The 2D Hubbard model on the honeycomb lattice
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We consider the 2D Hubbard model on the honeycomb lattice, as a model for a single layer
graphene sheet in the presence of screened Coulomb interactions. At half filling and weak enough
coupling, we compute the free energy, the ground state energy and we construct the correlation
functions up to zero temperature in terms of convergent series; analiticity is proved by making use
of constructive fermionic renormalization group methods. We show that the interaction produces
a modification of the Fermi velocity and of the wave function renormalization without changing
the asymptotic infrared properties of the model with respect to the unperturbed non-interacting
case; this rules out the possibility of superconducting or magnetic instabilities in the ground state.
We also prove that the correlations are asymptotically Lorentz invariant and that the hidden U(1)
Lorentz symmetry implies the validity of a Ward Identity.

I. INTRODUCTION

The recent experimental realization of a monocrystalline graphitic film, known as graphene
[19], revived the interest in the low temperature physics of two—dimensional electron systems
on the honeycomb lattice, which is the typical underlying structure displayed by single-layer
graphene sheets. Graphene is quite different from most conventional quasi—two dimensional
electron gases, because of the peculiar quasi—particles dispersion relation, which closely resem-
bles the one of massless Dirac fermions in 2 + 1 dimensions. This was already pointed out in
[24] and further exploited in [23], where the analogy between graphene and 2 4 1-dimensional
quantum electrodynamics (QED) was made explicit, and used to predict a condensed-matter
analogue of the axial anomaly in QED. From this point of view, graphene can be considered as
a sort of testing bench to investigate the properties of infrared QED in 2 4+ 1 dimensions. Re-
cently, the experimental observation of graphene greatly enhanced the study of the anomalous
effects induced by the pseudo-relativistic dispersion relation of its quasi particles, see [6] for an
up-to-date description of the state of art. Among the most unusual and exciting phenomena
displayed by graphene, and already experimentally observed, let us mention the anomalous
integer quantum Hall effect and the insensitivity to localization effects generated by disorder.
It is reasonable to guess that the unique properties of graphene will have in the next few years
several important applications in condensed matter and in nano-technologies.

The main reason behind these anomalous effects lies in the geometry of the Fermi surface,
which at half filling is not given by a curve, as in usual 2D Fermi systems, but is completely
degenerate: it consists of two isolated points, as in one dimensional Fermi systems. From a
theoretical point of view, this fact completely changes the infrared scaling properties of the
propagator. It has been pointed out, see for instance [11] and references therein, that, in the
case of short-range electron-electron interactions, all the operators with four or more fermionic
fields are irrelevant in a Renormalization Group (RG) sense; this suggests that the interaction
should not affect too much the asymptotic behavior of the model, at least at small coupling.
It should be remarked however that such RG analyses were performed only at a perturbative
level, without any control on the convergence of the expansion, and directly in the relativistic
approximation, consisting in replacing the actual dispersion relation by its linear approximation
around the singularity; such approximation implies in particular the validity of a continuous
Lorentz U(1) symmetry that is not present in the original model.

Aim of this paper is to present the first rigorous construction of the low temperature and
ground state properties of the 2D Hubbard model on the honeycomb lattice with weak local
interactions; this is achieved by rewriting the correlation functions in terms of resummed series,



convergent uniformly in the temperature up to zero temperature, as we prove by making use
of constructive fermionic renormalization group. We show that indeed the interaction does
not change the asymptotic infrared properties of the model with respect to the unperturbed
non-interacting case, but it produces a renormalization of the Fermi velocity and of the wave
function (note that no renormalization of the Fermi surface would be present in the relativistic
approximation). Our result rules out the presence of superconducting or magnetic instabilities
at weak coupling; this is in striking contrast with the Hubbard model on the square lattice,
where quantum instabilities (corresponding to the magnetic or superconducting long range order
that are presumably present in the ground state) prevent the convergence of the perturbative
expansion in U for low enough temperatures. We also prove that indeed the 2D Hubbard
model on a honeycomb lattice is asymptotically described by a QED,y; in the presence of an
ultraviolet cutoff, massive “photons” and massless electrons; however the bare parameters of
the QED theory must be carefully chosen to include lattice effects.

II. THE MODEL AND THE MAIN RESULTS
A. The model

The grandcanonical Hamiltonian of the 2D Hubbard model on the honeycomb lattice at half
filling in second quantized form is given by:
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where:

1. A is a periodic triangular lattice, defined as A = B/LB, where L € N and B is the
triangular lattice with basis @ = 1(3,V/3), @ = 1(3,—V3).

2. The vectors 5; are defined as

Fi=(1,0), 5= %(—1, V3), &= %(fk\/é) . (2.2)

3. a;jtg are creation or annihilation fermionic operators with spin index o =7 and site index

T € A, satisfying periodic boundary conditions in Z
4. b;erg_ , are creation or annihilation fermionic operators with spin index o =T7| and site
index T+ 40; € A+ b1, satisfying periodic boundary conditions in Z.

5. U is the strength of the on—site density—density interaction; it can be either positive or
negative.

Note that the Hamiltonian (2.1) is hole-particle symmetric, i.e., it is invariant under
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the exchange aZz «—a> bt . — — b7 . . This invariance implies in particu-
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lar that, if we define the average density of the system to be p = (2|A\)*1<N>BA,
with N = Y. (af_a;, + bl b ) the total particle number operator and

Z,07%,0 f+51,0 :E‘Jrgl,o
(Vga = Tr{e A#Hr.} /Tr{e=PHa} the average with respect to the (grandcanonical) Gibbs
measure at inverse temperature /3, one has p = 1, for any |A| and any 5. We also recall that
a theorem [14] guarantees that at half filling the ground state of (2.1) is unique and its total
spin is equal to zero.

Our goal is to characterize the low and zero temperature properties of the system described
by (2.1), by computing thermodynamic functions (e.g., specific free energy and specific ground



state energy) and a complete set of correlations at low or zero temperatures. To this purpose
it is convenient to introduce the notions of specific free energy

fo(U) = == Tim_[A]" log Tr{e #n}, (2.3)

of specific ground state energy e(U) = limg_. f3(U), and of Schwinger functions, defined as
follows.

Let us introduce the two component fermionic operators \Ilf’a = (afﬁ’bi-i-&,a) and let
us write \I/;?t,m1 = a%a and \I!j{m2 = b;r&,a' We shall also consider the operators Wi, =
eHwO\IJ;fO_e_H””O with x = (x0,Z) and zy € [0, 0], for some 8 > 0; we shall call zy the time
variable. We shall write \Iji[,a,l =af, and \I'ia,Z = biﬂ;l,a, with 8; = (0,6,). We define

A n
557 (X17 €1,01,P15-+-3Xn,En,yOn, Pn) = <T{l11)6(11)01,p1 e \II;E(,,L,(T,,”p,,L}>B7A (24)

where: x; € [0,8] X A, 0, =T|, &i = £, p; = 1,2 and T is the operator of fermionic time
ordering, acting on a product of fermionic fields as:

€1 En _ Ty e (1) Ex(n)
T(\Ile,Ul,pl e \Ijxn,an,pn) - (_1) \lew(1)707r(1)7p1r(1) e \lew(n)vaw(n)va(n) (25)
where 7 is a permutation of {1,...,n}, chosen in such a way that z )0 > -++ > Zz(n)0, and

(—1)™ is its sign. [If some of the time coordinates are equal each other, the arbitrariness of
the definition is solved by ordering each set of operators with the same time coordinate so that
creation operators precede the annihilation operators.]

Taking the limit A — oo in (2.4) we get the finite temperature n-point Schwinger functions,
denoted by Sﬁ(xl,sl,al,pl;...;xn,en,on,pn), which describe the properties of the infinite
volume system at finite temperature. Taking the § — oo limit of the finite temperature
Schwinger functions, we get the zero temperature Schwinger functions, simply denoted by
Sn(X1,€1,01, P15+ -+ ;Xn, En,y On, P ), Which describe the properties of the ground state of (2.1) in
the thermodynamic limit (note that in this case, by the uniqueness of the ground state proved
in [15], the infinite volume and zero temperature limits commute).

B. The non interacting case

In the non-interacting case U = 0 the Schwinger functions of any order n can be exactly
computed as linear combinations of products of two—point Schwinger functions, via the well-
known Wick rule. The two—point Schwinger function itself, also called the free propagator, for
x #y and x —y # (£03,0), is equal to (see Appendix A for details):

7A = 7A ; -
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where:

-,

1. M €N, k = (ko, k) and Dy, = Dy x Dp;

2. D ={ko = Z(ng+3) : mo=—M,...,M—1} and Dy = {k = %by + %2b, : 0 <
ny,ne < L—1}, where by = 2?”(1, V3), by = 2?’T(l, —/3) are a basis of the dual lattice A*;

-,

3. v(k) = Z‘?:l eiF(Bi=81) = 1 4 2¢713/2k1 ¢og ?kg; its modulus |v(k)| is the dispersion
relation, given by

lvg| = \/(1 +2cos(3k1/2) cos(\/§k2/2))2 + 4sin®(3k1 /2) cos?(V/3ky/2) . (2.7)
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Atx=yorx—y= (iﬁ,ﬁ), the free propagator has a jump discontinuity, see discussion
at the end of Appendix A. Note that S5 (x) is antiperiodic in z, i.e. S5 (zo + 8,%) =
ng’A(xo, Z), and that its Fourier transform Sg’A(k) is well-defined for any k € Dg 1, even in
the thermodynamic limit L — oo, since |kg| > % We shall refer to this last property by saying
that the inverse temperature § acts as an infrared cutoff for our theory.

If we take 3, L — oo, the limiting propagator So(k) becomes singular at {ko = 0} x {k = PE}
where
27 2m

—,+—
37733

are the Fermi points (also called Dirac points, for an analogy with massive QEDg41 that will

become clearer below). Note that the asymptotic behavior of ’U(E) close to the Fermi points is
given by v(FE + k') ~ 3(ik{ £ kb). In particular, if w = +, the Fourier transform of the 2-point
Schwinger function close to the Fermi point p% can be rewritten in the form:

S 4
F:(

) (2.8)

-1

A 7 1 —ik — o' (k! + whb) + 1o (K

So(ko, Py + k') = A ©) .1/ ’ . P ik : 2) ) ; (29)
0 \ —vp’ (tky +wks) + (k) —iko

where Zy = 1 is the free wave function renormalization and U;P) = 3/2 is the free Fermi velocity.

Moreover, |r, (k)| < C |l_c” |2, for small values of k¥’ and for some positive constant C.

C. The interacting case

We are now interested in what happens by adding a local interaction. In the case
U # 0, the Schwinger functions are not exactly computable anymore. It is well-known
that they can be written as formal power series in U, constructed in terms of Feynmann
diagrams, using as free propagator the function Sp(x) in (2.6). Our main result consists in a
proof of convergence of this formal expansion for U small enough, after the implementation of
suitable resummations of the original power series. Our main result can be described as follows.

Theorem 1. Let us consider the 2D Hubbard model on the honeycomb lattice at half filling,
defined by (2.1). There exist a constant Uy > 0 such that, if |U| < Uy, the specific free energy
f38(U) and the finite temperature Schwinger functions are analytic functions of U, uniformly
in B as f — oo, and so are the specific ground state energy e(U) and the zero temperature
Schwinger functions. The Fourier transform of the zero temperature two point Schwinger func-

tion S(X),,p et Sa(x,0,—,p;0,0,+,p"), denoted by S’(k), is singular only at the Fermi points
k= p% = (O,ﬁ}j,f), see (2.8), and, close to the singularities, if w = £, it can be written as

& Sw o TN l —iko vp(—ik] + wkb) -t ,
Stho. Pit +K) = 7 (UF(ikg T wh)) ko (1+R0)) (2.10)

—

with k' = (ko, k"), and with Z and vp two real constants such that

Z =1+aU?+0(U?), vp =g+bU2+O(U3) (2.11)

where a and b are non-vanishing constants. Moreover the matric R(K') satisfies
[|IR(K)|| < C|K'|? for some constants C,9 > 0 and for |k'| small enough.

Remarks.
1) Theorem 1 says that the location of the singularity does not change in the presence of
interaction; on the contrary, the wave function renormalization and Fermi velocity are modified
by the interaction.
2) The resulting theory is not quasi-free: the Wick rule is not valid anymore in the presence of
interactions. However, the long distance asymptotics of the higher order Schwinger functions



can be estimated by the same methods used to prove Theorem 1, and it is the same suggested
by the Wick rule.

3) The fact that the interacting correlations decay as in the non-interacting case implies in
particular the absence of long range order at zero temperature, e.g., the absence of Néel order
in the ground state at weak coupling. In fact, as a corollary of our construction, we find:

L 1

, 2.12
B,IA| o0 |z — i]* (212)

where, if Z € A, the spin operator Sz is defined as: Sz = ai{,&'a;_, with o;, i = 1,2, 3, the
Pauli matrices; similarly, if £ € A + 6&;, Sy = Yoo b;ﬁb%,,. Note that it is well known that the
ground state has zero total spin [15], however existence of Néel order was neither proven nor
ruled out by the results in [15].

