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Abstract. We prove the existence of small amplitude periodic solutions, for a large
Lebesgue measure set of frequencies, in the nonlinear beam equation with a weak qua-
dratic and velocity dependent nonlinearity and with Dirichelet boundary conditions. Such
nonlinear PDE can be regarded as a simple model describing oscillations of flexible struc-
tures like suspension bridges in presence of an uniform wind flow. The periodic solutions
are explicitly constructed by a convergent perturbative expansion which can be considered
the analogue of the Lindstedt series expansion for the invariant tori in classical mechanics.
The periodic solutions are defined only in a Cantor set, and resummation techniques of
divergent powers series are used in order to control the small divisors problem.

1. Introduction and Main Results

1.1. The search of periodic solutions in nonlinear wave equations has attracted a
wide interest in recent times. In the finite dimensional case the problem has its
analogous in the study of periodic orbits close to elliptic equilibrium points: results
of existence have been obtained in such a case starting from Lyapunov [20]. Sys-
tems with infinitely many degrees of freedom (as the nonlinear wave equation, the
beam equation, the nonlinear Schrédinger equation and other PDE systems) have
been studied much more recently; the problem is much more difficult because of
the presence of a small divisors problem, which is absent in the finite dimensional
case, and one has to prove an infinite dimensional KAM theorem to overcome such
difficulty. Periodic or quasi periodic solutions in PDEs have been obtained for in-
stance by Wayne [21], Kuksin [18], Kuksin and Poeschel [19] by KAM methods and
by Craig and Wayne [9] and Bourgain [5],[7],[6] by a Lyapunov-Schmidt decompo-
sition and Newton iteration scheme; this last method is flexible and it has been
applied in more than one dimension and for non hamiltonian PDEs. More recently
periodic solutions in PDEs have been constructed [13], [14] by convergent power
series expansion similar to the Lindstedt series for KAM tori [10],[11] using resum-
mation techniques of divergent power series to control the small divisor problem:;
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2 V. MASTROPIETRO AND M. PROCESI

this method has the advantage of being constructive and it can be also extended to
non hamiltonian PDEs.

Generally in the literature the nonlinear terms in the PDEs are assumed odd and
velocity-independent, as such features considerably simplify the analysis. A velocity
dependent non linearity has been considered only in [5], in which the string equation
with a nonlinear term u? and periodic boundary conditions is considered. The recent
papers [3] and [4] consider the massless string equation, under Dirichlet boundary
conditions, with velocity independent (but otherwise quite general) nonlinearities.

Aim of this paper is to construct periodic solutions in a beam equation with an
even and velocity dependent nonlinearity and Dirichelet boundary conditions;
vee + Ot + pv = av® + v}, 1

v(0,t) = v(m,t) =0, (1)

where a, b, i are suitable parameters. As it will appear clear in the following, our
results could be easily extended to include more general nonlinearities. With respect
to [5], we have considered the beam instead of the wave equation, leading to a
simpler small divisor problem; on the other hand Dirichelet boundary conditions
and even nonlinearities introduce various regularity problems which are not present
in the case of periodic boundary conditions considered in [5].

The interest of (1.1) lies moreover in the fact that it can be regarded as a simple
model describing oscillations of flexible structures; for instance, see [16],[8], a sus-
pension bridge subjected to elastic forces due to suspensions and to forces caused
by a uniform wind-flow has been described by a beam equation with a nonlinear
terms quadratic in v (describing the anharmonic elastic forces) and depending also
from v; (to take into account the forces due to the wind flow). Another applications
of PDE with this kind of nonlinear terms is in [17] to describe the oscillations of
the atmosphere on the flat earth. In the literature there is no proof of existence
of periodic solutions in a large set for such a problem. We will construct such
solutions generalizing to the present case the approach based on Lindstedt series
expansion already adopted first in [12] to prove the existence of periodic solutions
in a zero measure set, and later on generalized to construct periodic solutions in a
large measure set in [12], [13],[14].

Equation (1.1) has an elliptic fixed point at v = 0 with frequencies w,, =
vm* + pu so that for a = b = 0 every solution of (1.1) can be written as

v(z,t) = Z Ay, cos(wint + 0,,) sinma, (1.2)

m=0

where 6, is an arbitrary phase. In particular if u ¢ Q the fixed point is non-
degenerate so that the only wy periodic solutions are:

Ajcoswitsinz, A € R (1.3)

We will prove that there are periodic solutions of the nonlinear PDE (1.1) with
a # 0,b # 0 with frequency 2 = w1 + ¢, for any small € in a Cantor set, which
are e-close to (1.3); this is possible provided that we choose a proper A; which is

O(Ve).
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1.2. To face the small divisor problem, some Diophantine conditions must be
imposed on the mass pu.

Definition 1. We call M(), v < 275, the set p € [0, o], po = % verifying the
following Diophantine condition

lwin £ wp,| > y|n|™™ Vn € Z\ {0} and Ym € N\ {1} (1.4)
lwin £ wp £ Wi | > 0| Vn € Z\ {0} and Vm,m’' € N\ {1}

It will be shown in Appendix A1l that the set of u verifying (1.4), for some positive
7, is of measure O(ug) provided that 79 > 4 and v is small enough.

Our main result is the following Theorem.
Theorem 1. Generically in a,b, for any p € M(7y) there exists an g9 > 0 and
a Cantor set C(v) C (0,e0) verifying lim._q+ £ meas (C(y) N (0,¢)) = 1 such that
for all e € C(v) there exists a periodic solution v(z, ) : T? > R of (1.1) , with
Q =wy + ¢, of the form

v(z, Qt,e) = Veu(x, Qt;e) = Ve Z i U sin(ma) g, m (1.5)

neZ m=1

With Up m = U—pn,m and

C, —o|n|
] < VE (nym) # (£L,1), ugia = O0:(1) (1.6)

with suitable constants Cy, 0.

Note that in presence of odd nonlinearities, like v3, one can continue the periodic
solution in an analytic solution both is space and time, see [13] ; on the contrary, in
presence of even or velocity depending nonlinearities, like in the present case, the
periodic solutions are not analytic in space and this lack of regularity is reflected in
some complications in their constructions.

1.3. By inserting (1.6) in (1.1) we get a closed equation for the coefficients u,, n (€)

Un,m
Unm [—20% + w2| = VEfrm(u). (L.7)

where w,;, is defined in (1.2) and

R 0 ™ 27 /Q )
frm(u) = 2—7T2/0 dx/O dt sin(max)e” "™ (au? + bu?) (1.8)

More explicitly, see Appendix A2, (1.8) can be written as

*

fn,m = Z Um,ml,mz(snl—i-nz,n(a + b(iin)(iQTLQ))Unl,mlung,mz (19)

ni,my
ng,mo

where Z* means that the sum is over m, my, msy such that m+mq +=msy = odd and

dmmime

(i~ (my — )P (i — (i m2)?) (1.10)

Um,my,me =
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One could try to write a power series expansion in ¢ for u(z,t), using (1.7) to get
recursive equations for the coefficients. However by proceeding in this way one
finds that the coefficient of order k is given by a sum of terms some of which of
order O(k!®), for some constant «. This is the same phenomenon occurring in
the Lindstedt series for invariant KAM tori [10],[11] in the case of quasi-integrable
Hamiltonian systems; in such a case however one can show that there are cancella-
tions between the terms contributing to the coefficient of order k, which at the end
admits a bound C¥, for a suitable constant C. On the contrary such cancellations
are absent in the present case and we have to proceed in a different way, essentially
equivalent to a resummation.

We write
nuiy =ng = fi,1(u) if (|nf,m) = (1,1) (1.11)
[—QQn2 + w2, + nymm] Unp,m = g;jnun,m = n(fnm(u) + Ny mUn,m) otherwise .

