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Abstract

The phenomenon of Spin-Charge separation in non-Fermi liquids is well
understood only in certain solvable d = 1 fermionic systems. In this paper
we furnish the first example of asymptotic Spin-Charge separation in a d =
1 non solvable model. This goal is achieved using Renormalization Group
approach combined with Ward-Identities and Schwinger-Dyson equations,
corrected by the presence of a bandwidth cut-offs. Such methods, contrary
to bosonization, could be in principle applied also to lattice or higher
dimensional systems.

1 Introduction and Main results

In recent years the properties of non-Fermi liquids have been extensively inves-
tigated, both from experimental and theoretical point of view. In particular,
one of the most spectacular feature appearing in non-Fermi liquids is the phe-
nomenon of Spin-Charge (SC) separation, which is surely relevant for the physics
of metals so anisotropic to be considered one dimensional, see for instance [18]
or [11]. In addition, it is the key property in the Anderson theory of high-T,
superconductors (cuprates described by d=2 fermionic systems), [1].

As it is well known, SC separation is an highly non-perturbative phenomenon,
and its occurrence in fermionic models is quite hard to prove. Up to now it has
been obtained only for the spinning Luttinger model (or Mattis model), [16],
describing two kind of fermions, with spin 1/2 and interacting through a short
ranged potential. Its exact solvability is due to the linear dispersion relation
(without any form of high energy cutoff) requiring a “Dirac sea” of fermions
with negative energy; such features are quite unrealistic in a model aiming to
describe conduction electrons in a metal, but they allow to map the interacting
fermionic system into a non-interacting bosonic one, and to write the Hamilto-
nian as sum of two, decoupled Hamiltonians, respectively for spin and the charge
degree of freedom. As a result, the two-point Schwinger function, in the case
of local interaction, factorizes into the product of two functions, with different
Fermi velocities, s,,s,, and different critical indices 1,,n,, for the density (p)



and the spin (o) respectively:
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Such a factorization appears also in the n-point Schwinger functions (see [14]
for an explicit formula), and it causes a phenomenology considerably different
from the one of Fermi liquids [19)].

For certain values of the parameters the spinning Luttinger model reduces
to the Chiral Luttinger model; in such a case (1) still hold but 7, = 7, = 0, that
is in such a model only SC separation and no anomalous dimension is present.

The occurrence of SC separation in more realistic non solvable models, like
the Hubbard model, has never been established, as a consequence of the fact
that lattice or nonlinear bands prevents the use of bosonization. It is important
to understand SC separation in the framework of Renormalization Group (RG),
which is actually the only method which can be in principle applied in full gen-
erality to the complex models appearing in condensed matter in any dimension.
However even in d = 1, in which RG methods have been extensively applied,
- from the fundamental perturbative analysis in [18] to the non-perturbative
and rigorous construction of Luttinger liquids in [6], [2],[3],[4],[15] - very few
attention has been devoted to the application to SC separation effects (with the
exception of the recent paper [9], in which however several approximations are
introduced).

In this paper we will show that SC separation can be established in a non
exactly solvable model by using RG methods; the model we consider is the Chi-
ral Luttinger liquid model with a bandwidth cut-off, describing spinning fermions
interacting through a short range potential. For physical applications, the pres-
ence of a finite momentum cut-off is essential as a linear dispersion relation can
be a reasonable approximation for a non-relativistic dispersion relation only for
momenta close to the Fermi surface; its presence prevents however the possibil-
ity of an exact solution through bosonization. This model have received a great
deal of attention since the edge excitations in the fractional Quantum Hall effect
are believed to be a physical realization of a Chiral Luttinger liquid [20].

1.1 Basic definitions

We express the Chiral Luttinger liquid model directly in terms of Grassmann
variables. Given the interval [0, L], the inverse temperature 3 and a large integer,
M, we introduce the lattice Ay made of the points x = (29, x1) = (no%, n1 %),
for ng,n1 = 0,1,...M — 1. We also consider the lattice D = Dy x Dg of
points k = (ko, k1), with ky = 2%’(rLo +3), k1 = 2Z(n1 + 1), and ng,ny =
0,1,...M — 1. With each k € D, we associate eight Grassmann variables,
Al({SwNa)E, for e,w,0 = =4: the label o rapresents the spin of the field, w its
spihérial component ('right’ or ’left’ moving particle). The Grassman measure

P(dy)(=N)) is defined in terms of the propagator, i.e. the covariance of the fields:
<¢;,Z(,%N)1/JE (SN)>O =&l o 5“,@/(50)0/95;]\7)(}( —y) for

y,w' 0’

(<N) (5 — ) % LN iy XN () 5
9o (x—y) 3L de ko ok (2)
keD



where X n (k) is a smooth compact support function Xy (k) = X (v"Nk|), where
v >1and X(¢) is a C§°(IR;) such that

~pndef 1 if0<E<1
Xt = {0 if ¢ > . (3)

For evaluating the Schwinger functions it is convenient to consider the Gener-
ating Functional, W(p, J), defined in terms of the external sources J,p and @
by the following Grassman integral

W(p,J)
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range potential with 9(0) = 1,
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{Jx,w}x,w are commuting variables, while {<P§‘<,w}x7w,a are anticommuting. By

taking n derivatives of W(ip, J) with respect to the ¢ field and m with respect

the J field, and then putting J = ¢ = ¢ = 0, we obtain the Schwinger function

at finite temperature 8~': as well known, many physical properties discend

from them. In particular we are intrested in the two-point Schwinger function
Wy
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The lattice Aps is introduced just for technical reasons in order to avoid an
infinite number of Grassmann variables, but our results are trivially uniform in
M. The size L and the inverse temperature 3 plays the role of infrared cut-offs;
one is interested in the physical quantities in the thermodynamic limit L — oo
and at low temperatures, that is up to § = oco. We will prove the following
result.

Theorem 1.1 There exists £9 > 0 (N independent) such that, for |\ < e, the
limit of the two-points Schwinger function for M, 3, L — oo exists and has the
form, for x #0

1
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with Ry (x) bounded and such that

A
lim Ry(x)=0 and s=14—. (8)
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The above theorem provides the first example of SC separation in a non solvable
model. It is only asymptotic, that is up to terms which which are negligible for
large distances.

The proof of (7) is based on Renormalization Group methods combined
with Ward Identities and Schwinger-Dyson equations, corrected by terms due
to the presence of the momentum cut-offs which breaks the local symmetries.
Hopefully the methods presented here could be applied to prove spin-charge
separation in the d = 1 or even the d = 2 Hubbard model, despite such problems
are of course much harder and pose several extra technical problems.

The rest of the paper is organized in the following way. In §2 and §3 we
perform a Renormalization Group analysis; in the integration of the ultravio-
let scales one has to improve the naive dimensional bounds taking advantage
from the non-locality of the interaction, while in the infrared scales dramatic
cancellations due to global phase symmetries are exploited. In §4 we bound
the difference of the Schwinger functions with and without cut-offs, showing
that it has a faster power law decay. Finally in §5 we implement Ward Identi-
ties and Schwinger-Dyson equations in the RG approach, obtaining an explicit
expression of the Schwinger functions in the limit of removed cutoff.

2 Renormalization Group analysis

We define the effective potential on scale N

VI @EN o ) E v (M) + 3 / A T o g SN g (E)

X,w,o
w,o

o5 [ [t e O
Let ﬁl(k) = X (v k) = x (v 1)|k|) The RG analysis is triggered by the

decomposition of Xy (k) as thioo fh( ), and correspondingly, the decompo-
sition of the propagator, (2), as

(h) f ikx fh 1
Z Jeo or g = 3L Z —zko—i-wkl (10)
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Using standard techniques (see for instance [12], appendix A2), for any positive
integer ¢, there exists a constant Cj such that, for any h < N

h
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From the basic properties of Grassman integrals it also follows that wi(fj,\;[) =
Zj\[:_oo ,ifi},a, where z/;fcfﬂ)),g is randomly independent from 1/15310, for i # j;

and has covariance gff )(x). We then define the effective potential on scale k,

VE) (p(=F) o, ), such that
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for w,i“j;]ﬁ] = Z;V X wi(z,)a and @bi(flf,) = Z;\ifoo wi(i),g; 5;{,]\7 is the truncated
expectation with respect to the propagator g[ ’ ]( ):

def
51?+1,N(V(N)§ n) = 5k+1 NV (N)| T |V(N)]
N— ———
n times

The effective potential is a polynomial of the fields. For ¢ = 0, (the case ¢ # 0
(n;2m) (k)

will be discussed in §4) we define the kernels on scale k, Wy, g , such that,
forz=z1,...,20,X=X1,.. ., Xm, Y =¥1,--,Ymand @ = 01,...0,,,01,...0m,
we have
® ( ) n2m)(k:)(z X, y)
k <k w,g
VB (=R 0, .7) Z: > / dzdxdy IETDL
n>0 o/ .o
m>0 w
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As consequence of (12), the expression of the kernels in terms of the truncated
expectations is:
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We introduce the following norm
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where x, (x) = [[j_; xx(x;) and xx(x) is the Fourier transform of 3, f;(k)
We give more details on the truncated expectation of monomials of the
fields; then, any polynomial can be computed by multilinearity. To shorten the

notations we call
_ - +
e = [1 ¥xp oo ¥suwon (16)
fep

where P is a set of labels. Given the clusters of points P, ... Ps, the truncated
expectation 5k+1 Nlp |- [¥p,] is given by the sum of the values (with the
relative sign) of all possible connected Feynman graphs, obtained representing
graphically the monomial ¢p as a set of oriented half lines coming out from
the clusters of points and contracting them in all possible ways so that all the
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Figure 1: : An example of Feynman graph corresponding to one possible con-
tribution to the truncated expectation of the clusters Py, ..., Py. The lines with
the arrows are the propagator: not all of them are necessary to connect the four
clusters.