4) Similarly to what remarked in the previous item, one can exclude the existence of super-
conducting long range order: the Cooper pairs correlations decay to zero at infinity at least as
fast as the spin-spin correlations in (2.12).

5) Our analysis can be extended in a straightforward way to the case of exponentially decaying
interactions (instead of local interactions). However, if the decay is slower, the result may
change. In particular, in the presence of 3D Coulomb interactions, the electron-electron
interaction becomes marginal (instead of irrelevant), in a renormalization group sense [12].

6) Previous analyses of the Hubbard model on the honeycomb lattice were performed only at
a perturbative level, without any control on the convergence of the weak coupling expansion,
and directly in the Quantum Field Theory approximation, consisting in the replacement of
So(k) by its linear approximation around the Fermi points, see for instance [11] and references
therein; the extra symmetries valid within such approximation imply certain properties,
like the non-renormalization of the Fermi velocity and certain identities between the vertex
functions (see Appendix C), which, instead, are not valid in the original model.

7) In Appendix C we prove that indeed the 2D Hubbard model on a honeycomb lattice is
asymptotically described by a QEDs,; model in the presence of an ultraviolet cutoff, massive
“photons” and massless electrons, provided that the bare parameters of the QEDs;; are
carefully chosen to include lattice effects. As a result, the correlations asymptotically verify
Ward Identities related to the local U(1) Lorentz symmetry.

The proof of the Theorem is based on constructive fermionic Renormalization Group (RG)
methods, see [2, 17, 21] for extensive reviews. It is worth remarking that the result summarized
in Theorem 1 is one of the few rigorous construction of the ground state properties (including
correlations) of a weak coupling 2D Hubbard model. The only other example we are aware of is
the Fermi liquid construction in [8], applicable to cases of weakly interacting 2D Fermi systems
with a highly asymmetric interacting Fermi surface. Related results include the construction of
the state at temperatures larger than a BCS-like critical temperature [3, 7], or the computation
of the first contribution to the ground state energy in a weak coupling limit [10, 16, 22].

The rest of the paper will be devoted to the proof of Theorem 1. In Sec. III A we review
the Grassmann integral representation for the free energy and the Schwinger functions. In
Sec.III B we start to describe the integration procedure leading to the computation of the free
energy, and in particular we describe how to integrate out the ultraviolet degrees of freedom. In
Sec.III C we complete the proof of convergence of the series for the free energy and the ground
state energy. In Sec.IIID we describe the proof of convergence for the series for the Schwinger
functions, with particular emphasis to the case of the two-point Schwinger function. In the
Appendices we provide further details concerning the non-interacting theory, the ultraviolet
integration and the equivalence (as far as the long distance behavior is concerned) between the
Hubbard model and a massive QED theory in 241 dimensions.



III. RENORMALIZATION GROUP ANALYSIS
A. Grassmann Integration

It is well-known that the usual formal power series in U for the partition function and for
the Schwinger functions of model (2.1) can be equivalently rewritten in terms of Grassmann
functional integrals, defined as follows.

We consider the Grassmann algebra generated by the Grassmannian variables

=11, p=1,2 - - 1,2 _
{\Ilkap}iegﬁj and a Grassmann integration [ [HkEDB,L | d\IJIi'Upd\I/kUp] deﬁfled
as the linear operator on the Grassmann algebra such that, given a monomial Q(\IJ_,\II+)
its action on Q(¥~,¥") is 0 except in the case Q(¥—,¥U+) =
[len, , IT5= 1”2 kgp\lfl‘:g’p, up to a permutation of the variables. In this case the value
of the integral is determined, by using the anticommuting properties of the variables, by the
condition

in the variables ‘Ilka o

p=1,2 p=1,2

/{ H Hd\l]kﬁpdqjlzvp} H H \I/kap Kop = 1 (3.13)

keDg,r, o=T] keDg 1 o=1]
Defining the free propagator matrix gx as
ke (B
gk = (_U(E) ke > (3.14)

and the “Gaussian integration” P(d¥) as

o’ﬁl 62|A‘2 i|
P(dlI/> = 7(1 kald\IJIZUId\IlkUZd\IIIZJQ :
keps,, Ko +1v(k)[?
o=T]
.exp{ GANT S W g, } (3.15)
keDg, 1

it turns out that

/P(d\Il)\Ill; 01,01 q]]_(‘—270'27p2 = 5|A‘6017025k17k2 [gkl]phpz ) (3'16)
so that, if x —y & SZ x {0},
1 .
lim —— TKEYIge = i /P (dV)Ty VT, = So(x — 3.17
iy g oo
B,L
where So(x —y) was defined in (2.5) and the Grassmann fields U, are defined by
1 LA
Viop = £ S oeFGE L xeNgu XA, (3.18)
keDg, 1
with Agy = {mB/M : m = —M,...,M — 1}. Let us now consider the function on the
Grassmann algebra
V(@) =U ), /dX‘I’pr et o Vst o Yot =
p=1,2
- (mA| )3 Z Z L p.1, qukTp\Ijk’-s-p L, p\Illz’ Lp > (3.19)

p=1,2 kk',p



where, in the first line, the symbol f dx must be interpreted as

/dx:% >, (3.20)

zo€Ag, M TEA

and, in the second line, the sums over k, k’ run over the set Dg 1., while the sums over p run over
the set 2m371Z x Dy, (p is the transferred momentum). Note that the integral [ P(d¥)e="(¥)
is well defined for any U; it is indeed a polynomial in U, of degree depending on M and L.
Standard arguments show that, if there exists the limit of [ P(d¥)e~V(¥) as M — oo, then the
normalized partition function can be written as

—BHA
—BIA|Fs  def Trle | V(W)
e B, “C Tr[ei—ﬁHo] = A}lgéo P(d\Il)e (3.21)

where Hj is equal to (2.1) with U = 0. A possible way to prove (3.21) is to compare the
perturbation theory obtained by expanding in powers of U via Trotter’s product formula the
trace Tr{e #H2}/Tr{e~PHo} with the one obtained by expanding in U the Grassmann func-
tional integral, and then show that they are the same, order by order, see [1]. This proof also
shows that the correct choice of the interaction (3.19) expressed in Grassmann variables does
not include terms bilinear in the fields, contrary to the interaction in second quantized form,
see (2.1): in fact, with this choice, in both perturbative expansions the ”tadpoles” are exactly
vanishing, as required by the condition that the system is at half filling.

Similarly, the Schwinger functions at distinct space-time points, defined in (2.4), can be
computed as

- P(dw)e_v(\p)wfﬂ,m,m U onon
S(X170'17517p1;~..;Xn70n78n7pn) :[\Jhl,noo fp(dq;)er(\Il) . (3.22)

Note that the limit x; — x; — 0 and the limit M — oo do not commute in general.

In the following we shall study the functional integrals by introducing suitable expansions
where the value of M plays no essential role and we shall indeed be able to control such
expansions uniformly in M, if U is small enough and that the limit M — oo can be taken
in the resulting expressions for the free energy and the Schwinger functions. For this reason,
from now on we shall not stress anymore the dependence on M, unless for the cases where the
presence of a finite M is relevant, e.g., for the analysis of the ultraviolet integration described
in Appendix A.

It is important to note that both the Gaussian integration P(d¥) and the interaction V()
are invariant under the action of a number of remarkable symmetry transformations, which
will be preserved by the subsequent iterative integration procedure and will guarantee the
vanishing of some running coupling constants (see below for details). Let us collect in the
following lemma all the symmetry properties we will need in the following.

Lemma 1. For any choice of M, 3, A, both the quadratic Grassmann measure P(dV) defined
in (3.15) and the quartic Grassmann interaction V(¥) defined in (3.19) are invariant under
the following transformations:

(1) spin exchange: Wi,07p<—>@i7_g7p,'
2) global U(1): Ws — €% Us with a, € R independent of k;
g AN k,o,p k,o,p
\i,e \i,e .
(3) spin SO(2): (J;Txﬂ) N R9<AIE"T’P>, with Ry = <_C°.S(’9 Sm§> and § € T
Vit Vit smecos
independent of k;
; ; e T Fik(53—81)(p—1)j% ‘ —def =,
(4) discrete spatial rotations: Wi . - — eFHOamo Y o Tk o Vit TiT = Ron/sT;
note that in real space this transformation simply reads Uoyo — NaoTid)o and
+ + .
Vao.2).0 " Vlwo,117),00

(5) complex conjugation: \ilffop — \i/fk opr € c*, where c is a generic constant appearing in
P(dW) and/or in V(¥);

. . &+ &+
(6.a) horizontal reflections: ko kn).on ™ Llkor—kr ko).029




(6.b) vertical reflections: WF I

+ (kok1,k2),0.p (ko.k1,—k2),0,0"
(”M \Il(ko’k),ng \I/(ko, E),op0
ot
(8) imversion: 8, o = i(=1)PWE, L

PROOF. A moment’s thought shows that the invariance of V' (¥) under the above symmetries
is obvious, and so is the invariance of P(d¥) under (1)-(2)-(3). Let us then prove the invariance
of P(d¥) under (4)-(5)-(6.a)-(6.b)-(7)-(8). More precisely, let us consider the term

Z ‘I’k 0 1\I’k P (3.23)

. A+ A
_ZE :\Ijk,a,l ka'l § :\Pkalv k¢72 E :‘IlkchU kal ZE :\Pka2 k02
k

n (3.15), and let us prove its invariance under the transformations (4)-(5)-(6.a)-(6.b)-(7)-(8).
Under the transformation (4), the first and fourth term in the second line of (3.23) are
obviously invariant, while the sum of the second and third is changed into

0\ +ik(55—61) G i+ —ik(85—61), (TG _

[ (ko,T1 k), 01 v (k)e T lI/(ko,lez) 7,2 +\Ij(k0,T1E),a,2e (k)Y (ko,T1K),0, 1} -

Z 0" (T R RO o B e F o1 Ry | (3.24)
k

Using that v(T; _11_@:) = ¢k(51-02) (), as it follows by the definition v(k) = dim12 g€ ih(0i—01)
we find that the last line of (3.24) is equal to the sum of the second and third term in (3.23),
as desired. .
The invariance of (3.23) under the transformation (5) is very simple, if one notes that v(—k) =
v*(k), as it follows by the definition of v(k).
Under the transformation (6.a), the sum of the first and fourth term in the second line of
(3.23) is obviously invariant, while the sum of the second and third is changed into

+ AN To + I —
o Z \Il(km—kl»kz)ﬂ,?v (k)\p(km k1,k2),0,1 — Z \IJ(’m,—kl,kz),U 1 (k) (km k1,k2),0,2 T
k k

== U v (ke k)W = > U w((—k, k)W, (3.25)
k k

Noting that v((—k1, k2)) = v*(k), one sees that this is the same as the sum of the second and
third term in (3.23), as desired.

Similarly, noting that v((k1, —k2)) = v(k), one finds that (3.23) is invariant under the trans-
formation (6.b).

Under the transformation (7), the sum of the first and fourth term in (3.23) is obviously
invariant, while the sum of the second and third term is changed into

— g T N2
+Z\I] —K),o (k)qj( —k),o +Z (ko,—k),0,2 (k)qj(ko,fk),al

- Z \I/k o, QU \i/l:,a,l - Z lek,o’,l’U - lijl:,o',Q ' (326)
k

Using, again, that v(—k) = v*(k), we see that the latter sum is the same as the sum of the
second and third term in (3.23), as desired.