Naturally equation (1.11) coincides with (1.12) provided that:

N=vVe Vnm=nlnm (1.12)

We introduce the following definition.
Definition 2. We define A the set of (n,m) such that |wi|n| —m?| < 1+ &g|n|.
We define D, subset of (¢,v) € R* x loo, as

D:={(e,v): 0 <e <ep, max |V m| < cgo, Vnm =0if (n,m) ¢ A} (1.13)
n,m

For any p € M(4y), 7 > 19+5, we define a subset D(vy) C D of couples (e,v) € D
verifying the following Diophantine conditions

/)2
‘Qn T\ /wh +nnpm

‘Q(ng —ny) £ \/wfnl + N1V m, £ \/w?n2 + Moy my | > YNz —na| 7

>yn|™" Vn € Z\ {0} and ¥Ym € N\ {1} (1.14)

Vni,ne € Z\ {0} and Vmi #ms € N:  (n;,m;) €A, i=1,2 (1.15)

We call (1.14) and (1.15), respectively the first and second Melnikov conditions.
Our strategy (similar to the one followed in [12],[13],[14]) in order to prove Theorem
1 is the following:

1) First we consider (g, r) as independent parameters belonging to D(v) (so that
the Melnikov conditions are verified) and we show that it is possible to find an
appropriate L, ., (n,e,v), well defined for |n| < no and (e,v) € D(vy), such that
(1.11) admits a solution wy, ., analytic in n; both w, ,, and I, ., are expressed by
convergent power series in 7. Using a technique inspired by [4], we extend [,, ,,, to a
C! function,l,, defined on the square D; 17, coincides with I, ,, in the set D(2).

2)The solution u,, ., defined above is a solution of (1.7) only if (1.12) is verified;
we show (Proposition 2) that we can find v = v(eg) so that (1.12) is verified for all
(e,v(¢)) € D(27); more precisely v(e) solves the equation vy = VLT, (Ve €,v):
hence replacing v, ,,, with v, ,,(¢) in the expansion for w,, ,, we get the solution of
(1.7).
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Proposition 1. Assume that p € M(47) and (v,e) € D(v). Let Cy,Cy,Ca,0 be
positive constants. It is possible to find a sequence

{lnm(n,e,v)} (1.16)

(nm)eZ\{(£1,1)}
such that:

(i) There exists a unique solution u(n,v,e;x,t), analytic in t and C® in x, of
equation (1.11); u is analytic in n for |n| < no and is such that:

lu(n, v,e;2,t) — u11(v, €) cos Qtsin x| < |n|Co. (1.17)

for a proper uy 1 (v,€,).
(i) The sequence ly m(n,€,v) is analytic in n and uniformly bounded for (e,v) €
D(v):
17,.7) e = max ] < Ci. (1.18)
(iii) The functions w, m(n,€,v) and by m(n,e,v) can be extended to C* functions,
denoted by wf,, (n,e,v), IF, . (n,e,v), on the set D, such that

Ly (1:€,V) = lnm(1,6,v) ¥ (e,v) € D(27) (1.19)

The same is true for uf,m.
(iv) IE (n,e,v) respects the bounds:

n,m

|ZE(777€7V)|OO < |77|02 ) ‘aElE(nvsﬂj”OC < |77‘O2 ) |8 lE(U:& V)‘OO < ‘77|027 (120)

Vn,m

1 —o|n
| Z al/n,mlE(n757V)|00 < |77|027 |Uf,m(777571/)| < |77‘W026 I (1'21)
(n,m)EA

Once we have proved Proposition 1, we solve the compatibility equation for the
extended counterterm function [F, (7 = \/,&,v) which is well defined provided
that we choose gy so that g9 < 3.

Proposition 2. For all (n,m) # (£1,1), exist C? functions v, m(e) : (0,60) —
(—ceq, ceg) such that
(i) Vn,m(€) verifies

Vn,m(€) = VEL 1 (VE €, vmm(2)); (1.22)

and is such that
|Vn7m(6)| S CE) ‘asyn,m(sﬂ S C (123)

for a suitable constant C;
(i) the set C = C(2v) defined by € € (0,e9) and the conditions:

|Qn — m?| > 4y|n| ™ (1.24)

> 2v|n|™" Vn € Z\ {0} and Ym € N\ {1} (1.25)

‘Qn £ /w2, + v m(e)
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ng —mni) \/w + M1Vnym, (€) £ \/wvznz + N2V, m, (€))| 2 29[ng —na |77
(1.26)
Vn,ng € Z\ {0} and Ymy,ms € N mq—mg # 0, |wi|ng| —m?| < 1+eo|nil,i = 1,2

has large relative Lebesgue measure, namely lim._o+ + meas (C(v) N (0,£)) =1

1.4. Theorem 1 is an easy consequence of Proposition 1 and 2.

Proof of the Theorem 1. We start by choosing v and pu € M(4v) and keep ¢ as
a parameter; by Proposition 1 (i) for all (e,v) € D(y) we can find a sequence I, p,
so that there exists a unique solution u(n, I/,E;:E,t) of (1.11) for all |n| < ny where
7o depends only on « for ¢ small enough. By Proposition 1 (iii) the sequence I, .,
and the solution u(n, v, €; x,t) can be extended to C* functions ( denoted by I¥ uf)
for all (e,v) € D. Moreover IF  (c,v) = lnm(e,v), uf,,(e,v) = tnm(e,v) for all
(e,v) € D(29).

Equation (1.11) coincides with our original eq.(1.7) provided that the compati-
bility equations (1.12) are satisfied. Now we fix g9 < g so that IZ  (n = /& e,v)
and uf | (n = /e e,v) are well defined. By Proposition 2 (i) there exists a sequence
Vnm (€ ) which satisfies the extended compatibility eq.(1.12). Finally by Proposition
2(ii) the Cantor set C(27) is well defined and of large relative measure.

For all € € C(2v) we have that the couple (g,v(¢)) is by definition in D(2v) so
that by Proposition 1(iii):

lnm (Vs €,0(€)) = 17 1 (VE, €, 1(€)) (1.27)

so that u(y/e,e,v(e); x,t) solves eq.(1.11) for n = \/e. So by Proposition 2(i) v(e)
solves the true compatibility eq.(1.12)

Un.m(€) = Velnm(Ve, &, v(€)) (1.28)
for all € € C(2y). Then /zu(\/e,¢e,v(e);x,t) is a true non trivial solution of our
eq.(1.1) in C(2y). m

In the rest of the paper we prove Proposition 1 and 2.

2. Lindstedt Series and Tree Expansion.

2.1. In this section we find a formal solution u,, ., of eq.(1.11) as power series on
7; the solution uy, ., is parameterized by the coefficients [,, ,, and it will be written
in the form of a tree expansion.

We assume for Iy, p, (0, €, V), Un,m(n, €, v) with (n,m) # (£1,1), a formal series
expansion in 7:

b (8,v) =Y 0" U0 wnm(ne,v) =Y nfull), (2.1)
k=2 k=1

for all (n,m) # (£1,1). By definition we set ¢ = u(ﬂ)l and ufl) 1 = 0. Inserting
the series expansion in the second eq.(1.11) we obtain the recursive equations:

k
ufﬁn = Gn.m (n Z lﬁfznu; o )+ Z Z Oy g (@ — bQ2nny)

=2 ny,miy
T s 2k1+k2 k-1
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Um m1,m2“$tk11,2n1u£zkz2,3nz) = g"vm( Zlv(LTZn ’Ebk’lnr) + £, ( ) ) (2.2)

where ¢y, , (defined in eq.(1.11) is called the propagator. It holds the following
Lemma.

Lemma 1. For all (n,m) # (£1,1) we have that uE{“ln =0 when |n| >k+1 orm
8 even.

Proof. We proceed by induction. By definition FT(LOT)n = 0 so that u%o)m =0 if

(n,m) # (£1,1).

