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1. Introduction and Main results

1.1 Anomalies in QFT. The chiral anomaly appears as a quantum correction to the conservation of the axial
current for massless fermions. A crucial property is the anomaly nonrenormalization, which says that the chiral
anomaly is given ezactly by its lower order contribution. This property was proved first for QED, in [AB]
in the well known Adler-Bardeen Theorem: it was shown that there is a dramatic cancellation, if a suitable
regularization is assumed, among the infinite collection of Feynmann graphs contributing to the anomaly and
at the end it turns out that the anomaly is given by a single graph (the famous ”triangle graph”): the result
can be condensed by the formula

0455 = Z‘—;EWWFWFM (1.1)
where ag is the unrenormalized coupling constant. Different proofs of (1.1) were given later in [Z] and [LS]:
as the results in [AB], they were statements wvalid at all orders in perturbation theory and with no control
on the convergence of the series itself. The property of the anomaly nonrenormalization holds also in the
Electroweak model where it plays a crucial role even to prove the renormalizability; as the gauge fields couple
to chiral currents, the chiral anomaly would break the renormalizability, but a remarkable cancellation between
anomalies (not renormalized according the Adler-Bardeen theorem) of different fermion species saves the theory
and gives a confirmation of the fermionic family structure as well.

Recent textbooks tend to present the anomaly nonrenormalization in a functional integral approach in which,
following the elegant treatment of [F], one recovers it from the Jacobian associated to a chiral transformation.
However, as explained for instance in [Al], such methods cannot be considered simpler proofs of the Adler-
Bardeen theorem: the methods in [F] essentially treat the gauge fields as classical fields so that they produce
essentially one loop results and eventual higher orders correction would be in any case not included. Hence it is
the validity of such functional approach which is justified by [AB] rather than the contrary.

As the anomaly nonrenormalization is a quite delicate property, against which several objections has been
raised along the years (see for instance [JJ], [AI] or [DMT]), it would be desirable to go beyond perturbation
theory. This seems actually far from the present analytical possibilities in d = 4, for the difficulty of giving a
real non-perturbative meaning to the functional integrals expressing the theory; it is worth then to consider
d =2 QFT models which have proven fruitful laboratories to test general properties.

In d = 2 the perturbative analysis in [AB] can be repeated with no essential modifications, see [GR], and still
the anomaly nonrenormalization holds in the form (in the Euclidean case) 0, jZ = —ieaet”0,A,, where e is
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the coupling and « is the value of the ”bubble graph” (replacing the ”triangle graph” in d = 4). It holds « = ﬁ
or a = % depending if dimensional or momentum regularization is used. Again nonperturbative informations
cannot be obtained by such a procedure, based on explicit cancellations between Feynmann graphs. It is also
claimed that the anomaly nonrenormalization in d = 2 can be derived by an exact functional approach, see for
instance [FSS]; indeed integrating out the fermions it turns out that the partition function for many d = 2 QFT

ettt

where A, x = (Ao, A1,x) are fields with Gaussian measure P(dA) with covariance < A, xA, y >= €24, ,v(x —
y). A similar expression holds for the generating functional. It is well known [Se] that, under suitably reqularity
conditions over A, logdet(v,0, + v, Au) —logdet(v,0,) is quadratic in A,; replacing the determinant with a
quadratic exponential one gets easily,by an explicit integration of the Gaussian integrals, that the anomalies are

models can be written as

not renormalized by higher orders. However in the above derivation an approximation is implicit; the fermionic
determinant in (1.2) is given by a quadratic expression only if A, is sufficiently regular, but in (1.2) the integral
is over all possible fields A, hence one is neglecting the contributions from the irregular fields. A peculiarity of
d = 2 QFT is the existence of some exact solutions; indeed it has been claimed [GR] that the Adler-Bardeen
theorem finds a nonperturbative verification from comparison with the operatorial exact solution of [J],[K] in
the case of contact current-curent interaction. However the regularization in the functional integrals or in the
operatorial exact solution are different, hence there is no guarantee [GL] that the Schwinger functions obtained
from functional integrals converge, removing cutoffs and in the massless limit, to the exact ones (indeed this is
not the case). In conclusion, even in d = 2 there are no rigorous verification of the Adler-Bardeen theorem in a
functional integral approach to QFT beyond perturbation theory.

The rigorous construction of d = 2 QFT models from functional integrals is in general not trivial at all, as they
appear to be related to the continuum limit of the correlations of coupled bidimensional Ising or vertex models
[GM1], which are in general hard to compute [B]. Some d = 2 QFT models has been deeply investigated in
the Eighties in the framework of Constructive QFT (see [GK],[Le]), and in recent times new powerful methods
has been developed in [BM], overcoming the well known technical problem posed by the combination of a
nonperturbative setting based on multiscale analysis [P],[G] with the necessity of exploiting cancellations due
to local gauge symmetries. These new technical tools allow us to rigorously investigate, for the first time, the
properties of anomalies of d = 2 QFT models constructed from functional integrals; in particular, we can prove
a non-perturbative version of the Adler-Bardeen under suitable conditions on the bosonic propagator, avoiding
completely Feynmann graphs expansions and with full rigor.

1.2 FEuclidean QFT,. We consider an Euclidean QFT in d = 1 4+ 1 whose Schwinger function can be obtained
from the following functional integral

eWN,L(J7¢) — Pn(di)P(dA ef dx[ei’x(A;MX'Y“)VJX"‘JM,XA;MX"‘%‘f‘%] 1.3
N (d)P(dA) (1.3)

where ¢, J are external fields, Z is the wave function renormalization and:

-Jin A = [0, L] x [0, L] a lattice A, is introduced whose sites are given by the space-time points x = (x,29) =
(na,noa) with L/a integer and n,ng = —L/2a,1, ..., L/2a—1. We also consider the set D of space-time momenta
k = (k, ko) with k = (m+ $)2F and ko = (mo + 3) 2% with m,mo = 0,1,...,L/a— 1. To simplify the notations
we write [dx =a?Y .\ and [dk =75 p-

)ix, ¥x, X € A are a finite set of Grassmann spinors and Py (di) is the fermionic integration with propagator

—i p+m

T (4

g(x—y)Z/dk

where xn (k) is a smooth cutoff function selecting momenta |k| < 4V with v > 1 and N a positive integer.
We assume vV << @71, that is the lattice cutoff is removed before the fermionic cutoff (we are essentially
considering a continuum model with a momentum regularization).
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-)The ~’s matrices are

o (0 1 L (0 —i 5 .oa_(1 0

-)Ax = (Aox, A1,x) are Euclidean boson fields with periodic boundary conditions and Gaussian measure P(dA)
with covariance

<AuxA,y >=0(X— )0, =0 / dpe PE=Y)y(p) (1.6)

Integrating the bosonic variables A one can rewrite (1.3) as

ML) / Po(dup)et S By vy bt Tuxlety v by Ty )+ [ dx 2504 S22 (1.7)

The Schwinger functions are defined by

- T T > W 1 (J, 6, )
<TTow IT 0 T2 >n= LD | (1)
E 1}1 Y 1;[1 s, -..0x, Oby, .00y 0Ty 2y -0, 2, | T=6=0
where j¥ = b y"1bx. Of course the following trivial identities hold
ev(p) < jgwk¢k+p >=< Au,pwklzjk-i-p > (1.9)
and
ev(p) < jyFitictp >=iev(p)et” < jEtictiip >=i€py < Ay pUicicip > (1.10)
where we have used that j%* = etV j", Eup = —Euu, €0,1 = —L.

Depending on the explicit form of v(p), to the functional integral (1.3) correspond several models: if v(p) = p~2

and m = 0 it is a regularized version of the Schwinger model, if m # 0 is a version of QE D> in the Feynmann
gauge, if v(p) = (p? + M?)~! it corresponds to the Vector-gluon model of [GR]; an ultraviolet cutoff can be
eventually imposed if necessary. Particularly interesting is the case v(p) = 1 (that is v(x —y) = 0(x — y))
corresponding to the massive Thirring model (with a definite sign of the interaction).

The Schwinger functions (1.8) are well defined if the cutoffs (the volume L and the momentum cutoff N) are
finite; the main problem is to show that, choosing properly the bare parameters Z,m (eventually depending
from the cutoffs) < [T\, ¥x, [Ti—; ¥y, [1i~, j& >n,z has a well defined non trivial limit as N, L — oo.