Finally, under the transformation (8), all the terms in the right hand side of (3.23) are
separately invariant, and the proof of Lemma 1 is concluded. u

B. Free energy: The ultraviolet integration

We start by studying the partition function

Epp =e PMFoL - /P(dq/)e*W‘P) : (3.27)



Note that our lattice model has an intrinsic ultraviolet cut-off in the k variables, while the
ko variable is unbounded. A preliminary step to our infrared analysis is the integration of
the ultraviolet degrees of freedom corresponding to the large values of ky. We proceed in the
following way. We decompose the free propagator gix into a sum of two propagators supported
in the regions of ky “large” and “small”, respectively. The regions of kg large and small are
defined in terms of a smooth support function xo(¢) which is 1 for ¢ < ag and 0 for ¢ > ag7,

v > 1; ag is chosen so that the support of Xo(\/k(% + |k — ph? ) and Xo(\/k% + |k — g2 ) are

disjoint (here | -| is the euclidean norm over R?/A*). In order for this condition to be satisfied,
it is enough that 2agy < 47/(3v/3); in the following, for reasons that will become clearer later,
we shall assume the slightly more restrictive condition 2a¢y < 47/3 — 47/(3v/3). We define

fun 1) =1 =xo (\/kE +1E = BE ) = xo (y/ K2 + 1K = 712 ) (3.28)

and f;, (k) =1— fu..(k), so that we can rewrite gy as:

~ ~ def ~(2.7.
9 = fuw.(K)Gx + fir (k) = g(u U )(k) +9 @ )(k) (3.29)
We now introduce two independent set of Grassmann fields {\I!ku;p)i} and {\Ilff(:;i}, with

k € Dgr, 0 =1], p = 1,2, and the Gaussian integrations P(d¥(v)) and P(d¥(")) defined
by

/P(d\:[l(u v ))\I}l(cqi 1()71) 1 \IIS: 1()72 02 ﬁ|A‘501 0251(1 k2 -)(kl)Pl’Pz )

/PMMWUW£J;WS@M—ﬁW%WﬁMM IS (3:30)
Similarly to P(d¥), the Gaussian integrations P(d¥(")), P(d\P(i'T')) also admit an explicit
representation analogous to (3.14), with g replaced by ¢(**”) (k) or 3" (k) and the sum over
k restricted to the values in the support of f, . (k) or f;, (k), respectively. It easy to verify
that the ultraviolet propagator ¢(**)(x —y) = (8|A[)~* ZkeDﬁ . e~ k(x=y) g(uv) (k) satisfies

) (x — )| < —— N

SR E— 3.31
|’1+\X—YIN (3:31)

The definition of Grassmann integration implies the following identity (“addition principle”):

/P(d\Il)e‘V(‘I') = /P(d\If@*"J)/P(d\IJ(%v-))e—V“P“"")“P(“'”‘)) (3.32)
so that we can rewrite the partition function as
EpL = e_B‘AIFL"*:/P dwr) exp{z V(@) 4oy, n)} =
n>1 :
= e*ﬁ‘AlFo/P(d@@-r-))e*"”’“'“”, (3.33)

where the truncated expectation ET s defined, given any polynomial V; (¥ (*¥)) with coeffi-
cients depending on W) ag

n

8 w.v (u.v.)
£ (Vi)in) = i log [ Plawte e | (3:34)

and V is fixed by the condition V(0) = 0. It can be shown (see discussion after (3.37) and
Appendix B) that V can be written as

oo

(ORI VENED DD [HA&;)L],%,ﬁfff;;’azm

n=1 01,00 =T1 p1,-sp2n=1,2ky,... . ko, j=1
n

Wanp(k1, - Kan-1) 60D (Kaj—1 — ko)) , (3.35)
j=1
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where p = (p1,..., p2,) and we used the notation
(k) =06(k)3(ko) ,  O(R)=1IAl D O ngiami, s O(ko) =Bk, (3.36)
ni,n2€Z

with by, by a basis of A*. The possibility of representing V in the form (3.35), with the ker-
nels Wan,p independent of the spin indices o;, follows from the symmetries listed in Lemma 1

and from the remark that P(d¥(“?")) and P(d¥(")) are separately invariant under the same
symmetries. .
The constant Fy in (3.33) and the kernels Wa, , in (3.35) are given by power series in U,

convergent under the condition |U| < Uy, for Uy small enough; after Fourier transform, the
x-space counterparts of the kernels W, , satisfy the following bounds:

/dX1 s dXQn[ H |Xi - Xj|m7"'j:| ’WQnﬁ(Xl? AP ,Xgn)’ S B‘A|C77:1‘U|max{l,n—l} 5 (337)

1<i<j<2n

for some constant Cp,, > 0, where m = 32, o, ™ ;.

The proof of convergence of the power series defining Fy and Ws, ,, as well as the proof of
the bounds (3.37), uses the decay property (3.31) combined with standard fermionic cluster
expansion methods. The proof is much simpler than the infrared integration that we shall
study below, and is based on similar ideas; see Appendix B for a proof. Note that the
decay (3.31) suggests the possibility of a single scale integration of the ultraviolet degrees of
freedom. However, the discontinuity of the propagator at xg — yo = 0 implies that g, does
not admit a Gram representation [20] and this fact prevents the direct implementation of a
single step fermionic cluster expansion (see next section for the notion of Gram determinant
and for a description of the use of Gram determinants in the infrared multiscale integration).
A possible way out of this problem is to decompose the ultraviolet propagator as a sum
of propagators, each admitting a Gram representation, and to perform a simple multiscale
analysis of the ultraviolet problem. This strategy was described many times before in the
literature, see for instance [3—5, 9, 14]; for completeness, it will be presented in a self-contained
form in Appendix B. Recently, a different proof based on a single scale integration step and us-
ing improved bounds on determinants associated to “chronological products” was proposed [20].

It is important for the incoming discussion to note that the symmetries listed in Lemma
1 also imply some non trivial invariance properties of the kernels. We will be particularly
interested in the invariance properties of the quadratic part W5 (,, ,,)(k), which will be used
below to show that the structure of the quadratic part of the new effective interaction has
the same symmetries as the free integration. The crucial properties that we will need are the
following.

Lemma 2. Let Woa(k) = Wo 11y(k), Win(k) = Wa (2.9)(k), Wap(k) = Wo (1,2)(k) and
Wba(k) = Wz)(zl)(k). Then the following properties are valid:
(1) Waa(k) = Wip(k) and Wep(k) = Wi (k);
(i1) as B — o0, for w =%, Woe(0,9%) = Wu(0,5%) = 0;
(iii) as B, |A| — oo, for w ==,

O:Waa(0,5) =0,  Re{OkWual0,58)} =0, 9 Waup(0,58) =0, (3.38)
Re{ 0, Wap(0,75) } = Im {0k, Wap(0,58)} =0, 0k, Wan (0, ) = wOh, Wan (0, 5§ -
Remarks.

1) For simplicity, the properties (ii) and (iii) are spelled out only in the zero temperature limit
and in the thermodynamic limit; however, as it will be clear from the proof, those properties
all have a finite temperature/volume counterpart.

2) Lemma 2 implies that in the vicinity of the Fermi points the kernel W5 (, (k) can be
rewritten in the form

= —izok 0o (ik} — wk!
Wa (p.p) (Ko, P + k') =~ (60(—ik’10—0wk:§) 0(_%20% 2)> : (3.39)
PP’
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for some real constants zp, dp, modulo higher order terms in (ko, K ). Therefore, it is apparent
that its structure is the same as the one of Sy(k), modulo higher order terms in (ko, k’).

PROOF. As remarked after (3.36), P(d¥(“v)) and P(d¥(")) are separately invariant under
the symmetry properties listed in Lemma 1. Therefore V(¥) is also invariant under the same
symmetries, and so is the quadratic part of V(¥), that is

(BIAN™2 327 0(p) [ B U Waa (k) + 0 O W (k) +
o k,p

O Waa () + ) W)

k+p,o,1 k+p,0,2 (340)

Recall that, as assumed in the lines preceding (3.28), the support of () consists of two disjoint
regions around pf: and j’, respectively; in particular, we assumed that 2agy < 47 /3—4m/(3V/3).
Under this condition, it is easy to realize that if both k and p+k belong to the support of ylir)
then |p| < 47/3. As a consequence, in (3.37), the only non zero contributions correspond to
the terms with p = 0 (in fact, if p is # 0 and belongs to the support of §(p), then |p| > 47/3,
which means that either k or k + p is outside the support of \i/(“"), and the corresponding term
in the sum is identically zero). This means that the sum

S B B Waall) + BT BT W) +

o,k
FU S B Waa(l) + BT W (k) (3.41)
is invariant under the symmetries (1)—(7) listed in Lemma 1.
Invariance under symmetry (4) implies that:
Waa(ko, k) = Waa(ko, T k), Wip(Ko, k) = Wiy (ko, Ty k) | (3.42)

-,

Wap(ko, k) = €iE(51_52)Wab(/€0»TflE) )

invariance under (5) implies that:

Wia (Ko, k) = e~ RO =21, (ko T 1E) 5

Waa(k) = Wao(k)*, Wi (k) = Wyp(—k)* (3.43)
Wab(k) = Wa (_k)* 5 Wba<k) = Wba(_k)* 3
invariance under (6.a) implies that:
Waa(ko, k1, k2) = Wip(ko, —k1, k2) , Wap(ko, k1, k2) = Wia(ko, —k1,k2) 5 (3.44)
invariance under (6.b) implies that:
Waa(k07k1;k2) = Waa(k07k17_k2) ) Wbb(k07k17k2) = Wbb(ko?kh_kQ) ) (345)
Wap(ko, k1, k2) = Wap(ko, k1, —k2) , Whya (Ko, k1, k2) = Wia(ko, k1, —k2) ;
invariance under (7) implies that:
Waa(km E) = Waa(km k) y Wbb(k07 ]_f') = Wbb(k()v _E) ) (346)
Wap(ko, k) = Wi (o, —k) ;
Finally, invariance under (8) implies that:
Waa(ko, k) = —Waa(—ko, k), Win(ko, k) = =Wy (—Fko, k) , (3.47)
Wap (o, ) = Wap(—ko, k) , Wha(ko, k) = Wya(—ko, k) ;

Now, combining the first of (3.44), the second of (3.45) and the second of (3.46), we find that
Waa(k) = Wip(k). Combining the third of (3.43), the third of (3.46) and the last of (3.47), we
find that W, (k) = Wy, (k)*. This concludes the proof of item (i).
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The first of (3.47) implies that, as § — oo, Wy, (0, E) = 0, and this proves, in particular, that
Waa(0,5%) = 0 and that, in the limit [A] — oo, 9z W4 (0, %) = 0.

Using that p% is invariant under the action of T3, we see that the third of (3.42) implies
that (1 — ePrO1=020)IW,, (ko, 7%) = 0. Since ePr(01702) = _¢iwn/3 £ 1 this identity proves, in
particular, that W, (0, p%) = 0, and 9k, Wep (0, p%) = 0. This concludes the proof of item (11)

Now, combining the first of (3.43) with the first of (3.46), we find that W, (ko,k) =
Waa(—ko, k)*, which implies, in particular that Re{dk, Waa(0,5%)} = 0.

Finally, let Wo,(0, 7% + k') ~ a¥k} 4+ a§kl, modulo higher order terms in k. Using that

1 =120 V3B)2) . .
17 ( V32 —1/2 in the third of (3.42), we find that

Lk = e ot (k] /2 - VBRY/2) + af (VBRI /2 + K5/2)] | (3.48)

which implies of = —iway. Moreover, using the third of (3.43) we find that o = —(a; )",
and using the third of (3.45) we find that o = —a5;“. Therefore, af = —a;” = —(az®)*,
and we see that o4 is real and odd in w, that is a§ = wa, for some real constant a. Therefore,
af = —iwa§ = —ia, and this concludes the proof of item (iii). u

C. Free energy: The infrared integration

Multiscale analysis. In order to compute (3.33) we shall proceed in an iterative fashion, using
standard functional Renormalization Group methods [2, 13, 17]. As a starting point, it is
convenient to decompose the infrared propagator as:

) (x Z ¢=iFE T g(<0) (¢ Y (3.49)
where, if k' = (ko, &),

- -1
1 -, o k(T Pw
| Z XO(|k/De—zk (x—y) < (_»Zko_' v (k+pF)> (350)

(<0) _
gw (X7 y) - w
BIA KeDy v(K' + P§) —iko

and Dg = Dy x Df, with DY = {525, + 25, — E2p5 [SE] +1 <npymp <[]}
Correspondingly, we rewrite U™ as a sum of two independent Grassmann fields:

lrE = Z ePEIYE0E (3.51)
and we rewrite (3.33) in the form:
S = e Ao /PXO,AO (AW (D) VI @ED) (3.52)
where V(O (T(=9) is equal to V(¥)), once W) is rewritten as in (3.51), i.e.,
YO (g(£0)y = (3.53)

%) W1,yeneywWan == n
_ —2n (<0)+ 5 (<0)—
- Z(ﬁ‘AD Z Z Z [qu 2] 1 UJ’sz—lawzj—l\Ilk;j’o'j»l)zj,wzj} ’
n=1 O1,..., on=Tl p1,ssp2n=1,2 Kk|,... K, ~ j=1
2n
0 i i
Wiy o K1) 6(D (=1 (P + k) =
j=1
n

_ - <0)+ <0)— (0)
- Z / dxy - - dxy [H \11;27 )1 055P2j 1,025~ 1\1155.7‘27_7‘-,;)2]'&)2_7} WQn,g’g(xl’ coosXan)

n=10,p,w Jj=1
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with:
1) w=(w1,...,wap), @ =(01,...,0,) and p% = (0,5 );
2) Wiy, (KL, K1) = Wan (KL + P, K,y + P32, see (3.35);

3) the kernels WQ(n) o w(X1,...,Xop) are defined as:

WQ(E),B,H(XM cee 7x2n) = (354)
Z ( 1)k, 2n
— [ Tkix . w;j
= (BlA]) 2 Z W, (K K ) 6D (=1 (b +K))) -
k k/2n j=1

Moreover, Py, ,(dP(<0) is defined as

xo([k'[)>
Py (d91=7) =No-1[ iy UL a0t a0 (555)
k/G’D o,w,p

xo([k'[)>0

ep{—(BADTT Y D g (RDEEDT Aol ()EE) Y

w=+,0=T1] k’ED“’

where:
o k(T S w
AO,w (kl) = ( _’/Zko — Y (k +PE ) ) =
—v(k' + ) —iko
_ —’L.Cok() + So(k/) Co (Zk’l — wké) + t()yw (kl)
Co(—ik]/l — wk‘é) + ta,w(k/> —iCoko + So(k/) ’

N is chosen in such a way that [ Py, a,(d®(S0) =1, ¢y =1, co = 3/2, so = 0 and |tg, (k)| <
ClK'|2.