Now suppose that our claim holds for all (n,m) # (£1,1) and r < k. Equations

(2.2) are recursive so that F,(l ,)n is a quadratic polynomial sum of monomials of the

form v(ml,mg,m)ugﬁ?mugﬁ?ﬂz such that the m; are odd, |n;| < h;, n = n1 + no
and hy + ho = k — 1. This implies that F,S m can be nonzero only if n =n; +ng <

hi1+ ho +2=k+ 1. In the same way the linear terms lslrznuﬁ o L can be non zero
only if |n| < k — 1.

Finally " in eq. (2.2) is restricted to m; + mso + m odd and by the inductive
hypothesis m; and mso are odd so that m must be odd as well. ®

We introduce a smooth partition of the unity in the following way. Let x(z)
be a C'*° non-increasing function such that x(z) = 0 if || < v and x(z) = 1 if
|z| > 2v; moreover |x/(z)| <y~ Let xn(z) = x(2"z) — x(2"*1z) for h > 0, and
X-1(z) = 1 — x(x); then

1=x_1(z)+ th(m) = Z Xn (). (2.3)
h=0 h=—1
Calling
Tnm(e,v) = Qn| — /w2, + vy, (2.4)
we define

9In,m,h = Xh(xn,m(gay))gn,m(svy) (25)

Note that if x5, (z) # 0 for b > 0 one has 27" 1y < || < 271y whileif y_1(z) # 0
one has |z| > 4. Therefore g, mn(e,v) = 0 whenever 27" 1y < |2, ,,.(c,v)| <
2~h+1y is not verified. Moreover if Inmn(e,v) # 0 and gnmn(e,v) # 0 then
necessarily |h — h’| < 1. Inserting (2.3) in (2.2) we get

oo k-1
ust,zn = Z gn,m,h + n Z Z ln mIn,m, hu - T) = Z ugzkm h (26)
h h=—1r=2 h=-1 7

2.2. Eq.(2.6) can be applied recursively untill we obtain uﬁl ), as a (formal) poly-

nomial in the variables gy m,n, ¢ and l; m with » < k. It turns out that wu, 2n can

be written as sum over trees (see Lemma 3 below) defined in the following way.

A (connected) graph G is a collection of points (vertices) and lines connecting all
of them. The points of a graph are most commonly known as graph vertices, but
may also be called nodes or points. Similarly, the lines connecting the vertices of a
graph are most commonly known as graph edges, but may also be called branches
or simply lines, as we shall do. We denote with V(G) and L(G) the set of vertices
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and the set of lines, respectively. A path between two vertices is a subset of L(G)
connecting the two vertices. A graph is planar if it can be drawn in a plane without
graph lines crossing.

Definition 3. A tree is a planar graph G containing no closed loops (cycles). One
can consider a tree G with a single special vertex vy: this introduces a natural partial
ordering on the set of lines and vertices, and one can imagine that each line carries
an arrow pointing toward the vertex vg. We can add an extra (oriented) line (o
exiting the special vertex vg; the added line will be called the root line. In this way
we obtain a rooted tree 0 defined by V(0) = V(G) and L(0) = L(G) U {y. A labeled
tree is a rooted tree O together with a label function defined on the sets L(0) and
V().

We shall call equivalent two rooted trees which can be transformed into each other
by continuously deforming the lines in the plane in such a way that the latter do
not cross each other (i.e. without destroying the graph structure). We can extend
the notion of equivalence also to labeled trees, simply by considering equivalent two
labeled trees if they can be transformed into each other in such a way that also the
labels match.

Given two nodes v,w € V(0), we say that w < v if v is on the path connecting
w to the root line. We can identify a line with the nodes it connects; given a line
¢ = (v,w) we say that ¢ enters v and comes out of w.

In the following we shall deal mostly with labeled trees: for simplicity, where no
confusion can arise, we shall call them just trees.

We call internal nodes the vertices such that there is at least one line entering them.
We call end-points the vertices which have no entering line. We denote with L(6),
Vo() and E(0) the set of lines, internal nodes and end-points, respectively. Of
course V(6) = Vp(0) U E(6).

We call @ﬁ{“?n the set of all the possible trees of order k defined according to the
following rules. (-1,1

(1.1)

(1.1
Fig.1. A tree 6 € @gﬁ

(1) To each end-point v € E(f) one associates the mode label (n,,m,), with
m, = 1 and n, = +£1, such that
S n=n (27)

veE(0)

we associate to each end-node a factor 7, = ¢ and an order k, = 0.
(2) To each line ¢ € L(#) one associates the mode label (ng,m,) where one has

ng = Z T (2.8)

weEy
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where F, are the endpoints of the subtree with root given by /.

(3) To each line £ € L() one associates the scale label hy € N U {—1,0}. If two
lines ¢, ¢ have the same mode label (n;,mg) = (nj, mj) then |hy — hy| < 1. If ¢
exits an end-node then hy = —1.

(4) To each node v € V(#) is associated a type label ¢, = a or b; For each node
v € Vy(0) one has s, = 1,2 entering lines.

If s, = 1 the momenta of the exiting and entering line are necessarily the same
and the type label is by definition a. To v is associated an order k, € [2,00) and a
factor n, = nglgz"jr)w,h[ where £ is the line exiting v.

If s, = 2 then necessarily k, = 1. Calling m, m1, ms the momenta m, respectively
of the lines exiting and entering v, to v is associated a factor 1, = avm m, m, if v is
of type a and 17, = —bQ2Vy, m, m,if v is of type b.

(5) To each line entering an a node and to the root line of each tree, we associate
the propagator

(he) 9] _ 2 +
X v, F i) () £ (21,1,

9t = Gnyg,me,hy (5a V) = —9271? + wyzn[ + NeVny,m,
1 (ng,mg) = (il, 1).
(2.9)
To each line entering a b node we associate

nex ") (|Qne| — /w2, + Nelngm,) (ng,mg) # (£1,1)

9¢ = NeGng,me,he (e,v) = _QQn% + wrQne + eVng,m,
Ny (ng,mg) = (:EL 1).
(2.10)
Ounly the lines coming out from the end-points can have momentum (ng, my) =
(+1,1).

(6) Finally we define the order of a tree as:

kO)= > k. (2.11)
veV(T)
Note that |n| < k() — szsvzl ky.
By the support properties of x, and bounding the denominator of g, with
C|ne|27h, we get
lg¢| < C2hett (2.12)

The divisors can be small only if n, ~ m?, as explained by the following Lemma.
Lemma 2. If go # 0 and hy > 0 then

|lwi|ne| —m2| < 14 eo|ng (2.13)

Proof. Equation (2.13) is equivalent to (w1 —eo)|ne| —1 < m2 < (wy+e0)|ne| + 1;
we claim that if m? > (w1 +e¢)|ne|+1 or m3 < (w1 —¢eo)|ne| — 1 then ny # [Q~'m?]
([...] denotes the closest integer); in fact if ny = Q7 'm? + 2 with |z| < § then as

w1 — &0 < O < wy + gg we have that:
1

(w1 = o)(lel = 5) < m? < (w1 + o) el + 3) (214)
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as wy +¢e9 < 2.
By contradiction assume that (2.13) is not true; then n, # [Q~'m?]; then we can
write n = Q7 'm? + k + x with |z| < 1, |k| > 1 so that

|Qne — w%u + MeVngm,| > Qg — ml%| - \m% - w%” + Vg m, |
+|neV| oo 1 _ _ 1 1
> (|- PO g L2 g @ ke Do) 2 L >
mi 8 (2.15)

in contradiction with g¢ # 0 and hy > 0. ®

The coefficients u%@n can be represented as sum over the trees defined above;

this is in fact the content of the following Lemma.