clusters are connected; to each line is associated a propagator gﬂ“ +LN],

Then the kernels Wu(,flfm)(k) can be written as sum over Feynman graphs as well,
and the presence of cutoffs make each of them finite. Each connected Feynman
graph made of p vertices is bounded by CP|A|?/p!; anyway their number is
O(p!?) so that the sum of the graphs giving the truncated expectations are
bounded by CP|A|Pp!, from which convergence of the series expansion in A does
not follow. The combinatorial bound can be improved using the idea in [7]: the
anticommutativity of fermions produces dramatic cancellations among Feynman
graphs, which are lost if the sum of graphs is simply bounded by the sum of
their absolute values.

In order to exploit such cancellations it is then convenient to use a differ-
ent representation of the truncated expectations: here we follow the standard
technique of [10] and [8] (see also [13] and, for a detailed derivation, [12]).

Enrinltor |- [vp.]
=S [T o - o) [aPe(e) det 6L i) 17)
T 1€T
where:
1) T is a set of lines forming a tree between the clusters of points P, ..., P,
i.e. T is a set of lines which becomes a tree if all the points in the same

S d
cluster are identified; n %/ > -1 1Pl

2)t = {t;i €[0,1],1 < i,i < s} and dPp(t) is a probability measure with
support on a set of t such that ¢; ; = u; - uy for some family of vectors
u; € R® of unit norm;

3) Giy1n(t)isa (n—s+1)x (n—s+1) matrix, whose elements are given by

[Gg-‘rl,N(tﬂ (j,i),(j’,’i’) = tjvj/gLEJk+LN] (X],'L - Xj',i/) (18)



where 1 < j,j/ < sand 1 < i < |P;|, 1 < < |Pjy|, such that the lines
l =x;,; —x; i do not belong to T'.

Figure 2: :Graphical representation of one term in (17). A tree graph connects
the four clusters. The determinant correspond to contract the remaining half
lines each other in all possible ways

The kernels W(n 2m)(k) can be written as a convergent series in A, as it is shown
by the follovvlng lemma.

Lemma 2.1 There exists e, n such that, for any \ such that || < egn,
Wm2m)(®) gre analytic in \.

Proof. We bound the determinant G, y(t) in (17) by using the Gram-
Hadamard inequality: if A;, B; are vectors in a Hilbert space with scalar product
{-,+), then

|C}%t (Ai, Bj)| < H\/<Ai,Ai>\/<Bi,Bi> (19)

Let H = R*®H,, where Hy is the Hilbert space of complex, squared summable
functions, with scalar product

4

(R.6) =3 15 X Fr (WG9 (20)
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Since G, y(t) in (17) can be written as

Gz?;',i’j’ (t) = tz,z’g[h+l N]( - Yz’J’)
= (u; ® Ax,; 0, Uiy @ Bx,, , w) (21)
where u; € R”, i =1,..., s, are the vectors such that ti i =u; - uy, and
=y S Y
1B e



1 — .
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so that . .
(A,4)2 <y (B,B)? <Cy*Y | (23)
we get

|det GT,, y(t)] < oo \Pi\/Zferl)N,Y(Zj:l |Pi|/2—s+1)(N—Fk) (24)

The number of trees T in (17) is bounded by cX \Pilg1, for a suitable con-
stant C; by using (14) and (17), bounding the determinants by (11) and the
integrations over coordinates by

[exlatpop<ert [axol <o 25)
we get
|‘Wu()7,lg)2m)(k) ”k < Z |)\|pCp,y—p?)(N—k),ym(p—3N),y—nk,y3N+k (26)
p=1

and convergence follows for A small enough. ®

The above lemma says that the kernels win2m)(k)

o are analytic in A with
an estimated radius of convergence which shrinks to zero when |N — k| — oo;
we will see in the rest of this section how to improve the above bound to get
convergence uniformly in N — k, by exploiting suitable cancellations in the series
expansion.

It is convenient to introduce the directional derivative

= (i +ul)

2\ Oko Ok
We will skip, sometimes, the label w in the kernels. Calling Wu(,ilg;2m)(k)(2; k,q)
the Fourier transform of W.%5*™™ (g; x, y), we have the following lemma.
Lemma 2.2 For |\| small enough,
WODW (0) = Aoy o, WIEDE(0) = Gp 0 |
WD (0) = (9, WD) (0) = (0- WM (0) = 0. (27)

Proof. Because of lemma 2.1, we can write the kernels as a convergent power
series in A: Wu(fgm)(k) (Pika) =35 /\pr(ﬁj?gm)(k)(E; k,q) . For any integer
p > 1, we define R,k as the rotation of k of an angle %:

(Ryk)o cos(g;) —sin(g;) ko
= (28)
(Rpk)1 sin(g;)  cos(g;) ky



so that, by the explicit expression of @[f N

under rotations,

, and since ¥ was defined invariant

g N(Ryk) = e F PNk, O(Ryk) =T(k) - (29)

Since Wégf)(k) (k) is expressed by a sum over connected Feynman graphs ob-
tained contracting 4p — 4 field (for such a kernel p > 1), we have

117(0; —iwn(1—1)157(0;
WOUDE (R k) = @m0 EDM®) (k) | (30)

which implies ng{g‘)(’“) (0) = 0 for any p > 2; while, for p = 1, W,SO 4 (k) (0) equals
the coupling, Ad,, . In the same way WIS};)(
obtained contracting 4p fields (for p > 0); then

(k) is sum over Feynman graphs

WD (Ryk) = e =T (k) (31)

and Wé}f)(k) (0) = 0 for p > 1; while for p = 0 Wo(;lf)(k) (0) = d0,0r. We also
find -

ﬁ/\p(;Og;Q)(k) (Rpk) — —ZLUTI'(l )W(O 2)(k) (k) 7

(. W020) (Ryk) = e~ (9.W 2D (k)

pi;w,o piw,o
—iwm(1—1
(8 wmﬁm) (Ryk) = e~(1=3) (a Wg?ﬁ,(’“)) (k) . (32)

Since p > 1, and VV(0 2)(k)(k) = 0 by explicit computation, (27) is proved. ®
We start now the multiscale integration. Using (12), we find
eWN(O,J) _ /P(d¢(§N71))/P(d’@[]uV))eV(N)(d"(SN)*OvJ)

— /p(d¢(§N—1))eV(N’1)(w@N*”,J) (33)

where VV=1 ((SN=1 0 .J) has the same form of (13). We introduce an £-
operation defined on the kernels in the following way

LWEWN-D(k) =0 if n+m>2
LWEZWND (1) = WIEW N (k) if n+m <2 (34)
Then we can write
N (0.7) _ /P(d@b(SN*Q))-

_/P(d¢(N—1))eLV(N’1)(w(SN’l),O,J)-Q—RV(N’l)(w(SN’“,O,J) (35)

and integrating we arrive to an expression similar to the r.h.s. of (33) with N —1
replaced by N — 2; and so on for the integration of the 1**1) field. The above



definition of £ remains the same until the scale k = 0. For the fields on scales
k < 0 we define:

LW OD®) () o ®) gy |

LW (pik) & WD B (0:0)

def 77

LWLDH () = W2 E (0) + ko W2 H) (0) (36)

By lemma 2.2, since kox = Y , D.,(k)0., we have that
E/Wg(m‘*)(k)(k,P,Q) =Ny, o' sz(m)(k) (P; k) = 0500
LWL2M®) (k) = 0. (37)

In performing the bounds, it is necessary to pass to the coordinate represen-
tation; for 0 < k < N, we define Ay o (X), Viyw,o(X) and Zi, o(2;x) such
that

£V(k) (djﬂ 0, J) = Z‘/dK )‘k;w,g(z)@[’;,w,a xz,w,awi_g,w,a/w;;,w,a’
+Z/d§ Wka;w,a(E)l/’;,w,a }:2,(.0,0’

30 [ Do 8 ) T, (39

w,a

while for £ < 0

£V(k) (djﬂ 0, J) = )‘Z ‘/dK 507—0/63(5)77[]:1,&),0 ;g,w,awi_g,w,a/w};;,w,a’

+> / d2dX 05,5102(2, %) Jg0.0U5t, 1 0 Uy o0 (39)

where d3(x) =4 d(x1 —%2)d(x2 —x3)0(x3 —x4) while J2(z, x) = §(x1—x2)d(x2—
z). To have a uniform notation we will also use the definitions, for k < 0,

)\k;w,g(ﬁ) déf )\50770/53(§) and Zk;w,g(z;ﬁ) déf 50,0'52(Za§)-

It is well known, see for instance [2], that V' *) (4)(=F) 0, .J) can be represented
as a sum over Gallavotti-Nicolo trees (in the following simply called trees) defined
in the following way.

