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We perform a rigorous computation of the spin and charge density correlations of the 1d repulsive
Hubbard model at weak coupling, focusing on the properties of the Fourier transform at momentum
0 and +2pp, if pr is the Fermi momentum. We prove that the interaction changes the singularity
at +2pp (the discontinuity in the derivative becomes a power law singularity) while the singularity
at 0 is essentially unchanged. Our results show that the logarithmic divergences at zero momentum
recently found in [7], which would be in contrast with Luttinger liquid behaviour, are indeed spurious.

I. INTRODUCTION

In some recent papers, see [5],[6], [7], the spin and charge density correlations in the 1d repulsive Hubbard model
have been considered from a Renormalization Group (RG) point of view. In particular it has been found in [7] that
the interaction apparently produces logarithmic divergences at zero momentum (see (15),(16) of [7]), which would be
in contrast with the expected Luttinger liquid behaviour of the 1d Hubbard model. Aim of this paper is to rigorously
compute the spin and charge density correlations, and to prove that there are indeed no logarithmic divergences at
zero momentum in the spin or charge correlations; their apparence in [7] is just an artifact due to the approximations
involved in the analyis.

The Hamiltonian of the 1d Hubbard model with non local interaction is
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where A is an interval of L points on the one dimensional lattice of step 1, which will be chosen equal to (—[L/2], [(L—
1)]/2) and aw - is a set of fermionic creation or annihilation operators with spin ¢ = =+ satisfying periodic boundary
conditions; U > 0 is the coupling, v(x — y) is a short range interaction and p the chemical potential.

We consider the operators aia = eHwOaf,Ue*H“O, x = (x,z0) and z¢ will be called time variable. Many physical

properties of the fermionic system at inverse temperature [ can be expressed in terms of the Schwinger functjons,
that is the truncated expectations in the Grand Canonical Ensemble of the time order product of the field ax , at
different space-time points. If
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the Schwinger functions are defined as, if ¢ = + and zg1 > o2 > .. > To.n
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and limy g—,o0 S1.,3 = S. The charge and spin density correlation functions are given by, if ¢ > yo
N g(x—y) =< pipy > — < px ><p§ > (4)

where ¢ = 0,1, p) = % > gy Gf ,ax . is the charge density and p) = % Y get OaF a5, is the spin density. We
define also the static correlation functions as

S7.5(®) = Ni 5(%)|zg=0+- (5)

If there is no interaction U = 0 the two point Schwinger function g(x —y) is given by

o—ik(x-y)
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with k = (ko,k), D = Dy x Dy, with Dy, = {k = 2rn/L,n € Z,~[L/2] < n < [(L — 1)/2]} and Dy = {ko =
2(n+1/2)7/B,n € Z}.



The density correlations for U = 0 are given by

Nj(x) = g(x)g(=x%) (7)
and the static density correlations for x # 0 can be written as

1+ cos 2p%a)[1 + O(i)] (8)
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where 1 = 1 — cosp%. Note that the dominant part of S§(z) has an oscillating and a non oscillating part, both
decaying as O(x~2) for large x.

Denoting by S§(k) the Fourier transform of S§(x), we get, if e(k) =1 —cosk —

™

So(k) = [ dpx(e(p) < O)x(e(p+ k) > 0) 9)
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that is, if p% < 5 for definiteness
Ss(ky="[k| Ikl < 2p%
2% > |k > 2p% (10)

The first derivative is then discontinuous, that is 9xS5(k) = 1 for 0 < k < 2p%, 9,55(k) = —1 for —2p% < k < 0 and
0 otherwise.

FIG. 1: 8k,§5(l<:) as a function of k; there are jumps at k = 0, +2p%,and the function is 27 periodic.

As the spin and charge density correlations are directly linked to experiments, one is interested in what happens to
such quantities when the interaction is switched on, especially close to 0, +2pr where singularities are present. Such
problem has been deeply investigated in the literature but no definite conclusions have been reached.

The classical perturbative Renormalization Group (RG) analysis in [13] shows that the repulsive Hubbard model
has an attractive fixed point, up to third order in the perturbative expansion, in correspondence of the Mattis model
[9], a solvable generalization to spinning fermions of the Luttinger model solved in [10] and describing chiral fermions
with linear dispersion relations. The Mattis model does not contain the most general interaction between spinning
fermions, as the backward interactions are not included; they are instead present in the Hubbard model.

From the exact solution one can see, see [1], that in the Mattis model the behaviour of the spin or charge density
correlations for momenta close to 2pp or 0 is quite different: in the first case is anomalous with the appearance of a
nontrivial critical index while in the second case such behavior is unaffected by the interaction.

Regading the behaviour of the density correlations of the 1d Hubbard model, it is reasonable to guess that the
behaviour close to 2pgr of the density correlations should be qualitatively the same as in the Mattis model: the
nonvanishing critical index should not be cancelled by the presence of (dimensionally or marginal) irrelevant terms in
the RG sense.

Much more delicate is on the contrary the situation at zero momentum. The fact that the corresponding critical
index is vanishing in the Mattis model is related, see [4, 11, 12], to the validity of certain Ward Identities based
on symmetries under separate chiral and spin phase transformations which are however not valid in the Hubbard
model, for the presence of backward interactions. It is true that iterating the RG the backscattering interactions
are vanishing; however their convergence to zero is quite slow (non summable) and this could produce a logarithmic
divergence in the flow of the density renormalization, as it is found in [7], unless suitable cancellations at all orders
are found. On the other hand the presence of logarithmic divergences would be in striking contrast with the metallic
Luttinger liquid behaviour expected in the 1d repulsive Hubbard model.

New techniques based in a combination of exact RG methods with Ward Identities (modified by the presence of
cut-offs) have been developed in [2, 3] for the analysis of interacting spinless fermions, and extended to the Hubbard
model in [8]; we apply such methods to study the spin and charge correlations of the 1d Hubbard model, proving the
following result.



Theorem. If pl. # %, 9(0) > 0(2pr) and 9(2p})U > 0 and small enough, if € = 0,1 the static spin and charge
density correlations can be written as
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S¢(x) = cos(2ppx) (11)
where |A; - (z)| < CU, C1U < n. < CLU, C,Cy,Cy,V positive constants .

The correlations S°(k) are bounded for all k € [—m, |, while their first derivatives 9,5¢(k) are bounded for all
k# +2pp. Atk = +2pp, 0:5°(k) diverges as |k — (£2pr)| ™" and close to k = 0 we can write

S¢(k) = S5(k) + Uh® (k) (12)
with |he (k)], |0khe (k)] < C.

By comparing (8) with (11) we see that the oscillating part of the interacting density correlations have a different
power law decay with respect to the free case, in contrast to what happens to the non oscillating part.

