" and T".

Analytically regular sets have, by definition, the property of being stable
with respect to operations of union and intersection. The most relevant
consequence of this is that the intersection of any pair F, F' of them has the
property of being Riemann—measurable with respect to the Riemann mea-
sure restricted to E or F: thus the intersection of an analytically regular set
with an analytically regular surface is Riemann measurable with respect to
the Riemann area measure on the surface. Replacing, in the previous def-
initions, “analyticity” with “C'°°—differentiability” the last property would
not be true in general: see problems [1.4.12] and [1.4.13].

Therefore we shall prefer to define, inductively, C*°-regular of dimension
k aset G in R" if:
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(i) it is contained in a locally C'*° surface M of dimesion k;

(ii) its closure G in M coincides with the closure of its interior int G,
relative to the topology on M; B

(iii) its boundary G in M is the union of a finite number G;, i =1,...,n
of C'>°—regular sets of dimension k — 1, i.e. 0G = U?:ICNY'Z-;

(iv) G/G = Ujen'Gj where N C {1....,n}.

Finally we shall call C*°—regular of dimension 0 a finite collection of points.
Remark that this class of sets is not closed with respect to operation of
finite intersection, cf. problems [1.4.12], [1.4.13]. A C*°-regular set G is
Riemann measurable with respect to the Riemann measure restricted to
the locally C°° surface M D G. However problem [1.4.13] shows that if G
and G’ are two C'°°—regular sets contained in two surfaces M and M’ then
G N G needs not to be measurable with respect to the Riemann measure
on M N M’. This is the main reason why we shall try to avoid the use of
C*>—regular sets.

Problems for §1.4

[1.4.1]: (Permutations as dynamical systems)

Let W = {1,...,n} and let y be a permutation ¢ — y(i) of the n elements. Let P be
the partition of W into its points. Show that the (P, S)-history of every point of W is
periodic and, hence, with defined frequencies. What is the meaning of the frequency in
terms of the cycles that represent y?

[1.4.2]: (ﬁ is closed)

Show explicitly that Q is a closed set in {0,...,n}2, for any choice of dynamical system
(92, 5) and of partition P.

[1.4.83]: (Non-expanding partitions)

Find an example of a dynamical system (£2,S5) with S # identity and such that no
partition is S—separating for it.

[1.4.4]: Let (T, S) and P be the dynamical system and the partition of example (1.4.1).

Show that P is S—separating if and only if the components of the vector (p,27) are
rationally independent (i.e. if p/27 is irrational).

[1.4.5]: (Q # 2Q)
Under the hypotheses of the previous problem with the components of the vector (p, 2m)

rationally independent find a sequence o € € that is not the history on any point z in
Q. (Hint: Let @ be the history of the point 7. Clearly oo = 1. Consider the sequence o
identical to @ but for ¢ = 2.)

[1.4.6]: (Arnold’s cat map expansivity)

Consider the dynamical system (T2, S) defined in the example (1.2.5), cf. (1.2.13). Show
that every partition P of T2 into Borel sets of the torus and with diameter small enough
is such that S is expansive on P.

[1.4.7]: (Sequences with undefined frequencies)

Find an example of a sequence g € {0, ...,n}% that does not have defined frequencies.
(Hint: 0 followed by ten 1’s followed by hundred 0’s followed by thousand 0’s,...)
[1.4.8]: Adapt this section definitions of (P, S)-histories, frequencies of visit etc to the
case of non-invertible dynamical systems. (Hint: “It suffices to replace Z with Z*”.)

[1.4.9]: (Interval maps and cylinders)
Consider example (1.2.7) assuming that [0,1] can be thought of as the union [0,1] =
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Ug;é[ag,a(hq} where 0 = ap < a1 < ... < anp = 1 and that S is strictly monotonic on
[ao,as+1], for all 0 = 0,1...,n — 1. Consider the partition Py = [ao,a1),...,Pn—1 =
[an—1,1] of [0,1]. Show that the sets P;)O’{\;N are intervals, for all N.

[1.4.10]: (Tent map and binary expansion)

If S(z) = 2z, 0 < =z < 1/2, and S(z) = 21 — ), 1/2 < z < 1, consider
P ={[0,1/2),[1/2,1]} and find the relation between the history of z, o(x), on P and the
sequence of digits of the binary development of z : = 2;11 Y27k, v =0,1.

[1.4.11]: (Ezpansive interval maps)

Under the hypotheses of problem [1.4.9] suppose S of class C! in every interval (as, ag+1),
c=,0,...,n—1, and suppose |S’(z)| > A > 1, for all z € Us(as,as+1). Show that P is
S-separating and that S is expansive on P and, furthermore,

) N-1 . N
diam N S™'Py ) <A , forall og,...,on_1, forallN
i=0

[1.4.12]: Let z1,z2,... be an enumeration of the rationals in [0, 1]. For every xj, consider
the open interval of length 2=1=% and center xj. Show that the union A of such intervals
is not Riemann measurable. (Hint: It has external measure > 1 and internal measure
<1/2)

[1.4.13]: (A C®° regular set with non-Riemann measurable intersection with another

C regular set)

With the notation of problem [1.4.12], consider a function g(z) which is C°°(R) and pos-
itive in the open interval (—%, %) and zero elsewhere. Set f(z) = ZZO:I k= 1g(2kt ! (z —
xy)). Show that f is C°° and that it is positive in A and vanishes elsewhere. Show that

the set {z,y|y > f(x)} C R? is a C°°-regular set but its intersection with the z—axis is
A which is not only not C°°—regular but it is not even Riemann—measurable with respect
to the Riemann measure on the z—axis ([Ga82], p. 337).

Bibliographical note to §1.4

The idea of studying motions by means of symbolic dynamics was essen-
tially born with ergodic theory: it can be found, for instance, in [Mo21],
[Bi35].
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CHAPTER 1I

Ergodicity and ergodic points

§2.1 Quasi-periodic motions and integrability

The problem of determining which sets are visited with defined frequency
by the motions of a dynamical system (£2,.5) can be satisfactorily solved in
the case of particularly simple systems. For instance in the case in which
S =5, and (S¢).er is a Hamiltonian flow which is analytically integrable
on a region W C R* and Q = W, cf. definition (1.3.1). This means look-
ing at motions observed at time intervals ¢3. More precisely the following
proposition holds.

(2.1.1) Proposition: (Existence of frequency of visit for motions inte-
grable by quadratures)

Consider a Hamiltonian system which is analytically integrable on a set
W < R* and consider the flow (W, (S;),cr) associated with it. Let
P =A{Po,...,P,} be an analytically reqular partition of W, i.e. such that
each P; is an analytically reqular subset or the complement of an analytically
reqular subset of the interior int(W) of W (cf. Appendiz 1.4).

Then every x € W has a (P, Sy, )-history o(x) with defined frequencies, for
all to € R, and hence the limits

. . N-1
J1---Jp ) o 1 o h
p(ol...ap ‘g(z) A}gnOON };XPCJ,}ZZZQ’;(S%@ (2.1.1)

exist for all p > 0, for all {j1,...,5p} C Z, for all o1,...,0p € {0,...,n}P
if Pgi::ff,‘; is the set of points which at times jito,...,jpto are in the sets
Py,,..., P, respectively (see (1.4.8)).
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Remarks: (1) If H is a Hamiltonian function on W which is analytically
integrable there, such will also be tH, for all ¢ € R: therefore Sy, can be
replaced by S; without loss of generality.

(2) As one can see from the proof it would be enough to assume that the
sets P; are Riemann measurable.

Proof: Set S = S;. Note that S™/* P, is an analytically regular set (being
the image of such a set under an analytic map, cf. Appendix 1.4) hence
Riemann measurable so that also Pgijjjf;i = m£:15 —Jk P;, is Riemann mea-
surable.

By remark (1) it suffices to study the frequencies of appearance of strings

homologue to ( g L '{‘p ) within the histories of points ¢ € T" under
1...0p bl
the rotation S of T" with rotation numbers w = (w1,...,w,) € R". We

shall show that the rotation S of T" with rotation numbers w is such that
(S*), cz+ Visit with defined frequency every Riemann measurable set E2 C
P

The proof of this statement is particularly simple in the case in which the
r + 1 numbers (w1, ...,w,, 27) are rationally independent.! This case will
be treated first and the general case will be reduced to it later.

Since every analytically regular set E is Riemann-measurable, given £ > 0
there exist two C°°(T") functions f~, f* such that

dp (2.1.2)

see proplem [2.1.9]. This implies that it will suffice to show that if f €

C>®(T") and (wi,...,w,,27) are rationally independent one has, for all
peT,
N-1 i)
lim N ! Tp) = = 2.1.
Jm NS f(8) | 1wg= (213)

to conclude from (2.1.2), that

. . N—1 . ab
lim N jz:; xe(S7p) = /]1“ xE (%) Gy (2.1.4)

N—o00

In fact (2.1.3) can be seen as follows. If fz are the Fourier coefficients of

1 A set H of real numbers is said to consist of rationally independent numbers if the
relation ZweH new = 0, with n, integer and n, = 0 but for a finite subset of H,

implies n,, = 0.
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feC®(T"), v eZ", we shall have

N—-1 ] N—-1
N~ flo+jw) = Z foe'=2. {N‘l elﬂ‘w} =
j=0 KEZT 7=0
_ Foivp N—l 1- eiHVZN
€2.1.5 =fot+ Y fue —-{ T owz } N oo (2.1.5)
vel’
v#0
dy
-~ = —
N —oo fO /]TT f(ﬂ) (27T)T

since fz decreases more rapidly than any power in |v| for || — oo allow us
to exchange the limit on IV with the sum on v. The absolute value of the
term in curly brackets in the first line of (2.1.5) is bounded above by 1 for
every N (being an average of N numbers each of absolute value 1), and it
tends to zero as N — oo for each v # 0 because w - v can never be multiple
of 27 by the assumed rational independence of (w1, ..., w, 27).

More generally let M denote the set of the vectors v € Z" such that there
exists an integer m for which

216 w-v+2mm = 0; (2.1.6)
then the above argument implies

€2.1.7 N7 Z flo+jw) 5=z v erE, (2.1.7)

J= veEM
thus completing the proof of the proposition. L]
In the course of the proof we have also obtained, see (2.1.2) and (2.1.3),
the following corollary on functions f on T" which are Riemann integrable
in the sense that given any € > 0 there exist f_, f € C°(T") such that
f-(@) < f(p) < Fi(g) for all p and [(f1(e) — f-(@))dp/(2m)" <e.
ca11  (2.1.1) Corollary: (Average of Riemann integrable functions)

If S is the rotation map of T" with rotation wvector w such that
(Wi,...,wp, 2m) are rationally independent and f is a Riemann integrable
function on T" then for all choices of ¢ one has

N-1 _ J
€2.1.8 lim N~ Z f(S7¢) = / f(@) v (2.1.8)
§=0 T

N—o0 (27T)T '

Remark: Note that a Riemann integrable function in the above sense, see
(2.1.2), is necessarily bounded.

The preceding proof can be refined to obtain the following proposition.
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(2.1.2) Proposition: (Rationally dependent rotations and foliations of
the torus)

Let S be a rotation of T" with rotation numbers w = (wy,...,w,). Then
there is an integer 0 < g < r such that T" can be thought of as a union of a
(7 — g)-parameters family T, with ©" € T"9, of sets homeomorphic to the

torus TY on which the map S acts as a rotation by a vector (W}, ... ,wy) with
rationally independent components and such that either (Wi, ..., wg,2m) are
rationally independent too or wy = 2m/n for some integer n.
If (w1, ..., wy, 2m) are rationally independent and E is a analytically regular
set, one has
= ‘ dy
: -1 J _ pudl
Jm N3 (') /| T (2.1.9)

where ¢ € Ty

Remark: The following proof relies only on the property that the intersec-
tion between an analytically regular set and an analytically regular surface
is a Riemann measurable set: which allows us to reduce the proof to the
case treated in proposition (2.1.1): see Appendix 1.4 and problem [1.4.13].
Rationally dependent rotations are also called resonant rotations.

Proof: Let {&1,...,W04}, g < 7, be a subset of {w1,...,w,} consisting of
g rationally independent numbers and suppose that it is a maximal subset
among those sharing this property. Then there exist g numbers (@1, ..., @y)
with @; = w;/M, M integer, j = 1,...,g, and a r x g matrix J with integer
entries such that

g
wi=Y Ji®r,  j=1...,m (2.1.10)
k=1

Furthermore the matrix J contains a g x g diagonal submatrix, that we can
suppose to be the first (we just imagine that wy,...,w, are ordered so that
W =wi,..., W0y =wy), given by Jjr = Mdi, j,k=1,...g.
It is therefore possible to complete the matrix J into a square r X r ma-
trix with integer coefficients so that, still calling J this new matrix, one
has det J # 0. This is possible in infinitely many ways and we select one
arbitrarily (for instance, in the case that Jj, = Mdk, 5,k =1,...,9, we
canset Jj, =0if k> gand k #j, J;; =11if j > g).
The map

p=J¢ mod2m (2.1.11)

transforms T" into itself and it is of class C'°: it is not one-to—one but to
each ¢ there correspond | det J | values of ¢’ such that J¢' = ¢ mod 27.
If £ C T" is an analytically regular set, the function

x(@)=xe(J¢) €T (2.1.12)
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is the characteristic function of a set E = J~! E which is analytically regular
in T" and, if we set S'¢" = ¢’ + @ mod 27, with @ = (@1, ..., @y,0,...0)
we get, by construction,

J(S'Y) = J(¢' + @) = (J¢) +w= 8¢ (2.1.13)

This shows that the set ’7;/+17M<P/ of the points ¢ € T" of the form of
9 T hd
(2.1.11) with ¢ = (¢,..., 05, @y, @) and @, q,..., ¢, fixed is an
invariant torus of dimension g. By the analytical regularity of E’ also the
intersection £’ N ’7;,/9 s is analytically regular,? so that the restriction
of S’ on ’7;/“1___#,/ acts as a rotation with rationally independent rotation
Y "

numbers @i,..., wy. If @ = (wi,..., Wy, 2m) are rationally independent
(2.1.9) follows from proposition (2.1.1). See problem [2.1.8] for a more de-
tailed anaysis of what happens when @ = (w1, ..., @y, 27) are not rationally
independent. L]

Problems for §2.1

[2.1.1]: (One-dimensional Hamiltonian motions)

Consider a Hamiltonian system with Hamiltonian H(p,q) = p?/2 + V(q), with V €

C>°(R), V(0) =0, V'(¢) >0 for ¢ >0, V(q) = V(—gq), lim V(q) = 4+oco. Show that its
g—o00

motions of energy E > 0 are periodic with period T'(E) = 27 /w(E) where

z(E) _
w(E) =n(/ L) ' , V(z(E)=E, z(E)>0.
—2(E) \/2(E = V(q))

[2.1.2]: (Energy—frequency dispersion relation analyticity)
Consider, in the context of problem [2.1.1], the case V(q) = aq*, a > 0, and show that

W(E) = c(daE)/4 o= (1 1 L)_l

; 1 /1_54

[2.1.3]: (Analyticity of the energy—frequency dispersion relation)
In the context of problem [2.1.1] show that if V is an even polynomial in ¢ or, more
generally, an even analytic function in ¢, the function F — w(FE) is analytic for E > 0.

[2.1.4]: If V(q) = aqg*, a > 0, the set of the data (p,q) that generate, in the case of
problem [2.1.1], a periodic motion with period rational with respect to 27 has measure
zero but it is dense.

[2.1.5]: (Anisochrony of one-dimensional motions)

By making use of the result in problem [2.1.3] show that the same conclusion of the
preceding problem holds in the general case contemplated in problem [2.1.3] unless V' (q)
is proportional to ¢2.

[2.1.6]: Show that in general, under the assumptions of problem [2.1.1], E — w(E) is
of class C™ for E > 0 and, if w/(E) # 0 for E € (a,b), then the motions with energy in

2 If E was assumed to be only C>®-regular it would not be, in general, true that such
intersection remains C'*°—regular or even Riemann measurable, see problems [1.4.12],
[1.4.13].

20/novembre/2011; 22:18



Q2.1.7

Q2.1.8

Q2.1.9

e2.2.1

e2.2.2

32 §2.2: Quasi-periodic motions. Ergodic sequences and measures.

(a, b) are such that w(FE) is incommensurable with 27 with the exception of a denumerable
infinity of values of E dense in (a, b).

[2.1.7]: (Analytic and canonical integrability in dimension one)

Show that the system of problem [2.1.1] is canonically integrable in the region W =
{p,q|H(p,q) > 0}. If V is an analytic function then the system is analytically and
canonically integrable.

[2.1.8]: Refine the statement of proposition (2.1.2) by showing that if the g—dimensional
vector w of rationally independent components of w with maximal g is such that (w, 27)

does not have rationally independent components then for some n > 0 the torus

T .o can be further decomposed into a union of sets of dimension g — 1 each
ATPRENTA

consisting of n tori which are cyclically permuted by the rotation w. (Hint: One can
reduce the problem to the case where w1 = 27 /n for some integer n > 0.)

[2.1.9]: (Riemann integrabilty of sets and smooth approzimations)

Given a Riemann measurable set E show that there exist two C'° functions f1 and
f~ such that (2.1.2) holds. (Hint: Being E Riemann measurable one can find two set
E* and E~ formed by rectangles such that E~ C E C ET and the areas of ET and
E~ differs by less than £/2. One can now enlarge Et obtaining Et and restrict E~
obtaining E~ such that 8EE NOE = 0 and the areas of Ef and E~ differs by less than
€. By regularazing the characteristic functions of E+ and E~ one can construct f* and

7

Bibliographical note to §2.1

Propositions (2.1.1) and (2.1.2) are classical results attributed to Jacobi
(see [AAGS]).

§2.2 Ergodic properties of quasi periodic motions. Ergodic se-
quences and measures.

The quasi-periodic motions examined in the preceding section have further
remarkable properties.

For example if S is a rotation of T" with rotation numbers w = (w1, .. .,w,)
such that (w1, ...,w,, 2m) are rationally independent parameters then, given
an analytically regular or just Riemann—measurable set, the frequency of
visit v, (E) by the trajectory of p € T" to E is, cf. equations (1.4.13),(2.1.4),

def . RS ko) — dy
) Jim N s+ k) = [oowgs @2

for all ¢ € T", hence, by dominated convergence,

N-—1
Jm N v (BN STE) =
J=0 (2.2.2)
N1 R
= lim_ - Nt JZO XE(Q)XF(S7) Gryr Vi (E) v (F)
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for every pair of analytically regular sets.

The latter relation can be read in colorful language by saying “the visit to
FE followed, after a long time j, by the visit to F' are events that in average
happen independently in the history of ¢”, or “knowing that the trajectory of
© has visited E does not allows us to derive informations on the sequence of
times j in which the trajectory of ¢ will visit F with the exception, at most,
of a sequence of times with zero density in time’. The reader should spend
some time meditating on why such an interpretation of (2.2.2) is reasonable.

Property (2.2.2) is general within the class of motions studied in §2.1 and it
is not just characteristic of the case in which (wy, ..., w,, 27) are rationally
independent.

In general, under the hypothesis in which proposition (2.1.2) holds, i.e. for
the system (T", S) with S an arbitrary rotation with rotation numbers w €
R" one has

N-1

lim N7 " v, (ENS™F) = vy(E)v,(F) (2.2.3)

N —o00 -
Jj=0

for all analytically regular E,F C T". In fact the function v, verifies

(2.2.3) although the last equality in (2.2.1) is not valid when (w, 27) are not
rationally independent.

This follows from proposition (2.1.2). If (w, 27) are rationally independent
the relation (2.2.3) follows directly from (2.2.1) and (2.2.2). Otherwise the
property (2.2.3) reduces again to the relations in (2.2.1) and (2.2.2) after
remarking that the case with (w,27) not rationally independent can be
reduced to the case of rational independence via the arguments seen in the
proof of (2.1.2), see also problem [2.1.8].

A different way of expressing the above considerations is in the following
proposition.

(2.2.1) Proposition: (Quasi-periodic frequencies)

Let S be the rotation on T" with rotation numbers w. Let
P = {Py,...,P.} be an analytically regular partition of T" and let
(jl...jpi1+k...iq+k

/

, ‘g((p)) be the frequency of visit of the points in
O1...0p 01 ... =

a
the tragectory of ¢ to the set

pidpitheicth B g-jmp §1$*<in+k>Pg;. (2.2.4)

/
01...0p O ... aé m=1

Then the histories a(p) of ¢ € T", with respect to P, have the following
property (cf. (1.4.16), (1.4.17)):

N-1 . . . —|—]{j . +k

. _ 1 R A

Jim U p( S BT T () =
ol s

=o(5 T le@)r(,0 o)

g1 ...
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for all p,q = 1,2,..., and for all o1,...,0p, 01,...,0, € {0,1,...,n},
{jl,...,jp}, {il,...,iq}CZ.

Proof: This proposition is just the statement (2.2.3) in which F = Pg}:::ff}‘?

and F = PV because S—kpP' e — phrthiath ]
ay...0}, ay...0}, oy ..ol

Property (2.2.5) is, as we shall see, really remarkable: it tells us that

the frequency of appearance in o(y) of two strings of history homologue

to ( Ji-e-Jp ) and ( Z,l o qu ) is, “in average”, equal to the product of
o1...0p 010y

the frequencies of appearance of each string. In other words strings of
history homologue to two given strings of history appear, in the average, as
independently distributed in o (¢).

It is important to set up a definition for the purpose of formalizing and
generalizing the above properties.

(2.2.1) Definition: (Ergodic and mixing sequences)
A sequence g € {0, ..., n}Z is said ergodic if it has defined frequencies and

if

N~ (Gredy ke R
i -1 J---Jp U o lg _
ngnooN kzzo p (Uﬂ o Uz/) U;/ . U;/ ’Q) = (2.2.6)
_ .71.71) ’il...iq
p<t7i---(71’7 g) p(oﬂ’...at’z’ g>

for all p, ¢ = 1,2,..., and for all o,...,0,, of,...,0] € {0,...,n},

) p)
{1, gp}, {i1, .. ig} CZ.
We shall say that g is mixing if

Ji-gpuitk.oig+k
lim p( . ]/D . ! . |g) = (2.2.7)
k=oo' Mgy .o, 0. Oy
_ (Jp---J i1 1
—p(af.“(fz ‘g)p(oﬂ’...ag ’g)
for all possible choices of the labels.
Remark: Obviously every mixing sequence ¢ € {0, ..., n}Z is also ergodic.

For a deeper understanding of the meaning of the names used above one
should keep in mind the statement of the next proposition (2.2.2) that,
among other consequences, shows that the existence of the frequencies of
visit of the (P, S)-histories of the points of a dynamical system is a general
fact, much more so than what one could be led to expect at first sight.

(2.2.2) Proposition: (Birkhoff theorem)
Let (2,5, 1) be a discrete metric invertible dynamical system and let B be
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the o—algebra on which u is defined. If f is a p—measurable function the
limit

N—o0

lim N~* z_: f(Siz) = f(z) (2.2.8)
j=0

exists p—almost everywhere and if f € Li(u) the limit is also reached in
Ly ().

Remarks: (1) This well known abstract theorem is proved in Appendix (2.2).
(2) The theorem implies that if Fq, Fa, ... is a denumerable family of mea-
surable sets the limits

N-1
Jim N7UY xg, (S'2) = X, (2), G=1.2, (2:2.9)
k=0
simultaneously exist p—almost everywhere. Hence, if P = {Fy,...,P,} is a

partition of {2 into measurable sets the limits

N-1 . .
lim N~ sy (SE2) =p (TP
Ngnoo kZ_OXPQ?Z,(S .’L') p(O'l...O'p

o)) (2.2.10)

exist for all possible choices of the labels and for py—almost all z. This
means that the (P,S)-histories of py—almost all points of © have defined
frequencies.

(3) Let us, however, stress the deep difference between this statement and
that of proposition (2.1.1) (or of proposition (2.1.2)): the latter shows, in a
very particular case, that all points have histories with a defined frequency.
Proposition (2.2.2) above, instead, shows us that in a very general case
p—almost all points have histories with defined frequencies.

In general, given a dynamical system, it is very difficult (and very interest-
ing) to find points, if any exists, that have singular histories, i.e. that do not
have defined frequencies with respect to a given partition P: if the points
are randomly chosen with distribution p and p is S-invariant proposition
(2.2.2) says that this is impossible.

(4) The proof of proposition (2.2.2) is rather simple and abstract and this
should help us to understand why it ends up by being not so useful in the
analysis of concrete problems. It is nevertheless obviously important and
very useful in theoretical questions of abstract ergodic theory and in the
analysis of structural problems.

(5) From proposition (2.2.2) one can easily understand why sequences o ver-
ifying (2.2.6) are called ergodic. Let indeed (2, S, ) be a metric dynamical
system for which the ergodic hypothesis of Section §1.1 holds. This means
that the system is such that for all £ € B

N —o00

N-1
lim N~! Z xe(Sz) = u(E) u — almost everywhere,  (2.2.11)
=0
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i.e. it is such that py—almost all points x € € visit a given measurable set
for a time which is asymptotically proportional to its measure (in Section
81.1 such a hypothesis was formulated in the particular case in which Q is
the phase—space of given energy, S is a Hamiltonian evolution on € up to
time 1, and u is the Liouville measure on §2).

Then, by the definition of (P, S)-history with respect to a given partition
P=A{P,...,P,} of Q into p—measurable sets, we shall have that, y—almost
everywhere, x € ) has a history g(z) with frequencies defined and indepen-
dent of z, given by

(209 o) = (i) (2:2.12)

01...0p

for every possible choice of the labels.
Furthermore (2.2.11) implies also, for all E, F € B,

—1 N-1
N Z pw(EN SijE) = / XF(z) N7 Z XE(SJZ')M(dz) N—oco
7=0 @ =0
oo ME)(F), (2.2.13)

hence the (P, S)-histories have frequencies (2.2.12) that verify (2.2.6), u—
almost everywhere: i.e. they are ergodic sequences in the sense of the defi-
nition (2.2.1).

(6) Tt is also interesting to remark that not only (2.2.13) is a consequence of
(2.2.11) but, vice versa, it implies it. This follows from proposition (2.2.2)
which says that the limit

N-1
— T 1 j
X(z) = lim N ; xe(587z) (2.2.14)
exists p—almost everywhere and defines an S—invariant function: i.e. X(z) =
X(Sx) holds p—almost everywhere.

Suppose that ¥ was not almost everywhere constant; then there would be
an o € R such that the sets E = {z|x(z) < a} and E° = {z|X(z) > o}
have respective measures p(FE) and p(E°) with 0 < p(E), u(E°) < 1. The
latter sets are such that £ = SE, up to a set of zero measure; hence
ENS'E=FE mod 0 and

N-1
pE)= N> W(ENSTE) == u(E)?, (2.2.15)
j=0

if (2.2.13) holds. Therefore u(E) = 0 or u(E) = 1: the contradiction implies
that ¥ is constant p—almost everywhere. Then integrating both members
of (2.2.14) we deduce (2.2.11) from the invariance of X and p.

(7) From the proof it will follow that the same theorem holds if instead
of a metric invertible dynamical system we considered a metric invertible
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dynamical system mod 0, i.e. if (2,5, ) is replaced by (Q\ N, .S, 1) with
N a set with zero y—measure.

It is useful to set one more definition, made natural by the previous ob-
servations, appending to it a comment to illustrate the adjective mixing
introduced in definition (2.2.1).

(2.2.2) Definition: (Ergodic and mixing dynamical system)
If (2,8, 1) is a metric invertible dynamical system we shall say that it is
ergodic if, for all E, F € B, one has

N—-1
Jim N™' N w(ENSTF) = u(E)u(F). (2.2.16)
=0

If, instead, for oll E, F € B, one has

lim wW(ENS™F) = u(B)u(F), (2.2.17)

J—o0

we shall say that (2, S, 1) is mixing.

If (2, S) is a topological dynamical system we shall denote by M.(Q, S) (or
by M, (2, S)) the set of the S—invariant probability measures on the Borel
sets B(Q2) of Q and such that (2, S, u) is an ergodic (or mixing) system: its
elements will be called S—ergodic measures (or S—mixing measures) on Q.
More generally M(,S) will be the set of all S—invariant Borel measures
and MO(Q) will be the set of all Borel measures (S—invariant or not).

Remarks: (1) Remarks (5) and (6) to the (2.2.2) show that (2.2.16) is equiv-
alent to (2.2.11) so that the present definition of ergodicity coincide with
the definition given in Section §1.1.

(2) M (2,5) C M.(Q,5).

(3) The mixing property owes its name to the fact that if j is large the
set STIF is, in mixing systems, very spread out in Q and uniformly so
if the size of sets E is measured by p(F). This means that the fraction
w(E N ST F)/u(F) of its points that is found inside another set E (or
inside a finite number of such sets) is proportional to the measure of E.!
Every F' € B is mixed around in () in a uniform way after a time j large
enough, of course depending on F', under the action of the map S.

(4) The results in proposition (2.1.1) and corollary (2.1.1) prove that the
quasi-periodic rotations of the tori with rationally independent components
of the vector (w1, ...,wy, 2m) are ergodic.

In this book we mostly consider maps: however it is convenient to have in
mind the definitions of ergodicity and mixing that can be given in the case
of flows, i.e. dynamical systems with continuous time.

1 Naturally the magnitude which j must reach in order that this happens within a prefixed
approximation depends both on F and F'.
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(2.2.3) Definition: (Ergodic and mixing flows)
Let (2, S, 1) be a metric flow. Then we shall say that it is ergodic if, for
all E, F € B(Y), one has

T—o0

T
lim Tl/0 WENS_F) = pu(E)u(F). (2.2.18)

If, moreover, for all E, F € B(Q?), one has

lim u(ENS™'F) = u(E)u(F), (2.2.19)

t—o00

we shall say that (S, S¢, 1) is mixing.
For flows one can also prove the analogue of Birkhoff’s theorem.

(2.2.3) Proposition: (Birkhoft’s theorem for flows)
Let (2, St, 1) be a metric flow. If f is a p—measurable function the limit

T
lim T‘1/0 f(Six) = f(z) (2.2.20)

T—o0

exists p—almost everywhere and if f € Lqi(u) the limit is also reached in
Li(p).

Remark: The proof of the latter proposition is very close to the correspond-
ing one of proposition (2.2.2) given in the following appendix.

A general proposition providing an equivalent definition of ergodicity is

(2.2.4) Proposition: If (2,5, u) and (2, St, p) are, respectively, a metric
dynamical system or a metric flow then a necessary and sufficient condition
for ergodicity is that, for any given f € Lyi(u) the following limit relations
hold p—almost everywhere

N-—1
fim N1 f(870) = [ () f0), map case,
=0

N —oc0

lim 71 /OTf(Stac)dt = /,u(dy)f(y), flow case.

T—o00

Proof: Consider the case of a map S. Note that Birkhoff’s theorem implies
that [ f(y)u(dy) = [ Ffly)u(dy). If f is ergodic in the sense of definition
(2.2.2) the average f(x) of a function must be constant almost everywhere
otherwise there would be a set E with 0 < p(E) < 1 and a number a
such that F is the set of points where f(z) < a. The set E would be
invariant and therefore by choosing E = F in (2.2.16) one would get the
contradiction y(E) = u(E)?. Vice versa if the time average of any function
is its p—integral we can f(z) = xp(z) in (2.2.16) and note that its average
is u(F') so that (2.2.16) holds. u
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Remark: Some simple, but classical and interesting, applications will be
found among the problems below: among them the theory of average rota-
tions in epicyclic and deferent motions.

Appendix 2.2: A proof of Birkhoff’s theorem

Proposition (2.2.2) is easily proved by following the classical scheme of
Garcia, see [Ja62], simpler than the original Birkhoff’s proof, [Bi31]. We
first prove the p—almost everywhere convergence. Here (£2,5, 1) is, quite
generally, an invertible metric dynamical system mod 0.

We first show (2.2.8) for f € Loo(pt). Let

N-1 N-1
fr@) =lmsup N~' Y~ f(S72),  f(x) = 1%111an*1 > f(S7x).
N —o00 j=0 —00 J=0

Since fT(z) = fH(Sz) = fH(S7'z) and f~(x) = f~(Sz) = f~ (S~ '2) the
sets of B defined by D, = {z|f~(z) <a <b < f*(z)} are S-invariant.

If f*(x) is not equal to f~(z) p—almost everywhere then a < b must exist
such that u(Dgp) > 0. We show instead that pu(Dgp) = 0, for all a < b.

To simplify notations set g(z) = f(x) — b, and h(z) = a— f(x). Iif x € Dy
it is clear that either g(z) > 0 or there exists M > 2 such that
k=1,2

g Ly ooy

M -1,

k(g(x) + 9(Sz) + ... + g(S* ') <0,
M~ (g(z) + g(Sz) + ...+ g(SM~1z)) > 0.

If we call D) the set of the z € D,y for which the latter relations hold
one has D, = US5_; D). By induction one can check that the integral
of g on Uk,_, D™) is not negative.

For k = 1 the statement is obvious. Note that, for k = 2, D) consists of
points = such that Sz € D™ and, see Fig. (2.2.1), we see that

/ o(z)u(dz)
DMUD®@)

- / o(e)u(dz) + / (9(z) + g(Sz))u(dz) > 0,
DW\SD®) D@

having used here the invariance of the measure pu.
Analogously D®) is made of points x such that S?z € DM and Sz €
DM UD®). Then, see Fig. (2.2.2), the set D®) can be divided in two parts

DY and D(;) such that z € DY — Sz € D@ and z € D(;) — Sz e DW.
Hence for k = 3, see Fig. (2.2.2), one has

/ oentd) = [ (gla) + g(50) + 9(5%0) (do) +
DMOUD@uUD®) D(3)

b )+ gSotdn) + [ L glou(d) >0,
D@\SD® pO\sD@usp{us2pt
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remainder

Fig.(2.2.1) llustration of the case k = 2: the negative contribution of the region D(?)

is compensated by the (larger) contribution from its image SD®),

remainder

Fig.(2.2.2) llustration of the case k = 3: the negative contribution of the region D)
can be divided in the part o, with S—image and S?—image respectively in D® and DM,
and in the part 8 with both S—image and S?-image in D). Other cases are not possible

and the negative contibutions are compensated by larger positive contributions.

and obviously one can continue and formalize the above considerations
building an inductive proof. 2

We can proceed in an identical fashion with the function A thus arriving

For instance: fix N > 1 (large) and let An be the set of points € D, such that the
sum Z;V:_Ol g(S7z) > 0 but the sums Zf;g g(Siz) <0fork=1,...,N—1. We define

the set An_1 as the set of points in Dab\U;V:BI S A for which the sums Z?;g 9(S7x)
are negative if K < N — 1 and non-negative for kK = N — 1 and we note that by con-
struction (U;VV:_O2 SIAN_1) ﬁ(U;VV:_O1 SIAN) = 0: likewise we can define A; as a subset
of Dab/(Ui\;;_l,_l Uz;lo SkA;) for j=N,N—-1,...,1and A;NA; = 0. The integral of
g over the set Dy = Uj-vzl Uz;g S*Aj is therefore > 0. Since (Ufi;}rl UZ_:IO SkEA;) is
a family of sets which increases to Dgp, i.e. Dgp = UN(UN*._l’_1 U?:lo SkA;) it follows

i=j
J 9(@)u(dz) > 0.
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to the two inequalities

/D (f(x) — b)u(dz) >0, /D (a— f(x))uldz) >0,

that summed yield p(Dgp) (a—b) > 0 that implies, since a < b, u(Dgp) = 0.
Hence we have shown that if f is in Lo, () then the limit (2.2.8) exists
p—almost everywhere. Since the sequence of averages of f is uniformly
bounded if f is bounded, the limit (2.2.8) exists also in L (u). However the

operator My, defined as My f(x) e N1 E;_V:—Ol f(S7x), is manifestly a
uniformly (with respect to N) continuous operator in Lq(p) (with norm 1)
and therefore the limit (2.2.8) exists also in L;(u) for all f € Lq(p) because
the space Loo(p) is dense in Ly (p).3

Upon a more mindful examination we see that the proof of the almost
everywhere convergence could be repeated also for f just measurable with
the only difference that now f* could assume the values +oco on a set of
positive measure. So for all measurable functions the convergence takes
place u—almost everywhere.

Problems for §2.2

[2.2.1]: (Continued fractions)
Let 7 > 0 be an irrational number represented by its continued fraction

1 d
T=ao+—1 =f [ao,a1,az2,.. ],

a; +
az +

a3 + ...

defined by setting, if [z] denotes the integral part of z (to not be confused with the symbol
[a0,a1,az,...] denoting the continued fraction), ag = [r], r1 = (r — ao)™ %, a1 = [r1],
ro = (r1 —a1)~ !, az = [re], .... The numbers aj are called the entries or the partial

quotients of the continued fraction. Check that one has a; > 0 for all j =0,1,2,....
[2.2.2]: In the context of problem [2.2.1] let

1 d
Ry = ao + T éf[ao7a1,a2,~~-7ak}-

a; +

az +
a3z + ... 1

Show that Rop < r < Ragp4q for all k> 0.
[2.2.8]: (Convergents)
’

In the context of problems [2.2.1] and [2.2.2] note that if [a1,...,ax] = Z— then

8 More explicitly this means that, since fQ IMp f(x)|p(de) < fQ |f(z)|p(da), if frn(z)
is such that limy,—co fQ\fn(J}) — f(x)|p(dz) = 0 then limp—eo fQ My fr(x) —
Mpyf(z)|lp(de) = 0 and this limit is reached wuniformly in N: hence
limp o iMy o0 [, [MNfa(@) — My f@)|u(de) = 0, ie limpsoo [ F(2) —
f(@)|p(dx) = 0. It is now enough to remark that if f € Li(u) then fn(z) =
min{ f(2), 7} € Loo (1).
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/ ’
[ao,a1,...,ax] = a‘”;%. Deduce from this that a vector v, = (pg,qr) € Zi such

that Ry = pi/qr can be taken to be

w= (0 (% 8) (% ) (5)

The quantities py /gy, are called the convergents of r.

[2.2.4]: (Convergents recursion)
Deduce from problem [2.2.3] that v, = apv,_; +v,_o, i-e.

Pk = 0kPk—1 + Pk—2,

Qk = 0kQk—1 + Qk—2,

e (1 3)(3) - () - () (9) 0 (%0 () -

; then eliminate the last matrix in the product of matrices appearing in problem

=]

1
0
2.2.3].)

[2.2.5]: From the recursion relation in problem [2.2.4] deduce that

akPh—1 — Prak—1 = —(Qh—1Pk—2 — Pk—1qk—2) = (=1)F,

AkPk—2 — Prdk—2 = ak(qGr—1Pk—2 — Pr—1dK—2) = (—1)*Lay,

for k > 2, so that

Pe-1_pe _ (=DF peorz _pe _ (EDE
T-1 T a1 Th—2 WG QeQe—2

(Hint: Multiply the first equation in the recursive formula in problem [2.2.4] by g _1 and
the second by pi_1 and subtract, etc.)

[2.2.6]: (Convergents are relatively prime)
Show that the numbers pn,gn are relatively prime for all n. (Hint: Obvious for po, qo,
p1,q1; for k > 2 this follows from the first relation in problem [2.2.5].)

[2.2.7]: (Even—odd convergents)
From problem [2.2.5] deduce that

1

Po _ P2 P3Pl P
qkqk+1

K<L =< =, and’r——k‘<
qo0 q2 q3  q1 K

[2.2.8]: Show that g > 2k=1)/2 k>0 and p;, > 2(k=2)/2 k > 1. (Hint: Note that
aj, > 1 for all k> 1 and use the recursive relation in problem [2.2.4] and pj,q; > 1.)
[2.2.9]: (Rational approzimations by convergents)

Show that 1

ar(qk + qr+1)

1
TeQrt1

<’r—&‘<
9k

L Tfa c atsc : . i a c
(Hint: If § < G then 33727 increases with s for s > 0, while if § > § it decreases. Hence

_o+SPr_1 . . . . .
Pr—2%3Pk-1 jncreases with s and for s = aj, it becomes ZE which is such
dk—2+5qK—1 aK

that 2k < p < 2E=1  Therefore
qK dk—1

if k is even

—_2+ _
<pk2 plcl<7”7

k-2~ Gk—2+t Qk—1

Pr—2
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hence

T

) ‘ Pk—2 + Pk—1  Pk—2 | 1
qr—2 Qe—2+ Q-1 qr—2 o—2(qk—2 + qk—1)’

while the other inequality follows from problem [2.2.7].

The following definition will be used below: a rational number p/q is a best approzima-
tion for r if for any pair p',q' with ¢ < q, one has |¢'r — p'| > |gr — p|.

[2.2.10]: Assume r irrational, and set a; = p;/q;, where p;/q; are the convergents of
the continued fraction of r. Let j be odd. Let p and g be positive integers such that
oj_1 > a > oy, with o = p/q. Then g > g;. State and check the analogous result for j
odd, by showing that the two results can be summarized by saying that if p/q is between
two convergents of orders j—1 and j+1 then one has q > ¢;. (Hint: aj—1 > a > oy >
T > o  so that 1/q;q;—1 > |aj—1 — 7| > |aj—1 —af = |pj—19 — ¢j—1pl/99;-1 = 1/qq;-1,
because |pj_1q9 — q;—1p| > 1).

[2.2.11]: In the context of problem [2.2.10] show that if j is odd and if & = p/q,
with p, g relatively prime integers and a;_1 < o < ajyt1, is not a convergent, then
qj |r — aj| < q|r — af; a similar result holds for j even. (Hint: qla —r| > gla — ajy1]| =
alpgj+1 — apjvil/agir1 > 1/q541 > qjlay — 7).

[2.2.12]: (Approzimation by rationals)

Show that problems [2.2.9],[2.2.10],[2.2.11] imply that if p/q is an approximation to r
such that |¢'r — p’| > |gr — p| for all ¢’ < q then g = g;, p = p; for some j. In other
words every best approximant is a convergent.

[2.2.13]: (Rational approzimation and convergents)

Show that if r is irrational every convergent is a best approximant. (Hint: If not then
for some n there must exist ¢ < gn with |rq — p| < |rgn — pn| = €n; let p,§ minimize
the expression |¢'r — p’| for ¢/ < gn; if £ is the minimum value, one has € < &,; hence
D/q is a best approximation: so that p = ps,g = ¢s for some s < ¢n and 1/(gs +
gs+1) < |gs7 — ps| < |gnT — pn| < 1/@n+1, i.€. gs + gs+1 > gn+1 which contradicts
Gni1 = Gnt1Gn + qn—1)-

[2.2.14]: (Best approzimation and convergents)

A necessary and sufficient condition in order that a rational approximation to an irrational
number be a best approximation is that it is a convergent of the continued fraction of r.
(Hint: Just a summary of problems [2.2.6] through [2.2.13]).

[2.2.15]: Show that if gn—1 < g < ¢n then |gr — p| > |gn—17 — pn—1|. Show that this
can be interpreted as saying that the graph of the function 7(g) = miny |gr — p| is above
that of the function 79(q) = en = |gnT — pn| for ¢gn < ¢ < gn+1. (Hint: If one had
lgr —p| < |gn—17—pn—1]| and if € = min |gr —p| over gn—1 < ¢ < gn and over p is reached
at some @, p then p/q would be a best approximation).

[2.2.16]: (Bounded entries continued fractions)

Show that if the entries a; of the irrational number r are uniformly bounded by N then
the growth of ¢n is bounded by an exponential (and one can estimate g, by a constant
times [(N 4 (N2 +4)1/2)/2]™). Viceversa an exponential bound can hold if and only if
the entries of the continued fraction are uniformly bounded. (Hint: The denominator gn
is bounded by that of the number with continued fraction with entries all equal to N).

[2.2.17]: Show that if the inequality: |gnr — pn| > 1/Cgn holds for all n and for a
suitable C then g, cannot grow faster than exponentially. (Hint: Problem [2.2.9] implies
the inequality 1/Cqn < 1/qn+1.)

[2.2.18]: (Diophantine property and convergent growth)

One says that a number 7 verifies a Diophantine property with constant C' and exponent
7 if |gr — p| > C~ ¢~ 7. Show that if the convergents growth is bounded by the law
qn+1 < Cqn, for some constant C, then the number r verifies a Diophantine property with
exponent 7 = 1. More generally relate the growth of the convergents to the Diophantine
property. (Hint: Refer to problem [2.2.9].)
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[2.2.19]: (Rotations and generation of the continued fractions entries)

Suppose n even and think the interval [0, 1] as a circle of radius 1/27: the point g, mod 1
can be represented as a point displaced by €n = |gn — pn| to the right of 0, while ¢p—17
can be viewed as a point to the left of 0 by €,,—1. Show that the points ¢gr mod 1, with
gn < q < gn+1, are not in the interval [—e,—1,0] unless ¢ is of the form q = sgn + gn—1,
with s < ap41 an integer. Furthermore show that the point rgnt+1 = r(an+1gn + gn—1)
is closer than e, to gn,—17, and that it is the next position closest to 0 occurring after g, r.
Show that this provides a natural interpretation of the meaning of the numbers a; in the
continued fraction of r regarded as a rotation of the circle [0, 1], as well as a geometric
interpretation of the relation an+1¢n+qn—1 = gn+1. (Hint: Use the construction given for
problem [2.2.9] to see that the points gr are between rqn—1 and rqn+1 for ¢ = sgn+qn—1,
with 1 < s < ap41, while, for other values of ¢ < gpn41, their distance from a point inside
[—en—1,0] is greater than €,—1.)

A
E(t)v %

0.62

t

>

1235 8 13 21 34 55

Fig.(2.2.3) Graph of the best approximants for the golden mean. The horizontal lines
end at the abscissa ¢n, n > 1 and their height is the precision of the best rational
approximation p/q with ¢ < gn. The continuous line is the graph of 1/t.

[2.2.20]: (Gaps in the rational approzimations)

Show that the function £(T') = mazimum gap between points of the form nr mod 1,n =
1,2,...,T depends on T as

n ST <qn+gn-1=e(T) =en_1
an+qn-1 T <2¢n +qn—1 = &(T) =en—1—¢n
(ant1 —1)gn < T < ant1gn + n—1 = gnt1 = €(T) = en—1 — (ant1 — L)en

and set Ty, j, = kqn+qn—1,k=0,...,ant1—1and e(t) = e(Tp,x) for Ty, ), <t < Ty g1
Draw the graphs of the function equal to e(T") for (T") and its inverse T'(g) for the golden
mean, i.e. the number with ap = 0 and a; = 1, 7 > 1. Explain why one should have
expected that the plot of (¢,e(t)) for ¢ > 1 and the plot of (¢,1/¢) should have the form
in Fig.(2.2.3). Plot —loge(T) in terms of logT and show that is is above a straight line
with slope logr~1!). (Hint: This is simply another interpretation of problem [2.2.19]).

[2.2.21]: (Quadratic irrationals)

Show that if a number has a continued fraction with entries which eventually are period-
ically repeated, then it is a number verifying a quadratic equation, i.e. it is a quadratic
irrational. Viceversa, see problems [2.2.22] and [2.2.23], it can also be shown that all
quadratic irrationals have a continued fraction with entries eventually periodic repeated.

[2.2.22]: Suppose that for some integers a,b,c one has ar? + br + ¢ = 0. Remark
that the argument in problem [2.2.3] shows that the number r, = [an, @n+1,...] verifies
r = (Pn—1Tn+pn—2)/(Gn-17n+qn—2). Substituting the latter expression in the equation
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for r one finds that r,, verifies an equation like Anr% + Bprn + Cn = 0. Check, by direct
calculation of Ay, Bn,Cy that

Ap=ap’_ 1 +bpn_1qn-1+cqi_s,
Cn = An—ly
B2 — 44, Cy = b% — dac.

Show that |An|, |Bnl, |Cn| are uniformly bounded by H = 2(2|a|r + |b| + |a)) + |b|. Hence
all quadratic irrationals are Diophantine with exponent 7 = 1. (Hint: It suffices to find
a bound for |A,|. Write A, = qi_l(a(pnfl/qnfl)2 + b(pn—1/gn—1) + ¢) and use that

|7 — pn—1/gn-1| < 1/g2_, and ar? + br + ¢ = 0).

[2.2.23]: (Eventually periodic fractions and quadratic irrationals)

Show that a quadratic irrational has an eventually periodic continued fraction because,
as a consequence of the results of the previous problem, the numbers 7, can only take
finitely many values. Show that, if H is the constant introduced in problem [2.2.22], the
period length can be bounded by 2(2H +1)3 and that the periodic part has to start from
the j-th entry with j < 2(2H + 1)3.

[2.2.24]: (Filling time bound)
Show that the maximum time that one has to wait until the quasi-periodic motion é +

wt enters a ball of radius € around El € T’ can be estimated to be not larger than
const Ce™t=7 if |w-y| > C~ty|=7 for all 0 # v € Z°. (Hint: Suppose El = 0 (not
restrictive). Let X(z) = (1 — 22)7t! for |z| < 1 and X(x) = 0 otherwise. Define
14 1= _ 1 .
x*(a) = H].:I(&'y) 1X(ej/€), and v = (2m)~! fildm (1 — 22)7+1 then the Fourier
€ fe e : _ 1
transform of x°(a) is x; = ¥(er) with 9(0) = 1,[y(r)| < const. HJ. T, Note

that if 71 fOT X© (EO + wt)dt > 0 then the motion will have visited the ball before time
iB v etwrT g
Byret —1

V40 5(\26 o T and bound it below with

T. Evaluate the integral as 1 + Z

4
C 1 - rc
_ = - - >1-—- ——
(1 const T E# | | A1 ;02T |v| ) >1 Tertl’
v#0j5=1

where I" ~ const. ffooo dlz |z| Hj W)

[2.2.25]: (Positive frequency time)

In the context of problem [2.2.24] estimate the maximum time one has to wait so that
while time varies between 0 and T the cylinder centered at ﬁo with basis a disk of radius
€ and height 1 (say) has been visited a finite fraction of T'. Show that it is not larger than
T = const Ce~"~**1: hence the estimate of the maximum filling time in problem [2.2.24]
can be improved to become T. (Hint: Just repeat the argument in problem [2.2.24] by
replacing x(«) by a function which differs from 0 only in a cylinder centered at 0 and
having as basis a (¢ — 1)-dimensional ball of radius € and height 1 with axis parallel to
w.)

[2.2.26]: (Minimum filling time)
In the context of problem [2.2.24] note that the first visiting time of a ball of radius €
coincides with the first hitting time of a disk orthogonal to w through the center of the

ball. This suggests that the estimate of T in problem [2.2.25] contains a factor g~ (=1
which is a kind of “cross section” estimate and therefore the minimum time to enter
the ball could, in fact, be simply constC e~ 7. Check that in the case ¢ = 2 this is a
consequence of the result of problems [2.2.14] through [2.2.20]. This is in fact true for all
£: see [BGWOS|.

[2.2.27]: Let r = [ag,a1,...,ak], a; > 1,9 > 0, be a rational number and let w =
r,1). Consider the periodic motion on T? given by a, +tw. Estimate (from below) the
0
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maximum distance that a point can have from the trajectory of ay,. (Hint: See problem
2.2.20].)

[2.2.28]: The dynamical system with Q@ = {0}, SO = 0, u({0}) = 1 is ergodic and
mixing. The system Q = {0,1}, SO0 =1 and S1 = 0, u({0}) = p({1}) = 1/2 is ergodic
but not mixing.

[2.2.29]: (S? ergodic implies S ergodic)

If (22,52, 1) is ergodic also (R, S, i) is such. If (©2, S, 1) is mixing such is (Q, 5%, i) and
vice versa. Find an example of an ergodic system (£2,5, 1) such that (2,52, 1) is not
ergodic. (Hint: Look into problem [2.2.28].)

[2.2.30]: (Ergodicity of a non-resonant quasi-periodic flow)

The continuous dynamical system (T", S¢, A\) where S¢(p) = ¢ +wt mod 27 and A is the
Lebesgue measure A\(dp) = dp/(2m)" is ergodic if and only if (w1, ...,w,) are rationally
independent. N N

[2.2.81]: (Non-ergodicity of a resonant quasi-periodic flow)
Consider the flow of problem [2.2.30] and, by suitably interpreting proposition (2.1.2),
realize that it can be thought of as a “union” of ergodic systems.

[2.2.32]: (Quasi-periodic flows are not mizing)

The flow in problem [2.2.30] for all » > 1 is not mixing.

[2.2.83]: (Epicyclic motion)

Let a1,a2,...,an be n > 2 non-zero complex numbers, let wi,...,w, be n rationally
independent numbers and let aq, ..., an be n angles. Consider the motion z(a + wt) of
z(a) = Zz a;e’®i (epicyclic motion): show that z(a) = 0 at most on a set of 0 volume
of @’s in T™. Show that the function ¥(a) = arg(z(a)) has derivatives Oa,;¥(a) which
are measurable and the t—derivative of ¥(a + wt) is given by f(a + wt) with

Z. - ajajw; cos(oy — o) 1
o) = & =) wita,¥(a),
Zi,j ajaj cos(oy — o) —

in the case of real a’s. Check that f(a) and Oa;¥(a) are also Lebesgue integrable; if
z(a) cannot vanish they are in fact even Riemann integrable. (Hint: Let n = 3, for
instance; if x + iy def 2(a + wt) the t—derivative of 9(a + wt) is (g — yz)/(z? + y2),
and the denominator can vanish when two suitable combinations of the angles «; vanish;
hence if the denominator vanishes it does so at second order at a point on a plane and
at the same time the numerator vanishes to first order so that the divergence of f(a) is
integrable, if at all present (i.e. if a1, a2, a3 are the sides of a triangle).)

[2.2.34]: (Epicyclic mean angular motion with deferent circle)

In the context of problem [2.2.33] show that z(a + wt) is a point which has a well defined
average rotation speed around the origin, given by Q = lim;— oo %arg z(a + wt) for all
aif |ai]| > Z?>2 |aj|, or more generally, if z(a) cannot be zero for suitably chosen a.

Show also that one has Q = W f f(a)d™a. The circle of radius |a1] is called deferent

while the circles with radii aj, j > 1 are called epicycles. (Hint: Since f(a) is Riemann
integrable one can apply proposition (2.2.1).)

[2.2.85]: (Epicyclic mean angular motion without deferent circle)

In the context of problem [2.2.33] consider cases in which z(a) can be zero for suitably
chosen a: e.g. the case n = 3 with a, b, ¢ positive and equal to the sides of a triangle
(we refer to such a case as a singular epicyclic motion). Show that the average rotation
speed 2 exists for all but a set of zero measure of a’s. Check that in the latter cases the
average is 2 = ﬁ f f(a)d™a and that Q is a linear combination of the components

of w with coefficients p; which add up to 1: Q = Z;L:1 wjipj. (Hint: Since f(a) is

always Lebesgue measurable we can apply Birkhoff’s theorem and use the ergodicity of
the irrational rotations of the torus.)
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[2.2.36]: (No exceptions in the epicylic motion)

In the context of problem [2.2.35] consider a singular epicyclic motion, e.g. the case in
which n = 3 and a1, a2, a3 are the sides of a triangle (see the previous problem). Show
that the average angular motion actually does exist for all & € T2 such that z(a + wt)
never vanishes for any ¢’s and is the same (i.e. Q) for all: this is a problem posed by
Lagrange and solved by Bohl. (Hint: Note that, by problem [2.2.35], as close as wished
to every point @ such that z(a + wt) # 0 for all ¢ there must be a point whose average
rotation speed is Q. The set of o for which z(«) vanishes, “triangle configurations”, is
a line in T?: the set of points closer than € to this line forms a tube of volume < ce for
some ¢ > 0. If o, is a point with average speed of rotation Q close to @ within £/2 then
a, +wt and &, + wt will stay within order of ¢ forever. But the fraction of time that
a, +wt spends inside the tube around the singularity will be, by ergodicity, of order ¢ and
therefore the fraction of time the argument of z(@, + wt) may differ substantially from
that of z(a, 4+ wt) also has size of order ¢; during such amounts of time the difference
in the arguments can be at most 27. Hence the average rotation of z(@, + wt) is close
within order € to Q and ¢ is arbitrary.)

Remark. Note that if o is such that z(a + wt) vanishes one cannot define arg(z(a + wt)).
Unless z(a + wt) vanishes for infinitely many #’s the argument of z(a + wt) can be
eventually meaningfully defined and by the argument in the latter problem [2.2.36] it
equals Q. However if there are two t’s for which z(a + wt) = 0 then the w cannot be
rationally independent. Hence the result of the previous problem is that the average
epicyclic motion exists aside from the cases in which it cannot be defined.

[2.2.37]: (Epicylic motion in Lagrange’s problem, [AAGS], p. 142)

In the context of problem [2.2.33] consider the function 9a;¥(a) and show that the time
average p; of O, Y (a+wt) is > 0 and equal to the fraction of the volume of T" occupied
by the a’s such that |Zk¢j are®k| < |a;|. (Hint: Without loss of generality consider

7 = 1. Note that by ergodicity of the transformation a — a+wt and of the transformation
of the single angle a; — a3 + ¢ the above average is

B0y () da I 1 td Dy I + )dag...dan
= a = lim — T « T, Q2 ..., Q) ———————.
A =l A TR 2 " 2m)n—1

2 .
However fo T dr00, (a1 + T, a2, .., an) =0 if |a| > | 2?22 a;je'®i|, as a simple draw-

ing shows if the point z(«) is represented as £ + a1e’®1 with & = Z;.L:Q ajemf, and

f;ﬂ dr Oay V(01 + 7,2, . .., an) = 2w otherwise.)

[2.2.88]: (Bohl’s formula for Lagrange’s epicycles)

In the context of problem [2.2.33] consider the case n = 3 with a1, a2, az being sides of a
triangle whose angles are A1, A2, Az, with A; opposite to a;j. Then the average motion
is Q given by

1
Q==(A1w1 + Aswa + Asws)
™

(Hint: This is a special case of the formula for p; derived in problem [2.2.37].)

[2.2.39]: (Ezistence of the rotation number, [Lell])

Let ¥ = S(9¥) be a monotonically increasing smooth function of the real variable 9.
Suppose that S(¢ + 27) = S(¥) + 27. Show the existence of Q such that S™(¥) = ¥ +
Qn+e(n), with e(n) bounded uniformly in ¢, n. (Hint: By the periodicity of S it suffices
to consider ¥ € [0, 27). Assume that one has S™9 # ¥ + 27p for all integers p and for all
¥ € [0,27): otherwise the discussion is easier. Let S™9 = ¥ + 21 My, (9) + rn(¥), with
Mp(¥) € Z4 and 0 < rp(¥) < 27. But My (9) can be discontinuous only if r, (¢9) = 0,
so that, by assumption, this can not happen. Hence My (¥) must be independent of ¥:
Mp(9) = My, for all 9 € [0,27]. Thus S™(S™Y) = S"T™Y = 9 + 2n Mptm + Tntm (V)
and

S™(8™Y) = S (Y + 2nMm + rm(9)) =

=85 +rm(9)) + 27 Mpm =9+ 27(Mp + Mm) + (9 + 7m (9)).
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We deduce My, + My — 1 < Mp4m < Mp + My, + 1. By subadditivity this implies that

limy,— 0o % = Q exists; the inequality also implies the existence of a constant C such

Mppim M, s
that ‘ﬁ - Tpl < % forallp > 1,0 < m < p,n > 0: hence % = Q4+ 2 with
"Yn‘ < C-)

[2.2.40]: (Ezistence of the mean motion, from [Lell])

Let 9 = F(9,t) where (9,t) € R? are two angles and F > 0 is smooth on R? and
periodic with period 27 in both arguments. Show that for all initial data ¥ the solution
of the equation has the form ¥(t) = Yo + Qt + €(t) with e(¢) uniformly bounded for all
t. (Hint: Define the circle map corresponding to the solutions of the differential equation
considered at times 27n, n =0,1,2,...,n.)

[2.2.41]: Given a dynamical system (2, S, u) let £ = {E1, ...} be a denumerable family

of u—measurable sets that generate # the o—algebra B, on which the complete S—invariant
measure 4 is defined. Then (2, S, u) is ergodic if and only if

N—-1
lim N~! w(Ey N STIEL) = w(Ey)u(Ey) for all h,k > 1,

N— oo
Jj=0

and it is mixing if and only if

lim p(ER N STIE) = w(Ek)pu(Ey) for all h,k > 1.
j—oo

[2.2.42]: (Bernoulli shift is mizing)

The dynamical system (€, S,u), with Q = {0,1}%, S = the shift by one unit, u =
Bernoulli measure B(1/2,1/2) on 2 = the measure that attributes to the cylinders

Céll‘:,?p (cf. remark following definition (1.4.2) for the notion of cylinder) the measure
27P, is mixing.

[2.2.43]: (The baker map)

The baker map B is defined on the unit square Q = [0, 1]2 of R? by

z — 2z mod 1, y — y/2 + [22]/2,

(where [-] denotes the integer part function). Check that this map leaves invariant the
Lebesgue measure A on [0,1]2. Show that the system (£, S,u) of problem [2.2.42] is
isomorphic mod 0 to (Q, B, \). Find the measure zero set N C [0,1]?> and N’ C {0,1}%
that have to be removed to define the isomorphism, cf. definition (1.2.3). Is B invertible?
Is it invertible mod 0?7 (Hint: Write = and y in binary expansion and express B in terms
of their binary expansions).

[2.2.44]: Let (92,S) be an invertible topological dynamical system and let © be compact
metric; show that p € M(€,.5) is ergodic or mixing if and only if for all f,g € C(Q2) one
has, respectively,

N-—1
Jim NTUY Cf(590) = / (') plda’)
=0 @

or

J_l_ifgou(fsjg) = / F(S72") g(a") p(da') = p(fulg),
Q

where pu(f) = fQ f(z")p(dz"). Show also that in the above statements one can replace
C(Q2) with any denumerable family {fn}necz of functions of C(Q2) which is fundamental

4 This means that B, is the smallest y—complete o-algebra containing the sets in £.
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in C(92) (i.e. such that the linear space that it spans is dense in C(2) in the uniform
norm).®

[2.2.45]: (S~ is ergodic or mizing if S is such)
If (92,5, 1) is an invertible ergodic (or mixing) dynamical system also the “inverse” dy-
namical system (€2, S™1, i) is such.

[2.2.46]: (Fquality of averages in the past and in the future)
If (©2,S, ) is an invertible metric dynamical system, fixed f € Li(u) the limits

N-1 N-1
f (m):NhinooNfl f(S87z) and T(w):ngnooN*I f(S™x)
j=0 Jj=0

exist p—almost everywhere and are p—almost everywhere equal. (Hint: Use proposition
(2.2.2). Define E = {z|?7L () > F ()} and, if u(E) > 0, show that the average values
in the future and in the past of xgf are respectively xg ?+ and xg f  and, hence,
e -+ - . =+

(F7=F xe>0and [xpgf du= [xef du= [xpfduimply (Ff = F )xeg =0
p—almost everywhere, etc.)

[2.2.47]: (Frequency of digits, see [AA68])

Let oo = log, ¢ with b > ¢ > 1, b and c integers. Consider the map Sx = « + a mod 1.
Show that [p5" (9] = [b7@], with [-] denoting the integer part, is the first digit of the
development in base b of the number ¢. Making use of proposition (2.1.2), compute the
frequency with which the digits 7 and 3 appear respectively as first digits of the decimal

development of 3™ and show that 7 appears more often than 3 assuming known that
logs 10 4s irrational, (is it? check).

[2.2.48]: (Arnold’s cat map is mizing)

Show that the map of T2 : S = G ;
system (T2, S, \) with A = Lebesgue measure = (dp)/(2¢)? is ergodic and mixing. (Hint:

Apply the result of problem [2.2.44] and select the sequence f, = e’Y'? as the basis for

) (i;) mod 27 is such that the dynamical

the Fourier series on T2.)

[2.2.49]: (The product of mizing systems is mizing)

Consider the metric dynamical system constructed starting from two metric invertible
dynamical systems (Q, S, n) and (€/,5, 1) and forming the new metric dynamical sys-
tem, called the tensor product of the two dynamical systems, (2 x Q/,S x S',u x p').
Show that the tensor product is mixing if both (€, S, u) and (€', S/, ') are mixing. (Hint:
Make use of the result of problem [2.2.44] and of the density in C(Q x Q') of the functions

having the form Y7 | fi(z)gi(y) with fi,...,fp € C(Q), g1,...,9p € C().)

[2.2.50]: (Ergodicity and mizing of tensor products)

The tensor product of two irrational rotations of the circle T! with equal rotation numbers
is not an ergodic system. Find esplicitly invariant sets of positive measure. However the
tensor product of two mixing systems is mixing (cf. problem [2.2.49]).

[2.2.51]: Let (9,5, ) be a metric invertible dynamical system; consider the unitary
operator on La(p) : (Uf)(xz) = f(Sz). Show that (2,5, u) is ergodic if and only if the
equation Uf = f in La(u) admits only the solution f = const.

[2.2.52]: If (Q,S,p) is as in problem [2.2.51] and if f € L2(2, ) such that Uf = Af
with A # 1 exist then (€2, S, 1) is not mixing.

[2.2.53]: (A non-Lebesgue-measurable set)
Let w/2m be irrational and consider the rotation of the unit circle T! with rotation

5 Given a set H of continuous functions H C C(£2), the subspace spanned by H consists
in the finite linear combinations of elements in H.
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number w. Select a point out of every trajectory. If Ey is the set of points thus obtained
check that Eg + jw is disjoint from Eg + iw for ¢ # j. Conclude that Ey is not Lebesgue
measurable. (Hint: Since the US2 _ _ Eo+jw = [0, 2] and since the pairwise disjoint sets
Eo + jw, if measurable, would have all the same Lebesgue measure it follows that they
could not have zero measure because the measure is completely additive and therefore
the whole space would have zero measure. They cannot have positive measure because
then the whole space would have infinite measure. An absurd situation.)

[2.2.54]: (A non-Lebesgue-measurable function)

Given Ej as in problem [2.2.53] for every = € [0,2n] the trajectory T(z) = {z'|z' =
z + kw mod 27, with k € Z}, intersects Ey only in one point £(z). Setting f(z) = £(z)
one defines a function such that f(z) = f(z +w). Show that such function takes different
values on different trajectories but it is not a first integral! hence it is not Lebesgue
measurable. (Hint: Ergodic systems cannot have first integrals: hence the only way out
is that the set Ey cannot be measurable and the function f(x) is also not measurable:
but measurability is required in the definition of first integral).

Note that Fg is the prototype of the sets which are not Lebesgue measurable. Making
use of the axiom of the choice it becomes possible construct apparent nontrivial constants
of motion for ergodic measures. However one obtains in this way examples of functions
or sets which are not measurable with respect to the ergodic measures in question. The
above set (described by Lebesgue) appears, therefore, as a non-measurable set associated
with the ergodic action of a rotation of T'. Non measurability is the mathematically
precise definition of a function that cannot be tabulated with any prefixed appximation.
The axiom of choice is used here when the choice set Eg is obtained, i.e. in Zermelo’s
formulation.

Bibliographical note to §2.2

The proof of Birkhoff’s ergodic theorem goes back to 1931, [Bi31]. The
one presented above is taken from [Ja62]. Use of continued fractions in
Science seems to be documented to go back at least to Aristarchos (about
280 b.c.) (who gives as tropical year length 365 + (1/4 + 1/(20 + 2/60))
mean solar days while the solar year was given as 365 + (1/4 — 1/(10 —
1/4)) mean solar days) and it is likely to signal that he realized existence
of equinox precession before Hypparchos did 150 years later. [Ra99] The
continued fractions theory presentation is here inspired by [Ki64]; the case
of Diophantine vectors of dimension higher than 2 cannot be reduced to the
theory of continued fractions, nevertheless the above approach to continued
fractions admits some extensions and in the problems for Section §(8.1) we
provide a few examples inspired by [Ch99], see also [CMO01]. The rotation
number theory for circle maps is taken from [Lell]: it is due to Poincaré,
[Po85]. The theory of epicyclic motions is essentially due to Lagrange in the
cases in which a deferent is present. The case in absence of deferents has
been solved by Bohl in the n = 3 case and extended by Weyl to the general
case, [AAGS].

§2.3 Ergodic points

The considerations and definitions of the previous sections lead to a nat-
ural classification of the motions associated with a continuous map S of
a compact metric space {2, observed on a partition . This classification
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divides motions in three classes: the ergodic motions, the motions with de-
fined frequencies but which are not ergodic and the exceptional motions,
i.e. motions with not defined frequencies.

Let Q be the closure of the set of (P, .S)-histories of points in €: this is, in
general, larger than the set of histories of points in (2 and has been called
in definition (1.4.2) the set of symbolic motions seen from P. We begin by
defining the exceptional points.

(2.3.1) Definition: (Exceptional points)
Let (Q,5) be an invertible dynamical system and let P ={Py,...,P,} be a
partition of Q. If x € Q let a(x) be its (P, S)-history.

The set of the sequences g € Q with not defined frequencies will be called
the set of (P, S)—exceptional symbolic motions and we shall denote it by E'.
The set of the points z € Q such that o(z) € €' will be denoted E'(P,S) and

it will be the set of the (P, S)—exceptional points.

We need to investigate the classification of the remaining points of {2 and
of Q in order to show that all statistical properties of motions are carried by
the ergodic points. This will be achieved in the next section. It is convenient
to introduce, for this purpose, a few more definitions.

(2.3.2) Definition: (Stationary distribution)
A sequence p of non negative numbers,

B:(p(jqu))a QZL {jlv"'ajq}CZa 017'-'7Uq€{07"'5n}7

01...0q

will be called a stationary distribution on {0, ..., n}Z if the following prop-
erties hold for every choice of the labels:

(i) positivity :
J Ji---dq
= > . .
p(g) p(ol...oq 20, (2:3.1)

- ]1.7q _
S (i)

(#1) normalization:

(#4i) compatibility:

ip(jl-.-jq—l Jg Jg+1---Js ) :p( J1e-Jg—1Jq+1---Js )

o0 01...0¢g—1 0 Og41...05 01...0¢g—-10g+1-..05 ’

(tv) stationarity: if J+k = {j1 +k,...,jq+k} when J = {j1,...,7q} and
for all g—ples ¢ = (01,...,04) and all k € Z

p(J+k) :p(J) for all k € Z. (2.3.3)

g g
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Often a stationary distribution in the above sense is also called a stochastic
process with space of states {0,1,...,n}. Related notions are expressed by
the following definition.

(2.3.3) Definition: (Nonstationary, ergodic and mixing distributions)
If properties (i), (ii),(iii) of definition (2.3.2) hold then we shall simply say
that p is a distribution on {0, ... ,n}Z: if property (iv) does not hold we say
thaté is a nonstationary distribution.

(i) The collection of all distributions, stationary and nonstationary, will be
denoted M°({0, ... ,n}Z). It is a compact set in the topology inherited as a

subset of
k=11 I 11 [0,1], (2.3.4)

9=1{j1,....jq}CZ 01,...,04€{0,...,n}

endowed with the product topology.

(ii) The collection of the stationary distributions in M°({0,...,n}%) will
be denoted by M({0,...,n}7%).

(i1i) The stationary distributions which are ergodic, i.e. such that

N-1
. 1 J J+Ek\ J J!
]\}gnoo N kz_o P (QJ o, =p o P o, (2.3.5)

for all finite J, J' and for all strings o ; = (0)jes, a5 = (0
denoted by M.({0,...,n}7%).

(iv) The stationary distributions which are mixing, i.e. such that

. JoJ+k\ (T J’
klingop<aJ ol )p<gJ>p<wa>’ (236)

will be denoted by M,,({0,...,n}%).

Remarks: (1) One sees that M and M are closed subsets in K, while M,
and M,,, are Borel sets in K, being defined via limits of continuous functions.
(2) One also sees that if g is a given sequence with defined frequencies then
the set of the frequencies of g:

)j/eJ/, will be

p(jl"';; |§), (2.3.7)

g1 ...
g > 1, {ji,--..Jq} C Z, o01,...,04 € {0,...,n}, is an element of
M({0,...,n}%): it will be called the distribution of G.
(3) The notion of distribution on {0, ...,n}% can be identified with that of
“probability measure” on the Borel sets of {0, ..., n}~. If we denote M°(K)

the set of the probability measures on the Borel sets of a topological space
K, the identification is described by the following proposition.
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(2.3.1) Proposition: (Distributions and probability measures)
(i) Let p € MO({0,...,n}2) and, for every cylinder C] = Chy, C

{0,..., n}Z, define
mp(Cj) :P<J>-

Then there is a unique probability measure m, € MO({O,...,n}Z) on

(2.3.8)

{0,...,n}% which attributes to the cylinder C the measure m,(C?) given
by (2.3.8).

(ii) Vice versa for each m € M°({0, ... ,n}Z) the sequence p = (m(C)) is
in M°({0,...,n}%).

(iii) The correspondence p <— my, is one-to-one between MO({0, ..., n}%)
and MO({0,...,n}%) and it is continuous if the latter space is considered
as a (compact) topological space with the weak topology induced by the con-
tinuous functions on {0, ..., n}Z.l

(iv) Furthermore the correspondence transforms T—invariant measures
(where T is the translation (T7a); = 0i41, © € Z) into stationary distribu-
tions M ({0, ... ,n}Z); T—ergodic measures M.({0, ..., n}Z, 7) are mapped
into M.({0,...,n}%), and T-mizing measures Mp,({0,...,n}2, 1) into
M,,({0,...,n}%).

Remark: Because of the above proposition we shall, in the following, identify
the notions of distribution on {0, ... ,n}Z with that of Borel probability

measure on {0,...,n}%. This means that we identify
M°({0,...,n}%) with M°({0,...,n}%),
M({0,...,n}7%) with M({0,...,n}% 1),
M.({0,...,n}%) with M.({0,...,n}% 1),
M, ({0,...,n}%) with M,,({0,...,n}%, 7).

Proof: Let B be the algebra of subsets of {0,... ,n}Z generated by the
subsets E of {0, ... ,n}Z that can be represented as

E= U _C7-"

o_ e Op)
P P
O_p...0pEA

(2.3.9)

for some finite p and A C {0,...,n}?*+1,
If m,, exists then it is uniquely determined on B by (2.3.8); in fact by
additivity one must have

—p...p
my(F) =
p(E) Z p(a_p...op
O_p...0pEA
1 Given a compact topological space Q one says that un, € MO(Q) converges weakly
to u € MO%Q) if limp—eo fQ f@)pun(dz) = fQ f(@x)u(dx) for every f € C(2). The
topology corresponding to this notion of convergence is called the weak topology on

MO(Q).