It is apparent that the ¥(=0) field has zero mass (i.e., its propagator decays polynomially at
large distances in x-space). Therefore, its integration requires an infrared multiscale analysis.
We consider the scaling parameter v > 1 introduced above, see the lines preceding (3.28),
and we define a sequence of geometrically decreasing momentum scales v*, h = 0, -1, -2, ...
Correspondingly we introduce compact support functions fy,(k’) = xo(y™"*|K'|) — xo(y "1 K|
and we rewrite

xo([K'|) = Z fn(K') . (3.56)

h=—o00

The purpose is to perform the integration of (3.52) in an iterative way. We step by step
decompose the propagator into a sum of two propagators, the first supported on momenta
~ ~" h <0, the second supported on momenta smaller than v". Correspondingly we rewrite
the Grassmann field as a sum of two independent fields: W(=P) = ¥ 4 w(=h=1) and we
integrate the field W), In this way we inductively prove that, for any h < 0, (3.52) can be
rewritten as

Zos = e PN [P g, (@U@ (3.57)

where Fy, Aj, V™ will be defined recursively, y,,(|k'|) = ZZ:—OO fe(k) and Py, 4, (d¥(=P)
is defined in the same way as P, 4, (dP(=0)) with W= vo. Ay, Co, o, S0, tow Teplaced by
TER Ny Apws Chy Chy Shy thw, Tespectively. Moreover V(M (0) = 0 and

(h) —2n = = (<h)+ = (<h)— )
V (\I}> Z |A‘ Z Z |:H\IJ 2] 1:05,P25—1,W25— 1\:[11(’2]-703',02;'70-123}

a,pw ki, Kk, J=1
2n

W, LKL K1) 33 (1) (P +K))) = (3.58)

Jj=1
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0 n
= E (<h)— (h)
- /dX1 den[H X2] 11017172] 1,W25— 1\113(2;'7(7]'792]'@2] W2n,£,£(xl""7x2n) .

Note that the field \111(52) .o+ Whose propagator is given by Xh(|k’\)[A§,h) (k’)] 71, has the same

support as x, that is on a neighborood of size 4" around the singularity k’ = 0 (that, in the

original variables, corresponds to the Dirac point k = p%). It is important for the following
to think VAVQ(Z?AE, h <0, as functions of the variables {(x, cx }h<r<o. The iterative construction
below will inductively imply that the dependence on these variables is well defined.

The iteration will continue up to the scale hg, where hg is the largest scale such that

_ m
agy"* ™! < %o (3.59)

where aq is the constant appearing in the definition of x((|k’|). By the properties of (j that
will be described and proved below, it will turn out that hg is finite and larger than log,, ﬁ

The result of the last iteration will be =g 1, i.e., the value of the partition function.

Localization and renormalization. In order to inductively prove (3.57) we write

Yy — ey L Rgyph) (3.60)
where
n(K'[)>0
h) _ (Sh)+ (Sh)=—  yi7(h)
e TR SR S A TP

o1,02=T1] Pr.e2712

and RV is given by (3.58) with S>>, replaced by >, that is it contains only the mono-
mials with more than four fields.

Note that in (3.61) the w-index of the W fields is the same; this follows from the fact that
in the terms with different w’s the momenta verify ki — ki + p§ — pp* = nlgl + nggg, for
some choice of ny, ng, and such a condition cannot be verified if ki, k/ are in the support of the
U(=h) fields, because p% — ppY ¢ A* and 2agy is smaller than 47/3 — 47/(3+/3), see the lines
preceding (3.28) and the discussion after (3.40).

Remark. The fact that the quadratic terms with different w’s, i.e., the one particle umklapp
processes, do not contribute to the infrared effective potential is a crucial fact, which reduces the
number of relevant running coupling constants and, in particular, tells us that the interaction
does not generate mass terms. Note, in fact, that the presence of one particle umklapp terms
with a non zero contribution at the Fermi points could produce an exponential decay of the
interacting correlations.

The symmetries of the action, listed in Lemma 1, which are preserved by the iterative integra-

tion procedure, imply that, in the zero temperature and thermodynamic limit, WQ(};) (w w)( )=0
and
/ _ 7Z'Zh]€0 5h(2k/1 — wké)
k 81(/ (Pl p2) (w w) (0) - <(5h(—lk/1 _ wk/Q) _Z'tho o 5 (362)

for suitable real constants zp,d,. The proof of (3.62) is completely analogous to the proof of
Lemma 2 and will not be repeated here.

Once that the above definitions are given, we can describe our iterative integration procedure
for h < 0. We start from (3.57) and we rewrite it as

/pX 4, (AU(EM) = EVI (B RV (@) gl |, (3.63)
hyAn s .
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with
n(JK'[)>0
LYW (wEhy = (B|A])~ Z Z : (3.64)
\If(<h)+ —Zzhk’o + op(k) o (k] — wkb) + Th,w (k") \ij(gh),
Kow \ Op(—ik] — whke) + 755, (K') —izpko + on(k') k/,0, 5w
Then we include £V in the fermionic integration, so obtaining
_RyM (g(Eh)y_ e
/mezhil(d\p(fh)) ¢~ RV (WD) ~BIA|(Fhren) (3.65)

where e, is a constant that takes into account the change in the normalization factor of the
measure and

— —iCj,_1ko +5n_1(K') Cp—1(ik] — wkb) +th—1,0, (k')
A1 oK ( Cn—1ko 1 ! 2 ) 3.66
more ) = ik — k) + B () —iCy ko + Fh () (3.:66)
with:
Cho1(K) =G+ znxn(K) eh-1(k') = cn + opxn(K')

Sho1(kK) = sp(K) + on(K)xn(k) . Th1w(k) = tho(K) + Tho(K)xn(k) . (3.67)
Now we can perform the integration of the (") field. We rewrite the Grassmann field W(=h)

as a sum of two independent Grassmann fields U(="=1 4 ¥ and correspondingly we rewrite
(3.65) as

_ e _ Ry (p(Sh=1) 4 g(h)
e PN Enten) / Py, _y 4, (dOEPD) / Pyor g, (d0M) e RV ETRAEE (368

where
N —iCh—1ko + sp—1(k) cn—1(ik] — wkb) + th—1,, (k")
Ahfl,w(k ) - (Ch—l( ’Lk‘l _ ka) + th 1 w(kl) _iCh—lkO 4 Sh—l(k/) (369)
with:
Ch-1=Cn+ 2n, Ch—1=Cp+0p ,
Sh_l(k/) = Sh(k/) + O'h(kl) R th—1,w (kl) = th,w(k/) + Thvw(kl) . (370)
The single scale propagator is
/Pf;jl,Zh,_l (dqj(h))\pgi)mym ;W1 lpggjzyﬂfz,wfz = 5‘717‘72 5w1,w2 [gb(vh) (Xl’ XQ)] p1,p2 (371)
where
1 1! — -
9 (x1,%5) = AT 3 e g (1) [Ah,l,w(k')} . (3.72)

K€Dy,

After the integration of the field on scale h we are left with an integral involving the fields
U(=h=1) and the new effective interaction V(*~1) defined as

VBN [ (@) TS )
n s AR—1

It is easy to see that V(=1 is of the form (3.58) and that Fy_1 = F}, + ep, + €. It is sufficient
to use the well known identity

e + VD (wEr) = Y %(—1)"“5,?(731/(") (T L g | (3.74)

n>1
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where ZE(X(W(h));n) is the truncated expectation of order n w.r.t. the propagator g&h),

which is the analogue of (3.34) with U(“*) replaced by ¥ and with P(d¥(“")) replaced

by Pp—i g, (d®™).
h 7 -
Note that the above procedure allows us to write the effective renormalizations 0y, = (Cp, cp),
h <0, in terms of ¥k, h < k < 0, namely ),_1 = Bp(Up, ..., U), where By is the so—called Beta
function.

Tree expansion for the effective potentials. An iterative implementation of (3.74) leads to a
representation of V(") (W(SM)) in terms of a tree expansion, defined as follows.

h' ht1 h, 100
FIG. 1: A tree 7 € 7y, with its scale labels.

1) Let us consider the family of all trees which can be constructed by joining a point r, the
root, with an ordered set of n > 1 points, the endpoints of the unlabeled tree, so that r is not a
branching point. n will be called the order of the unlabeled tree and the branching points will
be called the non trivial vertices. The unlabeled trees are partially ordered from the root to
the endpoints in the natural way; we shall use the symbol < to denote the partial order. Two
unlabeled trees are identified if they can be superposed by a suitable continuous deformation,
so that the endpoints with the same index coincide. It is then easy to see that the number of
unlabeled trees with n end-points is bounded by 4™. We shall also consider the labelled trees
(to be called simply trees in the following); they are defined by associating some labels with
the unlabelled trees, as explained in the following items.

2) We associate a label h < —1 with the root and we denote 7y, the corresponding set of
labeled trees with n endpoints. Moreover, we introduce a family of vertical lines, labeled by an
integer taking values in [h, 1], and we represent any tree 7 € 7}, ,, so that, if v is an endpoint or
a non trivial vertex, it is contained in a vertical line with index h, > h, to be called the scale
of v, while the root r is on the line with index h. In general, the tree will intersect the vertical
lines in set of points different from the root, the endpoints and the branching points; these
points will be called trivial vertices. The set of the vertices will be the union of the endpoints,
of the trivial vertices and of the non trivial vertices; note that the root is not a vertex. Every
vertex v of a tree will be associated to its scale label h,,, defined, as above, as the label of the
vertical line whom v belongs to. Note that, if v; and vy are two vertices and vy < wvo, then
Ry < Ry

3) There is only one vertex immediately following the root, which will be denoted vy and
cannot be an endpoint; its scale is h + 1.

4) Given a vertex v of 7 € Tj,, that is not an endpoint, we can consider the subtrees of 7 with
root v, which correspond to the connected components of the restriction of 7 to the vertices
w > v. If a subtree with root v contains only v and an endpoint on scale h, + 1, it will be called
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a trivial subtree.

5) With each endpoint v we associate one of the monomials with four or more Grassmann
fields contributing to RV (W (hv=1)) corresponding to the terms with n > 2 in the r.h.s. of
(3.53) (with W(=9) replaced by (=P »~1) and a set x,, of space-time points (the corresponding
integration variables in the x-space representation).

6) We introduce a field label f to distinguish the field variables appearing in the terms associated
with the endpoints as in item 3); the set of field labels associated with the endpoint v will
be called I,; note that |I,,| is the order of the monomial contributing to V() (¥ (k=1 and
associated to v. Analogously, if v is not an endpoint, we shall call I, the set of field labels
associated with the endpoints following the vertex v; x(f), e(f), o(f), p(f) and w(f) will
denote the space-time point, the € index, the ¢ index, the p index and the w index, respectively,
of the Grassmann field variable with label f.

In terms of these trees, the effective potential V") h < —1, can be written as

VW (WER) 4 A =Y Y VI (r BE) (3.75)
n=17€Ty
where, if vg is the first vertex of 7 and 7y,...,7s (s = s,,) are the subtrees of 7 with root v,

VW) (7, B(=h)) is defined inductively as follows:
i) if s > 1, then
(71)s+1

V(h)(7-7\1;(§h)) — ngﬂ [9(h+1)(717\1,(§h+1)); N .;f}(thl)(T&\p(Sthl))} , (3.76)

where V1) (1, W(Sh+1)) ig equal to RV (1, W(SPH1D)) if the subtree 7; contains more than
one end-point, or if it contains one end-point but it is not a trivial subtree; it is equal to
RV (7;, W(Eh+D) §f 7, is a trivial subtree;

ii) if s = 1, then VW (7, U(EM) is equal to &L, [RVIHD (7, UWEAFD)]if 71 is not a trivial
subtree; it is equal to L, [RV©) (B(Sh+D) — RY©O(W(SM)] if 71 is a trivial subtree.