In this paper we will prove that, if the bosonic propagator decays fast enough in momentum space and for small
coupling, the cutoffs L, N can be removed in the Schwinger functions for any finite m and Z. We will start from
the fermionic representation (1.7) and the Grassmann functional integral is nonperturbatively evaluated by a
multiscale analysis in which each step is proved to be well defined by tree expansion methods and determinant
bounds (for a tutorial introduction to such techniques see [GM]); the massless limit is controlled using the
methods introduced in [BM] allowing the implementation of WI (approximate,due to cutoffs) based on local
Gauge invariance at each integration step.

By performing the local gauge transformation 1, — €9y, Py — €~ 1)y O Py — €%y, 1Py — €7 V5% )y
in (1.3) we get, in the case m =0

— ipu (i Vkti-—p) = (Ur—pUi-p) — (Urti) + A} 1 (k k — p)

S kT ; i _ . (1.11)
- Zpu<3p7uwkwk—p> =7 [(Yxk—pPr-p) — (i) + Ay L (k, k —p),

where
Al p) = [ ALY < o iespticticen .t
(1.12)
AY 1k k +p) = /dk’C{é’fﬁ, < 'y e piticrp >N oL
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with
Clip = (v (97 = 1)k = (v (k= p)] ™ = 1) (k" — p*) (1.13)
The last term in (1.11) is due to the presence of the cutoff function breaking the formal Gauge invariance

of the action (it is formally vanishing if xn(k) = 1) and it is the average of the highly non local operator
Jak'C: /f:])?/;k/’}/#i/)kurp. We prove the following result.

THEOREM 1 Let us consider the generating functional (1.3) with Z =1, |v(x)| < C, [ dx[|v(x)| + |dv(x)| +
Ix||v(x)]] < C for a suitable constant C and and e small enough; then the Schwinger functions (1.8) are such

that the limit . . . . . .
L]l\}goo<]~_[wxl H/&X@ HJZ>L7N:<H/¢X% H’ijz HJSJ (114)
’ i=1 i=1 i=1 i=1 i=1 i=1

exists at noncoincinding points uniformly in the fermionic mass and is non trivial.
In the massless case m =0 the WI (1.11) holds and

. € . -
}\1[1300 A?v,L(ka k+p)= _E(_’Pu) < AppVktxip >

. € . TR -
%IEOO A?VﬁL(ka k + p) = E(_ZPM)ZEM7 < Au,pwkwk-‘rp >,

b (1.15)

L,

The above result says that the correction terms A(z)v, I A}r’\ﬂ ; to the Ward Identities (1.11), produced by the
presence of the cutoff functions, generate the anomalies when the cutoffs are removed. Similar WI with any
number of fermionic fields can be obtained and this can be read as

Opip = —— 0 Ay D,j° = —ich" 9, A 1.16
wlp a Ontn wlp 471_15 (TRe (1.16)
that is the anomaly is non-renormalized by higher orders, in agreement with the Adler-Bardeen theorem in
d = 2 [GR] based on a cancellation between an infinite collection of Feynmann diagrams and with a momentum
regularization for the fermionic loop. The main point is however that Theorem 1 is a non perturbative version
of the Adler-Bardeen theorem, which is based neither on a Feynmann graphs expansion (for which convergence
cannot be proved) nor on an exact evaluation of the functional integrals, which is not possible without ap-
proximations. The main technical tool is an expansion in terms of product of determinants, which allow us to
implement the cancellations among Feynmann graphs due to the relative signs and it has good convergence
properties. It turns out that all higher orders contributions to the anomaly vanish removing the cut-offs, and
this is proved partly expanding the determinants in such a way that the good convergence properties are not
lost.

From our construction an almost complete characterization of the Schwinger function is also obtained; for
instance we can prove that the two point function < z/sz/;y > decays for large |x —y| as e—m x-yl |x —y|~t"
where n = ae* + O(e%) and 7 = —be? + O(e?) while for x — y it diverges as |x — y|~!. The condition assumed
in Theorem 1 for the bosonic propagator are verified for instance by

e~ P(x-Y)
v(p) :/deXK(P) (1.17)

corresponding a massive boson propagator with an ultraviolet cut-off, which could be removed with some more
technical effort.

1.3 Local interaction. The previous result says that the anomaly nonrenormalization holds if the bosonic
propagator in momentum space decays fast enough and it is finite; the question then naturally rises if the
anomaly nonrenormalization is valid also if the bosonic propagator does not decay at all, as in the case of the
Thirring model in which v(p) is a constant. In a companion paper [BFM] the case v(p) = 1 has been studied,
and it has been found that the functional integral (1.3) still defines a set of Schwinger functions removing cutofls,
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in the limit L, N — oo, that is (1.14) still holds provided that we choose Z = Zy, m = my depending on the
ultraviolet cutoff, that is
Zn =7 V1(1+0(eh) mar = my” ™ (14 0(e?)) (1.18)

with 1 and 7 independent of m and such that n = ae* + O(e®), 77 = be? + O(e?), a,b > 0. In the massless case
m =0 the WI (1.11) holds but (1.15) has to be replaced by

. € —
Jlim Ay (ke k+p) = [- - +ere’ + Falpu < Aupticticrp >
(1.19)
LN hm AN Lk k+ P)A?\/ r(kk+p)= [4_ +cre’ + Fulpuet” < Ay ptitbtp >

with cy > 0 non vanishing and |F,| < Ce®. This means that if v(p) = 1 the anomaly has higher orders
corrections, that is (1.16) has to be replaced by

Opju = [74— +cre’ +eF0,A, Ou, = [i + cy€® + eFic™v 0, A, (1.20)
This result of course implies that one cannot replace the determinant in (1.2) by a quadratic exponential; the
contribution of the irregular fields is not negligible when v(p) = 1. In Appendix 3 an explicit second order
verification of (1.15) (1.20) has been included. (1.20) is apparently contrast with the Adler-Bardeen theorem
[AB], but indeed this is not the case. In the [AB] analysis for QE Dy, an ultraviolet cut-off K has been introduced
for the boson propagator, and it is implicitly assumed that it is removed after the ultraviolet cut-off for the
fermionic propagator; moreover the bare parameters are chosen as a function of K. In the model (1.3), if v(p)
decays for large momenta the theory is superrinormalizable, while if v(p) = 1 is just renomalizable like Q EDj.
Proceeding analogously to [AB] (in a non perturbative framework) an ultraviolet cut-off can be introduced also
in the bosonic propagator for instance by replacing v(p) = 1 with e"P’K™% There are then two ultraviolet
cutoffs, corresponding to the fermionic or bosonic propagator, and depending which cutoff is removed first
different anomalies are found as functions of the bare parameters. If K is removed before the fermionic cutoff
N, that is N — oo, K — oo, we are essentially considering the case v(p) = 1 discussed in [BFM]; it holds that
the anomaly is given by (1.20), that is it is non linear in e but it is renormalized by higher orders. On the other
hand if the fermionic cutoff is removed first a completely different result holds.

THEOREM 2 Assume that v(p) = eiPZK?Q; it is possible to find bare parameters Z = Zx,m = mg such that
the limat

L—o00 K—o00 N—oco

lim lim lim <H¢xl Hﬂ_’xl Hj#(zi»L,N,K (1.21)
i=1  i= i=1
exists and it is non trivial, and (1.11) holds togheter with (1.15), that is anomaly nonrenormalization holds.

This means that the the anomaly nonrenormalization holds if the fermionic cutoff is removed first, while is
violated is the bosonic cutoff is removed first. The limit N — oo, K — oo corresponds to a fermionic functional
integral (1.7) with a local Thirring current-current interaction j,(x)j.(x); the opposite limit K — oo, N — 0o
is similar to the one used in the original [AB] paper.

In §2 we will describe our multiscale integration procedure, and in §3 theorem 1 and 2 are proved. A second
order verification of our results is included for pedagogical reasons in Appendix 3.

2. Multiscale Integration

2.1 Multiscale analysis
It is convenient to adopt Weyl notation. Calling ¢ = (¢ ,, ¥~ ), and ¥} = (T T ), ¥ = ¢l the
Generating Functional (1.3) can be written as

eWN,L(J,¢):/ (dep) exp Z/d w(<N N) ¢(<N)+1/J;((<AL) n

(2.1)
[y AMDY [ix et uisre ] )
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where A = ¢? and

di)y N’*dw<<N T, (k) _
d¢(<N H H k, Z Z (k (<N)+ l(fwly) (2.2)
keD w= ww’—i kED ( )
and
D_ (k -m .
Tw,w’(k): ( j?S’L ) D (k) )w . 3 D, (k): —tko + wky . (23)

and {Jx . }x,w are commuting variables, while {¢% ,}x w0 are anticommuting. Finally, the normalization of the
fermionic measure is Ny (k)= (1/L4)|k|202 (k).
The function C'5* (k) is defined in the following way; yo € C°°(R.) is a non-negative, non-increasing function

such that
[l H0st<1
XoWW=0  ift >,

for any choice of vy : 1 < v9 < 7; and we define, for any h,
Fi)=xo (v kI) = xo (v |K]) (2.4)

and Cy'(k) = Z;V:_OO fi(k); hence Cy' (k) acts as a cutoff for momenta [k| > vV +1 (ultraviolet region). By
well known properties of Grassmann integrals (see for instance [GM]) we can write

P(ay=M)y = [ P(dep™) (2.5)
h=—o00

where P(dy™) is given by (2.2) with f;,(k) replacing C;,l (k). We integrate iteratively starting from the highests
scales. We define

[ axixlioto) = (2:6)

and the integration procedure is different for scales greater or smaller than hj;.