The trees which can be constructed by joining a point r, the root, with an ordered
set of n > 1 points, the endpoints of the tree, so that r is not a branching point.
n will be called the order of the unlabeled tree and the branching points will be
called the non trivial vertices. We associate a label h < N — 1 with the root, r
and we introduce a family of vertical lines, labeled by an integer taking values
in [h, N + 1], and we represent any tree 7 € 7Tj, so that, if v is an endpoint
or a non trivial vertex, it is contained in a vertical line with index h, > h, to
be called the scale of v, while the root is on the line with index h. The tree
will intersect the vertical lines in set of points different from the root and the

10
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Figure 3: : A example of the Gallavotti-Nicolo tree.

endpoints; these points will be called trivial vertices. The set of the vertices
of 7 will be the union of the endpoints, the trivial vertices and the non trivial
vertices. Note that, if v and vy are two vertices and vi < v, then hy, < hy,.
Moreover, there is only one vertex immediately following the root, which will
be denoted vy and can not be an endpoint; its scale is h + 1. There is the
constraint, for the end-points of scale h,,, that h, = h, + 1, if v’ is the first non
trivial vertex immediately preceding v. With each normal endpoint of scale h,,
we associate LV~ given by (34) if h, > 0 or (36) if h, < 0.

We introduce a field label f to distinguish the field variables appearing in
the terms V associated with the endpoints. If v is a vertex of the tree 7, P, is a
set of labels which distinguish the external fields of v, that is the field variables
of type v which belong to one of the endpoints following v and are not yet

contracted in the vertex v. We will also call n¥ = |P,| the number of such
fields v, and n; the number of the field variables of type J which belong to one
of the endpoints following v. Finally, if v is not an endpoint, x, is the family
of all space-time points associated with one of the endpoints following v. It is
easy to verify that

VE @R 0,0) + BLE, =Y > VI¥(7) (40)
n>17€Ty n
where, if vy is the first vertex of 7 and 71,...,7s (s = 8,,) are the subtrees of 7

with root vo, V*)(7) is defined inductively by the relation, k < N — 1

(_l)s—i-l

s!

v (r) = Eip VED ()] v E (7)) (41)

where V#+D (1) = RVEHD (1) for R = 1 — L, if the subtree 7; contains more
then one endpoint; if 7; contains only one endpoint V*+1)(7) is equal to one of
the terms in LVhv—1,

With these definitions, we can rewrite V*)(7,¢(SF)) as:

V() = > V(7 P)

PeP,
VO P) = [ dx o) K x,) (42

11



where K (hH)(xUO) is defined inductively by (41).
By lemma 2.1 and calling e, = max,, , maxp<n<n{||Answ,o |k, |Vhio |k}

‘ - v .
Ik < (cepan) ™ ogb @5 mm) [ A~ (-2mnd) (a3

v not e.p.

where, if h, > 0, z, = 0. If h, <0, 2, = 2 if |P| +2n) = 2; 2, = 1 if
|P,| + 2n) = 4, and 2z, = 0 otherwise. The proof of (43) is an immediate
consequence of the analysis in §3 of [2], based on (17) and teh Gram-Hadamard

inequality. The following lemma is an immediate consequence of the above
bound.

Lemma 2.3 There exist C > 1 and € > 0 such that, for ex41 < € and
maxp>k1 || Zkw,eollk < 2,

HWQ(ZQm)(k) Hk < Cn-l—m—lg(m—l/\O),yk(Q—n—m) ) (44)

for (m A O) . max{m,0}.

Proof. For h, > 0 the definition of R imposes the constraint that there are no
v such that (|P,|,n) = (4,0),(2,0), (2,1); this implies that, for any v,

dvdéfﬂ;'—2+zv+ng>0 (45)
In order to sum over 7 and P (for more details, see again [2]) we note that the
number of unlabeled trees is < 4™; fixed an unlabeled tree, the number of terms
in the sum over the various labels of the tree is bounded by C™, except the sums
over the scale labels and the sets P. Let V() the nontrivial vertices of 7. In
order to bound the sums over the scale labels and P we use the inequality

H 7_(\192 _ H Fy—(hv—hv,)dv

v not e.p. UEV(T)

< II »=") I += (46)

veV(r) veV(r)

and the first factor in the r.h.s. allow to bound the sums over the scale labels
by C™, while the the sum over P can be bounded by using the following com-
binatorial inequality. Let {p,,v € 7} a set of integers such that p, < Zl 1 Do,
for all v € 7 which are not endpoints; then

> II ki < II X 4°B<va,pv> <c" (47)

P veV(r) ’UGV(T) Po

where B(n,m) is the binomial coefficient. ®

3 Power counting improvement

The bound (44) is of course not sufficient to prove the boundedness of the kernels

Wg(ffm)(k), as we need to prove that £j is small uniformly in k. On the other

12



hand @, = (An, Y"vn, Z,(f)) verify the equation, for h > 0
Uh1 = Oy + Ba(Un, -, ) (48)

where Eh is expressed by a sum of trees such that the first non trivial vertex has
scale h + 1 (from the property LR = 0), and 9y = (AMd—¢’,0,0,04,/). Iterating
the above equation one finds

Ahsw,a (x) = fffif) (k) (x)

Vh’/h;w,a(ﬁ) = Wu(:?f)(h) (x) Zh;w,g(z§§) = WSQQ)(h)(Z?E) (49)

and there is no reason a priori for which ¥} should remain close to ¥; this
property will be established by a careful analysis implying an improvement of
the previous bounds. We will prove in fact the following theorem.

Theorem 3.1 For |\ small enough, there exist a constant Cq > 1 such that,
for0<h<N

WM, < LAy, W2 M 638, 00 ln < CiAY T,
WD 9AG365 o[l < CLIAY T (50)

where (with slight abuse of notation) véy = §(x —y)v(x —u)d(u — v).

An immediate consequence of the above theorem, together with (36), (37),(44),

(49) is the boundedness of the kernels W“(,flgm)(k) for |A\| small enough (and
since, for h >0, v " < 1)

HWQ(ZQm)(k)Hk < Cn+m_l|Cl)\|(m_1/\0)’yk(2_n_m) (51)

Proof. The proof is by induction: we assume that (50) holds for h: k+ 1 <
h < N hence the hypothesis of lemma 2.3 are satisfied and we can use (44) to
prove (50) for h = k.

To shorten the notation, in this proof we call n = »=F. By definition of the
effective interaction, V*), we have

winzm®) (g x y)

8n+2mv(k)

= — — (07 Oa 0) (52)
0z ,00 0z, 0, 877;1_1 w1 My 877;:71 i Oy

By the explicit expression of the function V) we obtain:

oY) oV
87’]+ (77; Ju O) = JX7M7U&’T(T]’ Ju O)
o2y k) oy gpk)

+A /dw v(x —w) [ (n,J,0) . (53)

_l’_
aJw,w,—aa(P;cr,a aJw,u.),fa' aﬁp:tw,a

Moreover the Wick theorem for Gaussian mean values gives

/P(d’(/J[k+1’N]) ¢L€$}&N]—F(w[k+l,]\7])

13



OF
— /du ng“‘l’N] (x —u) /P(dzp[k"‘l)N]) 4&/}* (w[kH;N]) (54)

for F' any polynomial in the field. As direct application, we obtain

k J,
oV (] ) = eV oy 07 1 T2)
O ko P .0

= e V) / P(ag M) (LN o, ) eV )

- oy®
= nx,u.) /du g[kJrl ] (X U)T

877u,w,0

(n,J, ) - (55)

Another useful consequence is (since g,,(0) = 0):

oy _
m(ﬁwﬁ@ = n:tw,onx,w,a
oV oY*)
+ [ du gt u{ oo T ]
/ o ( ) aT]u,w,o'n T e, 877:1_,&),0

+ /dudu’ gIEHLNl (x — ) gl N (x — o).