(2.3.10)
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and, since B generates the o—algebra of Borel sets (the cylinders being a
base for the topology of {0, ..., n}Z), my, is fixed by (2.3.10), if it exists.
To show existence of m, we first show that the (2.3.10) can be really used

to define m,(E), for all E € B: the problem lies obviously in the fact that
E can be represented in infinitely many ways in the form (2.3.9) and it is
necessary to verify that the value of the sum (2.3.10) does not depend on
the particular representation of E.

Suppose that E can also be represented as

E = u o (2.3.11)
ol et €AL T Ty

and suppose that p’ > p. Then the latter equality can be true if and only if
r_ ’ ’ / / .
A'={{ol,...op}{ol,,...,0,} € A (2.3.12)

in fact cylinders that have a different specification (cf. remark following
definition (1.4.2)) are necessarily disjoint.
Then the measure of E computed with the representation (2.3.11) will be

—p...=p—=1—p...pp+1...p
Z Z p( / / / /)a
o .o o o

!
o ol oo }EA —p T—p=10—p---Op Optl ---Op
o gl
(2.3.13)
that coincides with (2.3.10) by virtue of (iii) of definition (2.3.2).

Hence m,(E) is well defined on B and the function £ — m,(E) is an
additive non-negative function of the sets in B. Since the sets of B are both
open and closed the measure pg is also a regular measure, i.e. every set of
B contains a closed set (itself) and is contained in an open set (itself) whose
measures differ by less than an arbitrarily fixed amount, cf. [DS58], p.137.

To show that m, can be extended to a completely additive measure on the
smallest o—algebra that contains B (i.e. to the Borel sets) it will suffice? to
show that m,, is completely additive on B. But this is so because all sets of

B are at the same time open and closed, hence compact (cf. (2.3.11)).
Then if E € B is a union UX, E;, E; € B, and E; N E; = 0, for all i # j,
one must have E; = () except for a finite number of labels (since E, being
compact, is covered by the open disjoint sets FE;). Hence E = UY ; E; and
therefore complete additivity on B coincides with the finite additivity.
This shows that m, can be uniquely extended to a probability measure

on the Borel sets of {0, ... ,n}Z. The remaining statements are left to the
reader. L]

It is now possible to complete the classification of the points of 2 and 0.

2 This is a very general result of measure theory, Alezandrov theorem, see [DS58], p. 138.

20/novembre/2011; 22:18



D2.3.4

e2.3.14

e2.3.15

e2.3.16

P2.3.2

§2.3: Ergodic points 59

(2.3.4) Definition: (Ergodic motions, ergodic points)
With the notations of definitions (2.3.1), (2.3.2) and (2.3.3) one has the
following.

(i) Given p € M ({0, ,n}2) let EB be the set of sequences & € ) in which
(cf. definition (1.4.3)) the string homologue to (il"'iq ) appears with
1...0q
defined frequency
jl---jq A)déf ]1
p(al...oq el P U forall q, j1,...,01... (2.3.14)

(i1) Let M be the set of distributions pe M({0,... ,n}2Y that are the dis-
tributions of some g € ﬁ

(iii) Let M, M n M. ({0,...,n} 7).

(iv) IfE denAotes the set of e:vceptional sequences in {0, .. .,n}Z, i.e. of the

sequences in ) which have not defined frequencies, see definition (2.3.1), we
shall set R R S
E= U &, Q/(S ué) (2.3.15)

and the_points of g ~will be called the ergodic symbolic motions of Q. Bui-
dently Q = EUE UE".
(v) Likewise we shall denote E(P,S), £'(P,S), £"(P,S) the points of

whose (P, S)-histories are in 5 5’ E” respectively.
Remarks: (1) The sets E’, 5”, 5, Ep are Borel sets in Q. Note, in fact, that

Q is closed in {0,...,n}% and the above sets can be defined in terms of
properties of the following continuous functions on 2

T — PN (i |§) = N~ '{number of strings homologue to (;) (2.3.16)

appearing in g between 0 and N},

and of their limits as N — co. R -

(2) It should be clear that usually &, = () because M will be much smaller
than M({0,...,n}%).

(3) We shall call, by definition, statistical properties of the motions of a
dynamical system (€2, S) observed on P all properties that one can observe
by randomly selecting a g € Q with a probability distribution m € M(Q 7),

i.e. with any probability distribution which is T—invariant and concentrated
on .

After all the above definitions, the following propositions allow us to fix
ideas in a somewhat more orderly fashion.

(2.3.2) Proposition: (Characterization of distributions describing the
statistical properties of motions)
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Let (Q2,S) be a dynamical system and let P = { Py, ..., Py} be a partition of
Q.

(i) A necessary and sufficient condition in order that a distribution p in
M.({0,...,n}%) be the distribution of an ergodic point of Q (i.e. pE ]/\4\6)
is thatp(i) =0 if PJ is empty. In such case mp(é' )=1.

(ii) A necessary and sufficient condition in order that p € M({0,..., n}%)
be such that mp(ﬁ) =1 is that p(i) =0if P =

Remarks: (1) Hence all ergodic distributions of € can be built by computing

the distribution of the frequencies of the ergodic sequences o € Q: it is
clear that the systems (Q 7,m) which are ergodic are therefore constructed

starting from the ergodic points of Q.
(2) If m,(Q) =1 and m,, is an invariant measure it is not necessarily true

that there exists o € Q whose distribution is precisely p (unless p € M.).
This “anomaly” will be “explained” by the ergodic decomposition theorem
of the next section where it will be shown that, nevertheless, every such
measure can be constructed from the ergodic measures.

Proof: Ttem (ii) will be discussed first. By definition (1.4.2) and (1.4.6), the
set 1 is

Q= n  {aleefo,....n}% B} “oon 1y, (2317
ch,u\<oo{_|_ { } 7 } JCZ,|J| <0 s )

where g; = (04)eJ, P_J =Njes S~ PU and I'; is implicitly defined.
The set I'; is a union of cylinders w1th base J and its complement is

{0,...,n}"\Iy = U cl (2.3.18)
oe{0,..., n}Z1 Pi]J:(D =7

which, if p(C2) = 0 when P/ = 0, has zero m,-measure. Hence in such

case my(I'y) = 1 and, therefore, mp(Q) = 1. The viceversa can be checked

by running the argument backwards.
To show (i) let p € M,({0,... ,n}% and p(i) = 0 for every (i) such that

P/ = (. Then mp(Q) = 1 by (ii) and m,, is ergodic. Thus m,—-almost
everywhere one has - -

. 1 i1eip 1. .0p
NS v e =i =o (200 ) e

for every choice of the labels. Hence there exist (many) points ¢ whose
distribution is p: indeed m,—almost all points share this property so that

mp(EAp) = 1. The viceversa is also not difficult. ]

It is useful to remark explicitly the following corollary.
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(2.3.1) Corollary: (Measurability of the ergodic distributions)
M, is a Borel set in M({0,...,n}%).

Proof: M, = M.({0,...,n}%)n {p € M({0,.. ., n}r) |p(7) = 0 for every
J, o such that Pi] = (0}; hence M, is a Borel set in M (cf. remark (1) to

definition (2.3.4)) and the second set that appears in this intersection is
obviously closed and M, is the intersection of two Borel sets. L]

It is good, before proceeding to the announced discussion of the ergodic
decomposition, to summarize and clarify further the relation between €2 and
) in the case in which  is a compact metric space and S is expansive on
P. This is a case in which it is easy to establish a precise relation between
the “real motions” in 2 and the “symbolic motions” in 2.

(2.3.3) Proposition: (Coding real motions into symbolic motions and
measurability properties of the codes)

Let (22,5) be an invertible topological dynamical system; let Q be compact
metric space, and let P = {Py,..., P,} be a topological partition of Q@ on
which S is expansive.

Let 3 : Q — Q be the code that to every x € Q associates the (P, S)—history
o(x) and X : Q — Q the map defined by (1.4.11). Then

(i) X is continuous;

(ii) L7 X ~Yxz) = x for every x of Q;

(i1i) X and ¥ are the inverse of each other if considered as maps between
2 and 32 and, respectively, between ¥ and €);

(iv) 3Q is a Borel set in €;

(v) the map A : M°({0,...,n}%) = MO(Q):

(Am)(E) =m(X Y (E))  for E € B(Q) (2.3.20)

18 continuous;
(vi) the map B : M°(Q) — M°({0,...,n}%):

(Bp)(F) = w(S~Y(F))  for F € BHO,...,n}%) (2.3.21)

has image M°(2Q) = {m|m € M°({0,...,n}%), m(2Q) = 1} and it is
measurable (with respect to the Borel sets in M° and M°);

(vii) A and B are inverse of each other as maps between MO°(XQ) and
MO(Q) and, respectively, between M°(Q) and M°(2Q).

Proof: Points (i)-(iii) were proved in proposition (1.4.1).

The correspondence Y. is measurable because L71CY = P/ for all J, g;
then (iv) follows from the one to one property of the correspondence ¥ and
from Kuratowsky’s theorem (which implies that the image of a Borel set
via a one-to-one Borel map between two complete separable metric spaces
is still a Borel set).?

3 A Borel map, cf. Appendix 1.2, is a map such that the inverse image of any Borel set is
a Borel set; see [Pa67] Ch. I, Sec. 3, Theorem 3.9.
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The remaining two items follow easily from the above remarks (and from
Kuratowski’s theorem, which is needed to solve the other measurability
problems that arise). For instance measurability of B is reduced immedi-
ately to checking that the functions u — u(P;) are Borel functions as func-
tions on MY(Q); this follows from fact that P is a topological partition and
from the Borel measurability of the functions p — p(E) on M ({0,...,n}%)
for each closed E (due to the approximability of the characteristic functions
X e by functions of C(Q2)). |

Problems for §2.3

[2.3.1): Let p € M = M({0,...,n}*) be such that p (;;"'iq ) # 0 if and only
s ...0q
if o1 = ... = 04 = 0. Which are the possible values of the measure of a generic set

E € B(M)?

[2.3.2]: (Bernoulli shift)

Let ® = (75 )o=0,...,n be an (n + 1)-ple of positive numbers such that ZJ o = 1. If we
set, for every choice of the labels,

. . q
J1---Jq :H
p(Boin) =

i=1

check that p is a distribution in M ({0, .. .,n}%): it is a distribution often called the
Bernoulli shift (or Bernoulli scheme) B(mo,...,7q). (Hint: See definition (2.3.2) and
proposition (2.3.1).)

[2.3.8]: If for every i € 7 we assign (n + 1) numbers z(9) = (W((,i))g:o’m,n, with
ZU W((,i) =1, and if we set p( '1"'jq) =T7¢ W(jk), then: p € MO({0,...,n}%).

J
01...0q k=1"%k

[2.8.4]: The distributions p defined in problems [2.3.1], [2.3.2] are in Me N M.

[2.8.5]: Show that every p € MO({0,...,n}?) is uniquely determined by the sequence

p= (p( U: I:Tb )) obtained prescribing the values of p(é) only for the intervals J =

{a,a+1,...,b—1,b}, for any a,b € Z with a < b.

[2.8.6]: Suppose given non-negative numbers p( @ atl..b ) for a, b € Z, for
Oq Og+4+1-..-.-0p
every a < b, and (0a, 0041, --,0p) € {0,...,n}0=o+D) 5o that
a...b
Z p(o'a---o'b) =L
Oq..-Op
Z (a a+1...b)7 (a+1...b)
p Oa Oag41---0p p Oat1---0p )"
Ta
Zp a...b—1b —p a...b—1
Oq...0p—_10p Oq...-0Op—1 ’
oy
then there exists a unique measure m on {0, ..., n}Z such that

...b
m(Cely,) =p (0“ ) _

a---0p
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(Hint: Note that in the proof of proposition (2.3.1) there appear only J having the form
(a,a+1,...,b—1,b)).

[2.8.7]: (Perron—Frobenius theorem)

Let T,/ be a (n + 1) X (n + 1) matrix with strictly positive entries. Show that T and
its transpose T™* admits an eigenvalue A > 0 with eigenvector @ or «* with positive
components. Show that the construction suggested for this proof leads to two (n + 1)—
ples m, ©* such that Tw = Az, and T*n* = Ar*, Eomon) = 1. (Hint: Apply the fixed
point theorem, see [DS58], p. 453, to the map

(7‘('0,...,7'('” E To-o-/7ro-’/ E To./o.//7ro.// —01
=u, 1.
ol ol

defined on the (n+ 1)-ples 7 of non-negative numbers such that Z::O T = 1: the fixed
point 7* defines A and the corresponding eigenvector 7* of 7. Then apply it again to
the map defined by

(H07-~~7ﬂn ZTO' o'/J'o' 0=0,...,n

on the (n + 1)—ples p of non-negative numbers such that Z::O To e = 1 obtaining the
eigenvector 7.)

[2.8.8]: In the context of problem [2.3.7] let

(a a+1...b—1 b
P\ o, Oa+1..--0p—1 Op

% —1 -1
)—WUQA T0a0a+1 AT Ty, oy Toy,s

and using the results of problem [2.3.6] show the existence of m € M ({0, ...,n}?) such
a...b
that m(C4;0, ) = p (Ua _ )

..o}

[2.8.9]: Let p € M({0,...,n}?) and let p,,p, € M({0,..., n}%) be two ergodic distri-
butions; assume that p = ap, + 1- (1)227 i.e. that p(i) = apl( ) +(1— a)pg( ), with
0 <a <1 Let g; and g, be two sequences whose frequency distributions are precisely

P, and P, respectively. Let Ny = k, and form the sequence obtained by writing the first
[a N1] elements of g, followed by the first [(1 — a)N1] elements of g, followed by the

successive [aNz] of g, followed by the successive [(1 — a)N2] elements of g, etc. Show
that the sequence g so obtained has distribution p.

[2.3.10]: (Perron—Frobenius spectral gap)

Consider problems [2.3.7] and [2.3.8]. Show that if T,,, > 0, then 7 and 7* are the
only eigenvectors with components > 0 and they have all components positive. The
corresponding eigenvalues are maximal in the sense that every other eigenvalue is nec-
essarily smaller in absolute value, and it is smaller at least by a factor (1 — e™2¢),

with e~ ¢ def ming o/ g %, that we call “gap”. (Hint: Let ©*,m be as in prob-
7 — 1k
lem [2.3.7]. Check that e™¢ < LAZ T f)o < e for all k > 1 and for all f # 0

((A=ETR) f) g1

with fo > 0. Hence if 1 is the vector with components all equal to 1 it will be
e ¢ < (()\ ITY*1), < e as it follows from ((A~ 1T)1)U < e¢((AIT)1),s by multi-
plying both sides by 7, or by 75 and summing over o’ or over o. Furthermore if g» > 0
it follow that (A\"1T)g)e > e~C(n* - g) > e~ 2¢(n* - g)mo componentwise. Hence if
g+ = (l9| £ g9)/2 componentwise and if (7* - g) = 0 (hence (7* - g4) = (7" - g—) it is
A" 1T)g = A7) (g+ —e 2¢(r* - g4+) ) — (A" 1T)(g— —e~2¢(n* -g_) ), componentwise,
hence

(AT gl < AT T) (g4 — e (x* - g4) m) + (AT (g— — e 72 (n" - g m),
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so that, multiplying the components by those of 7* and summing, (7* - [(A™1T)g|) <
(1 —e=2¢) (n* - |g|) which implies by recursion that (7* - [(A™1T)*g|) < (1 — e~2¢)*(7* -
lg]) € (1 — e~2¢)* max, |go|. Therefore given any f it is f = (7* - f)h+ (f — (7% - f) 7)
and |[(A"IT)Ef — (7% - f) 7| < 2(1 — e~ 2¢)* max, | f»|e® which implies uniqueness of 7, 7*
as well as the statement about the spectral gap).

[2.8.11]: Show that under the hypotheses of problem [2.3.10] the measure m defined
in problem [2.3.8] is mixing and find a quantitative estimate of the mixing rate in terms
of the Perron—Frobenius gap in problem [2.3.10]. (Hint: Show that it is such on the
cylinders of the form C' = €2 2T1-0=1b e limy_, o m(CNSEC!) = m(C)m(C’) if

a%a41---0p_10p>

S is the translation on {0,...,n}” and then use the hint to problem [2.3.6].)

[2.3.12]: (Perron—Frobenius theorem for mizing matrices)

The conclusions of [2.3.10] and [2.3.11] hold even if one only assumes that there exists
N > 1 such that (T"V),,s > 0, in such case one says that the matrix T is mizing. (Hint:
It suffices to note that every eigenvector of T is such also for TV and then apply the
result of [2.3.10] to TN, etc.)

[2.8.13]: (Markov processes)
Show that the formula in problem [2.3.8] can also be written

b—1
p(Ua) Hpoicri+1 y
i=a

with p(o) = 7ins and p,,r = 7o 'A~1T, im,,. And check that ZU plo) = 1,
a...b
a--0p
the measures thus obtained is the class of the mizing Markov processes with {0,...,n}
as space of states.

ZU, Poo’ = 1. Because of the possibility of writing p(o ) as above the class of

[2.8.14]: Deduce, via a limiting procedure, that the statements of problem [2.3.7] also
hold if T has non-negative matrix elements rather than strictly positive. Show (via
examples) that, however, uniqueness of the eigenvalue with largest modulus does not
hold.

Bibliographical note to §2.3

The fundamental notions of measure theory in the form used here can be
derived from Ch. I, II, V of the book by Parthasarathy, [Pa67]. The quoted
chapters also clarify various other notions that we shall introduce and use
in the following.

82.4 The ergodic decomposition

The following proposition shows that every invariant measure could be
thought of as “ resultant of a convex combination” of ergodic measures: the
result is particularly clear when € is compact, S is a homeomorphism and
the measure is a Borel measure.

We continue to use the symbols introduced in the previous sections. In
particular, given a partition P we denote by Q the closure of the set of
sequences that are histories of points on the partition P: we have called
this set the set of the “(P, S)-symbolic motions”, cf. definition (1.4.2); and
we denote by 7 the translation acting on the sequences of Q. IfJCZisa
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finite subset of times and o = (0;),eJ is a string of labels in {0,...,n}, we
denote by C the set of infinite sequences which at the times j € J agree
with o;.

(2.4.1) Proposition: (Ergodic decompositions)

(i) Let (92,8) be an invertible topological dynamical system and let P =
{Po, ..., P,} be a partition of 1. Let m be a translation invariant probability
measure on the (P, S)-symbolic motions €.

Then there exists a unique probability measure ¥, defined on the Borel sets
of M. C M({0,...,n}5)L, ie. “concentrated on the T-ergodic measures”
such that m is the “center of mass” of a mass distributed over the ergodic
measures w or, analytically,

m(CJ) = /A O (dw) w(CJ) (2.4.1)

M. -

for all J C Z, for all o € {0,...,n}’.

(ii) If Q is a compact metric space then M.(£2,S) C M(Q) is a Borel set 2
in the weak topology induced by C(2) on M(Q), (which is compact).
Furthermore if p € M(RQ,S) there is a Borel probability measure m, on
M (Q,8), i.e. “concentrated on the S—ergodic measures w on Q”, such that

u(f) = / ru(do)w(f)  forall feC(Q), (2.4.2)
Mo (,9)

and T, 18 unique.

Remarks: (1) This is a theorem due to Ruelle, related to Choquet’s theory
of simplexes, see [Ru69].

(2) Proposition (2.4.1) implies that (2.4.1) holds also by replacing C;/ by
any Borel set E C Q, see corollary (2.4.1). Hence (2.4.1) implies that if
m is an arbitrary translation invariant probability distribution on Q then
m(E) = 1 because by (i) of proposition (2.3.2) one has w(€) = 1 for all
w € ]\/4\6. This shows that the problem of studying the statistical properties
of motions as defined in remark (3) to definition (2.3.4) is “reduced” to
studying the motions of the ergodic points of £

(3) From proposition (2.4.1) we see that the motions of the points in &”
are not really different from those of . On the other hand the motions of
&’ are exceptional motions. Although they are often of remarkable interest,
when existing, such motions do not have direct “statistical relevance” in the
sense that if we choose randomly points of Q with respect to an arbitrary
invariant measure m we have m—probability zero to find a point of £ EUE:

this is a corollary of proposition (2.4.1), see corollary (2.4.1).

1 See definition (2.3.4).
2 See definition (2.3.3).
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(4) One says that the ergodic points of & contain all the possible statistical
informations about the symbolic motions of the dynamical system.

(5) It is useful to remark explicitly that the extremal points of M are points
in M,: this can be checked by contradiction.® And viceversa the points in
M, are extremal in M.4

Proof: The set Q is closed in {0,... ,n}Z and it is 7—invariant: hence the
dynamical system ((Al, 7) verifies the hypothesis of (ii); furthermore the char-
acteristic functions of the cylinders are continuous on € so that (i) implies
(i). One sees that, in turn, (ii) is a consequence of (i) if S is expansive on
P, by using proposition (2.3.3).

We shall choose to prove (ii).

The set of the ergodic distributions M, (£2,.S) is a Borel set. In fact note
that the S—invariant distribution m is in M, (€2, S) if it belongs to the closed
set M(€2,5) and if, furthermore, for a denumerable dense set {f;};cz, of

5

continuous functions ° one has

N-1
N7 m(faS7 i) — m(fa)m(fi)] =20 forall hk € Zy. (24.3)
j=0

The functions in square bracket, as functions of m € M(f, S), are contin-
uous. This implies that the set M. (£2,5) is a Borel set.

Therefore we only need to show the validity of (2.4.2). To define 7, it will
suffice to give the values of the integrals

/ﬂu(dw)w(fl)...w(fq) (2.4.4)
for each choice of ¢ > 1 functions in C(2). Indeed the functions
w = w(f1)...w(fy) (as we vary fi,...,f;) are a fundamental set in®

CM(Q, ).

Then consider the quantities

No—1 Ng—1

lim  (NaNs.. N7 0 (i S7 o SR fye SRy,

Na,...,Nq—00
k2=0 kq=0

(2.4.5)

If & was extremal in M but not ergodic, one could find a T—invariant Borel set E such
that 0 < Z(E) < 1 and one could define the two probability distributions p1(R) = m(RN
E)/T(E) and 2(R) = F(ROE®)/(1 - (E)) and, hence, i = (E)u1 + (1 — (E) 2
with p1 # p2, against the extremality of 1.

Assume that 1z is ergodic and there are two invariant measures p1 and ps in M such
that = ap1 + (1 —a)pe. Then both py and po are absolutely continuous with respect
to 1 and therefore they must coincide with it by its ergodicity.

cf. problem [2.2.44]. Here the function S~7J f is the function = — f(S7z).

This means that they span a dense linear space.

We use here Riesz’ representation theorem for the dual of C(A) as M%(A), when A is
a compact Hausdorff space. See [DS58], p. 265.

20/novembre/2011; 22:18



e2.4.6

e2.4.7

e2.4.8

e2.4.9

§2.4: The ergodic decomposition 63

By Birkhoff’s theorem the limits (2.4.5) always exist. If one admits that
(2.4.2) holds then the expressions (2.4.4) can easily be computed as the
limits (2.4.5). This follows immediately by inserting the expression under
the limit sign in (2.4.2) and passing to the limits under the integral sign (by
applying the criterion of dominated convergence and the ergodicity of the
measures w in the support of 7TM).

Therefore we proceed to show that (2.4.5) can be really used to define
(2.4.4) and, hence, 7,. For this purpose it is necessary to show that given
an arbitrary “polynomial”

R qi
w= Q)= ¢ [[wlfin) (2.4.6)
i=1 k=1
with f; , € C(Q) and with complex coeflicients, its “integral” I(Q), com-
puted by means of the formula in (2.4.4) with the integral defined by (2.4.5),
is well defined. This means that it has to be independent of the particu-
lar representation of () in terms of the monomials, and furthermore that it
satisfies

H(Q)< sup Q). (2.4.7)

WEM(Q,S)

Establishing (2.4.7) will show, first of all, the independence of the I(Q)
from the particular representation (2.4.6) of Q. In fact if Q; and Q2 are
two different representations of the same polynomial then, if Q = Q —
Qa, [1(Q)] < SUPe M (0, 5) |Q(w)| = 0. By applying Riesz’ representation
theorem of to C(M(€,.5)), see [DS58], p. 265, the existence of 7, and the
validity of (2.4.2) will follow with M(£,.5) instead of M.(£2,S). This will
be a first step towards the proof of (2.4.2).

To check (2.4.7) it will be enough to consider the case ¢; = ¢ for all i =
1,..., R. Note that

Q)= lim ... lim (N2...Np)™" Y > e

Nos—o0 Ng—ro00

K,k 21
— ko —kq . T . _
cu(fin ST fio. ST ) = Nilinoo-nN}zli)noo(NQ.“Nq) L,

Z [L( Z Cifiﬁls_kaiﬁg A S_kq fi,q) = (248)

ka,..kqg  i>1

= “(Z cifig Fio-- Fiq)s

i>1

where Birkhoff’s theorem is applied to the system (2,5, 1) denoting

N—o00

N-1
Fin(x)= lim N1 3" fi,(Skx). (2.4.9)
k=0
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Since p and all functions appearing in every addend in the last member
of (2.4.8) are S—invariant except the first, we can replace it too with its
average, deducing by (2.4.8)

1@Q) =p(d cifirFin- Fig)- (2.4.10)

i>1

Let us now remark that there exists a set V', which is S—invariant and of
p—measure zero, outside which the limits

N-1
fl@)= lim N7' 3" f(S*z)  forall feC(Q), 2 ¢V, (24.11)
N —o00 0

exist. Indeed if f1, fo,... is a denumerable dense set in C(Q) (that exists
because ) is metric compact) there must exist an S—invariant set outside
of which the limits (2.4.11) exist for all functions fi, fa, ... simultaneously
and (V) = 0. The density in norm of the set fi, fa,... in C(€) implies
then that, outside V, the limits (2.4.11) exist for every f € C(Q).

For each « € O\ V the limit (2.4.11) defines a functional on C(f2) that is
obviously positive, normalized to 1 and S-invariant: (S~! f)(z) = f(z), for
all f € C(9). Then such functional is generated (by Riesz’ representation
theorem) by an S—invariant probability measure on €2, i.e. by a element w
of M(Q,5).

Hence (2.4.10) immediately implies (2.4.7) since u is a probability measure.

From (2.4.7) one deduces, then, existence of a probability measure 7, on
the Borel sets of M(€2, S) such that

1(Q) = Q(w)m, (dw). (2.4.12)
M(Q,S)

Hence selecting Q(w) = w(f), with f € C(Q), from (2.4.10) we deduce then
uh)= [ wl)ma) (2.4.13)
M(9,5)

Selecting, instead, Q(w) = w(f1.S7*2 f2) w(f3) ... w(fy), with f1, fa,..., f4 €
C(Q), one deduces from (2.4.8), (2.4.10)

Na—1
Ny Y /w(fls'_szQ)w(fg)...w(fq)wu(dw) _
ko=0
Na—1
= lim ... lim N;l . (2.4.14)

N3z— o0 Ng—o0
ko=0

S(N3...Ng)™H D u(AS™R SR fs. . SR fy),
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and, in the limit as Ny — 0o, the first member of (2.4.14) converges to

/w(fl Fo)w(fs) .. cw(fq) mu(dw), (2.4.15)

because, by Birkhoff’s theorem applied to (2, S,w), we can apply the dom-
inated convergence criterion.

The second member of (2.4.14) converges, by (2.4.8) and (2.4.10), when
Ny — ¢ to

[wttfe).w(f mld), (2.4.16)
hence for all fs,..., fy, f1, f2 € C(Q)

/ [w(f1 fo) — w(fr)w(f)]w(fs) .. . w(fy) Tu(dw) = 0. (2.4.17)
M(Q,9)

By the density of the polynomials in w in the space C(M (€2, S)) the relation
(2.4.17) implies that w(f1 fo) = w(fi)w(f2), for all fi, fo and 7,~almost
everywhere. Again, since there exists a denumerable set of continuous func-
tions dense in C(Q), the relation w( f,f2) = w(f1)w(f2) can be assumed
valid for w ¢ W, with the set W independent of f; and f> and of zero m,
measure: 7,(W) =0.

It is however clear that if w( f, f2) = w(f1)w(f2), for all f1, fo € C(R), the
measure w is ergodic and hence 7, (M.(£,5)) = 1.

The uniqueness of 7, follows from the above analysis and from the unique-
ness of the measures built by means of the above metioned Riesz’ represen-
tation theorem. L]

Noting that (2.4.1) implies its validity also for all Borel sets of { one can
ask if, in the hypotheses of (ii) of proposition (2.4.1), the relation

w(E) = / Ty (dw)w(E) (2.4.18)
M (2,S)

holds at least for suitably chosen E C 2. The following proposition gives
an answer to this question.

(2.4.2) Proposition: If (92,5) is an invertible topological dynamical sys-
tem and if P = {Py,..., Py} is a topological partition of Q on which S is
expansive then (2.4.18) holds for every E € By = {algebra of sets generated
by all closed sets}.

Proof: Starting with a given measure p € M(Q, S) and by applying propo-
sition (2.3.3) we can construct the measure By € M(2) that has support
on X (we use here the notations and proposition (2.3.3) as well as corollary

(2.3.1), to insure measurability of the set M,).
By applying (i) of proposition (2.4.1) to By one gets

(Bu)(F):/ﬁ 9y (dw’) W' (F), (2.4.19)
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if Eu is suitably chosen and if F' is a cylinder Cé or if it is an element of the
algebra l§0 generated by the cylinders (i.e. if F' is a finite union of disjoint
cylinders).

We first show that EH(J/\L NM((XQ)) =1.

If, indeed, the support of 9, was not M\eﬂM(ZQ), there should exist n > 0
and a subset &, C ]\/Ie\M(EQ) consisting of measures w’ such that:

W' (Q/20Q) =1, (2.4.20)

and 9,(E,) > n > 0 (note that w(Q/2Q) =0,1if w e M., because w is
ergodic and Q\XQ is a 7-invariant Borel set).

Let now I' C X2 be a closed subset of X2 such that (Bu)(I') > 1—-60 > 1—n
and let G,,, n = 1,2,... be a sequence of open sets such that G,,+1 C G,
for all n and N,G, = T (the sequence exists because 7, is regular and Q
is a metric space). We can also suppose that G, is in By: indeed G, is a

union of cylinders that covers the compact set I and the cylinders are open.
In this case we have, by (2.4.19), (2.4.20),

(Bu)(T) = lim (Bu)(Ga) = ltim [ T, () (Gr) =

~

n—oo n—oo M
_ o (2.4.21)
— [ G m = [ )
M, MA\E,
which implies
1-0<(BwT) <1-mn, (2.4.22)
that contradicts the choice of T'.
Then the (2.4.19) can be replaced by &
B u(F) :/ 9y (dw’) W' (F), (2.4.23)
BM.(9,5)

because, cf. (vii) in proposition (2.3.3), BM.(Q, 5) = M, N M(X9).
Noting that the first two equalities in (2.4.21) were obtained under the only
hypothesis that I" was closed, (the relation Bu(I') > 1 — ¢ has been used
only in (2.4.22)), we see that instead of (2.4.23) we can write

Bu[) = / Iy (dw’) ' (T), (2.4.24)
BM(£,S)

for all ' closed and hence for all ' € By, if By is the algebra of the sets
generated by the closed sets.

8 Note that by proposition (2.3.3), by items (vi) and (vii) following it, and by Kura-

towsky’s theorem BM.(£2,S) is a Borel set and such is BE, if £ C M(Q, S) is a Borel
set.
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Let us set now, for ¢ C M.(Q,.5) and Borel set, see footnote 8,

mu(e) = U, (Be) (2.4.25)

and recall that AB = identity (cf. proposition (2.3.3), (vii)) and X1 X1 =
identity (cf. proposition (2.3.3), (ii)). We find that, if A is closed,

H(A) = (=X = (Bt = [ g Pl =
_ / T, (de) (Aw')(A) = / T (dw) (D), (2.4.26)
BM.(£,S) M (2,5)

having used the continuity statement (i) of proposition (2.3.3) to infer that
X~Y(A) is closed and hence to apply (2.4.24).
One then deduces from (2.4.26) the identity between the first and the last
member in the case in which A is open; hence

W(E) = / 70 (de)o(E) (2.4.27)
M (Q,S)

for all £ € By.

From (2.4.27) and from the observation that every continuous function on
) can be obtained as a uniform limit of a sequence of functions which are
constant on a finite number of closed or open sets it follows that:

w(f) :/ Tp(dw) w(f) for all f e C(Q), (2.4.28)
M (2,S)

that shows the coincidence of the measure 7, with the measure that real-
izes the ergodic decomposition of p according to (ii) of proposition (2.4.1)
(which, precisely, is unique). |

The above leads us to an important conclusion.

(2.4.1) Corollary: (Typical motions are ergodic)
Let (22,8) be an invertible topological system satisfying the hypotheses of
proposition (2.4.2). For all stationary distributions u € M(,S) one has

w(E) = / 7y, (dw) w(E) (2.4.29)
M (2,S)

for all Borel sets E. In particular pu(€) = 1.
Specializing the property to the case (Q,7) where Q are the symbolic mo-

tions of (R, S) observed om a partition P it follows that m(E) = 1 for all
stationary distributions m € M ().

Remarks: (1) Hence by picking up randomly with a stationary distribution
a point z € ) one gets (with probability 1) an ergodic point and by picking
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up a symbolic motion in Q with any stationary probability distribution on
Q one gets (with probability 1) an ergodic sequence.

(2) Therefore the probability of finding, by a random choice with a station-
ary distribution, an exceptional point in £ or a nonergodic point in £” is
Zero.

Proof: One notices that (2.4.29) has been established in proposition (2.4.2)
for all sets in the algebra containing the closed sets. However both sides
of (2.4.29) define countably additive measures on the Borel sets and the
extension of a countably additive measure on an algebra of sets to the
smallest o—algebra containing it is unique. L]

Problems for §2.4

[2.4.1]: If 7 is a permutation of {1,...,n} consider the dynamical system ({1,...,n},
S, p) where Sx({i}) = m({¢}), p({i}) = 1/n and find the ergodic decomposition of .

[2.4.2]: (Simple ergodic decompositions)

Find the ergodic decomposition of the (normalized) Lebesgue measure in the following
dynamical systems:

() Q=T Sp=p+ 27”, n integer

(b) Q = T2, Sp=p+w, :—; = o ¢ ZL irrational.

() Q=T2% Sp=p+w w = 27", :—; irrational and 52 = irrational.

[2.4.3]: (Unique ergodicity of irrational rotations)

Let (w1,...,wn,2m) be rationally independent. Show that M(T™,S), with Sy = ¢ +
w mod 27 is a set consisting in the single element given by the Lebesgue measure (one
say that “the irrational rotations are uniquely ergodic”).

[2.4.4]: (Ergodic decomposition of a decomposable Markov process)

Consider problem [2.3.7]. Suppose that T,,s = 0 if 0 € {0,...,nr} and ¢’ € {np +
1,...,n} or viceversa (i.e. T is a “block matrix”). Consider, in the dynamical system
(o,..., n}Z, 7), the ergodic decomposition of the measure p built by varying the choice
of the arbitrary vector = among the eigenvectors of T" and of 7* among those of T*. Show
that if T,;, > 0 for the remaining values of the labels o, o/, then u can be expressed in
terms of just two ergodic measures.

[2.4.5]: Consider problem [2.3.7] for a generic matrix T: show that as = and ©* vary
the measures pr -+ can be decomposed into a finite number of ergodic measures. How
many?

[2.4.6]: (Consistency between ergodicity of points and of distributions)

Under the hypotheses of corollary (2.4.1) let A C M, (ﬁ) be a Borel set and m, (A) = 1.

Let £(A) = {set of the ergodic points of Q whose distribution generates a measure in
A}. Then £(A) is a Borel set and, furthermore, it is m(£(A)) = 1.

Bibliographical note to §2.4

The theory of the ergodic decomposition exposed here is substantially taken
from Ruelle, [Ru66]; see also the book of Ruelle, [Ru69].
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CHAPTER 1III

Entropy and complexity

§3.1 Complexity of motions and entropy

Continuing the analysis of general structural properties of motions of an
invertible discrete dynamical system (£2,.S) we shall now discuss the foun-
dations of the notion of complexity of motions on 2 and of its theory.

Let P be a partition of 2: the complexity of a motion on {2 as observed on
P will be defined in terms of the complexity of its (P, S)-history. Therefore
we begin by discussing the notion of complexity of a sequence o.

If 5 is a sequence g € {0, ... ,n}Z of symbols with defined frequencies! and
if N > 0 we consider, as (0g...on_1) € {0,...,n} varies, the strings of
history homologue to < 0...N—1

gp...ON—-1
strictly positive frequency of appearance. We shall set

) that “appear” in g, i.e. which have

Nabs (T | N) = {number of distinct N-length

) L (3.1.1)
strings that appear in }.

It would at first seem natural to identify the size of the complezity of & with
the number )
Sabs (Q) = limsup N7 1og Nabs (QlN) =

N=oo (3.1.2)

= lim JV_1 10gnabs(@|N)’
N —o00

1 Cfr. definition (1.4.3).
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where the logarithm and the factor N~! are suggested by the expectation
that 7.bs(¢| V) grows exponentially with N. The fact that

nabs(au\[ + M) < nabs(alN) nabs(a|M) (313)

and 7.bs(G|N) < (n+1)" imply the existence of the limit in (3.1.2). Indeed
one has

fro = 275 10g 0abs (G127), fi <log(n+1), fit1 < fx, for allk > 0,

so that limy_, o fr exists. Moreover, given k and taking N large one can
write N = m 2% + r and obtain that

1 - 1 ~
W 108 7abs (2IN) < fi + 7 log abs (1),
so that eventually N~11ogn.us(G|N) < fx + € for every e. With a similar
reasoning, writing 2¢ = m N + r with k large, one shows that also the
inequality

1 . 1 ~
7 log nabs (QlN) > fr — YA log Nabs (Q|r)
N 2

holds. This proves that the limit exists.

However, obviously, this is not the only possible definition of complex-
ity of g: for example here we put on the same level strings of his-

...N—-1 . . PN
tory (0 > with very different frequency of appearance in &,
gp..-.ON—-1

( 0...N—-1 | 8)
p og...ON—1 ' )

The following definition takes into some account the possible existence of
very many history strings with low frequency of appearance in 7.

Given € > 0 we shall consider all possible partitions of the strings of length
N in two classes C; and Cy such that

Z (0...]\771
p gp...ON—-1

00...0N-1€C2

@) <e (3.1.4)

setting
N:(c|N) = Cing {number of elements of C; }, (3.1.5)

and noting that n.(¢|N) does not decrease as £ decreases, at N fixed, we
shall define
5(2) = lim limsup N ' log . (G| N). (3.1.6)

e=0 N oo

Note the relation between (3.1.2) and (3.1.6) by writing s,ps(C) as

Sabs(@) = limsup lim N~'logn.(Z|N). (3.1.7)

N—oo €0
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when ¢ has defined frequencies.

Having seen the above two possible notions of complexity several others
come to mind, depending on whether one wishes to judge of “minor impor-
tance” certain strings of history relative to the “importance” of others.

Here is a rather general definition. Let V. = {Vx}%¢_, be a sequence of func-

tions (09 ...0n—-1) = VN (00 ...0n_1) defined respectively on {0,...,n}",
N =1,2,.... Given an infinite sequence & € {0,...,n}% with defined fre-
quencies, consider the subdivisions C1, C2 of {0,...,n}" in two classes such
that
Z p(O...N*l @)SE (3.1.8)
gg...ON—-1
00...0N-1€C2
and set
@ N;V) = jnf Y0 emtNlme), (3.1.9)
00...0N-1€C1
Clearly n.(c¢ | N;0) = n-(c | N). We shall set
5(@|V) = lim limsup N~ logn. (2| N; V) (3.1.10)

e=0 Nooo

and call this quantity the complexity with weight e=¥.2

We summarize the above discussion in the following definition, where we
shall make use of the symbols introduced so far without discussing them
again.

(3.1.1) Definition: (Complexity and entropy of a sequence)

If G is a sequence in {0,.. .,n}Z with defined frequencies and with distri-
bution p 3 and if V. = {Vn}n>1 is a sequence of functions on {0,...,n}¥,
N = 1..., respectively, one defines the complexity of & with weight V. the
quantity (3.1.10). If Vy = 0 such a quantity takes the name of entropy and
it is given by (3.1.6).

As a first application we evaluate the complexity of the motions of ana-
lytically integrable systems, .e. of motions associated with the rotations of
a torus T" observed on an analytically regular partition P = {P,,..., P},
see definition (1.4.1).

(3.1.1) Proposition: IfS: ¢ — ¢+ w mod 2w, w € R", is a rotation of
T" and if P is an analytically reqular partition of T" one has

s(a(p)) =0 VoeT. (3.1.11)

One says, in a colorful language, that “the entropy of quasi-periodic motions
is zero”.

2 There is nothing “mysterious” in the exponential: it is just a way to define the weight
so that it is automatically non negative.

8 cf. remark (2) to definition (2.3.2)
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Remarks: (1) As in the case of proposition (2.1.1) if (w, 27) are rationally
independent one can take the atoms of P as Riemann measurable sets. The
higher regularity is necessary to cover the general situation, see (2.1.2). See
also problems [3.1.10] and [3.1.11] below to understand the essential role of
the regularity hypothesis on the partition P.

Proof: ~ For simplicity we shall consider only the case in which

(w1,...,wy,2m) are r + 1 rationally independent numbers.
In this case the distribution p of the history a(y) of ¢ € T" is given by
_ d
p<0"'N 1>/ e ; (3.1.12)
0p...ON—1 Pgb'-'-]-\ifjvl,l (27T)T

cf. proposition (2.1.2) and equation (2.1.9).

We start with some geometric considerations. By the regularity hypothesis
on P the surface area |OP, | of the elements P, € P is finite and we can
set

2L Y 3" 0P, | < . (3.1.13)
o=0
The sum of the areas of the boundaries of the sets P2V =1 s, obviously,
such that
N—-1 n
DR e D DI R
70N £0 =0 (3.1.14)
N-1 n
=> Y |oP,| =2LN,

b
Il
=]
Il
=)

o

because the rotation S is rigid: therefore it does not alter lengths, areas or
volumes.
The volume of P2:--N~1 " defined by (3.1.12) can be bounded, if the diam-

.ON—-1

eter of PO~V ~1 "is small enough with respect to 27 (e.g. < ), by *
0...N -1 0.N—1 |r/(r—1)
< 1.
g (00 : ..UN—l) < Tr | 0Fa o | ’ (3.1.15)

where T, is a suitable constant easily expressible in terms of the volume of
the unit r—dimensional sphere.

In general it is not possible to construct an analytically regular partition
(see definition (1.4.1)) of the torus T" composed by sets with small diameter.
To make use of (3.1.15) we shall suppose that all the sets of P but one are,
since the beginning, so small that diam(P,) < m. We will call the set with

4 This is the isoperimetric inequality: in R” it is valid for every set, independently on the
size of its diameter; on T" it is necessary that the set “does not wrap around the torus”.
For sets with small enough diameter, it follows from the isoperimetric inequality in R".
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large diameter Fy. The general case can be treated analogously. In this

situation we have that diam (P2;-V 1 ) > 7 onlyifog =... = oy =0. In

the following argument we can include the set PS ¥ ! in the set Cy(N) for
every N, without affecting the validity of the argument.
Let us define, given n > 0,

CI(N):{UOa"-7UN—1‘p(O“.N_l) >€_N77}a

gg...-ON—-1

CQ(N>{007---7UN1‘]?<0”'N1) Se_Nn}-

gp..-.ON—-1

(3.1.16)

We get, for all v > 0 and taking advantage of the well known idea behind
Chebishev’s inequality and of (3.1.15),

0...N—-1
<
Z p(O'()...O'Nl)_

UU...UN71€C2(N)

N
0...N—1 e~ Nn
< > pl 0 < (3.1.17)
- 00...ON—1 0...N—1 B
ao...a'N71€C2(N) p o o
0---ON-1
<e Ny N oSt [/,

g9...ON—1

and selecting v = 771, so that (1 —~)r/(r — 1) = 1, equations (3.1.17) and
(3.1.14) imply

3 p(o...N—l) < 2LNTL=7e~Nm, (3.1.18)
)

gp..-.ON—-1
Ug...UN71€C2(N

On the other hand {number of elements in C;(N)} < e™" + 1:5 hence
s(a(¢)) < nfor all n > 0 (note that the s(a(y)), as it is defined in (3.1.6),

is less than the quantity computed by setting ¢ = e="", as we are doing).
This means that s(a(p)) = 0. u

The preceding proof does not provide us with an optimal result, nor it is
the simplest conceivable: under the same hypothesis we could easily deduce
that even Sups (g(g)) = 0. However the proof just given is more interesting

because it can be easily extended to much more general situations: for
instance to those contemplated in the following definition and proposition.

(3.1.2) Definition: Let (Q2,5) be an invertible dynamical system. Let g
be a probability measure (not necessarily S—invariant) on Q and let P be a
wo—measurable partition of ).

5 The +1 is here to take into account the set Pg]]\,vjll which is included in C;.
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(i) Denote by E(S, P, 1o) the symbolic motions & € €U, observed on P with
well defined frequencies and with distribution that can be expressed by inte-
grals with respect to o as

j1 AN .q ,\) _
p(al ..o |G /pj;;;;z‘,q p()po(dz), (3.1.19)

where p and also p~' € Ly (o).

We shall call the points of & (S, P, o) symbolic motions which are abso-
lutely continuous with respect to pg. R
(11) The points of Q whose (P, S)-histories are in E(S, P, o) will be denoted
E(S, P, o) and we shall call them the points which are (P, S)-absolutely
continuous with respect to ug.
(iii) If Q is a compact Riemannian manifold we call the largest coefficient
of expansion of a line element of {2 under the action of S the quantity

A(S) — Sup ||dSU||VSx ,

v lllv

where V. is the tangent space to ) at x and v € V.
Then the following proposition holds.

(3.1.2) Proposition: (Kouchnirenko’s theorem)
Let (2, S) be a dynamical system with Q a C* r—dimensional compact Rie-
mannian manifold and with S a C°° diffeomorphism of Q). Let ug be the
volume measure on 0 and let P be a C°—regular partition of Q (see defini-
tion (1.4.1)). Let & € E(S, P, o).
Then
s(@) < rlogA, (3.1.20)

where A = max(\(S), \(S™1)), see definition (3.1.2).

Remarks: (1) The theorem is remarkable because it shows in a general
enough context what at first sight might be surprising: namely the entropy
of a motion whose initial datum is randomly selected with a probability
distribution which is ergodic and equivalent to the volume measure on {2
cannot exceed rlog A, no matter how fine the partition P of {2 is taken, pro-
vided P is a regular partition (of course).

(2) Proposition (3.1.2) and certain modifications of it have remarkable ap-
plications to the theory of Hamiltonian systems: in studying the latter in
connection with Statistical Mechanics one is often interested in motions
whose initial data = are randomly chosen, on the energy surface in phase
space, with respect to the volume measure.

Consider for instance a Hamiltonian system and select the initial data
with the Liouville distribution on an energy surface, or with a distribution
equivalent to it. If the system is ergodic (3.1.19) holds (with p = 1) and
therefore the complexity of motions observed, say, at unit time intervals
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and on regular partitions is, with probability 1, bounded by a geometric
constant which is independent on the particular motion considered.

Proof: Proceeding as in the proof of proposition (3.1.1) and assuming for
the time being, for simplicity, that the sets Py, ..., P, have diameter small
with respect to the diameter of €2 (if not see footnote 6) and of a size such
that for all sets of smaller diameter a generalization of the isoperimetric
inequality holds, i.e.

po(P) < T |9P |/ (=1, (3.1.21)

we see that (3.1.14) becomes

N—1 n
Yooy < |5*OP, |
e e (3.1.22)
— AV 1
<2L A\ =9or )
= 1
k=0

Note that in (3.1.22) one has A* rather than A* ("= as perhaps one might
expect, because the conservation of the measure p up and the boundedness
of p and of p~! imply that a surface element can at most expand its area
by a factor A.

Hence, by proceeding as in (3.1.17) and (3.1.18), with (3.1.22) instead of
(3.1.14), one obtains

- p(g“‘]\g_l |g)§ (3.1.23)
00...0n_1€C2(N) 0 ON=1

< e NUTANDI UL (N — 1)/ (A= 1) < GeTmVr,

having set

Ci(N) = {Uo...JN,lyp(O"'N_l ‘g) >e*nN/\fNr},

gp...ON—-1
C2(N) = {UO---UNAIP(O”'Nil ‘Q) Sean/\iNr},
gp...ON—-1

and having chosen G to be a suitable constant.
Since it is clear that the number of elements of Ci(N) is smaller than
eV we deduce s(3) < rlog\.8 n

6 If the sets have large diameter we can always divide them into smaller sets reducing to

the case in which there is at most one set Pg ,:A.:,é\f—l with a large diameter: and we shall

add the latter set to C; which will have a number of elements bounded by eNn TN 41
and reaching the same conclusions. One makes use of the remark that finer partitions
canoot have lower entropy: if P’ is fined than P then s(P, S) < s(P’,S).
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After introducing the notion of complexity of motions we shall try of ana-
lyze the problem of the actual computation of s(a(x)).

A first remarkable result is the theorem of Shannon—McMillan that is fun-
damental for the major conceptual clarification that it introduces about
the meaning of the entropy notion and for its applications to the theory of
codes: we shall touch this subject also at the end of Chapter 10 and in some
problems in the coming sections.

Problems for §3.1

[3.1.1]: Construct a sequence in {0,1}%* such that all strings of length < Ny have
frequencies well defined and positive.

[3.1.2]: Construct a sequence in {0, 1}%* with well defined frequencies.

[3.1.3]: Construct a sequence in {0,1}% in which all possible strings of finite length
appear at least once but have frequency zero except those with specification o9 = o1 =
...=0.

[3.1.4]: (Finite algorithms are simple) Let k > 0 and f : {0,...,n}* — {0,...,n} and
define arbitrarily o_1, o0_2, ...; set, inductively for ¢ > 0, o; = f(o4—1,...,0;—k). Show
that s(g) = 0: i.e. “is not possible construct complex sequences with finite algorithms”.

[3.1.5]: If P is an analytically regular partition of T", w € R" and S = ¢ +w mod 27
show that saps(p) = 0 (Hint: Consider first the case of the irrational rotations).

[8.1.6]: (Typical entropy in a Bernoulli shift)

A randomly selected sequence in {0, 1}Z with an equal weights Bernoulli distribution
B(1/2,1/2) has well defined frequencies and entropy log 2: show this by applying (3.1.6)
and a combinatorial argument.

[8.1.7]: Study the problem analogous to problem [3.1.6] for the Bernoulli scheme
B(1/3,2/3). The result is s(g) = —(1/3)log(1/3) — (2/3)1og(2/3)). (Hint: Let
m(g) = N~1 ZZI.V_O o;. For any e one can set Co = {g||m(g) — 2/3] > &} chosing ¢
in a suitable way.)

[8.1.8]: Generalize problem [3.1.8] to the case of the Bernouilli scheme B(m,...,7n)
on Q= {0,...,n}2.

[8.1.9]: Consider the sequence obtained by writing ng zeroes followed by ng ones followed
by n1 zeroes followed by n1 ones, etcwhere (ng +n1 + ...+ nk)’lnk_H %= 0. Show
that the sequence has well defined frequencies and compute the associated distribution p
and the entropy. -

[3.1.10]: (A complex sequence generated by a circle rotation)

Let o be a sequence in {0, l}Z with well defined frequencies distributed as the Bernoulli
scheme B(1/2,1/2) (see problem [3.1.6]). Let S an irrational rotation of T! : S¢ =
¢ +w mod 27. Consider the trajectory of the origin (S*0)xcz. Associate with the point
S*0 the symbol o, and construct two Borel sets Py = {x |z = S¥0 for k with o = 0}
and P, = Tl\Po. Show that the entropy of the motion of 0 observed on the partition P
is log 2 and that this does not contradict proposition (3.1.1). (Hint: The partition is not
analytically regular).

[8.1.11]: (Arbitrarily complex sequence generated by a quasi periodic motion)

If S is an irrational rotation of the circle T', given ¢ € T! and M > 0, there exists a
Borel partition P of T! on which the motion of ¢ appears with an entropy larger than M.
Why this is not in contradiction with proposition (3.1.2)7 (Hint: At the light of problem
[3.1.10] consider a Bernoulli scheme with exp M symbols.)
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Bibliographical note to §3.1

The notion of complexity goes back to Shannon, [Sh49]. Proposition (3.1.2)
is inspired from Kouchnirenko’s theorem in the version that one finds in
[AAGS], p. 46.

83.2 The Shannon—McMillan theorem
It is the following proposition.

(3.2.1) Proposition: (Shannon-McMillan theorem)
Let o € {0, .. .,n}Z be a sequence with defined frequencies and with distri-

. 0...N—-1

(i) The limit

I 0...N-1 0...N-1
S71\/151100 N Z p<0’0...O'N1 logp gp...ON—-1 (321)

gp...ON—1

exists and will be called average entropy of @,
(ii) If G is ergodic then
s(@) =s (3.2.2)

and (3.2.1) often yields a rather convenient way of computing s(g).

(111) If G is ergodic, given & > 0, there exists N, such that for all N > N, the
elements of {0,...,n}N can be split into two classes C1-(N) and Coo(N)
with the properties

0...N—-1
<e, 3.2.3
Z p<0’0...O'N1> < ( )

00...0N-1€C2,c(N)

exp((s —&)N) < |C1,(N)] <exp((s+¢)N), (3.2.4)
0...N—-1

exp(—(s+¢)N) <p <o’0 S ON—1

> < exp(—(s —e)N), (3.2.5)
for every choice of the string oo ...on—1 € C1,(N). Here |C1-(N)| denotes
the number of elements in C1 (N).

Remarks: (1) Hence if g is ergodic the strings of symbols of large length can
be divided into two groups, one with small total probability and another
consisting of “few” elements of approximately equal frequency of appearance
in & (in the rather weak sense of (3.2.5)).

(2) For a better understanding of the meaning of the entropy notion one can
remark that, if g is ergodic, a quantity s enjoying the properties described
in (iii) is necessarily equal to the entropy of &.

Indeed if s(g) = ¢’ it is clear that (3.2.3) and (3.2.4) imply that s’ < s.
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Then suppose that one has s’ < s. Then there s an e with 0 < e <
min(1/4, (s — s’)/4) and one can find ¢’ and a set Cy . (N) in {0,...,n}V
such that

| C1.e/(N)| < exp((s' +¢)N) and
3 p<0.-.N1><€,, (3.2.6)
gp...ON—

_ 1
00...0N-1¢Cq o/ (N)

for infinitely many values of N > N., by the definition of entropy (cf.
definition (3.1.1) and equation (3.2.5)), at least if € is small enough.

The set C1.(N) will contain v elements of C; .(N), v > 0, together with
some others of Ca.(N). Hence Ci. (N) will be obtained from Cj .(N)
subtracting from it (|C1.(N)| — v) elements and adding to it a suitable
number of other elements of Ca (V).

But if N is such that (3.2.5) holds for it and if we note the inclusion
CI,E(N)\(CLE(N) N Cl,g’ (N)) C CQ,E/ (N), we get

0...N—-1
EZ Z _ p(UQ...UN_1):
(0005 —1)€C1 e (N\(C1,e (N)N Ty o/ (N))
_ 3 ) < 0...N -1 > B ,
00...0N-1€C1 (N) 70 ON-L (3 7)
3 3 » ( 0...N—1 )
Jg...ON—-1

UO...UN71€C1,5(N)QEI,E/(N)

and by (3.2.3), (3.2.5) the last difference can be bounded below by

e>l—e—v max p(o"'Nl)Z

00...0N-1€C1,c(N) og...ON—1

>1—ec—pe=IN > 1o ((NE'+e)-N(s—2)) > (3.2.8)

>1—g—elst2IN 51 o e 2Ne,
being v < | C1.o(N)| < el TN and 2e < (s — ') /2, € < 1/4, at least if N
is large enough. Hence the contradiction in (3.2.8) implies that the number
s with the property (3.2.3), (3.2.4) and (3.2.5), if it exists, is necessarily the
entropy of 7.

(3) It is convenient to break the proof into a few lemmas.

(3.2.1) Lemma: Let p be the distribution of & and let my, be the probability
distribution associated with it. If the function of o € {0,..., n}Z

¢ = fxlg) = —N""logp ( 0. N~ 1) (3.2.9)

gp...ON—-1
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is such that the limit

35(0)™ lim fx(g) in Li(my) (3.2.10)

N —oc0

exists, then proposition (3.2.1) follows.

Proof of lemma (3.2.1): By integrating! both sides of (3.2.10) we obtain
(3.2.1) so that existence of the limit implies (i) of proposition (3.2.1).

The function $(¢), if the limit defining it exists almost everywhere, is trans-
lation invariant, i.e. 5(¢) = s(rc) holds my,—almost everywhere. In fact the
monotonicity of the logarithm and the compatibility property fulfilled by
the p’s imply that 5(c) < 5(7g) since

_ 1 N -
s(g) = lim —Nlogp(o N 1)§

N —oc0 Jgg...ON—-1

1 — ~
< lim —Nlogp(l"'N 1) =35(ra),

01...0N—-1

(3.2.11)

hence, integrating this inequality and using the invariance of m, (which
implies the opposite inequality (7o) < 5(0)), one deduces that m;falmost
everywhere one has 5(g) = 5(70). -

Then if g is ergodic also m,, is such, and therefore s(¢) = constant = s, m,—
almost everywhere. In this case the convergence in (3.2.10), which implies
convergence in m,-measure, implies also that for all € > 0, there exist N,

and, for all N > N., a set E. y C {0,...,n}% such that

my(E, <,
p(Ee.n) (3.2.12)
|fn(o) —s| <e for all ¢ ¢ E: v,

and it is clear that, since fx is measurable on the algebra of the cylinders
with base [0, N — 1], (i.e. it only depends on oy, ...,on_1), then also E. n
can be chosen measurable on this algebra and, therefore, it is a union of
cylinders with base [0, N — 1]. We shall then set

CQyE(N) = {0'0 .. .O'N,1|CO"'N71 C E&N},

gp...ON—1

Cl,a(N) = {0’0 .. .O’N_1|CO"'N_1 n E&N = (Z)} = (3213)

gp...ON—1
={0,...,n}"\Ca.c (),
and, therefore, (3.2.12) implies (3.2.3) and (3.2.5). Then (3.2.4) follows from

0...N—-1
(3.2.5) and from >°_ - p <00 B -UN_1> =1, and (3.2.2) follows from

0...N—-1

’ and summing over og...0N_1-
agQ .. .UN_l)

i.e. my multiplying both sides times p (
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(3.2.10) by integrating both sides (indeed the limit (3.2.10) takes place in
Li(mp) as well), and using the remark (2), above. u

Hence proposition (3.2.1) follows from the L;(m,)-convergence of the limit

(3.2.10). To prove convergence we consider, for g € {0, ... ,n}Z and j > 1,

the functions
(j”1 0>
p )
0—j...0-1 Op

€3.2.14 pj(a) = —log i1 ; (3.2.14)
p (O’j...0'1>
which are non-negative (possibly 4+00) and m,—measurable.
1300 (3.2.2) Lemma: If the limit
plo) = lim py(0)  in Li(my) (3:2.15)
exists, then proposition (3.2.1) follows.
Remark: In fact we shall also show that such a limit is also reached m,—
almost everywhere. -
Proof of lemma (3.2.2): Consider the following identity, for N > 2,
0..N—-1
—N1tlo =
&P (UQ...O’N_l)
0...7+1
€3.2.16 N-2 P ( J ‘ > (3.2.16)
= _N"1 Z log& — N llogp 0
= 0...5 a0 )’
p go...0j

and note that —N~1logp (UO ) = 0 both in Ly(m,) and m,-almost
o P (2

N3.2.2 everywhere2.
Furthermore the sum in (3.2.16) can be written, when N — oo,

N-1
€3.2.17 N7 Z p;(t7a), (3.2.17)
j=1
because, by the translation invariance of p,

<—¢“—1 o>
p _ :
00...-05—-1 0y

21y Pi(Ta) =—log p(_j_..—l)

= —log

00..-05-1

0

2 Remark that if p (60) = 0 for some g the statement is still valid because the o with

oo = 60 have 0 measure.
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Existence of the limit (3.2.15) implies, by the r—invariance of m,,

N-1
€3.2.19 N7 (pi(tia) — (t70) 5= 0 in Li(my). (3.2.19)
j=1
Hence, by Birkhoft’s theorem, the limit as N — oo exists in L;(mp):

€3.2.20 ?(c) = lim N~ o(17 0) (3.2.20)

and, therefore, it also follows fn(¢) === ®(c) in L1(m,), and the function
3(o) will be just (o). =
We can proceed to conclude the proof of the proposition.

Proof of proposition (8.2.1): The functions ¢; are a set equibounded in
L1(m,) and equisummable® with respect to m,,. Indeed let E; x be the set

N3.2.3
of the sequences ¢ € {0, ...,n}% such that
¢3.2.21 k<epjla) <k+1 (3.2.21)
For the sequences ¢ contained in such a set one has
—j...0 [ —j...—1
< . 3.2.22
€3.2.22 p(U—j--.UO)_e p(a_j...a_l) ( )
Adding up these relations, summing over the choices of o_j,...,00 €
{0,...,n}7*! such that C; 7 " C Ej, one finds
03.2.93 my(Ejx) < (n+ 1), (3.2.23)
hence, if E/ is a m,—measurable set,
| eit@mytdz) = 3 [ e@ineln, (my(de) <
2 k=0
Zl+k/><E o)xE,  (@)my(da) <y /my Z1+kﬂ/m,, Ejp) <
k=0
< Jmo(B) [V 1) 3o+ ke 2, (3.2.24)
k=0

3 A set of functions F C L1( ) is called equisummable if for every e there is a 6 such that
1fu(E)<6thenfE )du(z) < e for every f € F.
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that shows simultaneously (and “miracolously”) the equiboundedness in
Li(mp) and the equisummability of ¢;, j =1,....

Simple considerations of measure theory based on Vitali’s convergence the-
orem and on Fatou’s lemma#* show that, to verify the convergence, in Li(m,,)
and almost everywhere, of the sequence {p;}, as j — oo, it suffices to ver-
ify convergence in mj,—measure and, respectively, almost everywhere of the
sequence of functions

—j...0
p(cf‘j...dg)

-1
p(CZ5. )

—J...0-1

exp(—yp;(a)) = for j — oo, (3.2.25)

as one can check.®

The problem of convergence in m,-measure and m,—almost everywhere,
of exp(—¢;) is very similar to the problem of proving the Vitali-Lebesgue
theorem which states the existence of the limit as I — y of |I|™! J; F(x)dx
if I are intervals containing y. In the present context the result is called
Doob’s theorem.

This result is a particular case of a general theorem of measure theory, and
it is worth to make a small notational effort to reduce it to this general
theorem.

All the functions exp(—;), j = 1,2,... are measurable with respect to the
o—algebra B-generated by the cylinders with negative base; it will be useful
to identify, in the obvious way, such cylinders with those of ¢ {0, ... ,n}Z*
so that

m(CJ) =my(CJ) =p (‘]) VJCZ_,Vae{o,...,n}"; (3.2.26)

in other words m coincides with m,, restricted to the cylinders witn negative

base. By the Radon—Nykodim thegrem,7 given og € {0,...,n}, there exists
a function in L (m), that we shall denote g,,, such that

—j...—10 \ _ / /
P (O’—j---a—mo) B /Caj_v__; 9oo (') m(da’)- (3.2.27)
T

4 See [DS58], p.150 and 152.

5 If exp(—¢;) converges in mp—measure and almost everywhere to a limit that we denote
exp(—¢) one has 0 < p; TS P almost everywhere. By Fatou’s lemma ¢ is summable
and hence < 400 almost everywhere; then convergence in mp—measure of exp(—¢;) to

exp(—¢) implies convergence in measure of ¢; to ¢ and theref?)re, given the equisumma-
bility of the functions ¢;, Vitali’s criterion of convergence implies the convergence in

Li(mp) of p; to ¢.

Z4 denotes the integers > 0 and Z_ denotes the integers < 0. Hence {0,...,n}%- are
unilateral sequences with negative labels.

7 See [DS58], p.176.
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Hence

—j...—1 0 / /
p O_j...0-1 O0g fC;j;_':}fl ED (g ) m(dg )
= : (3.2.28)

» ( —j...—1 > - fc;i;:fé,l m(da’)

O_j...0-1

and we realize that our purpose is to show the convergence, in m—measure
and m—almost everywhere, of this quantity regarded as a function of g €
{0,..., n}Z*, for every fixed op. And the limit should be precisely gg, .

It is now possible to reduce the analysis to some simple and classical con-
structions.

For simplicity we shall suppose that the measures m,, and m are not atomic.

Let us consider the map of {0, ..., n}%~ in [0, n/n+1] defined by ¢ — X (o):

X = — 3.2.29
@=X 5 (3.2.29)
which is a homeomorphism between the sequences in {0, ..., n}Z* and the

subset X ({0,...,n}%-) of [0,1], which is the Cantor set consisting of the
numbers of [0, 1] whose development in base (n+2) never contains the digit
n+ 1.

Then via the map X we can transform the measure m into a measure m
on [0,n/(n+ 1)] and the function g¢,, into g € L,(m) by setting

m(E)=m(X'E), EcB(0,n/n+1]),

~ e (3.2.30)
(&) = goo (X (2))-
Define then the map Y : [0,n/n+ 1] — [0,1] as
y =Y (z) = m([0, z]). (3.2.31)

The function z — Y (z) is non-decreasing, more precisely it is strictly
increasing except, possibly, in the union of a denumerable family of closed
disjoint intervals. Hence Y is continuous and is invertible as a map between
[0,n/n + 1] deprived of a denumerable infinity of closed disjoint sets and
its image in [0,1] (which consists in the same [0, 1] deprived, at most, of a
denumerable infinity of points).

Therefore Y establishes an isomorphism mod 0 between ([0, n/n + 1]), ™)
and ([0,1], ) where p is the Lebesgue measure (because of the relation
(3.2.31)). Via this isomorphism g becomes a function g € Lq(u).

Another remarkable fact is that the set

01

D(o_j...o01) =YX (C7m7 ) (3.2.32)

either is a connected interval or is empty; the latter possibility arises if and
only if m(C, j];{ ) = 0. Indeed it suffices to remark that the set of the
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numbers that have the first j digits of the their development in base (n+1)
equal is an interval.

The nonempty intervals having the form (3.2.32) form a covering D; of
[0,1] with intervals which, pairwise, have no internal points in common.
Furthermore the covering D; 1 refines D; because every interval of D;; is
a union of intervals of Dj;.

If z € D(o—j,...,0-1) and if we define the function

fD(a',j...cr,l) g(xl)dx/
|D(O',j N 0'71)|

x — hj(z) = (3.2.33)

(which is a relation that has p—almost everywhere meaning) we obtain the
image of p; via Y X.

The Vitali-Lebesgue theorem concerns exactly sequences of functions hav-
ing the form

_ fD g(z")dx'

x — g;(x) D]

with g € Ly (p), (3.2.34)

where D is the interval that contains = extracted out of a pavement D; of
[0,1] with intervals with no common internal points and refined by D,;.
The theorem says that g; pared almost everywhere with respect to the
Lebesgue measure g in [0,1] and in Ly (u).8
Applying the latter statement to (3.2.33) and translating it back to the

original variables via the isomorphism Y X we see that it means

lim ¢;(a) = go,(0) (3.2.35)

Jj—o0
myp—almost everywhere and in Li(m,). This yields the proof of Doob’s

theorem in the present special case and completes the proof of proposition
(3.2.1).

Problems for §3.2

[8.2.1]: (Approzimability in entropy and distribution)

Under the hypothesis of proposition (3.2.1) assume g ergodic and set S = s(7). Show that
given an integer u > 0 and € > 0, an integer N (e, u) exists such that for all N > N(e, u)
it is possible to divide {0,...,n}" into two classes C1,,.(N) and Ca.c (N) such that

Z » 0...N—1 <e,
00.--ON_1

00---0N—-1€C2, ¢ 4 (N)

exp((S —e)N) < [Cr,e,u(N) | < exp[(S +e)N],

0. N1 ) < exp[—(S —€)N],

expl-(5+ N <p (7 N

8 See, for instance, [DS58] Vol. I, Ch. III, p. 214. One should note the “analogy” between
the proof discussed here and that of Birkhoff’s theorem in Appendix 2.2.
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for all (o ...0%\_;) € C1,e,u(N) and

E ‘p ( O.ou—1 ) — (frequency of appearance of
00 ... Ou—1
00...04—1€{0,...,n}¥

u—1Y .
(0 u )1n(o'67...70'3\,71)‘<5

00...0u—1

for all (of)...0%_;) € C1,e,u(N). (Hint: Proceed as in the above derivation of (3.2.3),
(3.2.4), (3.2.5) from (3.2.12) observing that, by Birkhoff’s theorem,

Lou—1
gn(a) = Z P (‘B(l) N ua/ ) — (frequency of appearance of

cYu—1

ou—1

(0/ u/ ) between 0 and N — 1 in o)
90 Tu—1

converges, for N — oo, to zero in Li(myp) and mp—almost everywhere. Then choose

E. . n in analogy with the choice (3.2.12) but such that |gn(g)| < €, etc.)

[8.2.2]: (Entropy of a distribution on symbolic sequences)
Ifpe M({0,...,n}?) we can define the entropy of p naturally as

s(p) = lim limsup N7t log/\/}(EN)7

- e=0 Nooo

where Ne(p|N) is the minimum number of elements of {0,...,n}N that re-

main if we take out from {0,...,n} a family Ca(N) of elements such that

E 0...N—-1 <e
o0...on_1€Co(N) P 00...ON-1) ~

Then proposition (3.2.1) formulated in terms of p has a meaning (in an obvious way,
even if there is no o € {0,...,n}% that generates p) and is true (note that this statement
does not strengthen proposition (3.2.1) except for what concerns its statement (i), cf.
proposition (3.2.1), and the relative remarks).

[3.2.3]: (Lebesgue measure on [0,1]? and the (%, %) Bernoulli shift)
Show that the Bernoulli distribution B(1/2,1/2) on {0, 1}? is isomorphic mod 0 to the
Lebesgue measure on the square [0, 1] X [0,1]. The isomorphism is established by (z,y) €

2 Z - _ oo (e _ oo o_4
0,1]* - o€ {0,1}* ifx = jzoﬁ’y_zjil 2jJ'
3.2.4]: (The baker map and the (%, ) Bernoulli shift

212

The isomorphism of problem [3.2.3] establishes an isomorphism mod 0 between the dy-
namical systems ({0,1}%,7,B) and ([0,1]?,S,)\) where A\(dz) = dzdy and S(z,y) =
(2z,y/2) if < 1/2, and S(z,y) = (2 — 1, (y + 1)/2) if & > 1/2. The latter dynamical
system is called the baker map (see also problem [2.2.43]).

[8.2.5]: (Generalization of the binary and decimal expansions)

Consider n positive numbers p1, ..., pn such that ZZL:1 p; = 1. Consider n intervals Iy,
Io, ..., I, that decompose [0,1). Define Sz = (z — a;)/pi, if * € I; = [ai, a;+1), having
set ap = 0 and a;+1 = p1 + ...+ p;, ¢ = 1,...,n. Draw the map S as a map of [0, 1]
into itself and show that S conserves the Lebesgue measure on [0,1). The code that

associates with « € [0,1] its history on (I1,...,1In) : © — (00,01,...,) € {1,...,n}%+
transforms the Lebesgue measure into the unilateral Bernoulli measure B(p1,...,pn) on
{0,... ,n}Z+. This code generalizes the binary representation (which corresponds to the

case n = 2 and p1 = p2 = 1/2).
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[8.2.6]: (A generalization of the baker map isomorphism with a Bernoulli shift)
Generalize the result of problem [3.2.5] to show that the Bernoulli scheme with n symbols
and probabilities (p1,...,pn) is isomorphic mod 0 to the Lebesgue measure on [0, 1]2 on
which acts a suitable map S.

[3.2.7]: Consider the Bernoulli scheme B(p1,...,pn) on {1,...,n}%2. Given k positive
numbers ai, ..., a, such that a; +...+ax = 1, show the existence of a Borel partition of
{1,... ,n}Z into k sets of measures, respectively, a1, az,...,ar. (Hint: Use the result in
problem [3.2.5] and the fact that such partitions trivially exist on [0, 1]2 considered with
the Lebesgue measure).

[3.2.8]: Civen a Borel partition @ = {Q1,...,Qx} of {1,...,n}%, and given the
Bernoulli measure p on {1,...,n}? with probabilities B(p1,...,pn) show, by making
use of the results of problems [3.2.6] and [3.2.7], that there exists a family of parti-
tions t — Q(t) parameterized bt ¢ € [0, 1], such that Q(0) = {0,0,...,0,{0,...,n}?},
9(1) = {Q1,...,Qk} with a fixed number, k, of atoms and which is continuous in the
sense that

k
lim [Q(t), Qto)] = lim > u(Qi()AQi(to)) = 0, Vo € [0,1],
t—tg t—tg —

where AAB = (A\ B) U (B \ A) is the symmetric difference between A and B. (Hint:
Consider the isomorphism discussed in problem [3.2.6] and use that such a property is
easy to show in the case of Borel partitions of [0, 1]2).

[3.2.9]: (Non-atomic Borel measures on {0,1}% are isomorphic mod 0 to the Lebesgue
measure on [0,1])

Let u be a non-atomic Borel measure on {0,1} (i.e. a measure such that no positive
measure set E exists which has no subsets of smaller but positive measure). Show that
it is isomorphic mod 0 to the Lebesgue measure on [0,1]. (Hint: Use the idea and the
map Y X that appear at the end of the proof of proposition (3.2.1).)

[8.2.10]: Show that if p is an S—invariant measure on a o—algebra B of Q and it is
S—mixing then p is non-atomic if B is not trivial.

[3.2.11]: If p is a non-atomic Borel measure on a complete and separable metric space
then p is isomorphic mod 0 to a Borel measure on {0, 1}%. (Hint: Use Alexandrov and
Urhyson theorems? stating that each separable and complete metric space is homeo-
morphic to a Borel subset of [0, I]Z which, in turn, is in a one-to-one and bimeasurable
correspondence with a set Borel of {0, 1}Z. Hence by using the conclusions of problem
[3.2.9] show that u is isomorphic mod 0 to the Lebesgue measure on [0, 1].)