2.2 Ultraviolet integration
We show inductively that, for any hpy < k < N

e—Lsz/p(dw(ﬁk))e—V(k)(w(fk),¢,j), (2.7)

where the Grassmann integration P(dy)(<*)) is equal to P(dy(S™)) with the cutoff function Cy (k) replaced by
Cr(k),

VI (=R ¢ 1) = VR (=R ) 4 BB (<) g,.7) (2.8)
where
B 21 m
P = 3 / iy dxa W H 05 < ] o (x2) (2.9)
lwe =1 i=1
and

B(k)fz/dx <quﬂ/f(<k)7+1/) (<k) +¢;w} Jrz Z /dz

oy [k, V] [k V] . [k, V] ;o
61#55,]251...01&:(52? Juor o} (x1 = y1)95] WER A (xim — ym)(byuwiﬂ + /dXdyg“”“’/ (X = ¥) b0y ur
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where gL o ](x —y) = vazk g™ (x —y). In order to inductively prove (2.7) for 4" < k < N we proceed

as follows. We introduce the localization operator as a linear operator acting on the kernels W2(l Zn we in the
following way:

0 ng’fzn it 1=1,2 m=0

LWy, = wd i 1=1 m=1 (2.10)
0 otherwise
We also define R as R = 1 — £ and rewrite the r.h.s. of (2.7) as
e—L?Fk/p(dw(gm)e—cv““)(w<f’f),¢,J)—Rv<’“>(w<f’“),¢,J>, (2.11)

where by definition £LV*) can be written as

Ly® = Z/dxdy Nkw(X,y) 1/1(<k)+ (<k)7 + Z /dxdydz (1+ Z,i L)U,,w(z x,y))Ju (z )1/1(<k)+1/1(7§f)7+

- Z/dxldeng,dm Akw,w! (X1,X2,X3,X4)1/1,(§]2+¢,(§,@ 1/1,(5,]6”1#,(4737 -
(2.12)
We write
e_LQB(Fk‘f‘tk)/P(dw[gk_l]) /P(dw(k))e—LV(k)(w(fkfl)-i-w(k),@kf)—RV(k)(w(fkfl)-i-w(k),%f)’ (2.13)

with P(dzb(k)) a Grassmann Gaussian integration with fj replacing C’;,l, and the corresponding propagator

ggfzj,(x, y) is bounded by,for any N > 1

Cx
g®) (x, y)| < A" - (2.14)
L+ [y¥x =yl
If we now define
VD@D 6 L2, /P(dw(m)efz:v“”(wﬁ’“”w““),¢,J>7Rv<k><¢<§k*”+w““)7¢J> , (2.15)

it is easy to see that the procedure can be iterated. In this way we have written the kernels WQ(lk zn as
functions of running coupling functions vi(x) = Mg, ng, Z¢ with k > h; the main advantage of this pro-
cedure is that the kernels WQ(ZIc 2n can be bounded if the running couplings are small enough. Denoting by
IIfIl = £ [TIi-, dxi|f(x1,..,Xy)| the kernels obey to the following dimensional bounds, see Appendix 1.

Lemma 1 Assume that ||vg|| < C\ for k > h, for a suitable constant C; then it holds, if C is a constant

Wyl || < Cay~hitm=2) (2.16)

In order to use the above result to prove that the kernels WQ(lh 7)n are bounded, one has to show that the running
coupling functions are small. By construction it holds that

/\kfl(Xl,XQ,Xg,le) )\’U(Xl — X3)5(X1 — X2)5(X3 — X4 —+ Z W4( 0) Nk—1 X1,X2 Z W2 0 Xl,XQ

h=k (2.17)

N
Z (x1,%2,%3) = 1+ Z Wg(ﬁ)(x1ax2,x3);-
h=k
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The bound (2.16) cannot be used in (2.17) to show that the running coupling constants are small, and we have
to improve it. Defining

N
aE => " we (2.18)

n,m n,m

we prove the following result.

Lemma 2 Assume that,for a suitable constant C

sup [\ < CA sup [Iny(x)]| < OA sup (1287 (x)]] < CA (2.19)
j>k—1 j>k—1 i>k—1
Then, for a suitable Cy
IHS 9l < Coy ™ a ([HS) (x1, o xa)|| < Cry 822 I HS) (k0 x0,x3)|| < Gy A (2.:20)

Proof. The proof is done by induction. First one proves (2.20) for k = N ((2.19) is of course verified). Moreover
if (2.20) is true for j > k — 1, of course the running coupling constants are bounded; then it is sufficient to prove
(2.20) for j = k. The proof then is reduced to the verification of the bounds (2.20) if (2.19) are verified, and
this is done below distinguishing the different cases.

2.3 Two fermionic lines
We start considering the massless case m = 0. We define the truncated expectation, if X; are momomials in
PPN in the following way

n

log / PkyN(de)e/\leJr“/\”X" [a =Ao=..=A, =0 (2.21)

where P, n(di)) is given by (2.2) with Cy n replacing Cn. For semplicity of notations we also denotate

Er N (X1 X2 Xn) = & (X1 X235 Xin) (2.22)
It holds that
H(k) _ 02 1 e . <1 02 e
2.0 (X,y) = 00T 00y ; 1 NV +9).V(+e) = ; nl DieBity v (V()..V(¥)) (2.23)

We define 1/3(x) = ;11/);71, 1/3(y) = 1/);711/);171 and 1/3(ny) = 7,/1;11/);711/1;711/);71. Hence V in (2.23) is given

by [ dxdylv(x —y)i(xUy) and we can write

82
— &N (V). V = 2.24
suauy S V)V ) (2.24)
o* - - e - - -
e /dy/\v(x —NEEN WL D(F); V55 V) + nd(x —y) / dyv(x — ¥)ELN(DF): Vi V() (2.25)
y
where 6‘1—*, means that the derivative cannot be applied over ¥ ; in (2.25) we have separated the case in which

Yy
the two external lines are connected to the same coordinate from the case in which are connected to different
coordinates.
We use the following property of truncated expectations, see for instance [Le], if )(P1UP) = [[[;c p, V5 1 Licp, V%]

ET((PLU Po)ih(Ps)..h(Pn)) = (2.26)
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Yoo E0TETWEP) [T dP)ETW(Po) TT ¢(P) + EX (PP (Po)..th(Pr)) (2.27)

Ki1,Ko, K1NK3=0 JjeEK, JEK
K{UK9=3,..,n

and (—1)7 is the parity of the permutation necessary to bring the Grassmann variables on the r.h.s. of (2.26)
to the original order. Note that the number of terms in the sum in the r.h.s. of (2.26) is bounded by C™ for a
suitable constant C. Note that the same property holds if we replace ¥ with 1) + ¢ where ¢ is an external line.
By using (2.26) for the first addend of (2.25) we get, V(j) = [ dx;dy; v(x; — yi)U(x; Uy;j)

[ 5= 9) gL BV (st V()

> [ =gt [T voes e [T va)

Ki,Ko,K1NK2=0 JEK1 JEK2
KiUKo=1,..,n

where have used that the derivative applied on the second truncated expectation gives zero (it is the expectation
of an odd number of fields).
If we define

o™ _V+E"' NA,
Ay Ay Sp= —2 log | Pun(d i Ny 2.28
<Ap;.Ag >T O og/ %N (di))e 1 A=0 (2.28)

by summing over n we get

HY (x,y) = / N(x =) < () > 1;_ <>+
y
/ dFv(x — §) a?/j- <USiBF) 1 +(x—) / d§o(x— §) < $(5) > (2.20)
y

