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Abstract: We construct a QFT for the Thirring model for any value of the
mass in a functional integral approach, by proving that a set of Grassmann in-
tegrals converges, as the cutoffs are removed and for a proper choice of the bare
parameters, to a set of Schwinger functions verifying the Osterwalder-Schrader
axioms. The corresponding Ward Identities have anomalies which are not lin-
ear in the coupling and which violate the anomaly non-renormalization property.
Additional anomalies are present in the closed equation for the interacting propa-
gator, obtained by combining a Schwinger-Dyson equation with Ward Identities.

1. Introduction and Main result

1.1. Historical Introduction. Proposed by Thirring [T] half a century ago, the
Thirring model is a Quantum Field Theory (QFT) of a spinor field in a two
dimensional space-time, with a self interaction of the form (A/4) [dx(x7"1Px)?.
The interest of such a model, witnessed by the enormous number of papers
devoted to it, is mainly due to the fact that it has a non trivial behavior, similar
to the one of more realistic models, but at the same time it is simple enough
to be in principle accessible to an analytic investigation. Hence the validity of
several properties of QFT models, which in general can be verified at most
by perturbative expansions, can be checked in principle in the Thirring model
at a non-perturbative level. The Thirring model has been studied along the
years following different approaches and we will recall here briefly the main
achievements.

Ezxact approach. After a certain number of ”solutions” of the model fell into
disrepute after inconsistences were encountered, Johnson [J] was able to de-
rive, in the massless case, an exact expression for the two point function; if
(T (¢¥x0)) is the two-point function in the Minkowski space, he found that
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(T(thxibo)) = i(748,,) (x| /m0) =, where 1, = 2(\/4m)2[1 — (A/47)2]~, 7, are
the Minkowski gamma matrices and z¢ is an arbitrary constant with the di-
mension of a length. This result was followed shortly [K] by the general n-point
function at non-coinciding points. The Johnson solution, based on operator tech-
niques, is essentially a self-consistency argument: a number of reasonable require-
ments on the correlations is assumed from which their explicit expression can
be determined. The first assumpion is the validity of Ward-Takahashi Identities
(WTi) of the form

i0u(T (j5UxPy)) = ald(z — x) — 8(z — y)Ji(T (Yxy)) , (1.1)
i0u(T (5> Pxtby)) = alo(z — x) = 6(z — y)]7°i(T (Yxtly)) ,

where the current j# and pseudocurrent j&5 are operators, formally defined
respectively as ¥ ¥*1)x and x¥*7%1y, and the coefficients a ' —1 and a ! —1
are called anomalies; they would vanish in the naive WTi which one would
expect from the classical conservation laws, see for instance [Al]. The second
assumption was the validity of Schwinger-Dyson equations (the analogue of the
equations of motion), and, combining them with the WTi, closed equations for
the n-point functions were found; from them an explicit expression for the n-
point function at distinct points was derived and, by a self-consistency argument,
the following explicit values for the anomalies:
1 A 1 A

a =1 e a =1+ g
The anomalies are then linear in the coupling, that is no higher orders con-
tributions are present; this property is called anomaly non-renormalization or
Adler-Bardeen theorem, and it holds, as a statement valid at all orders in per-
turbation theory and with suitable regularizations [AB], in realistic models like
QED or the Electroweak model in d = 4 (in the last model it plays a crucial
role in the proof of its perturbative renormalizability). The validity of (1.2) in
the Thirring model is particularly significant, as it has been considered [GR] as
a non-perturbative verification of the perturbative analysis of [AB] adapted to
this case; however the applicability of the [AB] analysis to the Thirring model
has been also questioned [AF]. Another remarkable relation found in the exact
analysis in [J] is

(1.2)

N = %(a - El) > (13)
relating the anomalous exponent of the two point function with the anomalies;
it is an immediate consequence of the the closed equation for the two point
functions obtained by inserting the WTi (1.1) in the Schwinger-Dyson equation.
The outcome of this exact analysis is an explicit expression for the n-point
function at non-coinciding points and for the WTi. However, as stressed by
Wigthmann [W], the procedure is not satisfactory from a mathematical point of
view, as it involves several formal manipulations of diverging quantities; even the
meaning of the basic equation (1.1) is unclear as the averages in the 1.h.s. and
r.h.s. has to be (formally) divided by a vanishing constant to be not identically
vanishing.

Azxiomatic approach. The Johnson analysis still left as an open problem the
rigorous construction of a QFT corresponding to the massless Thirring model.
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Wigthmann [W] proposed to construct the massless Thirring model following
an axiomatic approach; one can start directly from the explicit expressions of
the n-point functions at non-coinciding points derived in [J], [K] (forgetting how
they were derived) and try to verify the axioms necessary for the reconstruction
theorem. Indeed all axioms can be easily verified except positive definiteness,
which was proved later on in [DFZ] and [CRW]; the idea was to define certain
field operators, depending on a certain number of parameters, whose expecta-
tions verify the positivity property by construction and such that their n-point
functions coincide, for a suitable choice of the parameters, with the expression
found in [J], [K]. As the axioms are verified by the n-point functions of [J], [K],
a rigorous construction of a QFT corresponding to massless Thirring model is
then obtained. Note however that the fermionic mass cannot be included in this
approach; moreover quadratic fermionic operators at coinciding points, like j¥
or j*® cannot be considered, hence the WTi (1.1) cannot be rigorously derived.

Perturbative approach. The massive case is much less understood; Coleman [C]
considered a perturbation expansion in the mass showing that it was order by
order coinciding with the expansion of the Sine-Gordon model, if suitable iden-
tification of parameters is done; however an explicit expression for the n-point
functions was not obtained, hence a QFT corresponding to the massive Thirring
model has never been constructed.

Bosonic functional integral approach. If the coupling X is positive, the parti-
tion function and the generating functional of the massless (Euclidean) Thirring
model can be written as bosonic functional integrals [FGS] by a Hubbard-Strato-
novich transformation; one can then integrate the fermion variables and it turns
out that the partition function of the Thirring model can be written as

/ P(dA) det((;‘;[(%;;j“]) , (1.4)

where A, x is a two-dimensional Gaussian field with covariance (4, xA,y) =
A6, 0(x —y) and 7, are the Euclidean gamma matrices. A similar expression
holds for the generating functional. It is well known [S] that, under suitably
regqularity conditions over A, logdet(vy,0, + v, Au) — logdet(v,0,) is quadratic
in A; by replacing the determinant with a quadratic exponential, one then gets
an explicitly solvable integral, from which the n-point functions can be derived.
As stressed in [FGS], in this way one gets in a very simple way the results of the
exact approach found in [J] and [K]. In particular the relation (1.3) for the two
point critical index 7, is verified and the anomalies (1.2) can be easily computed.
If a dimensional regularization is adopted, one findsa = 1 and a=* —1 = \/(27),
while with a momentum regularization (1.2) holds; in both cases the anomaly
non-renormalization holds. Of course in the above derivation an approximation
is implicit; the logarithm of the fermionic determinant in (1.4) is given by a
quadratic expression only if A is sufficiently regular, but the integral is over
all possible fields A, hence one is neglecting the contributions of the irregular
fields and there is no guarantee at all that such contribution is negligible. This
approximation is usually supported by the fact that one gets in this way the
same results found in [J] and [K].




4 G. Benfatto, P. Falco, V. Mastropietro

Fermionic functional integral approach. This is the approach we will follow in
this paper. The generating functional for the Euclidean Thirring model is the
following Grassmann integral (see below for a more precise definition)

o = L / Pu(dy)e] P3O ik FEERER
where NV is a normalization constant, ¢, J are external fields, Z is the wave func-
tion renormalization, 1, x are Grassmann variables, Py (di) is the fermionic
integration corresponding to a fermionic propagator with mass un and a (smooth)
momentum ultraviolet cut-off vV, with v > 1. Note that the averages of ¢, 7*v59x
can be obtained by the derivatives with respect to J,, using the relation W YF Py
—igu  Px Yk with e, = —e,, and €190 = 1. When J =¢ =0 and puny =0
the r.h.s. of (1.5) coincides with (1.4) (if A is positive) in the limit N — oc.

We will show that, by properly choosing the bare wave function renormal-
ization Zn and the bare mass uy, the Schwinger functions at non-coinciding
points obtained from (1.5) converge, for N — oo, to a set of functions verifying
the Osterwalder-Schrader azioms [0S2] for an Euclidean QFT. These functions
depend on three parameters, the physical mass, the physical wave function renor-
malization and the physical coupling, but they are independent on the way the
ultraviolet cutoff is explicitly realized. On the contrary, the relation between the
physical and the bare parameters depends on the details of the ultraviolet cutoff.

In this way we have obtained for the first time a construction of a QFT for
the Thirring model for any value of the (physical) mass. Moreover, even if in the
massless case other constructions were known, we find in any case interesting to
reach a complete construction of the Thirring model relying only on a functional
integral approach, which could be the only possible one at higher dimensions or
for more realistic models.

The analysis of the functional integral (1.5) is performed by a multiscale anal-
ysis using a (Wilsonian) Renormalization Group approach as in [G]. After each
iteration step an effective theory with new couplings, mass, wave function and
current renormalizations is obtained. The effective parameters obey to a recur-
sive equation called Beta function, and a major technical problem is that this
iterative procedure can be controlled only by proving non trivial cancellations
in the Beta function. Such cancellations are established by suitable WTi valid
at each scale and reflecting the symmetries of the formal action; contrary to
the WTi formally valid when all cutoffs are removed, they have corrections due
to the cutoffs introduced for performing the multiscale integration. The crucial
role of WTi in the construction of the theory is a feature that the functional
integral (1.5) shares with realistic models like QED or the Electroweak theory
in d = 4, requiring WTi even to prove the perturbative renormalizability, which
is absent in the models previously rigorously constructed by functional integral
methods, like the massive Yukawa model [Le] or the massive Gross-Neveu model
[GK,FMRS]. From the functional integral (1.5) we obtain, for N — oo and in
the massless limit, WTi of the same form as the one postulated in [J]:

Oty Yxtly) = ald(z — x) — (2 — y)(¥xtly) , (1.6)
Ou a7 thus xtby) = ald(z — x) — 8(z — ¥)1v* (¥xtly)
where (1)) = limy_co ﬁ)ﬂo (similar definitions hold for the other av-
erages); however the anomaly coeflicients in (1.6) are given by the following
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expression
R I A2 + O(N?) a'l=1+ A +c A2+ 0(N?) (1.7)
47 ’ 47 ’

where ¢, is a non-vanishing constant, (its explicit value is calculated in Ap-
pendix B). The anomaly coefficients are not linear in the bare coupling (the
anomaly non-renormalization is violated ), contrary to what happens in the val-
ues (1.2), found in the exact approach. Indeed the regularizations used in the
exact solution are different with respect to the ones used in the functional in-
tegral approach, and it is not too surprising to get different properties (despite
often is guessed that the same results should be obtained by the two approaches).
In particular, the constant ¢y, not only is different from 0, but even depends
on the way the ultraviolet cutoff is realized. The difference of (1.7) with respect
to (1.2) also implies that the approximation in (1.4) of the determinant with a
quadratic exponential does not lead to correct results, at least if a momentum
regularization is used.

In (1.5) a bare wave function Zy for the fermionic fields has been introduced,
to be fixed so that the ”physical” renormalization has a fixed value at the ”lab-
oratory scale”; analogously we can introduce a (finite) bare charge also for the
current, defining it as £Yy*4p. A physically meaningful choice for & could be
¢ = a~!, implying that the current has no anomalies; this choice fix the renor-
malization even of the pseudocurrent (remember that {y*y%y) = ie, ,hy"1)),
which has then still anomalies.

Note that (1.7) is not in contrast to the Adler-Bardeen [AB] analysis, as they
consider a boson-fermion interaction with a massive boson, which corresponds
to require a non local current-current interaction. If we replace in (1.5) the local
current-current interaction with a non local short ranged one, still a WTi like
(1.6) is found for N — oo, but the anomalies are linear in A and identical to
the ones found in the exact approach, that is they are given by (1.2) instead of
(1.7), see [M].

Finally we will show that a closed equation for the 2-point function is in-
deed valid starting from the functional integral (1.5); it is however different with
respect to the one postulated in [J] (which was the natural one obtained insert-
ing the WTi in the Schwinger-Dyson equation) for the presence of additional
anomalies. As a consequence, we get a relation between the critical index of the
two point function and the anomalies different with respect to (1.3), namely

A
 4rw
with ¢y > 0 nonvanishing. This additional anomalies says that the closed equa-
tion for the 2-point function is not simply obtained inserting the WTi in the
Schwinger-Dyson equation.

In the rest of this section we will define more precisely our regularized func-
tional integral and we state our main results. We will find more convenient,

from the point of view of the notation, to introduce the Weyl spinors ¢f,w with

w = %, such that P = (P4, ¥5,_), ¥ =910 and ¢ = (Y5 4, ¢F_); the v’s
matrices are explicitly given by

01 0 —2 . 1 0
70: (1 0) ) 71:(2 0’¢> ) 75:_7'7071: (0 _1) .