[8.2.12]: Show that every dynamical system (€2, .S, 1) with Q complete metric separable
and with g non-atomic is isomorphic mod 0 to a dynamical system having the form

(1o, 1},:§, o) where po is the Lebesgue measure and S is a suitable map.

[8.2.13]: Interpret proposition (2.3.3) as a proof that every invertible topological dy-
namical system (€2, S, 1) on a complete metric space admitting a topological separating
partition is isomorphic mod 0 to a system of the type ({0,...,n}%, 7, m), where T is the
translation of the sequences of symbols.

[8.2.14]: If (Q,S,u) is an invertible dynamical system on Q that is assumed be a
complete metric separable space and if p is a complete Borel measure (cf. Appendix 1.4),
then (€2, S, 1) is isomorphic mod 0 to a dynamical system of the type (VZ, 7, 1) where V is
a compact metric space, T is the translation on V%, and ﬁ is a T—invariant complete Borel
measure. (Hint: Let 1, z2,... be a denumerable dense set and consider the function
@ : Q — [0,1]%+ defined by p(z) = (d(z,x;)/1 + d(z,z;))sez, if d(...) is the metric on
Q. Then ¢ is an isomorphism between © and its image ©(Q) C [0,1]%+ that turns out

9 See [DS58] pp. 24,138, and problem [3.2.14].
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to be a Borel set, and in fact a Gs—set (i.e. a countable intersection of open dense sets),
N3.2.10  in the product topology (theorem, of Alexandrov and Urhyson®). Associate then with
x the sequence in VZ = ([0,1]%+)% defined by ®(x) = (¢(S%z))sez; it is clear that &
is a continuous and one-to-one map between 2 and ¢(2); hence it is bimeasurable (by
N3.2.11  Kuratowsky’s theorem® This implies that if we set u(E) = u(®~1(E)) for E Borel in
VZ then (VZ,7, 1) is isomorphic mod0 to (£2, S, u).)

One says, therefore, that “every metric invertible dynamical system constructed on a
complete separable metric space by means of a map and of a Borel measure is isomorphic
mod (0) to a topological dynamical system on a compact metric space”.

Bibliographical note to §3.2

The proof of proposition (3.2.1) (“Shannon-McMillan theorem”) is taken
from [Ki57], p. 44-89.

The relation between Doob’s theorem and Vitali-Lebesgue’s is well known.
The proof of Doob’s theorem can be found in [Ki57]. A proof of the Vitali-
Lebesgue theorem can be found, for instance, in [DS58], p.214.

We remark that for a proof of proposition (3.2.1) the L;—convergence of
(3.2.15) would be sufficient. Instead, we have also obtained (implicitly)
the almost everywhere convergence: this provides a strenghtening of the
Shannon-McMillan theorem (due to Breiman, cf. [Br57]).

A generalization of the notion of entropy to measures on {0, ..., n}Z that
are not invariant under translation can be found in [Ja59], where an exten-
sion of the theorem of Shannon—McMillan to “S-quasi—periodic” distribu-
tions (rather than S-invariant) is discussed.

83.3 Elementary properties of the average entropy

In this section some consequences of the proof of proposition (3.2.1) are
collected together with some elementary properties of entropy and with
various interesting definitions.

(3.3.1) Corollary: (Average entropy of a sequence)

C3.3.1
Ifpe M({0,..., n}2) is a stationary distribution on {0,...,n}% the func-
tion defined by the limit
- _ O...N—-1
. H _ 1
0331 5(a) = Jim —N""logp <00 L ont > (3.3.1)

exists in L1(my) and (therefore) the limit

TN e e 0...N -1 0...N—-1
e3.3.2 S(B)il\}gnoo N Z p(O’o...O'Nl 1ng Jgo...ON—1 (332)

00---ON—1

10 Tt is a useful exercise to look for a proof of this theorem without having recourse to the
literature.

11 See footnote 3, Section §2.3.
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exists.

Proof: In the proof of statement (i) of proposition (3.2.1) (i.e. in lemma
(3.2.1) needed to prove it) the sequence & generating the distribution of
frequencies p enters only through m,. And we only made use of the trans-
lation invariance of my: the latter property is also true for the distribution
p that appears in (3.3.1) even if p is not the distribution of a sequence. ®

(3.3.1) Definition: Ifp € M({0,.. .n}2Y the quantity 5(p) in (8.3.2)
will be called average entropy of p. The notion is a priori different from
that of entropy of p, that we shall denote by s(p), which can be defined by

generalizing definition (3.1.1) to the case in which p is not generated by a

sequence g.l

Remarks: (1) If p is ergodic m,, is also ergodic and, therefore, 5(c) is almost
everywhere constant (with resp?ect to m,,, because we have seen in the proof
of lemma (3.2.1) that it is translation invariant) and one can repeat the first
part of the proof of proposition (3.2.1) to conclude that for all € > 0, there
is N. such that for N > N, the elements of {0,...,1}" can be divided in
two sets C1 «(N) and Cy (V) satisfying (3.2.3), (3.2.4) and (3.2.5).

We can then repeat the arguments of remark (1) to proposition (3.2.1) and
deduce that 5(g) = s = s(p). Hence if p is ergodic we have

s(p) = s(p). (3.3.3)

(2) The relation (3.3.3) does not hold in general if p is not ergodic.
The following proposition clarifies the remark (2) above.

(3.3.1) Proposition: (Entropy and average entropy)
Ifp,. p, € M({o, .. .,n}Z) and are ergodic and, if p = ap, + (1- a)g2 with
0 <a <1, in the sense that

jl-.-jp _ _]1_]p . jljp
p(Ul--.Up)_apl(gl,_,gp)+(1 a)p2(0'1_..0—p), (334)

one has

@}

p) =as(p,) + (1 —a)s(p,),

(3.3.5)
s(p) = max {s(p,), s(p,)}-

The first property is called affinity of the entropy.

1 In other words we can define the complexity with weight e=¥ of a shift invariant dis-

tribution p the quantity s(p,V) as in (3.1.8), (3 1. 9) and (3.1.10), where Cl and Ca are
—1

o1 ) ( oN_ 1) and by

replacing ¢ (g|N; V) with 7. (pIN; V), where one deﬁnes e (p|N; V) through the second

member of (3.1.9). Then s(p) is naturally defined as s(_\_) using the notations of

definition (3.1.1) with V = 0.

now defined by replacing the frequencies p(
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Proof: The first of (3.3.5) is based on the identity (3.3.3) for ergodic distri-
butions and on the following simple inequalities.
The function & — —¢log& is convex for ¢ € [0,1] and, therefore,

—(az + (1 — a)y)log(ax + (1 — a)y) > —azxlogz — (1 —a)ylogy (3.3.6)

for every a, x, y € [0, 1]. Furthermoreif 0 < x1,...,2, <1,0<y1,...,yp <
land ), z; =), y; = 1 the monotonicity of £ = —log¢ gives

Z — (az; + (1 — a)y;) log(az; + (1 —a)y;) =
EZ —ax;loglax; + (1 —a)y:)+

+ Z (1 —a)y;loglaz; + (1 —a)y;) <

(3.3.7)
<Z —az;logax; + Z (1 —a)y;log(l —a)y;
=—aloga—(1—a) log(l —a)+
+ az —z;logz; + (1 —a) Z —y;log y;.
Hence (3.3.6) and (3.3.7) imply
azfxilogxi +01- G)Zyilog% <
< Z (az; + (1 — a)y;) loglaz; + (1 —a)y;) < (3.3.8)

< —aloga — (1 —a)log(l —a) +aZ—xilogaci +(1 —a)Z—yilogyi,

so that, by selecting ¢ = (09,...,0n-1), Z; = D1 (0"'N_1 ), Yyi =
Jgp...ON—-1
gp...ON—-1
The second of (3.3.5) is based on proposition (3.2.1): if s(p) = s1 <
s(p,) = s2 and if Ci.(N) and C}_(N) denote the sets of specifications of
large probability with respect to mp and mp We see that

P2 ( 0...N—1 ) then (3.3.8) and (3.3.2) imply the first of the (3.3.5).

|C1o(N)UCT(N) | < eNrFe) p eNloate) <

< eN(sz-i—s)(l +6_N(52_31))’ (3.3.9)

that shows, since

0...N—-1
< 2, 3.3.10
Z p<0’0...0'N1>_ ‘ ( )

00...0N—1 ¢C%,5(N)Ucf,5(N)
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that s = s(p) < sa.

But one cannot have s < s3: if indeed C.(N) was a set of large probability
(>1—¢)and | C.(N)| < eNG6+9) for all N > N,, we should have

3 0...N—-1\ _
p2 gg..-ON—-1

o'o...o'N,ligg(N)

tmarta-g Y wm(LN)

< (3.3.11)
60...6N71¢EE(N)
0...N—-1
<(1l-a)! <e(l—a)?
SRR D DI ] CoRtug EE e
00...0N-1¢Cc(N)
but this would contradict the fact that se is the entropy of Py L]

Another simple but important property of s(p) is the following one.
(3.3.2) Proposition: (Average entropy as an infimum, semicontinuity)
Let p € M({0,..., n}Z) be an invariant distribution; one has

s(p) <log(1+mn), (3.3.12)
~ _ 0..N-1 0..N—-1

= inf —N! 1
S(B) nggk anlp(do...o‘]v_l) ng(o‘o...O’N_l)’

where the infimum is taken over the integers k, by setting N = 2. Hence
the average entropy is upper-semicontinuous, i.e. ifgn is a sequence of dis-

tributions which converges to a limit p_ in the topology of M({o,..., n}Z),

. 0...N—-1 0...N—-1
i.e. in the sense that py, =55 Poo or all
p (O’()...O'Nl) - p <O’0...O’N1> f
N,00,01,...,0N, then
3(p_) > limsups(p) (3.3.13)
—© n—o00 -
and s(p) has a mazimum on any compact set in M({0,...,n}%).
Proof: The function (z1,...,2p) = —> ,x;logz;, 0 < xq,...,2p < 1,

>; i = 1, has its maximum in x; = 1/p where its value is logp. The sum
(3.3.2) has precisely this form: this shows the first relation of (3.3.12).

To show the second relation in (3.3.12) let I and J be two sets of labels and
let (pi)ier, (P})jes, (pij)ijerxs be three families of not negative numbers

such that 2
Epi:Ep;:Epij:L
i j ij
pi = E Pij, p; = E Pij-
j i

(3.3.14)

2 We think here to i = (00...0n-1), § = (04 ...0N_1), pi :p(o"'Nfl )71;’, =

g0...ON—1 J

0...M—1  /0..N—-1N..N+M-1
p 06...03171 » Pij =P 00...ON—_1 06...03\/171 :
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Then
> —pijlogpi; <Y —pilogpi+ Y —p)logp},
i 5 j
e Z —pijlogpij > Z —p; log s, (33.19)
because
Z pijlogpij = szz (pij/pi) log pij =
= sz Z pu/pz)(logpw/pz +logpi) =
€3.3.16 (3.3.16)

_ sz Z pz]/pz) log(p”/pz + Z —Dp; 1ogpZ =
- Z { Zpi(*pij/pi) logpij/pi)} + Z —p; log p;

and the term in curly bracket is > 0 because (p;;/p;) < 1; moreover by the
convexity of & — —log¢, it is bounded above by

€3.3.17 - Z (sz(ng/pz)) log ( Zpi(pij/pi)) = - Zp; logp;. (3.3.17)

Choosing p;, pi; as in footnote 2, and setting

0..N-1 0..N—-1
€3.3.18 Hy(p) = Z —p (00 o )1ogp (00 B ) , (3.3.18)

ON-1 .ON-—-1
gp...ON—1
we see that the first of the (3.3.15) means
¢3.3.19 Hnim(p) < Hn(p) + Hu(p), (3.3.19)
which implies that N ' Hy(p) is monotonic non-increasing on the sequence

N =2F k=0,1,... and, hence, the second of (3.3.12) follows. ]

The second of the (3.3.15) will be useful in the following and sometimes we
shall refer directly to it without formulating it as a separate proposition.
The following definition is remarkable and natural.

pase (3.3.2) Definition: (Average entropy of a dynamical system)
Let (2, S, p) be an invertible dynamical system and let P = { Py, ..., P,} be
a partition of Q into p—measurable sets. We define the average entropy of
S with respect to P and u the following quantity:

€3.3.20 s(P,S,p) = 5(1_7#% (3.3.20)
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where p, € M{0,...,n}%) is defined by

0..N—-1 N-1 .
= STFP, ). 3.3.21
pu (0‘0...0’]\[_1) u(kgo k) ( )

We define the average entropy of S with respect to u the quantity
S(S, ) = sup s(P, S, u), (3.3.22)
P

where the supremum is considered over all the finite partitions of  into
p—measurable sets.

Remarks: (1) Noting that p#(O...Nl) _ pu(NJrl...O) wo

gg...ON—-1 gg..-ON—-1
deduce from (3.3.2) that
5(P,S, ) =3(P,S 4 p). (3.3.23)

(2) Furthermore it is clear that 5(S, u) = 5(S’, u') if (22, S, i) is isomorphic
mod 0 to (2,5, u): the average entropy of a metric dynamical system is an
invariant under isomorphisms mod 0. For this reason the average entropy
is also called the Kolmogorov-Sinai invariant.

Problems for §3.3

[8.3.1]: Making use of proposition (3.3.2) and of problem [3.2.8] show that, given € > 0,

one can find a partition Pe of {0, I}Z that has average entropy < e with respect to
the action of the translation on the Bernoulli measure B(1/2,1/2). (Hint: Construct a
partition that interpolates between the partition Py = {0, {0,1}%} and P = {C§,C?}
and estimate s(P¢, S, 1) by means of (3.3.12) with N = 1).

[8.8.2]: Consider the Bernoulli scheme B(1/2,1/2) and compute the entropy of the
partition {C’g&, Cgll , C% , C(fll .

[8.3.3]: By using the results of problem [2.4.6] show that if A = {w|w €
Mc({0,...,n}%, 1), s(w) € [, B]}, and if 7 is a Borel measure on M such that 7(A) = 1,
then the measure m = fA wr(dw) has entropy s(m) € [a, 8]. The same happens if [, 5]
is replaced, in the definition of A, by [a, ), (o, 8], (o, 8). (Hint: Note that (A) is a
Borel set and make use of problem [2.4.6].)

[8.8.4]: (Affinity of average entropy for finite miztures)

By using problem [3.3.3] show that the average entropy s is affine with respect to the
ergodic decompositions of measures p € M({0,...,n}%), i.e. show that the affinity in
proposition (3.3.1), for finite mixtures, implies via problem [3.3.3] and the Shannon—
McMillan theorem, that if p € M({0,...,n}%) and = is its ergodic decomposition, then

g(g) = / 7(dw) s(w).
M

e

[8.8.5]: (Affinity of the average entropy for arbitrary miztures)
If (Q, S) is an invertible topological dynamical system with  metric and compact and if
n € M(Q,S) and 7, is the ergodic decomposition on M, (€2, S) of p then

s(S,p) = / T (dw) 5(w),
M (92,5)
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i.e. the average entropy is affine also for ergodic decompositions which are not finite.

[3.3.6]: Let p be a probability distribution on {0,...n}~N. Construct the measure

po on {0,...,n}2 by assigning independent probabilities ¢ to the blocks of variables
(Ui)ie[kN’(kJrl)N),k € Z. Show that pg is invariant with respect to the action of trans-

lations which are multiples of the N steps translation 7%V. Show that, for N > 1,
N-1
wE)=N"1 ZNO(TjE) for all E € B({0, ...,n}%)
Jj=0

defines a 7—ergodic and 77V —mixing measure which is not 7-mixing.

[8.3.7]: (Awverage entropy of periodic distributions)
Compute the average entropy of the measure p defined in problem [3.3.6] regarded as an

invariant measure for the dynamical system ({0, ...,n}%, 7).
[8.8.8]: (Approzimability of measures by ergodic measures)

If m is a shift invariant distribution on {0, ... ,n}Z and if € > 0 and M are given, there
exists a probability distribution p ergodic on {0,...,n}% and such that

D ImCHM) — (€M) <6

O1...00\f

(Hint: Consider N > M and the distribution ¢ on the sequences {0, ...,n}" defined by:

q(o1,02,...,0N) = m(C},’l‘;jj,{\;N ); construct p, starting from ¢, m as in problem [3.3.6]).

[3.3.9]: (Approzimability in distribution and entropy)

Show that, as consequence of Shannon-McMillan theorem, every ergodic m €
Mc({0,...,n}%) can be approximated in distribution and entropy by a measure p which
is ergodic and “of finite type”, i.e. built as in problem [3.3.6]. By approximation in dis-
tribution and entropy one means that given € > 0 and M > 0 there exists a p of finite
type for which

> Im(Ch )~ (M ) <s Ts(n) —sim) | <e.

o1...0NM

(Hint: Make use of problems [3.3.6], [3.3.7] and [3.3.8], and of (i) in proposition (3.2.1)).

Bibliographical note to §3.3

The properties discussed in this section are well known, see for instance
p. 178 in [Ru69]. There are various other properties of entropy and mainly
its extensions to “non-commutative cases” that are less simple and at times
quite deep; see [WeT9], for a review.

83.4 Further properties of the average entropy. Generator theo-
rem

In this section we mainly discuss definition (3.3.2) and certain simplifica-
tions in the evaluation of the extremum in (3.3.22).
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(3.4.1) Definition: (Generating partition)

Let B be a o-algebra in a space Q and P = ({FPo,...,P.}, Q
{Qo,...,Qm} be two B-measurable partitions of Q. Define the partition
PV Q, generated by P and Q, to be the partition whose atoms are

Roor = P, NQy o €{0,...,n}, 0 €{0,...,m}. (3.4.1)

If 1 is a probability measure on B define

n

H(P,p) = Z —u(Ps) log pu( Py ). (3.4.2)

o=0

If (2, S, ) is an invertible metric system with p defined on B we say that
P is u-S—generating if the smallest o—algebra that contains the sets of the
partitions S*¥P, for all k € Z, coincides p-mod O with B. When confusion
does not arise we shall simply say that P is S—generating.

Remarks: (1) By using the definition given in (3.3.2), the quantity
3(P, S, 1) can also be rewritten as (cf. also (3.3.18))

3(P, S, 1) N'HPVS'Pv...vS§~WN=Dp 1) (3.4.3)

= lim

N—oc0
(2) The identity (3.4.3) implies that for all h,k integer (positive, zero or
negative), with A < k, one has

3(8"PVv...vSEP, S ) =3(P,S, ). (3.4.4)

(3) From general measure theory it follows that if u is isomorphic mod 0
to the Lebesgue measure on [0, 1] then a necessary and sufficient condition
in order that P be S—generating is that P is S—separating mod 0, i.e. that
there exists N € B, u(N) = 0, such that if z,y ¢ N and the (P, .S)-histories
of x and y coincide then = and y coincide too.

Hence in dynamical systems (€2, S, 1) in which (€, S) is a topological dy-

namical system and p a Borel measure every S—separating partition is gen-
erating.!
(4) From general measure theory it follows that in order that P be S—
generating it must happen that, given € > 0 and E € B, there exists N,
such that the partition \/]ijES kP is “fine enough” so that it is possible, by
taking suitable unions of its atoms, to construct a set . whose symmetric
difference from E, (EAE. = (E\E.) U(E:\E), is small

W(EAE,) < e. (3.4.5)

(5) From remark (4) it follows that if P is S—generating and if Q =
{Qo,...,Qm} is an arbitrary p—measurable partition, given & > 0 there

1 Every Borel measure on a complete and separable metric space is isomorphic mod 0
to the sum of the Lebesgue measure on an interval and a denumerable sum of Dirac
measures, cf. problem [3.2.9] and [Pa67].
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exists N. such that by suitably collecting the atoms of VZ—VR/ES_IWP into
(m + 1) groups one can form a partition Q¢ = {Q§, ..., Q¢%,} such that

d(Q, Q%) = > mQiAQ5) <, (3.4.6)

=0

where, given in general two partitions @ = {Qo,...,Qn} and Q' =

{Q0, - -, Q,} with an equal number of atoms, we define
d(Q,Q) =) nQiAQ)). (3.4.7)
j=0

The interest of the above observations and their relevance for the problem
of the actual computation of the extreme in (3.3.22) lies in the corollary to
the following proposition.

(3.4.1) Proposition: (Continuity of the average entropy of a partition)
Let (2, S, 1) be an invertible metric dynamical system.

(i) IfP=A{Po,...,P.}, @ ={Qo,...,Qm} are two u—measurable partitions
of Q, then

s(P,S,p) <5(PV QS pu) <S(P,S, ) +5(Q,5, ). (3.4.8)
(i) If P ={Po,..., P,} and Q@ ={Qo,...,Qn} are two p—measurable par-
titions and if d(P, Q) = 31" ((PAQ;) =e < (n+1)/(n+2), one has

[s(P, S, 1) —35(Q, S, )| <elog(n+1)—eloge — (1 —¢)log(l —¢). (3.4.9)

Remark: The statement (ii), Sinai’s theorem, gives continuity in P at fixed
number, n, of atoms.

Proof: Let i = (0¢...0n-1), 3 = (Mo-.-An—-1), ok € {0,...,n}, \x €
{0,...,m} and

N-1_ N-1_
pz:M( kQOS Pak)a Pz‘j:ﬂ(kgos (Pak mQ)\k))?

- (3.4.10)
p} - M( kQO S_kQA’“);

one has 37, p; = > .pij = 1, >2.pij = pis >;pij = P Then (3.4.8)
is derived from the relation between the approximants ) (—p;logp;),

> (=pijlogpij), >0, (—pilogp; + > ; —p) logp;) obtained in (3.3.15) from
(3.3.14).
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To show (ii) let R = {Ry, ..., Rn, Rnt1} be the partition of Q into n + 2
sets defined by

Ry = PyAQo,
R; = (PiAQi)/;g;(PjAQj)a i=1,...,n, (3.4.11)
R =9/ iL;jORi.
We have X défu(RnH) >1—cand > " u(R;) =1—X <e. Furthermore
(3.4.8) implies
S(PVR,S,u) <3(P,S, n)+s(R, S, u), (3.4.12)

and the similar relation with Q instead of P. The relation (P VR) =
(Q VR) (that follows immediately from the definitions) implies together
with (3.4.12)

[$(P,S, 1) —3s(Q, 8, 1) <5(R,S,w). (3.4.13)

But from the second of (3.3.12) with k£ = 0 it follows

SRS < S —u(Ra) log(Re). (3.4.14)
o=0
which implies
5(R,S,p) < —Xlog X + Zn: —1(Ry)log u(R,) = (3.4.15)
o=0
= Xlog X — (1 X)log(l — X)+(1-X) zn: - (’1‘(}%})) log (’1‘(1%;());
o=0

therefore the sum can be bounded above by log(n+1) because of the identity
S, MBe) — 1. Hence

S(R,S,u) < —XlogX —(1—X)log(1—X)+ (1 —X)log(n+1), (3.4.16)

from which (3.4.9) follows because the function in the r.h.s. of (3.4.16) is
monotonic decreasing between (1 — (n 4+ 1)/(n + 2)) and 1, and one has
X>1—c¢. [ ]

(3.4.1) Corollary: (Generator theorem)
Let (2, S, 1) be an invertible metric dynamical system. If P ={Py,..., P},
Q={Qo,...,Qm} are two p—measurable partitions and P is S—generating,
then

$(Q, 8, 1) <3(P,S,u) =5(S, pn) (3.4.17)
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Remark: The above theorem is due to Sinai.

Proof: Let ¢ > 0 and let Q° be a partition obtained by forming unions of
atoms of \/%vg S~*P and such that d(Q, Q%) < ¢, cf. remark (5) to definition
(3.4.1). Then, by proposition (3.4.1)

5(Q, S, 1) — 5(Q°, S, )| =7 0. (3.4.18)

But it is clear that OF is less fine than \/%\/E S—kp (and therefore there is

a partition R of 2 such that Q° VR = \/]ijES’kP); hence by (3.4.8) and
(3.4.4)

S(Q°,8.0) < 5( VN, STEP, S, ) = 5(P, S, ), (3.4.19)

so that the first of (3.4.17) is proved. The second follows by the arbitrariness
of Q and the definition in (3.3.22). ]

(3.4.2) Corollary: Let (2,5, 1) be an invertible metric system mod 0 with
u defined on a o—algebra B. Let P1, Po,... be a sequence of u—measurable
partitions such that Ppy1 refines Py, (i.e. such that the atoms of P, are
unions of atoms of Pn41) and such that the smallest c—algebra that contains
Pn and all its images under S, for all n = 1,2..., is B (a generating
sequence of partitions). One has

s(S,p) = nl;rrgo $(Pp, S, ). (3.4.20)

The proof will be left to the reader. Finally an application.

(3.4.2) Proposition: (Entropy bound for smooth measures)

Let © be a compact Riemannian manifold of class C*° and dimension r,
S be a C*° diffeomorphism of 2, and u be an S—invariant Borel measure
equivalent to the volume measure g on Q (i.e. let u = puo with p*t' €
L1(p0)). The average entropy of S with respcet to p can be bounded as

3(S, 1) < rlogA, (3.4.21)
in terms of the largest expansion coefficient A of the line elements of Q) under

the action of ST1.

Remark: This is, essentially, again Kouchnirenko’s theorem, cf. proposi-
tion (3.1.2): this time it is formulated on the average entropy and without
the hypothesis of ergodicity of u (so that the average entropy cannot be
identified with the entropy).

Proof: Since Q is locally diffeomorphic to R" it is clear that there exists a
sequence of partitions with sets with a piecewise C* boundary and which
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verify the hypothesis of corollary (3.4.2). We can in fact suppose that the
atoms of such partitions have always diameter less than a prefixed 6 > 0. We
shall fix § so that the isoperimetric inequality holds for every C'°°—regular
set P with diameter diam (P) < ¢

Iu(P)| < TJ9P|" =D, (3.4.22)

where |0P| = (area of the surface OP), and I is a suitable P—independent
constant.

By corollary (3.4.2) it will suffice to show that for an arbitrary partition
P, C—regular, with atoms of diameter < ¢ one has s(P, S, u) < rlogA.
Fixed P and 1 > 0 and proceeding as in proposition (3.1.2) we split the
specifications o, ...,on_1 of length N, o; € {0,...,n} into two classes:

Ci(N) = {JO,...,UN71|M(1:50157]€P%) > eI, (3.4.23)

Co(N) = {0,...,n}"\Ci(NV),

and, as in the case of the mentioned proposition, we deduce that if

p(o"'N_l) =u(N515*’“ng) (3.4.24)

Jgg...ON—-1

one has, for a suitable C' > 0,

x > ( 0..N—1 ) < Ce N7, (3.4.25)

Jg...ON—-1 -
00...o0N—-1EC2(N)

Hence. having set j = (09,...,0n-1), Pj =P (2"'1\;1 ),
0---ON-1

> —pijlogpj = Y -—pjlogp;+ >, —pjlogp; <
j JEC1(N) JEC2(N)

<(rlogA+mN+X > —(p;/X)logp; =
JEC2(N) (3.4.26)

= (rlogA+n)N = Xlog X + X > (—p;/X)log(p;/X) =
je€C2(N)
= (rlogA+n)N — Xlog X + X Nlog(n + 1),
because {number of elements in Co(N)} < (n + 1)V. Dividing the (3.4.26)

by N and passing to the limit as N — oo the terms containing X tend to
zero and one finds s(P, S, u) < n+ rlogA, for every n > 0. ]

Problems for §3.4 (Complements to Shannon-McMillan’s theorem)

[3.4.1]: (Awverage entropy of a Bernoulli scheme)
Consider the Bernoulli scheme on Q = {0,...,n}? that associates with the symbols
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the probabilities 7, ..., Tn, Z m; = 1. Denoting by m the corresponding probability

measure on 2 consider the system (9, 7, m) and show that its entropy s = s(7,m) and its

average entropy s = S(T m) satisfy s = s = — Z milogm;. (Hint: Recall the definition
n (3.3.22), and use problem [3.1.8] and the Shannon-McMillan theorem.)

[8.4.2]: Show the existence of Bernoulli schemes (with infinitely many different symbols)
with infinite average entropy. (Hint: Choose a sequence {a}72 ; such that Z L an <
oo and ZZO:1 ap logay < 0o, and normalize to 1 the first series; take for 1nstance an =
1/nlog?n for n > 2.)

[8.4.3]: (Average entropy of a Markov chain)
Compute the average entropy of the dynamical system ({0,1}%,7,m) where m is the
distribution built in [2.3.8]. Show that s(r,m) = — ZU o ToTor T";

[8.4.4]: Estimate the average entropy of the system of the example (1.2.5).

[8.4.5]: Show that two Bernoulli schemes with different entropy cannot be isomorphic
mod 0.

[3.4.6]: (A non—generating partition with mazimal entropy)
Consider the Markov process (cf. problem [2.3.8]) with transition matrix T,,, =
(i;; };;) and show that it admits a non-generating partition Q with largest entropy.
(Hint: Qo = {c|oo =01}, Q1 = {c|oo # o1}, s(Q,7) =log2.)

[3.4.7]: Let un be a sequence of invariant distributions for a topological dynamical
system (2, 5) and suppose that there is a partition P which is S—generating for all
(92,5, n). Then if un converges weakly to u, i.e. pn(f) m=ss> 1(f) for all continuous
functions f, the average entropies of pu,, verify limsup,, .. 5(S, ptn) < 5(S, p). (Hint: See
(3.3.13).)

[8.4.8]: (Factors of arbitrary entropy)

Show that given a dynamical system (€2, S, ) with a given partition P, such that the
measure g on {2 is isomorphic mod 0 to the Lebesgue measure on [0, 1], there exists a
partition P’ of Q such that s(P’,S) = as(P,S) with a arbitrarily fixed in [0,1]. The
dynamical system (2,5, ') where ' is the restriction of u to the o—algebra generated
by P’ is called a factor of the original dynamical system. (Hint: Use Sinai’s theorem and
the existence of a “continuous” family interpolating between the trivial partition and
‘P; proceed as in problem [3.2.8]). To appreciate the generality of this property note its
relation with problems [3.2.1], [3.2.11] and [3.2.12].

[8.4.9]: (Stacks for mizing systems)

Consider a system ({0, ...,n}% 7, 1) with g mixing and non-atomic (hence such that
sup u(C’0 k ) 5o 0) and, for simplicity, assume u(C’0 k ,) > 0 for all oo, ..., 0.
Show that glven e > 0 and N > O integer, there exlsts a Borel set F' such that the
sets F, 7F,...,7V=1F are pairwise disjoint and ,u( =0 Lr F) > 1—e. (Hint: : Let

M > M’ > N and choose M’ such that sup M(CO M ) < ¢/4N. Consider the

UIVI/

strmg with M’ elements 00000...001 and call F the union of the cylinders with base
(kN kN + M’) and specification 00000...001 for k = 0,1,2,...,[M/N] and F =
F/ UI i Lrip (i-e. F is the set of sequences for k=0,1,2,...,[M/N] (ie F is the set
of sequences containing the string 00000 ...001 with the ﬁrst zero in position 0 or N or
2N, etc., for the first time between 0 and M —1). Tt is then clear that T"FN7/F = ()
V0 <i#j<N-—1,and {0,. n}Z/ UT!F contain two types of points: those sequences

o € {0,...,n}~ that never contain between 0 and M — 1 the string 00000 ...001 and
those that do contain it between 0 and N — 1 The set of the points of the second type
has measure lower than (¢/4N)N = e/4 and the set of the first type has infinitesimal
measure as M — 00.)

[8.4.10]: (Rohlin’s stack)
Under the hypothesis of problem [3.4.9] let © = (Qo,...,Qk) be a Borel partition of
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{0,...,n}%. Tt is possible, given N and € > 0, to find F so that pu(Q; N F)/u(F) = u(Qp)
for all i = 0,...,k, and " FN7/F =0 Y0 < i # j < N. (Hint: Let Fy be the set whose
existence, in correspondence of the given N and ¢, is assured by the result in problem
[3.4.9] and verifying the properties described therein. Set F; = 7' Fy, t € Z, and use the
mixing property (assumed to hold for u) to infer that

k

. w(Qi N Ft) .

1 B Y Q)] =1 =0

ATOZ‘ () p(@Qi)| = lim
=1

If one chooses ny < wu(Ft) = wu(Fo) (by the 7-invarience of p) it is clear that, being
({0, ...,n}%, n) isomorphic mod 0 to the Lebesgue measure on [0, 1] (cf. problem [3.2.12])
and regarding in this way Qo, ..., Qk, Ft as sets of [0,1] it is possible to take out of F
a set A C F; of points having small measure with respect to n: < p(Fp) to obtain that
w(QiN(Fr \ A)) = pu(Qi)p(Ft \ A) without deteriorating the bound on the measure of
Uf\:)l TH(F; \ A)), i.e. keeping it larger than 1 — ¢).

Remark: This statement (Rohlin’s stack theorem) does not require the hypothesis of
mixing: ergodicity of u suffices (the same can be said also for the result of the preceding
problem [3.4.9]); however the proof is, in the latter cases, somewhat more elaborate.

The following problems provide a guided proof of the statement that two mizing shifts
of equal entropy contain copies of each other (Sinai).

[8.4.11]: Let ({0,...,n}%,7,u) and ({0,...,n'}%, 7,1’) be two mixing shifts with
s(u',7) > s(u, 7). Consider the partitions P and P’ of {0,...,n}? and of {0,...,n'}%
into the cylinders with base 0 (i.e. P = {CJ,CY,...,C3} and P’ = {CP,...,C/9} re-
spectively).

Given € > 0 and u integer > 0 consider the partitions Py = VéV_ITiP and P}, =
\/év_lﬂ'i'P/ and choose N > N(u,¢), where N(u,¢) is such that for N > N(u,¢) the
properties stated in problem [3.2.1] hold. Let F C {0,...,n}* and F’ C {0,...,n'}” be
two sets for which (cf. problem [3.4.10])

w@nF) H(Q NF)
n(F) W (F)
and simultaneously T*FN7T/F = § = 7*F' NrIF’, for all i # j, 4,j = 0,...,N — 1.

Represent F' and F’ as two intervals (see Fig. (3.4.1)), and represent as intervals also
the sets

=u(Q), forall Q € Py; =/ (Q’) for all Q' € Py

TF,...,TN71F, TFI,...,TNilF,

N—1 N—-1
E={0,...,n}%/ U 7'F, E'={0,...,n/Y¢/ U T'F'.
i=0 i=0

E E!
~N-1p SN g
TF +F!
| | | | | F | N N T N T O | F’
I I I I I L L L
Fe P2

Fig.(3.4.1) Illustration of the result of problems [3.4.11] and [3.4.12]. The sets F. and
F! are defined in problem [3.4.12]. The interval F, base of the stack, is divided into
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smaller intervals representing the sets F' N C’gb‘jﬁ;\}il

large frequency collection Ci ¢ . (IN), except the rigthmost interval, denoted F., which
represents the intersection of F' with UC’g'U‘jHI\Evlil where the union is over the cylinders

with o9,...,0n—_1 in the collection Ca ¢, of rare strings.

with og...,0n_1 chosen in the

Check that the action of 7 is naturally represented as an upward translation except for
its action on E and E’ and on 7N ~1F and TN ~1F’ (where it acts differently and in a
way which, in general, is not simply representable graphically): in this representation
the measures p and u/ are represented by the Lebesgue measure on the several intervals
whose lengths, in every stack, add up to 1.

[8.4.12]: In the situation of problem [3.4.11] draw as segments the several elements of
the partition induced by Q@ = Py on F (cf. Fig. (3.4.1)): (QNF)geg; and represent

as an interval also the set F, = UF 0025;{\;;}71 where the union is over the choices

of (00,...,0n—1) in the collection Cz ¢ (NN) introduced in [3.2.1]. Perform the same
construction over the stack relative to F’. Check that p(F:) < ep(F), p/'(FL) < ep/(F').

[3.4.13]: In the situation of problems [3.4.11] and [3.4.12] set F = F/F. and
—/ s e P Fnl 0...N—1
F' = F'/F!: such sets are split into disjoint parts by the partitions FNCoyllon 1

and F'NCY;: N0, with 00,...,on_1 € C1cu(N) and of,...,0%_| €Cf_  (N) (cf.

problems [3.4.12] and [3.2.1]). Fix also N >> u. We shall call “level” of the stack every

image TJ'(FmCS;)‘;?X,jV{l), with 0 <j < N —1and 0g,...,0n—1 € C1,¢,u(N). Likewise

we define the levels for the stack with base F. See Fig. (3.4.2).

, TNTIF - — TNTUF

levels levels

0...N—-1 ’
c ’

o A,AG/
0 ON-1
Fig.(3.4.2) Illustration of the stack levels of the construction of problem [3.4.13].

Remark that by the Shannon-McMillan theorem, if 2¢ < s(u’) — s(p) (where ¢ is the
same as in proposition (3.2.1)) and N is large enough, the “columns of levels” with base
F'’ are much more numerous of those with base F' (the number of columns is essentially
given by (3.2.4)).

Put arbitrarily into correspondence every column with base on F' with a different column
with base on F’ by assigning to the j—th level of a column with base on F' the symbol 0'3

of the column with base on F’ associated with it.

Collecting then the levels that, in this construction, come to have labels equal to
0,1,...,n respectively, form a partition of U;.V:_Ol 79 F in n/ + 1 sets ]56, R ]57’1,: imag-
ine extending such a partition to a partition P’/ = {1567 ..., P/} of the whole space
Q= {0,...,n}%, arbitrarily.

Show that if F is the partition of {0,...,n}% into F and {0,...,n}%/F we get that
\/HNTi (7~3’ V F) contains a partition P with n elements formed by unions of its atoms
and such that: d(P, 73) < 2. (Hint: The partition V& 7 (73/ V F) reduces on Uﬁi}l T'F
to the partition into levels and, therefore, we reconstruct from it, by means of operations
of unions of atoms, the partition P on Uﬁi}l T'F, etc.)

[3.4.14]: Show that the partition P built via the procedure illustrated in problems
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[3.4.9] to [3.4.13], is such that

0 —1 0...u—1
Do e, ) =P M w0

|s(P',7) — 8(P,7)| =500 0

It is therefore possible to “represent a process with larger entropy into one of lower

entropy and within a prefixed approximation” without losing in entropy more than a

prefixed quantity beyond the obviously necessary loss (s(u/, 7") — s(u, 7)). (Hint: Use the

strengthened form of the Shannon-McMillan theorem in problems [3.2.1], [3.2.3] and the

fact that if N is very large the strings (short because the length w is fixed) oy,...,o

appear with frequency almost equal to ,u’(Cg',““;,l ) in the sequences of Ci ¢, (V).
Lol

’
u—1
)

[8.4.15]: (Copying a dynamical system into another)

Deduce from the results of problem [3.4.14] that, under the same hypotheses of [3.4.11]
but with s(u/,7) = s(u,7) = s, then, given a positive integer u and given & > 0, it
is possible to “copy” the first dynamical system into the second in the sense that it is
possible to construct a partition P of {0,...,n'}% so that

|s(P,7) —s| <e
—=0...u—1

> (Coy et ) =i (Poyar Dl <e

00...o0n-1€{0,...,n}¥

/ /

(Hint: Find in {0,...,n'}% a partition P such that 3(7’5 ,T) = s — 2e. Apply then again
~1

the construction of the [3.4.11], [3.4.12], [3.4.13] replacing P’ with P etc).
Bibliographical note §3.4

The generator theorem of Sinai is discussed here following Appendix 19,
p. 163, of [AAG9]. The problems on Rohlin’s stack and its applications are
drawn from Ornstein’s theory of Bernoulli shifts isomorphisms, [Or74].
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CHAPTER 1V

Markovian pavements

84.1 Histories compatibility. Markovian pavements

In the previous sections the problem of studying the statistics of motions
of a dynamical system (€, 5), as seen from a partition P, has been shown
to be equivalent to studying probability distributions on the space of the
sequences of symbols associated with a partition P (cf. proposition (2.3.2)).

Upon further thought it is, however, clear that the analysis presented so far
can be of little help in concrete problems. It is true that on {0, ..., n}Z it is
possible to study vast classes of ergodic distributions, and such a study can
be also developed in a rather detailed and concrete way, but it is hard to give
criteria that select those probability distributions (or measures) m that are
relevant for the statistical study of motions of (€2, S). Or, in other words, it is
hard to give criteria that guarantee that m({) = 1, cf. proposition (2.3.2),
and allow us to identify the possible symbolic motions, i.e. to recognize
whether ¢ € {0,...,n}% is the (P, S)-history of some point z € .

In general the values o;(x), i € Z, are linked by very intricate relations and
understanding them means a very detailed understanding of the motions
structure. On the other hand it is necessarily so: indeed the action of S
regarded as an action on the symbolic histories is trivial, being reduced to a
mere shift (i.e. to a translation). Complexity of a given dynamical system
must necessarily be hidden in the map, called code in Section §1.4, which
associates with every x € Q its (P, .S)-history on P; at least in the cases in
which P is generating, i.e. it is fine enough to provide a faithful description
of the motion.

The simplest compatibility condition between elements of o € {0, ..., n}Z
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is, perhaps, what can be called a local condition of compatibility.

(4.1.1) Definition: (Compatibility matrix)

A (n+1)x (n+1) matriz T with entries Ty equal to 0 or to 1 will be
called a compatibility matrix. Such a matriz will be called transitive if for
every pair o,0’ there is a suitable integer a,,s such that T;:,a”/ > 0. It
will be called mixing if there is a > 0 such that T;:,“ > 0 for all 0,0’ and a
is called the mixing time of T.

A sequence g € {0,... ,n}Z will be called T—compatible or admissible if
and only if every pair of adjacent symbols that appear in o is admissible,
i.e. Tg,0,,, = 1Vi € Z or, equivalently, if and only if

—+oo
Il %o =1 (4.1.1)

i=—00

We shall call {0,...,n}% c {0,...,n}% the (closed and translation invari-
ant) subset of the sequences o that verify (4.1.1).

The dynamical system ({0, ... ,n}Z, T), with (70); = 0441, is often called a
translation or shift, and the dynamical system ({0, .. .,n}%,T) 15 called a
subshift of finite type.

One could naively think that by suitably selecting P it should be possi-
ble to obtain that the (£2,.5)-histories are all and only those sequences of
{0,...,n}% which verify (4.1.1) for some suitable 7. It is however clear
that the “totally disconnected” topological structure of {0, ... ,n}Z can be
topologically incompatible with the structure of 2 that, very often, is a Rie-
mannian manifold. In such cases a code that transforms the dynamics into
a symbolic dynamics that is a subshift of finite type, even if existent, could
not fail to show some pathology (like points not well coded, discontinuities,
etc.), which in turn we must necessarily expect to produce, sooner or later,
difficulties in the theory.

Nevertheless the simplicity of the condition (4.1.1) is so captivating that it
is worth looking after systems that admit such a simple symbolic represen-
tations.

We shall therefore analyze topological dynamical systems (€, S) and we
shall try to isolate some further conditions on (£2,S) that will allow us
to describe through simple symbolic dynamics large classes of probability
distributions (or measures) and, more precisely, classes of probability dis-
tributions like the following ones.

(4.1.2) Definition: (Topological probability distributions, topological
pavements)

Given a compact topological space € we call topological probability distri-
butions the probability distributions i € M°(Q) defined on a o—algebra of
sets containing the Borel sets of Q) which satisfy the condition

w(G) >0 for all open sets G. (4.1.2)
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If (22, S) is a topological dynamical system we denote by M:($2,S) the topo-
logical probability distributions that are S—invariant.

We say that, @ = {Q1,...,Qq} is a pavement of Q if it is a covering of
by closed sets, which are the closures of their internal points and are such

that Q; N Qj =0Q; ﬂan for alli # j.

The key notion that, as we shall see, allows us to use effectively symbolic
dynamics for the dynamical systems for which it has a meaning, is that of
Markovian pavement (also called Markovian partition; see remark (4) after
the following definition).

(4.1.3) Definition: (Markovian pavements)

Let (2, S) be an invertible topological dynamical system. Given a pavement
Q ={Q1,...,Q,} of Q set T,or = 1 if int(Qy) Nint(S™1Q,) # 0 and
Toor = 0 otherwise, o,0 € {1,...,q}, ¢ > 2. We shall say that Q is
Markovian if the following holds.

(i) The set

+oo
X(g): ﬂ S_kQak (413)

k=—o0

is not empty and consists of a single point X (c) for all o such that

“+oo
Il Toren = 1. (4.1.4)

1=—0Q

Furthermore, for such g the sets NNy S™%Q,, contain internal points for
all N. We shall call the matriz T the compatibility matrix for Q, and the
space g € {1,..., q}% of the sequences o satisfying (4.1.4) will be called the
space of the T—compatible sequences, or simply compatible sequences if no
confusion is possible.

(ii) The correspondence ¢ — X (g) between {1,...,q}% and Q is Holder
continuous, i.e. there exist C,a > 0 such that

d(X(g), X (') < Cd(e,a')", (4.1.5)
where we define the distance between o and o’ on {1,..., q}Z by
d(o,0’) =exp (—v(c,d’)), (4.1.6)

where v(a,d’) is the largest integer j such that o; = o} for |i| < j.

(iii) There exists an upper bound M < oo on the number of compatible
sequences mapped into a given point x, i.e. the inverse map X 1 verifies
‘ X (x) ‘ < M, for all x € Q. The number M will be called multiplicity of
the code.

(iv) Setting 0; = 0Qi, i = 1,...,q, and d = U]_,0; there exist two closed
sets O and O~ such that

o=0tUo-, So-co-, S lotcor, (4.1.7)

20/novembre/2011; 22:18



e4.1.8

N4.1.1

106 §4.1: Histories compatibility. Markovian pavements

i.e. the boundary O can be decomposed into two parts, the first of which
(denoted 0~ ) “contracts” under the action of S while the other (denoted
Ot) “expands”.

Remarks: (1) The continuity of ¢ — X (o) insures that X is a Borel map
(i.e. the inverse images of the Borel sets are Borel sets).

(2) One has X (7g) = SX(g) so that S is coded into the symbolic dynamics.
(3) If z € Q\ UjezS™'0 the (Q,S)-history of z is naturally and un-
ambiguously defined and the correspondence between Q \ U;S~'0 and
X~1Q\ U;87%9) is one-to-one and maps, together with its inverse, Borel
sets into Borel sets (by Kuratowsky’s theorem, cf. footnote 1, Section §2.3).
(4) Although Q is not a partition of €2 it is convenient to adopt conventions
and notations similar to those used for partitions. We shall denote

Qg:jQ]S*ij, JCZ, gefl,....q}’, (4.1.8)

and a cylinder C/ will be called T-compatible if C;/N{1,..., q}? # (). Note,
however, that while the T—compatibility of C?/ implies QJ # 0 the wvice
versa in general is not true, because a point might belong to the boundary
of several @’s.

(5) In analogy to what happens in the case of partitions, sometimes it can
be convenient to consider also non-generating Markovian pavements: they
are defined exactly as in definition (4.1.3), by eliminating only the condition
that the set (4.1.3) consists of a single point. Then, if we want to stress the
difference with respect to the ones defined in definition (4.1.3), we can refer
to the latter as generating Markovian pavements (see problems [4.3.6] and
[4.3.7] for some examples).

(6) The set Q\ U;S70 = N;(Q2\ S7%0) is an intersection of a countable
family of dense open sets, therefore it is not empty and, in fact, dense.!
Therefore T' “cannot have too many zeroes”; see problem [4.1.3].

(7) It is easy to realize that every point of Q is the image of some sequence
oce{l,...,¢}% If € Q\ U;S' this is obvious. If z € U; S8 there
exists o such that z € Q,; then we set oy = o and there must exist o’ such

that int (Q,,) N int(S™1Qy) # 0, and Sz € Q, (because @, = int (Q,)
and this property is also true for S*1Q,, since S is a homeomorphism). We
shall set then o1 = ¢’ and, by construction, Ty,,, = 1, etc.: in this way one
constructs a sequence ¢ € {1,..., q}qza such that = € S7*Q,, for all k € Z.
Therefore x = X (g).

(8) If p € M°(Q) is a Borel probability measure on Q such that p(S*9) = 0,
for all k € Z, it is clear that the partition of Q\U;S~!0 generated by Q is S—
separating and in fact S—expansive, cf. (4.1.7), on @N (Q\ U;S~%9). Hence
Q restricted to \ U; S0 is a generating partition for every topological
measure which is invariant and such that p(9) = 0.

1 This is a consequence of a general Baire’s theorem, see [DS58], p. 20.
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The following proposition is, essentially, a tautology because definition
(4.1.3) originated precisely by an effort to collect hypotheses sufficient to
make true the properties that it states.

(4.1.1) Proposition: (Codings of topological dynamical systems into
symbolic ones via a Markovian pavement)

Let (22,5) be an invertible topological dynamical system which admits a
Markovian pavement Q = {Q1,...,Qq} with a compatibility matriz T .

(i) If the distribution m is in Mo({1,...,q}%) (i.e. m € Mo({1,...,q}%)
and m({1,...,q}%) = 1) the relation

Am(E) =m(X'E)  for all E € B(Q) (4.1.9)

defines a probability measure Am € M°(Q). The map A transforms 7
invariant measures in S—invariant measures, T-ergodic measures in S-
ergodic measures, etc. Since S is compact A is continuous.

(i) If m € M.({1,..., q}%) is a topological measure, then Am € M.(Q,S)
and Am is a topological measure.

(iii) The correspondence A between ergodic topological measures on the space
of compatible sequences {1,..., q}QZa and on ) is, imagining the measures to
be completed,? a correspondence between measures isomorphic mod 0. The
dynamical systems ({1,..., q}%, T,m) and (Q, S, Am) are, for such measures
m, 1somorphic mod 0.

Remarks: (1) Because of property (iii) it is possible to “reduce” the anal-
ysis of the S—invariant ergodic topological measures on 2 to the analysis
of the analogous 7—ergodic topological measures on {1, ..., q}? Since the
latter, as we shall see, can sometimes be studied in detail, this possibility is
of great interest. For instance if T' is mixing, i.e. there exists N > 0 such
that (TV),er > 0 for all o,0’, cf. definition (4.1.1), it is easy to see that
there exist S—ergodic topological measures and this is, by itself, already
a nontrivial fact: we shall come back to this point in more detail in the
forthcoming sections.

(2) The validity of proposition (4.1.1) rests mainly on the remark that, if
w € M.(£,8) is a topological ergodic measure, then p(9~) = 0. In fact
0~ D SO0~ and, hence, u(97) is 0 or 1 by ergodicity:3 however Q\ 9~ is
open and hence p(Q\ 97) > 0 and u(0~) = 0. Likewise the ergodicity of
p with respect to S~ implies pu(97) = 0, hence p(d) = 0; by invariance it
follows then that p(U;S™9) = 0.

Proof: Continuity of the code X implies that the inverse image of a Borel
set B € B() is again a Borel set, so that Am is well defined and one has
only to check that it is a measure: this is a general property because the

2 j.e. we imagine extending the o—algebra of the measurable sets by adding the sets which

are not Borel sets but which are contained in zero measure Borel sets.

3 Since SE C E and u(SE) = u(FE) the sets E and SE differ mod 0, i.e. E is invariant
mod 0 and therefore p(E) = 0, 1.
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X ~'-images of the elements of a countable family of pairwise disjoint sets
is a countable family of pairwise disjoint sets.

To prove (ii) note that if m is ergodic then also Am is ergodic. In fact if E
is an invariant set for S then X 'E = X "1SE = 17X 'E, soif E has Am—
measure different from 0 or 1 also X ~'F has the same m-measure. By the
remark (2) one has Am(U;S?@) = 0; this means that m(X ~1(U;S%9)) = 0
and, hence, X (which is a one-to-one correspondence between 2\ U; 5?9 and
{1,...,q}%\ X~1(U;59)) is an isomorphism mod 0 between Am and m.

Furthermore if G is open in Q and x € G\ U; S0 let g(z) be a compatible
sequence coded into x. There must exist N such that OJXNS_iQUI.(z) C G,
indeed by (4.1.5) the diameter of this set is infinitesimal as N — oco. But

Xﬁl(ﬁij Singi(z)) D C N

_n(@)..on ()

and the measure of the latter cylinder is positive because it is T—compatible
and m is a topological measure: hence Am(G) > 0.

To prove (iii) note that from the ergodicity of u € M.(£,S) and from the
preceding remark (2) it follows that (U;S~'9) = 0; then the measure m on
{1,..., q}% defined by

m(E) = w(X(E\ X Y (U;879))  forall E € B({1,...,q}%) (4.1.10)

is isomorphic mod 0 to p and Am = p.
If the cylinder C; NN " is T-compatible we have that

O-N---ON

X (O N XN (WisT)) =
. , (4.1.11)
=NV STQy, \UiST O =n"yST'Q,,  mod 0,

and, therefore, m(C; NN +) > 0 because p is a topological measure and, by
(i), int (ﬁNNS_ZQU 3\,7& (). Combining this with property (ii) property (111)
follows. "

Remarks: (1) In fact the above arguments also prove that A establishes a
one-to-one correspondence between measures p on € such that p(U;S9) = 0
and measures m on {1,...,¢}% such that m(X ' (U;S~'8)) = 0; further-
more corresponding measures are isomorphic mod 0.

(2) The preceding proposition would remain valid if the condition (4.1.5), in
the definition of Markovian pavement, was modified into “d(X (¢), X (¢’)) —
0ifd(g,0’) — 0”. We chose to state the result in a less general form because,
as we shall see, Holder continuity is a very natural regularity property of
codes X and it will play an essential role in various applications.

Problems for §4.1 (On Perron—Frobenius’ theorem and on the structure
of Markovian chains)

[4.1.1]: Consider the dynamical system ({0,...,n}%,7) and show that the pavement
Q={Qo,...,Qn} of {0,...,n}? with Q, = {¢’| o}, = o} is Markovian. (Hint: In this
case O is empty.)
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[4.1.2]: Find examples of dynamical systems with Markovian pavements and matrices
of compatibility with some zero entry. (Hint: The space of sequences of 0,1’s with

()

[4.1.3]: Check that the matrix ((1) 8) cannot be a compatibility matrix for a Marko-
vian pavement. (Hint: No point would have a compatible symbolic history).

[4.1.4]): (Compatibility graphs)

Let 0,0’ = 0,1,...,n and let T, ,, > 0 be a matrix. Let G be the graph obtained by
connecting all pairs o, 0’ verifying T}, ,» > 0 by an arrow pointing from o to o’: we say
that o’ follows o. A symbol o can follow itself (i.e. Ty > 0) or it can follow and be
followed by a symbol o’ (i.e. Ty, > 0 and T/, > 0). Two labels 0,0’ will be called
equivalent if there is a closed loop of coherently oriented arrows in G that start at o
and return, proceeding always in the direction of the arrows, to o after passing through
o’. Show that the set of labels can be divided into the set Ig = Z of labels that are
inequivalent to any other label, that we call inessential labels, and into sets I1,..., 1,
(called “classes”) such that each I; contains labels equivalent to any of the other labels
in the same I; but inequivalent to any label in I if k # j. (Hint: Try to draw some
special cases first, like the ones corresponding to the matrices

01 1 0 1 0 01 0 8 é ? 8
Ti=(00 1), =(00 1), =(00 1), Tu=|7 ¢ o1l
010 1 10 1 0 0 101 0
and illustrated in Fig. (4.1.1).)
2 2
(1) 3)
1 3 1 3
2 2 3

(2) (4)

1 3 16 4
Fig.(4.1.1) The graphs Gr corresponding to the three matrices T' = T1, T, T3, T4 of
problem [4.1.4].

[4.1.5]: In the context of problem [4.1.4] call a semi-infinite sequence & € {0,...,n}%+

compatible if To;5;,, > 0 for all i > 0. Likewise call an infinite sequence o € {o,..., n}Z
compatibleif To,5,,, > O0foralli € Z. The spaces of compatible sequences will be denoted
{0, ... ,n}?f or {0,..., n}%: they are subshifts of finite type in the sense introduced in
this section (see definition (4.1.1). Show that any semi-infinite or infinite compatible
sequence contains at most a finite number of inessential labels. Show also that a semi-
infinite compatible sequence consists eventually only of labels o; € I, for some k.
Likewise an infinite compatible sequence consists, to the right of 0, eventually of labels in
some Iy, and, to the left of 0, eventually of labels in some I}, , for some k-, k_. However
if ky = k— =k then o; € I for all <. Furthermore no infinite compatible sequence with
k_ = k4 contains inessential labels.

[4.1.6]: In the context of problems [4.1.4], [4.1.5] let {0,...,n}% be the space of the

compatible sequences. Show that if F is a translation invariant Borel set in {0, ... ,n}?
and p is an ergodic measure such that p(E) = 1 then p—almost all elements o € E have
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symbols o; in a single I;. (Hint: By problem [4.1.5] all compatible sequences ¢ are such
that the frequency Z} (g) of appearance of symbols in I in the “future part og,o1,...
of ¢” is well defined and it is either 0 or 1. By ergodicity almost all sequences must
have the same value of Z;’ (g), so that there will be a single jo such that Z;;) (o) =1
while for all j # jo one will have ﬁ;r (¢) = 0. But the frequency in the future is equal to
the frequency in the past (i.e. in the “past part ...,0_1,00 of g”, see problem [2.2.46]),
therefore one has Kj_ (o) = Kj' (o) p—almost everywhere: hence the “typical” sequences

will have symbols that eventually in the past and the future all lie in I;: in the language
of problem [4.1.5] one has k_ = k4 = jo, hence o; € I}, for all i.)

[4.1.7]): (Classes and periods of a compatibility matriz)

If o € I set d(o) = greatest common divisor of the integers ns > 0 such that (T )ss >
0. Show that d(o) is constant for o € I;. This allows us to define d; for the class I;
as d;j = {d(0) : 0 € I;}; we shall say, for reasons that will be clarified later, that d; is
the period of the class Ij. (Hint: If s, m, n are such that TS, > 0, T;’;, > 0, T:,U > 0,
one has T:/:L;"Jrks > T:}UT;“;T:U, > 0, so that d(o’) divides n + m + ks for all k, hence
it divides s. This implies d(¢’) < d(o); by changing the roles of o and ¢’ one finds
d(o) = d(o”).)

[4.1.8]: (Transitivity and mizing of compatibility matrices)

In the context of the previous problems suppose that the matrix T is such that all labels
o are equivalent (i.e. there are no inessential labels and all the labels form a single class
I1). Show that if the period is d = 1 then there is p such that T:o, > 0 for all o,0’. If
the period is d > 2 then the set Iy can be divided into d disjoint subsets I11,...,11 4,
with Iy g4+1 = I1,1, such that T,,,» > 0 only if 0 € I;; and o' € Ii,41 for some
1. Furthermore if p > 0 is large enough T:g, > 0 for all 0,0’ € I ; for some ¢ and 0
otherwise, i.e. the block of the matrix T% corresponding to the labels o, o’ € I1,; is mizing.
(Hint: Let n,,s > 0 be such that T:;’,”/
such that T5y0, > 0, hence noyo, = 1 and di = 1. Then we take p = ZJJ/ Ngo's

> 0. Suppose first that there is an element o

— n
T =Pp—TNooy —Ngyo and we see that T:U, > T:;:“ TJSJOTUOUU“,U/ > 0. Consider next the
case in which d =1 and o = 0,1, and let nop,n11 be relatively prime integers such that
To2® > 0,T{;'* > 0. Then any integer k large enough can be simultaneously written in
the following forms

!
= mnoo + no1 +mnii,
~, -~
k =m'n11 + nio + mnoo,
N ~,
k = mngo + no1 +m'n11 + nio,

~, ~
k =m'n11 + n1o + mnoo + no1,

for suitably chosen integers m,m’,m, ... because if k is large also k — anw’ is large.
Therefore we can write T® = (T™00)™Tn01 (T"ll)ml, using the first expression and, in
this way, we realize that Té“l > 0, etc. This clearly implies that T(fa, > 0 for all pairs

0,0’ and for all k large enough. Analogously one discusses the case d = 1 with n > 1.
The general case, d > 2 and n > 1, is similar.)

[4.1.9]: Particularize the results of problem [4.1.7] to the case of the matrices of problem
[4.1.4].

[4.1.10]: (Iterates of a compatibility matriz)

Check that the result of the previous problems means that the space Q = {0, ..., n}? of
compatible infinite sequences can be divided into d disjoint spaces 1, Q2,...,Q4, and the
shift maps €; onto 11, with Q441 = Q1. (Hint: Note that, by the previous problems,
d will turn out to be the period of the class I7.)

[4.1.11]: (Spectral decomposition of subshifts)
Under the hypotheses of the previous problems and assuming that all labels are essential

and belong to the same class I1 show that the space Q@ = {0,.. .,n}? can be split as
a union of d disjoint closed sets Q1,...,€Q4, and the shift 7 maps ; into Q;41, with
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Qg41 = Q1, so that 7% maps €; into itself for each i, and given any pair F,G of relatively

open sets in §; there is a large enough ¢ > p such that 77 IF NG # 0 for all ¢’ > q.
A matrix T with only essential labels and only one class of them is called transitive
matriz. (Hint: One has to note, see problem [4.1.5], that a sequence is in ; if and only
if o9 € I1,;; furthermore any open set can be obtained as a union of cylinders with a
long enough finite base. The fact that ng, > 0 if 0,0’ € I1,; means that fixed ¢ we can
obtain compatible sequences which have at sites multiple of dp arbitrary labels in €;.)

[4.1.12]: (Perron-Frobenius theorem for transitive matrices)

Under the hypotheses of problems [4.1.11] show that there exist d eigenvectors of the
matrix T, to be denoted e(® (1) . . e(d=1) with zero components except those in
correspondence of the labels of I1 1, ..., I 4, respectively, relative to the matrix T¢. The
components of e(¥) with labels in I, ; are strictly positive. (Hint: Use that T4 is a block
matrix which acts in a mixing way in every block, cf. problem [4.1.8], and apply Perron—
Frobenius’ theorem in its elementary form discussed in problems [2.3.7]+[2.3.12]).

[4.1.13]: In the context of problem [4.1.12] show that Te(® = Ae(itD for all i =
0,1,...,d—1, if we set e(?) = e(®) and if the eigenvectors are suitably rescaled and A > 0
is suitably chosen. (Hint: Note that T' transforms a vector with nonzero components on

the group of labels I ; into one with components nonzero on the successive group I i1,
etc.)

[4.1.14]: Deduce from problem [4.1.13] that the eigenvalue of T? relative to e(¥) is
A% > 0, independently from 4.

[4.1.15]: Always in the context of problem [4.1.12], let e be an eigenvector for T' with
eigenvalue pe'®, p > 0. Setting /e\<].i) =0ifj ¢ I,;, and /e\<].i) = e; if j € I1;, one has
Tdeli) = (uew)d/c;(i). If the eigenvalue pe*? is, among those of T, one with the largest
absolute value, show that e(*) is proportional to e(¥) and, furthermore, (ei‘P)d =1, u=A

[4.1.16]: By making use of the result of problem [4.1.15] show that if the eigen-
value corresponding to e is one with largest absolute value, then it has the form

e= Zj;; e 25 Pic(i) and this corresponds to the eigenvalue AT P,
[4.1.17]: (Perron—Frobenius theorem for general matrices)

Deduce from problems [4.1.10]+[4.1.16] that if T' is a matrix with non-negative entries the
eigenvalues of largest absolute value of T are arranged proportionally to the d—th roots
of unity on a circle of radius A > 0. The number d varies, if A > 0, in a subset of the set
of the periods of the blocks of equivalent labels. In fact, more generally, to each of these
blocks I of period dj correspond d; eigenvectors of the type A;e2™®/d1 p=0,..., d;—1,
with simple multiplicity: between them one finds those of largest absolute value (that
are precisely those that maximize \r).

[4.1.18]: (Errant and non wandering points)

If (2,5) is a topological dynamical system we say that a point * € Q is errant or
wandering if one of its neighborhoods U is such that eventually no point initially in U
evolves into point again in U, i.e. if there exists an open U 3 x and an integer Ny such
that S"UNU = 0, for all n > Ny . Interpret the results of the previous problems [4.1.4]
and [4.1.5] as the statement that the set of the nonwandering points of {1,...,q}% is
(I11)2 U ... U (Ia)%, where the subscript T' means that one considers only compatible
sequences.

[4.1.19]: (Topological transitivity and mizing)

If (©2,5) is a topological dynamical system with Q compact we say that (Q2,S) is topo-
logically transitive if there exists € Q such that the set U,>o{S™z} is dense in Q;
we say that (Q,S) is topologically mizing if given F, G open there exists N such that
FNSNG #0 VN > NO Show that if (©2,5) is topologically transitive or mixing and
if it admits a Markovian pavement with compatibility matrix 7', then T is transitive or,
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respectively, mixing.4

[4.1.20]: (Smale spectral theorem)

Let (€2, S) be a topological invertible dynamical system endowed with a Markovian pave-
ment Q = {Q1,...,Qq}. Show that the set Qnyw of the nonwandering points of Q, apart
from a set of zero measure for all the ergodic topological measures on §2, is representable

as

a d;

an = U U Qi,j7

i=1j=1
where €; ; are closed sets such that SQ; ; = Q; 41, with Q; 4,41 = Q4,1, and S% is
topologically mixing on €; ;. (Hint: Use the results of problem [4.1.19] and set Q; ; =
X (£24,); see problem [4.1.19] for the notion of topological mixing).
[4.1.21]: Find the decomposition into equivalence classes of communicating labels of

the matrices that follow, compute the periods and determine the subclasses €2; ; for every
indecomposable block:

01 1 0 0 10 0 01

00 0 1 0 00 1 0O 11
T3=|10 0 0 1 0|, T2=]0 0 0 1 0], T1:(0 1)

0 0 0 0 1 01 0 0 O

1 0 0 0O 0 0 0 0 1

Bibliographical note to §4.1

The abstract notion of Markovian pavement, given here, is inspired by
the some of its concrete applications. Other directions in which one can
think for an abstract interpretation of the results that lead to the notion of
Markovian pavement are possible. See for instance, [Ca76].

The idea of using Markovian pavements to study certain classes of topo-
logical measures goes back to the work of Adler and Weiss, [AW68] and
to the works of Sinai, [Si68a], [Si68b], with important extensions in [Si72],
who proposed a very original method to treat the existence problem and
the analysis of the ergodic properties of invariant topological measures as-
sociated with a hyperbolic system.

84.2 Markovian pavements for hyperbolic systems

An interesting class of dynamical systems for which it is possible to con-
struct Markovian pavements Q consisting of sets of arbitrarily small diame-
ter is the class of the smooth hyperbolic systems, also called Anosov systems.

The prototype of such systems is among those discussed in Section §1.2:
it is the dynamical system (€,5), where Q@ = T® = bidimensional torus
regarded as a Riemannian manifold with the flat metric ds? = dy? + dy3

S<£;)<i ;) <£;) mod 27. (4.2.1)

4 See definition (4.1.1).
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This system is hyperbolic in the sense that for every point ¢ € Q there
exist two manifolds W*(¢) and W#*(yp) which enjoy the properties that we
now list.

W#(p) is the straight line directed as the eigenvector v; relative to the
. . 11 . . . .
eigenvalue A < 1 of the matrix (1 2) while W*(y) is the straight line
directed as the eigenvector v, relative to the eigenvalue A=! > 1 of the same

matrix:

21<A11>, 22<A_111), A= (3-5)/2, (4.2.2)

and, since their slope is irrational, the two straight lines fill densely €.

Furthermore the lines W®(p) are covariant, i.e. SW*(p) = W(Sy) for
a = u, s, and any two points ) and 1’ on W*(¢) become close at exponential
rate under the action of S, while any two points on W* () become separated
with exponential rate, i.e. , for all n > 0, B

d(5™, S™") < ANd(y, ") for all ¥, € W*(y),
d(S7"p, ST < AMd(, 1)) for all ¢,y € WH(yp),

where d is the distance measured along W*(yp) or W*(¢) respectively (and

it coincides with the geodesic distance if ¢, y are close enough).
From Fig. (4.2.1) it is also clear that, if W(¢) and W3(yp) denote the
connected parts of W* () and W#(¢p) containing ¢ and contalned in a circle

of small enough radius +," then there exists e > 0 such that if d(g, ¢’) <

|€

(4.2.3)

|‘G

it follows that [¢/, ¢] = W(¢") N W2(ep) consists of a unique point.?
Furthermore if € is small enough d(f ¢') < e implies that [¢’, ¢] depends
continuously on ¢, ¢'.

Fig.(4.2.1) Representation of the operation that associates [¢’, @] with the two points
¢ and ¢’ as the intersection of a short connected part W“(cp ) of the unstable manifold
of ap and of a short connected part Ws(ap) of the stable manifold of . The size v is

short “enough”, compared to the dlameter of ©, and it is represented by the segments to
the right and left of ¢ and f

1 The circle is defined in terms of the geodesic distance.

2 Why is it necessary to require smallness of v to have, say, uniqueness here?
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The manifolds (straight lines, in this case) W () and W*(p) are called,
respectively, the unstable manifold and the stable manifold of the point .
Such manifolds are covariant with respect to the action of W, i.e. B

SWo(p) =W*(Sp),  ST'W"(p)=W*“(S " p). (4.2.4)
It is natural to call “hyperbolic” the map S: in every point the action
of S is strongly unstable analogously to what happens near the unstable
equilibrium points called in stability theory “hyperbolic”.

The example just discussed is very special and simple because of the local
linearity of the map S. However the above described situation is sufficiently
simple to admit natural generalizations to the case of more complex maps.

(4.2.1) Definition: (Smooth hyperbolic system or Anosov system)

Let (Q,.5) be a dynamical system on a compact connected Riemannian man-
ifold 2 of class C>° with S a diffeomorphism of class C*=.3 Suppose that
the system is topologically transitive, i.e. there is a dense orbit.* Suppose
furthermore that there exists a smooth Riemannian metric d (possibly dif-
ferent from the one given on Q, yet equivalent to it) such that measuring
lengths with d the following properties hold. . .

(i) (Splitting property) There exist two manifolds W*(x) and W*(z), that we
shall suppose of class CF, with k > 2, and with tangent plane at x depending
on x with Holder reqularity. Furthermore the manifolds W (x) and W*(z)
are transversal in x and have complementary positive dimensions.?

(i1) (Covariance property) Calling X, (x) the sphere of radius y centered at
x and setting WX (x) = {connected part of Wu(z) N Y, (z) containing x}
and W3 (x) = {connected part of we () N X, (x) containing x}, there exists
v > 0 such that

s s -1 u wro—1
SW3(x) C W3 (Sx), STWH(x) C WY(S™ z). (4.2.5)
(i11) (Hyperbolicity property) There exists A < 1 such that, for alln >0,

d(S™y,S"z) < A'd(y, 2) for all y,z € W3(z),

- B (4.2.6)
d(S™"y,S7"z) < N'd(y, 2) for all y,z € Wi(z).

(iv) There exists € > 0, € < v such that, if z,y € Q and d(z,y) < e,
the set W (x) N W3 (y) consists in just a single point [x,y| which depends
continuously on x and y.

In the above circumstances we say that (2,.5) is a smooth hyperbolic system
or an Anosov system and that the Riemannian metric d is adapted to the
map S.

3 One often requires just class C2.
4 Or, equivalently, for all nonempty open U,V C Q one has U N S™V # () for some n.

The Holder continuous dependence on & means there is § > 0 such that in each chart of

an atlas for Q we can find a base of vectors in the plane V% tangent to W(z), a = u, s,
whose corresponding components &, verify |{z — &y| < Cd(z, y)® if d(z,y) < 6.

20/novembre/2011; 22:18



P4.2.1

N4.2.6

ed.2.7

ed.2.8

84.2: Existence of markovian pavements for hyperbolic systems 115

The latter definition is formulated so that it will turn out to be useful
for the applications but it contains several elements of redundancy and it
involves conditions and assumptions that appear rather difficult to verify:
the following proposition could be used to replace definition (4.2.1) with a
“purer” one. One can show that the following holds.

(4.2.1) Proposition: (Anosov)

Let (Q,5) be a dynamical system on a compact connected C*° Riemannian
manifold Q0 and let S be a C* diffeomorphism. Suppose the following prop-
erty for the linearization® of S™ hold at the every point x € Q.

(i) (Splitting) It is possible to decompose (or “split”) the tangent space Vi,
at x € Q into two complementary (non-zero) spaces:

V,=Via vy (4.2.7)

such that dS"V; = V§., and dS™"V* = V., (covariance), and V;? and
V¥ depend with continuity on = (continuity ).
(ii) (Hyperbolicity) There exist C > 0 and A < 1 for which, for allm >0,

1(dS™)vllven, < CA*[Jvllv,  for all v eV,

||(dSin)”HstnI < CAN'|v|lv, for all ve V!, (428)
where the subscripts to the modulus signs indicate that the lengths are mea-
sured in the metric used for the tangent vectors at the appropriate points.
(111) (Transitivity) There is a point with a dense orbit.

Then (£2,S) is a smooth hyperbolic system. The decomposition of the tan-
gent space into the two spaces V7, V' is called the hyperbolic splitting.

Remarks: (1) Vice versa, if (Q,.5) is hyperbolic in the sense of the defini-
tion (4.2.1) then it verifies the hypothesis of proposition (4.2.1) and therefore
proposition (4.2.1) can be considered as a differential definition of hyper-
bolicity. Sometimes one defines a hyperbolic dynamical system as a system
that verifies the hypothesis of proposition (4.2.1), possibly replacing the
regularity requirement in class C> by that of regularity in class C2.

(2) Definition (4.2.1) brings directly into light the properties which are useful
for proving existence of Markovian pavements and it is better suited for
further generalizations.

(3) Therefore one can take as definition either the statements of definition
(4.2.1) or of proposition (4.2.1). However an even weaker and more satis-
factory definition, implying all the above statements, can be given. It is
discussed in problem [4.2.1] below.

(4) One could define Anosov systems without requiring the existence of a
dense trajectory. It is not known whether a system verifying the properties
(i) and (ii) of definition (4.2.1) is necessarily transitive.

6 Usually denoted dS™ and thought of as an operator between the tangent space V, at x
and the tangent space Vgn, at S™z.

20/novembre/2011; 22:18



P4.2.2

D4.2.2

F4.2.2

116 §4.2: Existence of markovian pavements for hyperbolic systems

(5) A proof of a stronger result is presented in the problems at the end of
the section.

(4.2.2) Proposition: (Anosov)
Given any 0 < a < 1 and under the assumptions of proposition (4.2.1) the
fields of spaces V.7, V* are Hélder continuous in x with exponent «.

Remarks: (1) See footnote 5 for a definition of Holder continuity of a field
of spaces.