1

S
~~. = + = - - -
4 -
e -
7

Fig. 1
Fig 1: Graphical representation of (2.29)
By a multiscale integration similar to the one in the previous section we get, see Appendix 1
0" _ —k
o= <¢9(y) >r || < Chy (2.30)
Iy
Hence we get for the second addend in (2.29) the bound , using that |v(x)| < C
7z | dxdydyolx =) 572 < v u(3) <0 >l <Oy (2.31)
y
On the other hand the first and third term in (2.29) are vanishing in the massless case. In fact
<(y) >=0 (2.32)

as by translation invariance < 1/?(y) >=< 1&(0) >. As there are only diagonal propagators we note that by it
is given by the integral of (4n + 2)/2 diagonal propagators and it is indipendent from y, so it is vanishing by
parity. Hence the integral of the first and last addend in (2.29) is vanishing.
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2.4  Two fermionic lines and one density line

‘We have to bound

=1 9? ~
H3ll(53) = 3 S gy Sy (WEV-Y) (2:33)
y
and
0? ~ o ~ ~\ T N EAT
Z/J o0y 5k NW(z)V..V) :”az/r /dy)‘U(X_Y)gk,N(wx V(y);h(z); Vi V)+ (2.34)
y y

nAS(x — y) / d5o(x — )EL N (D) (=) V()

9

1< ; that is we have distinguished the case

Yy
the two external lines comes put from different points or the same point. The first addend can be written,by
(2.26) as

[ 5t =9) ST EL ) Vi V) = / 900 = 9) 0= EL (W D) D V)5V )+

S / A5o(x— 95— ¢ s [T VOELs @@ TT Vo)

K1,K9,K1NKg=0
K{UKg=1,..,n

> [y plg =gl [T vOey e IT va)
KI,K2,K1@5?§U y 1
We finally obtain, by summing over n

My

*

k)

)(@%,y) = / dFdE(x — §) < B(F) >

HS < d(@) >+ / dFA0(x — §) 2 < §gD(F): Dz) >

)

<uf > to(x—y) / dgv(x — §) < D) 0F) >r  (235)

+/@m@—ﬂ<wﬂ%m>

T oy

Fig 2: Graphical representation of (2.35)

Again the first addend is vanishing in the massless case. The integral of the second addend is bounded by, as
shown in the Appendix

dxdydzd§ o(x — §) - < i 3(§):6(@) > | < Cll-2

L oy 5oz < UxidE)iv@) >r | SO0 (236)

In the third and fourth addend appear a density-density term which will be bounded in the following section
by Cv~* so that they are also O(Ay~*).
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2.5 Two density lines

We have to bound
oo 1 _ R
0 (®¥) = /dX/\v(2 -%)) ol EEnW)Y(y)V...V)

n=0

We can distinguish the case in which the two fields z/z(x) are contracted in the same point or not, so that

o0 -
un DU <P(y) >=

gw,w

HékQ) (z,y) = /dxdzdz’)\v(i — x)gB‘iﬁV] (x —z) [k, N] (x —2')
[ ixarota -0l x- 2P0 - y) + [ dado(a —2) < D)) >+

*

Bor < bp(2"); 0 (y) > (2.37)

/dxdzdz'dz”)\v(i — X)ggfL)N) (x — z)ggf&}N)(x —z')(z' —2")

where in the second line (2.34) has been used.

<@ O @

Fig 3: Graphical representation of (2.37)

The first addend of (2.37) can be rewritten as

/ dxda(z — 2)|[g:N) (x — 2)2[5(z — y) + / 0 oz — 2') < (@) Dly) >r]+

/ dxdalv(z — x) — v(z — 2)][g% (x — P — y) + / i oz — 2') < §(@); D(y) >7] (2.38)

The first line of (2.38) is vanishing in the massless case

/dngf;uN)(x —-z)=0 (2.39)

by the symmetry gfff@N)(r, ro) = iwgfff;uN)(ro, —r); on the other hand the second line can be written as

1
/dzdx)\/ Q00 (7 — 2+ t(z— )] (x — 2)[gh N (x — 2)]2[6(z — y) + / 2 oz —7) < B(#):d(y) >7] (2.40)
0
We perform the change of variablesr; = x—z ry =z —z+t(z — x) with Jacobian —1, so that we can bound
(2.40) as,using that [ dx|dv(x)| < C

N

||/dr1dr2)\3v(r2)|rl|ggflﬁv] r)Pll<Cx Y gk <oyt
k<hi<hs<N (2.41)

I / drydra Ao (x| g ()2 / dzo(x — 1y —2) < D) P(y) > || < Coy*|| L, |
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where we have used that gl&N(r) = ZhN:k g"(r). We consider now the second addend of (2.37); by (2.35) we
get

*

/dx)\v(i — x)/dzdz’dz”v(z’ —2")g*P N (x — 2" )glP N (x — z)% < w;;ﬁ(z”);z/;(y) >r +

/dx)\v(i - x) / dzdz’dz”dz’”gﬁfﬁv] (x — z)ggfﬁv] (x —2z')Ha0(7, z”)gL’fﬁV] (2" —2z)v(z —2") < zﬁ(z”’); 1/;(y) >
(2.42)

©

Fig 4: Graphical representation of (2.42)

We prove in Appendix 1 that the first addend in (2.42) is bounded by

*

195 x — )N — ) 2 < (e 0y) > ] < O (2.43)

z

In order to bound the second addend
/dzdz'dz”gﬁf;ﬂv] (x — z')HQ(fco) (2, 2") gl (2" — 2) gk N (x — 2) / dz" Mo(z —2") < p(2");d(y) > (2.44)

which we can rewrite as, using the compact support properties of the propagator

3 / dzdz' dz" 90) (x—2' ) H¥) (2, 2")g") (2" —2)g("2) (x—2) / dz" \v(z—2") < P(2"):)(y) > (2.45)
k<hi,ha<N

We distinguish now the case h1 < hg or hy > ho; if hy < ho we integrate over ggfi) and we use that ||Ha|| <
CM\y~F and |ggfi))| < CyM so that we get Y h<hi<ho<N CAy~kyhing=hiy=hs < ON\y=F If hy < h; we use that
gﬁ;}f}) < Cy"2 so that we get CI\y~Fy=2hiyh2 < Oy~ In both case we can bound (2.44) by
: k<hy<hi <N
_ k T
Cy | Hg |l
By collecting all bounds we have found we have
IHGS 1| < Cudy™ — Cody ™| | Hoa|
from which .
Cidy~ _
H® < < O )k 2.46
I < s < Ca¥ (2.46)

2.6  Four external lines

In this case we can write
Hf7O(X1,X2,X3,X4) = 0(x1 — X2)d(X3 — x4)Av(x5 — z’)Hécg(xl, z')+
§(x1 — x2) (%1 — z)Hf,Q(z; X3,X4) + ﬁio(xl, X2,X3,X4)
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where the first two terms were evaluated before and the last term correspond to the four external lines attached
at different points; proceeding as above it can be written as (in the massless case for semplicity)

- o3 ~ 0 0? ~
HF = [ M —z)—————— < ; > /)\d —2)—— <Y >Sp——— < >
o = [ Mo —a) 5o < ) >+ [ et —a) g < v, > g < ) >
) (2.47)
\ 4
\ 4
AY 4
T N + St Fig. 5
N
/' N
’/’ /// ot g . Il Q/”
., - - :
’ S
4
Fig 5: Graphical representation of (2.47)
As it is proved in the Appendix 1
—  cyTid(z) > || <Oy 2.48
oy < a0 > | (2.49)
Finally the norm of last term in (2.47) is bounded by
—— < g, > |||l < P(z) >7 || < CAy” 2.49
Il < v > g <9 > | (2.49)

as follows from the previous bounds.

We have then proved (2.20) in the massless case; in order to prove the bounds (2.20) in the massive case we
note that we can write gﬁ,w(x,y) = gﬁ,w(x, y) + rﬁw(x,y) where gﬁ,w(x,y) is the propagator with m = 0
and %, (x,y) verifies the bound (2.14) with an extra [%]2; moreover & _ (x,y) =gk _,(x,y) + 1k _ (x,y)
where gk _(x,y) is the Fourier transform of [Vﬂk]gﬁw(k)g’jw,_w(k) and rf _ (x,y) verifies the bound (2.14)
with an extra [%]3 Using the multilinearity of the determinants appearing in the fermionic expectations, we
can separate the contribution in which all the propagators are massless (corresponding to the cases treated

above) plus a rest, with an extra 2] with respect to the dimensional bound (2.16). The only case in which

such improvment is not sufficient to get (2.20) is for HQ(kO) However when the external line has the same w
k (x,y) or a nondiagonal propagator gf)ﬁw(x, y), so that the
improvment with respect to (2.16) is given by [2£]? and the bound (2.20) holds. The only remaining case is

index, there is surely at least or a propagator

w,w

when the two external lines have different w index and all the propagators are massless (if they are not there
is an extra [%]) and there is only a nondiagonal propagator 957_w(x, y); this case is then identical to the one
trated in §2.4.