Moreover at k = 0 S€(k) has a cusp and 0;5¢(k) has a finite discontinuity; the only effect of the interaction is
to change the opening angle of the cusp and the width of the discontinuity, and no logarithmic divergences at zero
momentum appear. On the contrary, the interaction changes radically the singularity of S€(k) at 2pp: the first
derivative has a power law divergence. For all other values of k, the static correlations and its first derivatives are
continuous; possible singularities S€(k) or 95¢(k) at k # (0,+2pr) can possibly appear only at strong coupling.

-
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FIG. 2: 05 S°(k) as a function of k; there is a jump at k = 0 and a divergence at +2pr

The above theorem is proved in §II and §III; in particular in §II we perform a multiscale analysis of the density
correlations and in §III we prove the cancellations related to the behaviour at zero momentum; §IV is devoted to the
conclusions.

II. EXACT RENORMALIZATION GROUP APPROACH
A. Grassmann integrals

We introduce two finite sets of anticommuting Grassmanian variables {@fa} and {dlﬁia}, k € D and 0 = =+, and
we define an operation (Grassmann integration) in the following way

/u?lfadz/},ﬁn =1 /di[)lia =0 (13)

We define also the Grassmanian field win as wig = Liﬁ > keD @iaeﬂkx. The density correlations of the Hubbard
model can be obtained from a generating function W., € = 0,1 depending if the charge or spin correlations are
considered, expressed by the following Grassmann integral

W) _ / Pldp)e VO] deome s T, (0 U (14)
where P(dv) is the fermionic integration

P(dy) = [H H dd?ltndd;l;a] exp[—ﬁiL Z Z &;U(—iko + cospg — cos k)d?;n] (15)
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and the interaction V is

V) = VZ/dxw,taw;nw/dxtww w”+UZ/dxdyv (X = V)5t Vs oS s o (16)
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where [dx = f_gﬁ dro ) cn, U >0 (we are choosing ©(2pr) > 0 for definiteness), t,, = %5y’m+1 + %&wﬂ — COSPF

and v(x —y) = d(zo — yo)v(xz —y). v, are counterterms introduced in order to take into account that the interaction
changes the value of the Fermi momentum and of the Fermi velocity with respect to the non interacting case. Finally
¢x,c are external fields.

The density correlations are given by

O*W.
Odx 00y
Our ezact RG computation of the Hubbard model correlation functions is based on some elementary properties of
Grassmann integrals, which we briefly recall:

1) Addition property: if P(dy™) and P(di(®) are fermionic integrations with propagator g, and go, for any intere
function F it holds

Ne(x—y) = lp=0 (17)

/ P(dY)F($) = / P(dyV) / P(dp®) P04 @) (18)

where P(dv) has propagator g = g1 + go.
2)Invariance of exponentials: if ¢ is a Grassmann variable

oo
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where £7(V;n) is the truncated expectation with respect to P(d¢)), that is the sum over all the connected Feynman
graphs obtained from n interactions V.
3) Change of integration: if Py(dy) denotes the fermionic integration with covariance g,

[ Patawsel S0 @) =N [ Py (@) W) (20)

B. Multiscale analysis

Let T be the one dimensional torus, ||k — k’||71 the usual distance between k and k’ in T . We introduce a scaling
parameter v > 1 and a positive smooth function x(k’), k" = (¥, ko), such that x(k') = 1 if |k’| < to = agvo/vy and
x(k') = 0 if [k'| > agvo, where [K'| = \/kZ + (vo||[K'||71)? and ag = min{pr/2, (1 — pr)/2}, vo = sinpr. The above
choice is such that the supports of x(k — pr, ko) and x(k + pr, ko) are disjoint and the C*° function on T x R

fuw.(k) =1 —=x(k —pr, ko) — x(k + pr, ko) (21)
is equal to 0, if [vo||(|k| — pr)||71]? + k3 < t2. We define
gx—y) =g (x—y)+ " (x—y) (22)
with
1 — fu.v. (k)
(u.v.) _ - - ik(x—y)
g (x Lg 21:7 —iky — cosk + cospp
, 1 X(k — wpr, ko)
(é.r.) _ - —ik(x—y) ’ <O) 9
g (x L3 2:: z; —iky — cosk + cospp Zg (23)

g"¥) (x —y) is the ultraviolet part of the propagator while g(*™)(x — y) is the infrared part; fw)_(k) has support far

from the points (0, £pr) in which the free propagator is singular while 1 — fu,v, (k) has support around the two points
(07 j:pF) :



We introduce two Grassmann variables ¢(*7) 1)(*-?) with propagators g(”')(x —y),9"?)(x — y) and, by the
addition property (18), we can write (14) as

. _ (i.7) (u.v) 1 x . (1 . )+ (u v.)+ (1 r.)— (u. 1;,)7
eW5(¢) — /P(d,l/J(z'r‘))P(d,l/J(uU))e V(w +¢ )+\}§ fd ¢X,€Z ( ) (U’ )(w +w ) (24)

and we can integrate 1(**) obtaining, by (19),

V=) _ (SD(9) / Pdgpl7) )=V @)+ 56 0) (25)

where S (¢), VO (&) BO) (46(7) | ) are sums over monomials in ¢, 1™ and (™), ¢ respectively multiplied by
kernels bounded and fast decaying; buch regularity properties of the kernels are due to the fact that ¢(**)(x —y)
is fast decaying for large distances, as a conseguence that fu,v,(k) has support far away from the points (0, £pr) in
which the denominator of §(*¥) (k) vanishes.

We write now, setting k = k' + wpp, k' = (K, ko)

gi}i.r.) (x—y)= einF(x*)’)g‘E)SO) (x—y) (26)
where
0
-y = Y ol x-y) 0
h=—o00
and

1 i e K/
g (x—y)=—= > e th( ) ;
6 o —iko — cos(k’ + wpr) + cospp

(28)

and fi (k') = x(v"K') — x(y" 1K) and x(k') = Zg, . fn(K'); finally we define C; ' (k') = ZZ:_OO fr(k"). Note
that in the support of f(k’) the denominator of g& (k') is O(y").
We can introduce two Grassmann variables w(<0) 1&(_<0) with Grassmann integration P(dwg_go)),P(dl/)(_So)) and

propagators g( )( -y),9 (=0 (x —y); by using again the addition property (18), we can rewrite (29) as
€W€(¢) _ 651(¢) /P(dwgrgo))P(d?ﬁ(;O))e*V(O)(wsfo)ﬂ/’(—go))JrB(O)wa)ﬂ/’(—SO)!‘i’) (29)

where V() (w(fo), w(_fo)), BO WEEO); ¢(_§0), #) are obtained from V(® (47 BO)(4y(47) @) by the replacement

) = T et )

Remark. After the integration of 1(*%) one finds, see (29), that the system can be expressed in terms of chiral
fields ww -, Where w = £, with approximately linear dispersion relation and an ultraviolet cut-off; this exact repre-
sentatlon based on the properties of Grassmann variables, substantiates the standard approximation of the Hubbard
model with the g-ology model, see [13].