9*Y*) oy gy
. T — + — — (56)
877u,w,0'877u/)w)0- 877“7‘*’70' 8nu/,w,o
We will use the following straightforward bounds, for cg, c1,co > 1:
(h)) _ def (h) h
|gw |0 = Sup |gw (X)| < coY
9 [ax g 6o) < et
[l o] < e (57)

We start the improvement of the dimensional bounds by considering W(0;2)(k).
By symmetry we have W(1 0)(k)
the two-points kernel as in Fig. 4

@@

Figure 4: : Topological identity for T (0:2)(¥)

= 0; hence from (53) and (55) we expand

W20 (x,y)

—o;0

= )\/dwdwl v(x — w)glFHN (% — W/)W(l;?)(k) (w;w',y) (58)

14



so that, from the bound (44), ||W£102; k) Iz < C given by (44), and by the second
of (57), we obtain

1;2 k
[WODW < (A - Jo]ag - WD, me

—00

1-—
< Clola] Ay F < clww-’f : (59)

1-—

— <1 (C1 is chosen so large to have
(1 2)(k)

which proves the first of (50), since 177

such a factor because of later usage). Let us consider now W, , which from

(53) can be rewritten as in Fig. 5

Figure 5: : Topological identity for W (1:2)(¥)

1. The graph (a) in Fig.5 is given by:
W2 (2, y)

el y /dwdu v(x — w)glFHN (x — u)W(z;Q)((c) (z,w;u,y) (60)

From the bound (44), W% 2)(k)|\ < 0?47 we obtain

WS < ] foloo - W2 - ng < 1|A|~f2k (61)

o!,—o;0

2. The graph (d) is given by
W (%, y) < 85,0:0(x — 2) / du gl N (x — WD E (u,y) (62)

and using (59) we get

WG < 600 - [WODB Z 99
Jj=k

15



c
< 2)(k)y .G -k 1 —2k
< IWEPO - =™ < AR (63)

In order to obtain an improved bound also for the graphs (b) and (c) of Fig. 5,
we need to further expand W20 ") Using (56), we find

o'i—o

W(?;O)(k)

- / du'du gl N (w — gl N (w — w) WL (2w ) (64)

o'y—o

and then, replacing the expansion for Wa(,m)(k) (z;u',u) in the graph (64) we

y—0

find for (b) what is depicted in Fig.6:

Figure 6: : Graphical representation of graph (b) in Fig.5

3. We now consider (b1) of Fig.6.

W ixy) L do(x —y) [ dwia'dl ofox = wyolad =)
[ e gl gl )

W ZDE) (z,z';w',u)  (65)

o’,0;—0

In order to obtain bound uniform in N — k, it is convenient to decompose
the three propagators g, 9.9, into scales, me,:k gL(f ) gff ) gff ) and then,
for any realization of j, 4,4, to take the |- |; norm on the two propagator
on the higher scales, and the |- |, norm on the propagator with the lowest
one. In this way we obtain:

1;2)(k 2;2)(k
WS < AL oloo - [0y - W2

,O,—0

16



N j i
j i i’ c -
3D Y 19D g el e < 55 (66)
j=k i=k i'=k

where, in the last inequality, we have taken |A| small enough, and we have
used that E;V:k Y- k) < C’Zjvzk yIinU=R/2 < Clyk,

4. The expression for (b2) is:
1;2)(k
W((b2)3.g;a)-(z; X, Y)
\ 2
def Moo/ —o0(X — ) /dw v(x —w) [g[jjl’N] (w— z)} (67)
For k* = (—ko, k), it holds g™ M (k) = —iwglf ™" (k*) hence

/du [g[_’“jl’N] (u)}2 ~0. (68)

vix—w)=v(x—2)+ | (z; —wj)/o dr (ij) (x—z+T(z —W)) (69)

we can write
. 2
W((Z}Q’)Qggg(z; X,y) = Ao _o0(x —y)v(x — 2) /dw [g[_k:l’N] (w)}
+A0pr —o0(x —y)-
1
. Z / dr /dw (8jv) (x —z+7(z — W))(Zj — wj)gg”l’N] (w—2)
§=0,170

and the first addend is vanishing because of (68). Hence, using the third
of (57),

1;2)(k
Wl

(070) (x — 5 — 7w [o ) w)]

1
<A Z /OdT /dwdx

7=0,1

N i )
< 4|\ /dx 12;0)3) Y3 19Y) e

i=k j=k

i Cl _
[aw el < WG (70)

5.The expression for (b3) is:

W3y (2%, Y) Moo —ab(x — y) /dw v(x —w):
2 .
A /dz' [g[jjl’N] (w— z')} v(u— z')Wéi’;?)(k) (z',2) (71)

17



The improved bound for (b3) is obtained in the same way as for (b1).

W2, <

(b3)0" 0 IAI B (72)

_20

6. It is convenient to further expand (b4) using the identity (58), which, in the
case at hand, is depicted in Fig 7.

Figure 7: : Equivalent expressions for (b4)

Thereby, explicit expression for (b4) is

W((bl4)2;(ka) (Z7 X, y) déf 60’,—0)\2 /dZ/dW U(X - W)gw (W - Z)'

/dw du'du glFN(w — w)glF LN (w! — u)u(w' — o)

D)

—o;0

(w'su,2) gt M (2~ 2) (73)

As in the previous cases, it is convenient first to decompose the propagators
9w (W —2) g, (W —w')g, (W —u) into scales, Zjvz ik gy )gg)gg ) and then,
for any realization of j, 4,4, to bound with |- |; norm the two propagators
on highest scale, and with | - | norm the one on lower scale. Finally, for
|A| small enough, we have:

12 k 12 k
Wit Ik < 007 o AP < 0]y - [oloo - WD 1+ gl

3'22 Z 9911 19911 19870 < —IAI R (14)

j=k i=k i'=k

7. Similar arguments can be used to bound also the graph (b5).

Finally, it is also clear that a bound for (c) of Fig. 5 can be found along the
same lines discussed for (b) of the same figure. We have so proved, therefore

(W20, < G-k (75)
Cs

where, for later purposes, C; is chosen large enough so that in (75) Co = 1 +
2|v| o0 (1 + g1 - HW;O;Q)(]“)H;C). Clearly (75) implies the second of (50).

Finally from (53) we obtain the identity in Fig. 8.
Therefore the bound for the sum of the graphs (a), (b), (d), and (e) is

. C
AL ol - WY = b00r8alle (1+ lgls - IWL2D ) < =297 (76)

oo’

18



Figure 8: :Graphical representation of W (%4 () The dark bubble represents
W(_l;%)(k) — 8y 0.

Indeed, the last inequality follows from the just proved, improved bound HWélﬁ)
35,0002k < g—;|/\|~y*k. Finally, the graph (c) is

W(0;4) (x7yixl7yl)

(a),w;o,0’
déf A /deu 'U(X - W)ga[ukJrLN] (X - u)Wilo;'jla),U/ (Wv uy, X/a y/) (77)
Using (44), [|[W Y || < C|A]y~* and
0;4 134 G\
IWED ol < N oloe ol - IS0 e < SEAD 2 (79)

From this the third of (50) follows and the theorem is proved. ®

4 Schwinger functions

The multiscale integration of (4), when ¢ # 0, is obtained by a slight modi-
fication of the one presented in §2. In particular V) (4)(<F) ¢, .J) is given by
an expression similar to (13), sum of monomials in ¥(<%), .J and ¢. We define
L = 0 on the kernels of the monomials containing at least a ¢ except when

. —(<k+1 <k+1) _ . .
the monomial is wi)w)gz/}y7&jg+ ) or @[J;E;UJF )cpxwﬁ; in such a case the kernel is

G (k)WéOm(k) (k) and we define, for 0 < k < N,
£ (30w OD0 ()| < 5, WD E 1) (79)

while, for k < 0, £ = 0. Correspondingly , for £ > 0 we define

ke~ def .
~ kukMU(x, y) = /dz Juw(x — z)Wa(O’Q)(k) (z,y). (80)

19
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and using (59) we obtain ||T o || < C1|A|y"; while for k < 0 we set U, »(X,y) =

0, because of the fact that We 2% (0) = 0 by symmetries, and then there is an
automatic dimensional gain:

G WD M (1) = G () [0 (1) — W20 () (81)

Let &) be larger than €5, and max,, » maxpn:k<h<nN ||Vk.w.o||k- The 2-points Schwinger
function is given by

oY) = gPx-y)+3. > > 3 Sxy). (52

h<N n=0j<N +2,0 PeP
= IS €T 1Py i=2

where ’Z_'h":;"] is the set of trees with n endpoints, n¥ special endpoints of type
o, n’ endpoints of type J and first vertex scale j; n/,n¢ are the number of
fields of type J, ¢ associated to end-points following v. If h is the first nontrivial
vertex u of 7, and hy and hy are the scale of the two endpoints of type ¢, we
have

(e, y)| < Cylen) 2yt T 4~z
v not e.p.

,YZh

QT — (83)

Indeed, (83) is the same of (43), for | P, | = 2, n;), = 0, times some factors more.

1. The presence, with respect to the graphical expansion of the kernels, of two

) (h2) —h1—hs

external propagators, gwh1 and g, °’, causes the factor v

2. Before performing the bounds as for the kernels, it is possible to extract
a  _

from the bound on the propagator (11) a factor by, = (1+(v"|x — y[)*) .

the product of by for each of the propagators of the graph that are not

involved into the Gram determinant (18) can be bounded with the factor

[1+ ("% — yl]?] ~in (83) at the price of a constant C™.

3. The bounds for the kernels can be straightforwardly modified also for ob-
taining the factor 72": it is the effect of the missed integration in the
variable x — y, that causes the replacement of | - |1-norm with the | - |-
norm of a propagator g.; this occurs in correspondence of v, the vertex
with highest scale, h, in which the two special endpoints of type ¢ are
connected.