2.7 The infrared integration

After the integration of the scales N, N — 1,..hp; we get a functional integral of the form
eiLthJ\l /P(d’l/)(ShM))67V(hM)<¢(£hM)7¢7J) : (250)

where V(") given by (2.9). The multiscale analysis of (2.9) has been done in [BM] in all details and we will
not repeat it here; it turns out that after the integration of hyy,...h one gets

€7L2Fh /PZthh (dw(gh))€7V(h)(\/z_hw(smy¢”]) ) (251)
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where Pz, ., (d(=M) is given by (2.2) with Cy replaced by Cj,, wave function renormalization Z; and mass
my,; moreover the effective interaction V") is \j, Il dxwfff wa’ h)- P ih,)f f,? )= plus monomials in % of higher
orders. As a consequence of remarkable cancellations due to the implementation of Ward identites based a local
phase transformation at each iteration step, the effective counpling A, remains close to its initial value

and
Z, = ,Y*Uh(l 4 O()\)) Wy = fy*ﬁhm(l + O(/\)) (2'53)

with 7 = aA® + O(A\3) and 7 = bA + O(\?) with a,b positive constants. (2.51) is found by a procedure similar
to the previous one in which the £ operation consists in computing the kernel W" (k) at zero momentum or,
in coordinate space, it consist of computing the external fields in the same coordinate point. Then, see [BM],
to each kernel W" is applied 1 — £ which produces a derivative aplied on the external fields, giving an extra
4", and a factor (x —y), if X,y are the coordinate of the external fields, wich can be bounded using that by
[ dzlz||g'(z)| < Cy~? or [dz|z|lv(z)|] < v~ "¥ < 4% In this way an expansion for the Schwinger functions
well defined in the limit L, N — oo is obtained.

3. Ward Identities

3.1 The anomaly Performing the phase and chiral transformation 1F, — e*®<<¢F in (2.1) and making
derivatives with respect to the external fields we get,if p,, x = wiﬂp;x

D (p)<[’w/,p7/;;7k7/;;k_p> = Ow,w’ <7Z’;7k7/;:,_7k> - <7/;w_,k_p7/;:,k_p> + Ai’/%L,N(p; k) (3.1)

where Ai’,lzuN (p; k) is the Fourier transform of

Aile(XQYaZ):W wwzw >LN’ (3.2)
where i . ) A A
0Txw="T7 DRl €/ "l S A (3.3)
kt k—
Kkt £k~
and
Cnw(k® k7)) = [Cn(k7) = 1Dy (k™) = [Cn(kT) = 1] Dy (kT) . (3.4)
We write
ALY (pik) = v(p)7n (P)D—w(P)GZ LY, (Pi k) + PiR2 L (pi k) (3.5)
where
o) = [ g SR 91 i~ p) (36)

Note that if p is fixed, in the limit N — oo we get, by changing variables k — 7Yk and expanding in v~ "p,
7(p) = v+O(py™"), where v = 7(p)|p=o and, using some cancellations due to the symmetry g, (k) = —iwg, (k*)
with k* = (k, ko), it holds that

7= [ G DD ) = 5 [ i) = = (3.7

We can obtain szw’ “;Nl from the generating function

Wa(J,d,¢) _ /P(dw)e—v(w)'i‘zwdeJ(z)waw;w-i-Zwfdz[wzw¢;u+¢wa;u]+To(j7w)—V7,NTf(jﬂ/J) (3.8)
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with
1 5 _ 1 2
To(].9) = 73 2 J(P)Cv (e k=PI Wiy = 73 D/ (P)0pp

k,p p#0 (3.9)
. 1 . _ '
T_(J.4) = 73 2 I ) D-w(P)_p Vi
k,p
A crucial role in the analysis is played by the function
. B Cno(kT k™) NP
AGH (kT k) = 2™ = @ (k)o@ (k) . 1
0 k) = PG00 )0 () (3.10)
which is such that
AGD (kT k™ )=0 i,j<N (3.11)
hence at least one between i or j must be equal to N. It holds that, for i < N
. _ i kf)’u,N(kJr)
AN,z kJr k — f](
(k™ k) D,(kt —k=)D,(k-)
where uy (k) = 0 for [k| <+ and un(k) =1 — fy(k) for [k| > ~+. It is easy to verify that
ANkt k) = ———SNIi(kT k™ 3.12
(1 k) = 52t ) (312)
with
|al7zrall(7 SN’i(k+,k7)| < Cm+l’}/7i(1+l)fy*l(1+N) (313)
from which
: o ol
1SNz —x,2—y)| < Crim (3.14)

L+ [Nz —x[]" 1+ [y'|lz - y[]"

3.2 Multiscale analysis The integration of Wa (J, J @) is done by a multiscale integration similar to the previous
one. After the integration of /(") the terms linear in J and quadratic in 1/1 1n the exponent will be denoted by
KSN D (p(EN-D): we write KSN Q- Kf,a -4 K.(]b N=D Shere Kf,a is obtained by the integration of
Ty and K‘(]b’Nfl) from the integration of T_. We can write K‘(]a’Nfl) as

KS“’N Z/dydz 2ww (x,y,2) +Fl(ﬁ_l)(x,y,z)5w7@]¢;7’§N71¢;b§N71 (3.15)

where there is no TO(JAJ/JSN*) by (3.11), FY=D and F(N D represent the terms in which both or only one

2w,
of the fields in dpp ., respectively, are contracted we define

LKNY = Z/dyszwa)(x v,z SN Ty, SN (3.16)

In the same way we decompose K .(]b’N_l) and we define £ is a similar way; the above procedure leads to two
new running coupling functions

LEY M@=V = Z vy N-1(k, D) (P) Do (P)UiL Vs pw + V= N—1(K, D) (P) Do (P)UR Vi po—o
k,p
(3.17)
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The above integration procedure can be iterated with no important differences up to scale hjps; note that
Fl(]fj (kT,k™) is vanishing for k < N — 1. If wih is the kernels in the effective potential moltiplying a

2l,m,m

monomial in 2! ¢-fields, m J fields and m J fields, the following result is proved in Appendix 2.

Lemma 3Assume that for j > k ||A;]], ||n;]], ||Z§2)|| are small enough and

[vi]] < Cayzh=) (3.18)
then it holds the following bound,if m = 0,1
(W3, all < Cay~h(EEmtm=2) (3.19)

Moreover, if k,p are fixed to an N indipendent value

Jim R2UN (k,p) =0 (3.20)
3.3 Proof of (2.20)
We have now to prove (3.18). We can write
vi,~(k,p) = i, _(k,p) + v} _ (k. p) (3:21)

b

where in v° are the terms obtained contracting Ty and in v® the terms obtained contracting 7. It holds that

vi _(p, k) = —u(p)7(p) — v(p)7(P) < V(P); Ui _ o ¥icsp—u > (3.22)

Fig. 6

Fig 6: Graphical representation of (3.22)

On the other hand

. B fe%e] i a 5T . 82
vi(p, k) = 7;) ol —Gj(p) v (To3 761/];1/]1;@ [V.V]) (3.23)

By construction the two external fields cannot be attached to C' (otherwise £ = 0). We distinguish now the
case, as in §2.5, in which both the fermionic fields in Ty are contracted with the same point with the case in
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which are contracted in different points.

W\QVW\ +W\<j>vv\<>\ +”\A/<>\ Fig. 7
A Y N .

Fig 7: Graphical representation of (3.23); the black dot represents Cy.

In momentum space the first case can be written

dk Con(kk—P) n N - ~
[/ (27)2  D_.(p) gl M (a0 gl Nk — p)Ao(p) 1+ < D(P)h iy >] (3.24)

so that summing (3.24) with (3.22) and using (3.6) we get a vanishing contribution for ¥ < N — |p|; in fact it
holds that

dk C,n(k,k—p) kN (1) o5 N (K — _ dk Cy, n(k,k—p) <N N
/(Qﬁ)z Do) % (k)g, (k — p)] /(%)2 Do) (k)9S (k — p)] (3.25)

In fact Ay ;(kT, k™) is such that k™| > +" and |k~| > 47, then as p = k™ — k™ necessarily j > N — |p|. On
the other hand for k > N — |p| we have to prove that ||v|| <y~ N*+* < 4~ IPl which is surely true as p is fixed.

