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ABSTRACT. In the [BCS] paper the theory of superconductivity was developed for the BCS model,
in which the (instantaneous) interaction is only between fermions of opposite momentum and spin.
Such model was analyzed by variational methods, finding that a superconducting behavior is ener-
getically favorable. Subsequently it was claimed that in the thermodynamic limit the BCS model is
equivalent to the (exactly solvable) quadratic mean field BCS model; a rigorous proof of this claim is
however still lacking. In this paper we consider the BCS model with a finite range time dependent
interaction, and we prove rigorously its equivalence with the mean field BCS model in the ther-
modynamic limit if the range is long enough, by a (uniformly convergent) perturbation expansion
about mean field theory.

1. Introduction and main results

Bardeen, Cooper and Schreifer [BCS] developed their theory describing superconductors by the
BC(CS model, in which the interaction has infinite range and only fermions of opposite momentum
and spin (Cooper pairs) interact; the Hamiltonian of this model is

HBCS—Z/da:a ( ) az, — —[/ dwa£+a~_[/ dyaa’ ag . (1.1)
+

where a;;, are creation or annihilation fermionic field operators with spin ¢ in a d-dimensional box
with side L and V = L%, m is the mass and A > 0 is the (attractive) coupling. The model is not
solvable but it was shown in [BCS] that a superconducting phase is energetically favorable with
respect to a normal phase. Later on it was realized that the properties of such superconducting
phase are identical to the ones of the mean field BCS model, an exactly solvable model in which
the interaction is quadratic and the Hamiltonian has the form

L 02\ - _ st e
Hyr = |AP + Z/Vdma;a (—ﬁ) a7y = / dja; a; |- \/XA[/V dya;’Jra;’_] (1.2)

where A is a complex number to be determined minimizing the ground state energy (that is A solves
the BCS gap equation). It has been argued in several papers, starting from [BR],[B],[H],that in the
limit V' — oo the BCS model (1.1) and the mean field model (1.2) have the same finite temperature
correlation functions; this seems quite natural also by analogy with lattice classical statistical
mechanics in which infinite range interaction gives mean field behavior in the thermodynamic
limit. Indeed many arguments has been given to support this claim in the last fifty years but, as
far as I known, a rigorous proof is still lacking; aim of this paper is show that a simple proof of
this claim can be given at least if the instantaneous interaction in the BCS model (1.1) is replaced
with a long (but finite) range time dependent interaction

We consider then a generalization of the BCS model in which fermions are on on a cubic lattice
with step 1 and a time dependent interaction between Cooper pairs is considered; indeed, as
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stressed for instance in [CEKOQ], a realistic model for superconductivity should include a bosonic
Hamiltonian describing phonons and a boson-fermion interaction, which can be written in a purely
fermionic model only if a time dependent interaction between fermions is included. It is well known
[NO] that the two point (finite temperature and immaginary time) Schwinger function of the BCS
model on a lattice can be written as Grassmann functional integral in the following way

fP(dw)e—V—h Eo=ifdxwxyﬂ¢xﬁa¢l€(,owlzs'

<Voticn >L50= - (1.3)
oYk, fP(dw)e_v_h . [ dxyg v7 _,
]
where [dx = [?; dzo ). ., and A is a d-dimensional lattice with step 1 and
)
V=15 [ dx [ dyv(zo —yo)tx 1 ¥x vy, Yy 4 (1.4)

In the above expression {wia} is a set of Grassmannian variables, k € Dy, g where Dy, 3 = Dy, x Dg,
with Dr, = {75: 2rii/L,n € 2%, —[L/2] < n; < [(L —1)/2]} and Dg = {ko = 2(n + 1/2)7/B,7 €
Z,—M <n < M-1},0 =+ and P(dy) is a linear functional on the generated Grassmann algebra
such that

A N 1
[ PO 0B, = L Bbsaln i) 90) = e (19
where J
e(k) = Z(l —cosk;) (1.6)
i=1

is the dispersion relation and p is the chemical potential. The Grassmannian fields 1 are defined

by, if x = (x,20) with zo € (—%, %] and = (21,..,24) with 2; = 1,2,.., L,
1 . )
+ _ + _+ik-x
’d}xva - Ldﬂ Z ¢k70-e ‘ ) (1'7)

keDL g

The external field b is introduced to break the number symmetry (it will be removed after the
thermodynamic limit L — oo will be taken) and v(zo —yo) is a Kac potential with a long but finite
range potential x~1; for definiteness we choose

(t) _ l Z —ikot K2 (1 8)
W= C Rt '

ko= 2770

ng=0,%+1,+2,. ., +M

Finally M is an ultraviolet cutoff in the time direction introduced to make the Grassmann integral
well defined, and (1.3) is a Schwinger function of an Hamiltonian model only in the limit M — oo;
this implies in particular that the limit M — oo must be taken before the thermodynamic limit
V — oo.