It is convenient to call |P,| = n¥ + n¥. We have that z, is the same of (43),
with a further case in which it is not zero: if h, < 0 and n¥ = n¥ = 1, then
z, = 1. This is because the automatic dimensional gain depicted in (81).

Along the tree 7, we consider three paths: C; and Cj, connecting the end-
point of type ¢ on scale h; and the one on scale hqy respectively with vy; and
C connecting u with vg. For j = 1,2, we find v~ = 477 [Toec, ~~1 and
779 =4Il ec7- These identities, replaced in (83), gives:

h
N~ \n— Y

|ST(X7 y)' <C (Cgh)n 2 q

! L+ [y'x —yl]=
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vgC ?m
< I 2“”’)]_[7 & (84)

v not e.p. veC

@ P
and = 3721“ >0, as well as %= > 0 for v € C: we can perform the

summation on the trees, keeping fixed the scale h.

1
Ix —y]

Finally, we want to study the difference Sy .0 (X,¥) — Swio (X, y) for x —y # 0.

SN;w;a(Xay) w o X y Z 9w

h<N

SN (%,¥) = g5V (x,9) < CIAL D

—Q_CI/\I
i L+ —vlle

(85)

oo +oo

+3 00 > > Dexy), (86)

n=0j=—eerer? ) e,
In such a tree expansion, D, (x,y) is not zero only in two cases: either 7 has at
least one vertex v* on scale h* > N; or 7 has vertices scales < N, but has an
endpoint which, in turn, has tree expansion with at least one vertex v* on scale
h* > N. If 7 is of the former type, fixed ¥, we have

h

A yn— v
D.(x,y)| < Cy,(cep)” e
Do) < Gl

O(h*—h) pas ny 4 ond 9 ny
v [ &= N[ (87)

v not e.p. vel

It 7 is of the latter type, we still have the above bound, by induction on the
subtrees in which the endpoints can be expanded: indeed, in the analysis of the
previous section it is clear that if the fermion propagator is constrained to be
on scale > N, bounds (50) are still true, with a more factor '7_19(}”*_’“), which,
together to a factor v~ 7~ gives the wanted =7 ),

For ¢ > 0 and but small enough, we still have % -9 > 0.

This means that we can perform the summation on the trees, keeping fixed the

scale k. As v~ 9" =h) < 4=0(N=h)
= (1+9h
Y
|SNwio (X, Y) = Suwio (%,¥)] < Cy™ N -
h—z—oo + [ x—yll2
1
< C N~y (88)

= VYN |x — y[1H0

5 Ward Identities

Let us consider the 2-point Schwinger function with one density insertion:

- 3
Groriolpil) = ———2 2 (0,0) (%9)
8Jpawadlawk+p,w,o'a¢k,w,a
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In the generating functional (4), we perform the phase-chiral transformation

- ~ dp . ~
Fone = T e / Gzipe Vs epse (90)

and obtain the identities:
Dw (p)éN;w,a’;a(p; k)
= 5(7,0’ [§N;w,a(k) - §N;w,o’(k + P)} + Aw,a’;a’(p; k) (91)

where A,.o7 »(P; k) is a correction term caused by the presence of the cutoff:

dq - .
Aw;o/,a(p§ k) = /W CN;UJ (q +p, q)<wg_+q,w,a’z/]p,w,a’warp,w,awltw,a)
for

Cniw(k+ k) < Dok +p) [1— x5! (k+p)] — Duk) [1— x5! (k)]

The rest A,.o7,o(P; k) does not vanish in the limit of removed cutoff, but rather
it causes the anomaly of the Ward Identities.

Theorem 5.1 There exists eg > 0 such that, for |\ < e¢ and in the limit of
removed cutoff,

Guoropit) = “BLEITIR) (G )~ 5, (1) (92)
for
ap) = 1 ax (p) = 1
P Do) - 20D e YT Dulp) + 20(p)Du(p)

The proof is a consequence of the two following lemmas.

Lemma 5.2 For |\ small enough and p,k,p — k # 0, the limit of removed
cutoff of Gu 0.0 (P; k) exist and is finite.

Proof. We can write

Goa@ik) =D > Y > G (pik), (93)

"N ety £

with an obvious definition of G (p,k). We define hp = min{j : f;(p) # 0} and
suppose that p, k, p — k are all different from 0. It follows that, given 7, if h_
and h, are the scale indices of the v fields belonging to the endpoints associated
with ¢t and ¢~, while h; denotes the scale of the endpoint of type J, G- (p; k)
can be different from 0 only if h_ = hy,hx + 1, hy = hx—p, hk—p+ 1 and hy >
hp — log., 2. Moreover, if 7?:71; denotes the set of trees satisfying the previous
conditions and 7 € 7?:71:, |G+ (p; k)| can be bounded by [dzdx |G (z;x,y)|. We
get

G (pilo)| < Oy ey e

o’;
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D3P ID DD DRI | SRR (94)

n=0;<N p.k PeP v not e.
ISV TET L Pygi=2 P

where d, = @ 2+ z, +n?.

Given T € T]p n» let vg the higher vertex preceding all three special endpoints
and v} > v the higher vertex preceding either the two endpoints of type ¢ or
one endpoint of type ¢ and the endpoint of type J. We have d, > 0, except
for a finite number of vertices belonging to the path C* connecting v] with vy,
where d, = 0:

a) the vertices with |P,| = 4 and n; = 0; since there is a momentum k flowing
inside the corresponding cluster and k—p flowing outside, by conservation
of the momenta the scale label of both of the other  fields - and hence
also the scale label of such vertices - cannot be less than log. (|p|/2);

b) the vertices with | P,| = 2 and n = 1; with a momentum p flowing inside the
cluster and either a momentum k flowing inside or k — p flowing outside,
the scale label of such vertices cannot be less than min{h,h_} — 1.

Accordingly, the number of the vertices depicted in the above list is not larger
than min{|hx — hp|, [hx—p — hp|} +2 —log, 2. Thus we can replace in (94) the
rough bound:

H y b < Oyl hply IMc—p=hpl H AT

v not e.p v not e.p

with r, = 1 for v : d, = 0 and 7, = 0 otherwise. Finally, we can perform the
sums over the scale and P, labels of 7, obtaining;:

|Gorior (D1 k)| < Oy~ ey e liplylp=hol (95)
This completes the proof. B

Lemma 5.3 There exist a finite vy such that it is possible to decompose

AL (pk) = vnT(P)D-o(P)CNiwi—o 0 (Pi K)

=2 Dalp VRN o0 (91 K) (96)
where Rg\} w)w oo U such that, for fired k and p, it holds
lim RY?2, . (pik)=0 (97)

N —o0

Furthermore, limy_ oo YN = %

Proof. It is convenient to write the rest RS (f)g . as

83
ZD DR, (k) = — AIVA ———(0,0)  (98)
6aq7w7_0,6<pk7q,w,a'a<pk,w,a'
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) defined such

where we have introduced the new generating functional Wa (

that:
eWA(a,zp) — /P(dng) e_V(AN)(w(SN)7a)¢)

def / (dip=N) exp {—AV(?/J(SN)) + [To — Z/NT,](U)(*N), a)}
(SN)—)} (99)

(EN)+, — +
) + (pz,w,awz,w,a

exp{z/dz ZUJO’ SDZLUU

with
dp dq o~
CN w(Q+p q)ap,w o'wq+pwa' q,w,o

4XN

(p)apwﬁw;;rp,w,faw;w,jcloo)

Z/
X .

We remark that the presence of the cutoff function yn(p) = = EJ_ N fJ( ) is
immaterial for (98), since p is finite and nonzero. But it is essential for the

multiscale integration, because it simplify the discussion of the tadpoles
A crucial role in the following analysis is played by the functions

3(i,7 d 1
U0 (q+p,q) 2 ¥v(p)Crnw(a+ p, )3 (a + p)i? (q)

QN (q+p.a) Y xn(P)Crvwla+p, 7 (@ + p)X;(a)
(q,p); in particular TS = 0 if neither

We remark that Uff’j) (p,q) = Ufu
j nor i equals N. As proved in [3] (see also appendix (A)) it is possible to

(101)

decompose
U5 (q+p,q) ZD )52 (a+ p.a)
QN (q+p,q) = ZD P (a+p.q) (102)
for §§}j} such that, calling
(103)

dp d . . ~(id
S0 mxy) = [ BT e 5D (g
for any positive integers p, ¢ there exists a constant

and similarly for pa)
Cpq > 1 such that
. N j
SLE—,ZYA}J) Z; X, <C v '7
196,07 (z:x,y)] < PIT L AN x — 2P 1+ ]y — 2]
N 2
- : (104)

Z;X C .
| ( Yl < PO 4 [(yNx —2z|]P 1 + [yi|y — z]]

The lemma holds if we choose vy to be

d i
5S4l p) (105)

def

_]_ oo
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As proved in [5], in the limit of removed cutoff of (105) equals 5. Therefore
we have to prove that with this choice (97) holds true.