1, (a—a)[l —coX + O(N\?)], (1.8)
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1.2. Thirring model with cutoff. We introduce in A = [-L/2,L/2] x[-L/2,L/2)

a lattice A, whose sites are given by the space-time points x = (z,z9) =
(na,noa), with L/2a integer and n,ng = —L/2a,...,L/2a — 1. We also con-
sider the set D, of space-time momenta k = (k, ko), with k = (m + )2~ and
ko = (mo + )% and m,mo = —L/2a,...,L/2a — 1. In order to mtroduce an

ultraviolet and an infrared cutoff, we fix a number v > 1, a positive integer N
and a negative integer h; then we define the function C} (k) in the following
way; let xo € C°(R) be a non-negative, non-increasing smooth function such
that

def [1 if0<t<1
xolf) = {0 i ¢ 70, (19)
for a fixed choice of 7o : 1 < 79 < 7; then we define, for any h < j < N,
de o o
100 x0 (v 7 1Kl) = x0 (v 7+ K]) (1.10)

and C;- M) = ZJ » fi(k); hence C,;}V(k) acts as a smooth cutoff for momenta

k| > 'yN +1 (ultraviolet region) and |k| < y"~! (infrared region). It is useful for
technical reasons to choose for xo(t) a Gevrey function, for example one of class
2, that is a function such that, for any integer n,

|d"xo(t)/dt"| < C™(n!)? ., (1.11)

where C' is a symbol we shall use regularly in the following to denote a generic
constant. With each k € D, we associate four Grassmann variables {¢[h Nlo ,O,W =

+}, to be called field variables; we define DI:N%/ {k €D, : O iy (k) # 0}. On
the finite Grassmannian algebra generated from these variables we define a lin-
ear functional dy!""N (the Lebesgue measure), so that, given a monomial Q())
in the field variables, [ d{p\[h N ]Q(w) = 0 except in the case Q(1) is equal to

Q0(¥) = Ixeprm [o—s zbk N1 1/1 * or to one of the monomials obtained
from Qg(v) by a permutation of the field variables; in these cases the value
of [dgp!™NQ(s)) is determined by the condition [ dgmN1Qg(sh) = 1 and the
anticommuting properties of the field variables.

We also define a Grassmann field on the lattice A, by Fourier transform,
according to the following convention:

e 1 : -~ o
Pl N ST eiolxglleN)T x4, (1.12)

X,w L2
keD,
By the definition of D,, ,[:ngN]‘T is antiperiodic both in time and in space coor-
dinate.
The Generating Functional of the Thirring model with cutoff is

Wip, ) =1og [Pay(dw)exp { = AV (v/Zno) + (1.13)
+Zx Y / dx T NN Z / R I



Functional Integral Construction of the Thirring model 7

where [dx is a short hand notation for a® Y ., ,

Pz (@) aghN . T (L7231~ Ik? - 13)C3 n(K)] -

keDlh,N]
Toow (k) ~h,N]+ [h,N]—
expy —ZN+5 1 Yk koo’ ) (1.14)
L ‘*JMZ::E ke;,m Ch,}\f(k)
T (k)= ( un  D_(k) o D, (k)= —iko +wky , (1.15)
def 1 /dx 1/) [h N] 1/1[h N]+¢ [h,N]— (1.16)
X,—Ww .

and {Jxw}xw are commuting variables, while {¢% , }x,w,s are anticommuting.
{Jxwlxw and {pg ,}xw,0 are the external field variables.

Remark. It is immediate to check that (1.13) coincides with (1.5), if the no-
tational conventions adopted at the end of §1.1. are used and up to the trivial
rescaling 1) — v/Z of the Grassmann variables. Note also that the continuum
reqularization we have introduced is very suitable to derive WTi and SDe ; its
main disadvantage is that the positive definiteness property is not automatically
ensured; such a property will be recovered indirectly later by introducing a dif-
ferent regularization preserving positive definiteness and such that, by a proper
choice of the bare parameters, the Schwinger functions in the limit of removed
cutoffs are coinciding.

Setting zdéfxl, .. .yXp, and Xdéfyl, ..+, ¥Ym, for any given choice of the labels
gdéf(al ce s Tm)s gdg(wl ...,wp) and gdg(sl ...,€n), the Schwinger functions
are defined as

ontmw
SN haitmin) (y: %)% fim (0,0) . (L.17)

— =
- L—oo 8Jy1,01 T aJym,am 0ps w1 6‘pxn,wn

We will follow the convention that a missing label means that the corresponding
limit has been performed, for instance Sf,v whg(mm) = lim,_,¢ S(J,V whga i) par-
ticular, in order to shorten the notation of the most used Schwinger functions,

let:

def &N,h,a,(0;2
G (x,y) gD (x y) (1.18)
IESEARTLT) def N,h,a,(1;2
Gi,l,th“(z;x,y) = Sw,;wz’(%_)(z;x,y) . (1.19)

We define the Fourier transforms so that, for example,

def dk —ik(x—y GA k 0
G2 (X,y) = /(2 )26 ( ) Z}( ) ) (]‘2 )

2, def dl(dp ip(z— —ik(x—y A )
GOl (z%,y) = /—(2 )¢ PIry)e=ikxYIGZ! (p,K) . (1.21)
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The presence of the cutoffs makes the Schwinger functions Sivwh (‘Z)(mm) (y;x) well

defined, since the generating functional is simply a polynomial in the external
field variables, for any finite L, and the limit L — oo gives no problem, if h is
finite. Note that the lattice is introduced just to give a meaning to the Grass-
mann integral and it can be removed safely if h, N are fixed. In §2 we will prove
the following result.

Theorem 1.1. Given A small enough and p > 0, there exist functions Zy =
ZN(A) pn = pugn(A), such that

Zn =y N (14+0(0?) , pnv=py V™(14+0(N), (1.22)

with n; = a; X2 + O(X*), n, = —auA + O(A\?), az,a, > 0, and the following is
true.

1. The limit
N,h,a;(m;n)

SN haitmin) (y; x) = S (y;x) (1.23)
exist at non coinciding points.
2. The family of functions San o (X), defined as equal to S(O 2n) (x), withg; = +1

fori=1,....nandeg;=—-1fori=n+1,...,2n, fulﬁlls the OSa.
3. The two poz’nt Schwinger function verifies the following bound

lim
N,—h,a=1—00

C _ T+ e
|G (%, Y)| m eV ku [x—y]| , (1.24)
with m, = ay\ + O(N?). Moreover G%(x,y) is singular for x — y and it
diverges as |x —y| 17 7=.
4. In the massless limit p — 0 two point Schwinger function can be written as

G2 (k) = (1+ f(N)

with f(A) = O(A\) and independent from k.

_— 1.2
—iko + wk’ (1.25)

Remark. It is an easy consequence of our proof that the Schwinger functions
do not depend on the parameter -y, but are only functions functions of A and p.

1.8. WTi and chiral anomalies. Once that the model is constructed and the OSa
are verified, we can compute the WT1 in the massless limit. We will show that

D,(p)G2 " (psk) =

A A 22
= 00w [GEV (K — p) — GZVR ()] + A% LM (i k) (1.26)
where Af)’lw’fv "(p; k) is a correction term which is formally vanishing if we replace
C; W (k) by 1.

The anomaly manifests itself in the fact that A L.NA g nonvanishing in the
limit N, —h — oo; we will prove in fact the followmg Theorem
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Dy (p)

k —p,w

k —p,w

Fig. 1.1. : Graphical representation of (1.26); the small circle in the last term represents the
function in the r.h.s. of (3.3).

Theorem 1.2. Under the same conditions of Theorem 1.1, in the massless limit,
i.e. =0, it holds that for finite nonvanishing k,k — p,p
AUV (pik) = Dy (p) R LM (pi k) + (1.27)
+1;f Do (P)G LN (03 K) + v N D_u(P)GZL N (piK)

—w,w’

where all the quantities appearing in this identity admit a N,—h — oo-limit,
such that \

Vo=t o), vy =X’ +0(N%), (1.28)

with ¢4 < 0, |@i’t, (p; k)| satisfies the bound (2.63) below, and
R:.(pk) =0. (1.29)

It is immediate to check that the above result implies the WTi (1.6), with
al=1-v-—vtanda'=1+v- —vt.

w k,w' w k,w'
= Du(p)
w ' w ’
k_paw w k,w’ k_pyw w k,w’
+I/}tNDu(p) +I/}:,ND7“,(}))
w w
k —p,w k- p,w

Fig. 1.2. : Graphical representation of (1.27); the filled circle in the second term is the
operator implicitly defined in §4.1

1.4. Closed equation and additional anomaly. Tt is easy to see (see for instance
[BM4]) that the Schwinger functions of (1.13) in the massless limit verify the
following SDe

N ~N,h k R d N
Gzvn = 2200 gy [ GG Bk, (130
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where g)'"(k) = C;, (k) Dy, (k)" and xn(p) is a smooth function with support

in |p| < 3yN+L, equal to 1 if [p| < 2yNV+! (we can insert it freely in the SDe,
thanks to the support properties of the propagator).

k,w k,w k,w

(ke .
N\

Fig. 1.3. : Graphical representation of (1.30).

Inserting the WTi (1.26) in SDe (1.30) and using (1.27), we get

N ~N,h k R d _ N
G2 = 2228 g [ B r e (k) -

. dp__  GENh(k—p
— )\A+,h,Ngoly,h(k)/ (271_)2)((1)) D((p) )

~ dp - D.,(p) 5
00 X My [ B ke) D= LR i)

+ (1.31)

where
A def Gp,N — EQp,N
e,h,N — 9 )

1 _ 1
, Qn,N

(1.32)

Gh,N

)

:l_yh_,N_VIT,N :1+1/,;N—1/,tN
Xn(p) is defined as yn(p), with & in place of N, and X(p) = X~ (P) — Xn(P) (so
that the support of X(p) is only for 2y"*! < |p| < 34V*1). The bound (2.63)

below implies that, if k is fixed to a non vanishing value, @%i’,’i;N(p; k) diverges
more slowly that |p|_1/8, as p — 0; hence the second addend in the r.h.s. of
(1.31) is vanishing in the limit h = —oo.

If the last term in (1.31) were vanishing for —h, N — oo (as the second
addend), one would get a closed equation for éi which is identical to the one
postulated in [J]; it is just the formal Schwinger-Dyson equation combined with
the WTi in the limit of removed cutoffs.

However this is not what happens; despite both WTi and Schwinger-Dyson
equation are true in the limit, one cannot simply insert one in the other to
obtain a closed equation. The last term is non vanishing and this is a additional
anomaly effect which seems to be unnoticed in the literature.

Despite the presence of the additional anomaly, a closed equation (different
with respect the one in [J]) holds, as shown from the following theorem.
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Theorem 1.3. Under the same conditions of Theorem 1.1, in the massless limit
there exist functions ae p,N, pen,n sSuch that, for non vanishing k,

300 [ B x(p) 2B R k) =

AN,h(k) + ( )éZ,N,h(k) §4,N,h(k) (1 33)
Zn Qe h,N + Pe,n,N)G, + fi; ) .

with
lim R*MMk) =0, (1.34)

N,—h—o0

and, in the limit of removed cutoff,

ap =ad+ 0%,  pr=ed+0N),
a_=c3+0(N), p—=cs+O(A) . (1.35)

The above result says that, up to a vanishing term, the last addend in the
r.h.s. of (1.31) can be written in terms of g and G?, so that a closed equation
still holds in the limit, but different with respect to the one postulated in [J];
in particular one gets a relation between the critical index 7, and the anomalies
a,a, which is different with respect to the (1.3), that found in [J].

Corollary 1.1. The critical index of the massless two point Schwinger function
(1.25) verifies

_i a—a
BT TNy A(a. + )

with Y, Ac(ae + pe) = co + O(A?) with ¢y > 0.

(1.36)

1.5. Lattice fermions and positive definiteness. There are of course several ways
to introduce a functional integral formulation of the Thirring model correspond-
ing to different ways of regularizing the theory. The choice corresponding to
(1.13) is the closest to the formal continuum limit (the regularized propagator
is linear in k) and this is convenient under many respects, for instance in the
derivation of WTi and closed equation for the two point Schwinger function
which we will discuss below. However such a choice has the big disadvantage
that the crucial property of positive definiteness is quite difficult to prove; such
a property is however automatically fulfilled with a lattice regularization. There
is an extensive literature on the lattice fermions [MM]; if one simply replaces
k, ko in the propagator with a~' sin ka and a~! sin kga the well known fermion
doubling problem is encountered, namely that the massless fermion propagator
has four poles instead of a single one. In the continuum limit a — 0 this means
that there are four fermion state per field component and such extra unwanted
fermions influence possibly the physical behavior in a non trivial way. Several
solutions have been proposed; we will follow here the Wilson formulation of
adding a term to the free action, called Wilson term, to cancel the unwanted
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poles [MM]. Then in the Wilson lattice regularization the fermionic integration
is given by

P epd 7o 3 3 (7m)

bwrthew
O L%dfiw , (137)
kED, w==% a(k)

where the covariance 7, . (k) is defined as

I 1 e () k)
L by e gy (—m(k) er (k) ) PR

with kg = (mo+1/2)2x /L, k = (m+1/2)2n/L, n,ng = —L/2a,1,...,L/2a—1,

eu(K) def _ism(koa) +wsm(ka) ,
a
def 1 —cos(koa) 1 — cos(ka)

(k) Z , 1.
pralle) e g~ 2O (1.39)

and N, is the normalization. The generating functional is given by

[ Pac(@s)exp { = 222V () + mZN ()} - (1.40)
- exp { zZ®3" / A% Jewti Uy + D / dx [¢f Ve +¥UF 0% } :

where N(¢) = Y,_, [dx ¢ b, . Note the presence of the term (1 —
cos(kga))/a + (1 — cos(ka))/a which has the effect that, in the massless case,
only one pole is present. On the other hand it is not true, contrary to what hap-
pened in the previous case, that the massless case corresponds simply to p = 0;
the Wilson term breaks a parity symmetry leading to the generation though
the interaction of a mass; we introduce then a counterterm v, to fix the mass
proportional to .

We call SN:{™™ the Schwinger functions (1.17) (in the limit @ = 0 and
h = —o0) and S&U™™ the Schwinger functions corresponding to (1.40); in §5

we shall prove the following theorem.

Theorem 1.4. Given N > 0, let any = w(4yN )71, if X is small enough, there
exist functions Zn(A), pgn(A) and Agy (N, Zan (A), Vanx (A), 1gar (N), such that,

if all the points z,x are different from each other, then S’E"g’,(gmm) (z;x) is well
defined in the limit N — oo and

ngnm[sggzw (z;%) = Sg ™™ (z;%)] = 0 . (1.41)

wHe
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The above result says that in the limit of removed cutoffs the two different
reqularizations of the Thirring model give the same Schwinger functions, if the
“bare” parameters are suitably chosen.