(2) This theorem is particularly important because in a sense it is optimal:
there exist analytically smooth Anosov maps whose stable and unstable
spaces split the tangent plane in a nonsmooth way (still Hélder continuous,
of course). For the proof see problem [4.2.8].

The construction of Markovian pavements for hyperbolic systems is based
on the notion of S-rectangle or hyperbolic rectangle.

(4.2.2) Definition: (S-rectangle)
Using the notations of definition (4.2.1) a set R C Q is an S-rectangle for
the hyperbolic system S, cf. definition (4.2.1), if

(a) R = int(R), (b) diam(R) < ¢, (¢) z,y € R = [z,y] € R,

with & small enough, so that property (i) in definition (4.2.1) (where the
operation [-, -] is defined) holds.

In the example at the beginning of this section simple S-rectangles are
(small) parallelograms with sides parallel to the eigenvectors v; and v, of

. 1 1
the matrix (1 2).

Fig.(4.2.2) Two examples of S-rectangles, shaded in the figure, for the map of the
1 1
1 2
connected set and is obtained by letting  run on the disconnected intervals marked on

torus T? generated by the matrix . In the second case the rectangle is not a

one of the sides of the previous rectangle and y run over a neighbouring side and forming
[,y] defined in definition (4.2.1), (iv), and illustrated in Fig.(4.2.1).

However a more general S-rectangle is, in this case, a union of such paral-
lelograms constructed by assigning a point ¢ and drawing from it W*(y)
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and W"(p) and, on them, a finite number of closed disconnected intervals
and, then, performing the construction in Fig. (4.2.2).

Hence an S-rectangle can be disconnected (nevertheless, in this section,
only connected S-rectangles will be considered).

(4.2.3) Proposition: (Existence of Markovian pavements)
If (2, S) is an Anosov system and § > 0, there exists a Markovian pavement
Q=A{Q1,...,Qq} of Q consisting of S-rectangles of diameter less than 6.

Remarks: (1) In the general case the proof that follows becomes somewhat
involved because one cannot rely on simple drawings; however with some
imagination the two-dimensional analysis carries over essentially unchanged
to the higher dimensional cases. Therefore we restrict ourselves, here, to
the two—dimensional case, but we do not make use of several simplifications
that would make the analysis not immediately extendible to the general case.
See problem [4.3.10] for a simpler construction in the two-dimensional case.
Our present analysis therefore follows quite closely the work of Bowen, see
[Bo75] p.78-83, in which existence of a Markovian pavement for much more
general dynamical systems is derived (cf. definition (4.2.3) and proposition
(4.2.5) at the end of this section).

(2) For a first reading it may be useful to follow the arguments by imagining
that we are dealing with the very special case of Arnold’s cat map, i.e. of

the diffeomorphism of T? generated by the matrix (1 ;) . In this case a

simpler proof could be devised but, again, it would not be simply extendible
to the higher dimensional cases.

(3) Most of what follows is devoted to illustrate a few very simple geometri-
cal constructions. The wording may look intricate but the actual construc-
tions are very simple and easily automatized for use on a digital computer.
Therefore drawing what is described in words make the various statements
easily intelligible.

Proof: (case d = 2).

(A) Geometric description of a generic rectangle.

If A is an S-rectangle and x € int(A), set C = Wi (x)NA, D = W3 (x) N A4;
hence we have

A=[C,D] = yECL,JZED[y, z] (4.2.9)

and we call x the center of A with respect to the cross, or pair of azxes, C
and D (note that any point of A is a center with respect to suitable pair of
axes). This is illustrated in Fig.(4.2.3). We shall say that C' is an unstable
axis and D a stable one; if C, D and C’, D’ are two pairs of axes for the
same rectangle we say that C' and C’, or D and D’, are “parallel”; one has
either C =C’ or CNC' = 0.

The boundary of A is composed by four connected sides 6214, B=1,2,05A,
B = 1,2; the first two are parallel to the stable axis C' and the other two
to the unstable axis D, and they can be defined in terms of the boundaries
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W3 (z)

W3 ()
A

Fig.(4.2.3) A rectangle A with a pair of axes C, D crossing at the corresponding

center x.

0C and 0D of C and D considered as subsets of the unstable and stable
lines that contain them. Each such boundary consists of two points 0;C
and 9>C or 01D and 92D, see Fig. (4.2.4).

oD

95 A
ovA

N

<+ 0C
0,C —
4 5D
X
954 ~
0y A

Fig.(4.2.4) The stable and unstable boundaries of a rectangle A and the two pairs
of points 91 C, 02C and 91 D, 02D that generate them.

We define the stable and unstable parts of the boundary as
03A = [D, 0501, 05A = [0sD,C], =12 (4.2.10)

We shall prove the existence of a pavement Q of 2 with S-rectangles of
diameter < 2, where o = §/2 is half the preassigned 4, such that for all
B =1,2 and for all Q € Q one has

S05Q C 05,Q',  ST'OQ C 95.Q", (4.2.11)
where 3, 87, Q', Q" depend on 8 and Q.
It is important to realize immediately that a pavement Q built with S—

rectangles verifying (4.2.11) is Markovian. In fact equation (4.2.11) obvi-
ously implies (setting 0°Q = 9{Q U 95Q and 9*Q = 9{'Q U 0¥ Q)

S(U 9°Q)C U 9°Q, S~ U 9*Q)c U 9@, 4.2.12
(QEQ Q) QeQ @ (QEQ Q) QeQ @ ( )
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and it is also implied by (4.2.12).7

(B) An equivalent problem.

It is convenient to suppose that the map S has very large expansion and
contraction rates. This is not a loss of generality because the problem can
be further reduced to showing existence of a pavement B of (2 consisting of
S-rectangles of diameter < « and such that for some m > 0

S™ U 9BC U B, S™ U 9“BC U 9"B.  (4.2.13)
BeB BeB BeB BeB

Given such a pavement B, a pavement Q satisfying the previous property
(4.2.12) can be constructed as follows. We consider, if m > 1, the pavement
Q whose elements are the S—rectangles ) having the form

m—1
Q= n S*By, (4.2.14)
k=0
with B1,..., By_1 € B. Here we use the fact that the intersection between

two small S—rectangles is still an S-rectangle; it is easy to check that such
S-rectangles are a pavement of Q verifying (4.2.12).

The proof of the existence of B, which is what remains to do, is in fact a
description of a nice explicit construction of B.

(C) Construction of a covering by rectangles.

We begin by considering a covering A° = {A{,... A%} of Q by means
of connected S-rectangles whose internal points cover §2; this is possible
because €2 is a compact connected Riemannian manifold. Furthermore we
suppose that such S-rectangles have small diameter ov < min{d/2,~/2},
where 0 is the length prefixed in the statement of the proposition and -~y
is the size of the local portions of stable and unstable manifolds (whose
existence is part of the definition of Anosov system).

We imagine that the rectangles Ag are constructed, as discussed in item
(A) above, as products of two axes CJQ and D? through a center point x;:

A9 =[C7,DY). (4.2.15)

(D) Lebesgue length of the covering.

A key role will be plaid by a certain length a > 0 that is a natural extension
of the notion of Lebesgue length associated with a covering of a compact
space by finitely many open sets. A Lebesgue length of a covering is defined
as a length a such that every point x is “well inside” some element of the

7 One checks directly the properties of definition (4.1.3), after having visualized (with
the help of a drawing) the geometric meaning of (4.2.11). Use that the two relations
in (4.2.12) must be simultaneously valid and that S is a map that transforms points
relatively internal to BE,C’ into points relatively internal to SBZ,C’: assuming that (4.2.11)
does not follow from (4.2.12) attempt to represent the situation by a drawing in order
to see the arising absurdity.
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covering in the sense that the entire sphere of radius a around any point x
is contained in the interior of some element of the covering.

The extension that we need here is that out of a covering by S-rectangles
like A° we can always find for each x an element Ap(,) € A°, with a suitable
label F'(x), whose boundary parallel to the s—direction stays at a distance
> a from W,f(x) N Ap(z), t-e. from the stable axis of Ap(,) through x;
and another one Ap/(,) € A®; with a suitable label F'(x), whose boundary
parallel to the u-direction stays at a distance > a from W (x) N Apr(y),
i.e. from the unstable axis of Ap/(,) through x; actually we can even suppose
that F(x) = F'(z). To be precise we should require that, for every y €
win A%(z), the distance between y and the intersection of W3 (y) with
A9, ) is greater than a if it is measured along W3(y). Here and in what
follows we will always assume that the length « is so small that one can think
of W2 (z) as a straight segment of length 2a centered in x. This simplifies
the presentation following argument without any loss of generality.

Given A° we shall fix a length a > 0 enjoying the above properties and such
that a < a/2 where ao < §/2 is the above defined maximum diameter of the
elements of AA" (the reason for this choice will become clear in following).
We call a a Lebesgue length for A°.

(1) Imagine to have drawn through z the manifolds W3 (z) N A%(I) and
W3 (2) N A%y

(2) Through each of the points z in W'(z) N A}, ) and 2’ in W3 ()N AG, )
we can draw, respectively, the segments W7 (z) and W¥(z') of unstable
and stable manifold, respectively, with a < «/2: by our definitions and
our choice of the Lebesgue length a such segments lie entirely in A%(z), as
illustrated in Fig.(4.2.5).

2a\

—
2a
Fig.(4.2.5) lustration of the check that each point of Q is far at least as a in the
direction of both stable and unstable manifolds from the boundaries of “some” element
of the covering A®. The short segments are portions of stable or unstable manifold of
length 2a, where a is (much) smaller than the diameter a of the rectangle.

(E) Replacing S by g = S™ with m large.
Let m > 0 be an integer such that the following sum is small enough (i.e. as
small as indicated)

230 AR = 24m (1 — A™) Lo < a/2. (4.2.16)
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Calling gdéf S™ we show that a Markovian pavement B for g can be con-
structed starting from a covering .4 made of S—rectangles with diameter less
than 2« < § for which a < «/2 is a Lebesgue distance and verifying the
following properties.

(I) For every 8 =1,2 and A € A there exist 5, 8" € {1,2}, A’, A” € A for
which
gozAC O3 A, g A C 95 A" (4.2.17)

(II) Every z € 9°A; is such that gz is “well inside” a boundary of the same

type (i.e. stable) of some other rectangle Aj(.), i.e. W;/Q(gz) C 0°Aj

for a suitable j(z); and, symmetrically, every z € 9“A; is such that
;‘/Q(g_lz) C 0" Ay for a suitable k(z) (see Fig. (4.2.6)).

To construct B starting from A is the main difficulty of the analysis because
realizing properties (I) and (IT) will be rather straightforward. We shall see
later how to construct the covering A starting form the initial covering A°.

2a

A gAY

0
i(2) d

S

Fig.(4.2.6) Geometrical meaning of the properties (I) and (II). The g image of the

part of the boundary of the (shaded) rectangle A? on the left containing z is mapped,
greatly shortened to a size < a/2 at least by (4.2.16), on the upper boundary of another
rectangle of the covering A?(Z); and in fact well in the middle so that even by widening

it on either side by (1 — %)a = a/2 it remains in the upper boundary of A?(z).

Indeed suppose that the covering A satisfies the above described properties
(I) and (II). We can obtain a finer pavement of € by intersecting some of
the set of A with the complements of the others. More precisely for every
subset r C {1,...,r} we can set P = (NMicrAi) N (UigrQ\A;). Clearly the
collection P of the non-empty P, forms a pavement of Q & such that for all
P € P one has g0°P C Uprep O°P’, g710“P C Uprep OVP’, i.e. P is close
to satisfy (4.2.13). Moreover remark that the sets P, are the connected

8 The elements P of P have boundaries constituted by stable parts (9° P) and by unstable
parts (0% P).
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Fig.(4.2.7) The sets obtained by intersecting in all possible ways the elements of the
covering A have interiors which are pairwise disjoint but are not necessarily rectangles,
e.g. see the gray set. One can call such sets “incomplete” rectangles.

components of Q\ Uaca 0A. However P has the defect of not necessarily
consisting of S—rectangles (see Fig. (4.2.7)).

Nonetheless it is possible to build from P a pavement consisting of S—
rectangles and verifying (4.2.13). One just “continues a little” the sides of
every set A € A along the stable or unstable manifold that contains them,
see Fig. (4.2.8), until an encounter with a boundary (of unstable or stable
type, respectively, i.e. of “opposite” type) is obtained. The boundary where
we stop the continuation is the first one meets (this construction depends
on the order in which the the sides to be continued are examined, hence it
contains some arbitrariness). Since the sets in A are very small the length
of the added parts of lines will be small (i.e. not exceeding 2«).

9% A0
1 o7 A0CwW?®

/ /
a1 Ao / /
o5 A0
g;Aocwu
7/ /

58
dzAO

o}t Ao 23 A0
Fig.(4.2.8) Prolonging the sides of the rectangles of the covering A in order to
“complete” the incomplete rectangles like the one shaded in Fig.(4.2.7). The continuation

is performed until a line reaches a boundary of a set in A (see Fig.(4.2.9)) and it means
prolonging by a length at most 2a.

More precisely the continuation can be done by replacing d34, 95 A by

D5A = . JuA = u 4.2.1
% zELéJgA W (=), % zeLéJgA Wy (=), ( 8)

i.e. we continue 95A, 5 A on either side by adding a piece of manifold of
the same type (i.e. stable or unstable) of size ~.

Of course the sets 5§A, 5514 will go beyond the point where they first meet
the boundary of the elements of A which intersect A. This is so because
diam (A) < 2a for all A € A and v > 2a.
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However we can just delete the parts of such lines that go outside the
elements of A which intersect A. What is left is represented in Fig.(4.2.9)
where Ag is the shaded rectangle and the dashed lines correspond to the part
of the continuations of the boundaries of Ag which have not been deleted:
we denote the lines so constructed by 954 C 934 and 95A C 95A. This
construction is repeated for each of the rectangles of A and at the end we
shall have a pavement consisting only of S—rectangles, i.e. there will be no
more “incomplete rectangles” like those appearing in Fig.(4.2.7).

b - [

Fig.(4.2.9) Rectangles obtained by the geometric operations illustrated in Fig.
(4.2.7), (4.2.8) applied to the shaded rectangle: we see that the number of “incomplete”
rectangles becomes smaller (at the expense of an increase in the number of rectangles).
The size of the dashed lines is < 2a. The construction has to be repeated for each
rectangle, successively.

If z ¢ Uj(§5Aj U §“Aj), i.e. if z is not on the boundary of any of the
just constructed rectangles, there exists a unique connected component of
Q\U;(0°A; U™ A;) that contains z. This component is clearly an open set
and its closure is a S-rectangle B. As z varies such S-rectangles describe a
finite family B that is a pavement of Q2 with S—rectangles of diameter < 2«
being intersections of rectangles with diameter already < 2a.

Let z € GEB, B € B; then z will not be, in general, on the boundary of
some elements of A but, by construction, there will exist € {boundary
of a suitable rectangle A € A} such that z € W5, (x). Since A enjoys, by
hypothesis, properties (I) and (II) (cf. (4.2.17)) and gWs5,(x) C W 5(g7)
by (4.2.16) we get

a

gz € 0°Aj(y and Wi a(ga) CO°Aja). (4.2.19)
Noting that the diameter of g W3, (x) is smaller than 2A™« < a/2 by the
choice (4.2.16) of m, we see that gW3,(z) C W7 ,(gz) so that (4.2.19)
implies
EBC U 9°B, 4.2.20
99 B'eB ( )
and, likewise, we would evince that
—1au u R/
03B "B’ 4.2.21
g Ogb C B/%B ( )
This means that B satisfies (4.2.13), i.e. it is a Markovian pavement for

the map g. As we noticed in point (B) it is easy to construct a Markovian
pavement B’ for S starting from B, see (4.2.14). Moreover in (4.2.14) the
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element By of B appearing in the intersection has diameter less than 2« so
that the diameter of the elements of B’ is also smaller that 2a.

Therefore we are reduced to show that if the covering A° does not already
enjoy properties (I) and (II) stated in connection with (4.2.17) above, it is
still possible to modify it slightly so that it becomes a covering A of the
same type which, however, satisfies properties (I) and (II) above. This can
be done through an inductive procedure of successive approximations.

(F) Successive refinements to build a covering verifying properties (I) and
(1)
Consider g C]Q, j=1,...,r, and note that it is a “very long curve” (because

of our choice of large m and because g = S™). Select a covering A7, ..., A?kj

of g C9 made of elements of A” such that gC? “passes” through each of them
and well inside, i.e. at a distance > a from the parallel boundary where a
is the above introduced Lebesgue length, see Fig. (4.2.10)

discarded

Fig.(4.2.10) Here the g-image of C? is represented as a long curve. The covering of

the g-image is realized by discarding the elements of A° whose expanding boundaries
pass too close to g C?, i.e. closer than the Lebesgue length of A%, see item (D).

In general some A?p, in this covering, are not completely crossed by gCJQ;
see the square A?p in Fig. (4.2.10). Then continue a little C§ so that gC?
crosses all the sets A?l, e ,A?k of the just considered covering of g Ag: this
means replacing A} with A = [C}, D], where

k;’,
1 _ —1 . . 0 o1 .
C; = hL:Jlg ({contmuatlon of gC7 until it crosses all

ki
0 0\ _ % ,=1(10
of A }nA ) = U g7 (C

Th?

9Cj N A
see Fig. (4.2.11).

Inductively we shall set

n k
cr=U

h;g—l([c;jjl, gCrtn A, (4.2.22)

At each step the lengthening of C7' with respect to C?_l is by about a factor
A™ shorter so that it is < 2(A™)™q: this is seen by induction, recalling that
diam (A9) < o
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Fig.(4.2.11) Enlarging the manifold C’;) up to the point £ so that the g-image of
the enlarged manifold ends on the appropriate boundary of the rectangle A?p, with the
notations of the previous figure.

Hence we can pass to the limit n — oo to define C; = OLjO C7 and this
n=

makes sense if & and A™ are so small that (see (4.2.16)) >3, ()20 <
a<al2<~/2. B

Likewise one proceeds to lengthen D? to construct D7 and to define D;
(using g1 instead of g).

Define then the rectangles A;, with j = 1,...,r, as [C}, Dy], that form a
covering A of 0 with sets of diameter smaller than 2a.

By construction, if z € A; € A, there exist A;; € A such that gz € A
and g~ 'z € Aj» and

g[Cj,z] D [Cj, g2, g_l[z,Dj] D [g_lz,Djn]. (4.2.23)

Furthermore: A; 5 Wi (y) for all y € [Cj,g2], and Ajr D Wi (y) for all
y € [g7 1, Dj], provided that, as we can suppose, o and, therefore, the
rectangles are small enough so that their sides can be treated as straight in
the continuation operations. Drawings can be very useful to visualize the
above statements; furthermore diam (4;) < 2a < 4.

Hence A satisfies the properties (I) and (II) stated in connection with
the (4.2.17). The correspondence that associates a point € Q with a
compatible sequence o is Holder continuous, (4.1.6), and its inverse has
finite multiplicity if the value of § is small enough so that the intersection
between any element of P and the S—image of any other is a connected set,
which certainly happens if « is small enough. Hence the proof is complete.
]

A consequence of the definition (4.2.1) is the following result.

(4.2.4) Proposition: (Transitivity and mixing of compatibility matrices
for Markovian pavements for Anosov maps)

If P is a Markovian pavement for an Anosov map, cf. definition (4.2.1), then
its compatibility matriz is transitive and mizing (cf. definition (4.1.1)).

Proof: By definition (4.2.1) and problem [4.1.19] transitivity follows. The
mixing property is tightly related to the assumption that Anosov systems
are maps of a connected phase space {2. Even dropping connectedness it
is still possible to construct a Markovian pavement by the construction of
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proposition (4.2.3). The transition matrix will have the properties described
in the problems [4.1.4] through [4.1.11]. Hence the system can be decom-
posed into a union of disjoint closed sets U;’;ll U‘j;l Q; ; and a “remainder
set” Q' open and invariant (consisting of the wandering points, cf. problem
[4.1.16]) by problem [4.1.17] which must be empty by the transitivity as-
sumption: connectedness then implies a = 1,d = 1 hence Q@ = Q;; and S
acts in a topologically mixing way on {2 so that also 7" is mixing. L]

The just described construction of a Markovian pavement is generalizable
to a situation that, in some applications, turns out to be quite useful; we
shall describe it in the following definition (due to Ruelle, who called the
systems that will be defined below an abstract hyperbolic systems or Smale
systems, see p. 125-130 in [Ru78]).

(4.2.3) Definition: (Abstract hyperbolic systems)

Let (22,5) be a topological dynamical system. Suppose that (Q,S) is topo-
logically transitive (i.e. there exists a point x of Q with a dense orbit
(S"x)n€Z+).

The system (£2,S) is said to be an abstract hyperbolic (transitive) system
if there exist a metric d for the topology of Q0 and three constants A\ < 1,
v>0,e>0, with A\ >0 and v > ¢, and a function x, y — [z,y] defined on
the pairs {z,y|z,y € Q,d(z,y) < e} such that
(1) fo,2] = 2
(2) l[x,y], 2] = [z, 2] and [z,y,z]] = [z, 2], whenever the last expressions
have a meaning.

(8) S|x,y] = [Sxz, Sy], when both sides have a meaning.
(4) Setting

Wi(m) ={ulu=T[u,2],  d(uz)<q}, (4.2.24)
W) = {ulu =], d(w,w) <7
it follows that for all n > 0

d(S™"y,S7"z) < AN"d(y,z) if y,z€ W(x).

Remark: The simplest examples of such systems are naturally the subshifts
of finite type with a transitive compatibility matrix. The set W (o) consists
of all the strings that agree with ¢ on the sites with label ¢ > —p if v = e7P.

Then the following proposition holds.

(4.2.5) Proposition: (Bowen)
Every abstract hyperbolic system admits a Markovian pavement with sets of
diameter < § where § > 0 is arbitrarily prefized.

The proof of this proposition follows, grosso modo, the ideas in the proof
of proposition (4.2.3). It presents difficulties of topological character due
to the lack of hypotheses of connectedness and differentiability on € and
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S: this forces us to be careful in stating as obvious certain properties that
are such in the case studied in proposition (4.2.3). See, for details, [Bo75],
[Ru76].

A remarkable property enjoyed by such systems is the so called shadowing
or “existence of a shadow motion”.

(4.2.6) Proposition: (Shadow symbols)

Let T be a transitive n xn compatibility matriz. Let {gj G2 _ oo be a sequence
of elements (sequences) in {0, ...,n—1}% such that d(ta;,0;11) < 0 where

T 1is the shift; the sequence {gj} is called a d—approximate motion for the

dynamical system ({0,...,n—1}%, 7). Then there exists C > 0 independent
of the sequence {a;}52 ., and g € {0,...,n — 1Y% such that d(77 g, a;) <
Co.

Remark: Therefore given a symbolic motion that is at each time perturbed
by ¢ one can find a true motion which remains close to the perturbed motion
within C4 for all times j > 0 where C is a universal constant (e.g. C = ¢). In
colorful words “the perturbed motion is a shadow of a true motion” (under
a slightly trembling light). This is particularly interesting as it implies that
the “same” property holds for motions in a more general Smale system,
hence for Anosov maps: see proposition (4.2.7) below.

Proof: The distance between elements o,0’ of {0,...,n — 1}? is the ex-
ponential of minus the maximal k such that o; = o} for all |i| < k; see
(4.1.6). Let 6 = e ?. We define o; for |j| < p by o; = (gy);. Then we
set 0pr1 = (01)p+1 and more generally 0,4 = (g;)py; for j > 0 while
0—pt+j = (a;)—p+j for j < 0. Then the result is true with ¢ = 1. If §
does not have the form e P with p integer then the same argument can be
repeated but one gets that C' can be larger than 1 but always < e. Hence
C=e. ]

(4.2.7) Proposition: (Shadowing)
Let (9, S) be an abstract hyperbolic system, in the sense of definition (4.2.3)
above. There is a constant C' such that if ..., x_1,z0,21,... IS a sequence

with d(Szj,x41) < 6 and § is small enough then there exists a point x such
that d(S7z,z;) < C6 for all j.

Proof: The ambiguity in the code X that associates a symbolic motion with
a point forbids saying that the proof of the previous proposition implies this
result. However we can simply mimic the proof of proposition (4.2.6). We
start with x¢ and construct the image Sxy which will be very close to x1 so
that a point & = [Szg, z1] on the unstable manifold of Sz and on the stable
of z1 exists. We have that S~1¢&; is on the unstable manifold of 25. Then we
construct S&; and define & = [S&;, x5] which is a point such that S~2¢&; is
on the unstable manifold of zy. More generally &, = [S&,—_1, z,]: all points
S, are on the unstable manifold of 2y and all points &; are at distance < §
from z; and from the S&_1. The limit £ = lim,,_,~, ST, exists because by
construction the variation in position of S~"&, with respect to S~("~1¢,_;
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has size of order \"§ because the points &, lie systematically on the unstable
manifold of xy: hence £ exists and is on the unstable manifold of xg. This
also implies that there is C' such that d(S7¢,x;) < C§ for j > 0. We can

repeat this construction using S~! and the points x_1,2_o,... and find a
point 1 on the stable manifold of zo such that d(Sn,z;) < C§ for j < 0.
It is now enough to set = [£, 7). ]

Remark: It should be noted that the proof of proposition (4.2.6) immedi-
ately suggests the proof of proposition (4.2.7) if one takes into account that
in symbolic dynamics the unstable “manifold” (quotes used here because it
is not a manifold but just a set) consists of the compatible sequences which
agree over the labels to the left of a suitable label (i.e. for times preceding
a certain time).

Problems for the §4.2 (Ezistence, regularity, smoothness, uniqueness of
the stable and unstable foliations for Anosov maps)

[4.2.1]: (Continuity and invariance of the foliations, from [AS67])
In the context of proposition (4.2.1) do not assume continuity nor covariance of the fields
of spaces V7, V* as functions of x and replace the assumption in (4.2.8) by

IS )ollvgn, < ONolly,  for all v € VZ,
I(dS™™)vllv, _,, < CA™||vllv, for all v € V!,
(@S~ ")vllv,_,, = CA "llvllv, for all v eV,

(dS™)vl|vgn, = CA™"|vllv, for all v e V",

(%)

for all positive n. Show that this implies (a) covariance of the fields, and (b) continuity
of the fields. (Hint: Continuity at fixed n of dS*™ implies that for a = s, u if T — Zo
and v; € Vwaj — vo then vg € V7. This proves “lower semicontinuity” of the function

x — d*(z) %/ dimension of V&, However the dimension is an integer and d*(x)+d"(x) is
identically equal to the dimension of the manifold. Hence the dimensions of V% are both
upper and lower semicontinuous, i.e. they are continuous, and being integer valued they
are constant. Therefore the above inclusion lim V;? C V& implies continuity of V,7.)

[4.2.2]: Let J be a matrix on R? and assume that R? = V* @ V* and that there is
A < 1 such that for all n > 0

[J"v| < A™v], veVs, [J 70| < A" v vevy,

(%)
[T > A7 v, veVs, [J| > A7 | veVvy,

then V3, V¥ are invariant under the action of J¥1. Furthermore there exist a, e > 0 such
that the cones I'*® and I'5*“ consisting of all the lines forming an angle < « with the
plane V'* or, respectively, V* are such that

Jrwa C Fu,(lfs)a Joirsa ¢ Fs,(lfs)a

i.e. the cones I'"»® and I'>** “shrink by a factor (1 — €)” under the action of J or,
respectively, J~1.

[4.2.3]: If in the right hand side of (*x), in problem [4.2.3], one inserts a constant C
then the same conclusions hold if J is replaced by J"0 with ng large enough.

[4.2.4]): (Hadamard—Perron theorem at a hyperbolic fized point)

Let S be a C°° map of R? into itself with a fixed point at the origin and with a Jacobian
matrix J at the origin which verifies the property in (xx), in problem [4.2.4], for a given
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A < 1 and for all n > 0. Given k > 0, inside a sphere of radius ; > 0, with §; small
enough, around the origin there exist two surfaces W* and W* of class C* tangent to
Vs and V% at the origin, respectively, and such that SW* C W* and S™1W* C W¥.
Furthermore there exists C > 0 and A < 1 such that |[S™z| < CA'"|z| for z € WS
and |S™"z| < CN"|z| for x € W*¥. (Hint: Let k = 0 and let ¥5 be the sphere in
Vs of radius é and center at the equilibrium point. The results of problems [4.2.2] and
[4.2.3] imply that if § is small enough then a smooth surface whose points have the
form (s,v(s)), with s € V*N X5 and ~(s) a smooth function, and whose tangent plane
forms everywhere an angle with respect to V* not exceeding a is mapped by S~1 into
a surface of the same type inside 35 but extends beyond the boundary of ¥s5. Then
one modifies S~1 outside the sphere ¥5. Let (s,u) be a point near the origin and write
S™(s,u) = (f(s,u),J tu + g(s,u)), where, with a slight abuse of notation, we are
denoting J~1(0,u) = (0, J~1u): modify the map S~! outside ¥s into a new auxiliary
map

X(s,u) = (a(s,u)f(s,u), Ju+ J(s,u)g(s,u)),

with o(s,u) = &(p) where p = sqrtu® + s2 and &(p) is a C* non-negative decreasing
function that is identically 1 for p < § and is O for p > 2J. Check that if  is small enough
then the map X still maps the cone I'S** into itself as well as any surface v tangent to
V® at the origin and forming with V*® and angle < a into a surface of the same type.
Furthermore if (s,7(s)) and (s,n(s)) are two such surfaces and (s,7'(s)), (s,n(s)) are
their X-images, one has max ;<25 |7/ (s) — 7' (s)] < N max|;| <25 [7(s) — n(s)|, where X
can be chosen as close as wished to A provided 9§ is taken sufficiently small. Therefore
if (s,7v0(s)) with y0(s) = 0 is a special initial surface Ag the iterates X™Ag converge
exponentially fast to a limit Ao, which has the property of being tangent at the origin to
V* (because such are all S™Ag) and of being invariant (because it is a limit of iterates);
it has also the property of contracting exponentially to the origin (because every point
in the cone I'®** N X4 gets closer to the origin); furthermore the function oo (s) defining
Ao verifies a Lipshitz property (being the limit of functions with derivatives bounded
by «). Hence A is a continuous surface and, in fact, it is even Lipshitz continuous.
More generally if we fix k& > 0 one proceeds in a similar way by controlling also the
derivatives of the function v (s), and one can prove that Ay is a C*—1 regular surface
with (k — 1)-th derivatives verifying a Lipshitz property.)

[4.2.5]: (Hadamard—Perron theorem at a hyperbolic point)
Let S be a system that satisfies point (i) and (ii) of proposition (4.2.1) with C replaced
by 1 in (4.2.8). Moreover let zg be a point whose trajectory under S is z; = S7xq, j € Z.
We imagine to consider a coordinate system that “follows” x¢ in its motion: this means
that we consider a sequence of spheres ¥5(57) on which a coordinate system with origin
at x; is defined introducing coordinates (s,u) such that s = 0 is a surface tangent at
the origin to Vs’,‘jx and u = 0 is a surface tangent at the origin to Vss'Jx . One can
0 0
choose the coordinate systems to be quite similar to each other, i.e. one can construct
all of them by choosing the origin and a neighborhood of it out of the charts of a finite
atlas for © (thus the “units of measure” of the lengths cannot vary wildly as j varies).
Show that if ¢ is small enough the cones Fg’f‘x and FZ’JO; regarded as sets of points of
) 0 0
35(S7x0) with coordinates (s,u) such that |u| < afs| and, respectively, |s| < a|u|, for o
. s,(1—¢’)a u,(1—e)a . 1
small enough, are mapped into I’ijlm0 and st+1zo respectively by S™* and S, for
some &’ > 0. Likewise a surface in ¥ Sizg whose tangent plane forms everywhere angles
< « to the axis Vssjz is mapped into a surface with the same property in ¥5(S7~1z¢)
by S~1. Furthermore two sequences of surfaces v7/,n7 in X5(S7xo) with the property of
being contained in the cone F;’jaz or F;’Jo; will be mapped by S~ or, respectively, by S
0 0
into surfaces which are closer by a factor N to each other at every point. Conclude that
there exist manifolds W*(57z0), W*(57xo) in each X5(S”x0) which are tangent to V¢, -
0
and V;  which verify the properties (4.2.5) and (4.2.6). (Hint: Repeat the analysis of
0

problem [4.2.4] carrying along the label j).

[4.2.6]: Making use of problem [4.2.3] show that one can repeat the analysis in problems
[4.2.4] and [4.2.5] with C not equal to one but suitably modifying (4.2.6), i.e. substituting
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A" with CA™. (Hint: Check the existence of surfaces W*, W*" near every point that
satisfies (4.2.5) with S replaced by S™0 and ng large enough.)

[4.2.7]: (Ezistence of an adapted metric)

Show that it is always possible to change the Riemannian metric on € in such a way
that if (4.2.8) holds for the old metric then it holds also for the new metric but with
C = 1 and a different A, i.e. show the existence of an adapted metric.(Hint: Let A\
be such that A < Ay < 1. Setting v = v® 4+ v¥ with v® € V2, o%* € V¥ let ||v]| =
Z:’:O A;"H@S”vsvanm + ZZO:O A;"H@S_”vuﬂvgnm The new metric satisfies (4.2.8)
with C' = 1 but with A\; replacing A. However it can fail to be smooth. To avoid this
show that it is enough to limit the sum in the definition to a large N, suitably chosen
(i.e. so that for a suitably large C’ one has A1(1 + (A\/A1)NC’) < A2 < 1), to obtain
(4.2.8) with A2 replacing A.)

[4.2.8]: (Anosov theorem)

Show that the spaces V2, V" are not only continuous (as discussed in problem [4.2.1]) but
they are also Holder continuous with an exponent < 1 (arbitrarily prefixed), i.e. prove
proposition (4.2.2). (Hint: Let for simplicity d = 2, i.e. consider the two dimensional
case first. Since we have seen that the surfaces WY, W2 are smooth in C* (for any
prefixed k) we only have to see how close is V? to V; when z,y are in the same manifold
W2 and close enough. We study the various geometrical objects that we introduce in a
coordinate system (s, u) in a sphere X5(x) in which u = 0 and s = 0 are surfaces tangent
to V2, V¥ Suppose that there is a sequence y, — x with y, € W and d(yn,z) = on,
but suppose also that the angle a(yn) between the stable and unstable manifolds at yn
is such that a(yn) — a(x) > v/dn. Then the differential of S at = and the one at y,, differ
by O(6n): dSy, = dSz + O(dn), and the vector v, tangent to Wy has a component
along V* which by assumption has size v/3,, at least. Therefore if we apply dS™ to v,
with m = —log(v/8,) we get a vector which has lenght O(A=™/3,,) ~ 1 times the initial
length instead of a vector of length of order \™ times the initial one: the point is that
the difference between dSy,, and dS: is of order §, and therefore dS™ cannot rotate the
vector v, enough to overcome the expansion along the unstable direction at least not if
m is not too large. A similar argument works if v/3,, is replaced by 69 with any o < 1:
but not with a = 1. Therefore the V7 are Holder continuous but not necessarily Lipshitz
(or smoother): and in fact counterexamples to smoothness can be constructed. This
shows that V7 is Holder continuous with exponent a < 1 at . Examining more carefully
the argument one concludes that the Hélder continuity constant can be chosen C' = 1
independently of x for any prefixed a < 1: the price that one pays is that the smaller is
C or the closer is a to 1 the closer y has to the to x so that &y — ;| < Cd(z,y)* holds
for a component &, of the tensor that determines the plane VyS in a chart on Q.)

[4.2.9]: (Uniqueness of the stable and unstable manifolds)
Show that if (£2,.5) is a hyperbolic system in the sense of definition (4.2.1) there cannot
~s

exist two manifolds for z € Q, I;IV/S(I) and W () of class C°*° and mutually transversal,
~s

such that if y, z € ﬁ/s(x) ory, z € W (z) one has d(S™y, S™z) < CA™d(y, z), for all
n > 0. (Hint: Consider the following figure which describes an impossible situation if

W #* W and if one imagines to apply to it iterates of the map S.)

wH(§) W (z)

Fig.4.2.12: Illustration of the contradiction in which one would incur if the unstable
manifold of x was not unique and two stable manifolds would emerge from .

[4.2.10]: (Mizing and non-transitive hyperbolic systems)
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If the connectedness condition in the definition of Anosov system is dropped then one
obtains a hyperbolic system whose phase space 2 can be decomposed into a union of
disjoint closed sets U{_; U?izl Q;,; and a “remainder set” Q. The sets €; ; are permuted
by the action of S and each of them is invariant under a suitable iterate of S which then
acts in a topologically mixing way on it; the points € Q' admit small neighborhoods
U, whose points evolve under the iterations of S without ever returning to visit U,
and they are called wandering points. If (€2,.5) is a connected Anosov system then it is
topologically mixing. (Hint: It follows from the fact that even dropping connectedness
it is still possible to construct a Markovian pavement by the construction of this section.
The transition matrix will have the properties described in the problems of Section §4.1
and the result of problems [4.1.19] and [4.1.20] implies the first part. That a connected
Anosov system has to be topologically mixing can be seen by noting that if Q' # () then
there cannot be a dense orbit; while if 2/ is empty then Q will be the union of a finite
number of disjoint sets and therefore it cannot be connected unless there is only one set
Q;,; = Q and in this case  will be topologically mixing.)

[4.2.11]: (Splitting and hyperbolicity alone imply the Anosov property)

Let (22, S) be a smooth dynamical system which verifies the properties of Anosov systems
with the possible exception of the existence of a dense orbit. Show that it is necessarily
an Anosov system. (Hint: The construction of a Markovian pavement discussed in the
proof of proposition (4.2.1) can be performed and it leads to a representation of the points
of © by symbolic strings with a certain compatibility matrix 7": the result of problem
[4.1.13] shows that the system can fail to be an Anosov system only if the matrix T is
not mixing. However in this case the space ) is disconnected or the matrix 7' contains
inessential labels and correspondingly €2 contains wandering points.)

[4.2.12]: Find an explicit bound for C' and a of (4.1.5) in the pavement constructed in
proposition (4.2.3).

General properties of smooth hyperbolic systems discussed without the use of Markovian
pavements.

[4.2.13]: (Ezistence of a dense set of periodic orbits)

Let (€2, S) be an Anosov system (cf. definition (4.2.1)). The system (2, S) admits a dense
set of periodic points. (Hint: Consider the case d = 2. Let xo generate a dense orbit.
Then choose T € Q and let P be the rectangle with axes W7 () x Wy'(x) with & very
small. Suppose, without loss of generality that g € P. Then there will exist ko large
such that S¥oxy € P again. The image S*0 P will be, if ko is large enough long and thin
and it will cross P from “left to right” (i.e. from one of the two stable boundaries to the
other) in a narrow connected band that contains Skozo. This band that we can call Py
will be the image of a very narrow band “from top to bottom” of P (i.e. from one of the
unstable boundaries of P to the other) containing z¢ and which we shall call Py. The
band P; is the connected part of S¥0 P that contains S¥0zg and P, = Sk0Py. A much
narrower band P_; inside Py will become under iteration by S2k0 a much narrower band
P, C Py, etc. In this way we determine a unique point £ C P}, for all j. And one has
Skog¢ = ¢: hence there is a periodic point of period ko inside P. The latter set was a
rectangle of prefixed size of O(J) around a prefixed point Z: hence periodic points are
dense.)

[4.2.14]: (Connectedness and Anosov systems)

Let (©2,S) be an Anosov system. Suppose that there is a fixed point Z. Show that
U2, S* Wi () is dense in 2. Assuming that (€2, S) verifies all the properties in definition
(4.2.1) ezcept the connectedness of 2 show that connectedness follows. (Hint: Do not sup-

7S Awee—
pose that €2 is connected. Let x( generate a dense orbit. Suppose Q # A ef U2, S W;’é.

Then there will be a point y ¢ A at distance d(y, A) def ¢ > 0 from A. We can find a
point S¥+xq at distance < €/4 from y and k— < k4 such that S¥—zq is closer than £/4
to the set A. And e can be prefixed to be ¢ < 6. Then the (part of) stable manifold
wg (S*- o) will intersect the unstable manifold of a point z € A. This will imply that

d(S*+~F- 2z, 8%+ x0) < e which contradicts d(y, A) défs. So far connectedness of Q2 has
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not been used. Furthermore if T is a fixed point then U2 SZW(;‘(E) is connected and
therefore 2 is connected and any two points z,w € € will be very close to points of A
and therefore their stable manifolds will intersect U2 S*Wy*(T) so that we can connect

by a continuous curve z,w because U, S"W#(T) is connected.)

[4.2.15]: (Density of stable and unstable manifolds for fized points in Anosov maps)

Let (€2, S) be an Anosov system. Let T be a fixed point. Then for all y € Q one has
Q= U2, St Wi (y). (Hint: Let the point zo generate a dense orbit. The points of
Wi (y) will be very close to the points that are obtained by iterating a small segment of
Wg'(@). Therefore it suffices to show that the result is true if y € W () no matter how
small §' > 0 is. But if z ¢ U2 S? Wy, (y) we can find an iterate of zo very close to y

and a successive iterate very close to z and we are in a situation like the one met in the
hint to problem [4.2.14]).

[4.2.16]: (Density of stable and unstable manifolds for periodic points in Anosov maps)
Let (£2,5) be an Anosov system and assume that the point xg generates a dense orbit.
Let T be a periodic point of period k. Then Q = Uz, S'Wg(i) (Hint: Same proof as
for problem [4.2.14]: however we could not conclude that € is connected if we dropped
the connectedness assumption as in problem [4.2.14].)

[4.2.17]: Let (2, .5) be an Anosov system. Let T be a periodic point of minimal period

k. Then let Q¢ = U, Sik W(;‘(E), Q1 = SQo,..., QE71 = SE*IQO. Show that the sets
Q; must coincide. Show also that if xo generates a dense orbit, then the iterates multiples

of k of zo are dense as well. (Hint: Suppose k = 2 for simplicity. Then if $%*z¢ is dense in
Qo by repeating the argument in problem [4.2.15] we get that Qo = U2 Ski W (y)
ify € Qo. Thus if y € QoN N1 # O one should have Qp = Q3. Therefore we have to
check that the even iterates of xo are dense in ¢ or, if not, then the odd iterates of
Sz are dense in Qg and then replace zg by Szo. Suppose, for instance, that T can be
approximated by a sequence of even iterates of xo. Then a sequence of even iterates of

T can approximate any point y € U2 ik Wt (T) or in the closure of the latter set, by
the last hint to problem [4.2.15].)

[4.2.18]: (Density of the stable and unstable manifolds of all points in Anosov maps)
Let (£2,5) be an Anosov system. Show that the stable and unstable manifolds of any
point, defined as U>=__ 57 W,‘Yl(z), a = u, s, are dense in .

[4.2.19]: (Non-wandering points in systems with an absolutely continuous invariant
measure)

Let (2, 5) be a smooth dynamical system admitting an invariant measure p which is
absolutely continuous with respect the the volume measure: show that the set of non-
wandering points, see problem [4.2.10], is the whole Q. (Hint: Poincaré’s recurrence
theorem holds.)

[4.2.20]: (Non-wandering points and density of periodic points)

Let (€2, S) be a smooth dynamical system which verifies the properties of Anosov systems
with the possible exception of the existence of a dense orbit. Show that if the set of non-
wandering points is the whole €2 then the periodic points are dense. (Hint: The absence
of wandering points allows us to imitate the argument in problem [4.2.12].)

Bibliographical note to §4.2

The proof of the existence theorem of Markovian pavements is taken from
the paper of Bowen, see [Bo70], by particularizing its proof to case in-
vestigated here. The proof of Bowen widely generalizes and at the same
time simplifies the original proof of Sinai, [Si68a], [Si69b]. The first idea
and construction of a Markovian pavement appeared in connection with
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the theory of the automorphism (1 ! of T? in T? by Adler and Weiss

1 2
(see [AW68]): in this work one explicitly and analytically constructs some
pavements. This preceded the work of Sinai where the general notion of
Markovian pavement for hyperbolic maps is introduced and its existence is
shown in full generality.

It is useful to consult also the monograph [Bo75]. The notion of hyper-
bolic system goes back to Anosov: for elementary as well as for some not
elementary properties of such systems see [AS67], (where they are called
U-systems), [AA68] (where they are called C—systems), and [Av76]. The
abstract version of hyperbolic system is due to Ruelle, see [Ru68].

The problems are classical results, see [AS67], [KH95], and summarize
Anosov’s extension of the stability theory for fixed points.

§4.3 Coding of the volume measure of smooth hyperbolic systems

In this section we illustrate via an example the method to perform the
operations that we have shown to be possible in Section §4.1 for systems
that admit Markovian pavements, considering the case of smooth hyperbolic
systems.

We shall see that the volume measure on {2 can be described by means of
the symbolic code X associated with a Markovian pavement Q.

The fundamental notions for this study are described in the following two
definitions: the first of them, setting the notion of conditional probability,
will also be fundamental in the coming sections.

(4.3.1) Definition: (Conditional probability)

Let m be a Borel probability measure on the space {1,.. .,q}Z of the se-
quences with q symbols and let J = {j1,...,js} CZ andg; = (01,...,05) €
{1,....q}.

Consider the o-algebras B(J¢) generated by the cylinders C?,, with base

!
a’

J CcJe=7Z\J. Given a; we can define on B(J) the measures
E-m'(EB)EmEnC]),  E-mE)Y ), (4.3.1)

for E € B(J¢). Therefore the measure m’' is absolutely continuous with re-
spect to m, i.e. m' is proportional to ™ via a suitable function (the Radon-
Nykodim derivative dm’ /dmm of m’ with respect to ™). Set

!

dm
dm

m(a o) = (@), (4.3.2)

where the notation is correct because o ; is fixred and (dm’/dm)(a’) is B(J¢)-
measurable: hence the latter depends, m—almost everywhere, only on o’;.,

i.e. (dm'/dm)(a’) = (dm'/dm)(a’}.).
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The expression (4.3.2) is called probability of ¢ ; conditional to ¢';.: if we
think of it as a function of o’ it is m—measurable and Tm-measurable as well.

Remarks: (1) Note that 7 is the restriction of m to the sets in B(J¢).
(2) The notion of conditional probability is important because, as we shall
see, in terms of it one can describe in a simple way large classes of nontrivial
measures on {1,..., q}Z.

(3) The functions ¢, o’;c = m(o;|¢’;.) must verify suitable compatibility
conditions implicit in their definition; for instance ZEJ m(o;lo’;.) = 1.

(4) The just mentioned compatibility condition shows that in order to define
the function in (4.3.2) it is sufficient, if J is fixed, to assign all ratios

m(a’slaje)/m(a’j|a ) forall o';, 07, 0. (4.3.3)

Coming back to Anosov systems we note that the stable and unstable man-
ifolds are smooth (see proposition (4.2.2) and problem [4.2.8]). Therefore it
makes sense to consider, at x, the map S as a map between a neighborhood
of x on W and a neighborhood of Sz on W¢_, a = u,s. The Jacobian
matrices of these maps are linear maps, i.e. matrices, between V* and V§,.
We shall call the latter matrices the expanding and the contracting Jaco-
bian matrices at = (their dimensions will be d® x d® if d* is the dimension
of the manifolds W%, a = u, s).

Note however that such matrices will be smooth functions of x along the
(smooth) manifolds W of any given point g, but they will only be Holder
continuous as functions of x as x varies in ). The Hélder continuity expo-
nent can be taken to be aw < 1 and the Holder continuity modulus C' as well
can be taken to be independent of the point x if the comparison involves
close enough points (how close may depend on the choice of «).

We consider for simplicity only the two-dimensional case: but most of what
we say carries over to the higher dimensional cases simply by replacing
the contraction and expansion coefficients by the absolute values of the
determinant of the expanding and contracting Jacobian matrices. The latter
are Holder continuous functions on 2.

(4.3.2) Definition: (Local expansion and contraction coefficients and
exponents)
Let (2,5) be a bidimensional Anosov system with a Markovian pavement
Q=A{Q1,...,Qq} built with S—rectangles. Let T be its compatibility matric
(see definition (4.1.3)) and call X the corresponding code X : {1,...,q}% —
Q. We set

A () =

()

‘dsfl (4.3.4)

dg
where the subscripts indicate the derivative of S considered as a map from

the stable or unstable manifold at x into the corresponding manifold at S(x)
and & represent the arc length parameterization of these manifolds. They

L A= @

u S
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will be called the local expansion and contraction coefficients, while (the
opposite of ) their logarithms

Au(g) = —log\; (X (),  As(g) = —logAs(X(2)), (4.3.5)

defined on the space of the compatible sequences o € {1,.. .,q}%, will be
called the local expansion and contraction exponents or rates.

Remarks: (1) For all € Q one has

M-1

M-1

‘dS’M

‘dSM
d¢

Au(s*x)‘*l = @ As(SF2)

()

) )

(4.3.6)
by the differentiation rules and by the covariance of the manifolds W} and
Wi cf. (4.2.5).

(2) Note that in an adapted metric, see definition (4.2.1), A\, A5 will be
everywhere < A < 1, and of course > 0. However in general it might well
be otherwise: the values of the local expansion and contraction coefficients
can be quite arbitrarily changed by changing the metric on Q. Of course
eventually for large M both quantities in (4.3.6) will become < 1.

(3) The definition of smooth hyperbolic system implies that the functions
(4.3.4) and (4.3.5) are Holder continuous in = € €. Since the code X is
Holder continuous as well (cf. definition (4.1.3)) we deduce

|Aa(g) o Aa(g’)| < Ce—HV(Q,g/), a=u,s, (4.3.7)

with suitable positive C and &, if v(g, o) = max{j|oy = o}, for all |k| < j}.
In other words ¢ — A4 (o) is “Hélder continuous” on the space {1,...,¢}%.
It is convenient to find a representation of A, in terms of potentials.

(4.3.1) Proposition: (Contraction and expansion potentials)

Let (Q2,5) be an Anosov system and let Q = {Q1,...,Qq} be a Markovian
pavement of ) with compatibility matriz Ty, . Consider the local expan-
sion and contraction exponents A,(c) defined by (4.3.5). Then the function
Au(o) can be written as a sum of cylindrical functions:*

A.(g) = constant + Z D51 (O o), a=u,s, (4.3.8)

n=0

where the functions ®*, ®°  which will be called the expansion and contrac-

tion potentials, are defined on the T —compatible strings of 2n + 1 symbols,

2n+1

i.e. on{l,...,q}7"", and decay exponentially in the sense that

|(I)gn+1(0—na---aan)| < Oeil{n (439)

1 A function on {1,.. .,q}Z is called cylindrical if it depends only on the values of o
corresponding to a finite number of labels j.
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for suitable positive constants C, R.

Proof: To check (4.3.8) and (4.3.9) let ¢° € {1,...,¢}% and let z > 0 be such
that TZ,, > 0, for all pairs o,0’: such z exists because of the topological
transitivity and mixing properties of Anosov systems %see problems [4.1.19],
[4.2.10]). We construct ¢, o', o%,... € {1,...,q}% by “chopping” the
sequence g at sites +j and “attaching” to the right and to the left of it the
semi-infinite strings read out of the parts of ¢ with positive or negative
labels. This will be done so that the sequence o' has the entry with the
label in the site 0 coinciding with the corresponding entry of ¢, while it
coincides with ¢¥ in the sites j with |j| > 2, o2 coincides with ¢ in the sites
between —1 and 1 and with ¢° in those with |j| > 1 + z, ¢® coincides with
o between —2 and 2 and with ¢ in the sites with |j| > 2 + z, etc.: the 2z
insertions “between” o and ¢° are each time made arbitrarily (and they are
possible because T, > 0, by our choice of z). Set constant = A,(c°) and

(I)gn—i-l(o—fnv sy Un) = Aa(gnJrl) - Aa(gn); (4310)

then equations (4.3.8) and (4.3.9) follow immediately from (4.3.7), i.e. from
the Holder continuity of the symbolic code and of the stable and unstable
manifolds. ]

We can now describe the action of the code X on the (normalized) volume
measure p® on Q (Sinai).

(4.3.2) Proposition: (Symbolic code for the volume measure)

Let (22,5) be a bidimensional smooth topologically mizing hyperbolic system
and let @ = {Q1,...,Qq} be a Markovian pavement with compatibility ma-
triz T (necessarily mizing, cf. problem [4.1.19]); let X : {1,..., q}QZa — Q be
the corresponding code. Let 1i° be the volume measure on Q associated with
the metric on Q and let mg be the measure on {1,..., q}% isomorphic to it
via X (cf. remark (1) following (4.1.11)).

(i) The measure mg has the following conditional probabilities:

mo(o’_,, ...o0lo5, 17| >n) sin p(X (¢'))

mo(a”, ..ol o;, 7] >n) ~ Sin @(X(Q")). (4.3.11)
- exp ( - Z[Au(TkQ/) — Au(Tkg”) + A, (Tﬁkg/) — A, (Tﬁkg”)]),
k=1

where Ag, Ay, are defined in (4.3.5) and satisfy (4.3.7), x — ¢(x) is the angle
between the stable and unstable manifolds in x, and o', d” are sequences in
{1,...,q}% whose values on the labels j with |j| > n coincide, i.e. o} =
o = a;j for|j| > n.

(ii) The restriction mg of mo to the o—algebra B(Z"Y), generated by the
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cylinders with base in 7", has conditional probabilities of the form

mg (ofy...ohloi,j>n)  f(o)) .
+ (N " ; - "
mg (og ...oploz.5>n)  f(a)
€4.3.12 o R (4.3.12)
cexp (= Y [Au(rte) - Au(rte)]).
k=0
where f >0 and //l\u are Hélder continuous functions on {1,..., q}QZa
(iii) Finally there exist 5, .1 : {1,...,¢}*"™* — R such that
Aulo) = Z q)gn-kl(gfn e On), Aula) = Z q)gn+1(00 o O2ny1),
n=0 n=0
€4.3.13 N (4.3.13)
for a =u,s and there exist constants C, k > 0 for which
el 314 |95, 1 (0—n...on)| < Ce—rn for all n > 0. (4.3.14)
Remarks: (1) Even though, at first sight, this may appear strange, it
is convenient to think of (4.3.13) in the following form. Let (®%)x-7z be
a family of functions parameterized by the finite subsets X C Z, ®% :
{1,..., q}Z — R, such that
P (cx) =0 unless X = (z,z2+1,...,2z + 2n), (43.15)
e4.3.15 % (oy) =5, 1(0x) X =(2,241,...,2+2n), o
for oy € {1,...,¢}% ={1,...,¢}*"*! and some z € Z. Then one has, or
one defines
AG(Q)E Z (I)GX(QX)) a=1u,s,
X centered on 0
Xaoz D% (oy), a=1u,s,
() 2. xlex) (4.3.16)
e4.3.16 XSO,XCZ+
— e [OX3
Aa(g) d:f Z X(QX), a=u,s.
= X
The above notations are useful for later use and for a quick check of the
following algebraic identity that will be used below:
Z[Aa (TFa') — Au(T*a")] = Z[A\a(TkQ/) — Aq (T*a")+
k=1 k=0
+W(d) - W(a"),
=3 k k = i k - k (4317)
eAsaT Y [Aurte) = At e = Y [Au(r" ) = Au(7"e")] =
k=—o00 k=—oc0
400 .
= Z [Aa(TkQ/) Aa(TkQH)]a
k=—oc0
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where W is a suitable Holder continuous function on {1, ..., q}% and o/, o”
are defined after (4.3.11) (the check is left to the reader).

(2) If one follows the steps of the proof by considering the particular case
of the paradigm of the Anosov systems, i.e. Arnold’s cat map,

_m2 gty (L 1) (e _ dprdey
Q=T y S <¢2> = (1 2) <¢2>, /Lo(d(pldtpg) = (27‘[‘)2 , (4318)

with @ an arbitrary Markovian pavement, one should realize that in this
case the proof is very simple because the necessary computation of several
limits becomes trivial.

Proof: We prove (4.3.11) in the case n = 0. The proof however can be
immediately adapted to cover the arbitrary n > 0 case. Let ¢’ and ¢ €
{1,...,¢}% with o} = o = o for [j| >0, and set X(a') =z, X(¢") = v,
assuming, furthermore, that z,y ¢ U]_, 0Q,. By Doob’s theorem (cf. the
part of the proof of proposition (3.2.1) that follows equation (3.2.25) and,

in particular, equation (3.2.28)) one has, m—almost everywhere,

—N...—.1 0 1...N
mO(Co;N...O',lo'éal...aN )

mo(oglog, i1 >0)

mo (g, |31 > 0)  Nooemo(C Nt 5 N

(4.3.19)

— ¥ SVQ, .

s Qo

)\ §\>S—NQUN

5 Y

Fig.(4.3.1) The angle ¢(z’) is marked in the dashed region (in general it is not
90°) around the corner denoted z’ in the text; the marked corners represent =’/ and z'’’
(with the first up and the latter on the left of z’); the shadowed region represents the
intersection OHNS’ngj, with oo = o).

61

S

A schematic geometric representation of the numerator of the second mem-
ber of (4.3.19) is in the drawing in Fig. (4.3.1): the shadowed rectangle is
—N..0..N

precisely C Nl on: Note also that such a small rectangle has sides
NGl

< aXtV if « is the largest diameter of the elements of Q and \ is the hy-
perbolicity parameter entering in the definition of smooth hyperbolic system
(cf. definition (4.2.1) in §4.2.) The area of the rectangle is 2

|0%] - 16%| sinp(x) + higher order infinitesimals, (4.3.20)

2 By higher order infinitesimal one means o(A2%), whereas the first term in (4.3.20) is
o(\2N).
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where, see caption to Fig. (4.3.1), 6% and ¢ are the segments 2’2" and
'z, |6F| and |0%| are the corresponding lengths (in the S—adapted metric
considered here), and ¢(z) is, up to higher order infinitesimals, equal to the
angle p(z') between them (always in the considered metric). By definition
of mg (4.3.20) is also the mg—measure of the cylinder C;f\]fv o0 N

.U[G...G'N'
One repeats an analogous argument for the cylinder CU_J\JIV 2}}' J;[N and,
N Ty
therefore, the limit (4.3.19) coincides with
sinp(@) -y, 1ol 10 (4.3.21)

sin p(y) N=oo |04 - |6Y]

If we call 2/, 2" the extremes of 62 and y', y” the extremes of 0¥ we see that
2/, 2" are on the same unstable boundary of SNQ,_, and, likewise, v/, "
are on the same unstable boundary of SVQ,_,, see Fig. (4.3.2), although
of course the segments 0 and J; may be very far from each other as the
first is inside @,; and the second inside @,y with oy F# 0§

We can therefore write, for all £ with 0 < k < N,

7] |sEshar]  (TThoy At (892))|S% a3 4322
ou] — ISTRSROEL (T, At (Siy)) |5kl -

j=1"\u

where 2’ and y’ tend, respectively, to x and y for N — co. We can remark
that k is arbitrary, so that we conveniently choose it to be k = wN with
w € (0,1) to be fixed below.

Since the points S7z’ and S’y are on the same stable manifold they get
close exponentially fast and their distance is < M, see Fig.(4.3.2).

"1,

Q06 SC” 7 Qag

/

Y

Fig.(4.3.2) The points 2/, 3y’ and "/, y"' are, respectively, on the same stable manifolds
because their symbols coincide at all sites different from 0 so that they are on the same
“vertical” boundary of SN Q,_ ~ - However they lie in different elements of the Markovian
pavement (namely Qo(/) and @ 06/).

The Holder continuity of A\, (z) therefore implies that the ratio of the prod-
ucts in (4.3.22) converges as k = wN — oco. The two arcs S“V§% and
S@N§Y become very close to each other and their distance is of the order
of < O(A“YN) because they are on the same stable manifolds and initially
they are far away at a distance of order 1. Considering that the initial
length of 6% and ¢ is O(AY) we see that although their extreme points
(', 2" or y',y") grow quite far from each other these segments stay short,
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sM 1 S]Wy”
A(lfw)N QUM
—
SM ./ SZ\/Iy/
)\wN

Fig.(4.3.3) The result of the application of a large iterate M = wN of S to the
region z/,z",y’,y” in Fig. (4.3.2) if the segments (z’,2”) = 6% and (v/,y"’) = 5} are
short enough. The stable manifold arc z’, y’ becomes very short while the arcs =/, 2’/ and
y’,y"” remain short because they were extremely close and, for large N, wN = M < N.
The result is that the S™ image of the rectangle =/, 2,3/, y" is small in all directions
and if w is chosen close enough to 1 (but < 1) it will look like a rectangle which is very
elongated vertically, i.e. in the unstable direction: d(SMz’, SMy’),d(SMa" SMy") «
d(SMg! SMxy d(SMy', SMy"). In the figure the two dimensions of the rectangle are
drawn of the same order of magnitude and the rectangle is drawn so big for illustration
purposes but it should be much smaller than the enclosing rectangle Qo ,, -

i.e. OAI=9IN) Therefore we can find 0 < w < 1 such that for M = wN
the picture is as in Fig.(4.3.3).

The angles between the four sides of the rectangle vary quite smoothly
(i.e. Holder continuously), therefore the ratio between the lengths |S™ 6|
and |SM§Y| gets as close to 1 as wished for N — oo: this, together with a
symmetric argument to study the ration |6%|/|6Y|, yields the conclusion

5T £ A Y(Skx) 6% 1 As(S7Fx)
N %o 0Y ]]-;[1 it (Sky) NYoo Y ,}1 As(S7Fy) (13:23)

This proves property (i).

To show property (ii) one proceeds analogously and the details are omitted.

The statement (iii) is a consequence of (4.3.8) and (4.3.9) and of the explicit
equations that are derived to obtain (4.3.12): one thus deduces naturally an
expression for the f in (4.3.12) and its Holder continuity. Details are again
omitted: essentially identical arguments will be exposed in detail in Section
§(5.3) in connection with a similar problem and the reader can refer to it.
]

A corollary of the above proof, in particular of the argument leading to
(4.3.23), is the following version of Fubini’s theorem

(4.3.1) Corollary: (Adapted Fubini’s theorem)
Let (M,S) be a two-dimensional Anosov map. Given xo € M consider
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the rectangle R = W§(xo) x Wi (zo) where § is small enough so that the
point [x,y] is uniquely defined (cf. Fig.(4.2.1)). Then the volume of a subset
E C R is given by

po(E) :/ day/ doy-
Wit (o) W (z0)

sina(ya]) [[ 2Pl 2D ),

i=1

(4.3.24)

where doy,do, are the area measures (i.e. arc length) on W (xo), W5 (x0)
and o([y, x]) is the angle between the stable and unstable manifolds at [y, x].

This result in fact is general and it holds in any dimension. An interesting
similar result will be mentioned in Section §(6.2).

Problems for §4.3

[4.8.1]: (Markovian interval maps)
Consider a continuous map S of [0,1] into itself. Suppose that S is of class C11¢ & > 0,

in [ai,ai+1] = Q4, 1 = 0,. — 1, where apg =0 < a1 <a2 <...<ap-1 < an = 1.

Suppose that |S’(z)] > A > 1 for all z € [ai,ai+1] (at the extremes one should interpret

S’ as right or left derlvatlve) Fmally assume that S is “Markovian”: for eachi=20,...,n

there is j(¢) such that Sa; = a;(;). Set Toor = 0 if S(ao,as+1) N (ag/,a5r41) = 0 and
zZ

T, = 1 otherwise. Show that the code that associates with ¢ € {0,...,n — 1}T+ the

point

X o—k
X(Q) = kQOS on

is Holder continuous in the sense that |X(¢) — X(¢/)| < C d(g,o’)*, with C > 0 and
a = log A.

[4.8.2]: Denote by ¢os : [Sas,Sac+1] — [ao,ac+1] the inverse function of S on
[Sas,Sag+1] (“o—th branch of the inverse S~! of S”). Show that the function E(Q) =
—log ¢, (X (o102 ...))| is Holder continuous on {0,...,n — 1}Z.

[4.8.3]: (Coding of Lebesgue measure via a Markovian interval map)
Show that the Lebesgue measure po on [0,1] is coded by X into a measure mgo on

{0,...,n— 1}?+ such that

mo(oh - Thlonts ... ,exp( Z[A(T ~Aeten)),

mo(of ... on|ont1 ..

where 7(cgo1...) = (01...). Note that the sum is, in fact, finite. (Hint: One repeats
the argument leading to (4.3.23): however in this case it becomes much simpler.)

[4.3.4]: (Ezpansive maps and Markovian pavements)

Give a definition of Markovian pavement for an expansive map of a compact topological
metric space inspired by the previous problems and by the definition (4.1.3). Here we say
that S is expansive on © (a metric compact space) if there exist A < 1 and € > 0 such
that d(z,y) < A-d(Sz, Sy), for every pair x, y such that d(z,y) < €; and furthermore
the equation Sy = y’ has only one solution y such that d(z,y) < €/2 for every z such
that d(Sz,y") < e/2.

[4.3.5]: (Interval maps and invariant absolutely continuous measures)
Show, in the context of problem [4.3.3], that the condition for the existence of an S—
invariant measure = hpo absolutely continuous with respect to pg is that there exists
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a solution to the equation in Li(mo)

n—1

h(oooioz...) = Z e_A(U/anl‘“)h(o'Uool o)

o’/=0

mo-a.e, if we set h(c) = h(X(c))). (Hint: Write the condition Z(E) = m(S™1E), that
is

n—1
@)=Y I¢h @) hlpe (@) @€ L(uo)

o/=0
in the symbolic variables ¢.)

[4.3.6]: (A non-generating Markovian pavement for the square root of Arnold’s cat
map)

2 1
1 1
two eigenvectors of S with components (1, Ay —1) and (1, A= — 1) where Ay = (34++/5)/2
are the eigenvalues of S. Construct the pavement formed by three rectangles with sides
parallel to v¥ as in Fig. (4.3.4).

Consider the map of T? into itself defined by the matrix S = ( ) and let v¥ be the

Fig.(4.3.4) The pavement of problem [4.3.6] with three rectangles whose sides lie on two
connected portions of stable and unstable manifold of the fixed point at the origin.

Check that it verifies the property (4.1.7). Show that nevertheless it is not a Markovian
pavement according to definition (4.1.3) (see remark (5) after that definition). Show that

the same pavement is also not Markovian for the map of T? generated by the matrix

11
So={71 o

showing that it is

and note that Sg = S. Compute the transition matrix for the latter map

T =

W N =

—_ o
cor N
OO W

and that Tg > 0 for all 4,5 = 1,2,3. (Hint: The property (4.1.7) follows simply because
the unions of the boundaries consisting of stable or of unstable manifolds of the origin
are connected and therefore invariant under S or S~ respectively. It is not Markovian
because the sets in (4.1.3) do not consist of a single point, so that the property (i) in
definition (4.1.3) is not fulfilled. The image of the rectangle labeled 1 (for instance)
crosses the rectangle labeled 2 in two sets with disconnected interiors.)

grestore

[4.3.7]: (A generating Markovian pavement of the square root of Arnold’s cat map)
Consider the partition in Fig.(4.3.5) and show that it is a Markovian partition for the
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N
2

Fig.(4.3.5) A Markovian pavement (left) for the square root Sp of Arnold’s cat map.
It is obtained from the partition in Fig. (4.3.4) by continuing a little further the stable
manifold of the origin breaking into two parts the rectangle labeled 2 (whose large size
was responsible for the non-Markovian nature of the pavement in Fig. (4.3.4)). The
images under So of the pavement rectangles is shown in the right figure: corresponding
rectangle are marked by the same colors.

square root Sp of Arnold’s cat map with transition matrix

W N

=
O OO~ N
OO O~ W
O OO B

and check that T:U, > 0 for all 0,0’ =1,2,3,4.

[4.3.8]: (An ezample of a hyperbolic algebraic map on TB)

The compatibility matrix of a Markovian pavement may define a hyperbolic algebraic
map on a torus of dimension equal to the number of elements of the pavement. Check
that this is the case for the matrix T in problem [4.3.6]. Check also that this is not the
case for the matrix 7, which is the compatibility matrix of a generating pavement, in
problem [4.3.7]. (Hint: The characteristic equation for the eigenvalues of the matrix T of
problem [4.3.6] is A3 = X\ + 1 and the eigenvector corresponding to the largest eigenvalue
X (spiral mean) is (1, A\, A~1). This is a vector with rationally independent components,
see problems [8.1.2], [8.1.4] and [8.1.4] below.)

[4.8.9]: (A simple construction of Markovian pavements for two-dimensional Anosov
systems)

Show that the construction of Markovian pavements in two dimensional Anosov systems
admitting a fixed point can be easily obtained by generalizing the construction in problem
[4.3.6], i.e. by drawing a connected part of the stable and unstable manifolds of the fixed
point and letting them “go around” until they form a net whose elements have a diameter
smaller than a prefixed § (using the density of the stable and unstable manifolds, see
problem [4.2.18]) and stopping the drawing of the stable manifold when its extremes
cross the unstable manifold and viceversa, as done in the illustration in Fig.(4.3.4).

[4.3.10]: By problem [4.2.18]) also the stable and unstable manifolds of a periodic point
are dense. Furthermore Anosov systems admit a dense set of periodic points, as problem
[4.2.13] shows. Show that this implies that the construction in problem [4.3.9] can be
estended to Anosov systems which have no fixed point. (Hint: Let 2o be a periodic point
for S with period p. Then z¢ is a fixed point for the Anosov map SP and the stable
and unstable manifolds for SP and for S are the same. Then we construct a Markovian
pavement Py with the method of problem [4.3.9] and, by the argument discussed in the

proof of proposition (4.2.1), at item (C), ﬂ?;& SIPy is a Markovian pavement for S.)
Bibliographical note to §4.3

The idea of using Markovian pavements to code symbolically topological
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measures associated with an algebraic hyperbolic map of the torus is due
to Adler and Weiss, [AW68], and Sinai, [Si68a], [Si68b], [Si72], who proved
and applied various versions of proposition (4.3.2). Another interesting
application to the theory of systems endowed of an attractor that verifies
the axiom A of Smale is in [Ru76]. Markovian maps of the interval have
been studied by several authors, see for early contributions [Ru77], [PY79]
and [CE80a].
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CHAPTER V

Gibbs distributions

85.1 Gibbs distributions

The study of the general structure of dynamical systems, begun in the pre-
vious sections, could continue and constitutes one of the directions in which
ergodic theory can be developed. We shall, however, look in a somewhat
different direction dedicating attention to a few concrete problems that do
not belong to the general theory. The more concrete studies involve analytic
work of “classical” type and are more directly related to the applications.

In the previous sections, for instance in proposition (4.3.2), we faced for the
first time, in implicit form, the following problem: given a probability dis-
tribution on {1, ..., q}% described by its family of conditional probabilities,
under which conditions do the latter determine the probability distribution
uniquely?

If the conditional probabilities are assigned in a form similar to (4.3.11)
or (4.3.12) with the functions A, having the form (4.3.13) or (4.3.16) the
problem is known as the “determination of a Gibbs distribution from its
potential”.

To proceed orderly it is convenient to set up a general definition and an ap-
propriately suggestive nomenclature, in spite of a few repetitions of notions
and definitions already discussed previously in different contexts.

Let T be a (n+ 1) x (n+ 1) compatibility matrix, with entries equal to 0
or 1, and let Q = {0,...,n}% = {a|a € {0,...,n}%, [1*X Ty.0s,,, = 1} be
the space of the T—compatible sequences, cf. definition (4.1.1).

We shall say that the cylinder C/ with base J and specification g (J =
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{j1,---,Jq} C Z, o € {0,...,n}7) is a T—compatible cylinder if C:/ N
{0,...,n}% £0.

If A C Z is a set, finite or not, B(A) will be the o—algebra generated by
the cylinders with base in A. If A is finite with |A| elements then B(A) is a
finite o—algebra with at most |[A|"*! atoms.

The matrix T is said mizing, cf. (4.1.1), if there exists an integer z > 0
such that T;;’/l > 0 for all 0,0" € {0,...,n}: the minimum value of such z
will be denoted a(T") and it will be called mizing time (or mizing length) of
T.

If T is mixing the dynamical system ({0,...,n}%, 7) will be topologically
mixing.!

If m is a probability distribution on Q and if A C Z is a finite set,? we can
define, for every T—compatible cylinder C(’T\A with base A, the probability
distribution on B(A€)

m'(E) =m(Cy NE),  E€B(A). (5.1.1)

Such a probability distribution is obviously absolutely continuous with re-
spect to the restriction of m to B(A€), which we shall still denote with
m, and the Radon—Nykodim derivative of m’ with respect to m will be a
(m, B(A°))—measurable function:

dm/
! he) = —— (' 5.1.2
g’ = mlgslape) = - (2), (5.1.2)
where the notation is admissible because ”fi—’s;(g’), being (m, B(A®))-

measurable, depends on ¢’ only via the restriction to A® of ¢’ : g/, =

(0%)jene-

The (5.1.2) is the probability of the event g, in A conditional to the event
alhe in A°.

Extending a convention, employed so far, we shall consider pairs J; and
JoCZ, JiNnJy=0,and if ¢; €{0,...,n}"* and g, € {0,...,n}”"? then
05,0, will denote the element ¢’ ,; € {0,..., n}71Y7%2 such that of = oy,
foralli € Jy U Js.

The following general definition of Gibbs distribution or Gibbs measure or
Gibbs state is obviously inspired by (4.3.11), (4.3.12) and (4.3.16); making
use of the notions and notations previously introduced we set the following
definition.

(5.1.1) Definition: (Potentials for symbolic dynamics)

Let T be a mizing compatibility matriz for the sequences in {0, ..., n}Z and
let a(T) be the mizing time of T, cf. definition (4.1.1). Let B the space

1 Given two open sets F' and G there exists Ng such that SNF NG # 0 for all N > Np.

2 We shall say that A is an interval or, equivalently, that it is connected if A is given by
the intersection of Z with an interval of R.
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of the sequences ® = {®x}xcz parameterized by the finite subsets of Z,
consisting in the functions

dx:{0,...,n}*¥ - R (5.1.3)

such that, having set ||®x| = max,cqo, .. nyx [Px(a)|, one has
(i) (Shift invariance) ® is invariant under translations of 7Z, i.e. for all
01y-..,0p

(I)X(O’l,...,O'p):(I)Tx(a’l,...,a’p), (514)
fX=(&,...,&) and X = (& +1,...,&+1).
(ii) (Stability) ® is “summable”:

Oy
lo=>" % < 4o0. (5.1.5)

X30
We shall say that B is the space of the potentials on {0, ... ,n}% =O. The
function on {0, ... ,n}jza (cf. the third of (4.3.16)) defined by

Ap(a) =) —@X)(?X) (5.1.6)

= Xl

will be called potential energy per site or energy function associated with ®.