Lemma 3. u%kzn solving (2.6) can be written as

ulf), = Y Val(e (2.16)

peolh),

where

Val (0 ( H gg)< H nv>. (2.17)

LeL(0) veV ()

Proof. The proof is done by induction on k. If k = 1 it holds by (2.6), recalling
that u%ozn = ¢0p,+10m,1 (see Fig.2)

= Z Gn.m.h Z vm,l,l(a—sznl(n—nl)) ;Ol)lun il = Z Val(6

h=—1 ny==%1 pcol),
(2.18)
(n-n . 1)

*(n,1)

Fig.2. Graphical representation of (2.18) for k¥ = 1; the sum
over ni, hy,, ty, is understood.

From (2.6), (2.2) and the inductive hypothesis we have that u%kzn is given by

U%@n = Z In,m,h{ Z Vi, mama (@ — b0y (n—mn1))
h=-1

ni,mi,ma,k1

k—1
> Val(ey) > Val()+my 1T, > Val(bs)}

0, co*1) fpco*—F1) r=2 g cg-n (2.19)
nyim nom

n—mnj,mo

which can be expressed graphically from Fig.3.
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(- g Kk 1)
(n,m,k) (n,m,k-r)
—_— = +
O —
(nym k)

Fig. 3.Graphical representation of (2.19); the sum over ny, my, k1, ma, r
is understood.

Given a tree § € @%kzn such that s,, = 2, hy, = h, let 6; € @%’ifzm, 0y € ng:nkf’)mZ
be the subtrees whoose root lines enter in vg; if vy is of type a by (2.17) one has
that:

Val(0) = agn,m, nv(m, mi, ma)Val(61)Val(6z); (2.20)

if vy is of type b let n; be the momentum of 6. By our definitions we have that:
Val(0) = —b%n1(n — n1)gn.m.nv(m, my, ma)Val(01)Val(6s); (2.21.)

(recall that the root line of a tree is always an a-line.) Finally given a tree 6 € @L’“Zn
such that s,, =1, k,, =1, by, = h let 03 be the subtree whoose root line enters v,
by (2.17) one has that:

Val(0) = ngnm.nl{ ), Val(fs) . (2.22)

Hence inserting (2.20), (2.22) in (2.19) we get (2.16). ®

3. Choice of the Parameters [, ;.

3.1. In the preceding section we have found a power series expansion for up m,
solving (1.11) and parametrized by I, ,,,. However for generic values of [, ,,, such
expansion is not convergent, as one can easily identify contributions at order k
which are O(k!®), for a suitable constant a. In this section we show that it is
possible to choose the parameters [,, ,,, in a proper way to cancel such “dangerous”
contributions; in order to do this we have to identify the dangerous contributions
and this will be done through the notion of clusters and resonances.

Definition 4. Given a tree 6 € @E«Lkzn a cluster T is a connected set of nodes which
are linked by a continuous path of lines with the same scale label hp or a lower one
and which are maximal; we shall say that the cluster has scale hp. We shall denote
by V(T') and E(T) the set of nodes and the set of end-points, respectively, which
are contained inside the cluster T, and with L(T') the set of lines connecting them.

Therefore an inclusion relation is established between clusters, in such a way that
the innermost clusters are the clusters with lowest scale, and so on. Each cluster T’
has an arbitrary number of lines entering it (incoming lines), but only one or zero
line coming from it (outcoming or root line); we shall denote the latter (when it

exists) with /%, and we shall denote by hgf ) the scale of the outcoming external line
of T

Definition 5. A cluster T' with |V (T)| > 1, with only one incoming line {p such
that one has
Ng1 = Nep and me = My, (3.1)
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will be called resonance of scale h. In such a case we shall call a resonant line the
root line (..

The propagators on the path between the external lines of 7" have the form,

Qp = (Oa 1)
n?[X(hZ)ﬂQng + m| — w?%w, + nf”ﬂe,me)

3.2
—(n) + )%+ w2, + Vg m, (3:2)

T=Qne,

and we can consider the value of T" as a function of m,n, z = Qny,.. The contribution
of a resonance T of a tree § is given by, calling (ne,, me,) = (n,m):

VR (Qn, m,n) = (H gg)( H m). (3.3)

LeT veV(T)

with h = hl®.
We define the localization operation acting on the resonances 7' in the following
way; if |wi|n| — m?2| < 1+ eo|no| and (ng, me) # (n,m) for all £ € T then

LVE(Qn,m,n) = Vi(sign (n)\/ (W2, + nvm.m), m,n) (3.4)

and £ = 0 otherwise. We split each resonance as
VE(Qn,m,n) = LVE(Qn, m,n) + RVE(Qn, m,n) (3.5)

where R = 1 — L; we call LVE(Qn,m) local resonances. The action of £ is then to
replace, in the path connecting the external lines of T, the variable x with

Omon = sign (n)/ (w2, + N m) (3.6)

Definition 6. The trees 01 € R;lkzlm are defined as the trees 0 € @gfi,m with the
following modifications: a) there is a single end node, called e, such that (ne,m.) =
(n,m) # (£1,1); to e is associated n. = 1/m3. If L. be the line exiting from e, L.
has associated ge, = 1 if it enters an a node and ge, = n. if it enters a b node;
b)the root line ly has (ng,,me,) = (n,m) and gg, = 1;
c) for all lines £ € 0: maxyeroy\{r0,0.)} (he) = h.

The definition of value of such tree is identical to the one given in (2.17).
(ne,me): (n,m)
* e

= va ( ) * ngml;]ng* va (1

lo

(ngmghg= (nmh) (NgMy= (nm) (ngmy= (nm)

Fig.4. We associate to the resonance T' (enclosed in an ellipse)
the tree 8 € R, and vice-versa.
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Given a resonance T, there exists a unique 07 € Rl(zkzlm such that (see Fig. 4)

Vr(Qn,m,n) = m3Val(07) (3.7)

where 67 € R, 5 if the external line enters an a node and nVr(Qn,m,n) =
m3Val(0r) if the external line enters an b node.

3.2 With a suitable choice of the parameters [,, ,,, the functions ug@ 2n can be rewrit-
ten as sum over “renormalized” trees defined below.

Definition 7. We define the set of renormalized trees ol

Rn,m

defined as the trees

mn @5{% defined in §2 with the following differences: a)to each resonance T we apply
(kv)

the R operation; b)the nodes with s, = 1 have associated 1, = nél’ng,me,

he where £

is the line entering v. In the same way we define Rg)h n.m- We call resonant lines
the lines coming out of a resonance or a node with s, = 1.

It holds the following result.
Lemma 4.For all k,n, m it holds:

ulf), = > Val(o) (3.8)

ool
with
nll) o=-m® YN Lval(e) (3.9)
PZROERI i,
provided that we choose 15, = lffz,h_l in (2.6).
e

7L
yeva( 2 )

Fig.5. The counterterm lﬁ?in
Proof. First note that by definition l,;, ,,, , = 0 if |win — m2| > 1+ goln|. We
proceed by induction. For k = 1,2 (3.8) surely holds as el - @7(117%) Then we

R,n,m
assume that (3.8) holds for all r < k; by (2.6)

@ _
n In,m— rﬁE?L_l\/aK

k—1
u) = G (FE, 40 S0 ull ) (3.10)
r=2

F,(ka)n is a function of ug,ian,’h, with " < k, where, by the inductive hypothesis,
k)

the uglr,.zn,}h, are written as sum over trees in © g,/ . gn,mﬁFy(L,m is given by sum
over 0 € @5{“2,1 with s,, = 2, and the root line can be resonant or not. If Iy is
non-resonant then 6 € @%)n m- I lp is resonant we split the biggest resonance in
the form (3.5); if £ = 0 necessarily there is an inner resonance (whose resonant line

is the root line) and again we apply (3.5) and surely £ # 0. We split gnvm,hF,(l% as
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sum of two terms; one, which we denote by Ggf,)n, which is the sum over all trees
belonging to O g, m With s,, = 2 and the second which is sum of trees with value

Val(0) = gn,m,he, [LVal(07)]Val(61) (3.11)
; (r) (k—r)
with O € RR,hl,n,m and 0, € @Rm’m. We get
k—1
FR = mignmn Y ubn > (L Y Val(0) +GF), (3.12)
T S

which inserted in (3.10) and using (3.9) gives

k—1
W= Gumnm® w3 ST Lval(®) + G, (3.13)
r=2 hi<hger()
k—1 k—1
- mgz USZTJ{ Z Z LVal(0)) = gnmuhGgfzn + ngn,m,hz ugffnﬂlnﬂn,h :
r=2 h1 27]96733;)71 . r=2

By definition Ggh)n is a sum over all 8 € @(k) with s,, = 2 while the last term in

R,n,m
(3.13) is the sum over all 6 € @%c,)mm with s,, = 1 so that (3.8) is proved. ®
(n,m) (n,m)
3
cl=s RVaI( ) +Rva( ) +
n,m
h, hl <h-1 (n,m,h) (n,m,h)

Fig.6. The term ngn, the dots represent sums over trees with
s, = 2 and non resonant root line.