The analysis of (29) is done by a multiscale analysis based on the decomposition (27). Physically g&h)(x -y)
represent the propagator ”at scale v*” and for any integer N and any h < 0

Cn

— r 1
L4 (vx =y (81)

lg (x —y)| < A"

From the above bound we see that the scaling dimension of the fermionic fields is 1/2 and of the external field J is
1; hence [dxyT¢~ has scaling dimension —1 (relevant terms), [dxypTy~=¢pT9~ or [dx¢ypt1~ have dimension 0
(marginal terms) and all other terms have positive scaling dimension (irrelevant terms).



It is convenient decompose g&h)(x —y) as

aPx—y) =gl (x—y) +rP(x—y) (32)

with
M) (x—y) = L § ik Gey) __In(K) 33
9ol (X =Y) = 57 k% “iko + wk' (33)

and
i) (x — )| < 42— N (34)
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that is r&h)(x —y) has an extra small factor 4" in the bound; note that gU(Jh)L (x — y) is the propagator of Luttinger
fermions with linear dispersion relation and bandwidth cutoff.
The multiscale integration of (29) can be done in an iterative way; assume that we have integrated the scales

0,—1,...,h+ 1 and that we have found, up to a constant

es<h“><¢>/pzmch(ngh)e—v(’”(«Z_hw@”)w“”(\/z_hw@w) (35)

where Zy = 1, Py co(dp=) = P(dp'=V)P(dpSY), VW (yZp(Eh) = YO (S0 (S0 BO) (<0 ¢y —
BO D =Y ) and, if ¢o = cospr

PZh,Ch (dw(gh)) = (36)
H H dwk,(<h dwk, <h)] exp{—— Z Z ZCh(k) ;r,(w};( iko + wvgsink’ + co(cos k' — 1))wk, <h)}
k/'eD w,o==% w, o=t k/’eD
with
YO =33 dwaii’;fa W, L (0);
n=1w,o =
h+1) Z / Xs«(thl )H¢(X7) (37)
m=1 =1

[ m 2n
B, 0) = S0 [ axdy B o tew) [Lon xo [ 042205,
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We split the effective potential V*) as LV + RV | where R = 1 — £ and L, the localization operator, is a linear
operator defined by its action on the kernels Wi (we denote by Wi the Fourier transform of W." ) in the

2n,w 2n,w 2n,w
following way.

1) If 2n = 4 we define
LW (K, K, k) =6 W) (00,0 38
40w( 1552 3)_ Eieiw 4Gw(7 ) )7 ( )
2) If 2n = 2 (in this case there is a non zero contribution only if w; = ws)
EWQ(}Qw(k') WQ(}:,)UJ( 0) + koakow,j’j)w( 0) + (wvg sink’ + co(cos k' — 1))8k/W(,h)_(O) (39)

3) In all the other cases
’CWQnUw( 1o+ /2n71):0 (40)

Note that the £ operation acts on the terms with positive or scaling dimension; as

RWM (k) kb, kb)) = Wit (K, K, KG) — W) (0,0,0) (41)



h—h'

it is easy to check that R decreases the size of RWM by a factor ~ < 1, where A/ is the highest scale among

4,0,w

the propagators contracted in WQ(n)Uw and h is the scale of the external fields: such improvement in the scaling

dimension of the relevant or marginal terms is necessary to be the fermionic multiscale integration well defined. Note
also that £ = 0 on the monomial multiplying ¢j,g¢:w,a¢:,g/¢ZW,m§ indeed they behaves as irrelevant terms (despite
dimensionally marginal) when pr # 3.

In the same Way We split B(h)(¢(§h) @) as LBM + RBM where £ is defined its action on the kernels of B() in the

following way: EB = 0 except when m =1,n =1, and
LB} (p.X) = B{3(0,0) (42)

We include the quadratic part of LV given by zj, [ dk > w0 (—iko +wsin k' +co(cos k' — 1))1&1127%01&1:,%0 in the free
integration; calling

Lyt = cyh —zh/dkz¢k,wa (—iko +wsink’ +co(cos k' — 1))y, , (43)

w,o
we obtain

es(h+1>(¢)/PZ o (dw(gh))e,l:f}h(\/zihw(ih))e,']gy(h)(mw(ﬁh))+£5(h)(\/Zihw(éh)’¢)+7g3(h)(\/z*hw(§h)’¢) (44)
h—1 h

where
Zn-1(k) = Zn(1 + 2.0, ' (k) (45)

After rescaling the fields the r.h.s. of (44) can be rewritten (up to a constant) as

SM(@/ Py s 0 (d=h7D) / gt (@) WIS B (T ) (46)
1= h—1,

where
- k’)
1= Zn(1 : 1) = f (k)14 2hdnn ) A7
ho1=2Zn(1+2z4);  fu(K) = fr(K)] +1+thh(k,)] (47)
and
LYD W) = A v By + 65 Fs + > g1n " o+ g2 Fs o+ ganFAY (48)
where

V Lﬁzzwk’wawk’wa

k’eD w,o
Fs = Lﬁ Z Z wug sin k' + co(cos k' —1))1!J1(,g“,1!}k,w[7
k'eD w,o
FlUfT' - Z/dx¢xwa x,fw,alb;cr,fw,a’lb;,w,o" (49)
FQUJ’— /dx¢xwa xwa¢: wa¢; w,o’

F4UJ’_Z/dx¢xwa xwa¢:waw;wa

and g2,n = [Zf}ll]QWf,w,w,fw,fw(O7070)a gi,h = [Zh 1] W4 W, — w,w,fw(07070)a 9ga.h = [Zh 1] W4wwww(0 0 O)

Zn Z
Viun = - Wh0) 6 = 2

hi _ o 1irh
Zh_1 Zh_1 [8k0 W2 (0) akWQ (0)]




By construction
w=v+O0U), & =0+0U), gi10=Ub2pr)+OU?), g20=U00)+O0U?), gao=U0(0)+0U?) (50)

In writing (49) we have used that the kernels in the effective potential with four external lines
I i wig,u}g,o”w;4,u.J4,o"Wo}'L,o" (x) are such that W[QU = W[fﬁg by the spin symmetry of the Hubbard
model.

Moreover

~ 1 € e — 1 € € 2w
LB (\/Zy =M ) = —22,52‘;3 / dxe(x) > (o) YISt +—QZ,51;R / dxge(x) Y (o) e P (SIS
| | (51)
where, if i = 1,2, Z\” | = B}'}).(0,0) and
o ,
ha,s -1+ Z;(f)g (52)
Zh e

with z,(f)e = O(0)). In (51) we have used that V is invariant under spin reflection while the source term in (9) aquires
a sign (o). We integrate then 1" and the description of the iterative procedure is then completed.
(h) ) ph)

2n,0,w? 2n,0,w? "~ m,2n;w,o
stants Uh, Uh-{—l, ceey 170, with Ek = (Vk, (Sk, 91.,k, 92k, g4,k)-
It is possible to prove, (see Theorem (3.12) of [2] to which we refer for a detailed proof) the following resut.