It remain to consider the contribution to v, in which the two fermionic fields in Ty are contracted with different
points. We pass to coordinate space and we proceed exactly as in §2.5. \ /

+ . T Fig. 8

Fig 8: Graphical representation of (3.27)

Such contribution can be written as
N

; ; o 9 o
H(x,y1,y2) = /dzdz’dz" [SNix —z,x -2 )+ SN (x —z,x —2)|v(z —2")—— < (2") >
i=k 6wyl 51/1;2 awz
(3.26)
which can be rewritten as
al o 0 o
dzdz dz" dz'" v(z' — (SVix —z,x —2)+ SN (x —z,x — )| —— —— —— < Y h(z") > +
/ ; aw}ﬁ 31/);;2 awz
N
/dzdz’dz” Z[SN’i(x —z,x—7')+ SN (x —z,x — 2/)|Ha0(Z, z")g&’f;dN) (z" —z)|Jv(z — 2" )Hy 2(z" ) y1,y2)
i=k
(3.27)
We will prove in the Appendix that the first addend in (3.27) is bounded by
N o )
I ISV (x—2,x —2') + SN (x —z,x — 2)| 5 — < 4 P(2");h(y) > || < OMy 72 (VHH) (3.28)

e

22/giugno/2006; 2:16 17



On the other hand the second addend in (3.27) is easily bounded by noting that, by momentum conservation,

N
1[5V (x—2,x~2")g), (2" —2)+5"N (x—2,x~2")g(\) (2" ~2)| H20 (2, 2" )0(2—2" ) H1 2(2" . y1,y2)|| (3.29)

w,w
i=k

We proceed as in §2.5, and in the first addend we integrate over the line x — z, using that ||Hz o|| < CAy~* and
|gff)w| < Cy~ % getting Zik y Ny Tiyiy =k <IN — k[y~NF < Cy(=N=F)/2, in the second addend we integrate
over the line x — 2/, getting 1, 42N yin=F < Cy(=N=H)/2,

A similar analysis can be done for vy 4 with the only difference that the first term in (3.22) and in Fig.7 is
absent.

4. Appendix 1

4.1 Proof of Lemma 1 For an introduction to the formalism used in this section we will refer to [GM]. We
define a family of trees in the following way.

Fig. 9

VAR

h h+1 hay N N+1
Fig 9: an example of tree 7

1) Let us consider the family of all trees which can be constructed by joining a point r, the root, with an ordered
set of n points, the endpoints of the unlabelled tree, so that r is not a branching point. n will be called the order
of the unlabelled tree and the branching points will be called the non trivial vertices. The unlabelled trees are
partially ordered from the root to the endpoints in the natural way; we shall use the symbol < to denote the
partial order.

Two unlabelled trees are identified if they can be superposed by a suitable continuous deformation, so that
the endpoints with the same index coincide. It is then easy to see that the number of unlabelled trees with n
end-points is bounded by 4™.

We shall consider also the labelled trees (to be called simply trees in the following); they are defined by
associating some labels with the unlabelled trees, as explained in the following items.

2) We associate a label h < N — 1 with the root and we denote by 7, , the corresponding set of labelled
trees with n endpoints. Moreover, we introduce a family of vertical lines, labelled by an integer taking values in
[h, N + 1], and we represent any tree 7 € 7, , so that, if v is an endpoint or a non trivial vertex, it is contained
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in a vertical line with index h, > h, to be called the scale of v, while the root is on the line with index h. There
is the constraint that, if v is an endpoint, h, > h + 1.

The tree will intersect in general the vertical lines in set of points different from the root, the endpoints and
the non trivial vertices; these points will be called trivial vertices. The set of the vertices of T will be the union
of the endpoints, the trivial vertices and the non trivial vertices. Note that, if v; and vs are two vertices and
v1 < vg, then hy, < hy,.

Moreover, there is only one vertex immediately following the root, which will be denoted vy and can not be an
endpoint (see above); its scale is h + 1.

Finally, if there is only one endpoint, its scale must be equal to h + 2.

3) With each endpoint v of scale h, = N + 1 we associate one of the monomials in the exponential of (2.1) and
a set x, of space-time points (the corresponding integration variables); with each endpoint of scale h, < N we
associate one of contributions in £V () (2.12). We impose the constraint that, if v is an endpoint, h, = hy + 1,
if v is the non trivial vertex immediately preceding v. Given a vertex v, which is not an endpoint, x,, will denote
the family of all space-time points associated with one of the endpoints following v.

4) The trees containing only the root and an endpoint of scale h 4+ 1 (note that they do not belong to 75 n4+1
) will be called the trivial trees.

In terms of these trees, the effective potential V"), h < 1, can be written as

VO(ED) 4 126, =3 S v (r, gty | (4.1)

n=17€Ty n

where, if vy is the first vertex of 7 and 71,..,7s (5 = s,,) are the subtrees of 7 with root v, V) (r,4(=") is
defined inductively by the relation

Y (7, sy = EDT

EL A [P0 (S0, PO (i, (S (42)
and VD (7, p(SPHD) R =1 — £
a) is equal to RV (7;,4p(Sh+1)) if the subtree 7; is not trivial;

b) if 7; is trivial and h < N — 1, it is equal to LV or, if h = N — 1, to one of the monomials contributing
to VIV (=),

5,? 41 denotes the truncated expectation with respect to the measure P(dw(h“)) We associate then to each
vertex v is associated the set P,, the set of labels of external fields of v, that is the field variables of type
which belong to one of the endpoints following v and either are not yet contracted in the vertex v (we call Pén
the set of these variables) or are contracted with the 1 variable of an endpoint of type ¢ through a propagator
gl N1 The sets | P, | must satisfy various constraints. First of all, if v is not an endpoint and vy, ..., vs, are the
vertices immediately following it, then P, C U;P,,; if v is an endpoint, P, is the set of field labels associated
to it. We shall denote @Q,, the intersection of P, and P,,; this definition implies that P, = U;Q,,. The subsets
P,,\Qy,, whose union Z, will be made, by definition, of the internal fields of v, have to be non empty, if s, > 1.
Given 7 € 7p, 5, there are many possible choices of the subsets P,, v € 7, compatible with all the constraints.
We shall denote P, the family of all these choices and P the elements of P,. Moreover, we associate with any
f € I, ascale label h(f) = h,. We call y-vertices the vertices of 7 such that their set Z, of internal lines is not
empty; V, (1) will denote the set of all x-vertices of 7.

With these definitions, we can rewrite V(") (7,4(<") in the r.h.s. of (4.1) as:

VW (r =)y = N " v (r Py
PeP,

(4.3)
V(h)(TvP) = /dxvo¢(§h) (on)Ki,hl;H)(Xvo) )
where
~ <
=R = T wSd) (4.4)

fer,
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and K ihlj D (Xy,) is defined inductively by the equation, valid for any v € 7 which is not an endpoint,

Koplax) = ,H K (0] €510 (P \Qun)s - 0 (P, \Qu ) (4.5)

where ¥(")(P,,\Q.,) has a definition similar to (4.4). Moreover, if v is an endpoint and h, < N, Kf,h”)(xv) =
AhysThys 1+ Z}(lv), while if h, = N + 1 Kf)l) is equal to one of the kernels of the monomials in (2.1).

(4.1)-(4.3) is not the final form of our expansion; we further decompose V") (7, P), by using the following
representation of the truncated expectation in the r.h.s. of (4.4). Let us put s = s,, P, = P,,\Qy,; moreover
we order in an arbitrary way the sets PX = {f € P, e(f) = i} we call fi their elements and we define
x0) = Upep x(f), 9 = Upepix(f), x5 = X(F}), iy = x(f5). Note that 333, [P7| = X0, [PF| = n,
otherwise the truncated expectation vanishes. A couple I = (f;;, fi ]/) = (f;, f;") will be called a line joining
the fields with labels f;, fz 7, connecting the points x; = x; ; and y; =y, the endpoints of [. Then, it is well
known [Le, GM] that, up to a sign, if s > 1,

EF (WM (PG (Py)..p M (Py)) =
=Y I16"0a - [ apr(tydee 6™ (0). (46)

T leT

where T is a set of lines forming an anchored tree graph between the clusters of points x(® Uy that is
T is a set of lines, which becomes a tree graph if one identifies all the points in the same cluster. Moreover
t = {t;» €1[0,1],1 <4, < s}, dPp(t) is a probability measure with support on a set of t such that ¢; ;; = u;-uy
for some family of vectors u; € R® of unit norm. Finally G™T(t) isa (n — s + 1) x (n — s + 1) matrix, whose
elements are given by