The proof of the above results is based on many technical arguments, some of
which were already proved in [BM1]-[BM4]; hence, in this paper we shall discuss
in detail only the arguments not discussed in those papers.

2. Continuum fermions with cutoff

2.1. Renormalization Group analysis. The integration of the generating func-
tional (1.13) is done almost exactly (essentially up to a trivial rescaling) as
described in [BMl]—[BM4]; hence we briefly resume here such procedure to fix
notations. It is possible to prove by induction that, for any j : h <j < N, there
are a constant Ej;, two positive functions Z;(k), fi;(k) and two functionals V()

and BY, such that, if Z; = max Z;(k),

W(p,J) _ —L>E; h,j —_y@ 7. phdly 1 gG) 7z [h,j]7 J
M) J/pzj,ﬁmh’j(dw[ eV /M BO (2 o.7)

(2.1)
where:

1. Py i Cn .(dzp[h’j]) is the effective Grassmannian measure at scale j, equal to
FRIaVE) J

. d¢[h7]]+d¢[h7.7]
. (R3] W TXW
PZJ,MJ ,Ch,j (d/l’b ! ) H H ) (22)
k:C; (k) >0 wiw'=+1
1 h, h,jl—
Cexp{ —73 Z Ch;(k Z¢[ J+T(J) (k) l[(,tjl] ,
k:C; % (k) >0 wkl

with Tusji, given by (1.15) with fi;(k) replacing pn, Ch,; (k)™ = i:h fr(k)
and N (k ( ) a suitable normalization constant.

2. The effective potential on scale j, VU (¢), is a sum of monomial of Grass-
mannian variables multiplied by suitable kernels. i.e. it is of the form

] o] 1 2n
V(])(@b):ZW > H¢k,,w, (kl, kon )6 | Y oiki |,
n=1 ki,..., kop, =1
Wlseees w2n
(2.3)
where 0; = + for i = 1,...,n, 0 = —fori =n+1,...,2n and w =
(Wi, wan);

3. The effective source term at scale j, BU)(,/ijp, ®,J), is a sum of monomials
of Grassmannian variables and %, .J field, with at least one ¢* or one .J
field; we shall write it in the form

BOZz,0,7) = BO (VZi) + BY (VZi) + WP (VZi, 0, ), (24)
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where ij) (v) and B(Jj )(v,b) denote the sums over the terms containing only
one ¢ or J field, respectively. B(j)(,/Zj@b,go, J) can be written as sum over
Z(Z,),n¢,nJ,g‘

Of course (2.1) is true for j = N, with Zy(k) = Zu, Wl(zo) = 0, and
Yy (Qﬁ),B&N), B(JN) given implicitly by (1.13). The kernels in W@, Y& and
BY, j < N, are functions of uy, Z and the effective couplings Ay (to be
defined later), with & > j; the iterative construction below will inductively
implies that the dependence on these variables is well defined.

monomials of 9, ¢, J multiplied by kernels

We now begin to describe the iterative construction leading to (2.1). We

introduce two operators P, r = 0, 1, acting on the kernels W) in the following
way

oW (@)
Oju, (k)

By -un=0

PV = WD , PO = 3 (k) . (2.5)

Ly =0
Mj,--UN kZ],k

We introduce also two operators L., 7 = 0,1, acting on the kernels W) in the
following way:

1. If n=1,
iy s def 1 iy e
L’OW;Z(k) = 1 Wz(Jg) (knn’) ’
nn'=%1
o der 1 y koL kL
LW (k) = : S W (k) [ OT+ 21, (2.6)
n,n =£1
where k,,; = (n%,n'%).
2 Ifn =2, £, Wi, 0 and
s d —_~ — — —
£0W4(,J£)(k17k2,k3) ;szl(,Jg)(k++7k++7k++) - (2.7)

3. Mn>2, LW “p wh dfy

2n,w 2n,w

Given L;,P;, j = 0,1 as above, we define the action of £ on the kernels Wz(fz),w
as follows. -

4. If n =1, then

LW (Lo + LOPWD) L+ LoPW)

I ’ .
21"-)7“) Z,UJ,UJ

5. It n = 2, then LW £oPoW,3).
6. If n. > 2, then LW, = 0.

2n,w



Functional Integral Construction of the Thirring model 15

Note that LoPoW. W = 0, because of the parity properties (in the exchange

2w,w T

k — —k) of the diagonal propagators, whose number is surely odd in each
Feynmann graph contributing to Wé’w w LoP W, 2 w » = 0, because there are no
contributions of first order in ug; PoW. 2’3 _w = 0, since the only way to get a

contribution to WQ,w,fw is to use at least one antidiagonal propagator. Therefore
(2.8) reads

LW = LPoWD) LW = LoPiWs2) . (2.9)

Note also that £2V() = £V The effect of £ on V) is, by definition, to replace
on the r.h.s. of (2.3) WP with LW ; we get

2n,w 2n, UJ’
VD @A) = 2 P 4 sy B 4 L (2.10)

where z;, a; and [; are real numbers and

ha' 1 ) sJ1T
M =53 Y Duhdl el

Y kGl (K)>0

th,j] — L2 Z Z w[hd]“‘ e ’JL , (211)

v kCp g (k)>0
. 1 , h,j
A = — 3 AR T T LA T L | S AT I
Ki,....ka:Cp % (ki) >0
Analogously, we write BY) = £BU) + RBY, R = 1 — L, according to
the following definition. First of all, we put £W1(§) = (. Let us consider now

B(J])(\/Z_j¢). It is easy to see that the field J is equivalent, from the point
of view of dimensional considerations, to two 9 fields. Hence, the only terms
which need to be renormalized are those of second order in 9, which are indeed
marginal. We shall use for them the definition

B (Zyy) = Z ZB“) (P 1) T (V20 V20 ) - (2.12)

We regularize B(Jj ’2)(\/Zj¢), in analogy to what we did for the effective po-
tential, by decomposing it as the sum of LB(Jj’m(,/Zﬂﬁ) and ’RB‘(,JJ)(\/ij),
where L is defined through its action on LA?S 2:) (p, k) in the following way:

~(3 1 ~(4 _
LB, 0,1) = b D PoBIL(0Kyy); (213)

n,n'==*1
note that £BY )7 = 0 because of the symmetry property
w,—w

GV(K) = —iwgP (k*) , k= (kko), k*=(—kok). (2.14)
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We get

£BYD(\/Z) = Z z;” /dx T fq; )(\/Z_j«p;w), (2.15)

which defines the renormalization constant ZJ(.2); we shall extend this definition
to j = N by putting, in agreement with (1.13), ZJ(\?) =Zn.

Finally we have to define £ for Bg)(\/ij); we want to show that, by a
suitable choice of the localization procedure, if j < N — 1, it can be written in
the form

B(J) \/_¢ Z Z /dxdy

w,w’ i=7+1

+ Q(Z)( Q()

Px wgw w

y - X)w;,w’ +

N Zip) +

+ Z % Z [{ﬁ[h,a +Q(J+1) (k)ﬁpk ot CP Q‘(j:ll)( )w[ aJ] ] (2.16)

w,w’ k:C; 2 (k)>0

Q(Z)( K)

where g =3 ZJ\SL (k )C/Q\((j,),’w,( ) gg)w,, is the renormalized propagator

of the field on scale j (see (2.22) below for a precise definition) and Q\Sj’)w, (k) is
defined inductively by the relations

N
Q0,0 = QU (k) - 2,Z;Du(k) Y G5 ) - 5,25 zaffig,

=j+1 =j+1
QY k) =1. (2.17)

The £ operation for prj ) is defined by decomposing V%) in the r.h.s. of (2.16)
as LV + RV LVYU) being defined by (2.10).

After writing V) = £V + RV and BY) = £BU) + RBY), the next step
is to renormalize the free measure Py . -, (dip™31), by adding to it part of
the r.h.s. of (2.10). We get that (2.1) can be written as

e [Py o, (@) e POVTIEOGTUD (3.15)

Where, since Zj(k) = Z]' = mMaXk Z](k) and ﬂj(k) = Wj = (Zj+1/Zj)(uj+1 +
Sj41), if Chi;(k) # 0, then

Zi1(k) = Zi[1+ Cyj(K)zs],  fij-1(k) = (1 + Crrj(®)s;] , (2.19)

ZJ
Zj (k)

PO (lhdly = Y@ (plhdly — 5, Fc[h’ﬂ — s; Flhdl | (2.20)
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and the factor exp(—L?t;) in (2.18) takes into account the different normalization
of the two measures. Moreover

BO(Zpth) = B (V7)) + BY (VZph ) + Wi 2.21)

where ij ) is obtained from prj) by inserting (2.21) in the second line of (2.16)
and by absorbing the terms proportional to z;, s; in the terms in the third line
of (2.16).

If j > h, the r.h.s of (2.18) can be written as

—L?%t; hj—1 ] )
¢« / L BRI C i) / Py, s i (@019) -
. e—ljFA(\/Z—j¢[h,j])_ny(\/z_j¢[h,j])+l§(j)(\/z—j¢[h,j]) (2.22)

where f] (k) = f] (k)Z],]_ [Zj,]_(k)]_l. B

_ The above integration procedure is done till the scale h* = max{h, h*}, where
h* is the maximal j such that 4/ < p;. If h* < j < N, by using the Gevray
property (1.11) of xo, see [DR], we get

. c -
195L (e, < —yemV? =yl
o~

98 syl < 5 (4 ) eV, (223)
-1

w,—w i

where C' and c are suitable constants; moreover,

. C i oyl
9527 (xy)| < A eV
h*—1
h* C _* B* h*
1953 (e, y) < —— (l%) eVt eyl (2.24)
’ h*—1 \7Y

Note that the propagator e (@) (k) is equivalent to §§,i) (k), as concerns the di-

mensional bounds, since the sum in the r.h.s. of (2.17) contains at most two
nonvanishing terms. We now rescale the field so that

LFA(VZip!" ) + RV(y/Ziplhdl) = V) (\/Z; )
BD (\/Zp3ly = B (\/Z; 1p!™) ; (2.25)
it follows that £V (p[m3) = NP where \j = (Z;Z;,)2l;; we shall extend

this definition to j = N by putting, in agreement with (1.13), Ay = A. If we
now define

e,v(]’—l)(mwlh:j—ll)_‘_B(j—l)(\/Zj—_“//[hxj—l]),LZEj _ (226)

R v1C) N 57 A LI (j))+§(j) Zi—1[plmi = @

:/sz (@) (V7w v )+BY (/251w )
—1:Mj—=1,J;

it is easy to see that VU1 and BU~D are of the same form of V¥ and BY)
and that the procedure can be iterated. Note that the above procedure allows,

’
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in particular, to write Aj, Z;, u;, for any j such that N > j > h*, in terms of
Ajrs Zjry Wyry §' > G-
At the end of the iterative integration procedure, we get

W(p,J) = -L*E,+ Y. S (e,J), (2.27)
m¥e+nd>1
where Ep, is the free energy and Séfn),, .o (¢, J) are suitable functionals, which

can be expanded, as well as Ey,, the effective potentials and the various terms in
the r.h.s. of (2.4) and (2.3), in terms of trees. We do not repeat here the analysis
leading to the tree expansion, as it is essentially identical to the one for instance

in §3 of [BM1], and we quote the results; it turns out the kernels Ség¢ na (P, )

can be written as in formula (102) of [BM2]:

o N-1
(h) _
Somes 0 =D 3 D D >
n=0jo=h*—1 @ TE€T; o ome nJ |Pv:|€=7;m¢
2m? n’
JEC3 1 <0 | E St (2.29)
i=1 r=1

where we refer to §3.4 of [BM2] for the notation. In particular,

- Tjo.n,2me n7 is a family of trees (identical to the those defined in §3.2 of [BM2],
up to the (trivial) difference that the maximum scale of the vertices is N + 1
instead of +1), with root at scale jo, n normal endpoints (i.e. endpoints not
associated to ¢ or J fields), n¥ = 2m¥ endpoints of type ¢ and n’ endpoints
of type J.

- If v is a vertex of the tree 7, P, is a set of labels which distinguish the
external fields of v, that is the field variables of type 1 which belong to one
of the endpoints following v and either are not yet contracted in the vertex

v (we shall call Pé") the set of these variables) or are contracted with the
v variable of an endpoint of type ¢ through a propagator g@*+); note that
|Py| = |P1§")| +n?, if n¢ is the number of endpoints of type ¢ following v.

- X, if v is not an endpoint, is the family of all space-time points associated
with one of the endpoints following v.

2.2. Convergence of the RG exzpansion. In order to control the RG expansion,
it is sufficient to show that A, = maxp<j<n |A;| stays small if A = Ay is small
enough. This property is surely true if |h — N| is at most of order A~!, but to
prove that it is true for any h, N is quite nontrivial. In §4.3, by using WTi and
SDe, we shall prove the following Theorem, essentially taken from [BM4].