Remark: In classical potential theory the energy of a configuration of
points on Z interacting via a potential ®(z,y) is written as

Z 0204 (z,y) = Z (Z %(z,y))v (5.1.7)

2 Z
el ve
(z,y)€L z v

where o, = 0 if the site z is empty and o, = 1 if it is occupied. This explains
the name given to (5.1.6) and why ® is called a many-body potential or, more
properly, a collection of many-body potentials. In the case of (5.1.7) one
can imagine that ®x = 0 unless X = {z,y} and ®y, ,y(0,0") = 00’ ®(,y):
this is the case in which the potential is a two-body potential.

In terms of potentials it is possible to give a general enough notion of Gibbs
distribution.

(5.1.2) Definition: (Gibbs distributions, DLR equations)

In the context of definition (5.1.1) we shall say that m € M°({0,...,n}%) is
a Gibbs distribution on {0, ..., n}% with potential ® € B if it is a probability
distribution on the Borel sets of {0, ..., n}? whose conditional probabilities
m(aylay,) are, m—almost everywhere, such that 3

“+o0

mieplga) (- b g (o
m(ajlae) p( k;m{A¢( o) — As( _)}) (5.1.8)

3 One refers to (5.1.8) by calling it Dobrushin—Lanford-Ruelle relations or simply DLR
relations; see also remark (5) after this definition.
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for every interval A C Z longer than a(T) and for o' = (ac\op.), o’ =
(cfone) €40, n}pt

Equivalently: m is a Gibbs distribution with potential ® if for every long
enough interval A one has, m—almost everywhere,

exp (- 2 RAAZD Cr(og))

ng exp ( - ZRHA#@ CDR(QIR)) ’ (519)

m(aplope) =

where (5.1.9) are interpreted as zero if o ¢ {0,...,n}%.

The set of the Gibbs distributions with potential ® will be denoted G°(®),
G(®) C GO®) will be the set of the Gibbs distributions on {0,...,n}%
which are invariant under translations,® Ge(®) C G(®) will be the set of
the ergodic Gibbs distributions with potential @, etc.

Remarks: (1) It is necessary to associate with this definition an existence
theorem. Indeed it is by no means clear that Gibbs distributions exist, as it
is not obvious that translation invariance of the potential implies translation
invariance of the relative Gibbs distributions. In fact shift invariance is not
in general a consequence of the shift invariance of the potential. We shall not
meet such “pathologies” in what follows because the potentials we consider
will have further properties which allow to exclude them.

(2) Equivalence between (5.1.8) and (5.1.9) follows from (5.1.6) and from
the observation that

Y {As(ra) = Aa(rFe)} = D {Prlck) — Prch)},  (5.1.10)

k=—0c0 RNA#D

that is obtained from the definitions. Furthermore in (5.1.10) the sum can
be decomposed, as shown by the right hand side, into 2 absolutely conver-
gent sums. This shows immediately that m(c,|o,.) must be proportional
to exp(— > graxp Pr(cr)). The denominator in (5.1.9) is precisely the
normalization coefficient determined by the condition ) m(g,la.) =1,
which holds because m(g,|g,.) is a conditional probability.

What said so far is correct for every connected A C Z provided all the
elements of T" are positive. In the general case, if T is only mixing, it is nec-
essary to consider in the previous argument only 7T—compatible sequences.
This does not present particular difficulties provided A is a large enough in-
terval (at least longer than a(7")). If A is too short and T has many zeroes
it could happen that the denominator of (5.1.9) is zero for some o because

4 More precisely: chosen o € {0, .. .,n}? m—almost everywhere and chosen g/A, gx €
{0,...,n}2 then (5.1.8) holds provided A is connected and of length larger than a(T),
where a(T) is the mixing time of T. The latter condition is needed to make sure that
the denominator in (5.1.8) or (5.1.9) does not vanish.

5 We call a distribution m on {0, ..., n}% invariant under translation if 7m = m where

the action of 7 on the probability distributions is obvious: we set (tm)(E) = m(r~1 E),
for all E € B.
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there might be no possibility to match the sequence g,. outside A with at
least one sequence g, internal to A so that gyg,. is T—compatible. In the
latter case the definition becomes more involved as one has to appeal to
the fact that sequences g with probability 1 will be compatible: we simply
state as a part of the definition that A be connected and long enough to
avoid having to deal with the problem, as it is not necessary to do so. Of
course once the conditional probabilities relative to an interval A are known
the ones relative to shorter intervals A’ C A are also determined so that
requiring property (5.1.9) for long intervals L is not restrictive.

(3) The reader familiar with the theory of Markov processes will recognize
without difficulty that the case ®x = 0 if |X| > 2 or if X = {z,y} is
not a pair of nearest neighbors corresponds to the case of a mixing Markov
process: hence Gibbs processes, i.e. Gibbs distributions, constitute a (non-
trivial) generalization of Markov processes.

(4) We shall denote the expression (5.1.9) with the symbol pg (g |oa.) and
its denominator will be called simply the “normalization”.

(5) The properties (5.1.8) and the equivalent (5.1.9) are called DLR equa-
tions. Here they are taken as defining properties of Gibbs distributions.
However in other approaches the Gibbs distributions are defined in a differ-
ent way and the DLR relations become theorems. See also Section §(6.1).

Before discussing some properties of Gibbs distributions it is convenient to
set the following definition.

(5.1.3) Definition: (Bulk and surface energies)
In the context of the definitions (5.1.1) and (5.1.2), let ® € B, Q €
{0,...,n}%, A CZ, |A| < +oo, and set

(i) UR@) =) ®rlep),

RCA

(ii) Us(a)= Y ®rlog), (5.1.11)
RNAH#D

(iii) Er(g) =Y Ae(r0),
JEA

which we call, respectively, the energy of g, in A, the energy of g, in A
with boundary condition g ,. outside A, and the contribution of A to the
energy of the configuration g. Furthermore we set

Ua(e) = Ea(a) + Da1(a), UR(c) = Exn(g) + Dap(o),  (5.1.12)

and, finally,
e = sw  (IDaa@)] +[Daz(@)), (5.1.13)
26{07"'177’}%"
ena =¢(la,a+1,a4+2,...,a+ N —1]), (5.1.14)
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and Dp 1(a), Da 2(c) will be called surface corrections or surface terms.

Remarks: (1) The names come from the form and the interpretation of
equations (5.1.11)+(5.1.14) in the case of the theory of the potential dis-
cussed in the remark to definition (5.1.1): the reader should write the various
quantities just defined in that case.

(2) Note that [US(2)], [Ua(@)], |Ex(a)] < [[]] AL

(3) With the new notations the r.h.s. of (5.1.9) is written as

exp ( —Ux (Q))
- ep(=Uala) 1.1
pao(aplose) normalization ' (o:1:49)

and it is an expression that makes sense without referring to any distribu-
tion m. It will be called the “probability of the configuration ¢, in presence
of the external configuration g,.” and we shall say that it is “proportional
to the exponential of the opposite of its energy”. In Statistical Mechan-
ics the probability distributions, on the space of the configurations of a
system, which associate with a configuration a probability proportional to
the exponential of —U, if U is the energy of the configuration, are called
Boltzmann—Gibbs distributions and have great importance for Physics.

(4) An immediate consequence of the finiteness of the norm ||®|| is that

lim ey.q/N =0, (5.1.16)
N—o0

that explains the name of “surface corrections” used for Dy 1(c), Da 2(0).
The reader should check that if B® C B is the space of the finite range
potentials, i.e. of the potentials ® € B with ®x = 0 except for a finite
number of sets X, then

eN.a < ||| Ra, (5.1.17)
where Rg is defined by
= diam (X 1.1
Ry nax iam(X), (5.1.18)

and is called the range of ®.
We conclude this section by proving the following proposition.

(5.1.1) Proposition: (Existence of Gibbs states)

If T is a mixzing compatibility matrix with labels 0, ... ,n and if ® is a poten-
tial on {0,...,n}” then the sets GO(®) and G(®) are not empty: therefore
there exists at least one translation invariant Gibbs distribution with poten-
tial ® € B, cf. definition (5.1.1).

Proof: To check the proposition we begin with a general remark on prob-
ability distributions on spaces of sequences: as implied by the definition
of conditional probability a function ¢’ — m(ag,|a)\.) is the conditional
probability of the event Cf,\A with respect to the o—algebra B(A°) and to
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the probability distribution m if and only if, given arbitrarily two func-
tions ¢ — f(g,) and g — g(g.) continuous and, respectively, B(A) and
B(A€)-measurable, the following Fubini’s conditional integration holds

[ toam =3 [ angter miaslimldzy.) (5.1.19)

where, for ease of notations, we do not use a different symbol for the prob-
ability distribution m on B and for its restriction to the o—algebra B(A€).

Note, furthermore, that ® € B (so that ||®|| < oo, see definition (5.1.1))
implies that ¢ — pa(ga|oye), defined by the (5.1.15) with A large enough,
is a continuous function of the variable ¢ € {0, ...,n}%.

We first show that G(®) is a convex and compact (possibly empty) set
if it is regarded as a subset of the space of the probability distributions
MO({o,..., n}%) thought of, as usual, as a topological space with the weak
topology induced on it by the continuous functions on {0, ... ,n}%

Indeed (5.1.19) written for m; and my in G%(®), i.e. with m(g, |g,,) =
pa(ay |y, ) in both cases, implies that also am + (1 — a)ms, a € (0,1),
is in GY(®) (as we see by performing the suitable linear combination of
(5.1.19) written for my and mg). Furthermore, if we consider a sequence
of probability distributions mj € G°(®) weakly converging to m and we
write (5.1.19) for my we see that, due to the continuity of f, g and pg as
functions of g, also m € G°(®), i.e. that G°(®) is closed (hence compact).®

Another preliminary observation is that if ®* € B, k = 1,2,... is a se-
quence of potentials in B which converges in the norm (5.1.5) to ® € B
and if my, € GO(®*), k = 1,..., is a corresponding sequence of Gibbs dis-
tributions converging to a probability distribution m, then m € G°(®)
(continuity of Gibbs states as functions of their potential). In fact the con-
vergence of ®* to a ® in B implies, as it is immediate to see, that for every
A={=N,...,N}, N > a(T), the limit

i per(aplone) = pe(aalgac) (5.1.20)
—00
takes place uniformly in o € {0, ..., n}qza Therefore, due to the uniformity

in ¢ of the limit (5.1.20), equation (5.1.19) written for my implies that
m € GY(®) (by taking the limit k — o).

From the latter considerations and from the metric compactness of the
space M°({0,...,n}%) of the probability distributions on {0,...,n}% it
follows that it will suffice to show that GY(®) # 0, for all ® € B, where
B° C B is an arbitrary subset of B which is dense in B in the norm (5.1.5).

6 We always consider the weak topology on the space of probability distributions, i.e. two
probability distributions are close to each other if the integrals that they attribute to a
finite large enough family of continuous functions are close to each other, see footnote
1, Section §2.3. In this topology the space of the probability distributions on a compact
separable space is compact.
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This will also show that G(®) # 0: indeed if GY(®) # () we shall be able
to consider, given my € G°(®), the average over translations

N-1
m§V(B) = NN mo(r*E),  EeB(0,...,n}%), (5.1.21)
k=0

which is a convex combination of elements in G°(®) because if m € G°(®)
also E — mg(TE) is a probability distribution in G°(®) (as follows from
the translation invariance of ® and pe and from (5.1.19)).

Every limit point of the sequence mgN) defined in (5.1.21) is in GY(®),
since GY(®) is closed, and furthermore it is obviously 7—invariant, i.e. it is
in G(®), which, therefore, is not empty.

It remains to show that G°(®) # () for ® in a dense set B C B: it is
natural to select the set B® to be the set of the finite range potentials (cf.
remark (4) to definition (5.1.3)). If ® € B° we denote by Rg its range, as
in (5.1.18), and define a sequence of “approximate” Gibbs distributions via
the integrals that they assign to continuous functions.

Let & be a configuration arbitrarily chosen in {0, ...,n}% (which will be
used to define a boundary condition) and let Ay = [—k, k], & > a(T). We
define

p— / -
e UAk (EAkQAz)

[ Hm ™ Y rengs) 1)

’
ag "
A T,

17 -~
e*UAk (g%, oa¢)

where the two sums are over the configurations g and g{, € {0, ... ,n e
compatible with &, i.e. such that gkkﬁj\c as well as ka 8,\2 are sequences
k

in {0,... ,n}% The sums in the denominator involve at least one positive
element because k > a(T'). It should be noted that my 5 only depends on
o via QAZ : in other words fixing & actually is a convenient way to fix a
sequence of boundary conditions on the intervals Ay.

We can compute the conditional probability my(c o) of the probability
distributions my just defined, finding

mi(oaloae) = pal(oploy.)  forall g€ {0,...,n}% (5.1.23)

for every interval A = [a,b] such that |A| > a(T") and A is “well inside” Ay,
i.e. Affe = [a — R, b+ R@] C Ay.

Therefore my, fails to verify (5.1.9), i.e. fails to be in G°(®), “only” because
its validity is restricted to A well inside Ag. Hence it is natural to take the
limit & — oo: let my, — m be a convergent subsequence extracted from the
sequence {my}eN-

Imagine to write (5.1.19) for cylindrical functions f and g (i.e. for functions
dependent on ¢ via the values of o; corresponding to a finite number of
j € Z); then the k—independence of the r.h.s. of (5.1.23) (for Ay, D A)
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implies that the limit m, as k& — oo of the selected subsequence verifies
(5.1.19) for all pairs of cylindrical functions f, g.

By the density of the cylindrical functions in the continuous functions and
by (5.1.23), (5.1.19) extends to all pairs of continuous functions so that
m € GY(®) and G°(®), hence G(®) as well, is not empty. u

In fact the method of the above proof gives us also an approximation
procedure for the actual construction of an element of G°(®).

(5.1.1) Corollary: (Continuity of Gibbs states with respect to the poten-
tial)

Under the hypotheses of proposition (5.1.1) one has:

(i) G°(®) and G(®) are not empty, convex, compact and T—invariant.

(i) If o) == ® is a convergent sequence of potentials in B (convergence

in the norm (5.1.5) of B) and if my € GO(®™)) and my == m, then
m € GO(®); symbolically we shall write

lim G°(®) c GY( D). (5.1.24)
P~ P

i) If ®%) —— & in B and if my, € G(®®) and mj ——m, then m €
k—o0 k— o0
G(®); symbolically

lim G(®) C G(®). (5.1.25)
P — P

Proof: (i) and (ii) have been proved within the proof of proposition (5.1.1)
and (iii) is a consequence of (ii). u

Problems for §5.1

[5.1.1]: (Bernoulli shifts and Gibbs states)
Study the Gibbs state on {0, 1}% with potential ® x = 0 if | X| # 1 and Q03(0z) = h(og)
and prove that it is a Bernoulli scheme.

[6.1.2]: (A Markov process)
1 1 1
Study the Gibbs state on {0,1,2}2 with® =0and T = ( 1 0 1 | and prove that is a
1 0 0
Markov process. Compute its transition probabilities in terms of the spectral properties
of the matrix 7.

[6.1.3]: (Gibbs distributions on higher dimensional lattices)

Generalize the notion of Gibbs distribution to the case of the space of d-dimensional
sequences {0, I}Zd7 without compatibility conditions, replacing the translation 7 with
the group of the translations of Z¢ so that the statements analogous to proposition
(5.1.1) and to corollary (5.1.1) remain valid. (Hint: Just suppose that A is a finite cubic
region and require that (5.1.15) gives the conditional probabilities of configurations in A
when outside of A there is a fixed configuration.)

[6.1.4]: (Gibbs states and Markov processes in Z.3)

Generalize the notion of Markov process to the space of the sequences {0, 1}Zd. (Hint:
See problem [5.1.3] and suppose that the range of ® is 1, i.e. identify Markov processes
with nearest neighbour interaction Gibbs states.).
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[5.1.5]: (Averintzev—Spitzer theorem)

Consider the most general probability distribution on {0, 1}Zz with conditional probabil-
ity m(oola’) = p(oo|ojoholol) where 1,2, 3,4 are the 4 nearest neighbour sites of 0 and

ooa’ € {0, 1}22. Suppose, furthermore, that m is invariant under rotations (of 7/2) and
that p(.|...) > 0. Show that m is a Gibbs state with a potential ® which can be chosen
so that ®x = 0 if | X| > 2, é{i,j}(aivoj) =0if i —j| > 1, é{i,j}(aivoj) = Jo;oj if
li —jl =1 and @0} (00) = hoo.

[5.1.6]: (An equivalence condition for potentials)
If B is the space of potentials on {0, ..., n}?7 show that if ® and ¥ € B and if there exists

C € R and a continuous function F over {0,...,n}% such that Ag(c) = C + Ag(a) +
F(g) — F(rg), then G(®) = G(¥). (Hint: Use (5.1.8)).

[6.1.7]: (Potentials and Hélder continuous functions)

IftAeCyo,... ,n}%) is a Hoélder continuous function and if 7' is a mixing compatibility
matrix then there exist & € B such that A = Ag. (Hint: See proposition (4.3.2) and
equation (4.3.13).)

[6.1.8]: (Particle potentials)

Let B° be the space of finite range potentials. Under the hypotheses of problem [5.1.6]
with n = 1, T,or > 0, show that if ® € BO there always exists ¥ € BY such that
G(®) = G(¥) and ¥x(ox) = 0 unless o¢ # 0, for some £ € X. We say that ¥ is
a potential equivalent to ® and with ¢ = 0 as vacuum configuration. (Hint: Define ¥
recursively keeping in mind the equivalence condition in problem [5.1.6].)

[6.1.9]: (Ezistence of particle potentials)

In the context of the problem [5.1.8] find some sufficient conditions in order that ® ¢ B°
admits an equivalent potential ¥ (i.e. such that G(®) = G(¥)) with the property of the
V¥ in problem [5.1.8]. (Hint: The recursion suggested in the hint to problem [5.1.8] leads
to an expression for ¥ in terms of sums over values of ® over various configurations. One
just makes sure that the sums involved are absolutely convergent, including the sum that
provides an estimate for the norm ||¥||.)

[5.1.10]: (Open boundary conditions)
Assume that the compatibility matrix 7' has no vanishing entries. Replace in the r.h.s.
of (5.1.22) Ux, (gAkgAi ) with ka (gAk ) and f(gAkgA; ) with f(gAkQ) where 0 denotes

the sequence of symbols identically 0. This is equivalent to replacing mj with

- exp (= UR, (a4,))
- 5 ,
S e (- )
ik k

where 6(c AkQ) is the Dirac probability distribution concentrated on the configuration
that inside A coincides with an, and outside of Ay, is identically zero. The distribution

my, is called a finite volume Gibbs distribution with open boundary conditions when 0
is the “vacuum” for the potential ® in the sense of problem [5.1.8]. Show that every
limit point of the sequence my, is in GO(®) if ® € BY, where B is space of finite range
potentials. (Hint: Repeat word by word the proof of proposition (5.1.1).)

[5.1.11]: Same as problem [5.1.10] but replacing B° with the set B (in which B? is
dense).

[5.1.12]: Adapt definitions and results of Section §5.1 and the corresponding problems
to the case in which the matrix T is just transitive (rather than mixing).

Bibliographical note to §5.1 and §(5.2)
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The notion of Gibbs distribution represents an interesting product of the
close interaction that took place between Mathematical Physics and Theo-
retical Physics in the 1960’s. It was due to two main reasons. On the one
hand a large number of scientists with a basic formation and research activ-
ity experience in High Energy Physics became interested in the mathemat-
ical problems connected with their previous works. This was done within
the framework of a general rethinking on the foundations of a theory that
seemed to undergo a deep methodology crisis (field theory, i.e. relativistic
quantum mechanics, after the failure of its naive application to the theory of
strong interactions). On the other hand the need by several condensed mat-
ter physicists to refine the theoretical prediction instruments of statistical
mechanics in order to interpret the experimental results on phase transi-
tions (that were produced in great abundance thanks to the substantial
progress of the experimental techniques). The interest into rigorous results
developed mainly for the purposes of having reliable terms of comparison
to check the reliability of hitherto uncontrolled approximations needed to
solve delicate theoretical problems like the theoretical computation of the
critical exponents (made possible, to a previously unimaginable extent, by
the progress of electronic computational machines)

The notion of Gibbs distribution was developed independently in the West
(thanks mainly to the works of Ruelle, Fisher, Griffiths, Lanford, etc.) and
in the East (thanks mainly to the works of Dobrushin, Minlos, Sinai, etc.).

The more or less definitive formulation of the notion and of the basic prop-
erties of a Gibbs distribution can be found in the classical papers [Do68al,
[Do68b], [Do68c¢], [Do69], [Ru69] and [LRE9].

85.2 Properties of Gibbs distributions

For a better understanding of the nature and properties of Gibbs distri-
butions we shall discuss an important uniqueness criterion and some of its
simple consequences.

(5.2.1) Proposition: (Uniqueness of Gibbs distributions)
Let T a mizing compatibility matrix with labels 0, ..., n and with miring
time a(T). Let ® € B be a potential (see definition (5.1.1)) on {0, ... ,n}%
and suppose
(1 + diam(X))
el =) 7

@] < +oo, (5.2.1)
| X|

X30

(i) Every T—compatible cylinder has positive m—measure for all probability
distributions m € G(®) (hence every set of m—probability 1 is dense in

{0,...,n}%).
(ii) GO(®) contains a unique element m.

Remarks: (1) Condition (5.2.1) says that “the interaction energy between
the left half of a configuration ¢ and the other half is finite, uniformly in
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o))

o”: indeed the interaction energy of the left half of the configuration o with
the right half is naturally defined by

> Dplog) =W ,ob), (5.2.2)
RNZ4+#0, RNZ_#0

having performed the division of ¢ in the left half ¢~ = (0,),<0 and the
right half ¢ = (0;);>0. Then (5.2.2) is bounded above by (5.2.1) as

Wi(a™,a") <2 (5.2.3)

furthermore there exists potentials ® € B and sequences ¢ € {0, ... 7n}%
for which equality sign holds.
(2) Technically (5.2.1) or (5.2.3) will be employed to compare condi-

tional probabilities. For example if ¢’ = (...04-10)...0,0p+1...) and
" = (...Ga 10! ...0)Gyi1...) are in {0,...,n}% and if we set A = [a, D],
one has

pa(ol ...o)l.. .i;va—l?ib-i-l ) o o (PR~ PR(R)
p@(Ug...o'l/)’ .,.O’a,10b+1...) = (524)
< APl = D g (Br(R)—Pr(gR)

as it follows immediately from (5.2.1) and from the translation invariance
of ®.

Likewise if (...04—104...050b41) and (...0q—104...0p0p41...) are in
{0,...,n}% one has, if b— a > a(T),

p@(O’a N Ub| e ?’\aflt/f\b+1 .. ) S 68”@”1(” + 1)a(T), (525)
p3(0g...0p|...0a—10b41--.)
as we see starting from the explicit expression for pg, see (5.1.9) and (5.1.15),
and paying attention to the normalization factor.
(3) Note that (5.2.4) and (5.2.5) also imply lower bounds with ||®]|; replaced
by f||<I>||1 and (n + 1)T) by (n 4+ 1)~*T) | because of the arbitrariness of
a,d" g, 0.

Proof: In the proof of the second statement we shall suppose, for simplicity,
a(T) =0, i.e. Toer = 1.

Note that if m, m; € G(®) then m is absolutely continuous with respect to
m1, and viceversa, with Radon—Nykodim derivative between exp(—8||®||1)
and exp(8]|®||1). Indeed one has

m(Cet )= /m CebYymy(dg) =
= /ml(dﬁ)/m(dﬁ)pcp(aa ceiOp| et Ca—10bg1...) < (5.2.6)
< e8ll®lh /ml(dﬁ) /m(dﬁ)pcp(aa ceiOp| e Ca—10pt1...) =

= e8l®lh /ml(dﬁ)pcp(aa e OBl T 101 - .) = e8||‘1’”1m1(03;;_”_0b),
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having used inequality (5.2.5) in the third step.
The arbitrariness of a, b and oy, . .. 0p allow us to deduce from (5.2.6) that
for all £ € B

m(E) < 8l®hm, (B), (5.2.7)

that shows that m is absolutely continuous with respect to any probability
distribution m; with Radon—Nykodim derivative f that, by the symmetric
role of m and my, is in Lo, (m1) and

e 8lI®lh < flo) < SlI®lh my — almost everywhere. (5.2.8)

One has m = fm; and, at the same time, m and m; have the same
conditional probability pe(cs|ope), for all A = [a,b]: this implies that for

every A = [a,b] and every ¢!, o € {0,...,n}" one has
1
f(gé\g/\c) =1 m — almost everywhere in g 4., (5.2.9)
flaiaae)

which from a formal point of view is an obvious relation.!
If we set for £ >0

r(k) = /f(g)’“ml(dg), (5.2.10)

it follows, also, that (k)™ f*m, is (for every k € Z) a probability distribu-
tion of GY(®), since (5.2.9) remains valid if we replace f with the powers of
f itself. By (5.2.8) applied by selecting m’ = r(k)~! f*m; instead of m one
has

e8Il < (k)L R (g) < eSlIPlh my — almost everywhere, (5.2.11)

for all k € Z.

The relation (5.2.11) and the arbitrariness of k imply that f is constant
my—almost everywhere, i.e. m = m;. Hence G°(®) consists of a single point
and, therefore, G°(®) = G(®). This proves the statement (ii).

To show that m(C¢ b)) > 0 if C2 > is T—compatible we treat the
general case, since the case T,,» = 1 is easy but too special. Having set
J=la—a(T),b+ a(T)], let @; be a string such that m(CéJ) > 0 (which

certainly exists because otherwise m itself would vanish). Then

m(Cg,) = /P@(E.flgf]c)m(dg’) >0, (5.2.12)

and, hence, there exists a set D of configurations ¢’ such that m(D) > ¢
and po (@ lof.) > €, for ¢’ € D, for some ¢, ¢/ > 0. One can therefore
construct a configuration @ ;, T—compatible, that coincides with @ ; on the

1 A rigorous check of (5.2.9) passes through Doob’s theorem already cited in Section §3.2
after (3.2.25): we leave this to the reader although it is somewhat subtle.
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extreme sites a—a(T) and b+b(T') and with oy, . .., o in the sites in [a, b]: it

is clear that @ ; is T—compatible with ¢/, for all ¢’ in D. Hence (5.2.4), the

mentioned properties of m(D) and the strict positivity of ps (o ;|c’;.) when-

ever ¢ ; and ¢’;. are T—compatible immediately imply that also m(C’?"Z ) > 0.
ey

Since the cylinder C7 - Ubb that we are considering contains, by construction,
C’i} the result follows.

Note the great simplification of the above proof in the case a(T") = 0, i.e. in
the case in which all sequences are compatible. L]

(5.2.1) Corollary: (Ergodicity and mixing of Gibbs states)
Under the hypotheses of proposition (5.2.1) one has G°(®) = G(®) =
Ge(q)) = Gm(q))

Remark: Hence if ||®||; < 400 the corresponding Gibbs distribution m is
ergodic, and in fact mixing.

Proof: Let m be an arbitrary probability distribution on {0, ... ,n}qza, pos-
sibly not in G(®). Let B(c0),, be the m—complete o—algebra generated by
the functions of L;(m) that are B([—N, N|¢)—measurable for all N > 0.
The latter functions are often called functions measurable at infinity be-
cause their values do not change by changing any finite number of labels in
their argument ¢. They form an algebra that is called the algebra at infinity
of the probability distribution m.
If B([=N, N]¢), is the completion? with respect to m of B([—N, N]¢) one
has, by definition
B(co)m = N B([—N,N|)m. (5.2.13)
N>0
If f > 01is a B(00),—measurable function and if it is m—summable with inte-
gral 1, then the probability distribution m; = fm has the same conditional
probabilities, i.e. m(gs|o,.), of the probability distribution m. Indeed such
probabilities would be in general given by the left hand side expression in
the relation
flahan-)mlghlase) _ mlghlon:)
i i = - , (5.2.14)
flakans)m(ailas:)  mlaglaa.)

where the equality takes place because, if f is B(oco)-measurable, f(ag)\aa.)
= f(¢"g,.) since f must assume the same value on configurations that
differ only in a finite number of sites.

It follows that if m € G(®) one must have that B(co),, is a trivial o—
algebra: if indeed nonconstant B(o0),,—measurable functions f existed then
there would exist positive ones among them and bounded away from 0
and 400 (e.g. if f was such a function one could take (1 + |f(-)])/(2 +
[£()])). It could therefore be possible, by multiplying m by any of the
latter, to construct a Gibbs distribution fm different from m itself, against
the uniqueness shown in proposition (5.2.1)

2 See appendix 1.2.
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This implies that m € G,,,(®), i.e. that m is mixing. Indeed let f, g €
cyo,..., }QZa), consider the sequence of functions o — g(7*a), k= 0,1,...:
by the compactness of the spheres of Lo,(m) with respect to the weak
topology induced by L;(m) one can extract from the sequence a subsequence
g(t%ig) converging, always in the weak topology, as i — 0o to a limit
g(a@) € Loo(m) such that |||z (m) < max, |[g(a)].

It is however clear that g is B(co)—measurable because

lim |g(m*a’) — g("a")| = 0, (5.2.15)

k—o0

if o’ and ¢” differ only on a finite number of labels (recall that g is assumed
continuous). It follows that g is constant m—almost everywhere, hence

g = lim m(1-7%g) = m(yg), (5.2.16)

1—> 00
i.e. g does not depend on the choice of the subsequence. Therefore we
deduce that g(7%.) ———m(g) in the L;(m)-topology of L., (m). In other

. k—+o0
words, and in particular,

Jim m(f* g) = m(f) m(g) (5.2.17)

for every pair of continuous functions f and g and, hence, by density it
follows that m is mixing. ]

Remarks: (1) We have also shown that B(c0),, (and hence also B(—00),, =
NnsoB([—00, =N])m C B(00)m,) is a trivial o—algebra in the sense that all
functions measurable with respect to it are necessarily constant. The latter
property is, in general, stronger than mixing: the invertible dynamical sys-
tems ({0,...,n}% 7,m) such that B(co),, is trivial are called systems with
trivial algebra at infinity, while those for which “already” B(—00),, is trivial
are called K —systems or systems with trivial remote past.

(2) The notion of K—system is naturally generalizable to invertible metric
dynamical systems (2, S,p): let P = {P,..., P,} be a nontrivial parti-
tion of Q into p—measurable sets (i.e. n > 1 and p(P;) > 0 for all 4) and
let ({0,... ,n}Z,T, m) be the symbolic dynamical system associated with
the (S, P)-histories by (2.3.19) and proposition (2.3.1); we shall say that
(Q,S, 1) is a K-system if B(—o0), is trivial for all choices of P.

(3) An interesting property, among many, of K—systems is that one can
show (Sinai) that the triviality of B(—o0),, is equivalent to the requirement
that, for all nontrivial pg—measurable partitions, one has s(P, S, u) > 0, cf.
definition (3.3.2). We shall not enter into the discussion of the properties
of K—systems.

Problems for §5.2

[6.2.1]: (Fisher potential)
Consider the potential on {0,1}% defined as follows:
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(i) ®x(ox) =0 unless X = [a,b], b >a, and oy = (1,1,...,1),
(i) if X ={a,a+1,a+2,...,a+n}and 04 =0g+1 = ... = 0aqn =1
‘I’X(QX) =—o,.
Show that ||®|| = ZO:O [Pnl, 1Pl = Zo:O(n—l— 1)|®x|, and check directly the inequal-

ity [W(eg™,at)| < 1@

§5.3 Gibbs distributions on Z*

Let T be a (n+ 1) x (n + 1) mixing compatibility matrix with mixing
time a(T) (i.e. T 0) and let ® € B be a potential on {0,...,n}%.

oo’
Let {0,... ,n}%+ be the space of sequences o € {0,.. .,n}%+ such that
To,0.., = 1,1 =10,1,..., i.e. the space of the “unilateral” sequences with

labels in Z7.

Ifme MO({0,....n}2" ) and if A = [a,a+1,....b—1,b) C Z*, g, €
{0,...,n}4, we called the function o’ — m(g,|d)\.), defined by ‘Z—’Z (a'),
where m/(E) = m(E N C’é\A), the “probability of g, conditional to ¢’ with
respect to the probability distribution m” (cf. definition (5.1.2)).
(5.3.1) Definition: (Semiinfinite Gibbs distributions)
Let ® € B be a potential for {0,...,n}% (see definition (5.1.1)), where T is
mizing with mizing time a(T) > 0; we shall say that m € M°({0, ... ,n}jzf)
is a semiinfinite Gibbs distribution or a Gibbs distribution on Z* with
potential @ if the conditional probabilities of m verify

m(ol, ..., 00|0at1,---) ( , "
—ep (= Y [@x(ey) - ex(e)]) (5:3.1)
m(ol,...,0"0a41,-..) P

xczt

for every choice of a > a(T) and of thf sequences ' = (o) ...0L0a+1--.),
o' = (o ...0"0011,...) €{0,...,n}E".
We define the shift 7 on {0,..., n}%+ as

7(00,01,...) = (01,02,...), (5.3.2)

and the semiinfinite energy per site of ® as

Ao)= Y ox(ox) cef{0,....n}% (5.3.3)
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In terms ofg we can equivalently say that m is a Gibbs distribution on VAl
with potential ® € B if

m(oy...o0|0a41--.)

= exp ( — i(;l\(Tkg/) — A‘(Tkg//))), (5.3.4)

m(of ..o |oq41-..) P

with the notations in (5.8.1), (5.3.2) and (5.3.3), (note that the series in
(5.3.4) is, in fact, a finite sum of at most a + 1 terms). We call G9.(®)
the set of Gibbs distributions on Z+ with potential ® € B, and G, (®) the
set of Gibbs distributions on Z* with potential ® € B which are invariant
under translation.

Proceeding exactly as in Sections §5.1 and §5.2 one shows the following
proposition, analogous to proposition (5.2.1).

(5.3.1) Proposition: (Uniqueness of semiinfinite Gibbs distributions)
Under the hypotheses of proposition (5.1.1) one has

(i) G4+ (®) contains at least one element for all ® € B, and it is conver and
compact;

(i) if |®||1 < 400, cf. (5.2.1), G4(P) contains a unique element m;

(i11) the distribution m.y attributes positive probability to all T—-compatible
cylinders (hence every set of m4 —probability 1 is dense in {0,. .., n}%+);
() if | @l < +oo and if B(+oo)~. = NnsoB([N,+0])~, then
B(+00)~, is a trivial o-algebra in the sense that if f is B(+00)~, ~
measurable then f is constant my—almost everywhere;

v) if ®%) — & in B then G, (®F) — G (®) in the sense analogous to that

discussed in item (i) of corollary (5.1.1).

Analogous definitions can be given for Gibbs distributions on 7~ : formu-
lations are left to the reader.

The interest of the semiinfinite Gibbs distributions lies in the following
remark. Let A = [—k, k] and, for simplicity, let T,,» = 1. Then, if g €
{0,..., n}Z we can regard g as composed by its “left and right parts” ¢~ =
(0i);ez- and ¢ = (04),c7+, @ = (¢7,a™); then (cf. second equation in
(5.1.11))

UAk(gAk’gAz): Z Px(oy)+ Z Px(c%)+Walo™,ot) =

XCZ— xXczt
XNAR#0 XNAp#0
YU (@) + U (eh) + Wale ™, a™), (5.3.5)

where Wy is defined in (5.2.2) with the further constraint RN Ay # @ (and
it verifies (5.2.3)), and U;" are implicitly defined in (5.3.5).

Equation (5.3.5), inserted in (5.1.23), shows that the “finite volume” ap-
proximation my, defined there, to the Gibbs distribution with potential ®
can be expressed as

m; (da™)my (do~) eV (ete™)
c(k) ’

my(dg) = (5.3.6)
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where c(k) > 0 is a normalization constant and m;, m; are two suitable

distributions on {0,...,71}Z+ and on {0,...,n}% . For example m; is
defined by
Ul (so ¢
+ fl@ay+.)e * (__A: :
m; (dg) = k = 5.3.7
[ramn- 5 e 9

G€{0,n}Et T e
o' €{0, i+

for every f € C({0,..., n}%+), if A} =[0,k], hence A = [k+1,...,+00)
and if ¢ € {0,.. .,n}?+ is an arbitrarily fixed reference configuration (a
device already repeatedly used, e.g. in (5.1.22)): for instance one could
take o; = 0 for all j > 0, in the case T, = 1.

The following proposition appears, therefore, quite natural.

(5.3.2) Proposition: (Relation between infinite and semiinfinite Gibbs
distributions)
Under the hypotheses of proposition (5.2.1) there exist two distributions m™,

on {0,..., n}?+, and m~, on {0,..., n}?7 , such that
m(dg) = C~'int (det )i~ (dg)x (e, g )e Wrle e, (5.3.8)

where C' > 0 is a normalization constant, x(¢~,c") = 1 if the bilateral se-
quence o~ o, obtained by appending o to the right of a~, is in {0, . .. ,n}%
and x(g™,0%) = 0 otherwise, and m is the Gibbs distribution (unique by
proposition (5.2.1)) with potential ®.

Furthermore m* is the Gibbs distribution on Z1 with potential ® and m~
is the analogous Gibbs distribution on Z~, cf. definition (5.3.1).

Proof: For simplicity we consider only the case T,,» = 1. A computation
identical to that leading from (5.1.22) to (5.1.23) shows that if ® has finite
range R then m;: has conditional probability such that

+( / e
my (04 ... 04|0at1-..) e e
= YA —A 5.3.9
R exp ( h§:0j[ ("e) - A("a")),  (5:39)

if a + R < k, and m; is defined in (5.3.7).

Assuming that ® is in the space By of the finite range potentials and
proceeding as in the proof of proposition (5.1.1), we see that mg converges to
the semiinfinite Gibbs state m™. A similar argument holds for m ; therefore
(5.3.6) and the continuity of the function (¢~,0%) — We(oc™, o) imply
(5.3.8) in the limit as k — oo, with x = 1 (because under our hypotheses
Toor = 1).

If ® ¢ By but ||®||; < +oo there exists a sequence ®*) € By, k=1,2,...,
such that | %) — @, 5= 0. Then from (5.3.8) written for ®*) and
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from the uniform continuity, with respect to ®, of the function (¢~,o7%) —
Wo (o™, a™) the validity of (5.3.8) for @ follows in the limit k — oo. n

The relation (5.3.8) and propositions (5.2.1) and (5.3.1) imply the following
corollary; if a(T") > 0 one must also make use of (5.2.5).

(5.3.1) Corollary: (Absolute continuity of the restriction to B(Z.) of a
Gibbs state with respect to the corresponding semiinfinite Gibbs state)
If ® € B and |®||1 < 400, if m™ denotes the restriction of the Gibbs dis-
tribution m € G(®) to the o-algebra B(Z") and if m™ denotes the element
of G4 (®), one has

dm*+\*!
(d~—+) < Al (1 4 m)e2¥lya(D). (5.3.10)
m
Furthermore the function = Zg—i is continuous: h € C({0, ... a”}%+)'

Proof: This follows immediately from the integration of (5.3.6) with respect
to ¢~ and from proposition (5.3.2): by expressing m, with the formula anal-
ogous to (5.3.7) one has to use that, for any string ...,0_4_2,0_,—1 there
is at least one string g, € {0,...,n}* such that ...,0_4,_2,0_4-1,04, 0" is
a compatible string, while the number of such connection strings is at most
(n+1)2.1 u

It is interesting to remark that the semiinfinite Gibbs states solve certain
eigenvalue problems.

(5.3.3) Proposition: (Gibbs distributions as solutions of eigenvalue prob-
lems)

Let ® be a potential for {0, ..., n}% with |®||; < co and T a mizing compat-
ibility matrixz; using the notations of corollary (5.3.1), proposition (5.3.2)
and definition (5.3.1), set

n

(Lf)(ogo1...) = Z 67:4\(00001'”).]8(0’0’00'1 o), (5.3.11)

o=0

where (cgoy...) € {0,... ,n}qu, f e C(o,... ,n}qu), A is defined in
(5.3.3) and, finally, the sum runs over o € {0,...,n} such that (cogoq,...)
€ {0,...,n}?+.

Then L is a continuous operator on C({0,... ,n}?+) and its norm ||L||

is bounded by (n + 1)6”‘DH. Denote L* the adjoint operator of L acting on
MO({0,...,n}%). There exists A > 0 such that

Lh=Xh,  L'm*=xmt,  A>0. (5.3.12)

1 To obtain the upper bound in (5.3.10) the factor (n + 1) could be replaced with 1: the
expression in (5.3.10) has the advantage of being symmetric for the upper and lower
bounds.
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Furthermore the equations (5.3.12), regarded as eigenvalue problems in the
unknowns h > 0, h € C({0,... ,n}%+), A > 0, and in the unknowns m* €

M°({o,.. .,n}%+), A > 0, admit as unique solution h and m™* defined in
proposition (5.3.2) and corollary (5.3.1).

Remark: The operator L is called the transfer operator. The proof below
derives the results from the previously studied existence and uniqueness
theorems for infinite and semiinfinite Gibbs states. A proof entirely based
on the spectral theory of the transfer operator is also possible, and classical
since [Ru67]: see problems below.

Proof: Consider for simplicity only the case a(T) = 0 (i.e. T,or = 1).
Note that if & > a(T) the equation (L*)*m = b m, A >0, m €
M ({o,..., n}%+) is a different way of writing the condition that m has
conditional probability verifying (5.3.4): hence m™ verifies equation (5.3.12)
and it is its only solution because any other solution would be an element
of G4(®) that, instead, contains only one element.

Evidently A = (L*m™)(1).

By proposition (5.3.2) one has hm™ = m™ for a suitable continuous h: in
fact h(g ) is proportional to [ m~ (do_)e W (@—2y) for o, €40,...,n}2+
by integrating (5.3.8) over g_.

Furthermore m™ is the restriction of the probability distribution m to
B(Z") and m is 7-invariant. Hence for all f € C({0, ..., qu)

/fdm+ :/f(aoal...)h(a—oal...)m+(da—oal.,.) =

(5.3.13)
= /f(alag . .)h(O'()O’l .. .)ﬁ”ﬁ'(dooal .. )

Using in the right hand side the relation m*™ = A~!L*m™*, we see that

/fhdﬁ”ﬁ = Z /f(alog )X h(ogoy . .)6_2(00‘71"')ﬁl+(d0102 o)

0'0:0

:/f(alag...)(A_th)(alag...)m+(dalag...):

= /f A" YLhdm®, (5.3.14)

hence by the arbitrariness of f we deduce that A™'Lh = h, m*-almost
everywhere. However, as already observed in proposition (5.3.1), (iii), every
set with m*-measure 1 is dense so that the equality A~'Lh = h, holding
on a dense set and involving continuous functions, must hold everywhere.
To prove uniqueness of h suppose that there exists another h > 0, h €
c|o,... ,n}qza), such that Lh = X\ h, A > 0. Then we begin by remarking
that by integrating the latter relation with respect to m* and using L*m™ =

20/novembre/2011; 22:18



e5.3.15

e5.3.16

e5.3.17

§5.3: Gibbs distributions on Z% 165

Amt we see that Am*t(h) = AmT(h), i.e. A = X (because h > 0 and is
continuous). We can and shall suppose m™*(h) = 1.

Following backwards (5.3.14), (5.3.13) we deduce that the probability dis-
tribution (A™'L h)m™ is identical to hm™ and it is 7—invariant in the sense
that

/f(ooal .. .)E(O’()O'l . .)T7L+(d000'1 . ) =
(5.3.15)
= /f(0102 .. ) h(O’()O'l .. .)ﬁ’LJr(dO'()O'l .. )

It is then possible to define a 7—invariant distribution m on {0,..., n}Z
such that its restriction to B(Z") is precisely hm*: indeed we shall set, for
f € B([-N, 4+00))—measurable,

/f(o)dm = /f(U,NU,NJrl o )h(o_no_Ny1..)m(do_n...), (5.3.16)

where 0 = (6_no_ny1...) € {0,...,n}7V:+) is regarded as an element
o’ of {0,..., }Z+ by setting o} = o, for all j > 0.

The compatibility problems that must be faced to check that this is a
definition of a linear, continuous and positive functional on C({0, ... ,n}Z+)
can be solved via (5.3.15).

We proceed to compute the conditional probability of the probability dis-
tribution m in order to show that m = m.

By Doob’s theorem one has, m—almost everywhere in ¢,

T OLl03, ] > 0)
(o, -~ ollos, i > a)
) m(o’,...00lc_N...0_q—10a41-.-0ON)
= lim — 1 " =
N—oo m(o”  ...0!'|l0_N...0_q-10441-..0N)
_ 1 M(O_N...0_q-10_4...0h|0as1-.-ON) B
e m(o_N...0_q-10",...0"|0at1...0N) o
ho_N...O_q10" ...0'0441...0
i MOy e s ot N). (5.3.17)
N—=oo h(o_N...0_q_10",...0"0041...0N)

)

. Ne-O—q10 4 ...00|0a+1-..ON)
mt(o_n...0_q-10",...0"0q+1...0N)

where, in the last expression, the sequences ¢’ = (0_n...0_q—10",...0}

Oat1--)and o’ = (o_n...0_q_10",...000441...) are thought of as ele-

ments & and & of {0,..., }Z+ setting, as above, 0 = 0_y, 0} = 0_y,
i>o.

Since the distance between ¢’ and ¢’ as elements of {0,.. .,n}Z+ is <
e~ (V=9 and since h is uniformly continuous on {0, ..., n}Z+ the first ratio

in the limit in (5.3.17) tends to 1.
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The second ratio is, by (5.3.1) (recall that m™ € GY.(®)),

(= D [@x(@y) - Px(@R)]) =
XC[—N,+o0)
XN[—N,a]#0

5.3.18 = exp ( - Z [@x(cx) — ‘I)X(Ql)/()]) ~N== (5.3.18)

XC[—N,+o0)
XN[—a,a]#0

~5 exXp ( — Z [Px(dy) — ‘I)X(Q/)Q)]) =
XN[—a,a]#£0
= exp ( — Z [Ag(TFa’) — A<I>(7'kQ”)])a
k=—c

showing that m has the correct conditional probabilities to say that it is
the Gibbs distribution m € G(®). It follows that hm* = hm™, i.e. h = h,
mt-almost everywhere. This means that h = h everywhere because h and
h are continuous and furthermore, as already observed, the sets of m™—
probability 1 are dense.

Problems for §5.3 (Spectral theory of the transfer operator and Gibbs
states)

Remark: The spectral theory of the operator L on the space of the continuous functions
c{o,... ,n}Z) is made easy by the results of proposition (5.3.3) proving existence of
positive eigenfunctions h, 77’L+ in (5.3.12) relative to a positive eigenvalue A. However one
can prove the existence of a positive solution to the eigenvalue problems posed by (5.3.12)
independently of proposition (5.3.3). Therefore we present problems which can be solved
by assuming that (5.3.12) has positive solutions h, 771+ with a positive eigenvalue A\. The
independent proof of their existence (and therefore an alternative proof of proposition
(5.3.3)) will be discussed in problems [5.3.17], [5.3.18] and [5.3.19].

05.3.1 [5.8.1]: (Positivity of the transfer operator)
Let L be the operator defined in (5.3.11), where ® is a potential for {0,...,n}% and
|®]l1 < +o0 and let h, m, X be as in (5.3.12) and assume the normalization m* (h) = 1.
Show that the functions (A~1L)* f are equicontinuous and equibounded with respect to k,
d
if f is positive and continuous. (Hint: Consider first the case f =1, i.e. f(o) e/ 1o)=1
and proceed by comparing with 1 the ratios (A"'L)*1(¢)/(A~1L)*1(g’); for this purpose
write explicitly the ratios and use the uniform boundedness to deduce the result from
the constancy of m*—integral of the functions (A"'L)*1(c) as k varies.)

Q5.3.2 [5.3.2]: In the context and under the hypotheses of problem [5.3.1], given a continuous
non-negative function f show that there exists Ny such that for all k¥ > Ny one has
(A~'L)kf > 0. (Hint: First note that this is obvious for cylindrical functions. Then just
take a very good cylindrical approximation of f and then k larger than the size of the
base of the cylinder on which f is cylindrical.)

Q5.3.3 [5.8.3]: In the context of problem [5.3.1], if f > 0 is continuous and B([0, N])-measurable
there exists Ny such that for every k > Ny one has (A\"1L)*f > e~ 2l®lim+(f), where
my is defined as in (5.3.12). (Hint: Same argument as the one suggested in problem
[5.3.1] making use of m*+((AL)* f) = m*(f); Ny = N.)

Q5.3.4 [5.8.4]: (Contractivity of iterates of A\~ L; see [Ru67])
In the context of problem [5.3.1], let f be continuous, B([0, N])-measurable and such
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that m™* (f) = 0. There exists Ny such that for all £ > Ny one has

m((ATTD)Ff)) < (1= eIy mt ().

(Hint: Let f+ = (|f|+f)/2 and f~ = (|f|—f)/2, then m* (f+) = m*(f~). Furthermore
by using the result of problem [5.3.3] for k large enough one has

o A R (O Al A O AL B
(OTIDR e 2t (p 1) - AL eIt (7)) <
<Ak — e 2RIt (p ) 4 (ALY R T — 2B (),

Then integrate both sides with respect to mt and note that mt is an eigenvector for
(AT1L*) with eigenvalue 1, and that m*(|f]) = mT(fH) + m+(f7).)

[5.3.5]: From the result in problem [5.3.4] show that if f is continuous and m™*(f) =0
then the limit as k — oo of (A"1L)* f is 0 (in the the uniform convergence topology).

[5.8.6]: (Convergence of (\"1L)*f)

Deduce from the result of problem [5.3.5] that if f is continuous the limit for k — oo of
CIALI AT hmt (f), uniformly if A > 0 is a normalized eigenfunction Lh = Ah. Check
that such an eigenfunction exists because of (5.3.12). Euxistence of h can be obtained
independently of proposition (5.8.3): see problems [5.8.18] and [5.8.19]. (Hint: : Write

F=hm*(f) + (f = hm*(f))).

[5.8.7]: (Ezponential convergence; see [Ru67] and [GL70])

Deduce from the results of problems [5.3.3], [5.3.4] and [5.3.5] that if for some x > 0 the
sum ZXBO e (diamX) 1§ || < oo then [(A"1L)"1(g) — k()| < Ce= "', for 0 < K < k.

[56.3.8]: (Case of subshifts; see [GMT70])

Solve the problems analogous to the previous ones with {0,..., n}Z replaced by
{0,...,n}Z under the only assumption that 7' is mixing.

[5.8.9]: (Decimation of finite range Gibbs states)

Let ® € B be a potential on {0,... ,n}? with 7" a mixing compatibility matrix and
with finite range R, see definition (5.1.1); denote by a = 0,1,..., M the elements of
{0,. n}a(T)+R Consider the restriction of m € G(®) to the o—algebra generated by
the cyhnders with base given by U;Ay, where k; € Z and A, = {0 4 2k(a(T) + R),
1+ 2k((a(T)+R),...,a(T)+R—1+ 2k(a(T) + R)} i.e. the cylinders “measurable on
the blocks of a(T') + R sites spaced by (a(T) + R)”. Show that it is interpretable as a
Gibbs state on {0, ..., M}? with a “nearest neighbours” potential o (i-e. <I>X = 0 unless
X consists of only one or two points and, in the latter case, it is also zero unless that the
two points are adjacent). Find a possible expression for ®.

[6.3.10]: (Decimation of a Markov process)

Let m be a Markov process on {0,...,n}%. Show that the restriction of m to the o—
algebra generated by the cylinders with base on the even sites is still a Markov process
and that its potential ®(1) can be chosen by defining suitably a map © : & — 0@ = &),
Such map can be chosen so that one has (having set &™) = ©"®)

O (00) wmmr w(on), 197, (00| < Ce",

with w suitable, C' > 0 and € < 1.

[6.3.11]: (Transfer matriz)

Check that in the finite range potential case the operator L becomes “in a certain sense”
a finite matrix (called transfer matriz) and the problems of existence of m,h reduce
to the Perron—Frobenius theorem for matrices.. (Hint: Note that the equations for h,
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A~'Lh = h can be interpreted, if ® has finite range, as an equation for a positive
eigenfunction of a finite mixing matrix with non-negative entries.)

[6.3.12]: (Finite range potentials and algebraic spectral problem for the transfer opera-

tor)
Check that from the proof of the result of problem [5.3.11] it also follows that the deter-

mination of m(Cg'O‘f?gp) is, if R < oo, an “algebraic” problem (i.e. it is reduced to the
study of the eigenvalues and eigenvectors of a suitable finite matrix).

[5.8.13]: (Decimation theorem)

If ® is a potential on {0, ...,n}%, with T mixing, such that ||®||1 < oo, the restriction of
m € G(®) to the algebra generated by the cylinders measurable on the sites kn, n € Z is,
for k large, a Gibbs state (in a natural sense) with potential ®(*) that can be chosen such

(k)
that ZXaO,\X\gQ 1257l < ea(k), where eq (k) =50, while <I>{0} (o) is a convergent
sequence as k — co. Finally the ¢ (k) is continuous, in ® at fixed k, with respect to the
norm [|®|[;. Try to prove this result in the case proposed in the following problem and

refer to [CO81], where it is proved.

[5.8.14]: (Transfer operator for Fisher potentials)
Check the statement in problem [5.3.13] in the case of the potential of problem [5.2.1].

[56.8.15]: Via the arguments necessary to solve problem [5.3.7] and under the same
assumptions deduce the existence of C}, « > 0 for which

|h(ofy ... 0} Ory1.-) —h(ol ...o0 okt ..)| < Cre™oF.

[6.3.16]: (Ezponential mizing rates)

By the arguments necessary to solve problems [5.3.7] and [5.3.15] and under the same
assumptions deduce that the distribution m™ has the property of “exponential mixing
on the cylinders”:

I+ (Cog: Ny O3 70 = mH (O ) (hm ) (g2, ) <

0% —

< Km*(C N )(hm +)(c° M,y min{1, e 0=N)}
1\4

for suitably chosen K, x > 0. An identical property holds if in this relation we replace
mt with hmt everywhere it appears alone (i.e. except where already appears hm™* ).

[5.8.17]: (Alternative proof of existence of eigenfunction of L*)
Let L* be the adjoint of the operator L on C({0,.. .,n}Z): write it explicitly as an

operator on the measures on {0, .. .,n}Z. Define m — % on the space of the
probability distributions m on {0,..., n}Z where 1 denotes the function identically 1 on

{0,... ,n}Z. This is a continuous map of M({0,..., n}Z) into itself in the natural weak

topology induced by C({0, .. ., n}Z) Show that there is a fixed point 771+ such that 771+ =

LL~7"“{1) = A"'L*my where A = L*m (1) > 0. (Hint: The space M({0,.. .,n}Z) is

.

compact and convex so that by the fixed point theorem there is a fixed point.)

[5.8.18]: (Equiboundedness and equicontinuity of (A\"TL)F1)

Show that (A\"'L)*1(00,01,...) is uniformly bounded and uniformly continuous in o.
. def . .

(Hint: ¥ U(no, ..., Mk—1]00,01,... z EXOO k10 ®x((ng)x) it is, comparing ra-

tios of terms corresponding to the same n 7labels

Z e=U,...;nx | 00,01,...)
o211l Em i

’ /
Z e~ U, log,0,.)
MLy Mk

< 2l®ll
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LF1(o) _ A"*LF1(e)
Lk1(g’) = A=kLFI(a)
A*LF1(¢) < 1 and one point where A=FLF1(g) > 1 because my (A"FLF1) = m4 (1) =
1. Hence equiboundedness follows. Likewise one sees equicontinuity if the sequences
(00,01, ...) are close i.e. (o(,0%,...) are such that o; = ¢/ for many #’s.)

However the ratio is just and there must exist a point o where

[5.8.19]: (Alternative proof of existence of an eigenfunction h for \=1L)

Consider the sequence N~! Z::Ol (A"'L)F1(c): show that the problem [5.3.18] implies
that this sequence is equicontinuous and equibounded . Therefore it admits a uniformly

convergent subsequence (by Ascoli-Arzela theorem): show that its limit is a positive
function h with A=1Lh = h.

Bibliographical note to §5.3

The results of this section and of Section §5.2 are due to Ruelle,[Ru67],
who substantially extended previous results and conjectures (by Van Hove,
[VH50]). The choice of the arguments of this section and of the previous,
5.1 and §5.2, is inspired by the book [Ru78] although the exposition of this
section is somewhat different from Ruelle’s original.

§5.4 An application: expansive maps of [0,1]

As an application of the results of Section §5.3 we shall discuss a theory of
invariant probability distributions for the simplest expansive maps of [0, 1],
cf. example (1.2.7).

Let fo, fi,.-., fn be (n+ 1) functions defined on the intervals [ay, ag11],
respectively, with

O=ap<a1 <...<ap<apy =1, (5.4.1)

and with values in [0, 1], such that each f, is of class C1 ™ ([a,, ag41]), € > 0.
Let S be the map of [0, 1] into itself defined by

x— Sz = fo(x) if z€(as,a5+1), (5.4.2)

and defined in 0 as fo(0), in 1 as f,+1(1), and, arbitrarily, in a, as f,(as)
or fo—1(ay), foroc=1,...,n.

The (noninvertible) dynamical system ([0, 1],.5) is well defined but in gen-
eral the Lebesgue measure p(dz) = dx is not S—invariant .

If one chooses randomly a point € [0, 1] with distribution p the asymp-
totic behavior of the sequence n — F(S™x), where F' € C*°([0,1]) can,
sometimes, be described by means of a Borel probability distribution p on
[0, 1], such that

NS F(S) e / u(dz) () (5.4.3)
=0 0

for po—almost all points z € [0, 1].
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This case, obviously, occurs when there exists a probability distribution
w1 absolutely continuous with respect to g, with a positive density h, and
which is S—invariant and S—ergodic:

p(dz) = h(z)dz = h(z)po(dz),  p(E) = u(S™'E).

The first question that can be asked is, thus, to find conditions for the
existence of a measure p which is S-invariant, S—ergodic and absolutely
equivalent! or, at least, absolutely continuous with respect to .

We shall not discuss the motivations of such questions which, at least for
what concerns their interest for Physics, rest on the necessity of simple
mathematical models to classify the phenomenology of the asymptotic be-
haviour of the solutions of nonlinear ordinary differential equations or of
sequences of points obtained by iterating a map, starting from a given ran-
domly chosen initial point.

A certain success has been achieved in the interpretation of experimental
results in terms of simple objects like, in particular, maps of the interval
[0,1]: above all famous is the interpretation of certain turbulence phenom-
ena by Lorenz, [Lo63]. A kind of “experimental mathematics” has been
(and is being) developed with the aim of achieving an orderly classification
of the wealth of results that computer simulations or actual experiments
produce.

We shall consider here the simplest case in which the map S is strictly
expansive and surjective; this corresponds to the following conditions:

(1) |fi(@)] > A>1for all x € [ay, Got1],

(5.4.4)

(2) fo i [ag,a041] ¢ [0,1] for all 0 =0,1,...,n.
An illustration is in Fig. (5.4.1).
A S(z) AS(z)
fO(-T) /,, (,01(:6) ///
/’ /,
, fl(l’) ,
7 4
7’ al 7z
/, //
/ 2~ po(z)
1 > >

Fig.(5.4.1) Graphs of an expansive and surjective map S and of its inverse.

The following proposition holds.

(5.4.1) Proposition: (Mixing maps of the interval)
Let S be a strictly expansive surjective map of class C**¢, ¢ > 0, of the
interval [0, 1] into itself.2

u is said to be absolutely equivalent to uo if 4 = huo and h,h~=t € L1(uo), i.e. p and
o are absolutely equivalent if p is absolutely continuous with respect to po and po is
absolutely continuous with respect to p.

This means that fs € C1T¢([as, as+1]), for all o = 0,1,...,n.
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(i) There exists an S—invariant probability distribution u which is absolutely
equivalent to the Lebesgue measure.
(ii) Such a probability distribution p is mizing and one has

1 1 1
[ Fism a6 utde) e ([ Floutan)) ([ Gloman))
0 0 0
(5.4.5)
exponentially fast if F,G € C*([0,1]), « > 0. This means that ([0,1], S, p)
18 a mixing dynamaical system that “mixes at an exponential rate the Holder
continuous functions”.

Remark: This theorem is a particular case of a general theorem of Lasota—
Yorke, [LY73]. We discuss it here by using a different technique of proof
based on the theory of Gibbs distributions developed in the previous sec-
tions.

Proof: Consider {0,.. .,n}Z+ and the symbolic code X : ¢ — X(g) =
ﬂj:og S™)P,,, if we denote by P, the interval P, = [a,,0,41] and ¢ =
(O’j)jez+, 0;j=0,...,n.

One deduces, by induction, calling ¢, : [0,1] + [as,ar+1] the inverse
function of f, (cf. Fig. (5.4.1)) that

PUU = P(?g = 5000([07 1]) ) Pgozlyl = PUO N SilPCfl = 5000@01([()’ 1]>a
PN =P,y NS Py N NS NPy = 00000, - Pay ([0,1]).
(5.4.6)
Furthermore ¢, transforms intervals with interior points into intervals with
interior points, so that P2 "is an interval with interior points. Hence
X(g) #0.
However ¢, “contracts” (see Fig.(5.4.1)) by a scale factor which is at least
A71, because f, expands by at least A, hence the length |¢gy - - . oy ([0, 1])]
of the interval @y, 9o, - - - @on ([0,1]) is

|Paq - - an ([0, 1])] < AT (5.4.7)

so that X (o) consists of a single point. Therefore the code X is Holder
continuous and by (4.1.6)

d(X(0),X(c")) < d(g, '), (5.4.8)

The probability distribution pg is coded by X into a probability distribu-
tion T, on {0,..., n}Z+ by setting

Tio(B) ™ 1o(X(E))  for all E € BY{0,...,n}2") (5.4.9)

isomorphic to it mod 0.3

3 Indeed X is continuous and invertible outside a set of measure 0,

Ul S7ao, .. an1} = N C[0,1],

j=—o0

and it is therefore bimeasurable, see Kuratowsky’s theorem quoted in the proof of propo-
sition (2.3.3), as a map between [0,1] \ N and X ([0,1] \ N).
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The probability distribution 7, is now easily identified as the Gibbs dis-
tribution on Z™ with potential ® such that
Px(ocx)=0 if X #{a,...,a+ p} and for all a, for allp > 0,
Do atpy(00...0p) = A(0g...0,000...) — Aoy ...0,-1000...),

(5.4.10)

where X
Alg) = —logly,, (X (o102...))]. (5.4.11)
Indeed, if ¢’ = (0f...0N ong1...), &’ = (00 ...0%0oNt1...) and &’ =

X(a"), 2" = X (a"), one has

Fo(90---onloN+1--) _ . Fol00---0nloN+1 .- om) _
— (1 = =

fo(of ...oflont1...)  M—=oo Tig(of) ..o |oNt1 ... 0M)

- 0.. NN+1 M
7o (O o)

0'0 O'N ON+1--

= lim =
M—oo — (CO N N+1.M )
<O ON+41...-0M
_ hm |90<70 e @Uﬁv(pUN+1 e (100'1\4([0’ 1])' _ (5412)
M—o0 |(po” ot Ponia - Pou ([0’ 1]

. [Py - Par, (B) = Poy -+ oy, (@
M=00 |9y - por (B) = oy - poy (@)]

where [, 8] = @oy .y - - - Pou ([0,1]) is an interval of size at most A\~(M—N)
around the point X (on41...) =&. Hence

[y -0, ()]

ool ...onloNgr--.) z—f‘

L - : (5.4.13)
1 oll...o" ON 1)
O( 0 N| + [% (po_(/)/ SDU;\G(-T):|I:§
and, by the composition of derivatives, this ratio is
ﬁ [ e ()] (5414)
|(P " (po” --(pUK, (5))| o
Noting that @gr  ...¢e1 («f) = Qo Poly (X(oN41...)) so that
Pot o Poly (&) is Just X(0j41---0y ON41--.) we find
gl - Ohlows - ﬂ e, (X(50 - DI (5.4.15)
Fo(og ... oylonst .. |<P (X (0% -2 )l
N
=exp | = ((~loglel, (X (041 - )] +loglely (X (o - D)) | =
7=0
N . e . .
=exw -3 (Are) - Ae)| = e | - 30 (Ae) - e
J=0 j=0
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from (5.4.11) and because ™™g’ = 7Mg" if M > N. Therefore if we note
that

A(g) = A(000...) + Y ®p(00...0%),
k=0

(5.4.16)
Op(og...0) = A(O‘Q ...01000...) — A(O’O ... 0,-1000...),
we deduce that
Fo(0h  ON|oN 1) _ S0 eoe) 5417

ool ...oklonsr--.)

Hence by comparing (5.4.17) with (5.3.1) (or by comparing (5.4.15) with
(5.3.4)), we see that [, is the Gibbs distribution with potential ® given by
(5.4.10), provided no convergence problems arise in summing the series in
(5.4.16).
Ifk>2

[@k(00. - on)| = [A(o0 ... 0x000...) = A(09 ... 0%-1000....)| =
oL (X (0102 ...0£000...))

|
|0l (X (o102 ... 0k-1000...))]|

= ’10g

<( inf @l (x)])7! (5.4.18)
z€[0,1],0

’|<,0'UU (X(0102...0%000...))| = |¢g, (X(0102...0,-1000...))| ' <

sup, Co, €
——r | X ) =X e O L)<
=~ infltp;(l‘” (0'10'2 O’kOOO ) (0'10'2 O 1000 ) =~
Sup, C@o )\76(]671) < C}\fsk
~ inf | (2)] - ’

if Cy,, is the Hélder continuity modulus in C*([0,1]) of 2 — |¢} (X)| (we
recall that f, € C'T¢([ay,a,+1]) and |f.] > A > 1 by assumption) and
C is a suitable constant. Hence not only the series in (5.4.16) is totally
convergent with respect to the variations of g, but also one has

|®]1 < 400, and
Z e~ (diam X ®x|| < 400 for all k < £log A. (5.4.19)
X30

From item (ii) in proposition (5.3.1) it follows that 7z, is uniquely deter-
mined by its conditional probability (5.4.17).

Furthermore from corollary (5.3.1) it follows that the Gibbs distribution &
with potential ®, on {0, ..., n}Z (i.e. on the bilateral sequences), restricted
to the o—algebra B(Z") is absolutely continuous (in fact equivalent) with
respect to 11y and it is 7—-invariant:

T(E) = f(r—*E)  for all E € B(Z"), (5.4.20)
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as a consequence of the 7—invariance of .
The triad ([0, 1], S, u) with p defined by

wE)=a(X Y (E) forall Ec B([0,1]) (5.4.21)

is a dynamical system in which p is S—invariant and S—mixing: this follows
from the corresponding property of 7 that, in turn, follows from the results
of Section §5.2 on Gibbs distributions on {0, ..., n}Z.

The bound on the exponential mixing rate follows from the property of &

(YN, N5 TEM) = @O Y M, )| <

go...ON
GO_%EW)HHD{LG G- )}7

(5.4.22)
< Ka(Coy 5 ) m(Cys:

00.--ON

where k > 0, K > 0; the latter property follows from the results discussed
in the problems [5.3.7], [5.3.15] and [5.3.16] and the second of (5.4.20).
Every F € C%([0,1]), a > 0, with a Holder continuity modulus Cr can be
expressed in the coordinates g by setting

F(g) = F(X(g)) = F(X(000. +Zwk (5.4.23)

where

Yr(oo...ok) = F(X(0g...0,000...)) — F(X(0g...0,-1000...)),

[n (00 ... ox)| < Cr|X(00...01000...) — X (00 ...0,_1000)|* < C'A7k,
(5.4.24)
for a suitable C” > 0. Therefore we can remark that, having set ¢_1(c_1) =

F(X(000...),

[F(s7) Payutdn) = [ Firia) Flo)nide) -
o (5.4.25)
> > k(o0 ok)en(o; - oin) TCYE,, 0 CLIt ),

h,k=—1 o

where )~ _ denotes summation over o . ..oy, 0; ...0;4n. From (5.4.22) and
(5.4.23) we see that the (5.4.25) converges to the square of

Y Y wloo...on)m(CEE,,)
k=—109...0k

with exponential rate, as j — oo, and the constant s’ of the exponential
convergence can be chosen arbitrarily provided £’ < (min{a,e})logA. ®

Problems for §5.4

[6.4.1]: (Markovian maps of the interval)
If S is strictly expansive but not surjective (cf. proposition (5.4.1) and Fig. (5.4.1))
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check that the same arguments of the proof of proposition (5.4.1) can be repeated under
the hypothesis that S is Markovian i.e. ugigsia[, C {0,a1,...,an+1}, where S*(as)

denotes the right and left limits of S(z) as * — ao. (Hint: We must replace {0, ..., n}Zi

with {0, ..., n}?i7 where T is a suitable compatibility matrix (which?), see problems of
§5.3.)

[6.4.2]: (Symbolic theory of invariant distributions for Markovian maps of the inter-
val)

Show that the equation for the density h of the probability distribution © with re-
spect to i, is, by proposition (5.3.3), the positive solution of the equation Lf = f on
c{o,...,n}*) with

n

(L) = e A7) foogor .. ).

o=0

[6.4.8]: (Density for the invariant distribution for expansive Markovian maps of the
interval)

Show that the equation of problem [5.4.2] is the symbolic version of the equation, on
L ([0,1]), Lg = g with:

(Lg)(@) = leh(@)lg(wa ().

o=0

Give a geometric interpretation of this equation.

[5.4.4]: (Ezistence of coordinates in which the Lebesgue measure is invariant for an
expansive Markovian map of the interval)

If the interval map S admits p as invariant probability distribution p(dz) = h(z)dz with
h continuous and positive and if we set y = w(x) = fox h(€)d¢ we define a change of
coordinates z <+ y such that S = wS7~1, image of S in the new coordinates, is an
expansive map (not necessarily strictly such) that admits Lebesgue measure as invariant
measure.

[5.4.5]: Interpret the result of problem [5.4.4] as the statement that “a necessary con-
dition in order that S admits an invariant measure absolutely continuous with respect to
Lebesgue measure, with continuous and positive density h, is that there exists a system
of coordinates on [0, 1] in which S appears as expansive”, [Pi79].

[5.4.6]: (About Ulam—Von Neumann map)

Strict expansivity is not a necessary condition in order that a sufficiently regular surjective
map admits an invariant probability distribution which is absolutely continuous with
respect to Lebesgue measure. For an example check that the map S(z) = 42(1—x) admits
the measure with density (72z(1 — z))~!/2 as an invariant probability distribution.

[56.4.7]: (Markovian quadratic maps of the interval and Ruelle’s points)

The map S(z) = Az(l —z), A < 4 is Markovian in the sense of problem [5.4.1], with
respect to suitable decompositions ap =0 < a1 < ... < an+1 = 1 of [0,1], for infinitely
many values of A (however the decomposition can depend on A): find one such value of A.
The latter values of A are called “Ruelle’s points”. (Hint: If A is such that S3(1/2) = x4,
with z4 = non-zero fixed point of S, then the decomposition 0, 1/2, 4,1 is Markovian,
[Ru77], [Pi79], [Pi80] and [Pi81].)

Bibliographical note to §5.4

The theory of the maps of [0, 1] into itself has a long history. Its origin is
independent from the theory of Gibbs distributions and it often deals with
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cases that are not easily reduced to problems relative to Gibbs distributions:
see for instance the works of Renij, [Re57], Ulam and von Neumann, [UV47],
and Lasota and Yorke, [LY73]. The method of symbolic dynamics, is easily
applicable only in the very special “Markovian” cases (i.e. when there exists
a finite decomposition of [0, 1] into intervals such that the points on the
boundaries of the intervals are transformed by the map into a subset of
themselves, and, furthermore, in every interval of the decomposition the
map is monotonic), has been employed in [La78], [Ru77] and [Bo75]. Other
more recent applications often using other methods are in [Mi79], [CE80a),
[Pi79], [Pi80], [Pi??], [PY79], [FeT8], [FeT79] and [CELS0].
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CHAPTER VI

General properties of Gibbs and SRB distributions

§6.1 Variational properties of Gibbs distributions

The study of Gibbs distributions can be performed to remarkable depth as
we shall hint in this section and in the forthcoming ones. We begin with a
structure theorem which can be articulated into various propositions.

(6.1.1) Proposition: (Thermodynamic limit)

Let T be a mizing (n+1) x (n+1) compatibility matriz and ® a potential in
the space B of the potentials for {0,.. .,n}%, cf. definition (5.1.1). Define
the partition function of ® in the box Ay = [1, N] as

ZN(D) = Z exp [— ( Z @R(QR))}. (6.1.1)

0€{0,...,n}aN RCAN
Then the limit
P(®) = lim N~tlog Zn (@) (6.1.2)
—»00

exists and it defines a function ® — P(®) on B which is convex and Lipshitz
continuous:
P(®) - P(0)| < [ — . (6.1.3)

The function P(®) is called the pressure of the potential ®.
Proof: Setting® Uy (c) = 3 pea Prlgg), cf. (5.1.11) in definition (5.1.3),

1 With the notations used in definition (5.1.3) we should write UX"I) (o) instead of UY (o):
we prefer to drop the label 0 throughout all this chapter in order not to use an over-
whelming notation.
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one has

IN"tlog Zn(®) — N~ tlog Zn(0)| =

1
_ d
14 — ‘N 1/0 dt = log Zy (¥ + (% — ¥))| = (6.1.4)
_ _prtu@e—w)
. 1 EQE{O,...,n}QN UEN‘I’(Q)Q AN (2)
=[N [ — <o - v,
0 Z An € UAN (2)
a€{0,...,n} N
having used remark (2) to definition (5.1.3), i.e.
. UR, (@) < ||®|N  forall ® € B. (6.1.5)
Equation (6.1.1) and (6.1.5) immediately imply
6.1.6 —||®|| +log(n 4+ 1) < N"tlog Zn(®) < ||®|| + log(n + 1), (6.1.6)
and therefore (6.1.4) and (6.1.6) imply that in order to show existence of
the limit P(®) it suffices to consider ® € B® where B is an arbitrary set of
potentials dense in B. Naturally, we shall select the set B° of the potentials
® with finite range Rg < oo, cf. remark (4) to definition (5.1.3).
For simplicity we consider only the case T, = 1 Vo, o’.
If the finite range of ® is Ry = R and if ¢ = (0] ...0No{...0%,) =
(a'a”) €{0,...,n}NTM we get
e6.1.7 |U1({>N+1y[ (g/gu) - U[%N (g/) - UI(\P]\/[ (g”)| S R”@”? (6'1'7>
by using (5.1.18), (5.2.1) and (5.2.3). So that, by (6.1.7) and (6.1.1),
o1 Znsm(®) = Zn(®) Zpr (@) RN (6.1.8)
with o € [-1,1]. If N = M = 2* and P, = 2% log Zx (®), (6.1.8) says that
¢6.1.9 Py =27 "IR(®| < Peyy < Py 427 FTUR||D, (6.1.9)
hence (6.1.9) imply that the limit as k — oo of Py exists.
Let N =m2F +d, 0 < d < 2F, 0 < m; equation (6.1.8), repeatedly applied
(m + 1 times) yields
€6.1.10 Zn(®) = (Zr ()" Za(®) (DRI (6.1.10)
with o € [—1,1]. Then, at fixed k,
m2Fk m+1
N7'log Zy(®) = P R||®
08 Zn(®) m2F +d k+m2k+d0 el =+
€6.1.11 1 (6.1.11)
—k
toaFrd log Za(®) w=s0> P + 27 "oR||®|.
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This shows, by the arbitrariness of k, the existence of the limit (6.1.2) and
that it coincides with limg_, oo Pr.
Convexity is evident for N~'log Zxn(®) and hence for P(®). Lipschitz-

continuity follows from (6.1.4) and from the existence of the limit (6.1.2).
[

(6.1.2) Proposition: (Tangent plane to the graph of the pressure)
Under the hypotheses of the preceding proposition and if p € G(®P), the
functional

U — (V) =—u(Ay) (6.1.12)

is “tangent” to the graph of ® — P(®). This means
P(®+0) > P(®) + (V)  for all ¥ € B. (6.1.13)

Vice versa every functional o, tangent to the graph of the function P(®),
has the form (6.1.12) with p € G(®) and p is uniquely determined by «.