Gl =tiag™ (xij — yirj) (4.7)

with (f;;,
In the follovvlng we shall use (4.6) even for s = 1, when T is empty, by interpreting the r.h.s. as equal to 1, if
|P| = 0, otherwise as equal to det G = £ (M) (P)).

i ,) not belonging to T

If we apply the expansion (4.6) in each non trivial vertex of 7, we get an expression of the form

VO P) =Y / dxu, 0= (P YWD 1(x0) = Y VW (1, P T) (4.8)

TeT TeT

where T = |, T,. Given 7 € T}, ,, and the labels P, T, calling v}, ..., v} the endpoints of 7 and putting h; = hys,

we get the bound
H |Uh -1 XU ‘| :

AT Smexlde @ (w0 T 1™ 00 -yl }

lET,
not e.p. €

|WTPTXvo |</del vi)

leT*

(4.9)

where T* is a tree graph obtained from T' = U,T,, by adding in a suitable (obvious) way, for each endpoint
vi,4=1,...,n, the lines connecting the space-time points belonging to x,:. A standard application of Gram—
Hadamard inequality, combined with the dimensional bound on ¢(® implies that

| det G To (t,)] < eDnty [P =[Pl =2(s0=1) oy ho (D202 1Pog| = Pol=2(su=1)) (4.10)
Moreover
n 1 — Sy —
H —/ H d(xi —yi H|Uh 1) g (i —y)| < ¢ H —7 holse=1) (4.11)
vnot e.p. leT™ vnote.p. U’
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so we can bound the r.h.s. of (4.9) byif 7 +ny+mne =n

_ | Pug | J o 1 Pl oy
(C)\) v 3 w0 —M2,v0) H Sv',y — (= +ny+ng ) (4_12)
v not e.p.
where n;) are the J fields associated to the endpoints following v, ns , is the number of endpoints of type ny

following v and 7 + ny + ny = n. We can bound (4.12) by

o (.
(@)t [ oy thehods (4.13)
veVy(T)

| Py |
2

construction the vertices v with |P,| = 2,4 and n;] = 0, or |P,| = 2 and n] = 1 are necessarily endpoints so
they do not belong to V,, hence d, > 1. In order to sum over 7 and P we note that the number of unlabeled
trees is < 4™; fixed an unlabeled tree, the number of terms in the sum over the various labels of the tree is

where d, is the dimension, d, = —2+n +ny, and and ¥’ is the y-vertex immediately preceding o. By

bounded by C", except the sums over the scale labels and the sets P. Regarding the sum over T, it is empty if
sy =1.If s, > 1 and N,, = |P,,| — |Qu,|, the number of anchored trees with d; lines branching from the vertex
v; can be bounded, by using Caley’s formula, by

(sy —2)!
(di — 1)!...(ds, — 1)!

dy ds,
N N (4.14)

hence the number of addenda in } ;. is bounded by [], not e.p. So! Oy 1Pl =Pl
In order to bound the sums over the scale labels and P we first use the inequality, following from (4.13)

H L H ~y — 35 (ho— | H ,Y—“:S‘] (4.15)

veVy (T) UEVX(T) veVy(T)

The factors v —a0(ho=hs1) in the r.h.s. of (4.15) allow to bound the sums over the scale labels by C™. The sum
over P can be bounded by using the following combinatorial inequality. Let {p,,v € 7} a set of integers such
that p, < 37", pu, for all v € 7 which are not endpoints; then (see for instance App. 6 of [GM])

Z T K < II Y8 va,pv )< (4.16)

P veVy (1) UEVX(T) Py

where B(n,m) is the binomial coefficient. This concludes the proof of the Lemma.

Remark 1 If in 7 there are two y-vertices with scale hy and ha, we can write the r.h.s. of (4.13) as

_ _lip— 1 —h.,
(clAry oy malm=hal T 7 a(he—hods (4.17)

as dy > 1; of course the sum over 7, P can be performed as above and this implies that the dimensional bound
(2.16) can be improved by 7_%”‘1_}”' for such trees; this property is called short memory property.

Remark 2 Let us consider a tree 7 contributing to a kernel WQ(thn for which £ =1 (see (2.10)); then vy € V;
in fact if vo & Vi, then vq is trivial and the external fields of vy and v; are the same,if v; is the vertex preceding
vo; then RV(m,¢) = 0.

4.2 Proof of (2.50) It holds that

o e _ 02 02
oy < V) >T= G 51T

H(p, J,J) (4.18)
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where
eH(¢>,J,j) _ /PhN(dz/J)eivard)HZw fdZ'](Z)W;wJFd);W][¢;w+¢;w]+f J(2)$(2) [Yz+bz] (419)

where the derivative over ¢ cannot be applied over [h, + ¢,] otherwise a disconnected contribution is found.
(4.19) can be integrated by a multiscale analysis as (1.3); after the integration of the scales NN —1,..,h we
get ka,h(dQ/J)e’V(h)(d’*d’) with

D) () = Z/dxl...delWQ(lhfnme xMHJW x;) [ [ . (4.20)
lw,e i=1 i=1 i=1
and
* N
h
— < i Z Wit (4.21)
by £

We integrate W(#, J, J) by a multiscale procedure identical to the one for W(¢,J) (in particular EWth Zn 7
if m # 0, so that no new runnlng couphng functions are introduced) and we still get the bound (4. 13) in
which d, is given by |P L 24 nJ + nJ + na,. There is an apparent problem due to the fact that d,

for the vertices with one external J line and with two external fermionic lines. Let us consider the terms
J dkdeQ%“ji (k, p)J (P) ¢y Vi associated with such vertices; of course W( “) gl N(k 4 p)Ga(k + p); the
momentum k + p of the external ) ﬁelds has scale 7", and g"v (k + p) v(k 4+ p) is nonvanishing only if
|yt — hy| < 2; hence, as " =" < 42 we can replace d, With dy + 4,with &, = 1 when |P,| = 2,n/ =1 so

that we get ||W(h || < OAy~hEm+m=2) implying ||W2 ! 1|| < Cx:y~h.

2l,m,m

Fig. 10
Fig 10: Graphical representation of marginal terms J¢u
In the same way
R o E T 1(6,4,J) 4.22)
oy " 06(y)o(x) 07(3) T (2)(x) '

and ||W2(];)1|| < CM\y~2" from which (2.36) follows. Finally (2.48) follows fromthe fact that ||W3(hQ)1|| < Cay~2h,

4.3 Proof of (2.43)
We can write

/dzg[k,N] (szx)g[k,zv] (x — )Gawz
0

0
- log [ PN [k N] V(o) [ a2} T@5 s s+ T @V T (g0
8.7 (z')J(x) 01 (20 (y Og/ dw) (dw) (4.23)

<Yy d(y) >=

where V(1) = —AL S0, [dx ST PEN T GENTEEN" and g, 40, are indipendent fields. In order to
check (4.23) we note that the r.h.s. of (4.23) gives

<Ug Vg Vol (2" )i 0(y) >= g™ M (x —2') < Ui 0@ ) (y) > (4.24)
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and we use the identity ¢ = [ dzg* N (x — )%, where we have used that T cannot be applied over 1,
otherwise a disconnected contribution is found. The r.h.s.of (4.23) can be integrated by a multiscale analysys
as above, and after the integration of the scales N, N — 1, ..k and the effective potential have the form (2.9) and
kernels VVl]i,lz,ml,mz g
vanishing dimension: there are no vertices with external lines Jiy¥ 1), as the contraction of the fields 1_, means
that there are at least two external lines J; the vertices with external lines Ji} v~ have surely a propagator
with the same momentum as the external line, then ’yh“*h/v < ~2 and the sum over trees can be done without
introducing anynew coupling. Then the norm of the L.h.s. of (4.23) is bounded by ZhN:k [WEoa2ll < CXy=2
so that we get (2.43)

multiplying 1, fields v, I, fields _,, m; fields J and msy J. There are new terms with

5. Appendix 2

5.1 Proof of Lemma 3 As the case i = 0 is identical to the previous one, we consider only the case m = 1. The
trees are essentially identical with the ones in Appendix 1, with the only difference that there is or an end-point
associated to v; 4+ at scale j, or an endpoint associated to Tp. In the first case d,, > 1 for any v by construction.
In the second case there is surely a x-vertex at scale N — 1, by (3.11); moreover the only vertex v with d,, =0
has one external line J and two external 1-lines; it has necessarily scale N — 1 and the form

[Cn (k) — 1]D, (k)3 (k) — un (k™)
D, (kt — k)

FN TVt k) =] G® (k™) (5.1)

for a suitable function G® (k); by the support properties of the functions g( )(k+), upn (k™1), there is a nonvan-
ishing contribution only if the external line with momentum k™ is contracted at scale N —2, so that v < 42,
Hence we get

W] < Crany=h@= mnymm) Ty 3 o mho ) (24 hann o) (5.2)

v

where ¢, = 1 if |P,| = 2, nv] = 1. The sum over 7 can be done as in Appendix 1 and (3.19) is found. Moreover
(3.20) follows noting that the trees contributing to R>"N.(k, p) have an endpoint associated to Ty or an Vj+

w (.d 1
at scale j. There is then a gain, with respect to the dimensional bound, of a factor 72(" N) if B is the scale of

2,1,N

k; in fact the trees contributing to R Z(k p) have surely a y-vertex at scale h, and an end point associated

to v; + at scale j, or an endpoint associated to To; by the short memory property and (3.18) it follows (3.20).