The above procedure generates an expansion for S in terms of the running coupling con-

Theorem There exists €y, such that, for pp # 5 (h) WQ(h) B

2n ,O,W? n,o,w’ - m,2n;w,o

are analytic as functions of the running
coupling constants vy, Up41, ..., Vo for supgsy, |Uk| g En and

/ dx|WiP | (x)| < LAC ey~ =24

/dXdy|Bm oniwa| (% y) < LBCT Mgty mh(=24nim)
(53)

The key technical ingradient to prove the above bounds is the following classical formula for the fermionic truncated
expectations

ET(D(P)..:D IR ) [ apr(odeic” (54)

leT

where T is a set of lines form a tree between the clusters of points Py, .., P,, dPr is a suitable normalized probability
measure. If ShT is the truncated expectation with respect to 1", by the Gram-Hadamard inequality for determinants
it follows that |detGT| < 'y(Zi [Pil=mh " The determinant bound allows to exploit the cancellations due to the
anticommutativity; there are no the n!, destroying the convergence, which one could find bounding each Feynmann
graph.

From the above construction it is clear that v}, verify an iterative equation of the form

Uh—l - ﬁ_’g(ﬁhvﬁh-l—lv"'vﬁo) (55)

which is the analogue of the Beta function in our exact RG analysis; note however that the Lh.s. side of (55) do not
depend only from v}, but on the running coupling constants at any scale ¥}, U1, ..., Ugp. The function 54 is a power
series in Up41, ..., 0o which is convergent if sup,~;, |0k| < €. Note also that Bg is given by a sum of terms obtained
from truncated expectations at different scales from h to a certain scale k > h; with respect to the bound (53), each

of such terms is bounded by an extra factor 'y%(h’k).This property is called short memory and says that contributions
to the running coupling constants at scale h coming from scale much greater than h are exponentially depressed, see
[2] for details.



The boundedness of the flow of the running coupling constants ¢}, in the repulsive Hubbard model is a consequence
of intricate cancellations at all orders in the Beta function proved in [8], extending a previous result for spinless
fermions found in [3]. While it is not difficult to check such cancellations at first orders, the cancellations must be
proved at all orders in order to prove the boundedness of the flow, and this is done by implementing at each RG
iteration Schwinger-Dyson equations and (modified) Ward-Identities based on local phase transformation and taking
into account the effect of the cut-offs introduced in the RG analysis.

It has been proved in [8] (see Theorem 4 of [8]) the following result.

Theorem for Ut(2pr) > 0 and small enough it is possible to choose v = O(U) and 6 = O(U) such that, for any
h, lvp| < CU’y%, [0] < CUV% and for a positive constant a

92,0 + 91,0/2 — 92,0 — 91,0/2| < CU? |94.n — ga0| < CU? (56)
g1,0 - - g1,0 2 h
0<gip<—Ju0 ] < O[T 2
N YT [Oh-1 — | < Cll5 _a/3gl70h] +Un?]

The above equation says that g; 5 is vanishing as h — —oo while g 3, g4,5, remains close to their initial value.

Remark. The above analysis says that iterating the RG one gets an effective theory of spinning chiral fermions
with essentially linear (up to corrections vanishing iterating the RG) dispersion relation, and three quartic effective
interactions, with couplings g1, called backward interaction, and g2, g4, called forward interaction. Repeating
a similar analysis for the Mattis model, one gets a similar effective theory with v, = 6, = g1, = 0. Note that
the forward scattering terms are invariant under separate phase transformations for each chirality and spin, that is
- eim“’“wig with oy, an arbitrary function of w and o; on the contrary the backward interaction is invariant

w,o

only under phase transformations indipendent from the chirality; the solvability of the Mattis model is connected to
the absence of backward scattering interactions.

C. The effective renormalizations

We have now to discuss the flow of the effective renormalizations Z, Z }(Ll)s, Z }(LQ)E. The flow equation for Zj, is

0

Znr=Zn+ Y BEF (@, Ongr, - 00) 2 = Zn(1+ BL) (57)
k=h
with |gF| < CU2~2(=k): from an explicit computation, if a is a constant and using that lvn| < CU’y%, [0] < CUV%
B = alg3, + 915 + 951 — 91092.8) + O(U?|g1,n)) (58)
so that, by (57),(58),

7761U2h < 7, < e—c2U?h (59)

The flow equation for Z ,(11216 is given by

I

= 1+ 8M(Oh, Tnsrs .., U 60
71 Z 1+ B (Tn, Unt1, -, Vo)) (60)
with
(1)
1+ =2

1 h _ h 61
+6 =77 . (61)

and, if b is a constant
Bl = agan — agip + OU?) + O(U~?) (62)

so that, using that go 5, > g1.5 as v(0) > 0(2pr)

,Y—Cth S Z]Sl)ve S €_C2Uh (63)
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The analysis of Z,;”’}" is more delicate; the main point of the present paper is indeed to prove that

Z}(LQ),E
h

=1+ 0(U) (64)

which says that the density renormalization Z ,(12)’6 is proportional to the wave function renormalization Zj,.

Remark (64) is in contrast with [6] in which it was found that Z,SQ)E/Zh is diverging as h — —oo as O(U?|h|).

In order to prove (64) we can decompose % in (60) as sum of two terms; defining G = (g1,x, 92,k ga,k) We have
B3 (Tn, Tnsts ooy B0) = B30 (Fns Gt - G1) + B (O, Tngrs ooy T0) (65)

where we include in ﬁfa only the terms contributing to 3" obtained contracting the quartic part of LV*) k< —1
with the dominant part of the propagator g(Lk)(X), k< —1;in Rgh) are the remaining terms. One can check that such
decomposition respects the determinant structure of the truncated expectations, see [2].

The following bound holds
|RE (T, Ty 1, s o) < CUAZ (66)

The above bound follows from the fact that by definition R is given by a sum of terms either obtained contracting the
quadratic part of LV*) at same scale k, or such that the contraction has been done through the propagator r&k) (x);

by using the short memory property, the fact that |v], |dx| < CU~* and the bound (34), (66) follows.
As R} is summable with h, the proof of (64) is reduced to the proof of summability of 85; we can write

B3 o (Gn Gnts s G-1) = BY 4 (Gns Gns s Gn) + D D (s Gras o G-1) (67)
k>h
with
D%L,k(gh’gh+1’ ~~~,§71) = ﬁg,a(ghv "aghag'k"'agfl) - ﬁg,a(gha "7§k+17§k"'7§*1) (68)

By the short memory property and (56)
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so that the second addend of the r.h.s. of (69) is summable.
The first addend of the r.h.s. of (69) can be written as