Using its inductive definition, the right hand side of (3.75) can be further expanded, and in
order to describe the resulting expansion we need some more definitions.

We associate with any vertex v of the tree a subset P, of I, the external fields of v. These
subsets must satisfy various constraints. First of all, if v is not an endpoint and vy, ..., vs, are
the s, > 1 vertices immediately following it, then P, C U;P,,; if v is an endpoint, P, = I,.
If v is not an endpoint, we shall denote by @, the intersection of P, and P,,; this definition
implies that P, = U;Q,,. The union Z, of the subsets P, \ Q., is, by definition, the set of the
internal fields of v, and is non empty if s, > 1. Given 7 € 7}, ,,, there are many possible choices
of the subsets P,, v € 7, compatible with all the constraints. We shall denote P, the family of
all these choices and P the elements of P,.

With these definitions, we can rewrite V) (7, W(=h)) in the r.h.s. of (3.75) as

VW (r, wEM) = N Y7, P)

PecP,
V(7 P) = / dxo, UM (P )EVE (x4,) (3.77)
where
= [T vy alhoin e (3.78)

feP,

and K (hH)(xvo) is defined inductively by the equation, valid for any v € 7 which is not an
endpomt

" _ _
K () = ,H KD (o)) &, [0 (Po, \ Qo) W (P, \ Qu, )] (379)

where \Tl(h*f)(Pvi \ Q) has a definition similar to (3.78). Moreover, if v; is an endpoint

K,(,?“H)(xq,i) is equal to one of the kernels of the monomials contributing to RV (T(=he)),
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corresponding to the terms with n > 2 in the r.h.s. of (3.53) (with W(=0) replaced by ¥(=hv));
if v; is not an endpoint, qu?ﬁ_l) = Kiﬁ},tl), where P; = {P,,,w € 7;}.

(3.75)-(3.79) is not the final form of our expansion; we further decompose V(") (7, P), by using
the following representation of the truncated expectation in the r.h.s. of (3.79). Let us put
5 = 8y, Pi = P,,\ Q,,; moreover we order in an arbitrary way the sets P~ = {f € P;,e(f) = +},

we call fzf their elements and we define x(9 = UfePi‘x(f)’ y@ = Ufepfx(f), xij = x(f5;),

yij = x(f;). Note that 3°7_, [P7| = Y_7_ [P;"| = n, otherwise the truncated expectation
vanishes. A couple [ = ( fijs f;'j,) = (f;, f;") will be called a line joining the fields with labels
fijs fjj/, sector indices w;” = w(f;), w" = w(f;"), p-indices p; = p(f;), p; = p(f;"), and spin
indices o, = o (f; ), af = U(fﬁ), connecting the points x; = x;; and y; = y;/;/, the endpoints
of . Moreover, if w; = w?‘, we shall put w; = w;” = w?‘. Then, we use the Brydges-Baitle-
Federbush formula (e.g., see [13, 17]) saying that, up to a sign, if s > 1,

E (WP, WO (P)) = Y ] 0 it 0 ot [958 Gt = 30)] - e / dPr(t) det GMT(t) |
T leT

(3.80)
where T is a set of lines forming an anchored tree graph between the clusters of points x(* Uy (¥,
that is T is a set of lines, which becomes a tree graph if one identifies all the points in the same
cluster. Moreover t = {t;; € [0,1],1 < i,i’ < s}, dPr(t) is a probability measure with support
on a set of t such that t;; = u; - uy for some family of vectors u; € R® of unit norm. Finally
GMT(t)isa (n — s+ 1) x (n — s + 1) matrix, whose elements are given by

hT
Gij,i’j’ = tii/(sw;,wf(saf,al* [gas;};)(XZJ - Yi’j/)} p;’p? ) (381)

with (fi;,f?j/) not belonging to T. In the following we shall use (3.78) even for s = 1,
when T is empty, by interpreting the r.h.s. as equal to 1, if [P1[ = 0, otherwise as equal to
det G" = L (VM) (Py)).

Remark. It is crucial to note that G*7T is a Gram matrix, i.e., defining e, = e = (1,0)

and e_ = e| = (0,1), the matrix elements in (3.81) can be written in terms of scalar products:
h
tiirG g o[98 (x5 = yiri)] - = (3.82)
— (ul ® ewl— ® egl— ® A(X” — ) , Uy ® ew?— ® egl+ ® B(Xi’j’ — )) = (fa,gﬁ) 5
where
1 —ik'x
A(X):m S e V)1,
K€Dy |
1 _ik'x g -1
Bx)==— > e */fK) [Ah,lﬁw(k’)} . (3.83)
B8,L
The symbol (-, -) denotes the inner product, i.e.,
(ui e, Ve, ® A(x — ~),ui/ K e, ey @ B(X/ - )) =
=(u;-uy) (e, -ew)(es €y)- /dzA*(x —z)B(x' —z), (3.84)

and the vectors f,,gs with o, = 1,...,n — s + 1 are implicitely defined by (3.82). The
usefulness of the representation (3.82) is that, by the Gram-Hadamard inequality (see, e.g.,
[13]), |det(fa,gg)l < TI.llfallllgall. In our case, [[fal] < C9*"/* and |lgal| < CH"/2.
Therefore, ||fa||||ga]] < Cy?", uniformly in a, so that the Gram determinant can be bounded
by Onferl,YQh(nferl).
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If we apply the expansion (3.80) in each vertex of 7 different from the endpoints, we get an
expression of the form

VW (r,P) =3 /dxvo\I!( W (P )W p(x0) = Y VW (1, P, T) (3.85)

TeT TeT

where T is a special family of graphs on the set of points x,,,, obtained by putting together
an anchored tree graph T, for each non trivial vertex v. Note that any graph T" € T becomes
a tree graph on x,,, if one identifies all the points in the sets x,, with v an endpoint. Given
7 € Tp,n and the labels P, T, calling v}, ..., v;, the endpoints of 7 and putting h; = h,, the

explicit representation of WT(,}ZFZ,T@vo) in (3.85) is

3

(3.86)

i

{ H Sa s,)! /dPT ) det GhU’T (ty) [H 5wf,wl+5af,al+ [ga(jzl)(xl - YZ)]ppr‘| } )

LeT,

WTPT xvo [HK ih) Xv

notep

Analyticity of the effective potentials. The tree expansion described above allows us to ex-
press the effective potential V(®) in terms of the running coupling constants Cy,cp and of the
renormalization functions oy (k), tg o (k).

The next goal will be the proof of the following result.

THEOREM 2. There exists a constants Uy > 0 such that, if |[U| < Uy, then the kernels
Wz(lzw(xl,...,xm) in (3.58), h < —1, are analytic functions of U, satisfying, for any
0 <0 <1 and a suitable constant C > 0, the following estimates:

1
T|A| /dxl . dx2l|W2(;f;7£(xl’ CooXg)| < ,Yh(372l+0) (e |U‘)mam(1,l71) ) (3.87)

Moreover, the constants ey, and €, defined by (3.68) and (3.73) are also analytic functions of
U in the domain |U| < Uy, and there they satisfy the estimate |€y,| + |en| < CUyy"3+0),

Remark. The above result immediately implies the analyticity of the specific free en-
ergy fg(U) and of its zero temperature limit e(U), i.e., of the specific ground state energy. In
fact, by construction, fg(U) = Fy + Zgzhﬁ(eh +€p), with F an analytic function of U, see
the discussion after (3.36) and in Appendix B. Therefore, Theorem 2 implies the part of the
statement of Theorem 1 concerning the free energy and the ground state energy. For the proof
of analyticity of the Schwinger functions, see next Section.

PROOF OF THEOREM 2. Let us preliminarily assume that, for h < —1, and for suitable
constants ¢, ¢,,, the corrections zy, oy, o (k') and 7, (k') defined in (3.62) and (3.64), satisfy the
following estimates:

max {|zn, [6n]} < U™, (3.88)

sup  {[|3Ron (K], 1350 (K[} < e Uy "
[k/[s.t.xn (k") #0

Using (3.88) we inductively see that the running coupling functions ¢, ¢, sp(k’) and ¢, (k')
satisfy similar estimates:

max {[¢y — 1], [en — 3/2[} < |U], (3.89)
sup  {110% s (K], 110% th,w (K[} < e U IHT
|k’|s.t.xn (k") #0
Now, using the definition of g 7 see (3.72) and (3.66), we get, after integration by parts, for
any N >0,

(24n)h

[0zs05: 0529 Gea, 2], /| < Coxvin

3.90
T+ (e — e (3.90)
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where n = ng + n1 +ng > 0 and Cy, is a suitable constant.
Using the tree expansion described above and, in particular, Eqs.(3.75), (3.77), (3.85) and
(3.86), we find that the Lh.s. of (3.87) can be bounded from above by

Y X % [ e [T s0] 1)

n>17€Th,, PEPr TeT? leT* i=1

[Pug | =21
1
[ 1 S,n%gx\detc:”mﬂ(tv)\IIHg&’z’(xl—yz)M

v not e.p. : leT,
where ||-|| is the spectral norm and where T™* is a tree graph obtained from T' = U, T, by adding
in a suitable (obvious) way, for each endpoint v}, i = 1,...,n, one or more lines connecting the

space-time points belonging to x,x.
A standard application of Gram—Hadamard inequality, combined with the dimensional bound

on gﬁ,h)(x) given by (3.90), see the remark after (3.81), implies that

detGo T (b,)] < eXorma Pl =IPel=200 =) (3012, 1P =P =20 -1) (3.92)

By the decay properties of gﬁ,h)(x) given by (3.90), it also follows that
1 1 n 1 — Sp —
11 87'/ 1T dea =y llgs i =yl < e ] ™R Ro(ov=1) (3.93)
v not e.p. LeT, v not e.p.
The bound (3.37) on the kernels produced by the ultraviolet integration implies that

JERVGECE0) | (RIS | e (394)
=1

1ET*\U, T, i=1

where p; = |P,+|. Combining the previous bounds, we find that (3.91) can be bounded above

by

n
Sv

Y % ch[ 11 %vhv(zizl\Pui\f\Pulf:s(sfl))}“—[Cm

n>17€Ty , PEPr TET v not e.p. Y i=1
[Py |=21

U

%*1} (3.95)

Let us define n(v) = >

immediately preceding v on 7. Recalling that |I,| is the number of field labels associated to the
endpoints following v on 7 (note that |I,,| > 4n(v)) and using that

i+ 1 as the number of endpoints following v on 7 and v as the vertex

Sv

> {(; P,

v not e.p.

> (sv-1)=n-1, (3.96)

v not e.p.

) = 1P| = Lol = 1P

Sv

> (=m[(XIP

v not e.p.

Z (hy = h)(sy — 1) = Z (hy = hy)(n(v) = 1),

v not e.p. v not e.p.

)_‘qu = Z (hv_hv')<‘Iv|_|Pv|)a

v not e.p.

we find that (3.95) can be bounded above by

S5 N Y oGPl =Em

n>17€Ty, , PePr TeT
|Pyg =21

[ I1 %,,(hwhv/)(sﬂmuu\fsnw))}{ﬁcpi

vr i=1

U

%*1} . (3.97)
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Finally, let i(v) be the number of endpoints following v but not following any of the vertices
w > v and let p(v) be the number of field labels associated to endpoints following v but not
following any of the vertices w > v. Using the identities

,yhn H ,y(h,,—hv/)n(v) — H ,th,ﬁ(v) ,

v not e.p. v not e.p.
AP vl H =Rl o| — H APeP(v) (3.98)
v not e.p. v not e.p.

we obtain

1
m /dxl te 'dXQI‘Wéﬁ)B,g(le R 7X2l)| S Z Z Z Z Cn,yh(3*|Pv0D :

n>17€7, ., PEPr TeT
| Pyg =21

L —(hohy - p(v)—37 e ; pi_
I1 — (hu=hy ) (| P 3)“ || R 3n(v>>HHCpZ|U| : 1}. (3.99)

v not e.p. Y’ v not e.p. i=1

Note that, if v is not an endpoint, |P,|—3 > 1 by the definition of R. Moreover p(v)—3n(v) >0
and 37, o op. (P(v) —30(v)) > n; in particular, this means that there exists at least one vertex
v* that is not an endpoint, such that p(v*) — 3n(v*) > 1. Therefore, we get

[T At @@=sne) < e (3.100)

v not e.p.

with h. the highest scale label of the tree. Now, note that the number of terms in ), 1 can
be bounded by C" [, .t cp. So!- Using also that [P,| —3 > 1 and |P,| — 3 > [P,[/4, we find
that the Lh.s. of (3.99) can be bounded as

1
[l <O Y e o
- n>1 T€Th,n
(I Aty am0teshzy ST AR T oo F
v not e.p. PePr v not e.p. =1
[Pyg |=21

Now, the sum over P can be bounded using the following combinatorial inequality (see for
instance §A6.1 of [13]): let {p,,v € 7}, with T € T}, ,,, a set of integers such that p, < > " p,
for all v € 7 which are not endpoints; then, if o > 0,

1 > <ci
v not e.p. py

This implies that

UlFt < oo

S (I A0 [en
=1

PePr v not e.p.
| Py =21

Finally, using that "+ [] —0(hw—hy1) < 400 and that, for 0 < 0 < 1,

v not e.p. v

Z H 7*(1*9)(%*}%/)/2 <Ccm,

7€Th,n v nOt €.p.

as it follows by the fact that the number of non trivial vertices in 7 is smaller than n — 1 and
that the number of trees in 7}, is bounded by const™, and collecting all the previous bounds,
we obtain

1
FIA] /dX1 EE dX2z|W2(lff;&(X1, coyXop)| < AP P 1H6) Z crlor, (3.102)

n>1
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which is the desired result.