Theorem 2.1. There ezists a constant €1, independent of N, such that, if |A| <
€1, the constants \;, Z;, ZJ(-2) and p; are well defined for any j < N; moreover

there exist suitable sequences Xj, 2]-, 2](-2) and fi;, defined for j < 0 and inde-
pendent of N, such that A\; = :\\ij, Z; = ZJ,N, ZJ(-Q) = Z](E)N and p; = fij_N-.
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The sequence Xj converges, as j — —o00, to a function A_o () = X + O(A\?),
such that R ‘

INj = Aoo| < CAZHI/4 (2.29)
Finally, there erist n, = —a,\ + O(N?) and n, = a,2*> + O(X3), with a, and
a; strictly positive, such that, for any j <0, |log,(Z; 1/Z;) —n.| < C\2~il4,

5 9 . N o .

|log, (2, /2" = n:| < CX243/* and |log, (-1 /i) = mul < CIAA/.
Remark. Note that the definitions of A;, p1;, Z; and Z; ) are independent of the
1 value; however, in the theory with u # 0, there appear only their values with
j>h~

The above result implies that we can remove the cutoffs and take the limit
N, —h — 0o, by choosing the normalization conditions

Zo=1, po=p. (2.30)

In fact, by using (2.30), it is easy to prove that, if Zy = (2) = [H (Zia)Z)) !
and pn = [T/ (j—1/p;)] 7", then

wi= I EN), Zi = N, 2% = (T RN ()

(2.31)
where @
0o 5®
7?7,
«N= 11 =65 (2.32)
e 2 2
and F; ; n(X), i = 1,2, 3, satisfy the conditions
Fion(\) =1,  |Fijn(\) — 1] < OA2y~[V-max{z.03/4 (2.33)

Note also that the first of (2.31) implies that, in the limit N,—h — oo, if [z]
denotes the largest integer < z,

_ |
h* = [ 08 |1 l] (2.34)
1-mn,

Moreover, the proof of Theorem 2.1 implies that the critical indices 1, and 7,
are given by tree expansions, such that everywhere the constants A; and Z; are
substituted with A_,, and y~7:7. In particular 7, is the solution of an equatlon
of the form

N = az/\2_oo + )‘Al—ooH()‘fooanz) ) (235)

which allows to explicitly calculate the perturbative expansion of 7, through an
iteratively procedure.

Remark. The normalization conditions (2.30) could also include the value of Z ](2)

for j = 0, but we have chosen to fix the value of ZJ@) for j = N, by putting
it equal to Zy. A different choice would only change the value of {()\) by an
arbitrary finite constant.
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2.3. The Schwinger functions. Theorem 2.1 allows us to control the expansion of
the Schwinger functions, by using the following bound for the kernels appearing
in the expansion (2.28):

/ AX|Same 7 7o (X)]| < L2CPMeH13 (O, )y~ J0(=2m 4nT)

2m¥ N A |P,|/2

y B ( 2 ) —d
. : yd (2.36)
z'l;ll (Zh")l/z 7‘1;[1 ZET v nge.p. Zh”_l

where h; is the scale of the propagator linking the i-th endpoint of type ¢ to the
tree, h, is the scale of the r-th endpoint of type J and

dy = =24 |P,|/2 +nJ + 3(P,) (2.37)
with
3/4 if |P,|=4,n¢ =0,1,n) =0,
: J
(P = 3/2 1f|Pv|:2,TL¢:0,].,TL =0, 2.38
Z( ’U) 3/4 1f|Pv|=27n%:07n;{v= , ( )

0 otherwise.

The above bound has a simple dimensional interpretation; how to prove it
rigorously has been explained in detail in the very similar model studied in [BM1]
(see also §3 of [BM2]). We simply remark here that, had we defined £ = 0, we
would have obtained a bound similar to (2.36) with Z(P,) = 0 in (2.38). The
regularization procedure has the effect that the wvertex dimension d, gets an
extra Z(P,), whose value can be understood in the following way. If we apply
the regularizing operator 1 — £ to the kernel associated with the vertex v, the
bound improves by a dimensional factor " ~hv if v’ is the first non trivial
vertex preceding v; if we apply 1 — Lo — £, the bound improves by a factor
42(hui —hv) Moreover, if to a kernel associated with the vertex v the operator
1 — Py is applied, the bound improves by a factor

h h

ny |7 < e || [ e [y~ < A7y R0 o=k g =he — (3 39)
A (=eRig) (0 =) < R —hn)

if 1 — Py — Py is applied, the bound improves by a factor (|un, |y ")? <
'y%(hu'*hv)‘

By suitably modifying the analysis leading to the bound (2.36), we can derive
a bound for all the Schwinger functions and get a relatively simple tree expansion
for their removed cutoffs limit. We shall here consider in detail the Schwinger
functions with n/ = 0, at fixed non coinciding points; we shall get a bound
sufficient to prove two of the OSa, the boundedness and the cluster property.
Since relativistic invariance is obvious by construction, to complete the proof of
OSa there will remain to prove only positive definiteness.

Given a set x = {x1,...,X;} of k (an even integer) space-time points, such
that 6 = mingsyex [x —y| > 0, and a set w = {ws,...,wy} of w-indices, the k-
points Schwinger function Sy, (x) is defined as the k-th order functional deriva-

tive of the generating function (2.28) with respect to cp;tl,wl, e go;tk/%wkﬂ and
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PCrjastswnjorr - Py a6 J =@ =0, see (1.17) and item 2) in Theorem 1.1.
By using (2.28), we can write

Sku(x) = lm o> Z Y30 Y Skorw®, (240)

n(x,w) n=0 jo=h*—1 w TETjg,n,k0 FEP
[Pyg |=F

where Ew(z,g) denotes the sum over the permutations of the x and w labels

associated with the k/2 endpoints of type ¢, as well as those associated with
the k/2 endpoints of type ¢~ .

We need some extra definitions. Given a tree 7 contributing to the r.h.s. of
(2.40), we call 7* the tree which is obtained from 7 by erasing all the vertices
which are not needed to connect the k special endpoints (all of type ©). The end-
points of 7* are the k special endpoints of 7, which we denote v}, ¢ =1,...,k;
with each of them a space-time point x; is associated. Given a vertex v E T
we shall call x} the subset of x made of all points associated with the endpoints
following v in 7*; we shall use also the definition D, = mauxx,ye,(:j |x — y|. More-
over, we shall call s} the number of branches following vin 7, s*! the number
of branches contalnlng only one endpoint and s}? = s} — skt Note that x} C x,
and s} < s,.

The bound of Sk, 0,7, (%) can be obtained by slightly modifying the procedure
described in detail in §3 of [BM1], which allowed us to prove the integral esti-
mate (2.36), in order to take into account the fact that the points in x are not

integrated. First of all, we note that it is possible to extract a factor e <V Dy
for each non trivial (that is with s > 2, n.t. in the following) vertex v € 7*, by

partially using the decaying factors e~ “V 7 -yl appearing in the bounds (2.23),
which are used for the propagators of the spanning tree T, = (J, T, of 7 (see
(3.81) of [BM1]); we can indeed use the bound

e~V < =SV L VR ¢ gy
>~ ’ 2 E‘(;io ,7—]/2

and the remark that, given a n.t. v € 7%, there is a subtree T, of T;, connecting
the points in x% (together with a subset of the internal points in x,), made of
propagators of scale j > h,. It follows that, given two points x,y € x}, such
that D, = |x —y|, there is a path connecting x and y, made of propagators in
T, , whose length is at least D,; the decomposition of the decaying factors in
the r.h.s. of (2.41) allows us to extract, for each of these propagators, a factor

e~V and the product of these factors can be bounded by e~V Dy

Note that, after this operation, there will remain a factor e (¢/2V7 [x=¥| for
each propagator of T, to be used for the integration over the internal vertices.
Moreover, there will be 1+3 " . (s; —1) = k integrations less to do; by suitably
choosing them, the lacking integrations produce in the bound an extra factor
[Tye - ¥~V L2 so that we get

1Sk,0,rw(X)| < CF(CXjy) My 90(=2Hh/2) H y2ho (53— g = VA" Dy

n.t.veT*
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Zn, P
= T 2.42
I (72=) (2.42)

Let E; be the family of trivial vertices belonging to the branch of 7* which
connects v} with the higher non trivial vertex of 7* preceding it; the definition
of 53! and the fact that, by assumption, 1/Z,, < 4", with n < A3, imply
that, if £ = U; E;,

k —h; *,1
I gy < [0 IT moost . eay
i=1 \Thi

vEE n.t.veT*

Let v the first vertex following vy (the vertex immediately following the root
of 7, of scale jo + 1) with s* > 2; then we have, if k, denotes the number of
elements in x} (hence k, = k, if vo < v < vg),

,y—jo(—2+k/2) H ,y—du _ ,y—hﬂg(—2+kv3/2) H V_J” ’ (2.44)
vo <v<vg vo <v<vg
where we used the definition,

- ko\ _ |P|—ky
dy=d, — (—2+ 7) =—5 (2.45)

note that d, > 1/2, for any v € 7*.
By inserting (2.43) and (2.44) in the r.h.s. of (2.42), we get

|Pu]/2
M ]

Zh., —
n.t.veT* v not e.p. hy—1

H ,deu

vgr*
v not e.p.

H,ydu1+n/2‘| II Y oA (2.46)

veEE vo<v<vh

where

FT:fh”S(fﬂk”S/z) H 7hv[2(3;371)7(1—71/2)s:’1] H v L (2.47)

n.t.ver* va‘SUE‘r*
v@E
Given a n.t. vertex v € 7%, let s = s%, 51 = si!, § = s — 51 and vy,...,v; the

n.t. vertices immediately following v in 7*. Note that k, = s1 + Ele ky;; hence,
given € > 0, we can write
(<24 e+ ko /D) + 25— 1) = (L —n/2)s] =
=2—-e—k/24+e(s—1)+2—-¢e)(s1+8-1)—(1—n/2)s1 =

:‘% (81+ikm> +te(s—1)+(2-e)i+s1(2-e—-1+7/2) =

:5(3—1)+31(1/2—5+n/2)—i(—2+6+kvi/2). (2.48)

i=1
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This identity, applied to the vertex vg, implies that, if vi,...,v;5, § = S:E — s:él,
are the n.t. vertices immediately following v§ in 7*, then
_ _ hy*[2(s* —1)—(1—n/2)s*}!
~ hys ( 2+kv8/2)7 =1 (8“0 )—(1—n/ )svo] _
5
_ ’Yshvs ,yaus hus H ,Y—hui(—2+5+k1,l./2) i H 7—2+s+ku/2 , (2‘49)

i=1 vEC;

where C; is the path connecting v§ with v; in 7* (not including v;) and we used
the definition
ay =e(sk —1)+s31(1/2—e +1/2) . (2.50)

The presence of the factor y~/wi(=2+e+kw:/2) for each vertex v; in the r.h.s. of
(2.49) implies that an identity similar to (2.49) can be used for each n.t. vertex
v € 7*. It is then easy to show that

FT — ’)’Ehus l H ,.Ya'uh'u‘| H ,Y—Liu"rs R (251)

n.t.veT* ’UeT*,’U%E

By inserting this equation in (2.46), we get

[Sk,0,m ()] < CH(CRjp)my™"8 l [T eereevompe

n.t.veT*
Zh, _d
. l H (Z—)‘P"W’y dv] , (2.52)
v not e.p. hy—1
where -
1, ifvg <v <y
J’v: dv_E ?f’UET*;vaSU¢E (253)
dy+1—n/2 ifveFE
dy otherwise

Note that d, > 0 for any v € 7, if ¢ < 1/2; moreover, if this condition is
satisfied, oy, > € > 0, for any n.t. vertex v € 7%, uniformly in A;,. Moreover,
since by hypothesis D, > § > 0, there is ¢g such that

’ya”hve_cl1 /~bv D, < sup Z_2aue—c'w\/3 < (C_O)av a2 | (254)
i $>0 —_ 6 v
Note that 1 1
Y vz g4 e < SR+ (255)
n.t.veT*

Hence, by using (2.52) and (2.55), we get

|Sk’0’7_’£(§)| < Ck(k!)1+n(0/_\jo)n57[k(1+n)/275]+av3 i

(ay=+e)hy,x —c' 'yhuan Zhv [Py]/2 g
v ee I II (7 v (2.56)

Zh., —
v not e.p. hy—1



24 G. Benfatto, P. Falco, V. Mastropietro

where Dy denotes the diameter of the set x.

Let us now observe that, since the vertex dimensions d, are all strictly pos-
itive, if we insert the bound (2.56) in the r.h.s of (2.40), we can easily perform
all the sums (by using the arguments explained, for instance, in [BM1]), once we

have fixed the scale of the vertex vg and the values of s7. and s:él (so that the

value of a; is fixed) and we can take the limit —h, N — oo. By using Theorem
2.1 and the remark that the bound (2.56) implies that the trees giving the main

contribution to S (x) are those with 7hv3 Dy of order 1, it is easy to prove
that the limit can be expressed as an expansion similar to (2.40), with the sum
over jo going from —oo to +o00, the sum over 7 including trees with endpoints
of arbitrary scale (satisfying the usual constraints) and the values of Sk, (X)
modified in the following way:

1) in every endpoint there is the same constant A_, in place of A ;

2) the constants Z;, and p; are substituted everywhere by v~7=J and py =",
respectively, see (2.31);

3) in the expansion which defines the constants z; and s; needed, respectively,
in the definition of Z;_; (k) and p;_; (k), see (2.19), one has to make the same
substitutions of items 1) and 2).

The bound (2.56) also implies the following one (valid for C.|A\| < 1, with
C. > o0ase—1/2):

k s
|Sk,g(§)| S Ck(cgp\l)k/?—l (k_!)2+n(5—[k(1+n)/2—5] Z Z 65(3—1)+51(1—25+n)/2 X

5=2851=0
+oo
. Z 7[ss+s1(1—2s+n)/2]h6—c'mS
h=—0c0
i kj2o1 oo k()2 k s 5 es+s1(1—2e+n)/2
- n§— n -
< CH(CN) (k1)3+2n§ SN (DJ . (2.57)

s=2 §1=0

Since §/Dx < 1, the sum over s and s; is bounded by Ck?(§/Dx)*; hence we
get the bound

1

k k/2—1 (1.1\3+2n s—[k(1+n)/2—2¢]
[Seaa (0] < CH(CLl )27 (k)27 Tt

(2.58)

which proves both the boundedness and the cluster property, see Appendix A.

In conclusion,we have proved the following result.

Theorem 2.2. If 1 is defined as in Theorem 2.1, there exists e2 < &1 such
that,if the normalization conditions (2.30) are satisfied and |A| < €2, then the
Schwinger functions Sk (x) are well defined at non coinciding points and verify

all the OS axioms, possibly except the axiom of positive definiteness.