4. Bruno Lemmas and Bounds for the Expansion

4.1. In the previous section we have shown that, with a suitable choice of the
parameters Iy, ,,,, We can express Uy, as sum over trees belonging to @%ﬂ,)n’m; we
show in this section that such expansion is indeed convergent if 7 is small enough

and e,v € D(v) (see Definition 1).
Given a tree 0 € @E:,)n,m’ we call S(0,v) the set of (¢,v) € D such that: for all
e L(0):
2712y < |Qng| — w2y, + iy, | < 272 (4.1)

In other words we can have Val(0)(e,v) # 0 only if (e,v) € S(6,7).
We call D(6,v) C D the set of (¢,v) such that, if @3 = +1, ag = £1:

|xne,me| = ‘and -\ ‘U?ng T NeVngm,

= |ne| ™7 (4.2)
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1,02 _ _ 2 2
$n11’7m11 Mg M, | - Q(nll nb) ta \/wll + ng, Vng, yme, + Qg \/wég + ey Vng, my,

> 7'”51 — Ty |_T V|w1n4i - mi' <1+ 50|n51| (43)

for all lines ¢, ¢ € L(#) such that ng, # ng, This means D(6,) is the set of (&,v)
verifying the Melnikov conditions in 6.

Calling L (0), V(0) the set of lines, node and end-points not contained in any
resonance, and So(6) the mazimal resonance, i.e. the resonances which are not
contained in any other resonance, we can write Val(6) with § € Og ,, ,, as

varo)=( T o")( II »)( II RV @nepomepine,)),  (44)

LeLg 9) ’UEV()(Q) TGSQ(Q

and by definition

h h ho .
RVTT (anTv Mer, nfT) = VTT (Qn£T7 Mer, nfT) - VTT (SZgn(nfT)

V@ er iy, ) Mt ), (4.5)

and V (QngT,mgT, ney) is given by

V (QngT,mgT,ngT = ( H g(h“)< H nv)( H RVh wngT,,mgT,)).
¢eLo(T) veVo(T) T/ €S0 (T)
(4.6)
In order to bound Val(#) in (4.4) we will use the following result.

Lemma 5 (Bruno Lemma). Given a tree € Y we have that D(6,~) N

S(0,7) # 0 if and only if the scales hy of 6 respect

an’

N (0) < max{0,2K()2%~M/7 _1} 4+ S,,(6) + M (6), (4.7)

where Ny, (0) is the number of lines with scale greater or equal than h, K(0) < k(0)
is the number of non resonant lines, Sp(0) is the number of resonances T in 0 with
hgf) = h and My(0) is the number of vertices with s, = 1 in 6 such that the scale
of the exiting line is h.

The proof of the above Lemma is in Appendix A3. By the above lemma we can
prove the following result.

Lemma 6. Assume that there exist a constant C' such that one has \lh nm| <

@k Ck=12=" for any n,m and all h > 0. Then for all (¢,v) € D(0,~) it holds that,
for a suitable constant D

vau(e)] < 0*¢*( TT In.l) (4.8)
veV(T)

sp=2

Proof. Consider a tree with fixed scales hy and momenta ng, my. In order to take
into account the R operation we write (4.5) as, if @y, = sign (n)\/w2, + nvpm

hg _
RVy" (Qney, mug, ey ) = (an'r — Wny, JWT)

1
/ AtOVE (Mg + H My — Bny gy ) Mg s M), (4.9)
0
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where 0 denotes the derivative with respect to the argument wng, +t(wne —@m,, ).
By (4.6) we see that the derivatives can be applied either on the propagators
in Lo(T), or on the RVIT'. n the first case there is a factor 2-0 +hr; 2=hy

is
obtained from wny, — Wny,..,my, While 9g"7) is bounded proportionally to 227 in
e e/ h(c/) . . .
the second case note that 8tRVh/T' = 8,51/;};7 as LV, is independent of ¢; if the

derivative acts on the propagator of a line ¢ € L(T'), we get a gain factor

(e) (e) (e)
27}17' +hopr S 27hT +hT27hT, +hT’, (410)

as héf,) < hp. We can iterate this procedure until all the R operations are applied
on propagators; at the end (i) the propagators are derived at most one time; (ii) the
number of terms so generated is < k; (iii) to each resonance T a factor 9—hit)+hr ig
associated.

Assuming that |l,(1k21m| < ¢?*CF127" with vC > 1 and recalling definition
(2.11), for any 6 one obtains:

Val(0)] < ckq%( ﬁ exp [h log 2(4k2*(h’2)/7 + 5,(6) + Mh(a))})
h=0

( H 2—h<Tﬁ>+hT)<h1j]2—th(9))( H |m|)

vEV(0)
h,(TE)ZS Sv=2

(4.11)

where the first factor is a bound for [], 2"V+®); moreover [[;2, 2-hM;(6) takes into

account the factors 27" arising from the running coupling constants léki . and the

. . (e)
action of R produces, as discussed above, the factor [[, 2—hr +hr  Note that

oo

RSk (0) —hY _ .
(]2 )(1;[2 ) 1 (4.12)

h=0

Moreover it holds that

H ohr < H 2h4k2_(h’_2)/" (4.13)
T

(e)
h; >3

as for any derivative produced by the R operation and acting on a propagator at
scale h there is surely a non resonant propagator at the same scale (otherwise the
maximal clusters contained in a resonance are all resonances and R = 1). Then we
can write (4.11) as

P —(h—2)/7
Val(6)| < (¢*Dy)2t o (T ) (1.14)

veV(6)
sp=2

from which (4.8) immediately follows.m

In order to bound the factors |n,| we will use the following result proven in the
Appendix A4.
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Lemma 7. For all trees 0 € o

R,nm>

> 1 \mlé% (4.15)

{m¢} veV(0)

Rg’) with s, = 2 for all v one has that

h,n,m

where m is the momentum associated to the root line, Z{mé} s the sum over the
values of the momentum my and Cs depends only on a,b.

Finally we have to prove that lgfzn’h < Ok-la=hg?k,

Civen a tree § € Ry .m, we call 5(8,7) set of (¢,r) € D such that 4.1 holds for
all I € L(0) not on the path between e and vy and:

Ziheilf}/ < ||QTL2 - wn,m' - w?nz + nEVnzymz| < 2 hett (416)

holds for ¢ # ¢. on the path between e and vy, namely £Val(f) = 0 outside
S(0,~). Finally let D(6,v) C D be the set of couples (,r) such that 4.2 holds for
all £ not in the path connecting e to £y, and 4.3 holds for all ¢1,¢5 € L(#) such that
Ny, 7# ne, and moreover either both ¢;, ¢5 are on the path connecting e to ¢y or they
both arent on such path.

First of all, the following generalization of Lemma 5 holds.

Lemma 8. Given tree 6 € R%i)h’n’m, we have that D(G,’y) 05'(9,7) # 0 if and only
if the number of lines in 6 with scales hy verifies

Nu(0) < 2(K(9) — 1)23~M/7 4 5, (6) + My, (6). (4.17)

It is an immediate consequence of the previous Lemma the following result.