Remark: The Gibbs states u € G(®) have therefore the geometric inter-
pretation of “tangent planes” to the graph of & — P(®). The function P(®)
takes the role of generating function of the Gibbs states, via the relation

w(dg) = - L p@ 4 ey (6.1.14)
de =0

that is well defined, by the convexity of the function ¢ — P(® + V), at
least where G(®) consists of a single point (and, hence, ® — P(®) has a
unique tangent plane).

This explains the importance attributed to the functional P which, be-
cause of its meaning in various problems of Statistical Mechanics, is called
pressure.

Proof: As usual we shall suppose, for simplicity, that Ty, = 1 Vo, o’.

If Ay = [1,N] and if we recall definitions (5.1.2) and (5.1.3) (see in par-
ticular (5.1.9), (5.1.11) and (5.1.12)) the conditional probabilities of the
distributions pu € G(®) can be expressed as

exp ( — Jg:l A@(Tjg) - DAN,l(Q))

%/:exp ( - _N Ag(Tig") — DAN,1(Q’))

Jj=1

pa(gaylone ) = : (6.1.15)

with g = (QANQAf\,)’ a = (Q;\Nvg/\?\,) € {0,...,n}%, see also (5.1.8). Here
Dy .1(0) is a boundary term or, as we called it in definition (5.1.3), a surface
correction. Define

N

ZAN((I),QA%]) = Z exp ( — ZA¢(Tjg’) — DAN,Q(Q/)), (6.1.16)

Ty J=1
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where Dy, 2(c) is another surface correction (see again definition (5.1.3)).
Given a sequence u; € R, let p, = e "¢/ Zj e~ %i. Then from the inequality

logz e % = max Zpi(* logp; — u;) =

Zi pi=1,pi 20"

(6.1.17)
= Z pi(—log p; — wi),
we deduce
log Zny (D, 005) = Y pol@h, loag ) ( — logpa(ah, loag )
A
" (6.1.18)

=Y As(r'e) - Dayale)).

To bound this expression in terms of P(®), we note that (5.1.12), (5.1.13)
(5.1.14) and (5.1.16) imply the existence of a simple relation between Zy (P)
defined in (6.1.1) and ZAN((I),QA(];V) in (6.1.16); namely

ZN(®)/Zn ((I),QA%]) <exp?ep, (6.1.19)

with ¥ € [-1,1] and ey = en1 (see (5.1.14)) such that ey /N ———0.

N —oc0
Furthermore, if ¢ € {0, ... ,n}Z, it is tautological that

poleny l2ny) = [ 02 palan o) (6.1.20)

(because the integrand is constant) but, by (5.2.5) (or, better, by the same
computation that leads to (5.2.5) and without making use of the hypothesis
|®]|1 < 4+00) we see that

pa(aayloi)

< expdely, (6.1.21)
pe(aa, [ans) o

with €y /N =50 and ¢ € [-1,1].2 Hence combining the tautology
(6.1.20) with the bound (6.1.21) we get a bound for p¢(gAN|gj\?V)

’ / N —
Po(gaylans ) > eXP(*EN)/m(QANEA?v)“(dQ) - (6.1.22)

= exp(—eh )u(CAY ).

e’y can be taken to depend only on N.
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Then (6.1.19) and (6.1.18) say that

N7 og Zy(@) S N1 palgh, loag )~ log (@ )-

’
IAn

=D A(rie)) +

(6.1.23)

with 7y == 0, uniformly in T e, -
Equation (6.1.23) can be thought of as an inequality between functions of
Tps, and it can be integrated with respect to . We find 3

N~'log Zn(®) < N~ 12 C’AN logu(C’AN )—

QAN
N (6.1.24)
- N_lz‘u,(A@) + ﬁNa
j=1
and, taking the limit as N — oo,
P(®) < s(11) — p(Aa), (6.1.25)

where s(u) is the average entropy of the probability distribution p with
respect to the translation, (cf. definition (3.3.2) and the theorem of the
generator given in corollary (3.4.1)).

On the other hand, in general, by (6.1.17) and for an arbitrary 7—invariant
probability distribution m € M({0,...,n}%, 7) one has

_ A A 3
N~ tlog Zy(®) > N~ 12 C N 7logm(CgiVN)—UAN(gAN)),

o (6.1.26)
and since
> mCy U (aay) = /m(dg)URI’N (oan) =
o v (6.1.27)
= [ mtdz) (3 Aotri) + Bxle)) = Non(A) + 1)
with 7y == 0, one finds for all m € M({0, oondr
P(®) > s(m) — m(As). (6.1.28)

7N is the integral of ny.

20/novembre/2011; 22:18



e6.1.29

€6.1.30

e6.1.31

N6.1.4

e6.1.32

e6.1.33

182 §6.1: Variational properties of Gibbs distributions
By (6.1.25) and (6.1.28) we therefore obtain

P(®) = s(p) — p(As) for all 4 € G(P). (6.1.29)
Hence by (6.1.28) and (6.1.29)

P(®+¥) = s(p) — p(Aayw) =

which means that ¥ — «(¥) = —u(Ay) is a tangent functional.

To show the converse part of the proposition we make use of a general
property of tangent planes to graphs of continuous and convex functions
defined on a separable Banach space: the tangent plane is unique on a set
which is at least dense and, furthermore, given ® € B and a functional ag
tangent to the graph of ® — P(®) in the point ®, one can find, for every
k> 0, sy, points ®”, @, ... &, with |®") — @|| < 1/k, in which the

graph of P has a unique tangent plane agn and sy positive numbers agk),

agk), ceey agi) such that
()
>0 =1,
j=1

- (6.1.31)
Z agk)aq)(k) (P) —— a(T) for all ¥ € B.
j=1 !

k—o00

This is a general property of convex functionals 4 which can be applied to
our case in the following way.

We begin by remarking that given a functional o and assuming that there is
a probability distribution € M({0,...,n}%, 7) such that a(¥) = —u(Ay),
for all ¥ € B, then p is unique. The reason is that by choosing a suitable
U we can compute the y—probability of a given cylinder C;J with base on

the set J. !
The choice of the potential ¥ is such that ¥x = 0 unless the set X is a
translate 75 J of J for some k € Z and

Uoy(oy) =0, (6.1.32)

<
9)
<

Then

Ag) =Y ﬁu@mx» = (L), (6.1.33)

3
X30 7

4 In other words every tangent plane in ® can be obtained as a limit of a sequence of
planes that are (finite) convex linear combinations of planes tangent in points where the
tangent plane is unique and whose largest distance to ® is infinitesimal. For discussion
and proof cf. p. 450 of [DS58] and p. 329 of [LR68].
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that proves the statement, because p is in it turn determined by its values
on the cylinders.

Therefore given a tangent plane « to the graph of P in ® one may be
tempted to define the probability distribution u, that should generate the
plane «, by setting pu(Ag) = —a(P).

The problem is that we do not know whether the numbers M(C;J ), defined
in this way in terms of «, and which should be u—measures o_chylinders,
satisfy the properties (i), (ii), (iii) of definition (2.3.2), needed to reconstruct
from them a probability distribution (cf. proposition (2.3.1)): note that
condition (iv), i.e. the translation invariance, of definition (2.3.2) is in this
case automatically satisfied.

However equation (6.1.31) says that, if ,u(C;,]I) has to be defined in terms of
a by (6.1.33). Note that the already proved' direct part of the proposition
and the remark that o determines p, if p exists, imply that if there is a
unique tangent plane in ® then G(®) contains a unique point. From this
follows that in the points @gk) where the tangent plane is unique, one must
necessarily have a g w (V) = pigm (Aw), for all ¥ € B, where pz ) is the

J J

unique element of G(@gk)) This implies that
TN () J
w(Cy ) = klglgo 1 @ Hg( (Cg ) (6.1.34)
Since agk) = 1 and the quantities ) (Cy ) are values of measures of
J -J

the cylinders CEJJ with respect to some probability distribution pigx the

r.hes. of (6.1.34) verifies the (i), (ii), (iii) of definition (2.3.2) so that also
u(C’gJ) verifies the same properties. Finally, by proposition (2.3.1), there

exists u € M({0,...,}%,7) such that
a(P) = —pu(Ay) for all ¥ € B. (6.1.35)

It remains to check that the distribution p is in G(®).

For this purpose we remark that the first of (6.1.31) and the explicit def-
inition of conditional probability for a Gibbs distribution (cf. Section §5.1,
(5.1.9)), immediately imply

—0 (6.1.36)

SUpsup [pe (g lone) — Ppoo (@alne)l 555

J (ol

for all A C Z. Furthermore (6.1.34) means that u is the weak limit limy 00

Z?Zl a;-k)u(bw)- Hence if oy — f(o,) is a B(A)—measurable function we
3

have

Sk

u(h) = Jim Yool [ g (d2) () =
j=1
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k—o0 4

Sk
D I DY PR RNENEREENE
J=1 oy

k—o00

6137 = lim Z/ (Za§k)u¢;k> (dg/))p¢(gA|Q;\c)f(QA)+ (6.1.37)
Ip Jj=1

+ lim > / (Zaﬁ-k)u@;m(dg’))(%;m(QAIQ’Ac) — pa(aplahe)) floy) =
[N Jj=1

— Z/M(dgl)ptb(Q[Jg;\C)f(gA)a

[N

by (6.1.36) and because ¢ — pa(g,|gae) is a continuous function (hence
uniformly continuous). Equality between first and last term in (6.1.37)
means that pg(c|oye) is the conditional probability relative to the region

A of the distribution p: thus, by the arbitrariness of A, we see that u € G(®).
]

We implicitly obtained also the following results.
(6.1.1) Corollary: (Variational principle for the pressure)

C6.1.1
Under the hypotheses of proposition (6.1.1) the set G(®) consists of all
probability distributions i € M({0,...,n}% 1) for which
6.1.38 P(®) = max (s(m) —m(As)) = s(p) — u(As). (6.1.38)

Remark: This is the wvariational principle for the determination of the
Gibbs distributions of given potential (Ruelle).

612 (6.1.2) Corollary: (Decomposition into pure phases)
Under the hypotheses of proposition (6.1.1) the following properties hold.
(i) If p € G(®) then its ergodic decomposition m, (cf. Section §2.4) has
support in G.(®) = G(P) N M,.
(ii) The set £,(®) = {set of the ergodic points of {0, ..., n}% which generate
a probability distribution in G.(®)} (cf. Section §2.3) is a Borel set and
w(&(D)) =1, for all u € G(®).

Ne1s (i) The extremal points of G(®) are the points of G(®).5

Remark: A consequence of this corollary is an interesting interpretation
of the pressure P(®) as complexity (cf. definition (3.1.1)). Let in fact Dy
be a sequence of functions on {0,...,n}, N =1,2, ..., such that

lim sup N ' Dy(oy...0n)| =0, (6.1.39)

1.
€6 39 N_>OOO'1...0‘N

5 If G is a closed convex set in a linear topological space we say that u € G is extremal if
the relation p = o’p/ + /'y, with ¢/, ¢’ € G and o/ +a” =1, o/, & € (0, 1), implies
/ 1
wo=p"
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and set
VN(O'l . ..O’N) = U/%N(O‘l .. .O‘N) +DN(0’1 . ..O’N). (6140)

Then, if © € G(®), py—almost all points g of {0,.. ,n}% have complexity
with weight V. = {Vy}3°_, given by

s(a, {Vn}R=0) = P(®) = s(1) — n(Ae). (6.1.41)

This is a consequence of the above corollaries and of the Shannon—-McMillan
theorem, see also problem [6.1.2].

Proof: The set G(®) is convex and compact, see corollary (5.1.1), and
item (i) follows from the ergodic decomposition (proposition (2.4.1)) which
implies that m, (M. NG(®)) =1, if p € G(P).

Item (ii) follows immediately from the results of problem [2.4.6].

Item (iii) can be proved by noting that the extremal points of M are the
points in M.: see remark (5) to proposition (2.4.1).

Therefore assuming existence of a distribution u, extremal in G(®) but
not in M (i.e. not ergodic), one would find o € (0,1) and two probability
distributions in p1 and po with pu; # po and ps € M\ G(®) such that
i = o + (1 — a)pa. Then P(®) = (1) — p(Aa) = als()) — i (Ae)) +
(1—a)(s(p2) —p2(As)) < P(®) by the convexity of the average entropy and
by the variational principle in (6.1.38). Hence the extremal points of G(®)
would be actually extremal also in M and therefore ergodic. The proof is
therefore complete. ]

Problems for §6.1

[6.1.1]: Prove (6.1.41). (Hint: Consider the function
- _ -V
Tn(@) = =N~ log(u(Cy], JeN(EM)

and show that as N — oo it converges in measure to s(u) — u(Ag) if p € Ge(P); then
make use of the argument given in the remark (2) to proposition (3.2.1))
[6.1.2]: (Pressure of the Ising potential)

Compute the pressure of the potential on {0, 1}Z such that ®x = 0 unless X is a set
which is a translation of a single point or of two nearest neighbors and

Ployo) = { Cnlo o ®onlod) =20 - 120" - 1),

which is called “Ising potential in external field h.” (Hint: : Remark that Zn can be
written as the scalar product v- =N v, where = is a suitable 2 x 2 matrix (transfer matriz)
and v = (1,1). P(®) is the linked to the eigenvalues of E.)

[6.1.3]: Compute by means of the variational principle the probability p(C?)) with
respect to the probability distribution of parameters J and h considered in problem
6.1.2).

[6.1.4]: (Fisher potential)
Like problem [6.1.3] for the Fisher potential introduced in problem [5.2.1].
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[6.1.5]: (Ezact solubility of Fisher potentials)

Compute the measure of the cylinders C’?:;:f for the Fisher potential of the preceding
problem, using equation (6.1.33). The fact that an exact computation of the measure of
all cylinders and of the pressure, entropy and other thermodynamic functions, is possible
(and not difficult) makes the Fisher potentials an important tool for the analysis of
examples and counterexamples.

[6.1.6]: (Pressure singularities and non-uniqueness)

Check that if P(®) is analytic in ® for ® in an open subset A in the space of the potentials,
A C B, then the tangent plane to ® is unique in every point of A. (Hint: One says that
a functional P defined on a Banach space B is analytic at a point ® if given arbitrarily
k>0and ¥q,...,¥, € B the function ey ...e, &> P(®+e1¥1 + ...+, V) is analytic
in €1,...,€x in a neighborhood of the origin.)

[6.1.7]: (A Fisher potential with phase transition) Show that if P(® + V) has right
derivative different from the left derivative, as function of €, at ¢ = 0 then G(®) contains
at least two different points (one says that a “phase transition” takes place as € varies).

[6.1.8]: Show the existence of Fisher potentials with ||®||1 = 4o (cf. problem [6.1.4]) for
which P is not an analytic function of the “one-body” component of ® (i.e. of ®}(1) =
—®p) and that P(®) has right derivative different from the left derivative at a suitable
values of ®g. Check that this cannot happen if ||®|1 < 4o00. (Hint: Consider the case
&, = (1+n)"17¢, with 0 < e < 1, for n > 1 and &g arbitrary; then P is not analytic as
a function of ®q, by explicit computation. This requires having solved problem [6.1.5].)

Bibliographical note to §6.1

The contents of this section are taken from various sources, for instance
from Ch. 7, §3,4 of [Ru69], p. 450 of [DS58], [LR68]. See also the biblio-
graphical note to §5.1. The theory of the pressure regarded as a generating
function of a Gibbs state is ancient, some examples of “rigorous” applica-
tions of this elegant technique are in [Ru72].

§6.2 Applications to Anosov systems. SRB distribution

A classical application of the theory of Gibbs distributions concerns the
analysis of the invariant probability distributions associated with an Anosov
system (2,.5) on a compact Riemannian manifold (Sinai).

The definition that we adopted of Anosov system, cf. definition (4.2.1),
assumes topological transitivity and implies topological mixing, cf. problem
[4.2.10], i.e. that, given two open sets G, F' C 2 there exists kg > 0 such
that if k > ko then S*G N F # (). We shall rely on the latter properties
although several results could be suitably extended to cover much more
general hyperbolic systems. In agreement with the notations introduced in
definition (2.2.2) we shall recall or set the following definitions.

(6.2.1) Definition: (Topological and ergodic distributions)

We denote

(1) M(R,S) the set of the S—invariant Borel distributions on €,

(i) Mc(Q,S5) C M(Q,S) the set of the distributions on Q which are S-

ergodic,
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(iii) ML(Q,S) C M.(R,5) C M(Q,S) the set of the S-ergodic distribu-
tions which give a positive measure to all open sets.

More generally M%(Q) will be the set of topological distributions, cf. defi-
nition (4.1.2), on Q.

The aim of the following analysis is to show that Anosov systems admit
“very many” probability distributions in ML(Q, S) and to show that, among
them, one can identify several ones either on the basis of a criterion of “max-
imum complexity” or by attibuting a special role to the statistical properties
of motions whose initial data are chosen randomly with a probability dis-
tribution which is absolutely continuous with respect to the volume.

(6.2.2) Definition: (SRB distributions and f—complex distributions)
Given an Anosov map (£2,.5)

(i) A topological probability distribution u € M(Q,S) is said to have mazi-
mum complexity with respect to a continuous function f if it mazimizes the
quantity s(pu) — p(f).

(ii) If po is a probability distribution absolutely continuous with respect to
the volume measure on Q and if for all continuous functions F on € and
for po—almost all initial data © € Q the limit impy_oo N1 Z;v:_ol F(S7x)
esists and can be written as

N —oc0

N-1 )
lim N ;F(S ) :/Qu(dy)F(y) (6.2.1)

with p € M(Q,S), then p is called the SRB distribution of (€, 5).

Remark: (1) The results of this section are general results preparing the
key results of this Chapter: namely that all Anosov systems admit a SRB
distribution, proposition (6.3.3) and corollary (6.3.1), which furthermore is
the invariant probability distribution which maximizes complexity with re-
spect to the continuous function f(z) = A, (z), proposition (6.3.4).

(2) Technically the above properties will be closely related to the results of
this section which allow us to identify probability distributions that max-
imize complexity with suitable Gibbs distributions with short range po-
tentials, see lemma (6.2.1), and with properties of periodic motions, see
proposition (6.2.1).

The notion of complexity has been discussed in Section §3.1, where we have
given the definitions of complexity of sequences of symbols o with respect to
families {Un}%~, of weights, i.e. of functions defined on strings of length
Ninge{0,...,n}¥.

Given a potential ® € B, cf. definition (5.1.1), corollary (6.1.1) shows that
a distribution g on {0, ... ,n}qza that maximizes the complexity of y—almost
all the points relatively to a weight Un(¢) = > pcq1,... v} Pr(cR) is a Gibbs
distribution with potential ®; such complexity is, then, equal to the pressure

P(®) = max (s(u) — p'(As)). (6.2.2)
wEM({0,...,n}%)
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In Anosov systems, as seen in Section §4.2, Markovian pavements, which
always exist, allow us to describe points of {2 by means of symbolic sequences
and their evolution by the shift map.

One is thus led to the search of invariant and topological distributions on
Q via symbolic dynamics. At the same time one would like to characterize
the distributions that in the symbolic language become Gibbs distributions
in terms of quantities that do not depend explicitly on specific Markovian
pavements.

Given the one-to-one correspondence between the S—ergodic topolog-
ical distributions on 2 and the 7—ergodic topological distributions on
{1,..., q}% discussed in proposition (4.1.1) and in the relative remark
(2) one is tempted, for instance, to associate with (6.2.2) the “intrinsic”,
i.e. Markovian pavement independent, problem of finding the distributions
i/ that maximize

s(u') — 1 (f) (6.2.3)

on M!(Q,S) with f a continuous function on .

As we shall see, if f is Holder continuous, i.e. if it verifies a “modest”
requirement of regularity beyond the mere continuity, it will be possible to
give a quite satisfactory answer to the above questions.

Let (£2,5) be an Anosov system. Denote P = {P,..., P;} a Markovian
pavement constructed with S-rectangles as in Section §4.2: let T be its
compatibility matrix (cf. Section §4.1). Then (£2,.5) is mixing and, hence,
there exists a > 0 such that (T%),,+ > 0 for all k& > a.

Denote by ¢ — X (o) the Holder continuous code of {1,...,q}% into Q
discussed in Section §4.1 defined by

3

r=X(@)= N SIP,. (6.2.4)

j=—o0

The following preliminary result holds.

(6.2.1) Lemma: Let (2, S) be an Anosov system and let P = {Py,..., Py}
be a Markovian pavement for it with compatibility matriz T'.

(i) If f is Hélder continuous the function u — s(pu) — p(f) admits a maxi-
mum p(f) on ML(Q).

(ii) Let vy € M%H(Q) be an arbitrary sequence of topological distributions
(cf. definition (6.2.1)) on Q and, given g € {1,..., q}[qg’N], let

fpgmNd Z;V:o f(S7z)vn (dx)
UN(O'Q...O'N) = 0 7, Z/N(dx) , (625)
PN

N .
where P27 - = ﬂo S7IP,.. Then the image m of n € ML(Q,S) via
j=

“ON
the isomorphism mod 0 defined by (6.2.4) maximizes the complexity with
weight {Un 1}y if and only if p mazimizes the function p — s(u) — p(f)
on ML(Q,S).
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Remark: Note that the sequence vy and the Markovian pavement P used
to formulate this theorem are in a certain sense irrelevant: the image m
of the probability distribution p € ME(Q,S), that maximizes s(u) — p(f),
makes largest the complexity associated with Uy for any choice of P or
of the sequence vy that allows us to construct Uy. Hence it is natural to
call s(u) — u(f) = p(f) the complexity with weight f of p on : this is the
interest of the statement (ii).

Proof: Let a be the mixing time of T'. Let p € {1, ..., q}% be a T—compatible
sequence, cf. definition (4.1.1), chosen once and for all.

We first need to define a way to merge together two compatible strings into
a longer compatible string. This can be done in several “standard ways”
provided the compatibility matrix T' is mixing.

Suppose that a > 1 (i.e. we do not assume that the compatibility relation
is trivial). Associate with each pair of symbols 0,0’ a T—compatible string
(om0 .. .Ma—10") and let ¥(o,0") = (o . . . Na—1)-

Given such a correspondence 9}, which we shall call an interpolation string,
for any two finite 7—compatible strings ¢ = (01 ...0,) and g’ = (07 ...0y)
we can form the compatible strings

ad(op,01)d

and ¢’ 9(0,01)a,

where, as usual, we indicate with o 9(op, oi) o’ the string starting with o
continuing with ¥(o,, 07) and ending with o’. If o is semiinfinite only one of
the above “mergers” is possible and if both ¢, ¢’ are semiinfinite one merger
is possible provided ¢ is infinite to the left and o’ is infinite to the right or
vice versa. We shall simply denote g o ¥ o ¢’ the merger of ¢ and ¢’ with
an interpolation string .

In the continuation of the proof just started we imagine that the set of ¢
interpolating strings ¥ has been fixed once and for all. If g, p € {1,..., q}?
and N € N we shall denote by (¢™)p) a sequence whose labels for i €
[~N, N] coincide with o; and for i ¢ (=N —a, N +a) coincide with p;, while
for the other i’s the sequence (¢(N),p) is interpolated by the appropriate
interpolating strings 9. B

If f € C%N), as already remarked elsewhere, (cf. remark (3) to defini-
tion (4.3.2)), the quantity ¢ — f(X(a)) can be well developed in terms of
cylindrical functions starting from the identity

f(X(2) = )+ D (X (@) = (XN Vp))] (6.2:6)
N=0
where f(X(c(=Yp)) = f(X(p)). In fact set

I'y(oy)=0 Y # [-N, N] for some N > 0 and
v(ay) ( #1 ] (6.2.7)

Iy(ay) = (f(X(@™p) = f(X (N V),
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where in the second line we suppose that Y is the interval Y = [—N, N]
centered at 0. Then we rewrite (6.2.6) as

f(X(2)) = fF(X(p) + Y Ty(ay), (6.2.8)

Y >0

and we note that, if Cy, is the Holder continuity modulus of f € C*(£)
while o is the Holder continuity exponent of the code X (cf. definition
(4.1.3) and (4.1.5)) and C"’ is the relative modulus, one has

Ty (oy)] < C.oaC'" exp(—aa/ (N — 1)) = Ce~bdiam() (6.2.9)

with 5, b > 0. Therefore if we set

bx(ocx)=Tx(t7'cy) if X = 7/([~N, N]) for some N and i,

Ox(oy) = otherwise, (6.2.10)
and o
As(o) =Y % (6.2.11)
= K

we find that ® is a potential in the space B introduced in definition (5.1.1),
because ® verifies the condition of the problem [5.3.7] of Section §5.3 (ez-
ponential decay of the potential), so that ||®||; < co. Hence one deduces

N— N—
J J "
’ > ( F(STX(0)) — F(S7X(p ) > As(r ‘ <C (6.2.12)

,_.
,_.

<.
<.

forevery o € {1,..., q}T and for all N > 0, if C" is suitably chosen. We will
choose, if possible, p such that 77/p = p, i.e. p=(...ii%...) for some label
i € {0,...,q}. However the latter sequence may fail to be compatible: in
such a case we choose p to be a periodic sequence of period a, which exists
because of the mixing property of T'. Below we suppose, for simplicity, that
p={(...144...) for some label i € {0, ..., ¢} is a compatible sequence.
From corollary (6.1.2) and (5.1.1), (5.1.17), it follows that there exists an
ergodic distribution m on {1, ..., q}? which maximizes the complexity with
weight {Un}3%_; because by (6.2.5) and (6.2.12)

Un(e)— @R(QR)’ <" forall N, (6.2.13)
RC|0,...,N]

cf. remark to lemma (6.2.1). Therefore from the general theory of Gibbs dis-
tributions, see proposition (5.2.1), it follows that m € ML({1,...,q}%, 7).

Let now p' be the distribution isomorphic mod 0, via the isomorphism
X, to a given distribution m/ arbitrarily chosen in Mt ({1,...,¢}%, 1) (cf.
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proposition (4.1.1) and (4.1.9)). Then g/ € ML(Q,S) and furthermore
s(u') = s(m’), since entropy is invariant under isomorphisms mod 0, and

i

N—o0

W= 1) = Jim (N2 (A = (X)) =

<

= lim /(N2 Y [F(X () — (X (p)]) = (6.2.14)
7=0
N—-1 )

" (7 3 ) = e

and therefore, for all u/ € ML({1,...,q}%, 1),

e

s() =W (f) = =F(X (@) + s(m') —m'(Ao), (62.15)

so that the functional on M! (€, S) in the Lh.s. of (6.2.15) has a maximum
which is reached, by the variational principle in corollary (6.1.1), on the X—

image of the Gibbs distribution m € G.(®). Item (ii) is thus also proved.
[

It is convenient to remark that lemma (6.2.1), or better its proof, also yields
an explicit method to study the distributions p that maximize s(u) — p(f):
indeed in deriving (6.2.10) we have shown that such distributions can be
considered as Gibbs distributions with a suitable potential ® ¢ which satisfies
the hypotheses of problems [5.3.15] and [5.3.7], (i.e. exponential decay), if
f e C*(€Q). This implies the following result.

(6.2.1) Corollary: (Variational principle for pressure of smooth func-
tions)

If f € C*(2) there exists a unique distribution that maximizes s(u) — p(f)
over p € ML(Q). Such a distribution py is mizing and

i (FS*G) = [ uy(do)F@)G(S*0) s (s (G), (6:210)

with exponential rate, for k — oo, if F', G are Holder continuous functions

on .

Proof: We only have to check the exponential decay, which, however, follows
by the same argument seen in (5.4.22). u

An interesting “intrinsic” method to compute p(f) and p from the stability
properties of the periodic points is given by the following proposition.

(6.2.1) Proposition: (Periodic orbits expansion)
(i) The quantity

f) = “Eg;)éys)(s(m = u(f)), (6.2.17)
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with f € C*(Y), can be computed as
1 DD ICIED
p(f)= lim N~'log > e s : (6.2.18)
oo zeQ, SNx=z

(11) If py is the point where the mazimum in (6.2.17) is reached, py can be
computed as a weak limit as N — oo of the distributions on §2

S (ew(= % s(m))ala)

SNx=z

Noracs (o0 (= D F(S7)))

pn (dy) = : (6.2.19)

where 8, is the Dirac measure on x.

Proof: Let Q be a Markovian pavement: we shall denote by 7y = wn (9, S)
the set of the points of Q periodic with period N and by 7n = 7N (22, .5)
the set of the points of {1, ..., q}QZa periodic with period N. Then

X(%N> Q TN, (6220)

and to every x € my there can correspond at most d elements ¢ € T such
that X (o) = z, if d is the multiplicity M of the code, cf. definition (4.1.3).
But there could exist elements of 7T that are not symbolic representations
of elements of mx because the compatible histories of a point of period N
might have a period multiple of N (as a consequence of the ambiguity of the
coding of points that are on the boundaries of the elements of the Markovian
pavement). Hence we can write the inequality

N-1 J — N-1 g
Z e_zj:o f(S7z) > Z e Do FXC _)), (6.2.21)

TETN cETN

which, by (6.2.12), implies

Ny j ” N-1 j
Z eizjzo f(S’x) > d71 Z e*C *Nf(X(E))fzjzo A@("']E). (6222)

TETN cETN

This is a useful information because we can check that

N—o00

N-1
lim N~ 'log Z exp ( — Z A¢(Tjg)) = P(D); (6.2.23)
= =

OETN

indeed such a limit is certainly < P(®) by virtue of (6.1.2) and of (5.1.12),
(5.1.14) and (5.1.16), and because it is possible to establish, in an obvious
way, a one-to-one correspondence between 7y and a subset of {1,...,q}¥.
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On the other hand, since T' is a mixing matrix with mixing time a, every
configuration of {1,.. .,q}y ~% can be continued into a sequence in Ty,
according to a prefixed rule to determine the interpolating strings . If ¢’
is any compatible string of length N — a, ¢’ = (0y,...,0%_,_;) we simply
extend it to the right by the string ¥(c%_,_;,0() so that the string ¢’ o ¥
thus constructed has length N and can be indefinitely repeated to form a
period N infinite sequence ¢’. Thus one sees that, with the notations of
Section §6.1, see beginning of the proof of (6.1.2), there is a constant C' > 0
such that

N-1
V1 vean@) = 3 AelPE) [ <C (G220)
=0
so that
_ye (@) O-3 N P as (i)
Z e Vo N-a-1Z) < Z e j=0 =, (6.2.25)
a’e{l,...,n}N-a o'Enn

which gives, together with (6.1.1), the inverse inequality necessary to deduce
(6.2.23).

Having established (6.2.23), we note that (6.2.22), (6.2.23) and (6.1.29)
imply, if m € G(®) and p is its image via X,

N-—-1 g
lim N*l IOg Z e ijo f(S7z) >
N=roo = (6.2.26)

> —f(X(p)) + s(m) —m(As) = s(u) — u(f),
having also used the general relation (6.2.15) involving a distribution m’ €
ML ({1, ...,¢}%, 7) and its X -image 1.
To find the inequality opposite to (6.2.26) we proceed in an analogous way.
Assuming for simplicity that N is even we associate with every = € my
several elements g € Ty 12, such that

d(X(g),z) < Ce™ N, (6.2.27)

for suitable C', @ > 0. The rule that allows us to construct this correspon-
dence is the following. Let & be one of the (up to d) elements in {1,...,¢}%
such that X (o) = x. Set

o;=5; Vi <N/2, (6.2.28)
and define UN/2+1; -+ ON/24a> U—N/Q—lv ceey U—N/Q—a so that
N/2+a—1
T (N/2ra) = 0, Il ZToerTo o, =1 (6.2.29)
j=N/2
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This is possible by the mixing property of 7" and in up to ¢?* different ways.

The sequence g, defined in this way for i € [-N/2 —a, N/2 + a] is then
periodically extended into a periodic sequence with period N + 2a: note
that this is now possible because 0_ /2o = 0n/244 by (6.2.29).

The construction shows that with every « € my we can associate (up to
¢*%) elements g € Ty N/2+24 and, furthermore, such classes of elements are
pairwise disjoint (i.e. to different x necessarily there correspond different
sequences o).

Furthermore (6.2.28) implies (6.2.27) by the Holder continuity of the code,
and (6.2.27) in turn means that if g is associated with an z by the preceding

construction there is a constant 6/ > 0 such that

N-1
—/

‘ Z f(S%x f(x (Tjg))‘ <C, (6.2.30)

7=0

because f is Holder continuous and, by (6.2.27), there exists C" > 0 such
that

/!

N-1
> A, X (0)* < C (6.2.31)
7=0

(note that the distance between Sz and S7X (¢) begins to grow substan-
tially only when |j| is close to N/2, by the construction of ¢’). Hence by
(6.2.30)

N+2a—1 i
Z 72 (87X () >

GEMN +2a (6.2.32)
> ¢~ C —2allfll . e — >, f(sT)

TETN

This inequality implies, by (6.2.23), the validity of the inequality opposite

0 (6.2.26), and (6.2.18) is proved. This shows that the limit (6.2.18) exists
and equals P(®) — f(X(p)): in particular the latter expression does not
depend on the Markovian pavement Q used, in spite of the fact that both
® and the code X do depend on Q.

To show the validity of item (ii) call & a weak limit of the sequence of
distributions in (6.2.19). Since the distributions py in (6.2.19) are invari-
ant,! the limit of any convergent subsequence of y will be S—invariant and
hence 7 will be S—invariant.

To check that 7 = p it will suffice to show that [ is absolutely continuous
with respect to p: then the ergodicity of p will imply & = u. The absolute
continuity will follow (since p and 7 are regular Borel measures) from an
inequality of the type T(|F|) < Ku(|F|), for F' that varies in a set which
spans densely in C (). For example for every Holder continuous F.

1 Observe that if F(z) = Z;\f:_ol f(z) and SNz = x then F(Sz) = F(x). Moreover the

set of points of period N is clearly S-invariant.
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Hence we shall fix 1 > 8 > 0 and show the existence of K > 0 such that
7(F) < Ku(F) for all F >0, F € C#(2). We have

N-—1

Taemy ¢ 2= T F(a)

F) = - < by (6.2.22) <
SRS B S EE N (0222
xr TN
N-—1 i
_ } f(Sz
o ZCEGTFN e EJ:U ( )F(ZC)
€6.2.33 <de Nix T, oS (6.2.33)
Zoe?N o NI ()=, Aa(rig)
< by (6.2.27), (6.2.30), (6.2.32) < deC"+C +2alfll.
_ N+2a—1 F(X i = =
Cpinin € 2 D (X () + Te ™)
NF(X ()= """ Aa(rig) ’
ZQE;T\N € =
having also used the Holder continuity of F' to define naturally T and @
By (6.2.12), the (6.2.33) can be further bounded above by
pun (F) < de?C"+C +2allf 1o 3 e,
QE?N+2@
_ O \NAza- g = = 6.2.34
e6.2.34 Z A<1>( —)(F(X(g)) + Ce™ aN) ( )
T N FX (-3 As(rig)
OETN
and, in the limit as N — oo, we get
T(F) < de2C"+ T +4all il Jiny
N —oc0
_SNFza-L 4o —
06,235 S pern, € 0 (F(X(g)) L Tea) (6.2.35)
— Z (tig) '
ZO’EWN
However as a consequence of the finiteness of ||®||, for all p > 0 there exists
a constant B, < oo such that
Z - Z A@(sz)
prt < e <B 6.2.36
6.2.36 p = T A rioy =P (6.2.36)
Z N 72 o (Tio)
QEWN+D

because this ratio can be estimated by the same procedure followed to solve
problem [5.3.1] (we leave this to the reader).

Then the limit in (6.2.35) is not larger than Ba,u(F), for all F' € C*(Q),
F > 0, and this implies existence of K > 0 such that G(F) < Ku(F), for
all F e C¥(Q), F > 0; and the proof is complete. |
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Bibliographical note to §6.2

This section illustrates some aspects of Sinai’s theory, [Si72]; see the bibli-
ographical note to §4.1.

86.3 Periodic orbits, invariant probability distributions and en-
tropy

An interesting and in a certain sense surprising corollary of the results of
the preceding section is the following proposition.

(6.3.1) Proposition: (Topological entropy)
Let (Q,.5) be an Anosov system and let Ny, (S) = {number of periodic points
of period m contained in Q}.
(i) The limit

so = lim_ m ™ log Ny (S) (6.3.1)
exists and has value sg = s(u), where p is a probability distribution which
mazimizes the entropy function s(-) in ML(Q,S).
(i) If Q is a Markovian pavement of Q with compatibility matriz T and if
At is the largest eigenvalue of T (simple by Perron—Frobenius’ theorem, cf.

problems [2.3.7], [2.3.10] and [2.3.12]), one has
so = P(0) =log Ar > 0. (6.3.2)

(i1i) The closure of the set of periodic points coincides with Q.

Proof: Property (iii) is true for the subshift ({1,.. .,q}%,T) because T is
transitive (see proposition (4.2.4)) and therefore it holds for (2,.S) because
the symbolic code X is continuous and surjective. A proof not based on
symbolic dynamics is perhaps more instructive, see problem [4.2.13].

Property (i) holds because the probability distribution g that maximizes
s(p') on ML(Q) is such that sg = s(u) by (6.2.18), while, by proposition
(6.2.1), it is the image of the Gibbs distribution on {1, ..., q}% with potential
® =0 (cf. proof of lemma (6.2.1), in particular (6.2.7) and (6.2.10)). Then

P(0)= lim N7'log > 1=

N —o00
oe{l,...,q}¥
:J\}i_r)nooN_llog > ToiosTosoy - Tox_ion = (6.3.3)
O yeeny ON

s -1 N-1y
,ngnooN 1og2(T Joor = log Ap,

by Perron—Frobenius’ theorem, since T is mixing. Hence also (ii) follows. ®

The problem of the counting of periodic points can be further refined: for
instance the following proposition holds (Manning—Ruelle).
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(6.3.2) Proposition: (Zeta function)
Let (2,8) be an Anosov system.
(i) The function

¢(s, ) ZeXP[i (C 3 e 2 1] (6.3.4)

n mn
Tr=x

is holomorphic in the complex plane in the variable s for Res > p(f), if
f € C*), a > 0. Such a function can furthermore be extended to a
holomorphic function in the half plane Re s > p(f) — e(f), with (f) > 0
suitable, deprived of the point s = p(f), where a simple pole is present .
(i) The function s — ((s,0) extends to a meromorphic function in the
complex plane s.

We shall not enter into the details of the proof of this proposition that
requires an accurate analysis of the multiplicity of the code X associated
with a Markovian pavement on €2 of the type of those built in Section §4.2,
at least for what concerns the periodic points z € 2 N 9Q, [Ma7l].

Another question, implicitly solved in the previous sections, is the existence
of invariant probability distributions which are absolutely continuous with
respect to the volume measure on 2: we shall only formulate the results in
the case in which €2 is two—dimensional, in order to make use of the analysis
in Section §4.3. It is however true that both the results of Section §4.3 and
those that follow can be extended to Anosov systems with dimension larger
than 2.

(6.3.3) Proposition: (SRB distribution)
Under the hypotheses of lemma (6.2.1) there exist two probability distribu-
tions ut, p= € ML(Q,T) such that for every F € C*(Q), a > 0,

-1

lim N=1Y " F(SHg) :/ui(dg)F(g) (6.3.5)

N —o00 .
7=0

almost everywhere in x with respect to the volume measure py on 2.

The dynamical system (£2,S) admits an ergodic topological probability dis-
tribution u absolutely continuous with respect to the volume measure if and
only if pwt = p=. In such a case pg = p* = pu~.

Remarks: (1) The above theorem is due to Sinai, Ruelle, and Bowen,
[Si68], [Si72], [Si77], [Ru76], [Ru78], [Ru95], [Ru99] and [Bo70]. The differ-
ence between this theorem and Birkhoff’s theorem, see proposition (2.2.2),
is striking. Here the distribution with which the initial data x are sampled
is not invariant, i.e.  is chosen almost everywhere with respect to pg rather
than with respect to an invariant probability distribution.

(2) The above proposition says that the statistical properties of motions
whose initial data are chosen randomly with a distribution proportional
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to the volume measure on phase space exist and are independent from the
choice of the data. Such a property is often taken for granted in Statisti-
cal Mechanics problems and it is formally called the 0-th law of statistical
mechanics and pt are called the statistics of the motions generated by the
dynamical system; this attributes a philosophical primacy to the random
choices based on distributions with density with respect to the volume of
phase space.
(3) Note that in general the statistics “toward the future” (u*) and the
statistics “toward the past” (u~) are different.
(4) A system (9, S) is called reversible if there exists an isometry I : Q — Q
such that

IS =S, I’=1. (6.3.6)

This symmetry, which ought not be confused with invertibility which is just
the existence of S~!, exists in many concrete applications and it often coin-
cides with the velocity reversal of the constituents of a mechanical system.
What might be perhaps surprising is that even in systems in which time
reversal symmetry holds one has, in general, u* # p~.

Proof: From proposition (4.3.2) it follows that the probability distribution
mg, image via the code X associated with the Markovian pavement Q, of
the volume measure pg on 2, is a probability distribution with conditional
probabilities given by (4.3.11). The restriction mg of mg to the o-algebra
B(Z") has instead conditional probabilities given by (4.3.12).

Let m, be the Gibbs distribution on {1,. ..,q}qza with potential ®* de-
scribed, according to the notations of (4.3.13), by ®% = 0 unless X is a set
translated of {0,...,2n + 1} for some n, and define

(I)gn-l-l(ono’ ce 502n+1) = (I)’I(lO,...,Qn-i-l) (0‘0, ce ,02n+1). (637)

Such a probability distribution exists and is unique, ergodic, mixing with
exponential rate on the cylinders (because ®“ verifies (4.3.14) and, there-
fore, the bound (5.4.19) and its consequence (5.4.22), for the same reason
discussed there).

We apply again the methods and ideas employed to study Gibbs distribu-
tions in Section §5.2, see in particular the proof of proposition (5.2.1).

The probability distribution m;, restriction of m,, to the o—algebra B (Z+),
and the probability distribution mg, restriction to B (ZJr) of the probability
distribution mg image via X of the volume measure p, are absolutely equiv-
alent. This can be verified by using (4.3.12), (4.3.13), (4.3.14) and (5.2.5)
(which is, with the obvious modifications, applicable also to the conditional
probability, (4.3.11), of my): in fact one has

mar(Cgoj\f,N) _ fmo(a’o. --UN|5N+1 ce ,5_1 . )mo(dé) < (6 3 8)

mf{(Cgof\QN) fmu(ao...aN|5N+1...,5_1...)mu(d§) o
e oN|FN T )

< (g% oxn(8l|pull )12 A L 0(00 - ON[EN 1 Ty Jmo(de

< (@ el ) A et 51 (@)’
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sin (X ()
smp(X(@) | =

and g is a reference configuration arbitrarily chosen among

where a is the mixing time of 7' and® A = max, .
1

min | sin p(z)|
z€EQ

those that continue ...g_; 0¢...on into a configuration ...g_; 0g...0n
ON41-..: the @ is chosen so that it depends exclusively on on and not, in
particular, on g, see the beginning of the proof of lemma (6.2.1). In (6.3.8)
all integrals must be understood to be extended to regions such that the
configurations that appear in the conditional probabilities are in {1, .. ., q}%

Since the sequence g is fixed the integrals in (6.3.8) can be immediately
performed and (6.3.8) becomes

.N) +

+(0.. o
mg (C ... ..

0 Conion) o g, M0 Ol ), (6.3.9)
muy (Cg(.).....az\]) My (UO T UN|UN+1 o )

for a suitable constant K;. The probability distribution mg can be treated
as the probability distribution m of Section §5.2 and we can prove for it
propositions analogous to propositions (5.3.1), (5.3.2) and corollary (5.3.1)
for which the probability distribution md turns out to be equivalent (with a
bound for the Radon-Nykodim derivative similar to (5.3.10)) to the proba-
bility distribution m;, a Gibbs distribution on 7 with potential $*. Since
also m} is, by corollary (5.3.1), absolutely continuous with respect to m;
and (5.3.10) holds, the r.h.s. of (6.3.9) can be bounded by a constant Ko.
By what said above one deduces that we can choose

Ky = Sl Ih+4al @l A g2a (6.3.10)
and, in conclusion,
+((10...N
mg (C
i( o0 o) < Ky and, likewise, > K; ', (6.3.11)
CO--N )
mu( 00...0N
L. : : + def dmg
Hence mg is absolutely continuous and equivalent to m;; and m, = Tk

isa B(ZJr)fmeasurable function such that K;l < mu(o) < Ko, marfalmost
everywhere. In fact with a little extra effort and by using the ideas of
Section §5.2 and of the proof of proposition (5.3.2) in particular, it is possible
to show that m, can be chosen to be Hélder continuous on {1,.. .,q}%+
(i.e. |my(a) — mu ()] < Cd(g,a’)® for all g0’ € {1,...,q}?+, , with C,
a > 0): we leave this derivation to the reader.

If ¢ — F(o) is a B(Z")-measurable function on {1,...,q}% we shall
have m;—almost everywhere and, therefore, mar —almost everywhere and

1 Note that in the course of the proof of proposition (4.3.2) we deduced an explicit expres-
sion for the function f that appears in (4.3.12), i.e. f(g) = sinp(X(g)), where (X (g))
denotes the angle between the direction of the manifold stable and that of the unstable
manifold at the point £ = X (¢). Such an expression is here used to get the bound
(6.3.8).
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mo—almost everywhere

—1

N1 Z F(rig —>/ ):/ﬁ(g’)mu(dg’), (6.3.12)

Jj=

by Birkhoff theorem and by the ergodicity of m,,.

Hence, by a density argument, the limit (6.3.12) is valid for all F €
({1, q}%).2

If F e C*Q), @ >0, and pu* is the image (isomorphic mod 0 to m,,)
via the code X, we shall have that the function F(g) = F(X(c)) is in
C({1,...,q}%) and, by (6.3.12), if z = X (o)

Nt Z F(S72) = N1 Z F(rig) ——
: (6.3.13)

po—almost everywhere.

Similar arguments can be given for the averages in the past and lead to
the probability distribution p~.

The second part of the proposition is a consequence of the first part. n

Note that in the preceding proof we obtained something more.
Let indeed F', G be a pair of bounded and B(Z")-measurable functions;
then, for all j > 0, obviously

/ F(ri0)Ga)mo(da) = / F(ria)G(a)m (do) =

(6.3.14)
- [P ob@m@mi (o) = [ Fr)Ge)m 2m. ().
where 7, is the function, Holder continuous on {1,..., q}qu, defined after
the (6.3.11). Since m,, is mixing we obtain
lim mo(GT7F) = my (7 G)mu(F) = mo(G)ma (F), (6.3.15)

j—o0

and such a limit is reached at exponential rate if F and @ are also Holder
continuous. All this follows easily from (5.4.22) which holds for m,, as noted
after (6.3.7). By density this remains true for every F , G which are Hélder
continuous and B(Z)-measurable.

2 Note that the assumption for F to be B(Z™)-measurable can be obviously weakened
into B([k, +o0))-measurable, for some k € Z, and such continuous functions are dense

in C({1,...,q}%).
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Therefore if F, G € C%() and if we set F(0) = F(X(¢)), G(¢) = G(X ()
we see that this gives the following.

(6.3.1) Corollary: (Mixing of the non invariant volume distributions)
IfF, GeC*Q), a>0, one has

lim 10(GS7F) = po(G)px(F) (6.3.16)

j—+oo

and the limits are attained with exponential rate.
Finally the following proposition is remarkable.

(6.3.4) Proposition: (Pesin formula)
Let (Q,S5) be an Anosov system. With the usual notations of definition
(4.3.1) we have

s(ut) —pt(log Ay) = s(u™) + p~ (log As) = 0 (6.3.17)

Furthermore u™ and p~ mazimize in ML(Q, S), respectively, the functionals
s(u) — p(log Au) and s(p) + p(log As).

Proof (hint): The second statement follows immediately because p* and
u~ are X—images of Gibbs distributions with potentials ®* and ®* defined
via (4.3.5), as shown by proposition (4.3.2) (cf. (4.3.15)) and by the proof
of proposition (6.3.3): this statement is then reduced to the variational
principle for Gibbs distributions, discussed in the previous sections.

N .
To check (6.3.17) note that, by (6.3.11), if PN = jgo S77Q,,,

..ON

mt(Coy )

Kyl < < Ko, (6.3.18)

po(Poy’oy)

and, therefore, to compute the value of s(m,) = s(u") we can make use of
Shannon-McMillan’s theorem and, by (6.3.18), we deduce that

s(pt) = s(my,) = — lim N1t 1ogu0(02(')'_'_1_\fm), (6.3.19)

N—o0

where the convergence of fy(g) =
place in Lji(m,,); see lemma (3.2.1).
Let ¢ € {1,.. .,q}% and x = X(g). It is possible to see, following the
methods used to obtain the estimates of Section §4.3 that there exists K’

such that o N
IU’O(P(T()O'N)

ﬁjol At (87X (g))

—N~1log po(C N, ) to s(u™) takes

(K1 < <K' (6.3.20)

(this is first heuristically shown by interpreting it geometrically with the
help of a drawing like Fig. (4.3.1) and Fig. (4.3.4)).
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Equation (6.3.20) implies immediately, by Shannon-McMillan’s and
Birkhoff’s theorems, by proposition (6.3.3) and by considering the logarithm
divided by N of both sides of (6.3.20), that the entropy s(u™) = s(m,,) is

s(ut) = s(my) = lim —N"1log uo(P%N )= (6.3.21)

00...0
N —o00 0 N

N —oc0

N-1
= lim —N"! Zlog)\gl(ij) :/,qu(d:c)log)\;l(x),
j=0

so that (6.3.17) follows. |
We have therefore proved also the following corollary.

(6.3.2) Corollary: Let (£2,5) be an Anosov system. Suppose the the map
S preserves the volume measure po on ) then

s(po) = —/uo(dz)log Au (), (6.3.22)

i.e. “the entropy of an absolutely continuous invariant distribution is the
average value of the logarithm of the contraction coefficient”.

Remarks: (1) Note the relation between this theorem and the theorem of
Kouchnirenko of Section §3.4.

(2) Hence the dynamical system on T? defined by the map S (il) =
2

< i ;) (Zl ) mod 27 is such that the entropy of the Lebesgue measure
2

Ho 18

s =1log(3+V5)/2 = log \. (6.3.23)
(3) Furthermore fi is the probability distribution that maximizes the func-
tional s(u’) — ¢/ (log A) in the space of the ergodic probability distributions
on T”. This means that it makes maximal the entropy, since \ is constant.
(4) The number of the S—periodic points is (cf. proposition (6.3.1))

psmo(m) _ (3 + \/g)m”(m).

Nin(s) = 9

(6.3.24)
(5) This means that every Markovian pavement of (T?,S) has a compati-
bility matrix 7" with the largest eigenvalue equal to % > 2. See also the
problems below.

(6) Hence a Markovian pavement for the system (T?,S) consisting of only
two S—rectangles cannot exist.

A representation of the SRB distribution similar to the one for the volume

measure discussed in corollary (4.3.1) follows from the argument leading
to (4.3.23) and from the analysis of Sections 6.2, 6.3 and the following
proposition will be useful.
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(6.3.3) Corollary: (Fubini’s theorem for the SRB distribution)

Let (M, S) be a two-dimensional Anosov map. Given xo € M consider the
rectangle R = Wy (xo) x Wi (xo) where ¢ is small enough so that the point
[x,y] is uniquely defined (cf. Fig.(4.2.1)). Then the SRB probability p(E)
of a subset E C R is given by

wE) = [ don [ utdey)
Wi (zo) W3 (zo)

7 A (5w, 2])

(6.3.25)

| xe([y; z])

where do, is the area measure on Wi(xo) and v(doy) is a measure on

The measure v will in general not be absolutely continuous with respect
to the arc length do,. This result in fact is general and it holds in any
dimension.

Problems for §6.3

[6.3.1]: Let (2,.5) be an Anosov system and let Q be a pavement of 2 with S—rectangles
(cf. definition (4.2.2)) which have the Markov property (4.2.12). If Q is generating then
we could conclude that the compatibility matrix, see Section §4.1, defined by T, = 1
if int(SQo)Nint(Qy/) # O and T,, = 0 otherwise, has the logarithm of the largest
eigenvalue equal to the topological entropy by proposition (6.3.1). Suppose that Q is
non-generating: show that the logarithm of the largest eigenvalue is less than (or equal
to) the topological entropy. However it cannot differ from the topological entropy by
more than the logarithm of the maximum number of connected components of the sets
int(Qs) Nint(Q,/). (Hint: If Q is non-generating but it is not trivial then the correspon-
dence between compatible symbolic sequences and points whose trajectories never fall on
the boundaries will not be one-to-one but it will have multiplicity.)

11
1 0
of problem [4.3.7] have the same largest eigenvalue, i.e. (1 ++/5)/2, cf. Fig.(4.3.4).

[6.8.2]: Show that corollary (6.3.2) implies that the matrix So = ( ) and the matrix

[6.3.3]: Check that the matrix So and the matrix of problem [4.3.7] have the same
largest eigenvalue by directly computing it.

Bibliographical note to §6.3

This section illustrates some aspects of Sinai’s theory, [Si72], [Si77]; see the
bibliographical notes to §4.1.

86.4 Equivalent potentials. Gibbs distributions with transitive
vacuum

Let B be the space of potentials for {0, .. .,n}?, where T is a mixing
compatibility matrix (cf. definitions (4.1.1)) and (5.1.1).
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A natural question is whether it is possible that two potentials ® and ¥
generate the same Gibbs states and, in the affirmative case, which is the
relation between ¢ and .

A fully satisfactory answer does not seem to exist, partly because the space
B is not a “natural” space of potentials. It is just a family of conveniently
restricted potentials large enough to give rise to a theory endowed of a
remarkable variety of phenomena and singularities.

Nevertheless the following propositions will give an idea of what it means
that ® and ¥ produce the same Gibbs states: if this happens we say that
the potential ® and U are equivalent potentials.

(6.4.1) Proposition: (Equivalent potentials)
Let B! = Uxss B, where s > 0, and B C B is the space of the potentials
® € B such that

[@]|¢5) = >~ erdiam o | < +oo. (6.4.1)
X30

The B! is called the space of the potentials that “decay exponentially” on a
scale shorter than s~1.1 Then

(i) If, given ®, W € Bl, there exists a constant C' and a Hélder continuous
function F € C({0,...,n}%) such that

As(0) = Aw(a) + F(ra) — F(a) + C (6.4.2)

holds then ® and ¥ satisfy G(®) = G(P).

(ii) Viceversa if ®, ¥ € Bl and G(®) = G(V) then there exists a constant
C and a Hélder continuous function F € C({0,...,n}%) such that (6.4.2)
holds.

Proof: Since (6.4.2) implies that for all invariant probability distributions
pe M{0,...,n}%) 2 one has s(u) — u(As) = s(u) — p(Aw) + C, item (i)
follows from the variational principle (corollary (6.1.1)).

To prove (ii) suppose that ®, ¥ € B! and that there exists C € R for
which

1(Ag) = n(Ag) +C  forallp e M({0,...,n}5), (6.4.3)

We first prove that, under the assumption (6.4.3) there exists F €
C({0,...,n}%), Holder continuous, for which (6.4.2) holds.

In fact note that the function g = Ag_y — C has zero integral with respect
to an arbitrary € M({0,...,n}%) and hence, in particular,

N-1
g(r7g) =0 (6.4.4)

0

<

1 Note that one has Bg C B; the superscript h refers to the fact that the function Ag (o)
corresponding to any ® € B?, with s > 0, is Holder-continuous.

2 See remark to proposition (2.3.1) for notations.
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for every o that belongs to the set of the periodic points with period N in
{0,...,n}%3

Furthermore the hypothesis of mixing on 7' guarantees the existence of g
such that U5 {r/g,} is dense in {0,... ,n}% (cf. problem [4.1.19]).

We can then set

F(ay) =0, F(ray) = g(ay), F(r°ay) = g9(ao) + 9(1ay),
h—1

. F(thgy) = g(tiay),. ..
=0

(6.4.5)

We now show that the function F' thus defined on U2 {770, } is in fact uni-
formly Holder continuous on this set (i.e. the Holder constant and the ex-
ponent can be chosen independently the point in U2, {77a}) and therefore

it extends to a continuous function on all {0, ... ,n}jza that, by construction,
verifies g(g) = F(ra) — F(a), and this implies (6.4.2).
To see the uniform Hoélder continuity we remark that one has Ag_y (o) =

> x50 %\‘W and recall that the definition of distance d(o, ¢’) be-

tween two sequences a,0’ is d(a,d’) = e if 0; = o7, for all |j| < v and
Ot(vs1) 7 o;[(V_H) (see definition (4.1.3)). If o and ¢’ are close then (6.4.1)

v

implies existence of two constants £’ > 0 and C' > 0 such that
l9(e) — g(a)| < C d(a,a')". (6.4.6)

Then if 7%g, and 7"a, happen to be very close, i.e. if (t*ay); = (t"ay)i
for all |i| < v, and if p=Fk —h > 0 we set g; = 7", and note that

|F(7'kQ0) - F(Th20)| =

Zg(fjgl)‘- (6.4.7)
0

The definitions imply that (g); = (¢ )i4p, for all |i| < v, and hence there
exists a configuration g, € {0, ... ,n}qza which is periodic with period p and
such that

(@1); = (g1); —v<j<v, (6.4.8)

(thisis 01; = 015 for —v < j < —v+p and then ¢ is continued periodically).
So that, by (6.4.4) and (6.4.7),

p—1 o
, . 2C e "V
|F(Tkgo) - F(Thgo)| < Z l9(r7ay) — g(778,)| < e~ (6.4.9)
j=0

Therefore F is uniformly Holder continuous on U2 y{77g,} and (6.4.2) is
proved under the assumption in (6.4.3).

Tig

3 The measure p = N~} Z;.V:_Ol 8.io isin M({0,...,n}2)!
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To prove the statement in item (ii) we must show that (6.4.3) follows from
the assumptions that ®, ¥ € B2 and that G(®) = G(¥). This means that
the tangent planes to the graph of the pressure P(®) in ® and in ¥ (which
are unique, cf. propositions (5.2.1), (6.1.2)) coincide. Since P(®) is convex
this means that they are also tangent to P at the points P(®+¢(¥ — ®)) for
t € [0,1]: hence for all t real, because the DLR relations are real analytic
in the potentials. Let C' = u(¥ — ®): the variational principle (cf. corollary
(6.1.1)) then tells us that

max (s(l/) —v(Agpyy (\If—@))) =
veM({0,...,n}%) (6.4.10)

=s(u) — (Agyi (v—a)) = P(®) - Ct

Noting that s(v) —v(Agtt (v—a)) = s(v) —v(As) —tr(Ay_s) < P(®) - Ct
for all ¢ real and for all v € M ({0, ...,n}%) can only be if v(Ay_g3) = C we
get Ap — Ay = C+ G with v(G) =0 for all v € M({0,...,n}%). Hence we
see that (6.4.3) holds. u

Remark: We can define on B} an equivalence relation setting ® ~ W if
there exist F € C({0,...,n}%) and a constant C' € R for which (6.4.2)
holds. A norm on the equivalence classes defined by this relation is given
by

|] = inf sup [ 4a(0) + C + F(ro) = Fo),  (6.411)

It would be natural to call “space of the potentials” the space obtained by
taking the closure B’ of the classes of B} with respect to the norm (6.4.11).
But this new space B’ of (equivalence classes of) potentials is difficult to
study and it is not clear not only whether ® # ¥ implies G(®) # G(¥)
for ®, ¥ € B’, but even whether we could extend the notion of Gibbs
distribution to the elements ® of the completion of the classes of BJ.

Nevertheless the idea of choosing one representative for every class of equiv-
alent potentials can, in several important cases, be realized. For example
we consider the following case.

(6.4.1) Corollary: (Potentials in systems with transitive vacuum)

If Too = Too = 1 for all 0 = 0,...,n, (“transitivity of T on the vac-
uum”) then every ¥ € Bﬁ)gQ is equivalent to a potential ® € BY such that
Ox(ox) =0ifo; =0 for some j € X; such a potential is simply defined by

DPx(cx)=0 if 05 =0 for some j € X,

Ox(ay) = Y Uy(ax0), (6.4.12)

where (0x0); =0 if j €Y/X and (cx0); =0; (#0) if j € X.*

4 The notation we are using here is the same used in Section §5.1.
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Remark: In this context the symbol 0 is called here “vacuum”: however
its only property is that transitions from o = 0 to any ¢’ and vice versa are
possible. Therefore if another symbol enjoys this property we could equally
well take it as a reference symbol, call it “vacuum”, and draw analogous
conclusions.

Proof: It is immediate to check that if ¥ € B{ggQ then ® € Bl by using
the definition in (6.4.12).

Taking into account proposition (5.1.6), (5.1.11) and (5.1.16) one finds for
all ue M({0,...,n}%)

N-1
p(Aw) = Tim N7 Z Ay(r'g)) = lim N7u( D7 Ux(ox)) =
j=0 Xclo,...,N]
' _ ¥x(0)
— 1 —
*NIEDOON /L( Z @X(QX)+NZ X )*
Xc|o,...,N] X350
i V(S Aa(rig) 4 v ST O 4.1
_Ngnoo M(Z @(TQ)-F Z |X| )_ (6--3)
7=0 X350
Ux(0)
= 1(Aa)+ ) X[
X30
hence we are in the situation of item (i) of proposition (6.4.1). u

It is then convenient to set the following definition.

(6.4.1) Definition: (Gibbs states with transitive vacuum, particle poten-

tials)
Let T be a mizing compatibility matriz with labels in {0,...,n} which is
transitive on the vacuum, i.e. such that Ty, = Ty = 1 for alloc =0,...,n.

Denote by B C B the space of the potentials for {0, ..., n}qza such that

Px(cx)=0 if o5 =0 for some j € X. (6.4.14)

We shall say that {0, ..., n}? is the space of the configurations of n species
of particles, denoted by the label ¢ = 1,...,n, on Z subjected to a hard
core condition described by T (i.e. we interpret every 0 of the matriz T as a
condition of incompatibility between two particles, that forbids the possibility
of configurations in which they appear as nearest neighbours).

The potentials ® € B will be said particle potentials for n species of par-
ticles and a vacuum and the Gibbs states on {0,...,n}% associated with
potentials ® € B will be said Gibbs states for n species of particles and a
vacuunm.

Remarks: The wording in the preceding definition is useful because it
allows us to give a suggestive physical interpretation to the Gibbs states
on {0,...,n}% with T transitive on the vacuum. The configuration o = 0,
with o; = 0, is called, for obvious reasons, the vacuum.
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The following proposition holds (Griffiths—Ruelle), [GR71].

(6.4.2) Proposition: (Different particle potentials generate different
Gibbs states)

If {o,.. ,n}% is defined by a mizing matriz T which is transitive on the
vacuum and zfé is the set of the particles potentials on {0,..., n}?, then
O, Ve B and ®# U imply G(®) NG(T) = 0.

Remark: If we consider the graph of ® — P(®) for ® € B we see that
the above proposition, combined with the results of propositions (6.1.1)
and (6.1.2), means that the graph of P(®) on B is strictly conve, i.e. it is
convex and in every point it has a different tangent plane (one checks that
the propositions (6.1.1) and (6.1.2) and the remark following proposition
(6.1.2) remain valid if, under the present hypotheses on T, we replace B
with B C B).

Proof: Let Ag C Z be a fixed finite region and let Ay = [N, N] D Ay.
The DLR equations, see (5.1.9), imply that if © € G(®) one has

(CAN - / - Zcho Px(2x)=W(gs, U ) @ | L)
H Tp0) T ZAN(¢;QA§V) H\AT p¢ ), 4.

where pu(da A?‘v) denotes the restriction to B(AS;) of the measure y, the

configuration (g, 0) € {0,.. ., n}aNis defined to be o = 0if j ¢ Ag and
0'_;» =0j lfj € Ao,

W(ahyloas) = > @rldh), (6.4.16)

RNA N #0
c
RNAS, #0

with ¢ = ((ga,0)g,¢ ) and

- Z ¢X(£X)7W(EAN‘EA5«V)
Zan (@05 ) =D € XM , (6.4.17)

gAN

according to the notations of Section §6.1.
The condition ||®| < +oco shows that if A is fixed

lim W(QAOQ|QA?V) =0, (6.4.18)

N —o00

uniformly in g, , g5. and hence

A
w(Cq o) _
2o ™ 2axcag X (@x) (6.4.19)

u(Cp) N
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This means that p € G(®) determines uniquely Un,(gs,) = Y. ®x(ox)

X CAo
for all oy, € {0,..., n}%“.5 In turn Uy, determines ® recursively as
ex(ex) = Y (-1 Urlap), (6.4.20)
RCX
therefore ;1 € G(®) determines ® uniquely if ® € B. u

We conclude this section by discussing an interesting property related to

the exponential mixing properties of the SRB distributions. If (£2,.5) is an
Anosov system with a SRB distribution p and f is a Holder continuous func-
tion the limit as N — oo of the dispersion of the variable N =2 Z,iv:_ol f(Skz)
will be finite if f has zero SRB average. It will be given by the exponentially
rapidly converging series D = Y22 (f(S*-)f(:)), where (-),, denotes av-
erage with respect to u. Clearly D > 0 and a natural question is whether
this can vanish. The following proposition gives a necessary and sufficient
condition (Livsic—Sinai).
(6.4.3) Proposition: (A vanishing dispersion condition)
Let (2,5) be an Anosov system and let f be a Holder continuous function
with vanishing SRB average, [ fdu = 0, and with vanishing dispersion,
D Sre F(SF)F()) = 0. Let A(z) be the energy function for the
SRB distribution p, i.e. the energy function A, see definition (5.1.1), asso-
ciated with the potential ® for the SRB distribution. Then

(i) A and A+ f are equivalent energy functions, i.e. the same Gibbs distri-
bution u mazimizes s(p') — ' (A) and s(u') — ' (A+ f) over i’ € ML(Q,S),
cf. corollary (6.2.1).

(ii) f(x) = F(x) — F(Sz) for a suitable F' which is Hélder continuous on
Q.

Property (i) implies that a necessary and sufficient condition in order to
have D > 0 is that the average of f along a periodic orbit does not vanish.
See Appendix (6.4).

Appendix 6.4: Vanishing dispersion conditions

The following lemma shows that D = 0 has interesting implications and prepares the
proof of proposition (6.4.3)

(6.4.1) Lemma: (Vanishing dispersion: a L condition)
Let (Q2,5) be an Anosov system. A necessary and sufficient condition in order that a
Holder continuous function f with zero SRB average (f duf = 0) has a zero dispersion

% 220:700 ff(SkJ:)f(x)u(dx) in the SRB distribution pu for (2,.5) is that there is
a function F(z) defined on a set Vo C Q such that

f(x) = F(z) — F(Sx), forx € Vo and u(Vo) =1 (A6.4.1)
and there exist constants C,a >0 and V C Q x Q, u x u(V) =1 such that

5 With {0,..., n}/%U we mean (naturally) the set of the elements of {0, ...,n}*0 that can
be extended in at least one way to an element of {0,...,n}%.
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|F(z) — F(y)| < Clz —y|® for all (z,y) €V (A6.4.2)
Hence F is bounded p—almost everywhere.

Remark: From (A6.4.2) we cannot (yet) conclude that F' is Holder continuous because

V£QxQ.

Proof: We discuss the case of 2—dimensional Anosov maps, for simplicity Consider

the sum Fy(z) def k 0 f(,S"c ). If D = 0 one finds that fd,u(z f(Skx))? is

bounded uniformly in N. Therefore the sequence Zk:o f(SFz) is bounded in La(p).
Furthermore for all g smooth limy_; o f Z;V:_Ol f(SIz)g(x)u(dz) exists (by mixing) so

that the limit F(z) = limy 00 E:O:() f(S*x) exists weakly in La2(u) and (therefore)
f(z) = F(z) — F(Sz) p—almost everywhere. The difficulty is in the proof of the weak
kind of Hélder continuity of F' claimed in (A6.4.2).

The same arguments as above can be made for time tending to —oo: thus we can define
a function F_(z) = Zk— f f(S*z). The function F_(z) + F(x) is however invariant:
and therefore it must be constant. The constant must be 0 because f has zero average.

Let {0 €  and let R = W (§0) x W3(€o) be an S-rectangle, in the sense of definition
(4.2.2), with center £y and pair of axes C' = W3 (§o) and D = W3 (£o) with the notation
of Section §4.2, cf. Fig.(4.2.1). The generic point in R has the form [y, ¢’] with ¢ €
C,¢' € D, where [p,¢'] = W5(p) "W (¢') . We can represent, by corollary (6.3.3), the
integration of a function G on R as

/ G(z)p(de) = / d%/ v(de")p(le; @ NG, ¢'1) (A6.4.3)

R c D

where do, is the arc length on C and v is a suitably defined finite measure on the
Flo.]) . N e T : :

arc D and p(p, ¢ Hk o W, note that p(p,¢’) is Holder continuous in

(p,9") € C x D and bounded away from 0, co.
The key remark is that the function on V x V defined by Fn([z,y]) is weakly convergent
to the limit F([z,y]) in L2(u). Indeed let T'(z,y) be a bounded test function. Then ©

/F(Ly)FN([x,yi)u(dx)u(dy) =/ dawodam/ v(dep)v(det)-
R CxC DxD
- p(¢0, ©0)p(e1, 1) ([p0, w0l; [e1, 1) Fn ([wo, ¢11), (A6.4.4)

which, multiplying and dividing by p(¢o, ¢]) can be written fR Fy (z)f(z) u(dz) where,
if z = i@OﬂPIIL

plwo, p0)p(P1,9])

A6.4.
pleo, ) (46.45)

[(z) = / dow, v(dey)T ([0, 5], o1, 1))
CxD

is a bounded function. —
Therefore fF(z,y)FN([z,y])u(dz)u(dy) N fR w(dz)F(2)I'(z) because Fpy con-

N — oo
verges weakly to F' in La(u). By going backwards this means that Fi([z,y]) is weakly
convergent to F([z,y]) in La(u X ).

The function sz:iol (f(Skx) — f(S*[z,y])) is bounded by

N-1
| " #8%a) - 1M wial)| < Clo -yl (46.4.6)
k=0

6 We use that [z,y] = [po, 9] if 2 = [0, ¥j] and y = [p1,¢]].
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if C' is a suitable constant and « is the Holder continuity exponent of f times the logarithm
of the constant A\ bounding the minimum expansion rate. This is so because the points x
and [z,y] are on the same stable manifold and therefore S¥x and S*[x,y] get closer and
closer exponentially fast with their distance bounded proportionally to A=*. Hence for
a suitable C > 0

|F(x) — Flz,y]| < Clz —y|* (A6.4.7)

holds almost everywhere with respect to u X p. Likewise |F_(y) — F—([z,y])] < Clz —
y|® almost everywhere with respect to pu x p. Since F_(x) = —F(x) holds p—almost
everywhere we get

|F(z) — F(y)| <217%Clz —y|® for all (z,y) € V (A6.4.8)

where V' is such that g x pu(V) = p x p(R) = 1.

Hence for p—almost all z one has |F(z) — F(y)| < 2!~ Cdiam(R)® for p-almost all
y: and for p-almost all y one has |F(y)| < 217 Cdiam(R)® so that the function F is
bounded uniformly p-almost everywhere. u

If b is a p-almost everywhere bound on |F(x)| the above lemma implies that

N .
e 2 u(de) < py(de) = ,u(d:v)ezj:*f\’ f(5a) < et u(da) (A6.4.9)

because Z;\;iN f(Siz) = F(SNz) — F(S~Nz). On the other hand it follows also that

the limit as N — oo of cyun with ¢y being a normalization factor (e’% <en < e%) is
the Gibbs distribution with energy function A(z) + f(x) if A(x) is the potential function
for p, cf. (6.2.11). Indeed by proposition (5.2.1) we know that the Gibbs distributions
associated with A and with A + f are ergodic: they coincide with p and with the limit
as N — oo of up, respectively, hence (A6.4.9) implies that the two distributions are
absolutely continuous with respect to each other hence they coincide. Therefore the
following result holds.

(6.4.2) Corollary: Let (Q2,S) be an Anosov system and let f be a Hélder con-
tinuous function with vanishing SRB average, ffdu = 0, and vanishing dispersion
D= Z;i_oo ,u(f(SJ)f()) = 0. If A(z) is the potential function for pu then A(x)+ f(x)
is also a potential function for .