The integration of Wa(a, ¢) is done by a multiscale integration similar to
the previous one. After the integration of the fields (™), ... *+1) we get the

effective potential V(Ak) such that

eiv(Ak)(w(Sk)ﬁa#p) — /P(dw[kJrl,N]) er(AN)(’lL'(SN),OL,AP) (106)

In particular, in view of (98), we are interested in the part of Vgc)(w(gk),a, ©)
linear in «, that we call ICXC) (=R o, ). We first consider the kernels for

p=0.
KL (4, ,0)

(1:2m) (k)

= Z /dXdde 2w, U;mfx y, )ax w,o H wy,w o H wz w,o; (107)
m>1 w )

i=1 i=1

)

As consequence of (102), we decompose

RUZmE) (. 10y %S Z Da(p)WLZ (pi k) (108)

Asw;o,0 Awwa’a

We prove the following result.

Lemma 5.4 For |A| small enough and p,k,p+k # 0, we have that ngrg);k)
analytic in A and, for m > 1,

WL i < Clapy~HV R0 (109)

Asw,o,0

Proof. We integrate as in (33), and the difference with respect to (4) is that
the term [dx Jxw,o¥i . oVxw.o 18 replaced by To(y, o) — vNT- (¥, ). The

X,Ww,0
integration is done exactly as in §2; we define for 0 < k < N

WiA® k) = WA, i) Do k) (110)

AEwwao’ Ajew,w,0,0

so that for £ > 0

Ev(Ak) (=R 0, 0) = LY((ER),0)
dkdp . e
+ Z / (27‘()4 Daw( l/k w, a'(p> k)OZp,w ka w EU’Q/JI((JFP)W co (111)
e==%

LY(1(=F) 0) is given by the first two addenda of (38). On the other hand for
k < 0 we define

LW(I 2)(k) (p:k) = W(l 2m) (k) (0;0) dean (112)

Aswwa’a Ajew,w,0,0 kw,a

so that we define ;-

kw0 and Vkw.o such that
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dkdp (<K, (<k)—
+Z kwa/W‘DEW(p)apwﬁwk,w,eawk-{-p,w,ea (113)

Proceeding as in §2 we can write

WA (pik Z YooY Wik, (114)

n=0 2,1 PeP
€T, | Pug |=2

where 72 lisa family of trees, defined as in §2 with the only difference that to
the end—pomts v is now associated (111) for h, > 0 or (113) for h, < 0.
Assume that

Vil < CAly 2R (115)
then
\Pv | o
WS |l < (can)my™ 2V RIAhE= =0 mmiy),
[ 2D (116)
v not e.p.

where ng is the number of endpoints of type a following the vertex v and, by
construction, ng = 1. ﬂ
(109).

The bound (104) says that, for obtaining the dimensional bound (116), the
function S(*7) is exactly equivalent to the contraction of the operator Jypti—,
with one v field contracted on scale i, and the other contracted on scale j. This
is coherent with thinking to the external field D, (p)@p w, as bearing the same
dimension of the J field.

To avoid the (n!)? bounds for the truncated expectation require more care.
Indeed, in the contraction of the operator Jt 1)~ one propagator belongs to the
anchored tree of formula (17), while the other may belong to the anchored tree,
or be inside the Gram determinant. When studying the the contraction of the
kernel Ty it is convenient to avoid the bound of the Gram determinant with (24)
directly. The determinant can be expanded with respect to the entries of one
the row and the corresponding minors; in particular, we choose the row (made
of [ entries) containing the propagator coming out of the operator T, so that,
together with the other propagator in the anchored tree, we can reconstruct
the function S(7) times a monomial in the parameters t that can be always
bounded by 1; the corresponding minors are Gram determinants of dimension
I — 1, that can be bounded as in (11). Therefore, the expansion with respect to
a row make us loose a factor [ with respect to the usual bound, namely a C™
factor more in the final bound.

In order to prove (115) we note that

— 2+ z, +nY > 0; this formula implies immediately

W(l 2)( (z X, y)

Z /dudw S( J) (z;u, W)W(O 4)(k)(u,w7x,y)

w;o,o’
i,j=k
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—0g,—wVUN /dw v(z — W)W(M)(k) (W;x,y) (117)

w;—o,0’

The reason for which in the second line of (117) there is w0 k) (u,w,x,y)

and not also non-connected graphs whit four external legs is the following:
a) Defining (1 — xn(k))fi(k) = §; nun(k), the graphs in which one between
the fields 121\ in T} is contracted with a kernel Wéo;m(k) is of the form:

xvk+p) -1 ~ 117(0;2) (k)
= D,k+p 13114% k
vl ) ( )9 (k) (k)

—un (k) WD) (k) (118)

This term is not compatible with the structure of the multiscale expan-
sion of the Schwinger functions, since by support properties we have
|k + p|, |k|] > vV while, by construction, the fields 1/)18:;_1 and wEN_l
implies the constraint |k + p|, |k| < v".

)

b) The graphs in which all and two the fields 1Z in Ty are contracted, each one
with its own W %2 ®) have the form

~ [un (ke + p)o (k) — un (k)G (k + p)]-
WP A)WODE (k + p) (119)

hence they are not compatible with the multiscale expansion for the very
same reason as above.

(117) is analyzed in a way similar to the one followed in §3; by using

the decomposition of Wug?f)(k) in Fig. 8, so obtaining the decomposition for
11/(1;2)(k)

D ’
A;o,w,0,0

Fixed the integer ¢ and calling b;(x) = Cyv’ /(14 [¥9]x[]?), we bound the r.h.s.
member in the same spirit as in §3.

1. Graphs (c¢) and (d) are:

depicted in Fig.9.

N
Z /dudu’dwdw’ S(_Zw])w(z7 u,w)g,(u—u)v(u—w):
ij=k
e

uﬁ;,a’gya,(vv/;11',vv,)c,3/)

N
+ Z /dudu'dwdw' S’(ft’j’)w(z;u, w)W 2D W) (w, w')

ij=k
(W' —u)v(u — u’)Wﬁ;Q)(k) (u';x,y) (120)

’
30,0

Since either ¢ or j has to be N, and by the bound (104), the norm of (c)
is bounded by

N
2|v| 00 Z /dxdu'dwdw' |W£;4)(k) (w'iu',w,x,y)|

7_0-)0-70-,
Jjym=k
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Figure 9: : Graphical representation of (112)

-/dzdu by (z — w)b;(z — w)|g™ (u — u')| (121)

and hence we can clearly proceed as for (66) but now the scale of higher
momenta is fixed to be N, and therefore we get the bound

N 7
CrIA oo -y F DY Nyl

i=k i'=k
< Co Ay V(N = k) < O3 Ay~ 2y~ (/20 (122)
A similar bound can be obtained for (d).

2. The graphs (e) and (f) are:

N
Sor Y / dudwdw' S99 (z:u, w)WEDE (w'. w, x)

—w,w w;o,0

i,j=k

. [6(u -y)+ /du' go(u—u" vy — W/)Wu()?(f(),(k) (u,y) (123)

The bound for the graph (e) is Clv]s - [|WEES 1 - [barly 20 bl <

3

Cy~WN=k)y=2k_ Similar bound holds for (f).
3. The graphs (a) and (b) are:

N
/du Z S(_izj,)w(z;u, u) — vnd(z — u)

Lj=k
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/dw v(u— W)Wil 2)(k) (W, x,y) (124)

—O'O'

Using the identity (69), for graph (a) we have

Z /dudw SY ”) (z;u,u)v(u — W)Wu().l;Q)’(k)(w;x, y)

n,j=k o
:/dwv(z—W)ijﬁ:fﬁ)wxy Z/du (”) »(z;u,u)
n,j=k
+Z Z/du (”) w(Eu,u)(u, — 2p)-

p=0,14,5=k

1
/ dr /dw (Opv)(z — W+ 7(u— z))W“(}1 2). (k) (wix,y)  (125)
0

The latter term is irrelevant and vanishing in the limit N — k — 4-o0:
using that one between ¢ and j is on scale N, a bound for its norm is

2||W£}3)0§2Hk |Ov]1 - Z/du bn(z—w)bj(z —u)|(up — 2zp)|  (126)

and we obtain the bound Cy~* y~(N=FK) The former term in the r.h.s.

member of (125) is compensated by (b). Indeed we have

Z/du _wa)wzuu ) —vn =2 Z /duS(_Jijw)zuu) (127)

i,j=k 7<k—1

and hence the bound for such a difference is Cy~(N=F),

The graph expansion for Wg f )L(uk; .+ is again given by Fig.9, but for vy replaced

by 0. Hence a bound can be obtained with the same above argument, with only
one important difference: the contribution that in the previous analysis were
compensated by (b) now are zero by symmetries Indeed, calling k* the rotation
of k of /2 and since §§j’j} (k*,p*) = —wS ZJ)(k, p), in place of the bound
(127), in this case we have:

Z/du w“)zuu Z

i,5=k

dk

S0 (k, —k) =0 (128)

Finally, so far we have obtained (115) for & > 0.
Let us consider, now, the case k < 0. By (112) we have

EW (1;2) (k) ,(p:k) = W(l 2)(k) ,(0;0)

Asw,w,o,0’ Asw,w,o,0!

dq = — o .
= / (2:)2 (@, )W (q,q,0) = 65, —wvw WD (0,00 (129)
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As we noticed in §2 le 2)(k) o(0,0) = 0_s,0; furthermore, under a rotation of
™/2p,

S, qt) = e @ EZI) (p,q)
W(O 4)(k) (p q 0) —e w.m(l*%)wzg?gﬂ)(k) (p, q, 0) (130)

hence the integral in (129) is non-zero only for p = 1 and &@ = —w, case in which
(129) is reduces to (127). =

We can finally discuss the bound for Rw1 02 )U(p, k) so finally proving Lemma

5.4. It can be written by a sum of trees essentlally identical to the ones for
GS 02 )U(p, k), with the only important difference that there are three different
spemal endpoints associated to the field «, corresponding to the three different
terms in (100); we call these endpoints of type T, T, Ty respectively.