Lemma 9. Given a tree 6 € R%i)h’n’m, and supposing that, for a suitable constant
c, 1< CT1¢2 271 for all v < k then for (e,v) € D(0,~) it holds that

7 "n,m,h’

|ILVal(9)| < |n|C*~1g*k2—h H 0] C5 F (4.18)
veV(0)

sp=2

where ki is the number of lines exiting a node with s, = 2.

Proof. The proof is essentially identical to the one of Lemma 6; the factor n
comes from the definition of Val(f) in the case when the external line enters a b
node. To extract the factor 2~" we recall that there is at least a non resonant line
£ # ly on scale hy = h, h — 1 which does not exit a node with s, = 1. By Lemma 8
we have that k& — 1> K(0) —1 > 2"7" so that 2"1-12=% > 1. Then

1LVal(0)] < g2 h2Dcs) e I Il ™ <27he T InlCs ™

veV(0) veV(0)

sp=2 sp=2

(4.19)
provided that 2Cy > 1 and we choose C' = 2DC3. Finally the factor D as in Lemma
6 is of the form D = Dy~! with D > 1 a pure (¢ and 7 independent) constant M.

As aconsequence of (3.9) and Lemma 7 and 9 it follows that |l(k) | < ?kCk—12-h,

h,n,m
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Lemma 10. For ng small enough, the following bounds hold for all (e,v) € D(¥):

e—clnl

lLnmn] < C1n27", Ly m| < Cim, |tn,m| < Co|n\ , (nym) # (£1,1), (4.20)

where (n’,m’) are such that |wi|n’| — (m')?| < 1+ eo|n’| as otherwise vy m =0 by
definition.

Proof. By definition D(v) is contained in all D(#,~) and in all D(0,~) so that
we can use Lemma 6 and Lemma 9 to bound the values of trees. First we fix
an unlabeled tree § and sum over the values of the labels. Fixed (e,v) and given
(ng, myg) there are only two possible values for each hy such that Val(0) # 0. So we
can sum up on the possible scale values obtaining a factor 2¥. First we fix the tree
0 € OR.m,n and sum up the my labels as in Lemma 7, we obtain a factor m=3.
Then we sum up on the possible values the momentum of lines exiting an end node,
we obtain 4%; finally we bound by C* the number of unlabeled trees. The bound
for I, m,n is obtained by:

ln,m,n| < %i Z Z |LVal(0)| < nCy Z 2 M, (4.22)
k=2

h>hgeR () hi>h

R,hy,n,m

By Lemma 1 uslk,)n = 0 if |n| > k, so that, using Lemma 7:

oo . o0 1
femm| <D0 lul < D 0 Ct 5, (4.21)

k=|n|

In order to get a better decay in m we simply note that if |n| < mTQ then , if ¢
is the root line, ¢y is surely an a-line, hy, = —1 and |g,,| < Cm™?; if |n| > mTQ of

course 7"l < Cn% m~*. Then we get an extra m~* in (4.21) so that the bound in
(4.20) is found. m

5. Whitney Extension and Implicit Function Theorems

5.1. In this section we extend the function wy, m,ln m, defined in D(7) to the larger
set D.

Lemma 11. Given 0 € R%ﬁ)hnm, we can extend Val(0) to a function, called

ValE(G), defined and C* in D such that the bounds of Lemma 10 hold for any
(e,v) € D, LVal(§) = LVal®(9) for any (,v) € D(6,2v) C D(6,7) and finally
LVal®(0) =0 for (e,v) € D\ D(0,). We then define:

F =3 ST cval®(e) (5.1)

MR OER

and I is differentiable in (¢,v) € D and, if Cy is a suitable constant

1017 | < Cm, |0y, < Cimy | > By, W< Cin (5.2)
(n',m’)eA
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In the same way, given 6 € ol we define the extended value ValE(G) and

E
therefore u;, .,

an’

Proof. We prove first the statement for the (more difficult) case 6 € Rg’)h’n’m.

We use the C°° compact support function y(t) : R — R+, defined in the previous
section. Recall that y(t) equal to 0 if [t| < and 1 if [t| > 27, and |9;x| < vy~ L. We
proceed by induction let us suppose that we have proved Lemma 11 for r < k£ and

therefore defined lgm , for r < k. Given a tree § € R%ﬁ),m’m,

VPO = [ xtmemelid ) TT T 2% s lInees )£Vl (0)
£eL(6) 1,08 ;€ L(0)

(5.3)
where H;E L(0) is the product on the lines not on the path between e and vy and
Hzf,ezeL(G) is the product on the couples ¢1,¢5 € L(6) such that: ng # ng, and
either both ¢y, {5 are on the path connecting e to vy or they both are not on such
path. Finally in each node v with s, =1 we set 1, = ln _

1. By definition Val® () = Val() for (¢,v) € D(0,27) as in this set the y in the
above formula are identically equal to 1;

2. By definition supp(Val®(8)) c D(6,~) as the x in the above formula are
identically equal to 0 in the complementary to D(6,~);

Finally we define

N E Z > Lval®(0)(e,v) (5.4)

hi=h 0ER .1,

which respects the bounds in Lemma 10. In order to prove (5.2) we proceed by

induction. Given a tree 0 € Rg)hhn)m, the derivatives act on the nodes with s, =1

which carry the factor ln, e b with r < k so we can apply the inductive hypothesis.
On the lines £ not on the path e, vy we get

|0g¢| < Clng|2", 10y, ,.,9¢] < C22M (5.5)
and we use that |ng| < k. On the lines ¢ on the path e, vy the propagator is given
by Lge, defined in (3.2) with x replaced by @y, m, so that

10:-Lge| < Ing? (220,18, Lagl| = C22h; (5.6)

where we have used that, by definition of D, |win’ — (m’)?| < 1+ go|n’|. Finally
we consider the derivatives of the x functions which produce in the bounds a factor
[n%|7+1, all this factors are bounded by k71 < C*, so that the derivatives of Val(6)
respect the bounds (4.18). As this bounds are uniform (independent from (n,m))
so that I, is C' function of (e, v).

Moreover &,n,’m,l(k) (¢,v) is non vanishing only if |win’ — (m')?| < 1+ go|n/|
and if |n| — k < |n'| < |n+ k|; hence
> 10, (e, v)] < CokP? max 0v,,  JAFE (e, v) < CF

n!,m/ n'.m/’ n!,m’

n’/,m’'€N
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where A was defined in Definition 2.
In the same way for 6 € ©g

E ag,o T E
Val H X Lng,my |n€| H H X(xn;l ﬁul Mgy Mgy Ty =Ny | )Val (0)
e L(h) a1,a2 01,62 €L(0)

(5.7)

=> 0" > Val(h). (5.8)

k=1 OGGR,n,m

and finally

|

5.2. Proof of Proposition 1. Lemma 10 and Lemma 11 imply that (¥ 'm and uf m
are C! in (g,v) for (g,v) € D and analytic in 7, ¢ for |g| < go and 7 < ¢ such that
Dgdey < 1.

Inserting in the first of (1.11) the expansion for u” and ¥ we get the following
equation for ¢

*

L)
k— k1)E ko) E
= Z n Z Z 6n1+n2 1 a— anan)Ul ;mi,ma ¥ 1(111,2711“;222712 (59)
k=2 numy 4 o

ng,mo

Indeed the leading order of (2.5r) is

1
q= —§q3(a — b)Y "0} (2ag0m + (0 — 269%) g2 m) + O(n). (5.10)

One can easily verify that for all (¢,v) € D |2o,m|, [#2,m| > 3 s0 that ug,m = Ui,
So (the equation for ¢ is equivalent to:

q=(A+0(0))q* +nF(q,2,v.n) (5.11)

We then exclude those values of a,b for which A < 0. Equation (5.11) is clearly
invertible near n = 0 if A > 0, so that we obtain ¢ = q(n, €,v) analytic in  and C*
in (e,v). This completes the proof of Proposition 1.