As we mentioned above, it was claimed in [BR] that the quartic BCS model (not solvable) should
be equivalent to the mean field BCS model (solvable) in the limit L — co. In [BZT] indeed it was
claimed the identity of the correlation functions for Hpcs and Hysp in the thermodynamic limit
by using a diagrammatic approach showing by a graph by graph analysis that the difference of the
two correlation functions vanishes as V~1. However the validity of such an argument presupposes
that the perturbation expansion is convergent and there are many examples in which properties
established at a perturbative level are indeed not valid for lacking of convergence (the phenomenon
of anomalies in QFT for instance, or perturbation series for resonances in classical mechanics).
A similar perturbative argument in a more modern (RG) language has been given in [SHML], in
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which it is pointed out the similarity of the perturbative expansion of the BCS model with the
so called % expansion. In [B] and [H] it was argued that Hgcg can be replaced by Hyp in the
infinite volume limit on the basis of the fact that certain commutators are vanishing in the limit.
The convergence of Hpos to Hpyr was indeed proved in [TW] but only in a rather small subspace
of states with no single particle excitation and in which the ”gap equation” holds. Unluckily this
result does not imply the convergence of the finite temperature correlation functions (involving the
trace over a complete set of states); the question was then reconsidered later on in [T] in which
the equivalence of the correlation functions with Hgcg and Hpr in the thermodinamic_‘limit was
finally proved but only if the fermionic dispersion relation is assumed to be a constant (k) = const
(degenerate BCS model), as in this case Hpcs can be explicitely diagonalized. Finally in [M] a
new proof of the equivalence based on a functional integral approach was given, but the analysis
involves an unjustified exchange of the L — oo limit with the M — oo limit.

It is apparently surprising the difficulty in proving that an infinite range interaction like the one
in (1.1) leads to a mean field behavior in the thermodynamic limit; indeed in classical statistical
mechanics for spin lattice systems the proof of a similar statement is a two line computation. The
difficulty in the quantum case can be clearly understood in the functional integral formulation
(1.3); in such a representation the interaction V is not factorized contrary to what happens in the
Hamiltonian formulation, and this make the model not exactly solvable. Of course by replacing
v(xo — Yo) in (1.3) with a constant (that is considering an infinite long range time interaction
k~1 = o0) the interaction in the functional integral is factorized and the model becomes exactly
solvable; mean field behavior in the thermodynamic limit is then easily established, by performing
a saddle point analysis essentially identical to the one for long range spin systems, see [L].

Aim of this paper is to prove that even if the range ! in (1.8) is finite, so that the interaction is
not factorized and the model not solvable, the BCS model (1.3) is equivalent to the mean field BCS
model if k! is large enough, in the limit V — oo; that is the BCS model with time dependent
interaction has a phase transition into a superconducting state described by the BCS theory.

Our main result is the following.

Theorem Assume p < 2 and X > 0; there exist .(\) > 0 and ko(8) > 0 such that for 8 > B.(\)
and 0 < k < ko(B) the Schwinger functions (1.8) with v(zo — yo) given by (1.8) are such that

iko + (e(k) — p)

lim lim < = = 1.9
ho0+ Lo wk J¢k o L,,B,h k(z) + (E(k,‘) _ /,L)2 + AA2 ( )
VA
lim lim <7 ¢ _ Bh= = 1.10
hs0+ Lo~ VeVl LB T e A (1.10)
where A = A(fB) is the real negative solution of the BCS gap equation
tangh(5 2 4+ AA2
1_)\/ dk g \/ — 1) ) (.11)

(E(k) — )%+ AA?
and B.(X\) is the minimal B8 such that (1.11) admits a solution.

The above Theorem ensures that, at a fixed temperature 3 and for range £~ large enough, the
BCS model has the same behavior of the BCS mean field model; in particular for 8 > 3. a gap is
generated and the particle number symmetry is broken as < ¢1J{, +¢J_rk7_ > is different from zero;
this means that there is a phase transition into a superconducting phase for temperatures low
enough. As there is no smallness requirement on A, the above result implies a gap generation for
a range O(1) of the time dependent interaction (by considering A = O(1)).

The proof of the above statement is somewhat based on the original ideas in [BZT], as we introduce
a perturbative expansion for the difference of the Schwinger function of the BCS or mean field
model and we show that each order is vanishing in the limit as the inverse of the volume; the
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key point is that we avoid (contrary to [BZT]) an expansion in terms of Feynmann diagrams
(which has bad convergence properties) but we consider a different expansion in terms of product
of determinants (which one cannot expand otherwise the good convergence properties are lost)
and we prove that at each order they are vanishing in the thermodynamic limit at least as V~!;
the convergence of the expansion is established via determinant bounds for fermionic expectations.
Our perturbation theory about the mean field theory uses as a small parameter the inverse range
k of the Kac potential (1.8); this is a classical approach in classical statistical mechanics to prove
phase transition beyond mean field theory, see for instance [LMP].

We can prove convergence only for small «, as it turns out that k < Cil)\*%ﬁ*¥ for a suitable
constant C; of course it would be very interesting to prove convergence for larger k up to k = oo,
so otaining a real solution of the BCS model with instantaneous interaction; this would be possible
for instance if one could improve the bound for the n-th order of the expansion n!C™V ~", obtained
by the diagrammatic analysis, up to C"V " (in the present paper we got only the bound C"V ~1).