The problem posed before Lemma (6.4.1) above is solved by the following proposition

Proof of proposition (6.4.3): The argument preceding corollary (6.4.2) shows that
\Z;.V:_N f(S7z)| < 2b everywhere (because f is continuous). Therefore by the same

argument one sees that given any Gibbs distribution pp with potential function Ag
the potentials Ag and Ag + f are equivalent. Therefore we can apply (i) of propo-
sition (6.4.1) to conclude that there exists F' continuous and a constant C' such that

f(z) = F(z) — F(Sz) 4+ C; in our case C' = 0 because ffdu = 0 and (i) and (ii) are
checked. Item (iii) follows from (ii). u

Problems for §6.4

[6.4.1]: Consider the potential on {0,1}%
Px(ex)=0 |X|=22,  Po(g)=ho

Find an element ®’ of B equivalent to it (i.e. such that G(®) = G(®’)) but with potential
with non vanishing many-body components and which: (a) decay exponentially (&' €
Bl (see proposition (6.4.1) and definition (6.4.1)), (b) is such that ||®'||; = +oo, (c) does
not contain potentials with more than three bodies (here a, b, ¢ are meant as mutually
excluding properties).

[6.4.2]: Does it exist ® € B that is not equivalent to some ®' € B? (see proposition
(6.4.1)).
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[6.4.3]: Check that in the theory of Gibbs measures the function Ap = 3 @)(‘g(g‘x) can

X30
be replaced without substantial modifications by A}, (o) = ZXSO, x>0 Px (cx), (X >0

means X C Z™1).

[6.4.4]: Making use of the results in problem [6.4.3] show that the potential ®x = 0
unless |X| = 3 and @y ; j41}(00,05,05+1) = (0 — 0j+1) ®; and zero otherwise, is
equivalent to zero if Z], |®;] < 4o0.

[6.4.5]: Consider the group of the (n + 1)* roots of unity: 7o, 71,...,7n. Show
that every potential for {0, .. .,n}Z, (OIS BQ, with s large enough, is equivalent to a
potential ® (spin potential) such that ®x (o) = Px - Re (H ) with &x € R
and szo efdiam(X) 1P v | < 400, with & > 0 suitable.

Bibliographical note to §6.4

jex "oy

The contents of this section are based on [GR71], and on the interesting
proposition (6.4.3) (cf. p. 78, theorem 5.7 and the bibliographical note at
p. 96 in [Ru78]). This theorem can be extended to potentials more general
than those verifying (6.4.1) (it suffices to push the precision of the estimates,
giving up proving properties as strong as (6.4.6) or (6.4.9) but looking for
the minimal conditions sufficient to obtain continuity of F'). The vanishing
dispersion analysis is taken, at Ruelle’s suggestion, from [Ru78].
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CHAPTER VII

Analyticity, singularity and phase transitions

§7.1 Polymers

There are various instances in which the construction of the Gibbs dis-
tributions can be performed in great detail, almost completely explicitly,
allowing us to answer satisfactorily to questions concerning, for instance,
mixing rates of Gibbs states and smoothness of their dependence on the
potential.

The methods are based on series expansions and on the use of recurrence
relations to put bounds on their addends: they apply really quite gener-
ally for Gibbs states on one-dimensional lattices but they can be extended
to Gibbs states on lattices of dimension higher than 1 only at the cost of
severe restrictions. We devote the present chapter to a discussion of such
methods and to an attempt to present various results from the unified view-
point which is the polymer theory and the associated cluster expansion, a
more modern term to indicate a method based on equations well known in
Statistical Mechanics under the name of Kirkwood-Salsburg equations and
Mayer-Montroll equations, see [Ga00] and appendix to the following Section

§(7.2).

Let B be the space of the potentials ® for {0, ..., n}%, cf. definition (5.1.1)
and remark the change in notation: in this chapter we denote the space
of the potentials with script B’s with appropriate labels when necessary to
avoid confusion with the many constants B appearing in the bounds that we
discuss. It is natural to ask for regularity properties of the function P(®);
hence we set the following definition.
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(7.1.1) Definition: (Smoothness and analyticity of Gibbs distributions)
Let B be the space of the potentials for symbolic dynamics of definition
(5.1.1) and let B be a subspace in B large enough to contain the space By of
potentials vanishing for all sets X except for the translates of a single set
Xo, cf. Section §6.1. B B
(i) We say that ® — P(®) is C* smooth near ® € B on the subspace B if
the pressure P(®) and the corresponding Gibbs distribution ue € G(®) are
smooth of class C* on B. This means that for allV C Z, gy, €10,...,n}¥

and Uq,..., ¥y € B the functions of A1,..., g
d
P@+) \Ty), a5 o, (Co) (7.1.1)
j=1 =

are smooth of class C* and, respectively, of class C*~' in the variables
A1, .-+, Ag in a neighborhood of the origin of R%. B

(ii)) We say that ® — P(®) is analytic near ® on the subspace B if the
functions in (7.1.1) are analytic near the origin.

Remarks: (1) To clarify the above settings we note that in applications
relevant for us B will be a subspace consisting of potentials verifying some
extra condition besides that of being in B: for instance that some other
norm is also finite or small (see the examples in Section §(7.2)) besides the
stability condition expressed by the finiteness of the norm in (5.1.5).

(2) The space By was used in Section §6.1 in the course of the proof that
knowledge of the A-derivatives of P(® + A¥) at A = 0 yields the trans-
lation invariant Gibbs distribution pue at least when the latter is unique,
cf. (6.1.14), (6.1.33) and proposition (6.1.2). Furthermore existence of the
derivative for all ¥ € By implies uniqueness of the translation invariant
Gibbs distribution; and continuity in ® of the derivatives implies continuity
of the probabilities y(C;/ ), hence of the Gibbs distribution as a function
of ®.

We shall discuss here a few rather general propositions about smooth or
analytic ®-dependence of pug which will also be useful for applications to
dynamical systems. We have in mind providing an example of the construc-
tion of an SRB distribution and of the analysis of its regularity (analyticity)
in nontrivial case exhibiting what is called spatio—temporal chaos. For this
purpose it will be eventually necessary to consider symbolic dynamics on
lattices Z4™ with d > 0 (where the first d coordinates represent space and
the last time). We follow the custom of calling the symbols o of symbolic
dynamics spins: if the number of values that the symbols can assume is
n+1,say o € {0,1,...,n}, we shall call the space @ = {0,1,..., n}Zd+1 the
configurations space of a § spin system on a (d + 1)-dimensional (square)
lattice. Hence the following definition will be useful.

(7.1.2) Definition: (Potentials for spin systems on Z%)

A compatibility matriz for a d-dimensional lattice 5 -spin system is a func-
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o{o1,moaat = 0,1 of 2d + 1 symbols (spins) in {0,...,n}: a se-
quence o € {0,... ,n}Zd labeled by the points in Z% is called T —compatible
if ngzd Ta£7{05i}?il = 1, where the 2d nearest neighbors of & are labeled
by i = 1,...,2d (so that one has |& —&| = 1 for i = 1,...,2d). The
T -compatible sequences will be denoted {0, ... ,n}%d and {0,...,n}3 will
denote the possible restrictions to X of T'—compatible sequences o.

We shall say that T is transitive on the vacuum if TO,{ai}?il =1 for any
choice of the labels o1, ..., 094. .

Let B be the space of the sequences ® = {(I)X}Xczd parameterized by the

finite subsets of Zd, consisting in the functions ®x : {0,...,n}3 — R such
that, having set |®x | = max,eqo, 1 [Px(a)|, one has *
@] = sup > [[@x|| < +oo. (7.1.2)
(€ X3¢

We shall say that B is the space of the potentials on {O,...,n}%d =0
and we can define Ag via (5.1.6), and U (a,) via (5.1.11), with the new
meaning of X, A, ®,a. We say that the interaction is a particle potential if
T is transitive on the vacuum and ®x(ox) =0 if 05 =0 for some j € X.
We say that a probability distribution p on Q is a Gibbs distribution for
the potential ® € B if for all finite A C Z% the conditional probabilities
for finding o, in A given gp. in the complement of A verifies the DLR
equations (5.1.9).

If ® is invariant under translations the pressure P(®) can be defined by
the limit in (6.1.1) and it can be checked to verify proposition (6.1.1) by
adapting its proof to the new context.

Remark: The values of the symbols ¢ have no a priori meaning and
they will occasionally be different from 0,...,n (e.g. 1,...,n or other non-
numerical symbols).

The analysis of the regularity of P(®) and of the Gibbs distributions pg for
spin systems in Zd, when they are uniquely defined, will be done gradually.
In the cases d > 1, unlike what we saw for d = 1, cf. proposition (5.2.1), we
shall have to impose rather strong conditions on ®. We begin by studying
general representations of sums of the form

Zo(h)= Y e Lvaa™len), (7.1.3)

oe{0,1,....n}»

where the potentials ¢ are not even supposed to be translation invariant and
A denotes a finite subset of arbitrary shape contained in a d—dimensional
lattice Z%. The following definition will be used below.

1 Note that the norm defined in (7.1.2) is not the same as in (5.1.5).
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(7.1.3) Definition: (Tree length of a set)

Given a finite subset X C Z% consider the trees 2 that have all the points
of X as nodes. We call such trees spanning trees for X. The length of a
tree © will be the sum 6y9(X) of the lengths of its branches. The minimum
value of 69(X) will be called the tree length of X or the tree distance of the
points of X, and it will be denoted by 6(X).

Remarks: (1) If d = 1 one has §(X) = diam(X) and if X is an interval
0(X)=1|X|-1.

(2) The number of different trees is of the order of | X|! if | X| is the number
of points of X; see problems at the end of the section.

Consider a function v — ((~) defined on the finite sets § # v C A: we call
the sets v polymers and () their activities. The following key restriction
will be assumed

)] < B e 202 E (42, (7.1.4)

where vy, by, ko > 0 and () is the ¢ree length of the set 7. The length scale
nal > 0 can be considered, as we shall see below, to be an estimate of the
size of the polymers. The quantity |y| denotes the number of points in +.
The 2 in the exponents is there for esthetic reasons (i.e. to obtain (7.1.30)
below) while the subscript 0 is for easier reference in what follows.

If k(d, ko) Z 2 Y eeza el and By 2by then (7.1.4) implies (see
also problem [7.1.1])

sup > [CIME < Bowe™ FT i wok(d, %) <1 (7.15)
§€L% y3¢,5(7)>r

Note that k(d, ko) = O(kg?) for kg small and k(d, ko) = O(e"°) for ko
large.

(A) Remarkable algebraic identities.

A natural adaptation, see [GK70], of an original method of proof of smooth-
ness of the functions in (7.1.1), [Ru69], led to the following algebraic ap-
proach, which has become widely known as cluster expansion after having
been rediscovered several times in the span of a decade or two.

Consider the set of finite polymer configurations T = {y1,...,7v,»} in which
the polymers ~; are allowed to overlap and even to coincide. Formally one
such configuration is (therefore) a function v — I'(v) with non negative
integer values such that 3°_I'(y) = N(I') < co. The number I'(y) will be
called the multiplicity of v in I'. The just introduced configurations can be

2 Given a set of points £1,...,&n we call tree on &1,..., &, a graph without loops con-
necting all the points. The points are called the nodes (or vertices) of the tree, while
the lines connecting the nodes are sometimes called branches. The number of lines is
n — 1. A connected set of lines is called a path: given any two nodes of the tree there is
only one path connecting them.
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added by setting (1 + I'2)(7) “ Ty (7) + Ta(y) and, if Ty () > Ts(7), they
can also be subtracted.
Given a polymer configurations I' we denote

[ the set of polymers v such that T'(y) > 0, (7.1.6)

hence T is the support of I' and it consists of the polymers that are in T,
each counted without taking multiplicity into account. If all polymers v € T’
are contained in a set A we say that I is contained in A and write I' C A. If
I'(y) = 0,1 we say that I' is a polymer configuration without multiplicities
and we write also (improperly) T = I. The case I'(v) = 0 for all v will also
be allowed and it will be called the vacuum or the empty configuration (and
it will be denoted with ).

Let F be the space of real valued functions ¥ of the polymer configurations
I' = U(I') such that supy ), [¥(I')| < oo for all n > 0. Let Fo,F1 be
the subspaces of F consisting in the functions ¥ such that ¥() = 0 or
U(D) = 1, respectively.

Given ¥y, Uy € F we define the convolution product ¥y x Uy by

Uy« Uy(D) = > Uy(Ty)Ws(Ty), (7.1.7)
I'1+Te=T

which is always a sum over finitely many addends. Note that if we define
1(I')=1iT =0 and 1(T") = 0 otherwise the function 1 so defined is in F;
and 1« =WV =x1 =V for all ¥ € F, i.e. 1is the identity for the product
in (7.1.7).

The functions in F; have the form ¥(T") = 1(T") + ¥o(T") with ¥y € Fo. If
U e Fy (i.e. U(B) =0) we define the ezponential

(Expu)(T) = 3~ (1) =
n>0

- (7.1.8)
=1(F)+Zﬁ Z U(Ty)...9(T,),

n>1  Ti4..40,=T

where the power ¥ is intended in the sense of the product in (7.1.7) and

we set UO(T) = 1(T"). For each I" the sum in the r.h.s. of (7.1.8) involves
only a finite sum.

The logarithm can also be defined on Fi: if ¥ € F; and ¥ =1 4+ ¥y with
WUy € Fp then we set

(Logm)(r) = 3 TV ) -
(_1 n+1_

:Z+ ST W) Uo(T),

n>1 Li+...40,=0

(7.1.9)
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where the sum is finite and Log ¥ € Fy; one has also Log Exp ¥y = ¥ for
all ¥y € Fp and ExpLog¥ = U for all ¥ € F;. Furthermore Exp(¥; +
Us) = Exp(Vq) « Exp(Vsq) if Uy, Uy € Fo.

Let x(T') be a multiplicative function i.e. a function such that x(I'y +T'g) =
X(T'1)x(T2). A notable example is the function yy(I') = 1 if all y € T are
contained in V (i.e. if I' C V) and 0 otherwise. The following properties
are, as we shall see, the main reason for introducing the above convolution

property:

S (W ) (Dx(T) = (0 (M) ) (30 wa()x(T)),
" i r (7.1.10)

S (Exp®)(D)x(T) = eXr "OXD o all W € F,
I

provided > . |¥;(I")| < oo and yx is multiplicative and bounded.

(B) An application: converting a sum of exponentials into an exponential of
a sum.

Given a polymer configuration I" we define its total activity ¢(T") simply as
the product of the activities of the polymers in I" each counted according
to its multiplicity I'(y), i.e.

¢0) = [T ¢t (7.1.11)

ver

The function ¢(T") is in F; and

¢ +T2) = ¢(I'1)¢(T2), (7.1.12)

so that it is a multiplicative function.
Therefore we can define the partition function Z(A) for the configurations
I'={v,...,7¢} of nonoverlapping polymers in A as

Z(\) 3 (), (7.1.13)
TCA
P={vy1,.--» Vg, viNv; =0
where the case ¢ = 0 represents the contribution arising from the empty
configuration and it is, by definition, a term in the sum equal to 1.

We shall say that a polymer configuration I' = {~1,...,7v,} is compatible
if no overlapping occurs, i.e. if 4; N~y; = 0 for all ¢ # j. Hence (7.1.13) is a
sum over compatible polymer configurations.

The partition function Z(A) can be written by considering the func-
tion (') = 1 if T contains no pairs of overlapping polymers or if
I' = 0 and p(I') = 0 otherwise, which is also a function in F;. Calling

o7 (1) (Log p)(T') we get

Z(A) = 3" p(T)((T)xa(T) = edor ¢ DAY (7.1.14)
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if >reale? (MCT)] < oo, cf. (7.1.10), because the functions ¢(T') and
x(T') are multiplicative.

Remarks: (1) It is interesting to see what the above formulae mean in the

simple case in which A consists of a single point. In this case there is only

one polymer ¢ and we can call its activity ¢(§) def z. The polymer can be

repeated several times in a polymer configuration I' and we can denote by
né the polymer I' consisting of £ repeated n times. Then (7.1.14) becomes
the elementary relation Z(&) = (14 z) = e'°8(142) hence

(1

ot (n€) = m (7.1.15)

Therefore (7.1.14) is a natural generalization of this elementary formula and
it achieves the feat of expressing a sum as the exponential of a sum (i.e. it
is an algorithm to evaluate a logarithm).

(2) Note that ¢! is a purely combinatorial function (see equation (7.1.22)
for a more explicit expression), while {(v) verifies the bounds (7.1.5) if vy,
see (7.1.4), is small enough.

(C) An example of cluster expansion.
The following proposition holds.

(7.1.1) Proposition: (Polymers and cluster expansion)

Let A C Z% be a finite set and let v — ((v) be a polymer activity, for
polymers v C A, verifying, cf. (7.1.4),

I < B em>0r D o2, (7.1.16)
for some by, vy, ko > 0. Suppose that one has (cf. (7.1.5))
((1 + Bo)ePo + k(d, r0/2))vo < 1, (7.1.17)

with By = 2bg. Then the sum Z(A) in (7.1.13) can be expressed as

Z(A) =exp Y _ " (T)¢(I), (7.1.18)
I'cA

where T is a polymer configuration (not necessarily such that [ = ). And
the functions o (T) satisfy

sup Y | (DS < Bowoe 7. (7.1.19)
CEA PSSy >
Proof: Define the differentiation operation as

T+ H)!

(Drw)(H) Y w(r + 1) - (7.1.20)
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with T'l = Hryef I'(v)!. The name is attributed because of the validity of

~N7.1.3  the following rules®

D (U % Uy) = (D, 0y) % Uy + Uy % (D, V),
DF(\Ifl*\IIQ) _ Z (Dpl\Ill)* (DF2\IIQ)

I’ Iy! Is!
I'1+Ie=T"
e7.1.21 D, Exp¥ = D,V x Exp¥, (7.1.21)
DF EXp\I/ 1 DFZ\II
—r = Z ] Z (H T ) * (Exp¥).
n>1 " r;=I [

=1

The second relation above, Leibniz rule, follows from the combinatorial iden-

tity 2p1+p2:n (gi) (Zz) = (‘h;t‘“) for all n,q1,qo with n < q1 + ¢o.

The above definitions allow us to derive an expression for ¢ (I") which is
quite explicit and which has the merit of implying immediately that ¢ (T")
N7.1.4  vanishes for nonconnected I'’s.4
Given I' = {v1,...,7,} consider the graph G visiting all points 1,...,n
(i.e. with nodes 1,...,n) and with edges connecting all pairs i, 7 such that
7i,7; overlap. Then (see problem [7.1.6]) one has p () = 1 and for n > 1:

1 .
- (,DT(F) _ ﬁ Z (_1)number of edges in C, (7-1.22)
elate

where the sum runs over all connected subgraphs C' of G which visit all the
n points 1,... n. This expression, Mayer’s coefficients formula, immedi-
ately implies that ¢T (I') = 0 unless T is connected. Note that if we define
B(T) = (D)p(T') and BT = Log® then ¢ () = 1 and (of course)

e7.1.23 @T(F) = C(F)@T(F)' (7'1'23)

There are important cancellations between the various terms in (7.1.22):
the cancellations are essential to show that the sum in (7.1.22) adds up to a
quantity that is much smaller than the number of terms in the sum (which
if of the order of 27°/2 if T consists of n polymers).

Existence of cancellations can be proved in several ways: for instance,
following a method introduced by Ruelle who called it algebraic method,
[Ru69], by taking advantage of recursive relations well known in the theory

3 One should realize that the check of the above relations, which is left to the reader,
can be reduced to the case in which I' = nv, i.e. to the case in which there is only one
polymer species «; in the case of the first relation it is useful to consider the generating

. o0 .
function F(z) = ano 2" DA (T1xW2)(ny) = Zn(nJrl)z"(\I/l *Wo)((n+1)y) and verify
that the relation becomes the ordinary differentiation rule for a product of functions of
z.

Here we say that I' is connected if given any pair v, € I" there is a sequence y1 =
Y,¥25 -+ s Yk = 7' such that I'(y;) > 0 and ~; intersects y;11.

20/novembre/2011; 22:18



e7.1.24

e7.1.25

e7.1.26

e7.1.27

§7.1: Polymers 221

of the Kirkwood-Salsburg equations in statistical mechanics, [Ga00]. Note
that if ¥(@) # 0 and ¥(T') =0 for I'! # 1 (i.e. ' # T') then one can define
a unique ¥~! such that ¥~! «+ ¥ = 1. Then we can consider the quantity

Ar(H) = (7'« Drp)(H) = Y @ ' (H)PI + Ho), (7.1.24)
H{+H;=H

where @ = (p and ¢ is defined before (7.1.14). It is important to note that
Dr@(Hz) = ®(I + Hs) because B(I" + Hz) vanishes if (I' + Hz)! > 1, so
that (T'4+ H2)!/H3! =1 when $(T" + Hz) # 0 Therefore Ap(H) =0 if T is
not compatible (while H needs not be compatible because I' U Hy and H;
could be compatible even though H is not).

Since @(71,- -+, 7m) = [Lic; (14 9(vi,75)) with g(v,7') = =1if yNy' #0
and g(v,v’) = 0 otherwise, we can write

PO+ T+ Ho) = ()P + Ha) [[ (1+9(3,7) =

vy €H>

= (NPT + Hy) Y (1N, (7.1.25)

if Hy is without multiplicities and 7 is compatible with I'; the * on the last
sum means that it is a sum over the sets S of polymers all of which are
incompatible with . Setting Hy = S + H3 we get

Apir(H) =C Y (=DNS N TN H) B+ 5 + H) =

SCH Hy+H3=H-S
=(MY_ ()" Agyr(H - 5), (7.1.26)
SCH

if 7 is compatible with T'.

In the sum the term with S = @ must be included and Ay(H) = 1(H) is
the correct interpretation of the symbols arising in this case.

Equation (7.1.26) determines Ar(H) with N(T') + N(H) = m+ 1 in terms
of Ar(H) with N(T') + N(H) = m for m = 1,2, ..., making the following
useful estimate possible. Let

q

Im = WSHPW Z 1A, 'vq}(H)| Hz(%)_l- (7.1.27)
maot H: N(H)=m—q i1

Summing (7.1.26) over H we see, if p denotes a point in the lattice, that
I41 is the supremum of

> Ay (H)|2(y +T)7" <
H:N)+N(H)=m
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< Y S ArstH - 8)+ D)) < (7.1.28)
H:N(T)+N(H)=m SCH

*

<:) Y Imz<s>3z(v>fmzi,( > ) <

S:N(S)<m—N(T) n>0 G ¥ Ny #£D
) I exp Z Z ) I exp (|’7| max Z ) < z1(y)Im,
PEYY'3p v'3p

with (see (7.1.4) and (7.1.5))
z1 (’y) :boy‘oﬂe—ﬁoé(v)e\ﬂ maxp Z‘Y/Bp 2(y)

(7.1.29)
Sboy(‘)V|€*'f05(’Y)eBoVo\’Y| — ,2,(,}/)(31—E90'/0\’Y|7

if k(d, %)VO < 1 and By = 2b.

If ¢ = 1 the polymer configuration H must contain at least one polymer so
that Ag(H) = 1(H) = 0: this allows us to estimate I, inductively starting
from I. Indeed if vpePor0 < 1 and 2bgrpeP” < 1, as assumed in (7.1.17),
one has (since Ag(H) = 1(H) =0 for H # 0) z1(y) < 3 and I; < 1. Hence

I, <2™™  forallm> 1. (7.1.30)

The bound allows us to estimate 7 because the third in (7.1.21) implies

(v+1I)!
|

A = (7' +Dyp)(0) =Dy (1) =" (y+1) (7.1.31)

hence, making use of the above bound (7.1.30), we get

NI a+DI< Y 1A@<20) Y L. (7.1.32)
T

m>1 m>1
r:N()=m-—1

Likewise we can bound, by (7.1.5),

S IF M) < Y S IF (1)) < Bow, (7.1:33)

I'sp v3p I

Finally a bound that is useful in studying the mixing properties of the Gibbs
distribution g is a bound on the sum 3 Jro ) prozg | BT (T)|, where Q is any

set in Z%. Let r be the distance between p and the set Q: proceeding in an
analogous way we find, cf. (7.1.5),

> @D < Bovge /2, (7.1.34)
I'op: TNQ#D

Taking as @ in (7.1.34) the set of point £ such that |£ — p| > r we obtain
(7.1.19). This completes the check of proposition (7.1.1). u
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An immediate corollary to the above proposition is the following result.

(7.1.1) Corollary: (Smoothness and polymer expansion)

Under the assumptions of proposition (7.1.1) suppose that the polymer activ-
ity depends on a parameter o and that its a-derivative 0,((y) is continuous
and verifies a bound

10aC(7)| < byrge—amod(), (7.1.35)

with b,a > 0 and || equal to the number of points in the polymer ~.
Then for vy small enough |A|~*log Z(A) is continuously differentiable in o
uniformly in A and if ((y) is translation invariant the limit as A — oo of
|A|=tlog Z(A) is given by

~ lm Ao _ et (Me(m)
P = lim [A|" log Z(A) > I (7.1.36)

where n(T") is the number of distinct lattice points in the polymers of T.
Likewise if () is analytic in the parameter o and for « in a complex
domain the inequality

IC()| < borgMemamod) (7.1.37)

holds then |A|~tlog Z(A) is analytic in o in the same complex domain for
all A and, in the translation invariant case, P is also analytic.

Remarks: (1) In the bounds (7.1.35) and (7.1.37) it is important that
there is a factor ygl"ﬂ for some a > 0: a will in general be a < 2 if ¢ verifies
the bound in (7.1.4). In fact one imagines that “part” of the constants in
(7.1.4) is used up in order to check bounds like (7.1.35) and (7.1.37): the
derivative 9%¢(7) can be often bounded proportionally to |v|*|¢(7)], so that
the smaller exponent a accounts for the necessity of bounding the extra ||
that may arise in attempting to differentiate with respect to parameters.
For instance this happens if in the examples studied in Section §(7.2) one
replaces the potential ® with f® with 8 a parameter. A paradigmatic ex-
ample, not discussed here, has been a case in which the polymers « are the
vertices of closed contours, joining points on the lattice ZQ, of length ||
and ¢(y) = e Al the latter problem arises in the Ising model theory as
developed in [MS67], see [Ga00] and [GMMT73].

(2) Likewise in (7.1.37) the initial exponential decay I/g may be partially
used to bound the k-th derivative of ¢ dimensionally (i.e. by Cauchy’s the-
orem).

7]

In the following section we apply the above propositions and corollary to
derive some notable results on the theory of Gibbs states.

Problems for §7.1

[7.1.1]: (Tree length properties)
Let v be a set in Z¢ and let 4(7y) be the tree length of 7. Given x > 0 estimate the sum
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def — —
ZWBO vlrle=rd(v) ef B for v small enough and determine the dependence of B on k,d.

(Hint: The sum over ~ can be written as the sum over ¢ > 0 of ¢!~! times the sum over
the ordered g-ples (£1,...,&q) of points in Z% and e=*%(7) can be bounded by the sum
over the trees ¥ with g 4+ 1 nodes labeled 0,&1,...,&q of e 09 (0,81,-8q) where 8y (y) is
the tree length of v measured on the particular tree ¢, hence dy(v) > §(y). The sums over
&; can be performed one by one starting with the external nodes of the tree. Exploit the
fact that the number of trees with n nodes is bounded by e™n!: a more precise estimate
is derived in the following problems.)

[7.1.2]: (Taylor formula)
r _ r .
For u real let us set u!' = HyeFu . If ¥ € F, with Zr [¥(T)| < oo, define, for v

real, ¥, = ZF %DF\I/; check that one has Uy, (H) = ZF “F—I;DF\I/U (H).

[7.1.3]: (Counting rooted trees)

Given n unit oriented segments labeled 1,2, ...,n, call origin v of a segment the starting
point of the segment (in the order established by its orientation); the other extreme will
be called the endpoint of the segment. Fix a priori one of the segments (called root
branch) and put it on the plane with its endpoint at the origin of the plane. Proceed by
putting down on the plane one after the other in all possible ways the remaining n — 1
segments attaching their endpoints to the origins of the segments that have already been
put down. The resulting graph will be called a rooted tree. The starting points of the
segments will be called nodes v of the tree, and d, — 1, d, > 1, will denote the number of
segments that enter the node v (dy is the branching number of v). Show that the number
of distinct rooted trees that can be formed with the given segments is bounded by c¢"n!,
for some constant ¢ (e.g. ¢ =4 would be a possible choice; more refined estimates are in
the following problems).

[7.1.4]: (Counting spanning trees)

Given a set I" of points on the plane, labeled 1, 2,...,n, consider the set of spanning trees
¥ for T, i.e. the set of graphs without loops connecting the points. The points represent
the nodes of the trees 1J; for each node v of the tree we denote with d, the number of
branches that are incident with the node v; one has dy, > 1 and ZU dy = 2(n —1).
The numbers d,, will be called branching numbers of the tree. Show that the number of
distinct trees that can be formed with fixed branching numbers {d,} is

(n —2)!
[I,(d -1

(Hint: Each branch connecting two nodes v and v’ can be considered as a contraction
of a line coming out from the node v (exiting line) with a line entering into the node v’
(entering line). There must be always a node, say v, with branching number d,, = 1,
so that we can orient all the lines in such a way that they point toward such a node vo:
then we can imagine a tree as obtained by contracting n — 1 exiting lines with n — 1
entering lines. If e, and ¢, denote the number of lines entering and, respectively, coming
out from the node v, one has ey, = 1 and ¢y, = 0, while all the other nodes have at least
one exiting line, so that Yv # vg one has ¢, = 1 and e, > 0; one has d, = e, +¢,. Call C
the set of exiting lines and E the set of entering lines, and call E’ the set obtained from
E by neglecting the line entering the node vo; one has |E| = |E/|+ 1 = Zv ey =n—1
and |C| = ZU ¢y =n—1. Then a tree ¥ can be obtained as follows. Consider the subset
C1 of C formed by the lines coming out from the nodes v with e, = 0: choose a line in
C7 and contract it with any line in E’, then choose another line in C7 and contract it
with another line in E’, and so on until we exhaust all lines in C;. Then consider the
subset C2 of C formed by the lines coming out from the nodes with e, > 1 such that all
the entering lines have been already contracted: choose a line in C> and contract it with
any uncontracted line in E’, and so on until all lines in Co have been contracted. Then
define C3 as the subset of C formed by the lines coming out from the nodes with e, > 1
such that all the entering lines have been contracted along one of the previous steps, and
so on: we iterate the construction until there will be left only one uncontracted line in
C': such a line will necessarily have to be contracted with the line entering vg. In this
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way we would have obtained (n — 2)! trees (as n — 2 is the number of elements in E’),
but we have still to divide such a number by 1/ Hv;ﬁvo ey =1/ Hv(d“ — 1)! to avoid
overcounting and obtain the right counting of distinct trees, as contraction of a line in C
with any line in E entering the same node produce the same tree.)

[7.1.5]: (Cayley’s formula)

Count the total number of rooted trees with n branches showing that it is given by n™~2.
(Hint: Use the multinomial formula
n!
E — 'xfl...mZZ:(xl—i—...—i—a:p)",
nil...np!
n1,eenp>0
ny+...4np=n
and the result of the previous problem.)
[7.1.6]: (Mayer coefficients)
Let I' = {v1,...,7q} be a polymer configuration. Regard the I'(y) copies of each polymer
contained in I' as distinct by adding to each v € I" an extra label 1,2,...,T'(y). Define
gij = —1 if the polymer +; is incompatible with the polymer v; and g;; = 0 otherwise.

Consider the function ¢(I") = Hi<j(1 +gij) and prove that o(I") = @ = (ExpeT)(I),

where @7 is defined by the r.h.s. of the first relation in (7.1.22), i.e. T = Log . (Hint:
Note that by using (7.1.22) as a definition of T

e =[Ja+e=>_ Y. Jlere"©n=

i<j k C1,...,Cp unordered j
C1+4...4Cp=T

DY %H(CNT(C»)=r!<Expr><r>,
. ol

k C1,...,C}, ordered
C1+4...4Cp=T

if one collects together terms which are different because of the artificial distinction of
the multiply repeated polymers.)

Bibliographical note for §7.1

The algebraic method followed in this section to obtain the considered
estimates is due to Ruelle (see p. 86 in [Ru69]).

The notion of tree distance of the points of a set I' has been introduced as
a concept relevant for the theory of Gibbs distributions in the [DJS73].
The cluster expansion based on polymer expansions, introduced in [GK69],
has been applied to several problems for instance the infinite volume limit
(infrared problem) in the scalar field theories % in dimension d = 2,3,
see [GJST3], [MST76], [OS73] and the remarkable lectures [Ec75]. Another
example is the proof of the area law for the Wilson loop in a simple lattice
gauge theory [GGMT78]. One can also mention the microscopic theory of
phase coexistence, see [MS67], [GMMT73], [Ga72a] and developed in great
detail later, see for instance [Mi95]. Problems on large deviations in the
theory of Gibbs states can also be solved quite easily by the method, see
[GMM78], [GLMO02].

Here we have adopted the method of [GK78] following in detail the version
used in [GMMT73].
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87.2 Cluster expansions

A first answer to the question raised at the beginning of Section §7.1 is
obtained in the case d = 1, i.e. of one-dimensional systems, in which 7" is a
(n+1) x (n+ 1) compatibility matrix which is mixing and transitive on the
vacuum (i.e. Ty, = Tpo = 1 for all 0 = 0,...,n, see definition (6.4.1)) and
®c g, where B is the space of translation invariant particles potentials on
{0,...,n}% (cf. definition (6.4.1)). We recall that, in particular, this means
that ®x(ox) = 0 if 0, = 0 for some z € X, thus allowing us to interpret
0, = 0 as the vacuum at site z while o, # 0 will be interpreted as indicating
that the site x is occupied by a particle of species o.

More generally we shall consider Gibbs distributions on lattices of dimen-
sion d > 1, cf. definition (7.1.2).

Before proceeding it is convenient to adopt the notation (h, ®) to denote
a potential ® € B with

h(o) = ®¢(0) and P¢(o) =0,

_ (7.2.1)
Ox(oy) =Px(oy)forall | X]|>1,

i.e. we wish to distinguish between the single-body component h of ¢ and

its many-body part ®. _

Furthermore, we shall denote by B¢™PleX the space of the translationally

invariant particle potentials which are complex (i.e. such that the compo-

nents of ® and h can assume complex values) with the natural norm

1@l = [I2]l + 12,

Ibl = maxihe(@)], @)= 3 max|bx(ey), (722
X3¢, |x|>2 ¥

i.e. “Bis the real part of BmPIx” Sometimes we shall write Beomplex(Z%)
instead of BeOmPIex o stress that the potential ® is an interaction potential
for a d—dimensional spin system.

In the following discussion we shall often allow also single-body components
®¢(0) = he(o) which are not translationally invariant (i.e. he may depend
on £) and even not translationally invariant many spins potentials ® x (o) #
Oxie(o) for € Z". In such cases ||h| and || ®|| will be defined as in (7.2.2)
with a sup, added on the r.h.s.

The following proposition is remarkable and, historically, it has been the
first to be proved among many similar ones. It is not really relevant for our
intended applications to dynamical systems. We perform for completeness
its analysis in Appendix (7.2).
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(7.2.1) Proposition: (Mayer expansion at small activity)

With the just introduced notations let gcomplex(Zd) be the space of the po-
tentials ® = (h, ®) for a d—dimensional Z—spin system with a transitive

2
vacuum (corresponding to o = 0) and, possibly, a hard core interaction.
Define

p d;f Z e*h(o'), = déf Z e*Reh(U), (723)
a>0 a>0

where z is such that |z| < Z and will be called activity. Given ¢ > 0 let

» % {q>|<1> = (h, @) € BomPlex |zl ®l(1 4 (l®1 — 1) ¢) < 1} . (7.2.4)

(i) There is a constant ¢, depending only on the matriz T describing the
hard cores, such that the function ® — P(®), defined for ® € [3: can be
analytically extended from XN Btox.2 _

(ii) In absence of hard cores and for ® € B real analyticity of © — P(®D)
holds under the condition

— 1 = =
5 el @l — el ®lEl®lh— 1)) <1, (7.2.5)
1+ zel @l

where one can take c = 2n if the spin takes n+1 values. Note that the l.h.s.
of (7.2.5) tend to z/(14+ z) <1 as || ®|| — 0.

Remarks: (1) On ¥ N B we shall have that the function ® — P(®) is
analytic in the sense of definition (7.1.1).

(2) The proof goes back to Groeneveld, Penrose and Ruelle who treated
the pair potential case, i.e. the case ®x = 0 if |X| > 2. This is a classical
result among the deepest in the theory of Gibbs distributions: it bears many
other consequences that we shall not need and which, therefore, we do not
comment.

(3) The method of proof is generalizable or adaptable to a wide variety of
cases and it is the foundation of most of the really constructive results that
are known in the theory of Gibbs distributions, particularly in the case of
lattice systems in more than one dimension. For this reason we have stated
the above theorem without restricting ourselves to the case of one dimen-
sional spin systems. However condition (7.2.4) is an extremely restrictive
condition which physically means that a sequence ¢ which is typical for
the Gibbs distribution will mostly consist of the symbol 0, 7.e. it will be
close to the vacuum. Therefore we shall also be interested in weakening the
restriction, when possible.

1 Cf. definition (7.1.1).
2 This means that there exists a function ® — P(®) that coincides on the set of real valued
potentials ¥ N B with P(®) = Alim |A|~1log Z (®) and which is analytic in every point
— o0
® of ¥, i.e. the function (A1,...,Ag) = P(®+ A1 ¥1 + ...+ Ag¥y) is analytic near the
origin, for all ¥y,..., ¥, € Beomplex  See definition (7.1.1).

20/novembre/2011; 22:18



P7.2.2

e7.2.6

er.2.7

228 §7.2: Cluster expansions

(4) If ® becomes small and if there are no hard cores in the interactions one
expects that the system, i.e. the distribution g, approaches the “free” one,
in which the variables o, are independently distributed and e="(?) /(14 z) is
the probability that o, has value 0. Whether this is true or not may depend
on what we mean by “small” ®. The last statement in the proposition
shows that this is the case if the size of ® is measured by || @|| (cf. (7.2.2)):
for this reason the definition of || ®|| is natural and it repeatedly arises
when one tries to control the properties of the distribution pg. Below we
develop the theory in a different direction obtaining results of this type
but under more stringent conditions on the size of ®, i.e. we study cases
which can be immediately reduced to the general analysis in Section §7.1.
For completeness the main elements of the classical proof of (7.2.5) are in
Appendix (7.2) below.

A proposition similar to proposition (7.2.1) but somewhat weaker is an
immediate consequence of the polymer theory analysis of Section §7.1. Re-
calling that §(X) denotes the tree length of the set X, i.e. the minimal value
of the sum of the lengths of the branches of a tree that spans the set X (cf.
definition (7.1.3)), it can be formulated as follows.

(7.2.2) Proposition: (Cluster expansion in systems without hard cores
and small activity)

Let BeomPlex pe the space of the particle potentials ® = (h, ®) for a lattice
spin system with spin o = 0,...,n and without hard cores (cf. definition

(6.4.1)). Given k> 0 define

1B < S max [y (ax)] =), (7.2.6)
X350 ZX
and z=3,_ e Rehl@),

If % is small enough, i.e. Ze2I®I-+0+1 < ¢ for q suitably small e the Gibbs
distribution e is analytic in ® (cf. definition (7.1.1)).

Proof: Consider, for A = {1,...,N} and ® € Beomplex,

Zs(A) = Z e 2avea Priey)

oe{0,1,...,n}A

=5 ¥ (H e%(q))( I1 e—$y<gy>),

ECAgpe{l,...,n}F E€E YCE

(7.2.7)

because ® € BeomPlex jmplies (by definition) ®p(cy) = 0 if o; = 0 for
some j € E. We must study the logarithm of Zg(A) and precisely the limit
P(®) = Algrgo |A|7!log Zs(A): for this purpose we transform the sum (7.2.7)
into an exponential form. This can be done by adding and subtracting 1
in each of the factors of the last product in (7.2.7) turning each factor into
a binomial: then developing the binomial and collecting the “connected
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clusters”. The union X of the clusters is contained in E and if we keep it
fixed the same X may arise from any of the choices of ¥ which contain X:
hence each X is counted 2/*1~1X| which is the source of various factors 2
below.

The partition function becomes Zg(A) = 245" o(I)¢(T), where T' =
{71,.-.,7} is a polymer configuration, ¢(I') = 1 if the polymers in I’
do not overlap (so that in particular T'! = 1), ¢(I') = 0 otherwise, and

¢(0) = TL,er ¢(7) with ¢(0) = 1 and

C(y) = % if 7 is a single point; otherwise:

) = Z* H eiImh(oe) ﬁ(efsyf (ov;) _ 1)) (;)M (7.2.8)

B SETPEN Yq Eey
U Y=, 1Y;1>1

where z = " __ e ™M), (o) is the average z-I>°_ _, [Tee, e Retoe)e,
it
the * over the sum recalls that the sets Y; must contain chains connecting
any two points of v and g., > 0 means o¢ > 0 for all £ € ~.
One obtains an expression for the partition function in terms of polymers
whose activity can be immediately estimated, cf. (7.2.6), by 3

€I < (£ T4 T )50, (7.2.9)
which implies (7.1.4) with b3 = 1+ ®||., v3 = Z€?l PI+1 and ko = £/2: s0
that by taking z small enough we fall under the conditions of applicability
of proposition (7.1.1).4

The probability ucp(C’;/O ) of the cylinder C’XH is the limit as A — oo of
gy gy

Z e*U@(EA)XV,g(‘)/ (QA)

[N

Z e_U‘I’(QA)

A

, (7.2.10)

where xv 50 (a4) = [l¢e v Xé,0? (0¢) is the characteristic function of C, .
1A =V
The ratio can be written (after (7.1.18)) as

e Y OG@ - ), (7.2.11)

T={y1,--»Yq},7i €A

- ayj (Zyj )

—1) by eIl ®llo Hj(|$},j lerd (V).
e ") (because ) 6(Y;) = 8(v)): we use thaty . x9/q! < e"z"/nl and that
the sum is over ¢ > 1 which implies (7.2.9) after bounding el @l Bl |y <
eUl®ls+1)lv| | ®||x (the addend 1 bounds the contribution from the one point polymer).

4 Note that (7.2.9) can be interpreted to hold even if z = 0 because h is here real valued.
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where (v (I') =[], cr (v (v) with (v (v) defined in a way similar to (7.2.8)
with the insertion inside the average of an extra factor [[... Xe,o? (0¢),

when ~ is not a single point; if v = £ is a single point (y (v) = <X§,ag (0¢)) =
if £ € V and (v (v) = 2z otherwise. This implies
G =(r) #VAaT=0  and (GO <CO).  (7212)

Therefore we conclude that the limit as A — oo of (7.2.11) exists and is
simply given by

no(Cly) =exp (D" (D) —¢)),  (12.13)

which is convergent because of (7.2.12), (7.2.9), (7.1.4) and (7.1.19).

The translation invariance of {(T") implies, see (7.1.36), the existence of the

“thermodynamic limit” P(®) = lima oo |A|7tlog Zo(A) and its identity
T

with the function P(®) = 3 -, “’—(F))g“(l“), where n(T") is the number of

n(T
lattice points contained in T, cf. (7.1.36). Analyticity in ® follows from
corollary (7.1.1) to proposition (7.1.1). u

Remarks: (1) The above proof leads to a result weaker than (ii) of propo-
sition (7.2.1) since it requires absence of hard cores, i.e. T (5} = 1.

(2) In one dimension, however, the assumption of absence of hard core can
be eliminated as we shall discuss in Section §(7.3).

(3) Note that no condition had to be imposed on the imaginary part of
he(o).

We now turn to the question of regularity of P(®) without particular as-
sumptions on the size of the activity z. In absence of hard cores the special
role of ¢ = 0 can be eliminated by means of another remarkable immedi-
ate corollary of the polymer cluster expansion which deals with a general
lattice potential, cf. definition (5.1.1). The assumption that a spin value
(i.e. 0 =0) is “privileged” (i.e. B¢(0),0 # 0, is large so that the activity z
of (7.2.3) is small) is replaced by the assumption that ® is small. To achieve
this we can employ an expansion in which the trivial polymers, i.e. polymers
~ with |y| = 1, are absent. The following proposition shows the possibility,
at least for real valued potentials, of an expansion without trivial polymers,
i.e. an expansion in terms of polymers v with |y| > 2 whose activity de-
pends necessarily (unlike the trivial polymers cases) on the non-local part
@ of the potential. And indeed corollaries will show how the results of the
proposition can be implemented in a useful way for this purpose.

(7.2.3) Proposition: (Cluster expansion at any activity)

Consider a 5-spin system on a d—dimensional lattice Z% and without hard

core interactions. Let ® be a complex potential not necessarily translation

invariant and let ||Px| = max,, |Px(cx)| and set, for k > 0,
12 sup S [1ex) e, b supImd],  (7.2.14)
X3¢,|X|>1 £
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where §(X) denotes the tree length of X.
(i) Whether ® is translation invariant or not, the partition function Zg(A)
defined as ZUA e~Ve@n) in (7.2.18) can be expressed formally as

Zo) = ([T 21©) exo (3 " (X)¢(X)), (7.2.15)

EeEN XCA

where Z1(§) = >, e Re®e(9) X — [~ ... v} is a polymer configuration,
©T(X) are the combinatorial functions of X defined in (7.1.14), ((X) =
H'yEX C(7y) for suitably defined (), which verify

1C(y)| < (2N ®lsF2o 1y (|| ||, + b)) e=r3(N), (7.2.16)

where v(vy) is the minimum number of sets Y with &y # 0 and |Y] > 2
or with |Y]| =1,Y = £ and [Im®¢| # 0, necessary to cover . Note that
|[v] = 1 implies v(y) = 1, so that in this case v(y) = |7].

(i) (7.2.15) becomes an identity if the series in the exponent is absolutely
convergent.

(ii1) If v(y) > c|y| for |y] > 1 and a suitable 0 < ¢ <1 there exist B,e > 0,
independent of the size n of the spins, such that if || @/, +b < e

up S 1TMICX)| < Bee™. (7.2.17)
(eZ?

X3¢,6(X)>r

(i) Furthermore ((7y) are analytic as functions of ® if ® varies in the region
| @]l +b < e. In the translation invariant case the Gibbs distribution ug
is analytic in P.

Remarks: (1) For later developments we stress that the result (ii) holds for
potentials which are not necessarily translation invariant (but which must
admit the translation invariant bound (7.2.14)) and which are not necessar-
ily real. Furthermore the values of €, B do not depend on the “spin size”
n: the latter remarkable property will be used extensively in the following.
The novelty in the expansion is that there is no special spin value corre-
sponding to the vacuum and therefore no condition of the type Z small is
imposed. On the other hand the assumptions demand that all spin inter-
actions should be small with the possible exception of the real part of the
single spin interaction ¢ (o).

(2) The property v(y) > c|y| for |y| > 1 can fail if there are sets X with
®x # 0 so large to cover large sets -y, i.e. requiring the existence of ¢ is in
some sense a condition on the range of the potential. However in several
cases of interest the parameter x in (7.2.14) can be adjusted: in such cases
the strong condition v(y) > ¢|y| can be replaced by k large enough and b
small enough, see also the comments after (7.1.5). This will be exploited in
one of the corollaries that follows.

(3) It is important to check, while looking at the coming proof, that the same
theorem holds if the spins that are located at each site £ can take a number
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of values n¢ which depends on ¢ and is bounded by some N > 0: this can
be looked at as a on site hard core. This will be a necessary property in
Section §(7.3): in fact it is the key to understand hard core interactions in
one dimension.

Proof: We begin by restricting the sets that we shall call polymers (i.e. the
polymers which have a non-zero activity in the coming polymer expansion
associated with the potential considered): a polymer (with non-zero activ-
ity) will be a finite set v with the following property.

(“Connectivity”) For all pairs §,n € 7 there is a connecting chain Y1, ..., Y,
of subsets of v such that £ € Y1, € Yy, and Y;NY;11 # 0 and, furthermore,
for each Y; there is at least one configuration gy, with ®y,(ay,) # 0.

The polymer representation of partition functions stems from the identity

Zo(h)= Y e Xvaarled o (7.2.18)

a€{0,1,...,n}A

Z H o—Re®¢(0¢) H ((e—<1>y(gy) —1)+1),

o€{0,1,...,n}A EEA YCA

where in the second product the factors with |Y| = 1 must be interpreted as
(e=m®e(oe) _ 1), i.e. we treat differently the real part and the imaginary
parts of the single spin potential.

Developing the product as a binomial product we can collect the sets Y
into groups forming polymers; thus representing the sum as a sum over
collections of non-overlapping polymers vi,...,vp:

ISENIVED SR | [ETE D 38 | Eniieler

’Yl,...,'prAiZI E%- £E€;
i @ _iy(e @)
(XX e ") @21
G v y® s, 3=1

where Z1(V) < [[eey (X, e R0 ®<(@) = [[oey S1(€) for V C A; the sym-

bol @ over the first sum recalls that the polymers ~; are nonoverlapping
and the * over the fourth sum recalls the further restriction that the sets
Yj(l) must also contain chains connecting any two points of 7;. Also in

this case the Yj(i) consisting of a single point £ have to be interpreted as
(efﬂm@g(o’g) _ 1)

Introduce the activities of a polymer v and of a polymers configuration X
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as

=00 30 TLe ™=~

U, vi= (7.2.20)

where the (o) denotes the average =1 (7)1 >, [lee, e~ Re®e(o¢) o
il

The key remark is that the function ((v) verifies (7.1.4), from (7.2.20), by
repeating the argument used to derive (7.2.9) (see footnote 3), noting that
Yoon(@y)/qt < e¥a™ if x < 1: in our case ¥ = | @ +band y = |y| if
|y| > 1 while if |y] = 1 we take, instead, z = b (because |e!* — 1| < || for
real x).

Therefore, if v(y) > c|y|, setting by = 1,18 = 2P+ P, +
b)¢ ko = k/2 the result is an immediate corollary of proposition (7.1.1)
and of its corollary (7.1.1). u

Remark: It is interesting to note that the reason why we write an expansion
treating in a different way the real and imaginary parts of the single spin
potential is that we want to allow for an arbitrary real part of the single
spin potential. If we also require, rather than (7.2.15), that the single spin
potential be small, i.e. that

[l = Sgup|h5(0)| + 11 @l (7.2.21)

be small, then we can treat the real and imaginary parts of ®¢ in the same
way and, by the above proof, we obtain the same results of the proposition
under a smallness condition on ||®||.. In the latter case the average in
(7.2.20) becomes the average with weight 1 over the spin values.

The proof of the above proposition leads easily to the result that we would
expect for ® small (see remark (4) to proposition (7.2.1)) in the cases in
which the interaction ® only involves “finitely many bodies” or has “finite
range”: notions that we introduce more formally as follows.

(7.2.1) Definition: (Finite range or finitely many bodies potentials)

A potential @ is said an N-body or N—spin interaction if ®x =0 if | X| >
N. If N = 2 it is called a pair interaction. A potential is said a R-range
potential if &y = 0 for diam(Y) > R. If, with the notation (7.2.21),
| @] < oo for some k> 0 we say that ® is a short range potential.

The following result is in many respects weaker compared to the second
statement in proposition (7.2.1) (which we have not yet proved, see Ap-
pendix (7.2)), because it requires the potential to be a finitely many-spin
one, it is nevertheless a fairly immediate consequence of the techniques that
we are exploring and it is worth discussing as it is relevant for the theory
of dynamical systems.
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(7.2.1) Corollary: (Any activity, finite range and small interactions)
Let @ be a real R-range potential for a lattice spin system with spin o =
0,...,n and without hard cores. Given r > 0 if | ®|. +b < ¢, see (7.2.14),
for a suitably small € the Gibbs distribution ue is real analytic in ® (cf.
definition (7.1.1)).

Proof: One simply remarks that if |®y| = 0 for diam(Y) > R then a
polymer that can be covered by ¢ sets Y;, i = 1,...,¢q, with ®y, # 0 is such
that ¢ > 6(v)/R and () > |y| — 1 > 1|y|. We see that the assumption in
the third point of proposition (7.2.3) holds with ¢ = 1/(2R). u

In the same way one can prove the following similar statement.

(7.2.2) Corollary: (Any activity, finitely many-body small interactions)
Let ® be a real N-bodies potential for a lattice spin system with spin
o =0,...,n and without hard cores. If || ®|. +b < ¢, see (7.2.14), for
a suitably small £, the Gibbs distribution ue is real analytic in @ (cf. defi-
nition (7.1.1)).

Proof: One simply remarks that if |®y| = 0 for |[Y| > N then a polymer
which can be covered by ¢ sets Y;, i = 1,...,q, with ®y, # 0 is such that
q > |7|/N and one can take ¢ = & in proposition (7.2.3). u

Remark: We see that in the case of either finite range or finitely many
bodies interactions h, ® we obtain regularity (in fact analyticity) in h
and ® under a condition of smallness of ||®||., for some £ > 0, and
of b = sup; , [Im he(o)|, no matter how large is the real part of [h]. In
Physics applications potentials in Gibbs distributions appear in multiplied

by 8 = kBLT where T is the temperature and kp is a constant (Boltzmann’s

constant). Therefore the smallness condition on 3 ® is always achieved at
“high temperature”, i.e. at small 8, and the same holds for the smallness
condition on the imaginary part of Sh as long as we confine the values of
h to a fixed a priori given strip along the real axis, of course provided the
essential condition of absence of hard core interactions holds. High temper-
ature regularity in the cases of systems without hard cores and interacting
via particle potentials with only one species of particles besides the vacuum
(i.e. 0 = 0,1) can also be derived from part (ii) of proposition (7.2.1): the
interested reader will find the classical proof of proposition (7.2.1) in the
Appendix (7.2) below and the high temperature analyticity, for coreless po-
tentials that decay sufficiently rapidly at oo, is derived as a consequence of
it in problems [7.2.7] and [7.2.9], [Do68b], [GMR68]: hence the difference
between the first part of proposition (7.2.1) and its second part or the above
corollaries is substantial.

It will be important to note the following corollary of the proof of the last
proposition which allows us to reach the same conclusions under somewhat
different assumptions which turn out to be also interesting for the theory
of dynamical systems.
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(7.2.3) Corollary: (Short range case)
Consider a one-dimensional spin system without hard core interactions. Let
® be a real potential with ®x (o) different from 0 only if X is an interval.
With the notations (7.2.14), there is 0 < £ < 1, independent of the spin size
n, such that

b+ el ®lue=ir 1 < ¢ (7.2.22)

implies, if € is small enough, the conclusions of points (i) and (iv) of

proposition (7.2.3) with (7.2.16) replaced by
()] < e Lolrlg=313(), (7.2.23)

with e~ o = e ¢ for a suitable constant c.

Remarks: (1) The peculiarity with respect to the proposition (7.2.3) is
that the dimension is d = 1 and that here we do not require existence of
the constant ¢ > 0 such that v(y) > c|v|, hence we allow potentials with
exponentially decreasing strength. It is also important to remark that (as in
the above cases) there is no condition on the number n of values that the spin
o can take. The proof below works because, by definition of tree distance, it
is always true that d(y) = |y| — 1 and therefore nontrivial polymers are such
that 6(v) > i|y| while the trivial ones (with |y| = 1) have small activity
which is bounded proportionally to b.

(2) The corollary (7.2.3) is interesting because the potentials that we have
shown to arise in the theory of Anosov systems will satisfy its assumptions
(see Section §(7.3)).

Proof: If one looks at the proof of proposition (7.2.3) one realizes that in
this case the polymers for which §(y) > 1, hence 6(v) > 3|v|, satisfy the

estimate _
IC(y)] < (62(b+ll¢|\m)+1e*%“)lv\ e~ 350(7) (7.2.24)

(see remark (2) following proposition (7.2.3)). For |y[ =1 (hence é(y) = 0)
one has |¢(7)] < b. Setting b2 = 1, 12 = 2 2lutb)tl=3r L p < o=Lo,
Ko = 1 the result again follows from proposition (7.1.1) under the condition

(3¢ + (1, %))yo <1, (7.2.25)

with By = 2 and k:(l,_ﬁ) =263 ezt gz ¢ <dem (14 k71 < 8*3;%
(see (7.1.5)), i.e. if || @||x, x and b verify

— 1, _
R L N I L L ()
K

with Ly large enough, which is implied by (7.2.22). |

We conclude the section with a few general remarks.
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Remarks: (1) We stress again that the results of propositions (7.2.1),
(7.2.2) and (7.2.3) hold even when the spins are imagined located on a
d-dimensional lattice 7% with d > 1. This is interesting not only for the
study of spatio—temporal chaos (in Chapter X below), but also because the
same problems arise in Statistical Mechanics where the lattice points have
the interpretation of “space” points rather than of time variables.

(2) The assumptions in propositions (7.2.1), (7.2.2) and (7.2.3) are too
strong for one dimensional systems and for applications to dynamical sys-
tems. In fact transitivity of the vacuum (cf. proposition (7.2.1)) and the
smallness conditions in proposition (7.2.3) are typically not satisfied by the
potentials @ that arise (for instance) in the description of the SRB distribu-
tions for Anosov systems. Furthermore the results of proposition (7.2.3) are
too strong to hold without the latter assumptions in dimension higher than
1 where, in general, the structure of the “multidimensional Gibbs states” is
much deeper and interesting.

(3) There is a remarkable case, however, in which a simple extension of
proposition (7.2.3) valid for arbitrary lattice dimension is possible even al-
lowing for hard core interaction and without excessive smallness conditions
on the potential. Namely if the potential ®x (¢ y) is a potential of arbitrary
strength when X lies on a single line parallel to a given “time” direction,
e.g. the (d+1)-th coordinate axis, but it decreases exponentially in all direc-
tions and is sufficiently small for all X which are not on a single line parallel
to the time direction, see problems and Section §(7.3). The one-dimensional
cases as well as the latter case arise in the theory of Anosov systems as we
have seen so far (d = 1) while discussing the theory of Markov pavements
and symbolic dynamics and as we shall see in Chapter X in more involved
and interesting cases.

We shall devote the next section to the weakening of the vacuum transi-
tivity, i.e. to eliminate assumptions about hard cores in one dimension and
to the study of a multidimensional hard core cases of the kind considered in
remark (3) above). The simple idea underlying the possibility of the men-
tioned extensions can be mastered by studying the problems of the present
section which treat the particular cases from which the general results will
follow (as independently discussed in Section §(7.3)) with a few technical
additions.

Appendix 7.2: The classical expansion

Here we sketch the classical cluster expansion also known as the theory of
the Kirkwood-Salsburg equations (which are the relations (A7.2.3) below in
a somewhat improved form [Do68b], [GM68]). We describe it quickly and
without too many details although we have paid attention to not forgetting
any of the key steps.

The partial inversion of the equations that is discussed below ((A7.2.5)) is
the main tool that allows us to obtain the second statement in proposition
(7.2.1): the idea arose independently in [Do68b] and [GMRGS].
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We consider a compatibility matrix 7" which is mixing and transitive on the
vacuum (To, = Tpo = 1 for all o = 1,...,n) and a potential ® € B, where
B is the space of the particles potentials on {0, ..., n}% with || ®|| < co. We
imagine the system enclosed in a finite region A which will be kept fixed
and whose size will be irrelevant for the discussion so that the results will
apply to finite as well as to infinite systems. We follow [GM68] (where the
case of spin o = 0, 1 is discussed) and, to simplify the analysis, we shall also
consider only ® real valued.

Let p(X, o) be the probability in the Gibbs distribution that the spins
found at the sites of X C A are precisely ay. We suppose that o = 0
describes the vacuum (i.e. x(oy) = 0 if for at least one z € X one
has o0, = 0). More generally it will be convenient to use the notation
p(X,ox|Y,0v|...|Z,0,) to denote the probability that the spins in X are
Oy, thosein Y are gy, ..., those in Z are g, if , Y, ..., Z are disjoint sets:
clearly p(X,ox|Y,ay|...|Z,a7) = p(XUY U...UZ,oxiyu..uz)-

Let 1 € X be a point arbitrarily chosen among those of X (e.g. lexico-
graphically); define, for X NV = 0,

de -
U(X,o)= Y Bylay),
YCX, Y32,
de -
WX, ax Vo) Y Bsuvlas,oy), (A7.2.1)
SCX,S>z1
de -
D XoxlVir) Y Bsuvlos,yv) = Y WX, ax|Yimy),
SCX,z1€8,YCV YCV

e~ Ui(XaxVirv) — 1 4 i Z Z f[ (e—Wl(x,gx\Yi,ZYi) _ 1) def

g=1TCV Y1U...UY,=T i=1

d;f Z K(XaQX |T’IT)’
TCV

where the term with 7" = () in the last line corresponds to 1.
Note that

|U1(X5QX)|3 |W1(X5QX|V51V)| S ||6H’

> WX, ax|T,zp) < |19, (A7.2.2)
T, TNX=0

S KXoy |T.zg)] < el ®(el @ 1) §(F),
TNX=0,T#0

Setting X ) “x \ 1 one deduces from the definition of p(X,cy) the
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Kirkwood-Salsburg equations, [Ga00],
p(X’ QX) — e_h(o'am)_Ul(XvZX) .

: (P(X(l)aQXu)) - ZP($1a0|X(1),QX<1>)
>0

eAT.2.3 T Z Z K(X,0x|T,17) (A7.2.3)
TNX=0,T#0 T

’ (p(X(l)ng(l) |Ta TT) - Z p(zla J|X(1)7QX(1) |T7 IT))) :

>0
Introducing
eA7.2.4 6 = Zp(‘rlaa|X(1)agX(1))a C - Z@ih(g)+Ul(X7gx), (A724)
o>0 >0

and summing both sides of the equations over o,, > 0 we can derive an
expression for £

¢ 1
eAT.2.5 = —1+CP(X( ),Uxu)) + T+¢

where K (p' —¢’) is a short hand for the last sum in (A7.2.3) and the scalar
product (e’h*Ul,K(p’ — 5’)) is

T e e S S KX g | Tz
0zq >0 TNX=0,T#) 7T

(p(XD, ax)|T ) — Z p(z1,0| XV oy |T,77)).
o>0

(e "V K(p' —¢)), (A7.2.5)

eAT.2.6 (A7.2.6)

We imagine replacing the above expression for £ in the equations (A7.2.3):

the latter can be regarded as equations for the quantities p(X,ox), with
—h(o)

X # 0 and 0, >0 Ve € X. If we define a(X, 0 x) = S if [X] =1, with

X =z and 0 = 0, and 0 otherwise, the equations take the form

cAT.2.7 p=a+Kp, (A7.2.7)
where the operator Kp(X,oy) is defined as

e_h(aw1)_U1 (ngx)

(p(X(l),Qx(l) LIPS \>0)+

1+¢
e_h(aw1)_U1(Xagx) h—U
—h—U1 K I_ !
1+¢ (e ) (p § ))+
eAT7.2.8 + eih(ﬁrl)iUl(XﬂgX) Z Z K(Xa Ox | Ta ZT)' (A728)

TNX=0,T#0 Tp

’ (p(X(l)agX(l) |T7 IT) - Z p(zla J|X(1)7QX(1) |Ta IT))'
a>0
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Setting ||p|| = max|p(X,ox)| one checks that the operator K has the
property that

|l @] - —
ol = 14 zel® 1+ zell®l
2l — _
<28 422l (el @l —1). (A7.2.9)
1+ zell @l

where the reality assumption on ®, hence on h and ® has been used in an
essential way (e.g. in using the monotonicity of the function z — x/(1+x)).

This shows that the equation p = o + Kp can be solved by iteration and
proves regularity in the domain where the r.h.s. is < 1. A number of
consequences follow: they are most easily exhibited by pursuing the above
analysis to show that ”ﬁ;ﬁ”
different approach, one can define a suitable “polymers representation” of
the solutions to the equations (A7.2.8). See [GK69], [DIS73], [GM68]. We
do not discuss the matter further as we shall not need here the theory of

the classical expansion.

Problems for §7.2

< 1 implies that, in spite of the apparently

[7.2.1]: (Hole—particle symmetry)

If n = 1and ® € B then ®x(oy) # 0 only if 05 = 1, for all + € X; having set
®(X) = ®x(ly) we shall identify ® through the sequence {®(X)}xz4¢. One has
|| = ZXaO |®(X)| < 400 and we shall denote B the space of the exponentially
decaying potentials such that szo exp(k diam(X))|®(X)| < +oo for some k > s. We

shall denote By the space of the potentials for which ®(X) = 0 if |X]| is large enough
(called potentials with a finite number of bodies).
Consider the map £ defined on By by

(£2)(X) = ()XY " o),
YDOX
and show that £2 = identity and that if Cp = szo % the pressures of ® and of
L are related by
P(L®)=P(®)+ Csp Vo e By.

(Hint: Compare UL (¢) and U£® (o) where o is the configuration in {0,...,n}* com-

plementary of o € {0,..., n}A 20f =1—0y,1i € A; deduce, from this relation, a relation
between Z ¢ (A) and Zg(A) etc., [GMR6S].)

[7.2.2]: (Gibbs states transformations under hole—particle symmetry)
In the context of problem [7.2.1] find the relation between G(L£®) and G(®) by provid-

ing the expression of the functions pg ,, (X) = }L(Hiex o; | in terms of the analogous

functions relative to a Gibbs distribution for £®. (Hint: Use the relation between the
pressures found in problem [7.2.1] and the fact that the pressure is the generating func-
tional of the average values of the local observables, cf. proposition (6.1.2) and the related
remark.)

[7.2.3]: Find a condition that implies that & = L& if ® is a two-body potential.
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[7.2.4]: (Spin potentials)
A potential ¥ for {0,1}2 is called a spin potential if it can be written as Vx(ox) =
J(X) [[iex (20 = 1).

If ¥ is a spin potential and pg is a Gibbs state for it show, having set (£'U)x =
(—1)‘X‘\I/X7 that £’¥ is a spin potential that admits among its Gibbs states the proba-
bility distribution p such that “(HieX(QUi —1) = (-D)Xlpg (Hiex(zai —1)). (Hint:
Proceed as in the analysis of problem [7.2.1].)

[7.2.5]: Prove that the map defined in problem [7.2.4] between measures in G(L£'¥) and
in G(¥) is one-to-one and invertible.

[7.2.6]: (Fquivalence between spin systems and particle systems)

Which relation exists between £ and £’? (Hint: Show that it is possible to establish
a correspondence between spin potentials with a finite number of bodies and particle
potentials with a finite number of bodies so that, via this correspondence, L is transformed
into £).

[7.2.7]: Show that if n = 1, T, = 1, condition (7.2.5) written for £ instead of ®

leads to the determination of a new region of analyticity for pug via the relation between
G(®) and G(L®P) derived in problem [7.2.2].

[7.2.8]: Estimate the mixing rate of ug in terms of the decay property at oo of ® under
the hypotheses that the potential is a particle potential and that z is small enough. More
generally estimate the mixing rate for cylindrical functions. (Hint: Study first the case
of finite range ®: in this case it follows from the definitions that the ¢ (&1 ...&p...) (cf.
(7.1.23)) are zero if the points {1 .. . &p are not close enough; then by using the expressions
(7.2.14), (7.2.13) deduce an exponential bound for the mixing rate, etc.)

[7.2.9]: (High temperature analyticity in lattice systems of particles)

Making use of the method of problem [7.2.7] to further enlarge the region of analyticity
show that if (h, ®) is a potential with finitely many bodies and if (h’,®') = L(h, ®)
then the region z||®|| < B or z’||5/|| < B contains a region having the form || ®| < e
with a suitable € > 0 (independent of the value of z). Deduce that, given P, this proves
analyticity at high temperature (i.e. small 5) for all values of h. The weaker form of

proposition (7.2.1) proved in proposition (7.2.2) suffices for such conclusion, [GMR68],
[Do69], see footnote 7 of [Ru69], p. 112.

[7.2.10]: (Analiticity for strong decay in Zd)

. . d . . . .
Consider a spin system on 7 without hard core interactions. Show that there is kg > 0
such that if || ®||x +b < e for k > ko and € small then the Gibbs distribution pg is
analytic in ®.(Hint: Use remark (2) after proposition (7.2.3).)

[7.2.11]: (Decimation in d = 1)
Let T be a compatibility matrix which mixes over a time a and let h > a. Let g be a
T—compatible sequence and define the sequence n(c) = (...,n-1(g)no(a), m(2),...) by

nk(g) = (Oka+kh7 s 70(k+1)a—1+kh)7 k= 07 :l:lv :l:27 s

Check that all sequences n consisting of compatible strings of length a have the form
Nk (c) for some o which is T—compatible. In other words if one leaves a “gap” larger
than a between compatible strings of length 7 > a no further compatibility condition is
required in order that the strings be part of an infinite compatible sequence. The strings
1 regarded as new spins can be freely put down spaced by h, or more, giving rise to a
configuration of symbols that can be regarded as part of a T—compatible sequence o.

[7.2.12]: (Reduction by decimation of hard core finite range systems to coreless systems
imd=1)

In the context of problem [7.2.11] consider a short range real potential ® € B with range
r (i.e. &x = 0 if the diameter of X exceeds r). Let 7 = max(a,r) + 1 and h = m7
with m large (to be determined later; see problem [7.2.14]). Write a spin configuration
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in the interval [1, N (7 + h) + 7] as a sequence 1, 04,7, - - - where 7. are

7QN7QN ’ QN+1
compatible strings of length 7 and o is a compatible string of length h. Consider the

matrix M, s defined for n,7" being T-compatible sequences of length 7, 7 = (m1,...,77)

and n’ = (7]_;, ...,1m.), and given by
M, ,» =0, unless 7] =n2,...,M_1 = 0r.

Show that the number Zy of compatible strings of length N (7 + h) + 7 with h = m7 is

N
Zo= Y 1m0,

ﬂl’m’ﬂNi»l Jj=1

def

My

Likewise let (,7") = (n1,.-.,m7,M},---,7r) be a pair of compatible strings of length
7 (not necessarily such that the string (17,7’) of length 27 obtained by merging the

two is compatible). Let ¢ = (o1,...,0741) def (m,..-,nr,n7) and define W(n,n’) def

where we use the notation (n|M |n)

E; ® x (0 y) where the * over the sum indicates that it runs over the subsets X of the
d
labels (1,...,7+1) which contain the extra site T+ 1. Define also U(n) = ZX Px(ny)

J— ’
where the sum runs over the subsets of the labels (1,...,7) and M, ,» = e~ Wnn )Mnm"
Check that the partition function Z for the system {0,...,n}* on A = [1, N(7 4+ h) 4 7]

is given by
N
U —h
PO | R
n Jj=1

—1"”’EN+1

[7.2.18]: (Decimation in d = 1 by transfer matriz)

In the context of problem [7.2.11] let M%n’ = Awnw, + AP, ;s be the spectral de-
composition of the mixing matrix M (see definition in problem [2.3.12]) along the eigen-
vector with largest eigenvalue A\ which is simple and with an eigenvector denoted wy,
which has also positive components (by Perron—Frobenius theorem, see problems [2.3.10]
through [2.3.12] and [4.1.12]), while the eigenvalue of the transposed matrix of M is
denoted wy: they are chosen with (strictly) positive components and normalized so that
Zn Wywy = 1) and P is a matrix with norm ||P|| = 1 and A < A. Deduce from the

above remark on the structure of Z, setting e = A/\ < 1, that Z is given by

N
h
U _ A
ANh Z e (ﬂl) H (wﬂiwﬂi+1 + (X) Pﬂi’ﬂi+1)
=1

21"“’2N+1

and show that the sum can be written as a sum over 7, ... N of
N N 1k _
—U _ _ log (1+(A>\7 )Py ./ (Wny wy ))
e (El) Wn_ Wn Wy Wy e —j —=j+1 -3 —j+1
217N+ II 45 II
j=2 j=1

Show that this means that the decimated system of the spins 7 separated by mr sites can
be regarded, in the thermodynamic limit (4.e. in the limit as N — 00) as a spin system
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in which the spins are the compatible strings n of length 7 and the interaction potential
is simply a single-site and nearest neighbor interactions given by

j
— - _ mnn

h(n) = —log(Wywy),  ®(n,n') = —log (1 + (A TH === )

- - ’LU_’LU,,’/

with suitably modified contributions for the sites 1 and N + 1.

[7.2.14]: (Cluster expansion with hard cores and finite range forces, d = 1)

Check that problem [7.2.13] implies the validity of proposition (7.2.3) when the transition
matrix is mixing and the interaction potential has finite range. (Hint: The above problems
reduce, by choosing h large enough, the case considered here to the case discussed in the
proof of proposition (7.2.3) of interaction without hard core ans with arbitrary one-body
potential h(n) and finite range interaction without hard core.)

Bibliographical note for §7.2

Among the most remarkable extensions are perhaps those in [GKT78],
[Ku78], [Sy79], [Is76].

The classical theory of Appendix 7.2 is originally due to Groeneveld, Pen-
rose and Ruelle, [Gr62],[Pe63],[Ru63]. The above papers were preceded by
the work of Morrey, [Mo55], who also solved the same problem, by essen-
tially the same arguments, in an ambitious attempt to derive the equations
of fluidodynamics from microscopic classical dynamics: the importance of
this paper for the theory of the cluster expansion was realized only about
twenty years later.

The proliferation of alternative or independent and different proofs, or of
nontrivial extensions, shows that in reality the problem is a natural one and
that the methods to study it with the techniques of this section are also
natural although they are still considered by many as not elegant (and not
really natural), and they are avoided when possible or commented by saying
that “it must be possible to obtain the same result in a simpler way” (often
not followed by any actual work in this direction). An elegant and more
general analysis is in [Ca82].

§7.3 Renormalization by decimation in one-dimensional systems

The following definition is particularly relevant for the theory of dynamical
systems (see also problem [5.2.1]).

(7.3.1) Definition: (Fisher potentials)

Consider a % -spin system on the one-dimensional lattice Zi and consider the

space B of the potentials ® with the property
Oy =0 unless |[X| =1+ diam(X) =1+ §(X), (7.3.1)

i.e. ®x vanishes unless X is an interval. We shall also call such potentials
extended nearest neighbor potentials. We shall split the potentials into their
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single spin part h and the many-spin part @ and write ® = (h, ®), where
he(og) = P¢(0) and ®e =0.

The name of “Fisher potentials” is used in the Physics literature: such
potentials are quite interesting as they can be used to produce examples
and counterexamples to various phenomena concerning Gibbs states, [Fi67],
[Ga77]. Not least: the potentials that arise in the theory of Anosov systems
are in this class, cf. (4.3.15), and have short range.

The main step toward the results on smoothness of Gibbs distributions
relevant for dynamical systems concerns one-dimensional systems without
hard core and with an extended nearest neighbor potential (see definition
(7.3.1)).