ﬁg,a(ghvgha "'agh) = Z C:Lnl,mg,mg, (glah)ml (927h)m2 (947h)m2 (70)
mi,m2,ms3

and, by the short memory property, cﬁll’mz’m?’ = Cmy,mo,ms T O(’y%). The coefficients ¢, m,,ms are obtained by the

truncated expectations of mf interaction Fy 55, m{ interaction Iy 5 g, mg interaction F» 5, m$ interaction Iy 5 _o
and ms interaction Fj , _, so that we can write

Cmq,ma,mz = g E E Cmg,mP mg,m-,ms (71)
mS+my=mi mg+mb=my M3

Note that

C0,mz,ms = E E €0,0,mg,m%,ms’ Cl,mz,mz = E : § :CO,l,mgym’é,mS (72)

mg+mf=msy M3 mg+mb=my M3



The second of (72) follows from the fact that there are no possible contributions obtained contracting
j7gw:w7a¢fw,_nz/};,_n and any number of Fy, Fy, as the fields to be contracted would be, if the external lines
have index (w,0), n1 + 1 — 2 fields (w, o), no + 1 fields (w, —0), ns + 1 fields (—w,0), ng + 1 fields (—w, —0), with
n1,Ma2,n3, M4 even, as they are the number of fields coming from the interactions Fy and FJ which are bilinear in the
densities of fermions of label (w', ”).
Note finally that

Ry ,=-F,, (73)

and this implies
€0,1,mg,m5,ms = —€0,0,mg,mE+1,ms3 (74)

We will prove in §II that, for any ms, ms3
€0,ma,ms = 0; Cl,ma,ms =0 (75)
Hence
2 S0 E k) < :?@i: < eclUZLh[v%Hkl”] (76)
h—1

from which (64) follows.

Remark Even if the backward scattering interaction gi , —r——oo 0, one needs also the second of (75) to prove the
finiteness of Z /Z;,; if €0,my,ms = 0 but €1 m, ms = 0 (but it is vanishing for all ms + m3 < mq + m3), one would
obtain that Z 2)E/Zh is diverging as h — —oo as O(U™2+Ms3|p).

D. Density correlations

From the previous analysis we have obtained a convergent expansion for the density correlations, which can be
written as

N¢(x) = cos(2prpz)HS (%) + Hf(x) + H(x) (77)
where
0 Z(l),s N B
H2() = D7 [P ol (gl (=) + 0 (x)] (78)
h=—o00 w==+
0 Z(2) 5 B
Hx) = > [P Z 9 ()90 (—x) + 2 (x)] (79)
h=—00

0
> AV (80)

h=—o00

where we include in QEf&(x),Q,ﬁ@ (x) only the terms obtained contracting the quartic part of LV*) k < 0 with

propagators g(Lh)(r) and with two vertices Z ,il) or Z,EQ) respectively; it holds that for i = a, b

Cn

ny(h) < ~@tn)hp N
|0 Qa,b(x)| =9 Ul T (" xN

(81)

as a consequence of the fact that all the oscillating factor e**?#%i cancel out as >, €wi in the quartic monomials in
LV*) | Moreover

(82)



and the extra 7% in the above bound is due to short memory property,together with the fact that Qéh) (x,y) is sum of

terms containing or a vy, 8, (remember that |v| < CU~%, |6;] < CU~?), or i )( —y) (whose bound (34) has an ~ 2

more respect to g( )( —y)) or gf,"'v')(x —y). Assuming (64), we can obtain the properties of the Fourier transform

of N¢(x). From (78),(81),(82)

. cU S C
|Hi(x)| < ——=, [0"HZ(x)| < TH P

0" H () < —C
1+ |x|2

— 83
= T e (83)

with 1. = O(U) and positive and H%(x) = H2(—x), H’(x) = H?(—x); this is due to the fact that H%(x) and H?(x)
are sum over an even number of odd propagators gih)L (x) = —gw, L™ (—x). From (83) we see that H%(x) and H?(x)

are free of oscillations, and the only oscillating factor in the first two addends of (77) is the prefactor cos2ppz in the
first addent; on the other hand H¢(x) has oscillating factors with period ”F with any n but it has a much faster

decay for |x| — oo. The asymptotic formula (11) then follows.
We discuss now the properties of the one dimensional Fourier transform of N¢(x)|z,=0. Let us consider,for i = a,b,
H!(x) = H!(x,x0); the Fourier transform of H:(x,0) is of course bounded by (83) and its derivative is given by

|/dme“”ixH;(x,0)| < |%/dm[ei’” —1]0, [xH:(z,0)]|

1 . : 1 A
— dr[e®® — 1]0,[zH. (x,0 — dzfe™® — 1 — ikx)0y[xHE (2,0 84
[ e ol @o) 1 [ il 10s[oHi . 0)) (59

o] <|k|~!

where we used the fact that 9,[xH.(x,0)] is an even function of x. Hence, if |k| > 1, | [ dzwe®**zH:(z,0)| < C|k|™L,
while, if 0 < |k] < 1

|/dmeikmng(x,0)| < O+ |k|7"] (85)

and

| / dwe™ 2 HY (z,0) < C (86)

IIT. WARD IDENTITIES WITH CUT-OFF
A. The auxiliary model

In order to complete the proof of (64) we have still to prove (75) for any mq, ms.

Let us recall first how the proof of the analogue of (64) was achieved in the spinless Hubbard model, see [2],[3]. The
analysis of the spinless Hubbard model is done through a multiscale analysis similar to the one of the previous section,
with the only difference that the quartic part of LV is given by A J dxip; %, +w+7 x.—» and that, for any h,
An = Ao+O(A3); moreover the first addend of the r.h.s. of (51) is replaced by Z(Q) L [dxo(x) >, ¢(<h)+ (<h) . Again

)

ZZ verifies a flow equation similar to (60) with 34 which can be decomposed as in (65),(67), with 527,1()\;1, Aby s AR) =
>, ch A, In [3] it was proved that ¢ = ¢, + O(v%) and ¢, = 0, that is B is asymptotically vanishing, and from
this property the analogous of the bound (64) trivially follows. The proof that ¢,, = 0 was obtained, see [3], through
the introduction of an auxiliary model directly expressed in terms of chiral fermions 1/Jx s w = T, with linear dispersion
relation, ultraviolet and infrared cut-off and interaction equal to Ao [ dxipf 4 +d} _t¥x _. The auxiliary model is
chosen to be essentially equivalent in the infrared to the spinless Hubbard model more exactly, the correlations of the
two models can be expressed in terms of a set of quartic running coupling constants and effective renormalizations
which have the same beta function up to corrections O('y%); in particular the coefficients ¢, are the same in the two
models. On the other hand, the advantage of the auxiliary model, with respect to the Hubbard model, is that it is
ezactly invariant under the global phase symmetry

o €Y (87)

X,w

and from such invariance a Ward Identity can be derived for the reference model which says that Z }(LQ)E

essentially proportional; this property implies that ¢, = 0 for any m.