It remains to prove the assumption (3.88). We proceed by induction. The assumption is
valid for h = 0, as it follows by (3.37) and by the discussion in Appendix B. Now, assume that
(3.88) is valid for all h > k + 1, and let us prove it for k — 1. The functions —iziko + ox (k')

and Jx(ik] — wkj) + T . (k') admit a representation in terms of WQ(’;) (ww) (x,¥). In particular,
1
max{|zy|, [0} < m/dxldxﬂx - y||W2(,kg),(w7w)(x7 l, (3.103)
and

1 3
sup  {][9f 0w () 1,05 e (K[} < 7 / dxdxalx — y|" WY | xy)l-
K/ |-tk (k') 0 BIA| B
(3.104)

The same proof leading to (3.102) shows that the r.h.s. of (3.103) can be bounded by the r.h.s.
of (3.102) times v~ (that is the dimensional estimate for |[x —y|), and that the r.h.s. of (3.103)
can be bounded by the r.h.s. of (3.102) times 2= (nt2)k (where 4~ F+2) is the dimensional
estimate for |x — y|"*2). This concludes the proof of Theorem 2. |

D. The two point Schwinger function

In this section we describe how to modify the expansion for the free energy described in
previous sections in order to compute the Schwinger functions at distinct space-time points.
For simplicity, we shall restrict our attention to the case of the two point Schwinger function.
The general case can be worked out along the same lines.

The Schwinger functions can be derived from the generating function defined as

W(p) = log/P(d\Il)efv(d’Hf (61 0 VootV 00500 (3.105)

=

x,0,p are Grassmann

The two—point

where summation over repeated indices is understood and the variables ¢

variables, anticommuting among themselves and with the variables WS .

Schwinger function S(x —y), » def Sa(x,0,—,p;y,0,+,p") is given by

62

= —F/—F—W(9)
06500005 o

S(X—=¥)p,p (3.106)

¢=0"
We start by studying the generating function and, in analogy with the procedure described
before, we begin by decomposing the field ¥ in an ultraviolet and an infrared component:

U = @) 4 glir) with §{7)% = P PR EDE  After the integration of the W(w-v.)

variables, and after rewriting ¢,  =>7 . eiﬁfqﬁfﬂ, » We get:
V) = PINFR+SE (6) / Pyg.a, (A0E0) (3.107)

VO @EY) O W=, o)+ [ dx[oF ., WED L AUED 00, ]

where S(Z% () (chosen in such a way that S(Z%(0) = 0) collects the terms depending on ¢ but
not on (=9 and B(O)(\II(SO), ¢) the terms depending both on ¢ and U(=0) generated by the
ultraviolet integration.

Proceeding as in Section IIT C, we inductively show (see below for details) that, if h < 0,
e™(®) can be rewritten as:

V) _ —BIAIFL 45 (9) / Py a, (ATED). (3.108)

.efv(h)(\I/(Sh))fB(h)(‘Il(Sh), ¢)+f dk’ |:¢;+ Q(’lJrl) \i,(ﬁh)* +\i,(§h>+ Q(h'+1)

k/,o,p,w “k/ w,p,p! "k o,p @ k/,o,p,w k/,w,p,p/d)k’-,o,ﬁ’,w}
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where: [ dk’ must be interpreted as equal to (3]A[)~! ZkeDg i BM(W(=h) ) can be written

as B(h)( pl=h)) 4 WI({L), with WI(%h) containing the terms of third or higher order in ¢ and
B(h)(\Il( )) of the form

h <h h <h
[ (61 v G, VO | VD) | gl 4

+
,Pl’Pz (<h)+ (<h)— w,p1,P2 $0,02,W
a\I/ ,O,p2,w a\II ,0,P1,W

(3.109)

82
h+1 h (<h h+1 _
+¢ 101,P1,W1 Gc(m,m),ﬁz * 8\11(21)/;2 W18\1'~(,%g,);;,w2 RV )(\II )) GL(JJ27P3)7P4 * ¢-,02,P47w2 )
with
(h+1) ry — A (k) A (k)
GO0 = 3 i 000, (3.110)
k=h+1
and Qk, w.pp! defined inductively by the relations
A (h) _ Alh+1) (h+1) (1)
K wpp = Qo pp VV2 o (k’)Gw P (k') W owpp = Oppt > (3.111)

where W is the kernel of LV as defined in (3.61). In (3.110), gf}’ is defined as

2,p,w
u.v. W % 1 —Ww
G () = g (6 +p) | LK < I+ p = prell) + 5 LK | = K +p% —pIl)]

where p% def (0,p%). Note that, by the compact support properties of g(h)(k’) if ¢ 5P (k') #0,
h < 0, then ) (k) = 0 for |j — h| > 1, so that
A(h h A (h+1
(h) 17W( ) )(k') (h+1) (k’) (h+1)

K ,w,p,p’ 2,0,p1,(w,w w,p1,p2 k' ,w,p2,p"

and, therefore, proceeding by induction, we see that on the support of gﬁf’) (k") we have

Qi — U < CUR™ . IR QELI < CalU 0" (3.112)

In order to derive (3.112), we used Theorem 2 and the decay bounds (3.90).
Using (3.112), the definition (3.110) and the decay bounds (3.90), we find that

[axix 16060l < € (3.113)

Let us now prove (3.108). We proceed by induction. For h = 0 (3.108) is clearly true (it
coincides with (3.107)). Assuming inductively that the representation (3.108) is valid up to
a certain value of h < 0, we can show that the same representation is valid for h — 1. In
fact, we can rewrite the term V) in the exponent of (3.108) as Y = £y®) 4 RY(M as in
(3.60), and we can “absorb” LV™ in the fermionic integration, as explained in Section ITIC,
see (3.63)—(3.65). Similarly we rewrite

0 )

_ 7y p(Eh)y — (h) (<h)F 0 ) g (<h)

Sy T V(W )7/ YW (o0 () (K5 Y VT + oz RV WEY) | (3.114)
TP X,0,0,w

This rewriting induces a decomposition of the first line of (3.109) into two pieces, the first
proportional to Wg(h), the second identical to the first line of (3.109) itself, with V() replaced
by RV that we will call RB;}L)(\I/(S}‘)). We choose to “absorb” the term proportional to

WQ(h) into the definition of Q") and this gives the recursion relation (3.111). Moreover, note
that combining RBY" (¥(=M) with RV (W(<M) we find:

Ry(h)(\p(éh)) + RBéh)(\I/(Sh)) — RV(h)(\Ij(Sh) + D o) + WI(%h

)

), (3.115)
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with ngi containing terms of third or higher order in ¢. We define W%L) = WI(%h) + Wg?
After these splittings and redefinitions, we can rewrite (3.108) as

V() :e—mA|<Fh+eh>+s<2h><¢>/pXHAhfl(d\p(Sh*l))/Pf,_l’zh_l(d\w)) - (3.116)

Rv(h)(ly(<h)+c(h+l)*¢) W(h)+fdk/ [tﬁ;r,QL’f)‘1’(<h)_+‘1’(<h)+Q(h)¢' }

Integrating the field ("), we get the analogue of (3.73):
/ Pioig,  (d0™) RV W EN LG ag) W [k [3, Q0 BEY T HE Q]
n An—1

PO DG g [ Q0™ 00 b Wi (3117

o+t AP G (Sh=1)— | G (Sh=1)+ A(h) 7—
.ef dk [(bk’Qk’ Vi T Qs ¢k’] ,

with G(") defined by the recursion relation (3.110) and W}(%h; Y a term of third or higher order
in ¢. Eq.(3.117) can be proved by making use of a formal change of Grassmann variables
U, = Uy — g™ (k’)Ql(c )y, as described in Ch.4 of [2 [2]. At this point it is straightforward to

check that the final expression for €"V(#) that we end up with is given by the r.h.s. of (3.108),
with h replaced by h — 1, and the inductive assumption is proved.

From the definitions and the construction above, we get

Sppr(x—y) = Z e PrEIg, o Z e D). (3.118)
w==%
1
’ Z [(Q( w,pP;pP1 g&hgl P2 Qiﬁzzm’ﬂx - y) (G(}fz) P1 WQ}zpll?Oz) (Wﬁw) Gfﬂ )P2 P’ )(X N y)} '

h=—o00

Analyticity of S, ,(x —y) follows from this representation and the results of Theorem 2.
Concerning the representation (2.10), let us take the Fourier transform of S, , ,(x —y). If we

define hyx = min{h : A(h)(k’) # 0}, we get, for k' inside the support of \I/k, 0

0, 0,W
hr+1 . )
SW PP k/ Z Qg),w,p plgw,phpz (k,)(J)Ql(j’),w,pg,p’ -
Jj=hk
Sy (G-1) ()
Jj—1 / J ’
> G L WOW Y )G () (3.119)
j=hx

which readily implies (2.10): in fact, using the explicit expression of gc(uh) and the inductive
bounds on Q™ see (3.112), it is easy to see that the term in the first line of (3.119) can be
written as in (2.10) and that their only singularity is located at k" = 0.

The contributions from the second line can be bounded using the bounds on Wz(h) proved
in Theorem 2, and we find that they can be bounded by C|U|y™ (=% which means that
they only contribute to the error term appearing in (2.10). This also implies that no other
singularity, besides the one at the Fermi points, can be produced by such terms.

Finally, if k does not belong to the support of U(=0) we can write

Spopr (k) = S8 (k) = g (x — ) — (987 % Way () * 955 (x — ), (3.120)

with W5, , defined by (3.35). The bounds discussed in Section IIIB and Appendix B imply that

Sl()“,;f)')(x —y) decays faster than any power, so that no singularity can appear in its Fourier

transform.
A similar expansion can be obtained for higher order Schwinger functions, but we will not
belabor the details here. This concludes the proof of Theorem 1. u
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Appendix A: The non-interacting theory

In this Appendix we give some details about the computation of the Schwinger functions of
the non interacting theory, i.e., of model (2.1) with U = 0. In this case the Hamiltonian of
interest reduces to

HO’A - Z Z ( Zo ﬂ+5“0' +b§+g¢,oa;ﬂ> ’ (Al)

TEN o=
1=1,2,3 Tl

with A, afa, bi+ defined as in items (1)—(4) after (2.1).

First of all, let us remlnd that, being Hy s quadratic, the 2n-point Schwinger functions satisfy
the Wick rule, i.e.,

(T{Wg o VARSI B = —detG,

X1,01,P1 Xn0n,Pn Y1,01,P7 Yn70'4,‘,p;b ﬁ,A

Gij = 000 (T{US, 0., Oy, B (A-2)

Y
Xi30i5Pi Yis0;P; 8,A

Moreover, every n-point Schwinger function S2™(xy,e1,01,p1;...;%Xn,En,0n,pn) Wwith

>, & # 0is identically zero. Therefore, in order to construct the whole set of Schwinger func-

tions of Hy_y, it is enough to compute the 2-point function S5 (x—y) = (T{v;,,¥ y o }>B,A’

and in order to do this, it is convenient to first diagonalize Hy s. Let us proceed as follows.
We identify A with the set of vectors in a fundamental cell, and we write

A:{nld’l —|—Tl262 : 0§n1,n2§L—1}, (A3)

with @ = 1(3,V3) and @ = 1(3,—v/3). The reciprocal lattice A* is the set of vectors such

that /K7 — 1,if £ € A. A basis 51, 52 for A* can be obtained by the inversion formula:

(bn b12> — 9 (an 621>1 (A.4)
bo1  bao a12 a2 ’
which gives
- 2 - 2w
= 3(1,\/3) , by = —(1,—V3) . (A.5)

We call Dy, the set of quasi-momenta k of the form

F= @gler?

7 bo mi, My € Z s (AG)

identified modulo A*; this means that Dy, can be identified with the vectors & of the form (2.2)
and restricted to the first Brillouin zone:

DL:{];:71)1+752 : Ogml,mggLfl}. (A?)

f(@) = A > e (k) (A.8)
EE'DL
which can be inverted into
fky=> e ™ f(@), keDy, (A.9)
TEA
where we used the identity
3 R = Al 5 (A.10)
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and ¢ is the periodic Kronecker delta function over A*.