The positivity property will be proved in §4, together with the claim in item
4) of Theorem 1.1. Moreover, it is easy to derive from the previous bounds (see
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for instance [BM4] for the case p = 0) the bound for the two point Schwinger
functions (1.24). Finally, the previous arguments can be extended to prove that
also the Schwinger functions with nj > 0 are well defined in the limit of removed
cutoffs, so completing the proof of Theorem 1.1, except for eq. (1.25), which will
be proved in §2.5 below.

2.4. Bounds for the Fourier transform of the Schwinger functions. The main
bound (2.36) can be also used to get bounds on the Fourier transform of the
Schwinger functions at non zero external momenta; these bounds are uniform in
the cutoffs and allow, in particular, to prove (by some obvious technicality, that
we shall ship) that the removed cutoffs limit is well defined. Here we shall only
consider, as an example, the function @i’i;fv’h(p; k) in the massless case.

By using (2.28), we can write

oo N-1

Gk =3 Y > Y Gpk), (2.59)

0
n=0 jo=h— 1TET70"21|P1,0\ -

with an obvious definition of @?_’l(p,k). Let us define, for any k # 0, hy =
min{j : f;(k) # 0} and suppose that p, k, p — k are all different from 0. It
follows that, given 7, if h_ and h, are the scale indices of the 1 fields belonging
to the endpoints assomated with ¢t and ¢~, while h; denotes the scale of the
endpoint of type J, G 1(p,k) can be different from 0 only if h_ = hy, hx + 1,
hy = hx_p,hx—p +1 and hj > hp —log, 2. Moreover, if Tj, npx denotes the

set of trees satisfying the previous conditions and 7 € Tjy n.pk, |G>' (P, k)| can
be bounded by [ dzdx|G2'(z;x,y)|. Hence, by using (2.36) and (2.31), we get

|@2’1’N’h(p;k)| S C,Y*hk(lfﬂz/2)77hk—p(17712/2) .

o N
S e I o (2.60)
n=0 jo=h—17€Tjg,n,p,k  FEP v not e.p.

|Pug |=2

The bound of the r.h.s. of (2.60) could be easily performed by using the
procedure described in §3 of [BM1], if d,, were greater than 0 for any v; however,
by looking at (2.37), one sees that this is not true. Given 7 € Ty np k, let v§ the
higher vertex preceding all three special endpoints and v{ > v the higher vertex
preceding either the two endpoints of type ¢ (to be called v, 4 and v, ) or one
endpoint of type ¢ and the endpoint of type J (to be called vy). It turns out
that d, > 0, except for the vertices belonging to the path C* connecting v} with
vy, where, if |P,| = 4 and nJ = 0 or |P,| = 2 and n = 1, d, = 0. Hence, we can
perform as in §3 of [BM1] the sums over the scale and P, labels of 7, only if we
fix the scale indices h$ and h} of v§ and v}, after multiplying by y~%(hi—"5) the
r.h.s. of (2.60), & being any positive number. Of course, we have also to perform
the sum over h§, hi of 49(*1=ho)  which is divergent, if we proceed exactly in
this way.

In order to solve this problem, we note that, if v ¢ C*, d, — 1/4 > 0. Hence,
before performing the sums over the scale and P, labels, we can extract from
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each y~% factor associated with the vertices belonging to the paths connecting
the three special endpoints with vg or v, a 41/ piece, to be used to perform
safely the sums over hfj, hi in the following way.

Let us consider first the family 7}5}1’31’1371( of trees such that the two special

endpoints following v are v, 4 and v, _ and let us suppose that |k| > |k — p|.
In this case, before doing the sums over the the scale and P, labels, we fix also
the scale hy of v;. We get, if by = max{hp + 2,hj + 1}:

oo N-1
o2 Y e I < (2.61)
n=0 jo=h—1 reT® PeP v not e.p.

jg.,n,p.k |Pug|=2
*
hx—p hy +o0

<C Z Z Z 75(’11‘—hé)fy—%[(hk—hT)+(hk—p—hT)+(hJ—hé)]7

hi=—00 hg=—00 hy=h7

and it is easy to prove that the r.h.s. of (2.61) is bounded by C~o(—he) if
0 <1/8.1If [k — p| > |k|, we get a similar result, with hi_p in place of hi.

Let us consider now the family 7}&’;‘)”1{ of trees such that the two special
endpoints following v} are v; and v, ;.. We get, if b, = max{hp +2,h{+1} and
ho = min{hy_p, hi}:

oo N-1
X Y Y eppr I < (2.62)
n=0 jo=h—1 reT(Ht) PeP v not e.p.

jo,n,p,k |Pv0|=2
hx ’_lo —+oo
<C Z Z Z ,},5(’11‘—hé),),—%[(hk—’bi‘)*‘(hk—p—hé)+(hJ—hi‘)]7

hi=—o00 hg=—o00 hy=h}

and it is easy to prove that, if § < 1/8, the r.h.s. of (2.62) is bounded by
C~O(he—hi—p) 'if |k| > |k — p|, by a constant, otherwise. The family 7}5)27;;2,71( of
trees such that the two special endpoints following v] are v; and v, _ can be
treated in a similar way and one obtains a bound Cy(—p—he) if |k —p| > |K|,
or a constant, otherwise.

By putting together all these bounds, we get, for any positive 6 < 1/8:

Cs
Kk —pl

lG§f+<m@my+<m@mf+(m®mY]7

with Cs — 0o as 6 — 0.

G2 (o k)| <

w,w’

(2.63)

2.5. Calculation of @Z (k) in the massless case. We want now to discuss the

structure of the limit —h, N — oo of the interacting propagator G%N-" (k) for
pn=0.
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By using (2.28), we can write

oo N-1

GEMM) =30 Y D Y G, (2:64)

n=0 jo=h—17€Tjy,n,2,0 PEP
[Pyg |=2

with an obvious definition of G2 (k).

Let us define hyx as in §2.4 and suppose that k # 0. It follows that, given
T, if h_ and hy are the scale indices of the v fields belonging to the endpoints
associated with ot and ¢, (33 (k) can be different from 0 only if hy = hy, A +1.
Moreover, if Tj, »,k denotes the set of trees satisfying the previous conditions and

7 € Tjomk, |G2(K)| can be bounded by [ dx|G2(x,y)|. Hence, by using (2.36)
and (2.31), we get

A2,N,h f(hrjo)'yih_k .
|G (k)| < Cy
Zh
N-1

Y Y Y e I o, (2.65)

n=0 jo=h—17€T;jjn k \Plzsli2 v not e.p.
where d, > 0, except for the vertices belonging to the path connecting the root
with v*, the higher vertex preceding both the two special endpoints, where d,
can be equal to 0. These vertices can be regularized by using the factor v~ (hx—do)
in the r.h.s. of (2.65); hence, by proceeding as in §2.4, we can easily perform the
sum over the trees with a fixed value of the scale label h* of v* and we get the

bound
he B

~ - * 7hk
|G3’N’h(k)| S C’yZh ,y_(hk_h )/2 S C’YZ—h . (266)
k h*=—00 k

By using Theorem 2.1, it is not hard to argue, as in §2.3, that the removed
cutoffs limit @i (k) is well defined and is given by an expansion similar to (2.64),
with the sum over jy going from —oo to +00 and the quantity @3 (k) modified by
substituting, in every endpoint, A\; with A_,, and, in every propagator, Z; with
4~", p = n,; this property easily implies that G2(vk) = v7~'G2 (k). On the
other hand, the symmetries of the model imply that there is a function g(z, \),
defined for z > 0 and A small enough, such that @z,(k) = D;1(k)g(k|,\);
by the previous scaling property, g(vz,\) = v"g(z, ). We want to show that
g(z,\) = 2" f(N), with f(X) independent of z.

To prove this claim, first of all note that G%N-"(k) is independent of -,
since the cutoff function Cf; }\,(k) only depends on 79 and v > 7, see §1.2.

This property is then valid also for @f, (k), hence for g(z, \). However, since the
expansion heavily depends on v, the value of 7 is apparently a function of ; we
want to show that this is not true.

Note that, for any v and any integer j, g(77,\) = 4/"Mg(1,\); it follows
that, if there exist, given v; and 72, two integers ji,j2, such that vi' = 432,
then n(y1) = n(y2). Hence, given an interval I = [y,7%] and v € I, the set
{v" € I :n(v") = n(v)} is dense in I, as the set of rational numbers is dense in
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the interval [log, 70,log, 7]- Since n(7) is obviously continuous in v, it follows
that it is constant.

Let us now put g(z,)\) = z"f(z,)\); we see immediately that f(yz,\) =
f(z,\). Hence, by varying « in the interval [2,4] and by choosing z = 1/, we
see that f(1,A) = f(z, \), if z € [1/4,1/2]. By using this equation, by varying =
in the interval [1/4,1/2] and by choosing v = 2, we get also f(1,\) = f(z, ), if
x € [1/2,1]. By proceeding in this way, it is easy to show that f(1,A) = f(z,\),
for any x > 0.

The previous discussion and the fact that, in the expansion (2.65), d, > 1/4
for any v > v*, imply also that

LK

~2,N,h —
G = 5

[F(N) + O(kly~N)1] . (2.67)

3. Ward—Takahashi Identities

3.1. Proof of Theorem 1.2. In order to derive WTi in the massless case p = 0
from the generating functional (1.13) (in the continuum limit a = 0), it is conve-
nient, to introduce a cutoff function [C, (k)] equivalent to [Cyn (k)] " as far
as the scaling features are concerned, but such that the support of [C,i ~(&K)]tis
the whole set Do and lim.,0[C;, n (k)] ™" = [Ch,n (k)] "5 we refer to [BM2] §2.2
for its exact definition. We then substitute [Cp,n (k)] with [C} (k)] " in the
r.hus. of (1.13) and perform the gauge transformation ¢f,w — eFaxw @b,jf’w (equiv-
alent to the usual phase and chiral transformations). The change in the cutoff
function has the effect that the Lebesgue measure dz/p\[h*N | is invariant under this
transformation and we get the WTi (1.26), where, if < . >p x denotes the ex-

pectation with respect to measure N 1Py, (dip)e *¥Z8V(¥) (see (1.14)-(1.16)

for the definitions), AAi’bfV’h(p, k) is the Fourier transform of
1,k d_f -

ALV x5y, 2) E (W) i s 0w (3.1)
where (—; —;—), , denotes the truncated expectation with respect to the mea-
sure (1.14),

def ZN ikt —k— N o
0Tw= 25 D, OO KL e, (B2)
kt k—
kt+#k—
and

Chnw(&h,k7) =[Cf x(k7) = 1Dy (k™) — [Cf (k) —1]Du (k™) . (3.3)

Let us now suppose that p is fixed independently of h and N, as well as k, and
that p, k and k — p are all different from 0. This implies, in particular, that the
condition x(p) = 1 is satisfied if |h| and N are large enough and x(p) is the
function appearing in (1.31). Hence we can prove Theorem 1.2 by substituting

in (1.27) EZ’L’,N’h(p,k) with X(p)R>"N"(p, k), which is the Fourier transform

of w w,w
0 0?
OJxw 803 100,

Wali=¢=0 , (3.4)
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where

Walle) % / AP () exp{ — MV (VZxy) +

- exp {z [Tow — v4NThw —v- NT_ 0] (J, V ZNlﬁ)} ;

with

T 1 ~ C;,N;w (ka k- p) . ~_ 1

Tow (J,9) = It Z JpwX(P) Do (p) ¢f{,w¢k,p,w = 12 Z Jpw0Ppw 5
k.p ¢ p#0

- 1 ~, Diy(p) ~ ~_

T (U0) = 5 3 Toaf0) B0 3.6
k,p w

The coefficients v4 n will be fixed by the requirement that (1.29) holds. A crucial
role in the analysis is played by the function

Oy (K, K7)

Ag’j) (kt, k™) = Dot — k)

7.0N)g P k), (3.7)

where 39 = 549, By proceeding as in §(4.2.) of [BM2] (where only the case

= 0 is considered), one can show that, if p = kt — k=~ # 0 and |p| > 2¢"*!
(which is true since x(p) = 1):

L. if h <i,j < N, since [C}, y(k*)] 7! =1,

A (Kt k™) =0; (3.8)

2. ifh<j <N,
AN (1t k) = —P ) (1t k) ; 3.9
w ) Du(p) ( ) (3.9)

where S¢) (k+, k_)dé (S, J%(k‘*, k™), Sg)l (k*,k7)) is a vector of smooth func-

W,
tions such that

ry*N(1+m+) ryfj(l‘{'m—)

0 0 STh (K, k)| < Cony ZnZ ;o (310)
3.iffh<i<N, .
|AGM (et k)| < Oy~ h’%~ (3.11)
4. ifi=j=h,

AP (kT k) = 0. (3.12)
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Note that, in the r.h.s. of (3.11), there is apparently a Zn/Z,_1 factor miss-
ing, but the bound can not be improved; this is a consequence of the fact that
Zp-1(k) =0 for [k| <"1, see eq. (63) of [BM2].