and Zj, are



In the spinning case we could try to follow the same strategy introducing an auxiliary model with quartic running
coupling constants and effective renormalizations with beta functions asymptotically equal to the ones of the spinning
Hubbard model; such a model would describe chiral fermions with linear dispersion relation, momentum cut-off, and
local interaction given by the quartic part of £V(®) (48); the problem is however that £V is not invariant under
the generalization to the spinning case of (87),namely

+ :I:m/w ﬂw
X,w,0

On the other hand in the spinning case we do need to prove that ¢, m,,ms = 0,for any m;, mg, ms in order to get
(64), but the weaker property (75), as g1, = O(h™!). We will consider then the following auziliary model, whose
generating function is given by

GHe(.0) _ /P di)e V)+25 2 [ Axn (@)U bl ot [ XS 0Tt T ) (89)
where
P(dy) =[] TIdvi. odvn.,.o)exp— 3L Z > bt () (—iko + wh)Uy, (90)
ow=t k w,o keD

and Cy (k)= = S0 _, fu(k) and

V) =3 b o s + 93 0Fs o + 91.0F5 0 _,] (91)

[ea

The above model is apparently quite different with respect to the Hubbard model. It is not spin symmetric, but it
is invariant under the separate left and right phase transformations (88), while such invariance is not verified (even
asymptotically) in the Hubbard model for the presence of the backward scattering. Despite such differences, from the
analysis of (90) we will get the proof of (75) for any ma, ms.

The multiscale integration of (89) can be performed as in for the Hubbard model, up to some minor modification;
after the scales 0, —1,., h, h > k, are integrated one finds

(h+1) _ _ph) (<h) 3(h) (<h)
e (¢J)/ch_1,ch_l(d¢(ﬁh 1>)/pzh_hfh_1(d¢<h>)e VO (\/Zn 0 )+ BP () Z 0= 6,0) (92)

-1

with Pz, ¢, (d(SM)) is the Grassmann integration with propagator g(— )(k) = Zlh % and
VM) = Y l08 1 Fhe—o + 95 o + 940 Lo o] (93)

[ea

and vy, = §, = 0 by the oddness of the propagator g( )(k) = —g&’“)(—k); moreover
- 1
B(h)( V Zh—lw(gh)v ¢7 0) = Z}(L%)iﬁ Z / dx¢x76(o')6w:)r,z7,xw;,a,x (94)

By a combination of Ward Identities and Dyson equation, it has been proved in [8] that for any h < 0, there exists
an ¢ such that, for a suitable constant C, if g4 o, (95 o, 94 ol < &

|95, — 95015195 1 — 9b.ols 195 1, — ga0] < CE° (95)

By the analogous of the bounds (53), it is easy to derive the following expressions for the correlations at the cut-off
scale; if k; = —ky =k, |k;| = 7* and ~* is the infrared cut-off, if §j, = ggyh,ggh,g&h and €)= supp,>y, [Gn|

ZE,(Q) 1 (0/)5
< 7; +/ 7 e _/ 7 e >r= k T
Pe 2k d}w o'k Tw ol ke T T (Zk)Q (Dw(k))2( \/5

1
+O(ex)); < ww ok w ‘Tkl - Z_ka(l_()

(1+0(ex)) (96)

where D, (k) = —iko + wk and pep = Lﬁ Dok w ww o k+pd1w ox and pep = \}5 >0 (0) pop-



(2).e

If gk = (95 1, ggh, gih), the effective renormalization Z,”" verifies
]52)71 Z(Q)a‘S
h hi= = ~
= 1 97
71 2 (L4 82 (Gn, Gnt1, -, Go)] (97)
and
R - . ~ _h
B35 (Gns Grt1s s Go1) = B o (Gn> G s Gn) + O(E77) (98)
with
— — n n n, b
ﬂg,a(ghvgha . agh Z bn1 na, n3 ) 1(95@) 2( 4,h ) : 4 O( 2) (99)
mn1,n2,n3
with b/, nams = Oninams t O(’y% ). In the following section we will find a Ward Identity, based on the phase symmetry
(88), relating < p_ o; ¢w o leror iy T with < 1/)“) okVook > with i = 1,2; from such relation we will find the
identity
Z(2)5
=1+ 0(eg) (100)
Z,

The compact support properties of the functions f;(k) used in the multiscale decomposition implies that Z,EQ)E is

essentially equal in the functional integral (89) with or without the infrared cut-off 4*; hence it is easy to see that
(100) implies

bnl,nQ,ng =0 (101)

for any ni,ns,ng; by definition, with ¢ defined in (71),

my m1 mg, m2 ,ms

CO,O,mg,mg,mg = bmg,mg,mg = 0 (102)

and, using (72),(74), (75) follows.

B. Ward Identities

It remains to prove (100), and this will be done by deriving a set of Ward Identities in the auxiliary model.
By performing in H® the local phase transformation

Yoo = € Vewe Vimwo = Vamwe Yrw—o = Yrwmer Yimu—o = Vim0 (103)
we find
H.(0,]) = log / (dp)e™ S BV (DR D N e VARt Vit (104)
o BTN T (T )
where DYE |, = BLL >k €5 C 0 (K) (—iko + wk)YE, . We can write [ dxuf, (" De™ " — Dy, . as
[ xast o Dy = (DU + O (105)

Of course the presence of the cutoff has the effect that of ,  Diy, , — (DYF, )¥5., . is not simply equal to
D By making the derivative with respect to ay, Jx, Jy the following Ward Identities are found

X,w,0 x,w,a)'

Dw(p) < Pp,w,o; wli—l,w’,a’d}I:Q,w’,a’ >r= 50}701’60’0’ [< wl—i—l,w’,a’d}l:hw’,a’ >
+ — bt —
- < wkg,w’,a’¢k2,w’,a’ >]+ < 6pwa”7P7¢k1w’,a’wk2,w’,a’ > (106)



where

1 _
6pw;‘77p = 2 Z CW (k7 p)wlir-l—p,w,awk,w,a (107)
(OL)? 2
and

Co(kT, k™) = (Crok™) —1)Dy(k™) — (Cro(k™) — 1)D,, (k™)

With respect to the formal Ward Identities valid in a theory in absence of cutoffs, we have in (106) the presence of a
correction term (the last one) due to the fact that the cutoffs break the invariance under local phase transformation.

Remark. The validity of (106) can be checked at lowest orders from the following trivial identity

R0y — gl (k + p) Cu(k, k + p)

.00 (1) 50 () o p) = 9% (&) =g (K4 D) piop gy 0] () bk k+p

Yoo Yes +p Y Y +p 108
()9l ( + p) XS (0l + p) =5 (108)
replacing the well known identity valid in absence of cut-off

Do(k)Du(k+p) Du(k) Du.(k+p)

Neglecting the last addend in the r.h.s. of (106), choosing k; = —ka, |k;| = 7* and using (96) one immediately
gets (100); however the presence of the last term (which is not smaller than the others) could prevent to derive such
relation.