We now associate to the set of creation/annihilation operators aq bi : the corresponding
set of operators in momentum space:
1 e 1 RSN
+ _ - +ikZ ~+ + _ +ikZp+
Az, = Al Z e ba?+51,a = e bE,o . (A.11)
keDy, keDy
Note that, using (A.8)—(A.10), we find that
At Fik@, + . Fikdp+
iy = Z et az bE,o = e bf+31,g (A.12)
zeA TEA
are fermionic creation/annihilation operators satisfying
{a%7a,a%/7a,} = \A|5,;,,;,687_5/6070/ , {bs o k/ = \A|5k w0e,—e'00.0 (A.13)
and {aﬂ o k, .} =0. With these definitions, we can rewrite
_ + - + -y _
Hoa=— > D (ag,b 5 +bl5 a5,)= (A.14)
TEN o=T]
i=1,2,3

+zkx —zk( F+8;—81) At 71— —ikT +1k( +8;—01)7+ A— _
|A‘2 Z Z Z aE o'bE/,a' te bE’,UaE,U) -

ZEh, o=l R eD,

_ *at be oA
- |A‘ Z Z E I; UkbE,aaE,a) ’
kepp o=T!
with
S LA ok, V3
UE:Ze’( im0k — 1 4 9702 ICOSTk‘Q . (A.15)
i=1

The Hamiltonian Hy o can be diagonalized by introducing the fermionic operators

N an

a .
o= e Vgl

in terms of which we can re-write

U E,o

Bry = - IZJ ‘5;;,07 (A.16)

Hon = |A\ Z Z |’UE|‘5‘£’U&E,U + |'UE|B%:UBIQU) ) (A.17)
kepp o=T1l
with
gl = \/(1 + 2cos(3k1/2) (308(\/3162/2))2 + 4sin?(3k1 /2) cos?(V/3k2/2) (A.18)

which is vanishing iff k = p%, w = &, with

2r 27w
e = (—,w——) . A.19
¥ = G (A.19)
Now, for Z € A, we define af = A7 e, ei“;fAEU and B;U = A7 Ygep, € i“”ozk ;
moreover, if x = (xg, ¥) we deﬁne ozi = eflo, Afoozi ye Hoaroand gF = eHO‘A””Oﬂ;ae_HO A%O,
A straightforward computation, see, e.g., Appendlx 1 of [2], shows that, if =8 < zo —yo < 3,
(Tfog,05 1), ) = (A.20)
So.00 iR G- e(@o—vo)|vgl e(@o—vo+8) vzl
= e T(xg—yo>0)————— — M (z0— 9o <0 7}
A 2 ¢ 10— >0) gz i U L s e 7

keDy,
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- gt _
<T{ﬁx By ot gn = (A.21)
~(zo—yo)lvg —(zo—yo-+8)lvg]
_ —ik(Z—7) _ e R _ ;}
B IA\ "D [ (0 =0 > 0) =g — (w0 — 90 < 0) =57
kEDL

and (T{ay Gﬁ;ra >BA = (T{fy a5 oy >B = 0. A priori Eq.(A.21) and (A.22) are defined

only for —3 < xg — yo < 3, but we can extend them periodically over the whole real axis; the
periodic extension of the propagator is continuous in the time variable for xo — yo & 5Z, and it
has jump discontinuities at the points xg — yo € SZ. Note that at xg — yo = On, the difference
between the right and left limits is equal to (—1)"dz 7, so that the propagator is discontinuous
only at x —y = 8Z x 0. For x —y & 87 x 0, we can write

b , 1
T{ay o lim 22 ey L A22
(T{oso0y o H)sn = ,im Zo ; T (A.22)
5 , 1
T{By o5 o = lim 2 P e S — A.23
< { s Y, >57 M—oo ﬂ|A| kE;BL *Zko + |UE| ( )

Note indeed that for xg — yo & B7Z the sums over ko in (A.22) are convergent, uniformly in M;
if 29 — yo = Bn and & # ¢, the r.h.s. of (A.22) is equal to

1
(o T{ag ,af,, I T{05,05 0 1), 0 ) = A24
3 (L, Jim (Tloggadohy o+l (Plagag o), (A.24)

= (T{ax

X,0 ya >5,A To—1o=Fn :

A similar remark is valid for (T{5; Jﬂy o > . If we now re-express aif , and G, in terms of
af  and bt using (A.16), we get (2.6). Note finally that if x =

X,0 x+81,07

. 1 0 —v*(E)
Mlﬂooﬁw 2 = 3 k§+|v(E)2(—v(k) 0 > (A.25)

kGDﬁ i kGDﬁ’L

so that the dlagonal part is vanishing; on the contrary, using (A.16) and the fact that
+
< ko’ﬁk' /> </Bka k’ />ﬁA —O we get

a s
-, —.

- _ - _ Lo+ + _
So(07,0)1,1 = So(07,0)22 = —§(<041004£,a>57[\ + </6§;’7o-ﬂf,a'>ﬁ7[\) =

Blugl —Blogl 1
- Z (—— ) =5 (A.26)
2\A| 1 + ePlvgl 1+6_5|UE| 2

and this explains why there are no quadratic terms in V(¥), see (3.19).

Appendix B: The ultraviolet integration

In order to prove Eq.(3.35)—(3.37), a simple application of (3.80) and determinant bounds is
not enough, because g(“'“‘)(x) does not admit a Gram representation, which is a key property
needed for the implementation of standard fermionic cluster expansion methods. As mentioned
in Section III B, a way out of this problem is to decompose the ultraviolet propagator into a
sum of propagators, each admitting a Gram representation, and performing a simple multiscale
analysis of the ultraviolet problem, in analogy with the standard strategy for ultraviolet prob-
lems in fermionic Quantum Field Theories [9, 14]. This multiscale analysis is very similar to
(but much simpler than) the one describe in Section IIIC; it has been performed in several
previous papers [3-5] and it is reported here for completeness.

Let M be the integer introduced after (2.6), and let us write

h M

gt v) Zg(h) (B.1)
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where

(h) Z fuv Hh kO) gk ’ <B2)
kEDg L

with Hy (ko) = xo(ko|), Hn(ko) = xo(7~"*ko|) —x0(7~"*2|ko|) and hys is the smallest integer
such that f,., (k)H;(ko) = 0 for all j > has (note that has ~ log(M/3)). Note that g/ (0) = 0
and, for any integer K > 0, g™ (x) satisfies the bound

Ck

M (x)] <
9 O < T o s 7 R

(B.3)

where | - |5 is the distance from the origin on the one dimensional torus of size §, while |- |5 is

the distance on A. Moreover, ¢'® (x) admits a Gram representation: g (x —y) = [ dz A} (x —
z) - Bp(y — z), with

M6 = i 3 VI (5 1)

5' keDe 1
Bi(x) = Z fu‘v.(k)Hh(kO)e_ikx< ko, _9*@) (B.4)
keDgL —v(k) iko
and
l4nlP = [ dalan@ <Cv¥ 1Bl < 0 (B.5)

for a suitable constant C.
Our goal is to compute

_ _ (i.r) .
e PIMFo—V(TT) — i
M —oo

P(dDLhl)eV (e wtt iy (B.6)

where P(dWwlhm ]) is the fermionic “Gaussian integration” associated with the propagator
ZZfl g™ (k) (ie., it is the same as P(d¥(*“v))). We perform the integration of (B.6) in
an iterative fashion, analogous to the procedure described in Section IITC for the infrared
integration. We can inductively prove the analogue of (3.57), i.e

e*ﬂ‘MFU* (\1,(7 r)) ,B‘A‘Fh /P(d\:[l[l’h])ev(h)(q,(i.r.)Jr\I,[l,h]) (B?)

where P(dW!™]) is the fermionic “Gaussian integration” associated with the propagator
Sh_ M (k) and

n

h 1,h [1,h 1,h]— (R)
V( ) lI/[ ] ZZ/ 1 dXzn [H xzy]tff/’ﬂm I‘IIL2j7]Uj)p21 WQ” P(Xl""’xzn) ’

n=1 p,o Jj=1
(B.8)
In order to inductively prove (B.7)-(B.8) we simply use the addition principle to rewrite

/P(d\:[l[l,h])ev(h)(\I’(i'r')+‘l’[1’h]) :/P(d\p[l,hfl])/P(d\:[}(h))ev(h)(\If(i'r')+\11[1’h_l]+\11<h)) (Bg)

where P(d¥) is the fermionic Gaussian integration with propagator ¢(*) (k). After the inte-
gration of ¥) we define

ev(h—l)(\P(i.r,)+ql[1,}z—1])_BlA‘Eh _ /P(d\Il(h))ev(h)(‘I,(i,r.)_,’_\lj[l,h—l]+‘I,(h)) ’ (B.lO)
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which proves (B.7). In analogy with (3.74) we have

1
e+ V(W) =S E(—l)"ﬂé’g(v(h)(\l/ +0™)in) . (B.11)

n>1

As described in Section IIIC, the iterative action of EhT can be conveniently represented in
terms of trees 7 € Tas;n,n, Where Tps,p  is a set of labelled trees, completely analogous to the
set 7y, , described before Eq.(3.75), unless for the following modifications:

1. a tree T € Tpr.h,, has vertices v associated with scale labels h +1 < h,, < hy + 1, while
the root r has scale h;

2. with each end-point v we associate V (W-"M]) with V() defined in (3.19).

In terms of these trees, the effective potential VW 0 < h < hyy (with VO (W) identified
with V(T(7))), can be written as

VO + AR =3 D, VP e, (B.12)

n=17€Tn;n,n

where, if vy is the first vertex of 7 and 7,...,7s (s = s,,) are the subtrees of T with root vy,
VW) (7, WL s defined inductively as follows:

i) if s > 1, then
Y (7, GlLHy — (- 1) 5h L [POFD (g AP0 gluaty] (B13)

where VD (7, Wl h+1]) is equal to V1 (7, WL+ if the subtree 7; contains more
than one end-point, or if it contains one end- pomt but it is not a trivial subtree; it is
equal to V(UL H1) if 7, is a trivial subtree;

ii) if s = 1, then V) (7, W(SM) is equal to &L, [V (ry, WA+ §f 7 is not a trivial
subtree; it is equal to &L, | [V (W) — v (ELA)] if 74 is a trivial subtree.

Note that, with V() defined as in (3.19) and with the present choice of the ultraviolet cutoff
(such that (") (0) = 0), we get &L, | [V (A1) — V(WlLA)] = 0. This implies that, if v is not
an endpoint and n(v) is the number of endpoints following v on 7, and if 7 has a vertex v with
n(v) = 1, then its value vanishes: therefore, in the sum over the trees, we can freely impose the
constraint that n(v) > 1 for all vertices v € 7. From now on we shall assume that the trees in
Tor;h,pn satisfy this constraint.

Repeating step by step the discussion leading to (3.77), (3.85) and (3.86), and using analogous
definitions, we find that

VW (-, P) / o WP L (x) = SV (P, T), (B4
TeT TeT
where
J(Eh) _ <h)e(f)
VED(R) = T O oo (B.15)
fer,
and
W r(Xe,) = { H /dPT ) det GM T (¢ H 8- o+ [9™(x1 - yl)]pl_ﬁ”_
note. p. leT,
(B. 16)

Moreover, G"T+(t,) is a matrix, analogous to (3.81), with §_ o replaced by 1 and gwl
replaced by ¢(™.
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h  h+l h, h, -1 h, H,+1

FIG. 2: A tree 7 € Ts;n,n With its scale labels.

As in the proof of Theorem 2, we get the bound

1
m/d}q~~-dx21\W2(l}f;(X1,...,X21)|SZIU\" Z Z Z/ H d(x; —y1) -

n>1 TETI\/[;th “_1?67‘9_7'% TeT leT*
vo 1=
“ 1
| [H [ ] | l IT e fdeeG™ ()] TT [0 6~ yz>H] (B.17)
=1 v not e.p. leT,

and, using the analogues of the estimates (3.92), (3.93) and (3.94), taking into account the new
scaling of the propagator, we find that (B.17) can be bounded above by

D ZC”IU\"[ 11 Sivﬂfwsﬂ)}_ (B.18)

n>17€Tyh,n PEPr TET v not e.p.
[Pyq |=21

Using (3.96) we find that the latter expression can be rewritten as

Z Z Z Z Cm,|U|n,th(n71)[ H %V*(hv*hv’)(”(v)*l)} , (B19)

n>1717€Ty.nn PEPr TET v not e.p. ~ V"
T Pyg =21

where we remind the reader that n(v) > 1 for any 7 € 7Taz,p,n. Performing the sums over T, P
and 7 as in the proof of Theorem 2, we finally find

1
m/dxl.--dx2l|W2<l’j;(x1,...,x21)| < C|U|maxitn=1} (B.20)

which is a special case of (3.37). The proof of the general case is completely analogous.