The multiscale integration of Wa has been described in detail in §4 of [BM2]
(of course the scale 0 has to be replaced with the scale N). After the integration
of ™) we get an expression like (2.1) and the terms linear in J and quadratic
in 1 in the exponent will be denoted by KSN_I)(\/ZN_lw[h*N_”); we write
KW = goN =0 L gOND Ghere KN was obtained by the integration
of Ty and Ksb’N_l) from the integration of T'y. We can write KB“’N_I) as

KN Znow) = Y 2w / dxJ {To,w(J; ¥) + (3.13)

+3 / dydz [FY 0 (x,y,2) + B D (0,3, 2)00,0] [V atia }

where Fég;l) and Fl(g_l) are the analogous of eq. (132) of [BM2]; they represent
the terms in which both or only one of the fields in Jpp +, respectively, are

contracted. Both contributions to the r.h.s. of (3.13) are dimensionally marginal;
however, the regularization of Fl(ﬁfl) is trivial, as it is of the form

[Chy (k™) — 1D, (k) Zngs" (k) — un(kt)

N— _
FLTV ek = Do(k+ —k-)

G (k")

(3.14)
or the similar one, obtained exchanging k* with k—; un(k) = 0 if |k| < 4V
and un (k) = 1 — fn(k) for [k| > 7. By the oddness of the propagator in the
momentum, GSf (0) = 0, hence we can regularize such term without introducing
any local term, by simply rewriting it as

Y V& k) =[G (k) - GP(0)] -
[Crnv () = 11D () Zn5" () —un(ich)

1
Do (k+ —k-) (3:15)
By using the symmetry property (2.14), FQ(,JZ:;) can be written as

_ 1
Fz(fz,wl)(k—'—:ki) = D (p) [pOAO,w,LZ)(k_’_Jki) +p1A1,w,£)(k+7k7)] ) (316)

where 4;, z(kT,k™) are functions such that, if we define

_ 1
£F2(,]Z,&1) = Do (p) [PoA0,0,2(0,0) + p141,,,5(0,0)] , (3.17)
then
_ B D_, -
cFNTY — 73t RN - (p) 7, (3.18)

2,w,—w Dw (p)
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where Zf\;fl and Zf\;:l are suitable real constants. Hence the local part of the
marginal term in the second line of (3.13) is, by definition, equal to
N IZN 2 T o (LN 4+ 2N 23, T (LN (3.19)
w

The terms linear in J and quadratic in ¢ obtained by the integration of T+ have
the form

_ 1 - -~ ~_
K.(]b’N 1)(\/ ZNfl'LL') = ZNﬁ Z X(p)Jp,w Zd};@@lﬂm_p@ )

k+,p w,w
D_,
NG K = p) v DG ek e - p)] (3:20)

By using the symmetry property of the propagators, it is easy to show that
GL(L,IY,)L‘,(O,O) = 0. Hence, if we regularize (3.20) by subtracting G‘(f\g (0,0) to

Gg\g (kT ,k* —p), we still get alocal term of the form (3.19). Finally by collecting
all the local term linear in J we can write

LEY N/ Zy 1y 7Yy = Z [ZNTo,w (J,zp[h’Nfl]) - (3.21)
—vy N-1Th (J, \/ZN—2"/)[h’N_1]> —vo Nl (J, \/mi/l[h’N—l]) ] :

where ZN,QI/ZE,N,1 = ZNfl[V:t’N - ZJ?;}:EI + V:I:,NGS:]Z;),iw (0, 0)] (OUI‘ definitions
imply that Zy_1 = Zx). The above integration procedure can be iterated with
no important differences up to scale h + 1. In particular, for all the marginal
terms such that one of the fields in Ty, in (3.13) is contracted at scale j, we put
R = 1; in fact the second field has to be contracted at scale h and, by (3.11), the
extra factor v"~7 has the effect of automatically regularizing such contributions.

The above analysis implies that v, ; gets no contributions from trees with an
endpoint of type v_ j, k > j, and viceversa; moreover, if a tree has an endpoint
corresponding to 7o, this endpoint has scale index N + 1. Hence we can write,
forh+1<j<N-1,

Vij 1=Vt ﬂi,y(/\j, l/j..,/\N,IJN) R (3.22)

with

N
By (Njs Vi AN UN) = B, (Njy s AN) + D va o B2, (N, AN) (3:23)

J3'=j
and, given a positive ¢ < 1/4,
1B, gy AN < CXjy 20N =D 807 (X, )| < CR2y 20071 (3.24)
We fix v+ n so that

N

V:t,N = — Z ﬂi,u(/\jayj"a)‘NayN) . (325)
j=h+1
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By a fixed point argument (see §4.6 of [BM4]), one can show that, if A is small
enough, it is possible to choose v+ n so that

v, < cotny PN (3.26)

forany h+1<j < N.

The convergence of v4 n as |h|, N = oo is an easy consequence of the previous
considerations. Moreover, from an explicit computation of (3.22), we get v_ =
2 +0(X\?) and vy = c A% + O(X%) with ¢;. < 0.

Fig. 3.1. : Graphical representation of the lowest order contribution to v~ and to vt; the
small circle represent the operator C (3.3)

The convergence of @z)’i‘jfv’h (p; k) was discussed in §2.4. Hence, to complete
the proof of Theorem 1.2, we have to prove that i(p)ﬁz’l’N’h(p, k) -0, if p,

k and k — p are all different from 0. In fact, since x(p) = 1 for p #0and |h|,N
large enough, this implies (1.29).
This result can be obtained by a simple extension of the arguments given

in §2.4 to prove that @ibf\[h(p,k) is bounded uniformly in h and N. In fact,

Q(p)}/ii’i;fv’h(p,k) can be written by a sum of trees essentially identical to the
ones for C?i’i;fv’h, with the only important difference that there are three different

special endpoints associated to the field J, corresponding to the three different
terms in (3.21); we call these endpoints of type Ty, T, T respectively.

The sum over the trees such that the endpoint is of type T can be bounded
as in (2.60), the only difference being that, thanks to the bound (3.26), one has
to multiply the r.h.s. by a factor [A|y~?V—"v) which has to be inserted also
in the r.h.s. of the bounds (2.61) and (2.62). Hence, it is easy to see that the
contributions of these trees vanishes as N — oo.

Let us now consider the trees with an endpoint of type Tp. In this case there
are two possibilities. The first is that the fields of the Ty endpoint are contracted
at scale j, V; this implies that the sum over h; is missing in the r.h.s. of the
bounds (2.61) and (2.62) and hy; = N. Hence it is easy to see that the sum over
such trees goes to 0 as N — oo. The second possibility is that the fields of the Tg
endpoint are contracted at scale j, h; this implies that the sum over j, is missing
in the r.h.s. of (2.60) and jo = h. Since d, —1/4 > 0 for all vertices belonging to
the path connecting the root to the vertex vz, we can add a factor y—(do—h))/4
to the r.h.s. of the bounds (2.61) and (2.62), which then go to 0 as h = —oo.

4. Schwinger-Dyson equations and new anomalies
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4.1. Proof of Theorem 1.3. In this section we study the last addend of the
Schwinger-Dyson equation (1.31), so proving Theorem 1.3; the analysis rests
heavily on §4 of [BM4].

Let us consider a fixed finite k and let us define its scale hyx as in §2.4; then,
if —h and N are large enough, g2*"(k) = g, (k). We start by putting (see §4.1
of [BM4]):

=~ ef~ dp . Dsw(p) 6WTE
G2Nh ()5 (k / RELNMp,k) = — 05— (4.1
o (k) =g, (k) (QW)Qx(p)D_w(p) (p, k) = 65t 0T (4.1)

where ¢ = + and Wy is defined (in the infinite volume limit) by the equation:

eWT,E(J,‘P)déf /dPZN () exp{ /\NZNV /dx oF w¢[h N

+pll NI ] + Zy [Tff’ — v nT o — y,,NTE] (W, J) } , (4.2)
with
R I A
(2m)? ’ D_.(p)
B e Prer s (4.3)
20, 0) Y [ IS0 OB BT

7.0 [ B et

I+ Y
'(pk—p,wwk’ ,wwk’ —p,w ?

and v4 n are defined as in (3.25).

The calculation of Gg:i}’ h(k) is done again via a multiscale expansion, very
similar to the one described in §4 of [BM4]. The main differences are that here
we are considering a quantity with two external lines, instead of four, and that
the external momenta are on the scale hy, instead of the infrared cutoff scale
h. However, the last remark implies that the integration of the fields of scale
j > hy +1 differs from that discussed in [BM4] only for trivial scaling factors; in
particular, there is no contribution to G%X"(k) associated with a tree, whose
root has scale higher than hy.

Let us call VV=1(lA-N-1]) the sum over the terms linear in .J, obtained
after the integration of the field ¢(V); we put:

PN (lhN—11y = ]}(gﬁ’*l)(w[h,N*I]) + f;(gf,gfl) (N -1y 4
Vi D@ £y N (4.4)

where V(N Rt V(N Y is the sum of the terms in which the field wk oo AP

pearing in the definition of Tl(s) (1) or Ty (7)) is contracted, V(N D and V(N 2
denoting the sum over the terms of this type containing a T1 ora Ty vertex,

respectively; V(N R V,ng_l) is the sum of the other terms, that is those where
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the field J{f_p’w is an external field, the index ¢ = 1,2 having the same meaning
as before. N1

Let us consider first Vlg,f ); we shall still distinguish different group of terms,
those where both fields {b\f{, and 121:, prew A€ contracted, those where only one
among t them is contracted and those where no one is contracted. If no one of the

fields wk, ew and wk, p.ew 18 contracted, we can only have terms with at least
four external lines; for the properties of A%D (see (3.7)), at least one of the
fields wk, ew and @bk,_p,w must be contracted at scale h. If one of these terms

has four external lines, hence it is marginal, it has the following form

dpdk’ ~ .
ZN/ > % K pGgN) (k-p)g) "k -p) -

(2m)!
=~ ~ Csw klakl - > T
Fu0R0) =SNG (45)

where GgN) (k) is a suitable function which can be expressed as a sum of graphs
with an odd number of propagators, hence it vanishes at k = 0. This implies
that GgN) (0) = 0, so that we can regularize it without introducing any running
coupling.

Fig. 4.1. : Graphical representation of (4.5)

If both {b\;ﬁ,w and zZ;, pew i Tl(s) (v) are contracted, we get terms of the
form (up to an integral over the external momenta)

T OWITY (6 Ky, k) (VZ0) " [] 95 (4.6)

where n is an odd integer. We want to define an R operation for such terms.
There is apparently a problem, as the R operation involves derivatives and any
term contributing to Wr(bijl_ Y contains the AL™) and the cutoff function X(p)-
Hence one can worry about the derivatives of the factor x(p)pD_.(p)~!. How-
ever, as k is fixed independently from N (and far enough from yV) and k —p is
fixed at scale N, then |[p| > yV~1/2, so that we can freely multiply by a smooth
cutoff function ¥(p) restricting p to the allowed region; this allows us to pass
to coordinate space and shows that the R operation can be defined in the usual
way. We define

LWk, kq, ko, k) = W10, ..,0), (4.7)
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LN D (k) = WiV 1 (0) + ka1 (0) (4.8)
Note that by parity the first term in (4.8) is vanishing; this means that there
are only marginal terms.

Fig. 4.2. : Graphical representation of Wifl) and V~V2(_1)

If only one among the fields 1211',’5‘” and @ZQ_EW in T1(¢) is contracted, we
get terms with four external lines of the form (up to an integral over the external
momenta):

ZNGo () Tty o e B v v / Ak 5k — k) -

ﬁi,v’h(k _kt + k_)GiN)(k+,k1,k +k_ — kl) .
. {[Ch,N(k_) — 1D (k7)gh"(kt)  un(kt) }

Dkt —k) Dkt k)

or the similar one with the roles of k™ and k~ exchanged. Note that the indices
wy and we must satisfy the constraint wjws = €.

(4.9)

Fig. 4.3. : Graphical representation of a single addend in (4.9)

The two terms in (4.9) must be treated differently, as concerns the regulariza-
tion procedure. The first term is such that one of the external lines is associated
with the operator [Cp,,n (k™) — 1]Dey(k~)D_,,(p)~'. We define R = 1 for such
terms; in fact, when such external line is contracted (and this can happen only
at scale h), the factor D, (k™ )D_,(p)~! produces an extra factor y*~ in the
bound, with respect to the dimensional one. The second term in (4.9) can be
regularized as above, by subtracting the value of the kernel computed at zero
external momenta, i.e. for k~ = k = k; = 0. Note that such quantity vanishes,
if the four w-indices are all equal, otherwise it is given by the product of the field
variables times

uN(k+)

G0 () e / dk* 3 (kHgv )G (+,0,0)
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and there is no singularity associated with the factor D_,,(k*)~!, thanks to the
support on scale N of the propagator g:"(k*). The terms with two external
lines can be produced only if ¢ = 4+1 and can be treated in a similar way; they
have the form

T8l [ A0 106 )

[Cin(k) - 1D () (Y)  uy (k)
. { h,N 1 7w]zk+—k) , (4.11)

where G;N) (k) is a smooth function of order 0 in A. However, the first term in
the braces is equal to 0, since we keep k fixed and far from the cutoffs, hence
Cr, ~(k) —1 =0, and the second term can be regularized as above.

A similar (but simpler) analysis holds for the terms contributing to V(N 1),
which contain a vertex of type T4 or T_ and are of order Avy. Now, the only
thing to analyze carefully is the possible singularities associated with the factors
x(p) and pD_(p)~!. However, since in these terms the field ,(pl—:—p,w is con-
tracted, |p| > vV ~1/2; hence the regularization procedure can not produce bad
dimensional bounds. ~

We will define 21(5)_1 and ,\§5)_1, so that (recall that Zy 1 = Zy)

(N N o Z3 o —thN—
L R T S (L P

o 24
-2Y, g LGN D, ()G (K) e (4.12)
where we used the definition

— _ dkidksy ~ ~ - ~
F/\(w[h’N 1]’ J) - / WJI( wgw( )¢1t2,wwi+k1—k2,—w¢k1,—w' (4'13)
Let us consider now the terms contributing to ]_/,Sfy_l), that is those where
wk b is not contracted. Such terms can be analyzed exactly as in §4.3 of [BMA4];
it turns out that
e+ VTN = vy v Zy s T (N, ) —
—v_ N1 Zn_o TNy (4.14)

vy n—1 being exactly the same constants appearing in (3.21).

The integration over subsequent scales is performed in a similar way; as de-
scribed in more details in §4.4 of [BM4], it turns out that, if j > hy, the local
part of the terms linear in J has the form (coinciding with eq. (131) of [BM4]
for Zy=1landw=¢=—-1):

LYD lhily = zyT (lhdl, ) — vy jZ; AT (PP J) —

Y- A
vy Zia T, ) = 350 T B il )

- fos) < Ve Dy ()i () Jics - (4.15)

i=
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If j < hi, £V has the same structure, but there is indeed no term with two
external legs, since wl[(h,ZjH = 0; for a similar reason the term with four external

legs is different from 0 only if 377~ > "=, However, the constants &) and ng)

are defined for any j > h and their value is independent of k. Note aiso that, as
in the expansion of a normal Schwinger function, we do not localize the terms
with four external legs, containing both a J vertex and a ¢ vertex.