We prove now the following crucial correction identity

cah T — _ E 1 -0 Lot -
< 5pp,w,z77 wk7w"glwk+p’w/’o—/ >= Hw,a,w’,a’ (ka p) + [Vw,a;w“,a“p + lyw,a;w“,o“po] < Ppw,o3 w&w"g'w]@rp’w"o—/ >

w' o’

_ L ~ _ (110)
where v} . i, V0 4 gu are real and such that |1y, g 0| < C and, if ki = —k, [ki| =%, p=ki — ko
— ry_k
|Ho,owr,00 (K1, P)| < CE_Z—k (111)

Remark In the spinless case an analogous equation holds, see [3], with the identity v/}

ol = Vg_w,, due to symmetry
; ;
reasons.

In order to prove (110) we write H, ;w0 in (110) as a functional integral, p = ki — ko

83

Hw,o’,w’,a’ (klv P) = = W((i)v J)|J: =0 (112)
8¢P7W758Jk1,w’,a’aJli;,w’,o’ ’
where
~ V- € —€ T — IJl iVO T i
W((i), J) = log/P(dl/J)e v Ze,w)a d)x,w,zf‘]x,w,aeTOv“’vU Zwlyﬂ.l[ w,mw/y,/PJr w,a;u’,a’pO]Tw,ﬂ;w - (113)
with

_ 1 E _ _ 1
Tow.e(¥) = I g; P wCo(, k=D)L b o = L pzﬂ)qb(p)app,w,a :

_ 1 _
Tw,o’;w’,c” (w) = W Z J, ;Wrawltw’,a’wk—p,w’,a’ . (114)
k,p



We perform again a multiscale analysis for (113) (for more details in the spinless case, see [3]). We shall use some

properties of the operator C,, (k,k — p). Let us consider first the effect of contracting both 121 fields of dp on the same
or two different scales; hence, we have to study the quantity

AGD (K k) = gD (kgD (k)Ou(kT, k) =0 k<i,j<0 (115)
where p = kT — k™. The crucial observation is that
A (kT k)=0 , ifk<ij<O0, (116)

since C,;(l)(ki) =1,if k <i,j < 0. Let us then consider the cases in which AS}"”(H, k™) is not identically equal to
0. Since AY? (kT, k™) = AGD (k~, k™), we can restrict the analysis to the case i > j. We define ug(k) = 0 if [k| <1
and up(k) = 1 — fo(k) if 1 < |k|. Moreover we define uy,(k) = 0 if [k| > 7* and ug(k) = 1 — fi.(k) if |k| < ~*.

Then we get,for |p| > "

k™) fok™)
AL (et ) = [ Lol k) — = kt 11
0t k) = | Aol ) - 4L Aok (17)
AGR) (1 ) = L |:fk(k+)uk(k_) B Uk(kJ’)fk(k_)] ’ (118)
© Zyp—1(kt) Zp—1(k™) D, (k) Dy, (k™)
- 1 fo(kMue(k™)  fr(k"Juo(k")
AL (K k) = = [ - , 119
( ) Zi—1(k™) Dy,(kT) D, (k™) (119)
. - 1 fi(k )uo(k™) ,
0,9) (Kt = — J
AP (kT kT) 71 Dulk) , k<j<0, (120)
, B 1 fi (K )ug (k™) , .
AER (kT k™) = = , j=k<i<—1. (121)
Zy1(k")Zi—y  Du(kT)
As an easy consequence of the above equations, one can write, for 0 > 5 > k,
APD (k) = pSY (k. k) (122)
where SU(JJ 1(k+, k™) are smooth functions such that
ey amy o) I (tmg)
|8k4‘r+8kj Swji(k+ak_)| < Omo-‘rmji (123)
, ; Zi
Finally, it is easy to see that, if 0 > i > k,
, oy
AR (0 )] < Olply H T (124)
i—1

Note that, in the r.h.s. of (124), there is apparently a Z ,;11 factor missing, which is a consequence of the fact that

Z;@,l(k) =1 for |k| < 4*~1. Note also the presence in the bound of the extra factor v~ (=%, with respect to the
dimensional bound; it will allow us to avoid renormalization of the marginal terms containing A% After the
integration of 1)° we get an expression like (37) and the terms linear in J and quadratic in v in the exponent will

be denoted by Ké_l); we write Ké_l) = Kq(;l’_l) + K;b’_l), where K;fl’_l) was obtained by the integration of Tj and

K;b’_l) from the integration of 7. We can write K;fl’_l) as

Ky = Z/dX%,w,a{To,w,g + (125)

+ Z/dydz [Fz(ji@,a(xvym) + Fl(;%;;@’;,(x,y,z)5w,@50,5} [1/’;,@,&7!’;@,&]}



where F\™Y _ _and FCY represent the terms in which both or only one of the fields in dpp .-, respectively,

2,w,0;0,6 l,w,0;0,6
are contracted. Both contributions to the r.h.s. of (125) are dimensionally marginal; however, the regularization of
F1( wlt), .5 18 trivial, as it is of the form
FU) 56, %7) = [[Cro(k™) = 11D (k)30 (k) — uo (k)] GP (k) (126)

or the similar one, obtained exchanging k™ with k~. By the oddness of the propagator in the momentum, GEJQ) (0) =0,
hence we can regularize such term without introducing any local term, by simply rewriting it as

D s (k) = [GA (k) = GD(0)][(Cro(k™) — 1) Do (k)0 (kF) — ug(kH)] (127)

1w(rwo’

(=1)

2.w.0:m,5 can be written as

_ 1 ) _
Fl(,w}g;d),& = W Z ¢p7w7‘7[p07’W0§W70',W/7<7' (k7 k + p) + le?W177W'7U' (k7 k + p)]z/)ltw’,o"wk+p,w’,o" (128)
k,p

and we define the localization as

- 1 ) _
LR o0 = I 2P0 Wowowor 0:0) 4 PWriwowrat O Ol o Vich (129)
k,p

Note that Wo. 0.0 .07(0,0) and Wi,y ¢.w,0/(0,0) are real. As a consequence of the above definition

CK( b_ T0w0(¢(< 2 + Z V Liw,o;w’ o’p+21/ Liw,o5w’ U’pO]TWUUJ o’ (w(gil)) (130)

u}a

The above integration procedure can be iterated with no important differences up to scale k + 1. In particular, for
all the marginal terms such that one of the fields in To,w,g is contracted at scale j, we put R = 1; in fact the second
field has to be contracted at scale k and, by (121), the extra factor v*~7 has the effect of automatically regularizing
such contributions.