Notice that if A < 0 then we would only need to consider Q = /1 + p — ¢ with
asusual e >0. ®

6. Proof of Proposition 2

6.1. In order to prove the first part of Proposition 2, we consider the extended
compatibility equation 1.12:

where we have substituted ¢ with ¢(e,v,n).and l,]i m(g,v,m) is a C! function with
bounded Jacobian (see (5.2)) so that we can solve (6.1) by the implicit function
theorem for n < 1 small enough. We obtain a function v(e, ) defined for € € (0, &),
In| < no and of order n?. Moreover vy, m(g,n) = 0 if |w1|n| —m?| > 1+ eoln|.
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From (6.1) we get

85Vn,m(€a 77) = n(aslfym + Z 61/ !t lﬁmasyn’,m’ (57 77))

n

n’ m/

lwyln/|—(m/)2|<14eg|n’|

so that
eVn,m(E;M)|cc = 1] ) ’I’]V’I’LJTL Moo =N

Finally we set n = /¢ and obtain the desired bounds.m

6.2. We have now to bound the measure of C(7).
We define Z; the set of € € (0,¢q) verifying for any (n,m),

| — w2, + vy m(e)] < |n|To (6.2)

with Cyp = 2y. When (1.15) is satisfied by Lemma 2 there exists two constants such

that
cvn <m < cav/n (6.3)

Moreover one must have (by using also (1.4))

2ChIn|™™ < jwin — wp|

<|win +en — Jwm + nvp m(€)] + len] + [V w2, + nvm(e) — wi|

< CQ|’I7,|_T + CEQ|’R|,

which implies, for [n| > 1 and 7 > 79 + 1,

CO 7'0+1)
> == 6.5
== (S2) (6:5)
We can define a map ¢ — £(¢) such that
29t
fam(e(®)) = Qn — /w2, + nvy m(e) = e tel[-1,1] (6.6)
describes the interval defined by (6.2); then one has
de = dt 6.7
/zl > / a ’ 7 (67)
[n|>No,0<m<cav/n
We have from the definition of f, ,:
dfpm  dfnmde 2y
m - Sm 22 6.8
dt de dt |n|7’ (68)
We need a lower bound on
dfnm( ) OcVn,m Cln|
| W&y g Oy - C (6.9)
2\/wg, + nvpy, Wm
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By (6.5) and the fact that, by (6.3), |"‘ < C we get for g9 small enough

(6.10)

We substitute in (6.7):

Cy (P
/:;- de S Z W S CQEO o,
1

In|>No,0<m<ca|n|1/2

So the Cantor set of the € verifying (1.25) has relative measure — 1 as gg — 0 if
5
T > T+ bR
6.3. We define 7, the set of ¢ € (0,&9) belonging to Z; and verifying, for
my # ma, the condition |wy|n;| —m?2| < 1 +eg|nif, i = 1,2

2
[Q0ns = ] £ w2, + 110,y (2) F \JRsy + M2y (6)] € o (6.11)

< [ng — na[™

Of course |n;| < Cym?, for i = 1,2.

For simplicity we choose the signs in (6.11) as in —, + in (the other case is done
in the same way); then (6.11) can be verified for some € only if m; > mg. It holds
that

m3 —m3 < (w +eo)|n| + 1 (6.12)

where n = n; — ny The proof is by contradiction; if it is not true then m? —m3 >
(w1 + €0)|n| + 1 which implies |n| # [Q27m?2 — m2|], where [...] denotes the closest
integer. Then

Q0] = \JeZi, + 110y + /9By P30 | > (20— md 3| — £ — LY
my My
ny 1
—(— + 5 )e1ggl > O —m m 14+ Ce — 6.13
(i + g)ercol 2 | —md + m3] — (1 + Ceo) 2 g (613)

as |n;| < Cym2, for i = 1,2, in contradiction with (6.11).

Then by (6.12) we get m; + mg < C’le‘n‘m2 < Cs|n| as my — mg > 1; hence
my < Csln| and mo < Cs|n|.

Finally when the conditions (6.11) are satisfied, one has, for ny — ny = n and
C() = 2’}/

2CV0|n|_T0 < |w1n - (wmz - wml)l

< |win +en — \/Wm, + N2Vngmy + /Wiy + 11Vn0 im0 |

Wmy + N1Vngmy — wm1| + | Wy + N2Vny,my — Wm2| + EO‘n|

VOARIZ UIANZSY
< Co|n|77 +€0|n| + | 1” n21,m1| + ‘ 2|| n;,m2‘7
my my

(6.14)
now as |n;| < cam? we have that

In > Ny = (Cseo) /Y. (6.15)
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We define the map ¢ — ¢(t) implicitly by:

2t
Frngmyms = On — \/w?m + NV, + \/wfnz + Nolm, = # (6.16)
We write )
de(t
/ de = S / at | ¢ )‘ (6.17)
Z 1 det
2 Inl<(Cgeg)t/ (ToH+D)
vnl,mQSCg\n\:\nl\SCvn%
We need a lower bound on
|M| =|n— 110:Vny m, N20: Vi, |
de 2\/w,2n1 + N1Vm, 2\/W72n2 + Na2Vpmsy
C C
> |n‘ _ ( +EO)‘n1‘ N ( +80)|n2‘ > m (618)

Wmy Wmy 2

where we have used that L”—’l is bounded by a constant and we have chosen ¢y small

enough. Hence we get

—7+4
/ de = > Cln|~ 7~ < g0 (6.19)
I

In|<(Cgeg)t/ (To+D)

so the Cantor set of the e verifying (1.26) has relative measure — 1 as g9 — 0 if
T > 79 + 5. Finally we define 73 the set of € (0, ) verifying

2y
|

1Qfn| + \/wzm v, (6) £ \/wznz ¥ gty (6)] < (6.20)

and one proceeds as above with the only difference that (6.20) can be true only if
|m? +m3| < Cy|n| hence m; < Ca/In|, i =1,2.
Appendix Al. Measure of the set M (7)

The analysis is very similar to the one in §6. We call J; the set of p which do
not satisfy the first condition in (1.4). J; is given by:

(1+u)|n|ﬂ/m4+u:t|n”|m, te(-1,1) (A1.1)

the left hand side can be smaller than 1 only if n = [7m], where [...] is the

closest integer; this implies that m < ¢4/|n| for a suitable constant ¢. Then (A1.1)
defines the values p = u(t) in Ji so that:

1
du(t 2y
meas(Jy) = Z /1dtd§£) < Z e < 2y (A1.2)
m<on/TT m<en/Ta]

n|

as |9, [(1+ p)n| — /mT+ u)] > 2L and 75 > 1.
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Let us call J; the set of p such that

~

|7

(14 pw)n| - \/m1+u+\/m2+u—t| , te(=1,1); (A1.3)

Vmitisy m2+“] which

the left hand side can be smaller than one only if n = | T

implies |m? — m3| < c|n| and therefore m; + mg < ¢|n|.

meas(JQ) = Z / dt| | < Z |n‘_’_0 T <27, (A1.4)

my,mo<c|n|

as 7o > 2. Finally we proceed in the same way for Js the set of p such that

(1+p)|n| - \/m1+u \/m2+u—t 2 , te(=1,1); (A1.5)

[n|0

We have proved that the complementary set to M () is of order 6y < % provided
that +y is small enough, that is v < 276,

Appendix A2. Proof of (1.7)

The equation for the coefficients (1.10) follows immediately from
/ dx sin(ma) sin(mi1x) = T6m m, (A2.1)
0

and

ei(6m+51m1+52m2)7r -1

/OTr dx sin(mz) sin(myx) sin(mez) = Z (ee1€9)=

nem m m
ot (E +e1my + €9 2)

(A2.2)
which is vanishing if +m + mq £ mo is even, while if it is odd it is equal to

1 1 1 1

4 _ _

[m+m1+m2 m 4 m; — mo m—m1+m2+m—m1—m2
8mimam

= o~ G — m)2)(m2 — (my T m2)?) (42:3)

Appendix A3. Proof of the Lemmas 5 and 8

In order to prove Lemma 5 we prove inductively the bound, for § € ©g ,,
N (6) < max{0,2K (0)2C~"/T — 1}, (A3.1)

where Nj(6) is the number of non resonant lines. As we are supposing Val(#) # 0
it holds for any ¢ that 427"~ < |z, ,,| < 427"¢T1. This implies, by the first
Diophantine condition, that 6 can have a line on scale h only if K () > 2(h=1/7,
Then one can have N, (6) > 1 only if K(6) is such that K(0) > ko = 2(h=1/7.
therefore for values K () < ko the bound (4.9) is satisfied.
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If K(0) > ko, we assume that the bound holds for all trees 6’ with K (0") < K ().
Define Ej, = 271(24=")/7)=1: 50 we have to prove that N;(6) < max{0, K (0)E; ' —
1}.