It follows that we can write G%)""(k) as a sum of trees with two special
endpoints, similar to those described in detail in §4.5 of [BM4]; they differ from

those present in the expansion of the function CA%’N h(k), see §2.5, since one of
the special endpoints corresponds to one of the addenda in (4.15), to be called
of type T, Ty, T, X(E), 2(¢). By construction the constants vy ; coincide with
those introduced in §3.1, hence they verify (3.26). Moreover, it was shown in
§4.6) of [BM4], by a fixed point argument, that, if A, is small enough, it is
possible to choose oy n,n = 1A + O(A?) and a_ v = ¢z + O(A) so that there
exist two positive constant, C' and ¥, independent of h and N, such that, if

|2 oy — 271 S CRy PN ey — AT < CRpy PV (4.16)

Fig. 4.4. : Graphical representation of the leading terms contributing to ciA; other four
graphs contributing to c1 A, as well as the graph contributing to c3, are vanishing in the limit
of short tail (7o — 1) of the cutoff function (see definition (1.9)). The two graphs giving the
0-th order expansion in A of ai  cancell each other by symmetry.

Then we can write
- def % -
GZIMK)E AL (K) + AR (k) + ATV (K) + ATV (K) (4.17)

where A2, AE{}’ b ATEN and ALNh contain respectively one endpoint of
type A©), 2 T, T.

In order to bound AZ;Y-F we repeat the analysis in §4.8 in [BM4]. It follows
that it is bounded by an expression similar to the r.h.s. of (2.65), with the
following differences. Given a tree 7 contributing to ATV"", the dimensional

bound differs from that of a tree contributing to G%™N:h(k) for the following
reasons:

(1) there is an extra factor Zy, /Zy, because one external propagator is substi-
tuted by the free one, Z5'g,, (k) (see the definition of Tl(s));



38 G. Benfatto, P. Falco, V. Mastropietro

(2) since there is no external field renormalization for TI(E) (which is dimension-
ally equivalent to a term with four external fields), there is an extra factor
(ZN/Zjp)?, if jr is the scale of the endpoint of type T}

(3) if at least one of fields in TI(E)) is contracted on scale h, there is an extra
factor Zy/Zn, because of the bound (3.11);

(4) because of (3.8), either jr = N + 1 or the root of 7 has scale h — 1.

Hence, AT:)'" can be bounded by an expression equal to the r.h.s. of (2.65),
multiplied by a factor ZyZp, /Z}, < AON[(Gr=h)+lir—hel] which takes into ac-
count the items (1)-(3) above. This factor can be absorbed in the sum over the
scale labels, since all vertices have an ”effective” positive dimension (see remark
before (2.66)). Then, by taking into account the remark in item (4) above, it is
easy to show that

AT (0] < O (- -hor i) (a1y)
) th
Let us now consider AsT,i’N’h. We still have some extra factors with respect
to the bound (2.65), the same factor of item (1) above and a factor (Zn/Z;,),
due to the partial field renormalization of T ; the product of these factors can
be treated as before. We do not have anymore a condition like item (4) above,
but we have to take into account that the running constant associated with the
special vertex of type T satisfies the bound (3.26). It follows that

Ty ,N,h e —(N—hy)/4
|A57w (k)| < C—h 5y . (4.19)
k

Let us now consider AZ)"* and let us suppose that |k| = ¥, so that (see
(2.19) and (2.23)) 59 (k) = [Do(K)Zn—1]"", if j = My, while g (k) = 0,
if j # hx. This condition, which greatly simplifies the following discussion, is
not really restrictive. In fact, since the external momentum k is fixed in this
discussion, one could modify the definition (1.24) of the cutoff functions f;(p), by
substituting it with f;(p/po), po being a fixed positive number < +, to be chosen
so that py'|k| = y"*, for some integer hy. Since our bounds would be clearly
uniform in this new parameter and the removed cutoffs limit is independent of
v (see §2.5), this procedure can not produce any trouble.

By using (4.15), we can write

AZNMK) = ALENR (k)

, (4.20)

where ALZN:" contains the contributions to AZ)" coming from trees with at
least one A endpoint. Since Z;_1 = Z;(1+ 2;) and Zny_1 = Zn,

N-1
th,1 - Z ZJZ] = ZN 5 (421)
j=hx
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hence we can write

N-1 ~5) N-1

Z; o Z; Ly _
Z Z (zzgs) - Zias,h,N) Z—Z + e n,N ( ;k ! 1> . (4.22)
i=hk i=hx N N

The first term in the r.h.s. of (4.22) can be written as

N-1 N-1 hik—1

Z; Z; Z;
Z (2’2(5) - as,h,NZi)ﬁ = Z (2:55) - as,h,sz)ﬁ - Z_: (2’-55) - as,h,sz)ﬁ
i=hx ij=h i=h
de
2 — pepn + B2V (K) (4.23)

where p. p,n is independent of k and satisfies, by (4.16), the bound

lpenn| < C|,\|27—W ADN=I) < A, (4.24)
i=h

implying that there exists the limit p. = lim_j N0 pe,n,nv. By an explicit com-
putation one can show that p; = coA + O(A\?) and p_ = ¢4 + O(N), with ¢
and ¢4 strictly positive constants. On the contrary, R%™:"(k) is vanishing for
—h, N = o0; in fact

hic B
[RZNM(I)] < CA Dy~ AN =) < Oy~ (02N (4.25)
i=h
[23)
w w w w
Q)

Fig. 4.5. : The first two graphs are the graphical representation of caA; the last is the graph
for ¢4.

By collecting all terms we get

P T G (K
AZIR() = ALENA(K) =y, 2 4 (4.26)

+(pe,non + e, N, 1)U (k) — REVM)GH™ (k)

with |R2N(k)3E™) (k)| < Ay~ Zy, !y~ 7=,
We now consider A1*N' together to AMN. We proceed as in [BM3], for-

mulas (161)—(165); to summarize, given a tree 7 € Ty », n > 1, we can associate

to it a tree 7' € T pt1, substituting the endpoint v*, on scale j*, of type X with
an endpoint of type A, and linking the endpoint v* to an endpoint of type z. If
we define

G2 (1) (o) () Z N BN () (4.27)
_hk
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then it is easy to check that

X,N,h — th_l = N(E) 27N7h
ARMR) = =2 Y 0 NUBI ()

w,J*
N jr=he
N-1 N-1 ~(e)
- Zh, Z-, z; Z,’
1,z,N,h _ _Zh—1 ) i=hx “i 2,N,h
AsST k) = ——2= > A (72,:(_1 ) BLN(k) . (4.28)
J*=hx
Using (4.21) and the definitions of p. 5 x and RZM"(k), we get:

=1 (e)

J (e Z]'V:hl Zj ZJ N (e

A — e % = (N2 —acne) +

+Ajr Z—N [@en, N + penv — B2V (K] (4.29)

hx—1

By the usual arguments, one can see that |Bilj\ih(k)| < Cy=hez, 1y~ 013" =),

hence, by summing the two equations in (4.28), we get:

AR+ ALZ M) = (e pen ) [G2 () — 30 ()] + REN ()

(4.30)
where

N
3,N,h dif th_l 2,N,h 3 (e) _ . _ ZN . 2,N,h
RN TR S B (32 = acnw) = 2on B2V
(4.31)
is bounded by C| |y~ Z; 1y~ (/2N =hw)

Finally, the summation of all terms in the r.h.s. of (4.17) gives

~ v k
Gg:uly,h(k) = _aa,h,NgZ(N) + (aE,h,N + Ps,h,N)Gi’N’h(k) + Rg’N’h(k) ’ (432)
with

_hk
|RSNR (k)| < C|A|’YZ (7_(19/2)(hk_h) + ,7_(19/2)(N_hk)) . (4.33)
hx
This ends the proof of Theorem 1.3.

4.2. Proof of Corollary 1.1. If we insert the identity (4.32) in the r.h.s. of (1.31)
and we take the limit h — —o0, we get

G2V (k — p)
D_,(p)

where xn (p) is the function appearing in (1.30), By = (1-An >, Ac Nvae,N)[1—
AN Y Ac N(ae v +pen)]Th Oy = ANAL N[I-AN Y, Ac N (@, v+ pe,n)]7F and
Hy (k) is a function satisfying the bound

G>N (k)D,, (k) BN / dp x~(p)

= E - W N + HN,w(k) ’ (4'34)

Hy (k)| < C|A|Z; 1y O/ (N=ha) 4.35
s hx
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On the other hand, by (2.67), there is a function f()), independent of k, such
that

_

CLV) = poag v () Fn() = f) + 00 VKD (436)

hence, we can rewrite (4.34) as

By dp _ Fn(p)
k|” Fy(k) = — k)|p|™ Hy . (k
K™ Pl = 22+ [ G nlp + Rl o s + Hvel0
(4.37)
and, subtracting the equation with k = 0, we obtain
dp |p|™ xv(k+p)  xn(p)
k| Fyx(k) = b _
P00 =0y | 55 ™8 [ ey Dot
+Hyw(k) — Hyw(0) - (4.38)
The integral can be written as the sum of two terms
dp |p|™ _ —w (k)
————F k+p)———F——F-——
| o B P @+ B s
dp |p|™ _ _
| G o r @l (ke + p) = T p)]. (4:39)

and the second addend is vanishing in the N — oo limit, as it can be written as

UE

v"zN/ (;:)2 ||I;|2 Fn(P)[Xo(v"Vk + p) — Xo(P)] (4.40)

and Yo(y Mk + p) — Xo(p) is O(y~N|k|) and with compact support. On the
other hand, by (4.36), the integral we obtain, if we substitute Fi(p) with f(}\),
is vanishing as N — oco. Hence, in the limit N — oo we get the identity:

i b [ B Do) b [y M
| @R PED uk+p) 21 Jo P Jo 2mlK|+ped
(4.41

that is

b [P dp [T 1 b [' dp be (4.42)

1= 2= w1 —
2 Jo Pt Sy 2w 14 pet? 2@ [y pt-m  2mnm, ]

which proves (1.36).
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4.3. Proof of Theorem 2.1. The Beta function equations for the running coupling
or renormalization constants are

)\j—l = )‘] +,3§‘()\155AN) )

Zitt 14 B9, )
Zj
Z(Z)l (4)
J—1 __ i .
7(2) =144 Ajr -5 AN) (4.43)
J
Bt 4 ST ERGGR (A, A
Ha K>j HI

with ,B,Ej ), 2’, ,(Lj k) independent from p and, if ay, a,, a., are suitable positive
constants,

BIF (Ajy ) = auXibip + O(X])
BD (Nj, .0 ) = a: )3 + O(XS) (4.44)
D (Nj, s Nj) = 2,22 + OO . (4.45)

zZ2

Moreover, these functions do not depend directly of Zy, but only depend on the
ratios Zj_1/Zj, j < N; hence the value of A; is a function of Ay = X and the
number of RG steps needed to reach scale j starting from scale N. It follows
that, if we call A;, j < 0, the constants we get for N = 0, then, for any N > 0
and j < N, A = Xj,N. The problem with N = 0 was studied in detail in [BM4],
where it has been proved (see Theorem 2 of that paper) that there exist constants
¢1,€1 (independent of N, h), such that, if |A| < &1, then |A;| < ¢i1e1 for any j.
The proof of this statement is based on the analogue of SDe equation (1.31) for
the four point function; if the momenta are calculated at the infrared cut-off
scale 77, a relation is obtained between ); and X implying that A; = A+ O(A\?).
This properties implies, see (3.48) of [BM3], that

185 (A wees Aj)| < CJg Py~ N =2/ (4.46)

(From (4.43) and (5.13) one gets immediately, see §4.10 of [BM1], the bound
(2.29) with A_oo(A) = A+0(N\?) together with [log, (Z;-1/Z;)—n:| < C X2y~ (N=1)/4,
|1og., (ttj—1/15) — M| < C|A[y~V=9)/4; finally by the WTi (1.26) with momenta
calculated at the infrared cut-off scale 77 one gets, see [BM2], |Z](-2) /Z; — 1] <
CIA|.

5. Lattice Wilson fermions

5.1. Integration of the doubled fermions. In order to prove Theorem 1.4, we have
to compare the Schwinger functions of the continuum model with ultraviolet
cutoff scale N with those of the lattice model (1.37) with a = 7/(4yV*!). In
this model the momentum k belongs to the two-dimensional torus D, of size
27 /a and we shall denote by |k — k| the corresponding distance.
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To begin with, we define f(k) so that
Oyt )+ fk) =1, (5.1)

where Cy' (k) = Z;.V:_OO fi(k), with f;(k) as in (1.10_); since Cy' (k) = 0 for
k| > yN*1 = 7/(4a), the support of the function f(k) is given by the set
{k : |k — 7/a|] < 3n/4a}. Therefore, it is possible to decompose the propaga-
tor 7, (k), defined in (1.38), as the sum of =N (k) = Cy' (k)70 (k) and

%ﬂj” (k) = f(k)7u,o (k). With this decomposition we associate the following

decomposition of the measure (1.37)
Py, (dy) = Pz, (dS™) Py, (dyp™ D) . (5:2)

Note that the second integration has a “very massive” propagator; in fact, since
the function f(k) is a Gevrais function of class 2, with a compact support of
size a=2, and [1 — cos(koa) + 1 — cos(ka)]/a > Ca=! = Cy" on its support, it is

easy to show that
S G0l < OyemeVr T (5.3)
The integration of W(yp, J) is performed in a way very similar to the one
presented in §2, except for the first step, made with Zni11 = Z,, Any1 = Ag,

UNt1 = Va, un+1(k) = pe(k). We define all localization operators as in §2,
except L1, which is defined as

- sinkpa  ,sin ka]
?