The sum over the trees such that the endpoint is of type V,fw , can be
bounded as in (94), the only difference being that, thanks to the bound (115),
one has to multiply the r.h.s. by a factor |A|y~ 2(N k) for k the scale of the
endpoint. This factor has to be inserted also in the r.h.s. of the bounds (95),
hence, it is easy to see that the contributions of these trees vanishes as N — oo.

Let us now consider the trees with an endpoint of type Tp. The fields of
the Ty endpoint are contracted at scale j, IV; this implies that h; = N: since
dy+7,—1/4 > 0 for all vertices belonging to the path connecting the endpoint to
the root, we can replace in the r.h.s. of the bounds (95) d,, +r, with d,+r,—1/4
and add a factor y~(N="%)/4 5o that

Jim ROZ) (pik) =0 (131)

6 The Closed Equation

By (54), for k = —o0, we obtain the Schwinger-Dyson equation for the two-point
Schwinger function

Sniwo(K) = Gu(K) [1 - / (2‘2’)2 3(P)G Nw, -0 (P k) (132)
We define
an(p) = ! an(p) = :

D, (p) —vn0(p)D_.(p) D, (p) + vno(p)D_.(p)

and summing over ¢’ the equation, we obtain the vector Ward Identity (associ-
ated the phase symmetry):

Z éN;w,U’;U(p7 - aN Z D wlfz)eo O'(p. k)

30



+ax(p)[Siwa () ~ Sl + p) (133)

while multiplied times ¢’ the equation, and summing over o', we obtain the
azial Ward Identity (associated to the chiral symmetry):

ZU/GN;w,o/;a(p; - UQN ZED wlj)sa a’(pvk)

+oan(p) [SNW,A ) = Sk +P)| (134)

’
Finally, from these two equations, since H% =6p0/

éN;w,a”;a(p; k) = Z MD@(D)R(l 2) (p, k)

2 (—d(—dEU e
)

an(p) +oo'an(p)
+ 2

[Snwok) = Snwolk+p)]  (135)

In order to shorten the notation we now define

A 3(p)[a(p)2+ ca(p)] (136)
Let

dP _ n 5(1;2)

2 ( ) w(p)wafsa’a(ka)

Theorem 6.1 If |\| is small enough and for fized momentum k, in the limit
N — oo we obtain

D950 0) = 144 [ B A ()5 e+ p) (137

By solving (137) (see appendix B) and using (88), Theorem 1.1 follows. In order
to prove of Theorem 6.1 we have to show that

Jim R (k) =0 (138)
it is convenient to write
=0 82WT7
RO (k) = (0) (139)

86k1u}10’8$l:,w70'

where we have introduced the new generating functional

(B /P(dw(SN)) Vil W=N.5,9)
Y [Plas) exp {~av @)+ [10 - on1] (49,5}

exp {Z / dx [0F o oSN + SN, g]} (140)

w,o
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with

c dp dq _
T (1, 8) = Z/ P e v (P) A (p)Cnula + Po )
ﬁkwaprw(ﬂ/’;ﬁrpwfsa c;w —eo
. dpdq _ , .~
19w.5) =3 [ Gt W) AP)IR)D-u(p)
Bk w awk.g_p w ng;;-i-p,w eo A;,w eo (141)

and vy is defined in the previous section.
The integration of Wr . can be done in a way very similar to the previous
ones. After the integration of the fields ) ... p*+D we get

e*V(T’fiw(Sk)-ﬂysa) def /P(dw[k“’N]) e*V(T{VE)(w(SN)-ﬂ,@) (142)

and we call H the part of VT ) that is linear in Jé]

HE (1,0,8)

(1;2m+1) (k) m+1

= Z /dzdxdy T)E;W)£2m! (z; x’ y ﬂz w,o’ H 1/)x1 w,o; H 1/}y w,o; 143
m>1

13
i

Theorem 6.2 If |\| small enough, for any h: k+1<h <N,
||H(1;2m+1)(k)”k < C,y—%(N—k),yk(l—m) (144)

T.e50,w

Proof. The integration is done exactly as in §2; we define for 0 <k < N

LAEI® (pik) = ALD® (p:1) < 22 (ps k)

T,e;0,w Teiow
LS 0ik) = 2D (0id) = 3 (psk) (145)
so that for k£ > 0
LV = Lv(w=h,0)
/ dl({;l;dq X (k, p, ) Bp, gqpkjlg; i 1/}1&?);%12;_0
R L S Y

where LV (1)(=F) 0) is given by the first two addenda of (38).
On the other hand for £ < 0 we define

EH(l 1)(k) (p:k) = H(l 1) (k) (0;0) =

T,e;0,w T,e;0,w
LA (psk) = Ay 2D (0,0) = & (147)
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so that for h < 0

Lvd) = £yw=h, 0)

<~ [ dkdpdq » <R+
+)\i / WﬁRw kaer w,o Tk,w 70’wk+p w,—0o

45 [ o (145)
where LV (1)(=F) 0) is given by the first two addenda of (39). Proceeding as in
§2 we can write

(1;2m+41)( (1;2m+41)(
TEO':I_) Z Z Ts‘rlj’_) (149)

n=07€7y,, P

where 7}, ,, is a family of trees, defined as in §2 with the only difference that to
the end-points v is now associated (146) for h, > 0 or (148) for h, < 0; and
there is one special endpoint with field 5.

Assume that, for any k,

Xk, 251k < CIA TN =R (150)

then, proceeding as above

[Pugl

IHEL, ol < (cpgn)™ oy~ 3Ny 0y,
H 7—(@—2‘*‘%4‘”3) (151)
v not e.p.
and again @ — 2+ z, +n% > 0. In order to prove (150) we can write
1;3)(k a(1;3) (k) b(1;3) (k)
H’,;",s;u)u(,w)/,o' = HT,(E W, 5.1 Red + H. (,a HOR ((,u Red (152)
where:

1. HT(: j)gk) contains the term in which the field zzkﬂ,,w,g of Ty and T_ is not

contracted or is contracted with a W (©:2)(k)

o a(l; 3)(k)(k p)

T,ew,o

= 1+ GV )W O (p)] A (p) D (p)WAELY), (ki) (153)

Agw,w’,o

for k > 0 we have already proved the bound ||W (2 ®)||, < C|A|2y~F; for
k < 0, we use the fact that the local part of (up to first order of Taylor

expansion in k) W2k g zero, and the rest has a dimensional gain of
one degree; by (109),

IHFED O < CAly 2P (154)
For k < 0 we have defined KHT ; i)gk)(k, p) = H;(; 3)?) (0,0) and we know
by symmetry that HT(; f;)f,’“)(o 0) =0.
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(a) - (b) -

- - —UVUN = = -
(©) (d)

+ -- -- + - - --

(1;3)(k)

gw,0

Figure 10: : Graphical representation of i T,

2. H:Z;(ifi)(ak) contains the term in which the field &kﬂ,,w,g of T} and T_ is

contracted. We can further distinguish them as in Fig 10; we can write
b(1;3) (k)
HTSe;w,é (Xa y,u, V)

:/ dzdw o(x — z)gl N (x —w)KUD® (2w y,uv)  (155)

Agw,w’,o

where

o(x) = / dp ™A, (p)D.,(p)

(k
so that, by the bounds for HK(AIS)WUZ U||k, |7]00 and |gw)|1,
D0 < ClAly~hy 3OV (156)

While for k¥ < 0 we have that the local part of the graph is zero by
transformation under rotation.