Call ¢ the root line of # and ¢4, ... ,¥,, the m > 0 lines on scale > h which are
the closest to £

If the root line £ of 0 is on scale < h then

N (0) =D Ni(0:), (A3.2)

where 0; is the subtree with ¢; as root line, hence the bound follows by the inductive
hypothesis.
If the root line ¢ has scale > h then {q,... ,{,, are the entering line of a cluster

T.
By denoting again with ; the subtree having ¢; as root line, one has

m

Ni(0) =1+ Ni(6:), (A3.3)

and the bound becomes trivial if either m = 0 or m > 2.
If m = 1 then one has a cluster 7" with two external lines ¢ and ¢4, with hy,, hy > h

so that by (1.14):
|Qng, | — \/wm1 + 1, Ving, o, ’ < 2 htly,

“Qné‘ —\/Wm, + nﬁ/mg,ng‘ < 2_h+1’73
(A3.4)

As ¢ is non resonant, surely ng # ng, (otherwise if ny = ny, then my # my, hence
the two lines cannot have both scale > h). Hence by (1.26) one has, for suitable

e, ey S {+a _}7

2y > Qg —ng, ) F10\/Wmy TV g T A/ @mg, T Vi, e, | 2 VIne—ne, [,
(A3.5)

so that K(0) — K(61) > Ej. Hence by using the inductive hypothesis

Ni(0) = 1+N; (01) < 1+K(O0)E =1 < 1+ (K(0)~Ea ) By =1 < K(0) By, ' ~1,
(A3.6)
hence the bound is proved also if the root line is on scale > h.

We prove Lemma 8 for LVal(f), 6 € RR,n,m,n- We consider the two subtrees
entering in vg; one, called 6, does not contain the endpoint e and the bounds of
the preceding lemma can be applied, so we consider the subtree 8 containing e. We
proceed inductively on h for 6 proving that N/ (8) < 2K(9)2¥; such bound and
the bound (A3.1) for § immediately implies (4.7) as K (0) = K () + K(§) — 1.

In order to prove N (0) < 2K (0)2°7" we define ko = 2(*=1/7_ One has Ni) =
0 for K(0) < ko. In fact if the line £ with scale h is not in the path, this follows from
the first Melnikov condition. If such line is on the path we have that, if LVal(0) is

non vanishing
1908 + @nm| = /e + 1V n)| < 727" (A3.7)

so that by the second Melnikov condition:

h—1

K(0) > gl > 27+ (A3.8)
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Then for K () < ko the bound is satisfied; for K > kg, we assume that the bound
holds for all K(0) = K’ < K, and we show that it follows also for K(¢) = K. If
K(0) > ko, we assume that the bound holds for all trees 6" with K(6') < K(0).
Define Ej, = 271 (24=")/7)=1: 50 we have to prove that N;(0) < K(0)E;'. If the
root line £ of 6 is on scale < h then

m

N;i(0) =) Ni(6:), (A3.9)

i=1

where 0; is the subtree with ¢; as root line, hence the bound follows by the inductive
hypothesis. If the root line ¢ has scale > h then ¢4,... ¢, are the entering line
of a cluster T'. The same occurs if the root line is on scale > h and non-resonant,
and, by calling ¢1,... ,£,, the lines on scale > h which are the closest to £, one has
m > 2: in fact in such a case at least m — 1 among the subtrees 61, ... ,0,, verifies
the bound (A3.1) so that

Ni(0) =1+ izv;;(ei) <1+ E" i[((@i) —(m—1)< E,K(0), (A3.10)

i=1 i=1

If m = 0 then Nj(0) = 1 and K(0)22~"/7 > 1 because one must have K (6) > k.
So the only non-trivial case is when one has m = 1. In this case ¢,¢; are on the
path connecting the external lines of the resonance

||Qn%J +‘Dn,m| =/ Wm, + nZsz,nz” < ’72_h+1 (A3.11)

199, + @l — /gy F 18, Ty ey )| < 727" (A3.12)

so that for suitable 1,1, € {+,—}

9-h+2y > |Q(n2 - ngl) + e/ Wmy + Vi on, + Ny \/“)mh + 10, Vg e, |

> ylny —ng, |77, (A3.13)

from which K(0) — K(61) > [n) —nj | > 2(h=2)/7 and by the analogous of (A3.6)
the bound is proved.
Appendix A4. Proof of Lemma 7

In order to prove (4.15) we proceed by induction; consider a tree 6 with k internal
nodes and s, = 2 for any v; we call £1, {5 the two lines entering vg; we call my, = m;
and my, = mg the root lines of two subtrees 6; and 0y with k; > 0 and k2 > 0
vertices, and k1 + ko =k —1. If k; = 0 (or k2 = 0) then one of the two cases holds:

1. ¢ connects to an end-node so that |n,| =1 and m; = 1.

2. f; connects to the external node so that |n,| = |n.| = 1/m2 (this case is
possible only of 8 € Rr p.nm)-

So we can proceed with our inductive hypothesis and suppose that our bound
holds for all trees with 0 < k; < k end-nodes. Without loss of generality we can
suppose that m; > mo. We perform the bound m+mi+mo > m m+mi—mg > m
so that:

*

1 1

m§n2 [(m2 — (m1 +m)?)[[(m? — (m1 — my)?)| mim3
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*

g% > ! : (Ad.1)

m? = m2m3 |m —my — ma|lm — my + ma|

Ifm; < % then the bound is trivial as:

*

1 1 1 R~ 1 o}
) < — <
R D e TR TR eI I A TP DI I Ay
(A4.2)

In the remaining terms we treat separately the cases m; < m — 1, m; > m and
mip = m.

We notice that in the first case |m — my 4+ ma| > m — my, while in the second
case |m —mj — mg| > m; —m . We then obtain the bound:

*

1 Z 1 1
m?2 N m2m3 |m —my — ma|lm — my + ma|

* oo

1 1 1
<—( ( )+ (A4.3)
m?2 m—lzzm1>’§ m2(m —my) mgl m3lm —my — ma|
- 1 - 1 I 1
LS
mlz;m m%(ml_m)(m§::1 m3lm —my +m2|) m?2 = m3

Now we estimate the sums with integrals:

1 A=l 1 > 1 Cy,  Ch
< e —_— =< — .
Iy A v A R B O

1 At 1 > 1 Co, _ Cs
__ - < - B PV
> <O, Gt Gt S 49

We use the first bound on the sum over msy then in the sum over m; we obtain a
series as in the second bound immediately implying

1 1 1 C
< —
2 _mim3 [(m? — (my +m2)?)||(m? — (my —ms)?)| mim3 — m*
(A4.6)
This implies the inductive hypothesis, as ¢ has k vertices and k1 + k2 = k — 1, by
choosing C; = C' in (4.15).
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