5.4
sin % n sin % (5-4)

in order to take into account the lattice structure of the space coordinates; hence
the localization procedure is essentially unchanged. However, the presence in the
interaction of the term proportional to vy41 has the effect (see below) that in
the effective potential a new type of vertex will appear (which we shall call
v vertex); this new vertex changes the symmetry properties of the functions

I//V\Z(Q,w,, so that, in particular, ’POW\Q(Q,_N #0.
To be more precise, we note that Wz(,]u);,w is given by the sum of graphs with

1. either an even number of v vertices, an even number of non diagonal propa-
gators and an odd number of diagonal propagators;

2. or an odd number of v vertices, an odd number of non diagonal propagators
and an odd number of diagonal propagators.

Moreover WZ(Q,—w is given by the sum of graphs with

3. either an even number of v vertices, an odd number of non diagonal propa-
gators and an even number of diagonal propagators;

4. or an odd number of v vertices, an even number of non diagonal propagators
and an even number of diagonal propagators.
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As the diagonal propagators are odd in the exchange k — —k while the non diag-

onal ones are even, we get L'OPOWZ(]U)J w =LoP1 W2(]3 ., = 0and £1P0W2(]w _.=0.
Then
LW = LiPoWil) o LW _ = LoPoWiD) _, + LoPyWD) _, . (5.5)
This implies that we can write
LV D (lhidly = 2 FM 4 (55 + ying) Fi) 4 ;BT (5.6)

where yin; = LoPoW,?) _,, while s; = LoPiWSY) . as in (2.9)-(2.10).
The renormalization of the free measure is done exactly as in §2, see (2.19),
that is we do not put the term proportional to n; in the free measure, but we
define a new running coupling constant v; = n;(Z;/Z;_1). It follows that the
rescaled potential V) (1[h-d]) differs from that of (2.26) because its local part
contains the term /v, il
For j < N, the renormahzed measure takes the form:

fi (k) e_(k) —fi;(k)
et (ke (k ()(—ﬂj(k) ey (k) ) (5.7)
(k

) -
with fi;(k) = ;) + [Zn/Z;(0][L — cos(koa) + 1 — cos(ka)l/a, fi; (k) being a
function equal to pu for j = N, which satisfies the same recursion relation as

fi; (k) in (2.19).
It is convenient to split the propagator (5.7) as

R0

(J) ()

L (5¥) = 95, (x,¥) + 925 (x,¥) (5.8)
where gg’zu, is obtained from rii)w, by substituting fi;(k) with 7i;(k) (hence it
has the same form as the propagator of (2.2)). We shall prove below that the
flow of the running couplings and the free measure can be controlled as in §2,
if the value of v, is suitable chosen. This implies that there is h*, satisfying a
bound like (2.32), such that, as far as h > h*, |fi; (k)| <7, so that

195757 (6, 9)| < Oy N=Drdemev eyl (5.9)

w,w’

The flow equation for A\; can be written, for j < N 41, as

Nic1 = N+ BLON, - Aj) + 1L Ay ANy ey Aj) (5.10)
+2Vkﬁ~f\.’k()\a,1/a,)\N,VN,...,/\j,l/]‘) s (511)
k>j

where the functions in the r.h.s. can be represented as sums over trees similar
to those of (2.28); in particular, we have included the sum over all trees with
at least one v-endpoint in the last term in the r.h.s. of (5.11) and we have split

the sum of all trees with no v-endpoints as ﬂf\ + ri, where ,Bf\ contains the trees

(J)

with propagator g,; , (the decomposition (5.8) is used), while all other terms are

included in 7. The fact that the contribution of a single tree satisfies a bound
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similar to that of (2.36), with d, > 0 for any v, easily implies that, if |v;| < C|\,|
for any j,

IBEF] < Cxy= =D ] < OXBym (VA (512)

Note also that (5.13) still holds, as the only difference comes from the fact
that in the continuum model the delta function of conservation of momenta is
L2600k, ,0, while in the lattice model is L? En,mezz Ok,27n/a0ko,27m/a- HoWever,
the difference between the two delta functions has no effect on the local part
LV, because of the compact support of )<~ and only slightly affects the non
local terms. To see that, let us consider a particular tree 7 and a vertex v € T
of scale h, with 2n external fields of space momenta k;; the conservation of
momentum implies that ), e;k; = m%’r, with m an arbitrary integer. On the
other hand, k; is of order v* for any 4, hence m can be different from 0 only if
n is of order vV ~"». Since the number of endpoints following a vertex with 2n
external fields is greater or equal to n—1 and there is a small factor (of order ;)
associated with each endpoint, we get an improvement, in the bound of the terms
with |m| > 0, with respect to the others, of a factor exp(—Cy~N~"+). Hence, by
using the remark preceding (5.12), it is easy to show that the difference between

the two beta functions is of order ;\?W*(N*j)/“.

Lemma 5.1. For any given A1 small enough, it is always possible to fixr vn 41
so that, for any j < N +1,

;] < CA|y=N=D78 N =X, < ON2 . (5.13)

Proof. We consider the Banach space M; of sequences v = {v;}j<n41 such
that

e = sup YNy < €Al (5.14)
15

with £ to be fixed later. From (5.11), (5.12) and (5.13) it follows, see §4 of [BM1]
or Appendix 5 of [GiM] for details, that there exists €9 such that, if both |\,|
and £|A,| are smaller than eg, then, for any v, v' € Mg,

(@) =Xl SCXT () = N ()] < Clalllz = ¢ - (5.15)

We want to show that it is possible to choose vn41 so that v € M. Note that
v verifies by construction the equation

Vi1 =i+ ﬂ,(,j) ()\a, Va; AN, UNG i Aj, l/j) (5.16)

and that, if v € Mg, lim;_,_ v; = 0; by some simple algebra, this implies that

Vj - _ Z’Yk_j_lﬂl(/k) (ALU Vg )‘Ny UN3; - A]7 Vj) . (517)
k<j

Hence, we look for a fixed point of the operator T : M, — M, defined as

T(Z)jd;f - Z ’Yk_j_lﬂn(/k) (Aaa Vo, AJ\/'(K)7 UN, - A,7 (Z)J Vj) - (518)
k<j
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Note that
/Blgj)(}‘aayaa)\N;VNa "'a/\jayj) = Bl(ll,j)()‘Na 5)‘]) +
+ZVkB,(}j’k) ()\a,Va,)\N,I/N,...,)\j,Vj) s (519)
k>j

where B.(,j D) is a sum over trees with no endpoints of type v and no endpoints of
()

scale N +1. By using the decomposition (5.8), the parity properties of g/’ ,(x,y)
g w,w
and the remark preceding (5.12), we get the bounds
BED| < Claaly WD BFR] < Oy 4 (5.20)
which implies that
IT(v);| < ZCI)\aIW_(j_k)’Y_(N_k)/S < CO|)\a|7—(N—J')/8 . (5.21)

k<j

Hence the operator T : My — M leaves M, invariant, if £ > ¢y and A, is
sufficiently small, and it is also a contraction since |T(v); — T(¢');| < C|Aa|||lv —
V'||e. Tt follows that there is a unique fixed point in Mg, satisfying the flow
equation (5.16).m

An important consequence of the bound (5.13) is that, if we construct as in
§2 the Schwinger functions, by imposing the normalization conditions (2.30), we
get, as N — oo, exactly the same expansion in terms of trees, containing only
A endpoints with a fixed coupling constant Ao (Ae) = lim;, o A;; in fact, the
trees containing at least one v vertex vanish in this limit. _

By a fixed point argument, one can show that we can fix A\, so that A_,(\,)
has the same value as A_(\) in the continuum model; this remark completes
the proof of Theorem 1.4.

A. Osterwalder-Schrader axioms

Osterwalder-Schrader axioms were partially stated in [OS1] and completed in
[0S2] by the “linear growth property”. We show here that they are satisfied by
the Schwinger functions of our model.

A.1. Linear growth condition and Clustering. In order to verify the linear growth
property, see the bound (4.1) of [0OS2], for s = 3, let us consider the space

So(R**) of the test functions such that, for any m € N,

1™ sup |1+ |x)™/2(D2f) ()| < o0 (A1)

xeR

la|<m

and which vanish, together with all their partial derivatives, if at least two among
the points in the set x = {x3,...,X;} are coinciding. By (2.58)

: flx
|(Sk,g; f) | < Ck(k!)3+27l Z /dxl - -dxXp |Xi — X|]'|l§(11'|77)/2_25 . (AZ)

i<j
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On the other hand, by (A.1), |f( ) < N fllagrr(1+]2|*+1)~1 and, for any i # j,
£ @)] < 2°[(2k)1] 7 x; — ;2] ll2; hence, since [[fllor < IIf lass1,

£ < ot/ (L4 [x[8H1) 1 [2R@R)) s — x5 (A3)

It follows that

| (St )| < CHEDF27|fllakrr - (A4)

In order to prove the “cluster property”, fixed any integer p € [1,k — 1],

y € R? and f € Sy(R*), we first prove that (Sk., fpy) goes to 0 as |y| — oo,
if fpy(x) = f(x1,.. Xp, Xp1 — Y- Xp — y). Let us consider the characteristic
functions xy (x) and xy (x) of the set

def . ) _
xR o b < Ivl/t, | max -yl < bl/ah 49)

and of its complementary, respectively. Since Dx > |y|/2 in M, by using (2.58)
and (A.3), we see that | (k. fryXy) | < [1+ (¥1/2)2] 725 (R)2F27]| fll 141, s0
that (Skw, fp.yXy) is uniformly bounded and vanishes as [y| — cc. On the other
hand, by (A-3), |(Skas fruyxy)| < CF (K220 fllansr [ dsc/TT+ XFF) Ty (x),
so that even (Skw,fpyX}) is uniformly bounded and vanishes in the limit

ly| = oo, as well as (Sk.w, fpy)-

The cluster property EQ, defined in §3 of [OS1], now simply follows, by de-
composing the connected Schwinger functions as finite linear combinations of
the truncated Schwinger functions, .

A.2. Symmetry, Fuclidean invariance and Reflection positivity. From the ex-
plicit definition of the generating functional, (1.13), two properties immediately
follow. First, since the fields anticommute, the Schwinger functions are antisym-
metric in the exchange of their arguments. Moreover, the generating functional
(1.13) is invariant under the Lorentz transformation of the fields by construction.

Finally the “reflection positivity” E2, defined in §6 of [OS1], is verified in
the lattice regularization (1.40), as proved in [OSe], hence it holds even in the
removed cutoffs limit of the regularized model (1.13), which we have shown to
be equivalent to the a = 0 limit of the lattice model, see Theorem 1.4.

B. Lowest order computation of v_ and v,

B.1. Lowest order computation of v_. Calling g, ., (k)de 9w (k) and ug (t)défl -
Xo(t), the lowest order contibution to the v_ y, appearing in (3.5), is obtained,
from (3.17) and (3.18), by taking the p — 0 limit of the following expression
(see the first graph in Fig. 3.1), whose value is independent of the infrared cutoff
for any fixed p and |h| large enough:

dk Cth(kk p)A(<N) EN) (K —p) =
’\/ D_,(p) . le=p)
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Dw(P)/ dk uo(y N[k — p|)xo (v V|k|)
(

= Lm ) @GP Duk—pD.®
dk xo(Y Nk|) = xo(v Nk —pl)
“/ D.(k—p)D_o() (B

where we have used (3.3) and rearranged the terms. In the limit |p| — 0, the first
contribution in the r.h.s. of (B.1) vanishes by the symmetry g, (k) = —iwg,, (k*),
k* = (—ko,k). As regards the second term, if we write the first order Taylor
expansion in p of the numerator as a linear combination of D_,,(p) and D, (p),
the term proportional to D, (p) also vanishes, again for the symmetry k — k*,

so that \ Ik |k| )\
Xo
2 - . B.2

2/ (2m)? |k / 4 (B.2)

B.2. Lowest order computation of vy. If we define

L (vVk) = / (;71:;2 SN KNEN (K + k) (B-3)

then the lowest order contribution to the anomaly coefficient v, n, appearing
n (3.5), is is obtained, from (3.17) and (3.18), by taking the p — 0 limit and,
after that, the h — —oo limit of the following expression (see the second graph
in Fig. 3.1):

2 dk Ch,N:w(k,k—p) < - ) )
- / (2m)? Do, (p) 9EM (k) g =M (k — p)I_y, (v NK) =

:Az/(dk u (v N|k pl)xo(y Nk |)I—w (v"Vk) —

2P D.(k-p)Du(K)
)2 dk _xo(y~Mkl) = xo(v_"k — p|) ~N
R e r e U (B4)

In the limit |p| = 0 and h — —o0, we get

o [k Tuo(kDxo(K])  xb(KD 2
v =¥ [ [ b S| 007,00, (B9

where we are using the symbol I, (k) to denote even its h = —oo limit, which
is finite. Note that the term in square brackets is nonnegative; moreover, it is
different from 0 only for 1 < |k| < 7y (defined in (1.9)). We now fix w = + for
definiteness (the result is w-independent); then if iky + k = ye'® and ik} + k' =
ze'? we get:

_9ip [ dzdd xo(lze ™™ +yl) _is, s

so that

—d
D210 = [ T oo )

(zcos29 +ycosd). (B.7)
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The integral (B.5) is easily shown to be strictly negative in the limit vy — 1;
hence by continuity in 79, v+ < 0 for 79 — 1 small enough. Indeed in the limit
v — 1 (B.5) becomes

TSI T xo(lze= 4 1))
— _— 2 ; B.
(277)4/0 dz ; dd e 12 (x cos 29 + cos ) ; (B.8)

on the other hand, since |ze~ " +1| < 1, cos¥ < 0if z > 0 and = cos 289 +cos ¥y =
cos¥(1 + zcos®) — zsin?®¥ < 0if 0 < x < 1; it follows that the integrand of
(B.8) is < 0 for z # 0, 1.

A numerical calculation also shows that |v, | is not constant as a function of
7o, but is a strictly decreasing function near o = 1.
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