We consider now the terms contributing to H:(Flalgd(l;).
1. The contraction of the field ¢q+p w,—co With o

a kernel W 2)(7’3)( ), can only happen for p = 0, and therefore it is
forbidden by yn(p).

of Ty, possibly through

q,w,—€0

2. The contraction of z/Jqup w,—co With 121:+p7w70 (that can take place only for
¢ = —), possibly through a kernel W(O?m(k)(q + p), and possibly with

q.w,—co contracted with a second kernel W©2)(k) (q), has the following
expression

~a(1; dp B —~
0000 = [ s i (p+ 1A (p -+ 1070k + pJun (p)
(1 N )W ODO ()] [14 gl MWW | (157)

For 0 < k < N, we define LHAIDW (k) = T(l V) (k) for such terms;

T,e;w,0 giw,o

since |k| is fixed by hypothesis, |p + k| < Cy" a bound for (157) is

N
V)oY Fy™ N TR 14 C Y Ty UTR [1+Cv (= k)}
=k
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On the other hand, for k < 0, LAV (k) = A 1)(k)( 0) and

T,e;w,0 T,e;w,0

a (k n ~
A2 0 = 3 D 1) [ G52z X (P ()7(p) (0 (o)
[1+g[k+l N(p )W(0,2)(k)(p)} [1+g[k+1 N](k)ﬁ;(o;z)(zﬁ)(k)} (159)
Such an integral is zero. Indeed, we have

’/NU() »(P)
DZ%(p) — v3v%(p) D2, (p)

_ vn02(p)D—_o(P) Z (VNa(P)Dw(P)) p def ngv_(p) (160)

2
Dz (p) = =

A_(p) =

Under a rotation of an angle ¥, we have:
Ap—(P") = e_iwﬂ(4p+3)Ap,—(P)

117(0:2) (k) %y —iwd(2p’ —1)757(052) (k)
Wp’,w,a (p )—6 P Wp/,w,a’ (p) (161)

and therefore, since (4p + 4 + 2p’) > 0, taking ¥ : 9(4p + 4 + 2p’) < 2m,

the integral (159), with A_(p) and Wﬁ?fw (p) replaced by Ap)_(p) and
702 (0)

w0 (p) respectively, is zero.

3. The contraction of 77 with all and three fields contracted with the same
kernel W(O k), ; and the contraction of 7_. They are:

ﬁb(lﬂ)(k) (k)

T,e;w,o

4 v (P)A:(p)Du (p)SS2) (a + p.q)-

Y3 [

(P + KWLV E (k + p g +p,q)

-~

+ /(QdTpP X~ (P)A:(p)v(p)D_u(p)-

(P + WP ® (k + p,p) (162)
It has a bound as (115) times a further factor

N

0o - > lgllh < Cy7F (163)
=k

For k < 0, we have HAo LD ®) (0) = 0. This follows using (160), (161) and

T,e;w,0

~ P)D.(p e
A(P) = T (u%)vmé)) = 7= LAe) (6
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Figure 11: : Graphical representation of H, b(1:1)(k)

T, e;w,w’,o

A, (p*) = e @UPHD A | (p)

W( )(k)( ): —iwd(2p’ Q)W( )(k)( )
P,

Du(p)SS)(a" +p*,a") = e "Dy (p)SY) (a+p,a)  (165)

This completes the proof. B

A Bounds for the A function

w,w’

Because of the symmetry S’lffi? (p,q) = Su )( ,p), we will only concern the

case i > j. A bound for §U(}Z) can be obtained by explicit computation, using
that

( — Xxfl(k)) = _5i,N(1 — fN(k)) déf — 5i7NuN(k) .
1. Fort=35=N,
UM (q+p,q) = uzv(q)% - uN(q+p)DJZ((Z)) X (p)
= gigg)){)i((ii?) X~ (p)Du(p) + {)i(((;)) [un(q) — un(a+p)]xn(P)
5 g [f(a+P) — (@) Xn (PY166)
Therefore we obtain:
P 0rn 0¥ - D
_ In(a) [
+xn(p) Do) /0 dr (Owun)(q+7P)
_ un(q) [
s S [ @) a6

2. For j < N, using also that un(q)f;(q) = 0 (the support of the two function
is disjoint) we have

U (a+p,a) = —xn(p)un(a +p) gj ((qq))
=—xn~(p) [UN(q +p)— UN(CIH gi)((qq)) (168)

36



Hence:

fi(a)
D, (q)

. 1
S™NP(a+p,a) = ¥ (p) / dr (8un)(q+7p) (169)
0

3. For i,j < N, we have ﬁu(f’j) =0.
N

By inspection, since |0, f;| < Cv~7 as well as |0,un| < Cy~V, we obtain that

agag@ffﬁ(p, q) is not identically zero if one between i = N; q : f;(q) # 0 and

p: |p| £ 27"; in this case we obtain
0 0487 (B, @) < Oy ¥ F IO (170)

The above bounds allow to obtain

dp dq | o an G(N.G )i (1—n
/(2ﬂ)4 3p3q5&3)(p,q)‘ﬁcin,wm JHit=m) (171)

from which the former of (104) follows. The analysis for Pg(,{\;’j ) is similar:
QLY (a+p.a) = Xn(P)un (P +a)X;(a)

=xn(P) [un(p+a) —un(q)]X;(q) (172)

from which the latter of (104) follows.

B Solution of the closed equation
By (135) into (132), in the limit N — oo

O0wSuw,o(x) = 0(x) + AA_(x)S,.5(x) (173)
whose solution is

ool = op {2 [t [gux - 2) - 0.0 4G {0 (70

By (136), we first consider

/ (;Tp)“‘ e~ "Pg,,(p)o(p)a(p)

- dp e~ XP
- o PO o T (175)
where
s(p) = - 2P) allls F(p) = _2p)
1—vi(p)’ vo(p) — 1

Indeed (175) is well defined for x = 0: we can rewrite it separating the two
domains |p| < 1 and |p| > 1. The integral on the latter is absolutely convergent,
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since the decay of F(p) is faster than any power. The integral of the former can

be written as
dp 1
F(0 / - - + R 176
0) ipl<1 (2m)% (po + iwsp1)(po + iwp1) (176)

where R is again an absolutely convergent integral; the first integral can be
written as

/ dp 1 B
ipj<1 (2m)2 (po + iwsp1)(po + iwp1)

_ _/ dp 1
ipl<1 (2m)2 (iwp1 + spo) (iwp1 + po)
dp 1

=— - - 177
p2+s2p2<1 (2m)2 (po + iwp1)(po + iwsp1) S
hence, the above integral also equals
/ dp x(p§+pi<1)—x(p§+s°pF < 1) (178)
(2m)? (po + iwsp1)(po + iwp1)

which is absolutely convergent since the support of x(p3+p? < 1)—x(p3+s?p? <
5?) does not contain a neighbourhood of the origin.
Now we discuss (175) for x # 0. It can be written as Hy + Hy + Ha, for
dp e iXPp
Hy=F(0 / - -
’ © (2m)? (po + iwsp1)(po + iwp1)
_ [ dp  [F(p)— F(0)e P
H, = 5 - .
(27)% (po + iwsp1)(po + iwp1)

o — / dp Fp) e~ P { 1 1 } (179)
’ @m)2 " P po +iwpr) [(po +iwp1)  (po + iws(p)p1)
By straightforward computation, Hy is given by
1 /‘+°O @ |:8 [|x0|c+ix1wsgn(zo)} a1
2r(1—v)(s—1) Jo Q1

e [|xg\+izlwsgn(xg)] q1:|

1 1 Ty + twrq
= —— In —
Aty xS + iwzy

(180)

while both H; and Hs are vanishing as x — co. Indeed H; can be written as

dp e—ix-p
/pSNW F(p) — F(0) (po + iwsp1)(po + iwpr)

+/ oF (p) e
ip>n (27)2 (po + iwsp1)(po + iwp1)

e XP

dp
+£(0) /|p|>N (2m)2 (po + iwspr) (po + iwpr)

The second and third term are convergent integral, and each of them can be
chosen small than § for N large enough; the first integral is vanishing as x — oo.
A similar argument holds for Hs.

(181)

38



References

[1]

[10]
[11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

P.W. Anderson Science 288 480-482 (2000).

G. Benfatto, V. Mastropietro Rev.Math.Phys. 13,11 (2001) 1323.

G. Benfatto, V. Mastropietro Comm. Math. Phys. 231 97-134 (2002).
G. Benfatto, V. Mastropietro Comm. Math. Phys. 258 609-655 (2005).

G. Benfatto, P. Falco, V. Mastropietro Comm. Math. Phys. 273 67—
118 (2007).

G. Benfatto, G. Gallavotti, A. Procacci, B. Scoppola, Comm. Math.
Phys. 160 93-171 (1994).

E. Caianello Nuovo Cimento 3 223-225 (1956).

J. Feldman, J. Magnen, V. Rivasseau, R. Sénéor Comm. Math. Phys.
103 67-103 (1986).

A. Ferraz: Phys. Rev. B 75, 233103 (2007)
K. Gawedzki, A. Kupiainen Comm. Math. Phys. 102 1-30 (1985).

T. Giamarchi Quantum Physics in one dimension Oxford University
Press (2004)

G. Gentile, V. Mastropietro Phys. Rep. 352 273-437 (2001).
A. Lesniewski Comm. Math. Phys. 108 437-467 (1987).

V. Mastropietro Nuovo Cimento B 109, 1- 23 (1994).

V. Mastropietro J. Stat. Phys. 121 373-432 (2005).

D.C. Mattis: Physics 1 (1964) 183.

D.C. Mattis, E.H. Lieb J.Math. Phys. 6 (1965) 304.

J. Solyom Adv. Phys. 28 201-303 (1979).

J.Voit Rep.Progr.Phys. 58, (1995) 977.

X.G. Wen Phys. Rev. B 41 12838-12844 (1990).

39