Appendix C: Graphene as asymptotic infrared massive QFE D21

In this Appendix we describe the relation between 2D graphene and a regularized version of
euclidean QFE Ds;q with a massive photon, massless dirac fermions and an ultraviolet cut-off.
Let us first introduce the model of regularized QE Do and let us next describe its connections
with the graphene model described in this paper.
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We consider the following generating function for euclidean QE Doy 1:

eWL’a(J’ 4)) — /P(d¢)P(dA) ef dx(e()Au‘x"Z}X"fu"/}x‘i’Ju,x"Lx’Yul/}x“F(ﬁx@Zx’i’&xwx) , (Cl)

where:

1. if ¢ is the speed of light, [dx is a shorthand for adc! erAa’
and A, is a periodic lattice of side Lc™! in the time direction, of side L in the two
spatial directions, and with sites labelled by xg = ngac™', £ = la, with La~! integer and
ng=0,....,La ' =1, p=0,1,2;

a is the lattice spacing

2. summation over repeated indices u = 0, 1,2 is understood;

3. eg is a constant, J, and ¢ are the external fields, and vy, are euclidean gamma matrices,
satisfying {v,,7,} = —20,,, and defined as

0 (o) 0 g2 0 g1
Yo = —1 ( ) ) T = ( > ) Y2 = ( ) ) (02)
g0 0 —02 0 —01 0

with o,, p = 0,1, 2, the Pauli matrices:

1 0 0 1 0 —2
00=< ), 01=< ), 022( ); (C.3)
0 1 1 0 i 0

4. 1y is a 4-components Grassmann spinor of components 1y ;, i = 1,...,4; moreover,
VYx = 1}y, with 97 a Grassmann spinor of components 1} .
;

5. let D be the set of space-time momenta k with kg = 2mcL™(mq + 3), k= 2nL 'm,
with m, =0,1,...,La™ — 1, p = 0,1,2; if we define z/;lfz =aPc Y en, €7y, the
fermionic integration can be written as

4
Plav) = | TT T op { - oy 3 xa (ki ken . ()
keDi=1 keD

where k = v,k,, c is the speed of light, Z is the wave function renormalization, N is a
normalization constant and xg is the cut-off function introduced in Sec.III B;

6. A, x is a euclidean gaussian boson field associated to the gaussian measure P(dA) with
covariance

c —1 X— X p
Vpp(X—y) =0pv(x—y) = 5uuﬁ Z e~ ol y)pQO—E—AML , (C.5)
peD

with M > 1 the “photon mass”.

Integrating out the gaussian boson field, we can rewrite:

GWL,a(Ja¢) _ /P(dw)e—v('(l’)'i‘f dXJ;L,x'lZ}x'Yulbx"Ffdx(¢x1ljx+<$xwx) , (06)
where

V) = =D [ ixdy Gpetx = )yt 1)

The four dimensional version of the above model was studied in [18] by RG methods; the analy-
sis (that can be repeated for the three dimensional model considered here without any relevant
difference) is essentially identical to the one described in this paper for the 2D Hubbard model.
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Note in particular that, identifying the spinor 1/Azk with (\i/k,o,l,% \ilk,0727+, \ilk7o727_, \ilk@l’_),
both the fermionic integration P(dy) and the effective interaction V(i) are invariant under a
number of symmetries, analogous to (4)—(8) of Lemma 1, i.e.,

(4) \?(ko Fika),olw \ijﬁg,kg,kl),a’ﬂ,w7 @ao,krz,kl),o,&w - (q:iw)\ilao,kl,kg),a,l,w;

(5") \Ili “koo.p—w» € — €7, where ¢ is a generic constant appearing in P(d¥) and/or
in V() A

(6.a) ¥ (ko k1 ,ka),0, 1w \D(ko —k1,k2),0,2,w

(6. b)A (ko,k1,k2),0,p,w \i/(ko k1,—k2),0,p,—w’

(7) \I’(i Bape ™ iqfﬁo’ ﬁ),g,p,w'

&) T 20 = VT iy o

It is important to note that, in addition to the symmetries (4’)—(8’) above, QFEDsi1
also admits extra symmetries, related to its relativistic invariance, which have no counterpart
in the Hubbard model, e.g.,

(9) Yk — e%[WWl]wR;lk, U — &Rglke*%ho’m, where Rgk = (kg cosf — ckq sin6, kq cos 6 +

c Ykosinf, ko). Note that in the limit L,a™! — oo, there is no constraint on the choice of 0,
while for finite L and a we are forced to choose 8 = 7/2. The proof of the invariance of the
model under the symmetry (9’) is a simple consequence of the remark that

e_%ho’“](%, Y, vg)e%["’o’"“] = (y9cos@ — 1 sinf , vy cosf + ypsinb ,v2) (C.8)

which implies that ), . Vi Kty is invariant under (9°). In particular, if # = /2, in terms of
the components \i/k,p,[,}w of the spinor, (9’) reads as follows:

. 1 ‘ .
W (ko k1 k2),00000 — 75(00 +002) p,0r ¥ (e, — =1 ko k2), 000w 5

+ + :
\Il(k(),kl,kz),mm \/5\11(0761,*0 Yko,k2),0,0', UJ(UO + 202)p,’p ’ (09)
This symmetry also implies that the kernels of the quadratic part of the effective potentials

have a special structure. In fact, repeating the proof of Lemma 2, using symmetries (4')—(8’),
and if W2 (prp2) 0 (k) is the kernel of the quadratic part of the effective action at scale h, we

find the analogue of (3.62):

/ (h) . —izhko 5h(ik‘1 — wkg)
k ak/W ,(p1,02), W(O) B <5h(zk1 — wkg) 7Z‘tho ’ (ClO)
P1,P2
On the other hand, for QFE Ds41 we also know that
A —izpk On(iky — wka) \ 2
VA - LZhi%0 h BN 2 ) Uy C.11
1%1:7 k.o, w <5h(—2k1 — wky) —izpko k.o, ( )

must be invariant under (C.9), which implies czj, = 6y, i.e., the speed of light is not renormalized.

The same proof shows that if, in relativistic notation, >°, vk, W, ¢y is invariant under (4’)-
(9), then W, = C~,, for some constant C. This is precisely the same as in four dimensional
euclidean QED. Therefore, we can repeat step by step the construction in [18] and, in particular,
we find that the following Ward Identity (WI) is valid:

iZeoPyu (Jup; Vk¥k—p) = €[ (Yk—p¥r—p) — (Vx¥x) | (1 + Ho(k,p)) , (C.12)
where:
L (jupi ite—p) = [ dx [ dze”PE kY (5, apiby), with
PWL o(J, 0)

] z; X_ = 1 b
<]N1 (& 1/Jy> L’ajgrim aqﬁx(%y&fw

oo’ (C.13)
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similarly,

PWra(J,
<1/)x1/)y 73 Z —ik(x—y) <¢k¢k> M

lim = o (C.14)
= La~l—oo  O0¢px0¢y |1J=¢p=¢=0

2. e =eg—ciel + O(e]), with ¢y a suitable constant;

3. the correction Hy(k, p) is such that, for momenta k, p, k — p all on the same scale h (i.e,
all belonging to the support of f,, for some finite h < 0)

|Ho(k, p)| < Cle[y"" (C.15)
for some 0 < 0 < 1.

Note that the above WI differs from the formal WI obtained by neglecting the ultraviolet
cut-off, because of the presence of the renormalized charge e = eg — ciej + O(ef) and of the
correction Hy(k, p).

There is a strong connection between the above model and the Hubbard model. Indeed from
(3.120) we know that

Sex—y) =5 —y) + 3 e TFEDS(x—y). (C.16)
w==%

where S (x —y) is given by the sum in the second line of (3.118) restricted to h < 0, and
1SM(x —y)| < Clx —y|=27 for |x — y| > 1; this means that, for large distances, S() is
asymptotically negligible with respect to S&SO) (x—y).

By (2.10) and the construction in Sections IIIC and IIID, we expect that the Grassmann

spinor (\Ill(( f)l o \Ilff(g)z,Jr, \ill(fgoéf, \ill((gao)lf) plays the same role as the spinor ¢k in the QE Do 4

model. In order to make this intuition precise, it is convenient to combine Sfo) (x —y) in the
following matrix

(£0) (o _
G(x—y) = ( S<<0>T(2X_y) b ”) , (C.7)

where S"(USO)T is the transpose of SU(JSO). G(x—y) will play the same role as the correlation ijiﬁﬂ
defined in (C.15), in a sense to be made precise below. Similarly, the role of (j, ,; ¥xty) will
be played by the correlation Sz 1., (z;x,y), 4 =0, 1,2, defined as

5271%H(Z;X?Y) = <T{\I/xap y,o,p0 \112—(7, M‘Ilz_,a,-}> <T{\le0'p y,o,p0’ }> ' <‘l’2_, \Ilz_a, > .
(C.18)
By an analysis similar to the one in Section III D, we get

So (i x,y) = SSH (2%, y) + S5, (Zx,y) + Sy, (2%, y) | (C.19)

where the first term is asymptotically negligible with respect to the last two for large distances.
The terms S;:lm(z; x,y) and S;;.,(2;%,y) correspond to contributions to the correlation func-
tion coming from the infrared integration, whose computation requires, as in Sections III C and
IIID, the decomposition of the infrared field into the sum of quasi-particle fields indexed by
w = + and supported, in momentum space, around the two different Fermi points pF By the
compact support properties of the infrared fields, in the terms contributing to 5'2 1 #(z X,y),
the quasi-particle indeces corresponding to the ﬁelds located at z are the same, and will be
denoted by w,; similarly, the quasi-particle indeces corresponding to the fields located at x and
y are the same, and will be denoted by wyy. Finally, S5, ,.(z;%,y) is defined as the sum of
all the contributions such that w, = wyy, while 52’1;# (z;x,y) corresponds to the terms with

Wy = —Wwxy. By construction, 52+,1;,L(Z3 X,y) can be written as a sum over two terms:

S;'lu Z;X,y) Z e~ Pr (T y)S;:LMw(Z;X,y) (C.20)
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and we can combine such terms in a single matrix
G+ .
1 0 SZ,l;;L,+(Z7X7Y)

Lu(z;x,y) = ANE Z ¢iP2e—ikx PV (p k) =
k,p

o+, T
S;,l;/i,f(z;xv y) 0

(C.21)
It is clear from the multiscale construction of these correlation functions that, with a proper
choice of the parameters, such matrices are asymptotically close to the Schwinger function of
the QE D511 model seen above, as explained by the following theorem, which is, in fact, a
corollary of the analysis in the previous sections and of a finite dimensional fixed point argument.

Theorem 3. Let U and ey be small enough. It is possible to choose Z and ¢ in (C.1)-(C.5)
as functions of U,eg, M and v(0), so that, if k,p,k — p are all on the same scale h (i.e., if
agy"~" < [k, |pl, [k - p| < apy" ™, h < 0),

G(k) = (¥uth) (1+0("")) (C.22)
Fu(k7 p) = ZM <357 ¢k1/;k+13> (1 + O(Veh)) ’ (C'23)

where Zo and Zy = Zy in (C.23) are suitable constants, depending on U,eq, M and v(0) and
0<6<1.

Theorem 3 says that, by choosing the wave function renormalization and the velocity of light
in the QED model as suitable functions of U, ey, M and v(0), its two point Schwinger functions
coincide with the ones of the Hubbard model, up to corrections which are negligible at small
momenta. With this choice of Z and ¢, the vertex functions of QE Doy are asymptotically
proportional to those of the Hubbard model; moreover the vertex functions Zy 1 2 are such that
Zy # Z1,2, because the interaction in the Hubbard model is not invariant under the symmmetry
(9). An explicit computation of lowest order contributions shows that Zy — Z; = aU + O(U?),
with a # 0 a suitable constant.

Theorem 3 implies that the Schwinger functions of the 2D Hubbard model on the honeycomb
lattice obey to a Ward Identity analogous to (C.12), as it follows by combining (C.12) with
(C.22)—(C.23). This is true not only in the free case U = 0 (in which case the WI can be verified
by a simple explicit computation) but also, remarkably, in the interacting case. Note that, with
respect to the WI for QED, the WI for the Hubbard model is modified by the presence of some
proportionality constants, which take into account both the relativistic renormalization of the
charge and the fact that the Hubbard model breaks some relativistic symmetry.

Let us conclude by remarking that, while here the WI can be proved a posteriori of the
construction of the correlation functions, in the presence of Coulomb interactions the validity
of an analogous WI is believed to play a crucial role in the construction of the model itself, as
in one dimension [17]: in fact, in that case, the interparticle interaction becomes marginal in a
RG sense [11] and the presence of WIs is a key ingredient in the control of the flow of the beta
function equation, as in QED or in the Luttinger model.
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