The V5., .00 Verily, for k+1 < j < -1, @ =0, 1, the following recursive equation

a _ o -
Vi tw,ow 0 = Viw,ow’, o + 6j;w,o’;w’,o" (gjv Vj..; 9o, VO) ) (131)
with
o = = o Z Z Z a’-jj’ = =
. . — > .
Jiw,ow’ 0! (gja Vj.., 4o, VO) - lgj;w,n;w’, 4 sw,ow!’ ol u} ,olw! ol (gj’ --790) (132)
I O 1“}” o-ll ‘]/_j
and

p - 1 - - o 1y
|6;w,a;w’,a’(gja "790)| < 057éa | ajj w“,a”(gja --790)| < 0527 217l : (133)

It is possible to find v ;. ,» so that

J
Vjwow ol < CoERYT, (134)
This is done by choosing
0
Vg,(r;w’,o" = Z ﬁ;‘tw,a;w’,a’ (gjv Vj.oy g(); VO) (135)
j=k
which implies
vanw’ = Zﬁ?waw’ g]aVJ 75071/0) (136)

J<i



We consider the Banach space M of sequences v ; = {Vj w.0’,0’ }j<0 such that, for any o, w, o, for a constant

YA,
J,W,0 5w ,0

¢ |5 000 1| = SUD < S [V$' 0 onwr 00| < €. For any v,v' € M

55(w) = Gol < Cef 1G;(w) — §;()| < Carillu— ]| (137)

We look for a fixed point of the operator T : M — M defined as

T(W)jwoiwr o = D B ot o (i Viens Gos Vo) - (138)

j<i

The operator T : M — M is a contraction. In fact T leaves M invariant as

()| <Y Cernt < Crent (139)

i<j

and |T(v); — T(');] < Cexyi|lv — V||
Note finally that, from an explicit computation of (131), we get, if i = 1,0

Voow.o = O(ER); Vioi—w,—0 = —0g2.0 + O(})
Vooi-we = —092p + O(ER);  Vuowo = —aguo + O(e}) (140)

where a is a suitable coefficient. In fact the lowest order contribution to v, ¢../ o can be obtained from the graph
represented in Fig.3, whose local part is (in the limit L, 8 — c0)

c / % Culk k — )30 ()50 (k — p) (141)

which is equal to, up to terms O(|]y — 1])

Do)y [ S p o)L [T i) - 22 (142)

:‘1"

FIG. 3: Lowest order contribution to v, ;.. ,/; the small circle represents C.,

To Hy 5w 0 (k1,p) contribute ‘then two kind of terms; the first kind are obtained by the contraction of terms

Do [Vil;w,”;w,_[,,p + iygw,g;w’7q/p0]Tw,a;w’,a’ at a certain scale ¢, while the second kind of terms are obtained by the
—2k

L (see (53))

contraction of terms Tg,w,g(w(f_l)). The first kind of terms are bounded by the dimensional bound
times a factor 7% (for the short memory property), times a factor v7 (from (134)); the final bound for such terms
is then

,YQk

zz

i (143)

Celp|

The second kind of terms can have one of the two fields in Jp contracted at scale 0; such terms again admit the bound

Ce|p| ’Yzik'y%, for the short memory property. The last possibility is that one of the two fields in §p is contracted at

scale k; in such a case we get the bound C5|p|%:k; note that there are no contributions of this kind of order 0 in e.
This concludes the proof of (111).



By combining (110) and (106) we obtain, if ki = —ks, |ki| = v*, p = 2k;
( ’Lp()(l gawa)+wp(1 Vu%;o'wa) <le7P7ww/a k1¢;’,o’,l_<2 >T (144)
- W“}/(S”” [< ww 0! klw;’,o",f(1 —< ¢w o' ko Tw! 0! ko >]

§ 1 = -0 — .
+ [Vw,(r;w”,a”p + ZVw,o';w”,o”pO] < Puw’ o b djw’.o’,l_c

w”,o’”;ﬂu,o’

1#;,7(,,71-(2 >7 +Hw,a,w’,a’ (l_(lv p)

1

and after same algebra we find

<pwﬂ@;w$mah¢zzwxz>T=:Rwﬂwaw<ﬁh->+-www@awawawa/<->+6_ww@agw_wﬂ#mw<ﬁ>+6%w

570,U’Cw,7o’,w’,a’(p) +57w,w’570,o”d7w,70,w’,0 ( )][< ww o’ kl w0’ k2 - < 1/}0_, o’ k2 w0’ k2 >] (145)
and ay, 0,070/ (P) = [Dw (p)]il(l + O(ex)),
i ,Y—Qk
|b7w,a,w’,o" (p)|a |Cw,7a,w’,o" (p)|a |d7w,70,w’,0’ (f’)| < CEIW_ 5 |Rw,0',w’,a’ (f’)| < Cgk Zk (146)

Summing over o,w and using (96) we get

£,(2 _
Zk(),.y Qk((o./)s
Zr Zr V2

+ O(Ek)) = Z(U)ERw,n,w’,a’ + Z(U)E[5w,w’5a,a’aw,n,w’,a’ (I_)) +
-k q
L (x4 0(0) (147)

57w w’(saa’bfwaw’ o (P +5w w’(sfo'a’cw —o,w’,0’ +57w w’(sfaa’dfw —o,w’,o P
G0 (B) + 8.0 (D) ®IG(

from which (100) follows.

IV. CONCLUSIONS

We have proved the absence of logarithmic corrections in the spin and charge density correlations of the repulsive
Hubbard model at zero momentum; this proves that the divergences at zero momentum, found in [7], are an artifact
of their perturbative approach.

One cannot simply follow the strategy used to prove the analogous statement for the spinless Hubbard model in [3];
while in the spinless case the Hubbard model is asymptotic to a model which is invariant under separate chiral phase
transformations, in the spinning case is asymptotic to a model which is not invariant under such transformations, at
fixed spin. To solve this problem we have used an auxiliary model which is not spin symmetric but it is invariant
under separate chiral and spin phase transformations, and we have used informations from such model to prove a set
of cancellations in the Hubbard model, finally implying the absence of logarithmic divergences.

G. Benfatto, G.Gallavotti,V.Mastropietro: Phys Rev B. 45,10 (1992) 5468.
G. Benfatto, V.Mastropietro: Rev.Math.Phys. 13,11 (2001) 1323.

G. Benfatto, V.Mastropietro: Comm.Math.Phys. 231 (2002) 97; Comm. Math. Phys. 258 (2005) 205.
L.E. Dzyaloshinskii, A.I. Larkin: Sov. Phys. JETP 38 (1965) 202.

A. Ferraz: J.Phys. A 39 (2006) 7963.

H.Freire,E.Correa, A. Ferraz Phys. Rev. B 71,(2005) 1651113.
H.Freire,E.Correa, Ferraz A. J. Phys. A 39, (2006), 7977.

V. Mastropietro Jour. Stat. Phys. 121,3-4, (2005) 373

D.C. Mattis: Physics 1 (1964) 183.

D.C. Mattis, E.H. Lieb: J.Math. Phys. 6 (1965) 304.

W. Metzner, C. Di CastroPhys Rev B 47, (1993) 16187

W. Metzner , C.Castellani, C. Di Castro Adv.in Phys. 47, (1998) 317
Solyom J. Adv. Phys. 28, (1979) 201.

S.I. Tomonaga Progr. Theor.Phys. 5, (1979) 544.