5.2 Proof of (3.28) We can write

o 0 0

HY0 22 x,2"31,92) = [ = 2 x = &) + SV (x — 2y x = 2| e ST S < Uil >
d B 92 fylz o (5.3)
[k N] V(o) J(2)dp(2z)+ T (2)y5 v "5,
= — O P d P d [ e ) s
0J(z')J(x) 0J(2") 06 (y1)0(y2) g/ () (@)

where V(1) = —AL Y0, [dx GSNTREN TENEN= ng

_ / dpeP* / dkCy (k. K + P o Cicsp. o

The r.h.s.of (5.3) can be integrated by a multiscale analysys as above, and after the integration of the scales
N,N — 1, ..k and the effective pot@ntial have the form (2.9) and kernels Wl’j,lz,ml,mz multiplying {; fields 1.,
Iy fields ¢_,, my fields J and mso J. There are new terms with vanishing dimension: there are no vertices with
external lines Ji} 1), as the contraction of the fields 1, means that there are at least two external lines J;

g
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the vertices with external lines Jiy} 1~ have surely a propagator with the same momentum as the external
line, then y"»~"» < 42 and the sum over trees can be done without introducing any new coupling.
We can write (analogously to (2.18))

N
k k
H2( 0),1,2 = Z WT(;2),0,1,2 (5-4)

where 7.* is the set of trees with root at scale ¢ and such that vy is a y-vertex. Note that, by construction, there
is surely a x vertex at scale IV, hence the dimensional bound is improved by a factor vé(i_N ) see §5.1, so that

k = _ _1
2(0),1,2||—ZC>\27 3 (=N) < OA2ymhy 3N (5.5)

2
5.3  The limit of local interaction. In order to prove Theorem 2, we consider v(p) = e =% with suitable 2, Mg
and y~"¥ = K. We fix K and then we proceed as above by taking the limit N — oo, and from the previous
analysis it follows that the WI verifyes (1.15). We consider then the limit K — oo; the contribution of a tree
with a vertex with scale h,, > hjs to a Schwinger function with fixed coordinate is vanishing as K — oo, by the
short memory property, and by (2.53) the bare parameters have to be chosen as in (5.6) .

6. Appendix 3:Perturbative Computations

We can check the WI (1.11), (1.15), (1.19) by a naive perturbative computation at lowest orders. Note that
Jo = Yt wI,,xw;g,( and jg =iy, I',ch:’,x and therefore p,jh = i Y,y D (P)pur ps Puiph =
i Ew’::ﬁ: wlDw’ (p)ﬁw’,p SO that

D, (p)<ﬁw/7p1/;;7k1/;:,k+p> :5w,w/ [<7Z);7k1/;:,k> - </l/;¢:,k+p/l/;:;_,k+p>:|

+v4+(P) Do (P) (P ¥ k0 s p) + V= (P) D—r (P) (Pt 0¥ 1V i) .

can be also written as
—ipu (i Veticp) = [(Ukti) — (Urtpticrp)] + (4 (P) + v-(P)) (—iPp (FhYKtk+p)) (6.2)
—ipu (g Yxthirp) = 7V [(Ycti) — (Yt pPicrp)] + (V4 (P) — v— (P))(—iPu (g Yicthrctp)) (6.3)

We can write <[)W/1P’l[);,k¢;::r,k+p> = G‘i’,l;w(p; k) and (Yo 1t ) = G2 (k) as a (non convergent) power series in
A

o0

G2l (prk 202 RN GAK) =D GA (k)N (6.4)

n=0
The perturbative contributions to Gd/;w(P? k), G2 (k) can be obtained by a standard Feynman graph expansion
with propagator g(— )( k). A crucial role will be played by the following identity

=M (k) — g5 (k + p) Cn(k k + p)
EM(K)gEM (K + p) = g (k) =g ( P) (<N K)g(EN) (k + AGS p 6.5
95 (k)g=" (k + p) Do (D) g (k) g ( p)ti(p) (6.5)

where Cy (k,k + p) is given by (3.4). Of course if |k| < vV ~2 the second addend in (6.5) is vanishing. We get
G20 (k) = g5 (k) G0 (psk) = g5 (k)L (k + p) (6.6)
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If k, p are "far” from the cutoffs, that is |k|, |k + p| <~V ~2 we get from (6.5)

(<N) k) — (SN)(k +p) G2(0) (k) — G2(0) (k + p)
G2l 1(0) pik) = gl=M) (k)g=M) (k + p g ( g p) _ Gu w P
(i) = (g™ )= D, (p) D, (p)

and we see that (6.1) holds with 1/5?) =% = 0. At first order in A

G2 (k) = g (W00 [ g =) =0

by parity; that is the tadpole contribution is vanishing. Moreover Gw wo) (p; k) = 0 as there is no graph con-
tributing to it.
At the second order in A we find, if BN (k1 ko) = 95N (k)9S (ko )02 (k1 — ko)

G2 (k) = M0 [ dler [ dieeBEY e el K+ K)o (09 (6.7)

£
N

Fig 11: Feynmann graph of G, (2)( k)

On the other hand (3’3,’752) is given by three graphs
02&52% p) = Gl (e p) + Gy (ke p) + GELY (k. p) (6.8)

a,w,w Cc,w,w

Fig 12: Feynmann graph of G, .

where G‘iw 2) (k,p) is given b

A2 1(2)

while Gi:i@)(k, p) is given by
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G212

bw

Fig 13: Feynmann graph of

and (5,2;:3,(2) (k,p) is given by

Fig 14: Feynmann graph of Ai;},@)

We get, using (6.5) and if k|, |k + p| < 2V~2
Do(p)Gy o2 (k. p) = GEP) () + GE®) (k + p) =
sV [ dirdie BEY e e p e ) = g5 k- ke k)oY k4 p) (69)
and using again (6.5) the r.h.s. of (6.9) can be written as
—Du(p)Ga2) (k. p) + g5 (k)9 (k + p) / dkydk BV g (k + p — ko + ki )g™) (k — ko + ki )C o)

Finally, by using again (6.5) and the fact that, by parity [ dkgquN)(k) =0, we get

G2 (k,p) = | / dk1 9N (k1) g EN) (ki 4+p) O v (ki a +p)] | / dkag =N (k2)g SN (ko +p)]g =N (k) g =N (k+p))]

and,using that
G210 ep) = [ dieg' S 1)y Sz +)

we find at the end,putting togheter all terms

Du(p)G31? (k, p) = G2D (k) — G2 (k + p) + 7V (k, p) Do (p)GZ LD (k, p) + 717 (k, p) Do (p)GZ LY (k, p)

’ (6.10)
where
) Con (ki ko +
70cp) = [ gl 1)l e + ) S D) (6.11)
D_.(p)
_ Co
7 (k,p) = /dk1 /dk2v2(k1 k) (g7 (o) gl (e p — Ko ke )gl ) (k — ke o+ ) 5

Note that Dgl)(p) coincides with (3.6). On the other hand the value of Df)(p) depends crucially on v(p).
If v(p) decays for large p, using (3.10) we can write

N
72 (k,p) = / a7 (k- KA (KK + p) + AV K+ p)J Ak — k)

h=—o0
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where

Alp) = / kg SV (K")g Y (p — k)

As sup,, [A(p)| < C (it is the same as v_ using (6.5) and noting that [ dkg is vanishing) we get, remembering
that k, p are fixed and |v(p)| < C(p? +1)~! and if Cx p is a k, p-dependent constant

N
_ 1 - ~ -
PP@) < Cep 30 A" <A
h=—o00

which is vanishing for N — oc.
On the other hand if v(p) = 1 we get,for k,p =0

which is nonvanishing; on the other hand the rest is vanishing as N — oo as p,k are fixed,by dimensional
reasons.

Acknowledgments. I am deeply indebted with K. Gawedzki for very illuminating discussions.
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