(7.3.1) Proposition: (Weakly Markovian chains)
Let Br be the space of the extended nearest neighbor real translation invari-
ant potentials ® for a 5-spin one-dimensional system and define for k > 0

[@l=" Y sup|®c(ap)| e D = [[hllo + || D] (7.3.2)
¢eccZ,|C|>1 %C
The compatibility matriz is supposed to be Tyor = 1 (i.e. no hard core in-
teraction).

Then the correlation functions ,LL.:I>(C(‘7/V) are real analytic functions of ® € X2,
where ¥ C Bp denotes the set of translation invariant Fisher potentials with
|®]|x < 0o for some k. Furthermore the Gibbs distribution ue is exponen-
tially mizing.

Remark: Note that ||h||. = ||h||o because if |C| = 1 then diam (C) = 0.
We stress that no condition on the size ||®||,; is assumed here. The latter
quantity only affects the size of the complex analyticity domain.

Proof: The idea behind our discussion is simple and can be grasped by look-
ing at the problems following problem|[7.2.11] which deal with the simpler
case in which ®¢ = 0 if the diameter diam(C') = §(C) is large enough: how-
ever here we deal directly, and independently of the mentioned problems,
with the new case. We first study the case in which ® is real.

Let A be a large interval and consider the strings o € {1,...,n}".

Divide the interval A into a sequence of intervals of lengths alternating
between 7 > 1 (which means an interval consisting of at least a pair of
nearest neighbors) and h > 7, here h, T are lengths to be chosen later. The
intervals will be denoted

By, Hy,B1,Hy,...,Be_1,Hy_1, By, (7.3.3)

and will be called of B-type and of H-type respectively. Of course this
means that we suppose that the number of points in A is |[A| = ¢(7 + h +
2) + 7 + 1 (note that an interval of length h contains h + 1 lattice points).
Correspondingly we imagine that a string ¢ € {1,...,n}" is a sequence

g = (/30577075157715'"7ﬂ271;77€71752) (734)
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of shorter strings containing alternatively sets of 7+ 1, h+ 1,74+ 1,..., 7+
1,h+ 1,7 + 1 spins. The Gibbs state with potential ® is unique, by the
analysis of Section §5.2 and it can be generated by taking the limit as A — oo
of the probability distribution

A e_Uf}}(Z)
over a sequence of intervals A of the above kind, i.e. of length £(h+7+2)+
T4 1.

The spins §; have size n™11, i.e. they can take n” ! different values, and
will be called block spins. They can be imagined to be located on the
points of a lattice whose sites are labeled By, By,... and which will be
called the decimated lattice or B-lattice: on the new lattice the distances
will be computed by thinking of it as having its sites spaced by 1. The
distances computed in this way, i.e. essentially in units of 7 + h, will be
called “renormalized distances” when it will be necessary to avoid confusion
with the distances of points and sets in the original lattice.

The distribution pf generates, by summation over the variables n =

{nj}ﬁ;(l), a probability distribution over the variables 8 = {$;}_, (which is
a sequence of (7 + 1)-ples of spins)

I8 = Y. palo), (7.3.6)

and our first task will be to check that the limit as A — oo of T4 (3) is a
Gibbs distribution with an exponentially decreasing renormalized potential
®ren on the sequences 8 = {f;};cz, with 3; € {1,...,n}7 "L which has
a range :‘il_l much shorter than k=1 if T is large (k1 == 00) and a size

[N A—1)

In other words on the new space of sequences 3 of symbols §; €
{1,...,n}7 " the distribution 7 is still a Gibbs distribution with a new suit-
able potential that we shall call @, verifying the property that || ®,en||«,
is as small as wished and x; is as large as wished. This means that the
(possibly strong) initial interaction can be eliminated at the cost of dealing
with a spin system of somewhat larger spin, i.e. of size n™ ! rather than n.

In this way we can derive the stated result as a special case of proposition
(7.2.3).

The energy UZ(c) can be expressed in terms of the energy of the part of
the potential @, obtained by cutting off from ® the components ®x (o)
with §(X) > 7 (recall that 7 > 1 and, in the present one-dimensional case,
0(X) denotes the diameter of X) plus the part of the potential containing
only the latter components. Thus we can write

¢ = =
Ug(e) =Y UPB)+ D U i)+ (We(Bisns) + Wi (s, Bivr)) +
i=0 i=0 i=0
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e7.3.7 + Z Py (o) (7.3.7)

X :85(X)>T
X H;

Here UZ and U denote the energies of the spins in the sets B; and H;,
respectively, due to the cut off potential @, and to the full potential ®; the
terms W, (8;,n;) and W, (n;, Bi+1) yield the contribution to the energy from
the potentials ®x with §(X) < 7 and with the set X containing points
of H; and either of B; or of B;y; respectively. The last terms are the
contributions to the energy from potentials ®x involving only sets X with
0(X) > 7 which do not lie entirely inside a set H;. Therefore the partition
function can be written as

14

>y (Hefvfwi)).

Bo,--Be Mos--sMe—1 =0

€7.3.8 -1 (7.3.8)
. (He_UH(ni)_WT(Biﬂni1Bi+1)) ( H e—‘I’X(Ex))7
i=0 X:6(X)>T
X¢H,

de .
where W (8;,m; Bit1) et W (Bi,ni) + W (i, Bit1). Setting

e7.3.9 Zn(Bi; Bir1) = Ze_UH(n)e_W’(ﬂ“"’ﬂi“), (7.3.9)
1

the partition function expression in (7.3.8) becomes

4

3 (He—UTB(ﬂi)) (ﬁZh(Bi,ﬁH_l)).

Bo,--sBe  1=0
277 " H271 e_UH(ni)_WT(Biani15i+l)67 Z; Dx (o)
0y T)0—1

=0
Hf:é Zn(Bi, Bit1)

where the % means that the sum is over the X such that 6(X) > 7 and
X ¢ H; for any set H;.

It is possible to interpret the last ratio as a partition function of “large”
spins 7o, ...,Mm¢—1 (the word large refers to the fact that there are n/*!
different values that each 7 can take) interacting via a potential (suitably)
generated by the functions ®x (o y) with 6(X) > 741 (i.e. which does not
involve the components of ® involving up to 7 neighbors).

In attempting an application of corollary (7.2.3) we must note that we
can think of the sequence of “spins” 7 as a sequence of spins on a lattice
whose points are Hy, . .., Hy_1 and will be thought as spaced by 7: then the
potentials between the spins g, ...,n.—1 at fixed B, ..., B¢ are many-body
potentials

e7.3.11 (I)Hiy»»»qHH»q (771', s aerq) - Z @X(Qx), (7.3.11)
XNHp=0, k=i,...,i+q

€7.3.10 (7.3.10)

)
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which, by the assumption that ®c # 0 only if C' is an interval, are the
only nonvanishing potentials; in other words the potential ® is still a
(non-translation invariant and -dependent) Fisher potential, cf. definition
(7.3.1).

To take advantage of corollary (7.2.3) we need, at fized By, ..., B¢, an esti-
mate of a quantity like

= Lk
sup Z sup |Poy oo (M0ys - - - Moy ) ez DT (7.3.12)
H esm:c)>1 e

where C = (C4,...,Ck) is an “interval” on the lattice formed by H-type
intervals, and n, = (1cy, ..., nc, ). The case |C| = 2, i.e. k =2, corresponds
to the interaction between nearest neighbors pairs of H-type intervals.

By (7.3.11) |®c,,....ck (ﬂcl, e ’ﬂCk)l < Y xnoi,vi |@x(ax)|; hence if
k > 2 and H, H' are two different H-type intervals, we can bound (7.3.12)
by

sup Y [Bx(ay)|e?Mem 300 < (7.3.13)
H,H XNH,XNH'#0
5(X)>T
= - —5(p— || ®||e” %7 Tl 57
<Nl 32 (- (2t < AT <l Bl
p=7+3

having taken into account that the sets X are, by assumption, intervals and
having defined m = (1 — e~"#/2)~2,

We choose 7 so that! we can apply, if & is large enough, the corollary (7.2.3)
to proposition (7.2.3) with || ®||. replaced by m || ®||.e~""/? and Lo = Lx7
(in (7.2.22) there is a factor e=*"/* and one can suppose that h, hence T,
is so large that one can take into account the presence of the other factors
simply by replacing 4 with 8 in the bound). This means that we can rewrite
the ratio in (7.3.10) as

exp » " (T)¢(I), (7.3.14)
r

where T is a polymer configuration consisting of nontrivial (i.e. v with more
than one point, |y| > 1) polymers 1, ¥a, . . . which are intervals on the lattice
of the B’s; ¢! are the universal combinatorial coefficients whose existence
and properties are proved in proposition (7.1.1). Therefore T, i.e. the set
of points covered by the polymer configuration I', is also necessarily an
interval. The activities of the polymers verify an inequality like (7.2.23),
i.e. (for || @], < 1)

IC(y)| < e #r7Ile= 3R < e=gATIl =5 RTI() (7.3.15)

1 Actually we also want that 7 + 1 divides h 4+ 1. This can be assumed without loss of
generality.

20/novembre/2011; 22:18



e7.3.16

e7.3.17

e7.3.18

NT7.3.2a

e7.3.19

€7.3.20

§7.3: Renormalization in one dimensional systems. 247

where the tree distance 6(y) has to be measured on the “decimated lattice”
of the B’s, i.e. the 6(7) of a polymer consisting of k successive B—intervals
(k > 2) is k — 1 (while the actual distance between the extreme points of
the interval would be k(7 + 1)+ (k—1)(h 4 1): hence the unit of length has
to be regarded as essentially equal to 7 4+ h + 2). Therefore we can define

UB,,..BirpBis - Bitp) = > T (D)¢(T) (7.3.16)

and we find by (7.1.19) that

| < Age e~ (P=Die (7.3.17)

oo Bitp
where Ao depends only on & (Ao = (1 + 3,5, qe~ 75 ), cf. (7.1.19)). The
exponent of (7.3.14) has therefore the form of a short range potential ¥
between the spins 8 and

def

1|7 32 < Boe™ 3 "= e, (7.3.18)

for By suitably chosen and ¥ is an exponentially decaying, (mildly) non-
translation invariant?, interaction between the 3’s (here the tree distances
have to be measured in the above mentioned units of length for the dec-
imated lattice) with the property that Ue # 0 only if C' is an interval:
note that [|¥||,.,/32 includes bounds on the one-body and nearest neighbors
blocks. The range of ¥ is much shorter than the original x because the
latter is now replaced by a quantity of the order of k7.

The sum, i.e. the partition function, in (7.3.8) can be written as

14

e Zx,\x\>1 Ux(By) e*Uf(ﬁi)
; 11

= (7.3.19)

(ﬁ Zn(Bi, ﬂz‘+1)) (f[ e“l’si(ﬁi))7
=0

=0

where here and in the remaining part of the proof the sets X will denote
subsets of the decimated lattice, i.e. of the lattice of the B intervals.

We fix 7: and we see that we have to consider a spin chain of arbitrary
length with spins (5 interacting via a single spin potential a¢ () and a nearest
neighbor pair potential ag¢ ¢1(83, 8') both of arbitrary size and translation
invariant plus a very weak, possibly non translation invariant, spin potential
ax(Bx), | X| > 2 which satisfies

lax(B,)] < ee™ ™), (7.3.20)

2 Translation invariance violation comes only from the B blocks at the boundaries.
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with h prefixed arbitrarily, cf. (7.3.18). We call this potential A and refer
to this model as the “supplementary model”.

In our case 8 € {1,...,n}7 and a¢(B8) = ¥e(B)+UZ () and age ¢ (8,8') =
—log Zu(B, B') + Ve ey (B, 5)

Therefore we see that the real problem is just to show that by taking h large
the pair potential between nearest neighbors generated above between the
blocks of 3 spins is the sum of a suitable one-spin potential plus a nearest
neighbor potential which is as small as we please. This means that we
have to show that the above supplementary model is such that its partition
function in a box A = {1,..., h} verifies

—log Zu(B,8") = 2(B) + 2(8') + e 7" A(B, ') (7.3.21)

for a suitable z(8) and with A(8,5’) < D for some D, ko > 0.

The latter is a well known property of exponentially decreasing interactions
in one-dimensional systems and we guide to its check in the hints to the
problems at the end of the section.

If V C H; for some ¢ and pe g denotes the Gibbs distribution conditioned
to the spins § the above analysis implies, in fact, that the probabilities
1 (C;/O ) of cylinders C;/O can be written as

Zv =V

ho(Cl) = [ malds) [ o stdmey, (a,), (7.3.22)
Zy

The latter expression admits a polymer expansion of the type (7.2.11)

with the polymer activities ¢ which are analytic and verify the appropriate

bounds like (7.2.12) together with their derivatives. The inclusion V' C H;

is not restrictive because of the arbitrariness of h; the details are left to the

reader.

Turning to the smoothness and analyticity statement we assume now

that ® is complex and call v [Tm @||,; + sup, [Im ®¢(c)|. We then pro-
ceed through the algebra leading to (7.3.10). However we write (7.3.10)
by replacing UH (n;), W, (Bi,mi, Bix1) with their real parts ReU* (n;) and
Re W, (i, mi, Bi+1); the corresponding imaginary parts will be taken into
account by interpreting the " in (7.3.10) as containing besides the terms
with |X| > 7 also the imaginary parts of the ®x which occur in U (n;)
and W, (8, mi, Bix1)- As a consequence in (7.3.12) there will be terms with
|C|] =1 and (7.3.12) will receive contributions also from the imaginary parts
of the potentials ®x with |X| < 7. The factor m||®||.e™*"/? in the r.h.s.
of inequality (7.3.13) will be modified into m||®||.e~""/2 + vh. Hence if the
imaginary parts of ®x are small enough (e.g. hv < m||®||, e=*7/2) (7.3.13)
is changed by replacing ||®||,. by 2||®||. and we get (7.3.16).

The analysis continues in the same way as in the real ® case because the
new Zn(8, ') only depends on the real part of the potential. The uniformity
of the bounds in the (tiny) complex strip ||Im ®||. + max, [Im ®¢(o)| =
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O(e™"7/2), with h chosen large enough, implies the analyticity statement.
]

Consider a general one-dimensional system with hard core interaction given
by a mixing compatibility matrix T" for sequences of symbols o € {1,...,n}
and by a real Fisher potential ® such that for some x > 0 one has
@] < oo, cf. (7.3.2), (without smallness requirement). The new setting,
i.e. taking into account hard core interactions, extends considerably in the
one-dimensional lattice cases that of Section §7.2 and its analysis will be
directly applicable to the theory of SRB distributions, which as we have
seen in the preceding sections, are precisely Gibbs states with such kind of
interactions. Then the following proposition, [CO81], holds.

(7.3.2) Proposition: (Decimation in one dimension)

The correlations ,uq>(C(‘,/V) of a one-dimensional spin system are analytic
functions of ® if the interaction is given by a mizing compatibility matriz
T for sequences of symbols o € {1,...,n} and by a translation invariant
extended nearest neighbor potential ® (cf. definition (7.3.1)) satisfying the
condition that || ®||. is < oco. Furthermore the correlations between events
of the form C’XV,CZ'CV decay at exponential rate.

Proof: This is almost an immediate consequence of the proof of proposition
(7.3.1): we can proceed as in its proof. As soon as h > 7 > ag where ag is
the mixing time of the compatibility matrix there will be no compatibility
to be fulfilled in fixing the configurations of distinct S-blocks; nor there will
be any compatibility to be fulfilled in fixing the configurations of distinct
n-blocks: of course there will be compatibility conditions between g and 7
blocks.

Since no compatibility needs to be checked between the S—block configura-
tions we fix them arbitrarily and perform the summation over the n blocks
by using, as in proposition (7.3.1), that the interaction between such blocks
is small although not translation invariant. The configurations allowed to
the various blocks 1 are not the same in different blocks (because they must
be compatible with the adjacent S—blocks). This is however irrelevant by
the remark (3) to proposition (7.2.3). Therefore one gets exactly the same
bounds on the potential ¥ between the S-blocks as in (7.3.17),(7.3.18).

The only novelty arises in treating the transfer matrix M, .. However
mixing implies that M“° has all matrix elements positive. Therefore if A is
a multiple of Tag, which we can assume without loss of generality, we can
continue, replacing 7 by ag7. Since ag is a fixed quantity we are back in the
situation studied in the previous proof if h is taken a large multiple of Tag,
rather than just of 7. L]

Remarks: The above method can be extended to several cases of (d + 1)—
dimensional spin systems with d > 1 verifying one among the following
properties.

(1) There is a privileged coordinate direction that we call time (e.g. the
(d 4+ 1)-th dimension) and the potential can have a hard core in the time
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direction only, i.e. the spins o, 0’ which are on nearest neighbor sites that lie
on the same line X parallel to the privileged direction have to verify T, = 1
Vo, o’ for a given mixing compatibility matrix.

(2) The potential is short ranged and small enough, i.e. for v, k=% small
enough one has

wp > sy Pliex(gy)le™ <1 (73.23)
g€ d+1 Ix
¢eXcZ 1 X>1

(3) The extension proceeds by considering a box A with sides of size L
and, assuming that the direction A is the direction parallel to the axis
d—+1 of Zd+1, cutting each of the L? lines parallel to A\ into intervals
By, Hy,...,Hy_1, Bg. One then imagines to fix all spins in the intervals of
B-type (which can be arbitrarily assigned among the T—compatible strings
B of length 7) and to sum over the spins in the H—type intervals. This is a
(d + 1)—dimensional system of weakly coupled spins (as it follows by adapt-
ing the proof of the corresponding statement in the proof of proposition
(7.3.2) making use of proposition (7.2.2)). The resulting distribution for
the [ spins is weakly coupled Gibbs state without hard core and proposition
(7.3.1) (as well as proposition (7.2.2)) applies to it. We discuss below a
result that can be obtained, along the above lines, in a special case of rele-
vance for our later applications to dynamical systems; it is however useful
to pose a formal definition

(7.3.2) Definition: (Oriented hard core)

Consider the configurations g of a %-spin system on a (d + 1)-dimensional
lattice 7.  Consider a mizing matric Tyer and denote {1,...,n %dﬂ
the space of the configurations such that T, o = 1 if the pair of nearest
neighbor sites x,x’ lie in the direction of the (Id + 1)-axis, i.e. if x = (1)
and ¥’ = (¢, t') with [t —t'| = 1. We call {1,.. .,n}?Hl the configuration
space of a spin system subject to an oriented or timelike hard core. We say
that the potential ® has spatial and temporal ranges k™!, :‘ial if

1o e sup S B fler iR nX) < og (7.3.24)
z€Z zeXCZ,|X|>1

where |Px | = sup, [Px(cx)| with the supremum taken over the o x which

are T'—compatible; 6, (X) (spatial tree length of X ) and oj(X) (temporal

tree length of X ) are obtained by considering the sum of the lengths of the

projections on the plane Z? and, respectively, on the axis orthogonal to it in

7+ of the segments constituting the shortest tree linking the points of X.

Likewise we can define oriented Fisher potentials:

(7.3.3) Definition: (Oriented Fisher potentials)
A oriented hard core potential ® is a oriented Fisher potential if ®x # 0
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only if the set X consists of a union of intervals located on pairwise distinct
time lines.

Remarks: (1) We call “time” the last direction in 7" and “timelike” any

line in Z4™! parallel to the last coordinate axis.

(2) A general oriented hard core potential @ is often equivalent to a suitable
oriented Fisher potential ¥. Indeed let a generic set X C 7" be the union
of vertical intervals Uiyjjfi, withi=1,...,mand j =1,...,n¢, lying on

distinct time lines &i,...,§, € Z% and ordered so that Jf < Jjg_j_l. Let

IS, ... I% be the smallest timelike intervals such that U; in C I&: we say
that the Jf generate 1% (in other words I% is the interval delimited by
the lowest point in J;* and the highest point in Jf;g ). Given a Y = U; %,

with 7 timelike intervals lying on distinct time lines, for each compatible
confguration g, we set

Uy(oy) =) Ox(oy) (7.3.25)

with the sum running over all set X = U, ; in such that in generates 5.
Moreover we set Wy = 0 for all sets Y which are not the union of timelike
intervals located on distinct timelike lines. We see that in this way we define
a oriented Fisher potential that is equivalent to @, provided [|¥||/ . is finite
for some /', K.

(3) A sufficient condition for the finiteness of (7.3.25) is that the oriented
potential verifies

I Ellmno,m def sup Z H(I)XHemn(X)er 8 (X)) g—r1 n(X) 0,
$Z cex ez, |X|>1
(7.3.26)
where n(X) is the number of distinct vertical intervals whose union is X
(i.e. n(X) =37, ng,). In this case if k1 is large enough we get || W]y <
00.

K,RQ

The following proposition says that if the spatial range is short enough the
system behaves as if it was one dimensional.

(7.3.3) Proposition: (Cluster expansion for oriented hard core systems)
Consider a 5 -spin system subjected to a Fisher oriented hard core potential
such that there are k, kg > 0 for which || ®||,., < 0o. Then given ko there
are constants ®,b > 0 such that if Kk > & the correlation functions ,LL.:I>(C;/V)
are analytic functions of ® in the region || ®||..x, < 1 and [Im ®¢(0)| < b.
Furthermore the Gibbs distribution pe is exponentially mizing.

The proof follows closely the hint in remark (3) above and is made easier by
the fact that the length x~! characterizing the diameter decay in (7.3.24) is
very short for x large. Hence the interaction is very small and short ranged
for k large apart from the oriented hard core. See problems [7.3.10] and
[7.3.11] for details.

20/novembre/2011; 22:18



Q7.3.1

Q7.3.2

Q7.3.3

Q7.3.4

252 Problems for §7.3

More general cases in which the interaction is not supposed small in the
direction of the hard core orientation (i.e. in the case considered in remark
(2) above) have been studied in [BFGO03].

Problems for §7.3

[7.8.1]: Show that if C = (C1,...,Ck) with 6(C) > 1 the estimate (7.3.13) can be
improved as

g 1(g— = _k
sup > sup [Py (10, mey e T BT < Bl e B0,

H
Hee,s(C)>1 Le

(Hint: Note that the distance of the extreme points of the sets C;, C; is of the order of
(k—=2)h+ (k—1)7 and k > 2if §(C) > 1.)

[7.8.2]: Let A be a Fisher potential for a spin § system on a finite lattice A = {1,...,h}
with h sites. Call a(8) = ag(8) and a(B, ') = ay¢,¢3(8, '), respectively, the single-spin

and the nearest neighbor potentials supposed translationally invariant. Suppose that
there is also a potential ax (8x), possibly non translation invariant, satisfying

Jax (B,)] < ee= )

for some e,k > 0. Then the partition function Z,(3,8’) def 261 s e VB with
B1 = B, 8, = B’ can be written as

h—1
Z ei%a(ﬁ)(HMBJ'BJ'+1)€7%G(*B/)672XCA aX(éX),
j=1

B1s-os Bn
B1=8,8p=8"

where Mgg: et e=29(Be=a(8,8")e=39(8") and the last sum is over the intervals X CA
with 6(X) > 1.
[7.3.8]: (A transfer matriz approach to long range interactions)

In the context of problem [7.3.2] let ZS(B,B’) be defined as Z, (8, 3’) in problem [7.3.2]
with ax (8x) = 0. Check that

Z9(8,8') = N Lem 34Pp(B)u()e~ 24D exp (— e M A(B, B)),

where ko is the logarithm of the ratio between the maximal eigenvalue A of the matrix
M and the largest modulus of the others, |A(8, 8")] < Dy for some Dy > 0, end v(3) > 0
is the 8 component of the eigenvector with eigenvalue A of M (cf. the Perron—Frobenius
theorem). (Hint: This is just one more application of the transfer matrix, see for instance
problem [7.2.13].)

[7.8.4]: (Toward polymerization of the problem of checking (7.3.21))
In the context of problems [7.3.2] and [7.3.3] check that Z; (8, 8") can be written as

h—1 P
Z e_%a(ﬁ)(]:[Mﬂjﬂjﬂ)e_%awl)z Z HC(IJ’B”)’
j=1

B1,--:Bp p>01Iq,...,I,CA j=1
B1=8,8p=8"

where I1,...,I, are p disjoint consecutive intervals. Find conditions on €, x such that

there are b, C' > 0 for which
¢, B1)| < eC et
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—ax.(B, )
iyt 1), where the * means

(Hint: Note that ((I,81) = ZQZI Z;l,m,xq [1ce
that the X1,..., X, are ¢ pairwise distinct intervals with the interval I as union and
which are “chain connected” (i.e. for every pair of intervals there is a chain of pairwise
intersecting intervals among the X1,..., X, starting with the first interval and ending
with the last). Then apply the method used to obtain (7.2.9) or (7.2.16). If B =
ZoeXeZ e~"#(X) a sufficient condition will be for instance max;ez BzeEBze_%m <cC

for b = 1/16, say.)

[7.8.5]: In the context of the above problems let I1,...,I, be p disjoint consec-
utive intervals in A. The intervals can be specified by the sequence of integers
T1,%1,72,92,...,Tp,ip, Tp+1 giving the “lengths” of the “empty” sites (r;) and of the
“occupied sites (i; = |I;]).2 Denote B]_ , B]+ the spins located at the initial and final sites

of I and let BHL =B,B,11 = B’. Check that the function Zj (83, 8’)can be written as

p—1
Z (HZSJ'H(B;’[?H)'Z?jfl(ﬁf’ﬁj))
j=1

)

P ¢y Bry) Hg,gﬂelj Mﬁgﬂul)

0 - 0 + o
7z (8,802, (B 8)( RN

Jj=1

with the natural interpretation of the extreme cases (e.g. p = 0 corresponds to no sum
over 3’s and gives r1 = h and a term equal to Zg(ﬁ, B'), etc). (Hint: This is read off the
first expression for Z, (3, 8’) in problem [7.3.4].)

[7.8.6]: In the context of the above problems and making use of the result of problem

[7.3.3] check that setting w(8) = e%a(ﬁ)v(ﬁ), cf. problem [7.3.3], Z,(8,8') is

Zn(8,8) = N tw@w(d) Y (JJwEHes)?):

p+1 P
([T ewerorramy,. ) (][ ew(-ebla; . 87))-
j=1 j=1

P C(Ii’ﬁfj)Hs,sﬂezj Mg, 1
Z?I,l(ﬁ‘ ) 5;)

)

j=1

where r1,71 = |I1],... are the successive lengths of empty and filled lattice points (cf.
problem [7.3.5]). (Hint: This is simply a rewriting of the expression in problem [7.3.5]).

[7.3.7]: In the context of the above problems let L be such that e 0L Dy < . Given
a configuration of successive intervals I1,...,I4 in A we say that a subsequence of k + 1
consecutive intervals Iy, Iz41,. .., Iz4k is L—connected if the distance between consecu-
tive intervals is < L and if it is maximal (given Iy, ..., I4) with the latter property. Given
such a subsequence we call J the interval between the first point of I and the last point
of I,4 enlarged by adding L/2 points to the right and to the left or (if there are not
enough such points) as many as possible. In other words J is the part of the union of
the intervals I ; enlarged to the right and to the left by L/2 which is inside A: we say

that Iz, Iey1,...,Iy1 “generate” J. Define
3 One must have 7o, ..., rp > 0 while r1,7p41 > 0 and 4; > 0 unless p = 0, in which case
ry = h.
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qg—1
() = > [[exp(—eromsag@s, 875+ 1)-

)

H ¢, B1;) Hs,sﬂezj Mg, pe11

Py z? ., (8-,8])

and check that for a suitable b1 > 0 one has

C

()] < Pl = Bl
1—eCestL

if cCeSLL < 1/2. (Hint: Proceed as in the hint to problem [7.3.4].)

[7.3.8]: In the context of the above problems show that if € is small enough and k is

large enough proposition (7.1.1) can be applied to deduce that (with the notation of the
polymers of Section §7.1

20(8,8) = N Lw(@u(@) exp (D T C0C0)),
X

where X is a polymer configuration built with polymers J with activity ¢((J) defined in
problem [7.3.7]. Note that ((X) is, therefore, independent of 8 unless X contains the
first point of A and independent of 3 unless one of the polymers of X contains the last
point of A. (Hint: By problem [7.3.7] one has

Zn(8,8) = X' rw@uwE) Yy > [,

s2>0 Ji-- Js j=1

and ¢(J) verifies (7.1.16) with by = Co, vo = efébl'ﬂ, Ko = %blli.)

[7.3.9]: Find a proof of the result in problem [7.3.8] simpler than performing the analysis
in problems [7.3.2] through [7.3.8]. (Hint: It should be possible.)

[7.3.10]: (Decimation in higher dimension. I)
Given ko > 0 and a potential ® for a system of oriented hard cores (see definition (7.3.2))
such that ||®||x,x, < oo for some k > 0. Let 7, h be two integers larger than the mixing
time of the compatibility matrix 7. Let A = Q X I where Q C R? is a cube of side L
and I is the interval [0, (7 + h)n + 7]: we regard the parallelepiped A as a “horizontal”
strip consisting of |Q| “vertical” intervals of size (7 + h)n + 7. Divide the space-time
region A = Q x I into (n + 1) “horizontal” strips made of |Q| “vertical” intervals of
size 7 alternating with n “horizontal” strips made of |Q| vertical intervals of size h.
Call B1, By, ..., B|g|(nt1) and Hi,..., H|q, the vertical intervals of length 7 or h into
which each strip is divided; show that by holding fixed the block spin configurations 8 B
J

d _
the decimated energy Udec B) ef log Zn e~ UrB1) can be studied via the technique of

the proof of proposition (7.3.1) (and pro?)osition (7.2.3), corollary (7.2.3)). By choosing
7, h suitably large (e7"07 < e™*), one finds that Udec(ﬁ) is expressed as an interaction
without hard cores between the spins 8 which has the property that

d 1k6*(By,...,.B
sup E @Belc,u.,Bq(éBl"“’ﬁBq)‘GZH (B1 a) < 1,
By,..., By
5%(By,...,Bq)>1
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where *(B1, ..., Bg) denotes the tree distance of the centers of the sets Bi, ..., Bq with
the vertical components of the distances measured in units of (7 + h). (Hint: Note that
Ua(B,n) can be written as a sum of S-only dependent terms ZZ ZX-CB- Ox, (B

plus Zjl,m,jq Pxyy Xy (EXJ_I . ,ﬁqu) plus

)

Z Z x;(ny,) + Z <1>X1-1,.‘.,Xiq(ﬂxi17---7ﬂxiq),

i X;CH; a>1,H; ... H;

where the * reminds that one has Xij N Hij # 0 for all 5 = 1,...,q. The sets Xij
possibly intersect also some of the B’s so that the last expression does depend also on
the B’s. The spins 1, are “high spins” and their interaction is not translation invariant

(for ‘instance because the B variables have non translation invariant values). Calling their
interaction ¥ we see that its size is such that

1
Z ”\IlHl,m,Hq||e+§f~c6*(H1,m,Hq) <1,
q>1,Hq,...,Hq

so that we can apply proposition (7.2.3), corollary (7.2.3) and the result of problem
[7.2.10] if & is large enough.)

[7.3.11]: (Decimation in higher dimension. II)

In the context of problem [7.3.10] note that the potential ®3°° has no hard core. Fur-
thermore the components with §*(B, B’) = 1 (hence g = 2) of the potential consist of a

o d ik
contribution that can be bounded sup » B1.Ba,5* (B, Ba)=1 |25 B, (ﬁBl ’EBZ)IEZ <1
plus a component that can be quite large equal to log Zh(BB ,BB ) defined in (7.3.9).

=B;1’=By

The latter is representable as a sum of a nearest neighbor potential which can be made
as small as wished if h is large enough plus a one spin component, as studied following
(7.3.14). Hence we can apply corollary (7.2.3): show that this yields a proof of proposition
(7.3.2).)

Bibliographical note for §7.3

The analysis in this section is a technical extension of the simple problems
proposed in Section §7.2.

The renormalization by decimation method used to study one dimensional
Gibbs states with short range forces, and their analyticity, followed here
has been introduced in [CO81], where a new proof of Dobrushin’s optimal
analyticity result for interactions with polynomial decay has been obtained.

§7.4 Absence of phase transitions: more criteria

Availability of simple criteria for uniqueness of the Gibbs state associated
with a potential is often important. We have so far met several such criteria,
e.g. the general result for one dimensional systems in proposition (5.2.1)
and various criteria in propositions (7.2.1), (7.2.2), (7.2.3) and (7.3.1), and
corollaries (7.2.1) and (7.2.2).
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However there are applications of the theory, even to dynamical systems of
Anosov type, in which the mentioned criteria do not apply because their as-
sumptions are, or appear to be, too restrictive. We shall meet an important
example in problem [10.4.1] and here we mention a simple criterion which
turns out useful in its study.

(7.4.1) Proposition: (Diameter decay of potential and no phase transi-
tions conditions)

Let @ be a potential for a spin system without hard core on the d—dimensional
lattice Z*. Assume that ®x (ax) can be different from 0 only if X is con-
nected by nearest neighbors and define for k > 0

[@fdm =" x|, (7.4.1)
0eXx

where D(X) = diam(X) is the diameter of X. Given x > 0 if | ®|d2™ is
small enough the Gibbs distribution is unique, depends smoothly on ® and
the correlations of local observables decay exponentially.

Proof: Suppose that the system is confined in a box A. Let F,G be two
local observables, Fa(c) = f(o4) and Gg(g) = g(og), where A, B are two
finite sets in A. We can write the correlation u(FaGp) — u(Fa)u(Gp) as

1226, (fl@a) = fza))9(ep) — 9(zp))e” 2 (Px(x)+ Bx(z))
2 T e 2 (Pxle)+ Px(zy))

. (7.4.2)

where ®x (o) e Px(ay) —max, ®x(cx) < 0. The numerator can be
expanded “as usual” by writing

e~ Zx(gx(EX)Jrgx(Ix)) — H (p(XagXaIX) + 1)’ (743)
X

where p(X, 0y, 7x) < (e=(Px(2x)+Px(zx)) — 1) and
0 < p(X,ax.1x) < IV 2| dimme=nDEX). (7.4.4)

By using (7.4.3) we get for the numerator of (7.4.2)

1Z<f<g,4>—f<z,4>><g<g3>—g<zB>> > LoV oy, 1y). (7:45)
2

..... Y, i=1
In the above sum we distinguish the n—ples Y1,...,Y, which do not contain
achain C' = (Y7",...,Y,") of sets such that Y, NYy*, | # O fork=1,...,n—1

and Y*NA#0, Y, N B # () and the others.
The total contribution of the first terms is 0 by their odd symmetry ¢ <— 7:
exchanging the configurations o, 7 inside the union of the sets Y which are
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parts of chains Y*,... Y intersecting A and not B changes the sign of
(7.4.5) (note that such an operation of partial interchange of ¢ and r is
only possible in general if there are no hard cores). The contribution of the
other terms is bounded simply by summing over all chains C' = (Y7*,...,Y ")

P
connecting A and B

. ) p .
A|PA IG 5] Y 27 eI (@ dinmye TT =P O 23, (7.4.6)
c i=1
where (7.4.4) has been used together with the remark that the sum over the

other sets Y adds up at most to Z4.
Hence, if D(A, B) is the distance between A, B,

. p
Z 22" p (||| dinm)p H e~ DY) <
C =1
. p
e—%nD(A,B) 2(262”@”21&“ H(I)Hgiam)p H —%HD(Y ) (747)

i=1

The sum over the sets Y which intersect a given set Y’ of e~ 3eD(Y) ,
. 1 .
i€ D vy e~ 5%P() s bounded by D(Y”)Cy for some constant Cy (de-

pending only on k). Therefore, if Cy = maxp D%~ 35D

I | RN S

(7.4.8)
and from (7.4.7) we conclude that for some C' > 0 one has

W(FAGp) — n(Fa)u(Gp)| < ClIEA|l |Gl @[ e~ $5PAB) | (7.4.9)

provided ||®[|¢™ is small enough (the factor Z, in (7.4.6) is canceled out
by the denominator).

This also shows that the Gibbs distribution is differentiable at ® because if
tao+aw, A denotes the finite volume Gibbs distribution with potential ® + AW
then, if we chose ¥ € By,

Z(u¢,A(FA‘I/X) — po A (Fa)poa(Px))| <
X

d
N M<I>+/\\I/,A( ) ,\—0‘

)

lam lam A
< ClFAlIEemalen 3o {Peorso X) < p

(7.4.10)
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where F is a A—independent constant and the sum is finite as ¥ € By. This
means that the tangent plane to Py (®) varies continuously with ® uniformly
in A so that the Gibbs state is unique and it also follows that

=D (n(Fa¥x) — p(Fa)u(¥x)), (7.4.11)
A=0 X

d
— F
d}\qurw( A)

for || U||diam < oo,

Likewise one can express the second derivative (and the higher ones): the
above exponential decay can be used to check that also the second (and
higher) derivatives are uniformly bounded so that y depends in an infinitely
smooth way on ® as long as ® varies keeping ||®|/4™ small enough, for
a given k > 0. The check requires dividing the space into regions and
it is somewhat laborious. For instance in the case of the second deriva-
tive the regions to consider are D(A,Y ), D(X,Y) > R, D(X,Y) < R and
D(A,Y) < R for R > 0 large compared to the diameters of X,Y, A. Hence
one first considers the sum over X,Y with diameter not exceeding R and
checks that the result is finite. Then one proceeds to relax the restriction
on the diameters by taking advantage of the exponential decay of ¥x, Uy
with the diameters. We omit further details. n

Remarks: (1) The analysis requires absence of hard cores. Otherwise
exchanging the configurations ¢, 7 inside the sets of a chain that intersect
A but not B may lead to incompatible spin configuration thus ruining the
cancellation mechanism.

(2) Uniqueness implies that the tangent plane varies with continuity along
paths in the space of the potentials with the norm (7.4.1) small enough:
hence the Gibbs distribution is differentiable in this region.

An important uniqueness criterion is the following, see [Si93].

(7.4.2) Proposition: (Dobrushin’s uniqueness criterion)

Let ® be a potential for a spin system without hard cores in z°. If

def def
1@ =" Y (X - D[ ex]| = a <1, (7.4.12)

X30

where || ®x|| = sup, [Px(gx)|, then the Gibbs distribution with potential
P is unique.

Proof: Let n be a spin configuration and we denote 7,; the spin configuration

over the sites of Z% which are different from 7. In this way 1,;0; will denote
the configuration obtained by replacing 7; with o;. Likewise we define n,x

the configuration n over the sites Zd/X for any set X, and n/xox will
denote the configuration obtained from 7 by replacing the spins of n with
ox in X.

We assume that the sites of Z% have been labeled i = 0,1,2...in such a
way that the set Q, = U]_,{i} eventually contains any prefixed cube K
centered at the origin; in particular we denote with ¢ = 0 the origin.
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It is easy to compare the conditional probabilities m(0i|77/ij77§-) and
m(ai|n,i;m;)- In fact let D be

D= ’Z(m(aim/ijd) —m(oi|nsij0") flo)| =

_ ‘/Oldt Z%mt(o)f(o) ,

where m; is the probability distribution

(7.4.13)

mt(a) _ Z;le_ EXai,j ((I)X(U"?/ija/)"l‘t(q))((Un/ija//)_(I)X(Un/ija/))), (7-4_14)

with Z; being the normalization factor equal to the sum over o of the

exponential in (7.4.14).
def

We call d(o) = 3 y5;;(®x(0nyi;0") — ®x(0m/i50")) and denote with
(-)+ the average with the probability m;. Then ||d|] = max, |d(c)] <
23 x5 1Px|l = 2p;j; note that we can define p; = 0, which is con-
sistent with the definition of d(o). If || f] denotes the maximum of |f(c)]
then one has

D < [ dt({fd)y — (fleld)e) < [ dt(f (d—(d)e))e <
/0 /0 (7.4.15)

1 1
< ||f||/0 dt{(d — (d)e)*)? < IIf I lldll < 2 fllpi;-

Therefore by the arbitrariness of f one has > [m(c|n/,;0") —
m(‘7|77/ij(7”>| < 2p;;. Define

(i) E S m(olng;) o), (7.4.16)

and note that the Gibbs distributions p with potential ® verify the DLR
equations, i.e. u(7;f) = p(f). Of course (7;F)(n) depends only on 7,;, as
the spin on the site j is summed over.

Let F be a cylindrical function depending only on the spins in a finite cube
K: then if n is such that @, D K one has (7,F)(n) = F(n). To estimate
the dependence of F' on the spins with large label we introduce

/
o,0',m

5:(F) = max |[F(onys) — Fo'n)l.  A(F) =3 6(F),  (71.4.17)
=0

and call §;(F) and A(F) the variation of F at site ¢ and, respectively, the
variation of F. Then one has §;(7;F) = 0, while, for ¢ # j,

0i(rjF) = max

! 11
ol,0lm
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‘Z Ugn/zg i) (Uj|77/z'j02) - F(an/ijail)m(aj|U/ijU§/))‘ <

<5(F)+ n;mgnjz (o3m3500)] (ol 00) = o lnysgo?)]| <
= 5i(F) + max| Y[G(o;)] m(oy)] (7.4.18)

where m and G are the two functions in square brackets in the third line,
and ) _m(c) = 0, while by (7.4.15) one has >__|m(o)| < 2p;;. On the
other hand ) G(o)m(o) = > (G(c) —a)m(o) for all a so that choosing
a to be half way between the maximum and the minimum of G(o) we see
that [ >, G(oj)m(o;)| < 6Gpij, where 0G is the width of the range of the
function G since G varies because the spin o; varies one has 0G < §;(F)
and this implies

3i(m5 ) < 6:i(F) + pijo;(F). (7.4.19)
Therefore noting that (7;F)(n) is independent of 7; and setting
¥ Sup; >,z pij = ||®|l1 we see that one has
A(ro Z )+ ado(rr... T F) <
S Zéi(TQ .. TnF) + Zpﬂél(ﬁ .. TnF)+
i=2 i=2
+ O[(SO(TQ...THF)+O[p0151(7_2...7—nF)S (7420)
00 1
< Z(Si(TQ...TnF) +« Z(Si(TQ...TnF) <
i=2 i=0
< D G(F)+ a ) 6i(F) wmw aAF).
i=n+1 i=0

The limit as n — oo of 797 ... 7 F is defined for all functions F
which are cylindrical (note that if n is large 7, F' = F'), hence, by den-

sity, for all continuous functions on {1,.. .,n}Zd: we shall denote it by
TF limy, o0 7071 - . . TnF'.  Then (7.4.20) proves that the variation of
TF is smaller by a factor of @ = ||®||y < 1 than the variation of F:

A(TF) < aA(F) and A(T*F) < a*A(F)4==0. Hence T*F tends
to a constant which is p(F) if 4 is a Gibbs distribution with potential ®
(i.e. u(r;F) = u(F), so that u(T*F) = u(F) for all k). Hence the value
of u(F) is uniquely determined by the conditional probabilities associated
with the potential @, i.e. the Gibbs state is unique. L]

Remark: Convexity of the function P(®) and uniqueness of its tangent
plane imply that the tangent plane varies with continuity along paths in
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the region B of the potentials on which ) - (|X|—1)||®x|| < 1: hence
the Gibbs distribution is differentiable in this region. In fact in [Gr81] it is
shown that, very remarkably, under the same conditions the pressure P(®)
is C? (twice continuously differentiable for ® € B;) and one has an explicit
bound on the size of its second derivative. And under the same condition
|®[]; < 1 the further assumption that Yy, |X|*!|®x| < oo implies
that P(®) is of class C* in By, [Pr83].

A review of many other criteria of uniqueness (and smoothness) that are
known can be found, together with the related proofs and many comments,
in [Si93].

Bibliographical note to §7.4

The above is only one more example of uniqueness criteria. A further
important uniqueness criterion (complete analyticity criterion and method
of cleanings) can be found in [DS87]; we do not discuss it here, in spite of
its originality and importance in Statistical Mechanics, because we shall not
have occasion to employ it in our dynamical systems studies. It is a criterion
which is closely related to the cluster expansion methods discussed so far, cf.
[O188]. On the probabilistic side the method of cleanings of [DS87] is related
to the method of shift of conditionings introduced in discussing Statistical
Mechanics aspects of field theory in [BCGNOPS78], [Ga80], [BGN80]. The
above presentation follows closely [Si93].

§7.5 Phase transitions

The cases in which G(®) consists of more than one point are very inter-
esting: such cases do not seem to arise in the theory of smooth dynamical
systems because smooth dynamical systems generate one-dimensional Gibbs
distributions with potential ® which decays exponentially, as discussed in
the previous sections. The situation is somewhat different when one consid-
ers systems which are extended, like lattices of coupled maps: in this case
it is far less clear that the symbolic dynamics associated with such systems
does not correspond to a spin system with a potential which admits several
Gibbs distributions.

An example of an extended dynamical system that admits a symbolic dy-
namics with more that one Gibbs state was given in [GMKO00]. The sys-
tem consists of a 2-dimensional lattice of coupled expansive maps on [0, 1],
like those studied in section §5.4. The key point is to use a coupling that
keeps invariant the Markov partition and allows an easy computation of the
corresponding potential ®. In this way it is possible to build explicitly a
dynamical system whose potential ® is among the classical examples known
to admit more than one Gibbs state. The problem with such examples with
respect to the theory presented in this book is that the resulting dynamical
systems are quite singular, indeed not even continuous. No example of such
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a phenomenon has been found for smooth dynamical system.

In this section we want to discuss some cases of potentials for one-
dimensional lattice spin systems which admit several Gibbs distributions. It
is in fact of interest to note that, in one-dimensional systems, if one considers
potentials that decay slowly at infinite distance then one gets potentials ®
that admit several Gibbs distributions. Such potentials can, perhaps, arise
in systems which, although not hyperbolic, still admit a symbolic dynamic
description: one typically thinks to maps with a finite number of fixed or
periodic points of marginal stability, i.e. with a Lyapunov coefficient which
has modulus 1 (recall that the modulus of derivative of the map enters into
the description of the SRB distributions and it logarithm provides an esti-
mate of the decay of the potential in the symbolic dynamics description, cf.
Section §5.4), and this makes them interesting in dynamics.

To find such a ® it is sufficient, by the analysis of Section §6.1 (cf. propo-
sition (6.1.2) and the remark following it) to find points ® € B, where B
is the space of the potentials on {0, ..., n}Z, in which the tangent plane to
the graph of P is not unique, cf. definition (5.1.1).

Since P is convex, cf. proposition (6.1.1), it is clear that a way to find such
points is to consider lines, say straight lines, h — ®(h), h € R, in B and to
find a value hg of h in which the function h — P(®(h)) is not differentiable:
in such a point ®(hg) the plane tangent to the graph of P will not be unique
and hence there will be at least two Gibbs states, cf. Section §6.1.

A second method is to find a potential ® € B that admits a Gibbs state
that is not ergodic: it is clear from the ergodic decomposition theorem for
Gibbs states (cf. corollary (6.1.2)) that in such cases G(®) contains at least
two points or, as one says in Physics, two pure phases.

One of the interesting problems is studying G.(®), as its elements have the
physical interpretation of pure phases, and characterizing in some way its
elements. This kind of problem is called the phase transitions problem for
Gibbs states.

The reason of the name “transition” lies in the fact that the Gibbs states
are studied, usually, as ® varies on a one parameter curve h — ®(h) or
on a two parameters surface (h, ) — ®(h,3) (which are often just a line
or, respectively, a plane in B). In the interesting situations for Physics
the phase rule holds: for instance in the plane (h, ) the values of h and
B to which there corresponds a unique Gibbs state are simply all points
except those lying on certain regular curves where G.(®) consists of two or
more elements. Moving along an arbitrary curve transversal to such curves
(coezistence curves) one finds a unique Gibbs state except when one crosses
one of the coexistence curves. The properties of the Gibbs states are, or
may be, very different to the right and to the left of such transition points
(for example [ oodpu = p(op) might have different values on the two sides
of these lines).

At the transition point one has coexistence of states with different qual-
itative properties but which are simultaneously Gibbs states for the same
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potential.t

The problem of the phase transitions (or that of their absence) is rather
complex and largely open. A key result (Dyson, Lee—Yang, Ruelle) is the
following one.

(7.5.1) Proposition: (Phase transitions in one dimension)

Let ¢ € (0,1), 8> 0, h € R and consider the potential for {0,1}% defined
by ®x =0 if | X| >3 and

Oy(0) = (20— 1)h, Bpgy(o0) = B o (7.5.0)

(i) If h # 0, G¢(®) contains a unique point.
(i1) If h =0 and B is large enough G.(®) contains at least two points.

Remark: The condition € > 0 is required to apply proposition (6.1.1)
(i.e. so that the potential verifies (5.1.5). The condition ¢ < 1 is neces-
sary because if ¢ > 1 the uniqueness result of proposition (5.2.1) applies
excluding phase transitions.

Proof: 'We shall not discuss the proof of item (i) because it concerns the
problem of the absence of phase transitions: nevertheless the proof is very
interesting and it is based on a celebrated theorem of algebra due to Lee—
Yang, [LY52], later improved and extended by Asano, [As70] and by Ruelle,
[Ru7l].

Part (ii) ([Dy69]) will be treated in detail. Let h = 0 and let u a Gibbs
distribution for ® obtained as weak limit of some sequence of approximate
probability distributions. The sequence will be built as follows.

Let Ay = {—N,...,N}, let g € {0,1}*¥ and let (00 0) € {0,1}% be the
sequence obtained by continuing ¢ with 0 outside Ay (i.e. (0¢0); = o; for
i€ Ay and (0g0); =0 fori ¢ Ax). Then we can repeat the argument used
in the proof of proposition (5.1.1) (cf. also problems [5.1.10] and [5.1.11]).
Defining the finite volume Gibbs state with 0 boundary conditions as the
distribution which attributes to the configuration 0o 0 the probability 2

N e Uiy (@ N
An(o) = T o€ {0,1}~, (7.5.2)
o'€{0,1}AN e AN
we see that the limit for N — oo of (7.5.2) is a Gibbs state p € G(®),
provided it exists and is invariant under translation; here UEN is given, (see
(7.5.1)), by

1
Upe(o)=-8 Y i (20, — 1)(20; — 1). (7.5.3)
i, JEAN
]

1 This phenomenon is connected with, but it should be considered different from, the
phenomenon of the possibility of coexistence of a gas with its liquid or its crystal like
vapor in presence of water. The phases that we consider here correspond, in the physical
interpretation of Gibbs states, to pure vapor or pure liquid (or pure crystal). The
states of physical coexistence usually correspond, instead, to Gibbs states which are not
invariant under translation.

2 We use the notations for U? introduced in (5.1.11) in definition (5.1.3).
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It is, however, necessary to show preliminarily the existence of the limit as
N — oo of the iy and its translation invariance. To show the existence of
the limit of (7.5.2) it is convenient to set

Si: (20‘1'—1) if O’iZO,l,
So=1, Sx=][[S if X#0, XCZ |X]<oo, (T:54)
i€X
and note that the variables S;, Sx assume the values +1 and —1. The
functions o — Sx on {0,1}% form a set that spans a linear manifold dense
in the space C({0,1}%) of the continuous functions on Z.
To see that the limit 4 of the sequence of distributions in (7.5.2) exists (in

the sense that un(f) == p(f) for all f € C({0, 1123 it will suffice to
check, for all X C Z, existence of the limit

(Sx) = lim (Sx)5 = lim [ [in(dg)Sx = lim pn(Sx)  (7.5.5)

o0

(with obvious implicit definitions of the symbols). For this purpose note
that

BY i ionw iy, li=dl 1TSS,
Loy Sxe Tt

BY iseny ins 0171785,

an(Sx) = (7.5.6)

de{0,1}AN e

Therefore (7.5.6) is a particular case of an expression of the type (if A C Z,
|A] < +00)

Zﬁe{fl,l}/‘ Sx eZYCA J(Y) Sy
S seqrag Dy en JSY

with J(X) > 0: equation (7.5.6) is obtained, indeed, from (7.5.7) by setting
A=An ={=N',...,N'}, with N’ arbitrarily chosen such that N’ > N,
JY)=0if [Y]| >3, J() =0, J(i,j) = Bli —j|~2¢ if i # j and i, j € Ay,
while J(i,7) = 0if i or j € Ay//Ay and if i = j € Ay.

If in (7.5.6) we change the value of N, say from N to N’ > N, this is
equivalent to increasing in (7.5.7) some values of J (i, j) in the following way:
one interprets them as 0 for the pairs 4, j which are not both in [-N, N|] and
then one raises their values from 0 to 3|i—j|~!1=¢. Therefore the existence of
the limit (7.5.5) will be guaranteed if we shall show that (Sx).s is monotonic
in J(Y), for all Y, under the condition that all the values J(Y) are > 0.
This means, by an easy check, that we must verify the following inequality:
if for every Y one has J(Y) > 0 then for every X,Y

0(Sx).
2J(Y)

(Sx)s =

(7.5.7)

= (SxSy)s — (Sx)1(Sy)s > 0. (7.5.8)

3 4.e. , more mathematically, in the weak C({0,1}%)-topology on MO(EO7 1}%) thought
of as the unit ball of the space of probability distributions on {0,1}#, dual space of
C({0,13%).
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This is a very well known inequality (second Griffiths inequality), the first
of a family of astute inequalities that keeps proliferating. Its proof is sur-
prisingly simple, in the version due to Ginibre (the original proof was much
more involved), [Gi70]. Note, for this purpose, that

Zﬁe{—l,l}/\ SX[)SYOeZYCA J(Y)Sy
ZY@\ J(Y)Sy
2sre{-1,13A ngoezvczx J(Y)Sy

it oven TS

S ea TSy +5%)

<SX0 SY0>1 - <SX0 >l<SYO >l

de{—m}A €
S seq i SXU€ZYCA J(Y)Sy

DOMNTIOEN

Zﬁe{—m}A €
_ 2ssref—1,132(Sx05v — Sx, 5y, )e

(7.5.9)

€7.5.9 J(Y)Sy\2
(de{—m}/\ eXven ")

The denominator of the r.h.s. of (7.5.9) is positive. The numerator can be
conveniently transformed by setting S} = S;T;, with T; = +1, and by trans-
forming the sum on S,S" € {—1,1}* into the sum over S, T € {—1,1}";
after the latter change the numerator of the r.h.s. of (7.5.9) becomes

Z (1- TYU)SXOSYUGZYCA J(Y)(14Ty)Sy
5, Te{-1,1}A
e7.5.10 sy S masm)s (7.5.10)
= > -1 Y SxSyedves V),
Ze{_lvl}A §e{_171}A
and since 1 — Ty, > 0 it will suffice to check, in order to obtain (7.5.8), that
the sum in parentheses in (7.5.10) is not negative. One has
Sx, S, exp (32 J(V)(1+Ty)Sy ) =
Se{-1,1}4 YCA
dan =X 2 ( Y I +Ty)Sy)) Sx, Sy, = (7.5.11)
k=0 """ Se{-1,1}A YCA
oo k
1

SIS (H (JY) (1 + Tyi)))( Y Sy .SykSXOSyo),

k=0 Yi1,..,YRCA i=1 Se{—1,1}A

and, since J(Y;)(1 + Ty;) > 0, it suffices to show that the term in the last
parentheses is > 0. A moment of reflection makes it manifest that such a
term has value either 214! or 0: hence (7.5.8) is proved.

Together with the (7.5.8) we obtain also, as already noted, the existence
of the limit in (7.5.5) for all X, and hence such a limit defines a probabil-
ity distribution g € G°(®). The same inequality (7.5.8) shows that u is
invariant under translation. Consider indeed the set X and its translated

20/novembre/2011; 22:18



e7.5.12

e7.5.13

e7.5.14

NT7.5.3a

e7.5.15

e7.5.16

e7.5.17

266 §7.5: Phase transitions

7X; by denoting here with (-)5 the average with respect to the probability
distribution (7.5.2), with A replacing Ay, one has

(Sx)an = (Sx){=nN,...N} S A(Sx){=N,...N+2}
= (Srx){=N-1,...N+1} = (Srx)Ans, < (7.5.12)
SAS X ) {=N=3,..N+1} = (SX){-N-2,...N+2} = (OX)An 2>

A

which implies, in the limit N — oo, that u(Sx) = u(S-x), for all X, and
therefore the invariance of p.
It is also obvious, for symmetry reasons, that (7.5.6) implies

,u(Sz-) = ,EN(Sz) = <Si>AN =0. (7513)

Were u ergodic we should have

J

n(M71Y°85)) 55220, (7.5.14)

Jj=0

because, by Birkhoff theorem, M ! ij\igl S; would converge p—almost ev-
erywhere to u(S;) = 0 (staying uniformly bounded by 1).

Hence we shall proceed to show that the limit (7.5.14) is positive if § is
large enough. This will complete the proof of (i) by the comment in the
sixth paragraph at the beginning of this section (it will imply, indeed, that
& is not ergodic).

By the remarked monotonicity of (Sx)a, with respect to N it will suffice
to show that 4

M
i (M3 8))) > m? >0 (7.5.15)
j=1
for a divergent sequence of choices of M. Indeed
M ) M )
p((M71)28)7) 2 (M1 55)7), (7.5.16)
j=1 j=1

as we see by developing the squares into monomials and by applying (7.5.8)
to each of them (i.e. u(Sx) > fiar(Sx) for all M and for all X C Z).
We shall choose the sequence M =2V, N =0,1,... and set

FN) = fiaw (27 Z $;)7). (7.5.17)

4 Just for convenience we shall consider the sum in (7.5.14) running from 1 to M instead
that from 0 to M — 1 (see also comments about Fig.(7.5.1) below): of course such a shift
of the summation label it is quite irrelevant.
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It is not easy to compute ?(N ): however we can estimate such a quantity
by still using (7.5.8) and thinking of fio~ (Sx) as a sum of the type (7.5.7)
with the choice of the constant J indicated there. The idea is to set equal
to zero or to decrease some of the nonzero constants J in order to obtain
a controllable expression. Obviously it is necessary to make this without
making too much worse the bound of f(N). The choice of Dyson is to
define a lower bound of )i — j|~1~¢ via a “hierarchical” procedure.

For convenience in the following we shall imagine “translating” the set
Ajs in such a way that the first point is at 1. Divide the points of [1,2%]
into 2V~P blocks of 2P consecutive points each, for p = 0,1,..., N; see
Fig.(7.5.1).

%>

N /N /N /N NN N M
© © 06 0 0 0 0 0 0 0 0 0 0 0 o o
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

Fig.(7.5.1) Hierarchical grouping of the sites in [1,...,2N].

Such blocks (p—blocks) will be denoted with the symbol (p, k); the “k—th
block between the p-blocks”, p =0,1,...,N, k=1,2,...,2NP will be

(k) = {i] (k—1)2" <i < k2"}. (7.5.18)

Note that
8 | i— | —l-e o B 27p(i,j)(1+€)’ (7519)

if p(i,7) = {minimum value of p for which ¢ and j are found in the same
p-block} (and it is clear that p(i,j) > logy |7 — 7).
Set, in (7.5.7), J(Y) = 0if |Y| >3 or |Y| =1 and

J(i,7) = p27 PO+ if <5< 2N

o , (7.5.20)
J(i,5) =0 otherwise,

We see that B|i —j| =17 > J(i,5) for all 4,5 € {1,...,2N}, with i # j.
Furthermore, for N > 1,

N-—12N-r—1
oo J6)SS =Y Y, 27 wrOFIS(p 20 — 1)S(p, 2r)
i,j€{1,...,2N} p=0 r=1
k2P
if Spk)= > 5 (7.5.21)
j=1+(k—1)27
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and S(p, k) is the sum of the variables of the (p, k)-block. Set then

19N-p—1

= exp (ﬁ Z Z 2~ PO+ 5 () 20 — 1)S(p, 2r)) (7.5.22)

and Y )
2 _
F(N) = Z§e~{71,1}2N W(S>(Zj:1 27N8;) (7.5.23)
Lse(-11~ W(S)
By (7.5.8) and the remark following (7.5.20), we get
(7.5.8) g g
F(N) > f(N) for all N > 1. (7.5.24)

Then (7.5.23) can be cast into a recursive form apt for a bound.

Let us call R the random variable R = 2= 2321 S;, distributed according
to the distribution induced by that of the variables S,

ﬁz ST a0 5(p 20 1) 5(p,2r)
P(S) = 2Nt
de{fu}?N ez Z
B W(S)
S geiorayy WS

and let my(R)dR be the distribution of the variable R (with a symbolic
notation because 7y (R)dR is a sum of Dirac measures).

It is immediate, from the structure of (7.5.25), that there is a simple rela-
tion between wn and 7wy _1. In fact, for N > 1,

v (R) :ON/a(@ ~ R)dRydRy

B 9gN(l-¢)
er2 " BaiBemy (R))mn—1(R2),

oN—p—1

2~ (D49 57 (p,2r—1) S (p,2r)

(7.5.25)

(7.5.26)

where Cy is a normalization constant (i.e. it is the inverse of the integral
over R of the remaining part of the r.h.s. of (7.5.26)). One has

/R27TN f(O) = 1,
mo(R) =27 (8(R— 1) + §(R + 1)),

(7.5.27)

and therefore

R1 + Ra\?2 84oNva—0
f(N) = C'N/ (%) e 2" Mlary (Ry)nn—1(R2)dR1dRy =
1 2 QQN(lfg)Rle
:§CN Riet ﬂNfl(Rl)ﬂNfl(Rg)dedRer (7.5.28)
1 —E€
+§CN/RlRZ€§2N(1 PaBar(Ri)mn—1(Ra)dRidRs.
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The first of the last two integralsis Y ¢ P(S) S(N—1,1)?, which, by (7.5.8),
again, is bounded below by f(N —1) (i.e. by the value that it takes setting
B8 = 0 in the exponential that appears explicitly in (7.5.28)). Hence

FN) >3 (N = 1)+ (7.5.29)

B 9gN(1—e)R1 R
z2( 5)12}

lleRg [6 FN_l(Rl)FN_l(RQ)dedRQ
2 f [6% 2N(175)R1R2]ﬁNfl(Rl)ﬁNfl(RQ)dedRQ

For a lower bound on the second term we shall think of x = R1R> as a
random variable with the distribution induced by the distribution of R; and
Ry defined by mn_1(R1)7n—1(R2). Then the ratio that appears in (7.5.8)
can be written as

| P(z)ze*dx

. ﬁ N(1—
=t tha = = 2N0-9) 7.5.30
[ P(x)esrdx W=y ’ ( )

¢(a)

if P(x) = distribution of x = fﬂN,l(Rl)ﬂN,l(Rg)(S(Rle — z)dR1dRs.
Remarking that P(x) = P(—z), i.e. that the distribution P is symmetric,
we can apply a simple inequality (Dyson) to give a lower bound to (7.5.30):

if 7 = ([ P(z)z*dx) 2 one has

o(a) > 7 tanh(az) < o (a), (7.5.31)

valid if P(x) = P(—x) (cf. problem [7.5.1] at the end of this section).
Then (7.5.31) can be applied to (7.5.29) to deduce

F(N) > %f(N —1)+ %5 tanh(az), (7.5.32)

and, by remarking that /.T\2 = f(RlRQ)Qﬂ'N_l(Rl)ﬂ'N_l(RQ)deng =
f(N —1)2, we get
1 1
F(N) > SN = 1)+ Sf(N = 1) tanh(af (N — 1)) =

B

) (7.5.33)
=V =11+ exp [ - T2V - 1))

Suppose inductively that f(k) > (1 + 2%6) for k =0,...,N —1. The
hypothesis, true for k =0 (f(0) = 1), gives, combined with (7.5.33),

L el 82 () )

Y

[—%2”’5)%—1?])*1 > (7.5.34)

Il
| —=
/N
—
+
— —
/N N
—
+
@

vV
|
~~
—
+
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for all N > 1, provided S is large enough. Hence if (8 is large enough one
has
f(N)>1/4, (7.5.35)

which concludes the proof. L]

Remarks: (1) The requirement that ¢ > 0 comes from the requirement
that the potential be summable which is necessary in order that the Gibbs
state be defined and enjoys the properties that we expect on the basis of
the general theory. The requirement that € < 1 is fundamental: as we have
seen the proof is essentially reduced to the theory of the recursive relation

(R) = ] SPBONR' QR — ROIn(R)n(2R — R)AR'_ aes
J exp[Bby R/(2R" — R')|m(R')(2R" — R')dR'dR" (7.5.36)

“ (Knm)(R),

or, better, to some aspects of it. In the casee < 1, by = %2+N(1_5) o T
oo very rapidly, while by = 01if ¢ > 1.

(2) The cases by = 0 and by = +0o are extreme cases. In the first case
the relation that links 7 to «’ links the distribution of the average of two
equally distributed random variables to that of the individual variables

Ri+R
7' (R) = /w(Rl)w(RQ)(s(g - R) dR1dRs, (7.5.37)
while in the second case the relation becomes rather degenerate: for example
every 7 of the form

(R) = % (6(R +m) + (R — m)) (7.5.38)

=)

is transformed into itself by the recurrence relation.

If g is large and if by — oo we can think that we are very close to the
case by = +o0o and that the distribution Ky Kpn_1 ... K17y conserves the
initial structure that presents two maxima in —1 and 1 and converges to a
distribution 7 with some m = 1.

If instead by — 0, for all 8 > 0 and for N large enough the recurrence
relation for Kn should not differ substantially from (7.5.37). This case
corresponds to the study of the distribution of the average of 2%V equally
distributed independent variables which converges, by the “0-1 law”, to 0
if such variables are symmetrically distributed: hence we should have the
trivial result that KyKy_1... Kimg o= 6. The connection between the
above remarks and the preceding proof should be clear and motivates intu-
itively the several steps of the proof.

(3) The theory of the recurrence relations of the type (7.5.36) is another
interesting chapter of the theory of Gibbs states and it appears as a natural
generalization of the classical problems on the distributions of sums or of
linear combinations of independent random variables. As we already see
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from the content of this section such theory is, perhaps surprisingly, rich of
results and interesting phenomena. The modern approach to the study of
critical phenomena is based on developments that followed the analysis by
Wilson of the properties of “hierarchical” relations like (7.5.36) which came
out remarkably at about the same time as Dyson’s work illustrated here,
[Wi70]. For a review see [Wi83], [Ga85], and [Ga99].

Problems for §7.5

[7.5.1]: Consider the functions ¢(a) and ¥(a), a > 0, introduced in (7.5.30) and (7.5.31).
If (-) denotes the average value with respect to P note that

(x2 cosh ax)

a)="——"""_ %@
0= e~ F @

(a) (z sinh az) e
a) = ~———— —-
v (cosh az) ’ da

and, furthermore,

Ca?) = (22 cosh ax) — (x2)(cosh azx) _

(cosh ax)

(22 cosh ax)

(cosh az)

= (cosh az)_l/ P(z)P(y)(z? cosh ax — 22 cosh ay)dxdy =
= (cosh az)_l/ P(z)P(y)z?(cosh ax — cosh ay)dzdy =

1
= §<cosh ax)fl/P(z)P(y)(z2 — y?)(cosh ax — cosh ay)dzdy > 0.

Hence d¢(a)/0a > (x2) — p?(a). Show that v is instead a solution of g—:ﬁ’ = (x2) — 2,
and that from ¢(0) = ¥ (0) = 0 it follows ¢ — 4 > 0, for all a > 0.
[7.5.2]: (Hierarchical model)

Give a definition of the measure formally defined on RZ" by

© 5-ap oo

S(p,k)?
const (eB p=1 k=0 5K ) H m(S;)dS; = p(dS),
ieZ"
where 7(5)dS is a measure with compact support and 1 < « is an exponent measuring

the strength of the interaction at large distances. (Hint: Proceed as in the construction
of the Gibbs states by realizing p as limit point of a sequence:

N —ap oN—p 2 2N
1N (dS) = const (eﬁ ZP:12 Zk:” (1) ) [1=spHds; 11
i=1

j>2N

of finite volume distributions. Compute the conditional probability p(S7 ... Son | SoN 11,

...) and define G(c, B, i) as the set of the measures on RZ" that have these same condi-
tional probabilities).

[7.5.3]: (Renormalization in the hierarchical model)
Let p € G(a, B8, 7) (cf. preceding problem), p € (0,1) and set

g _ St _ S2j + 5251
7 9p/2 2p/2 ’
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We define the transformation K, mapping a distribution p on S into the distribution p’
of the new variables S’ above: u/ = K,u. Show that the distribution of the variables
S’, which can be thought of as a probability distribution on R, is the function /' €
G(a, B2°P~%, "), where

S1+ 52

7'(S) = const P2oT0S? /W(SI)W(S2)5(

The semigroup of transformations given by the iterates of K, is an example of what is
called a renormalization group.

[7.5.4]: (Triviality of fized points for the renormalization map in hierarchical models)
Making use of the central limit theorem show that if @« > 2 and p = 1 the limit:
limn— oo K{L}L = 71 exists in a suitable (and natural) weak sense and it is Gaussian:
—52/20
J

n(ds) = Hjoi1 eﬁ dSj, where C > 0 is a suitable constant.

[7.5.5]: Develop the analogues of problems [7.5.2], [7.5.3] and [7.5.4] for

1—a © ,oap | _
const (62 BZP:12 Zk:l Sz 1)S(p’k)) [T =(S;)ds;

GELy

where 7 is a smooth rapidly decreasing even density distribution on R.

[7.5.6]: Call G’(cv, B, 7) the set of the measures constructed as in problem [7.5.1] starting

from the formal expression of problem [7.5.5] show that given a, 8 > 0 there exists 7
for which G’(a, 8,7) = G(a, 8, 7) (Hint: Compare the conditional probabilities of the
elements of G’ and of G).

Bibliographical note to §7.5

Modern phase transitions theory in systems with dimension d > 2 orig-
inated with the works of Peierls, [Pe36], van der Waerden, [Wa4l] and
Omnsager, [On44], on the Ising model (with nearest neighbour potential:
J(20 —1)(20’ — 1), which is the simplest Gibbs process on {0,1}%"). In the
latter work the pressure P(J) is computed in terms of elementary functions
and their quadratures. Another contemporary work (by van der Waerden,
[VW41]), went unnoticed although it gave a proof of the existence of phase
transitions in the same model considered by Onsager. Phase transitions the-
ory in one-dimensional systems began with a negative theorem by Van Hove,
[VH50]: the theorem was later substantially extended by Ruelle, [Ru67], to
cover the “most general ” possible case in which we could reasonably expect
to show absence of phase transitions by mathematically showing the validity
of a famous heuristic argument of Landau and Lifshitz in the last page of
[LL67].

Violating Van Hove-Ruelle condition, (5.2.1), on absence of phase transi-
tions makes it possible to obtain examples of potentials for one dimensional
systems with phase transitions. These results are in a series of papers by
Dyson; the third of them is particularly simple and readable, and it can be
useful as a first reading, see [Dy69]; the analysis in Section §7.5 is based on
it.
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An essential instrument in the phase transitions theory are the Griffiths
inequalities. The very simple proof described above is due to Ginibre, [Gi70]:
the previous proofs were much more involved as one can realize by looking,
for instance, to the proof in [Ru69]. Theory of inequalities between average
values with respect to Gibbs distribution has had, after the works of Griffiths
and Ginibre, a tumultuous development. See as an introduction [FKGCT71],
[Ho74], [Le74]. Another very interesting type of result related to the phase
transitions theory (a result that we do not use here but that would have
been necessary if we discussed the proof of item (i) of proposition (7.3.1)) is
the Lee-Yang theorem and its generalizations due to Asano and Ruelle. It is
a theorem of algebra which is quite surprising: in it one determines the locus
of the zeroes of a certain class of polynomials of interest in the theory of
Gibbs states. It is perhaps surprising that this theorem has received limited
applications in other areas of mathematics. See the appendix of [LY52] and
[Ru71], [Ru72], [Ru73], [SF72].

Phase transitions theory is quite developed in systems in more dimensions.
An introduction can be the review article [Ga72], and [Ga00]. The phe-
nomenon of coexisting phases for systems in a several dimensional space
has been studied, sometimes in great detail; an analogous theory for one di-
mensional systems would be really interesting. Phase transitions theory in
systems with a simple potential is easier in one dimension because most sys-
tems simply do not have phase transitions. However they have transitions
in more dimensions. In one dimension only remarkably complex systems
can present phase transitions, like the long range system considered in this
section.
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CHAPTER VIII

Special ergodic theory problems in nonchaotic dynamics

§8.1 Theory of quasi-periodic Hamiltonian motions

A very natural and important question that one can ask about stability in
Hamiltonian systems is what becomes of the simple foliation of phase space
into invariant tori when a perturbing force is switched on.

The simplest case is when the unperturbed Hamiltonian has the form

A:(A17"'7A€)6Rea
Q:(alv"'val)ETea

e 1
Ho(4,0) " K (4) = -4 {

(8.1.1)
where J > 0 and (4,a) € R* x T' are ¢ canonical momenta and their
¢ conjugate angles. This is the Hamiltonian representing the motion of ¢
point masses (rotators) rotating on ¢ unit circles with moment of inertia J,
angular momenta A, and positions a;: K (A) is their kinetic energy.

The motion trivially takes place on {—dimensional invariant tori param-
eterized by the momenta A: calling w = (w1,...,wy) = J LA, the point
(A, @) evolves in time ¢ into S;(4,a) = (A, a+ wt).

If V(@) is an analytic function (perturbing potential) one might expect that
the perturbed system described by the Hamiltonian function K (A)+eV(a)
still has, at least for small e, quasi-periodic motions developing on tori which
foliate the entire phase space and are close to the unperturbed ones in the
sense that their parametric equations have the form

{gerﬁg(E,y),

A-B+H By, LT (8.1.2)
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where H_,h, are 2{ analytic functions of ¢ small as ¢ —+ 0 and B are
¢ parameters that are introduced to parameterize the various tori. On the
tori the motion should be (A4, a) — S5 (A4, @) = (A(t), a(t)) with (A(t), a(t))

obtained by replacing ¢ with 1) + 't in equation (8.1.2), i.e. the motion
should be given by

=B+ H.(B,a+wt), (8.1.3)

{Mﬂ=a+QPH%§@+Qﬂ

)
with B determined by the condition that the initial data A should be con-
tained in the torus, A = B+ H_(B, a). Moreover the velocities w’ (rotation
vectors) should be suitable functions of B, i.e. of the torus containing the
initial data (A4, a).

In fact the parameters B could be defined quite arbitrarily (by changing
correspondingly the definition of the function H_(B,«)). However in the
unperturbed case there is a direct proportionality between velocities and
angular momenta so that a natural choice of the parameters B could be
simply B = Jw’. This would mean choosing to parameterize the perturbed
invariant tori by the rotation vector of the quasi-periodic motion on them.

Another natural choice could be that of determining the invariant tori by
their average action:

1 /7
B = lim —/ A(t) dt; (8.1.4)
0

in this case w’ would be a suitable function of B, not necessarily equal to
J~1B. However as B