2. Partial Hubbard-Stratonovich transformation

In momentum space we can write the interaction V in the following way

A - =
V= (V)3 DD D) e N VL o (2.1)
kK’ P0=2T"("0+1)
no€Z

where we have used that pg = ko1 + ko2 = 27”((n0,1 + no2) + 1). We split the interaction V as
sum over two terms

V=V+V (2.2)
- A
V=-"—"73 Z ¢-—:—_,k¢i_,—k¢:,k'¢;,—k’ (2.3)
BV £
% A + ot - =
V= TBV)e DIV L S A e e (24)
k7kl,|p0|2%"
Note that V can be written as, e = +
S VA VA
— +A— o — o _ o o
V=o20AT A= D = e ;%,ad)_k,_a (2.5)

that is can be written as the product of the total number of Cooper pairs. Let us consider the
generating function of the Schwinger functions

eSrsn(d) — /P(d,éb)eZA‘*'A_—fJethf/ﬁXVA+7h_\/\2/,§VA_efdxza[J,tolﬁ;a—i-wi’aJ;o] (2.6)

where J* are external Grasssmann field, so that

62

_ _ 2.
aJz 0Tz . S()ls=o 2.7)

<Yroty,e >
By using the identity (Hubbard-Stratanovich transformation) (¢ = u + iv, ¢ = u — v, u,v € R)

et = L dudve29l” gad+bé (2.8)
2w R2



we can rewrite the above expression as

Seon = L [ qudpe-t1or / P(dip)e-V @ M TEIN G ILEDAT [ ax 3 L v 0 T

27 R2
(2.9)
Performing the change of variables (u,v) = v/28V (u,v) we obtain
eSL,ﬁ,h(J) — /B_V dudve_ﬁv(vg+(u+%)2)e—ﬂVfL,ﬁ,h(ufv)+BL,ﬁ,h(uvv’¢) (210)

7 Jge
where
o BY Fr,p.n(u0)+Br g n(uv,d) — /P(dw)e*96ﬁ¢7}++ﬁ$@_ef dx Y [T e AvE T (2.11)
and by definition Br, g, (u, v, J) is vanishing for J = 0 so that Fr, g n(u,v) is given by
=BV FrLpn(u0) — / P(dip)e=Ve VAP HVATD™ (2.12)
We are interested in computing the two point Scwhinger function, given by (2.7)

! — v (ut+2)?) !
< Yo Vome > dudve PV HOF T BV FLsn g8 (k ue)  (2.13)

Zr8,h JR2

where SZ”EL;’h(u,U) = 0y:0,-o B(J,u,v)| =0 and

Zr.gn = / dudve PV O H W FR)) =BV Fr 5 n(u0) (2.14)
R2

We will show in the following section that

Frn(u,v) =tpes + fL,B,h(u, v) (2.15)
where, if E(E) = e(k) —
12, cosh(5\/E2(F) + NP
t =—— —lo = 2.16
pes 14 ZE: B & cosh'gE(k) (2.16)

is the free energy in the mean field BCS model [BCS] and Fy, 45, is the perturbation to the mean
—d—5

field; we will show in the following section that, for 0 < k < ko(8), ko(8) = C~IA"2877 for a
suitable constant C'

Frpnlu,0)] < O (257)54? (217)

hence V Fy, 5,5 (u,v) it is uniformly bounded as V' — oo; it is more convenient to call V. F g p(u,v) =
Fr.g,n(u,v) and we can write the two point Schwinger functions as

1
Z18,h JR2

dudve BV H @t 70 Htnes (W)l —BFr g, (u) SZ”EEI’,L (k,u,v) (2.18)

By the saddle point Theorem, for g large enough

e—ﬂV(v2+(u+%)2+ths(U,U))

lim

- - 2.1
foo fdUdve_BV(vg"_(“"'%)Q'f‘ths(u,v)) d(u)d(v — vo) (2.19)
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where ug is given by the negative (for A > 0) solution of

—1]=2= (2.20)

dic tangh( E2(k) + Aud) 2h
ug[A
0 (B2 + Mid) A

In the limit h — 0 it reduces to the BCS equation (1.11). Moreover it hols also that S;’,E[; n—

SEE f OS5 = O(Ak2BI5V 1) (see (3.49) below) so that the Theorem follows. Note also that even
for ﬁnlte L (but large enough) a gap is generated as the above analysis immediately implies; in
fact < YTyt >p =< TPt >5+0(V~ b,

Remark. Note that one could perform the Hubbard-Stratonovich transformation for the full
interaction V (not only for V) so writing the partition function as, if A is a normalization factor

Zrp=Nu /[H dgppole7me (19D (2.21)
Po

with

5
1 e D DN (I L P AU o i ]
fL,ﬁ({d’}) — 5Z(pgm_l+1)|¢p0|2—10g/P(d¢ e 2(5‘,)2 k,pg  PP0 Yk, + Y —k+p0, 0¥k, k+po,+

Po

(2.22)
A similar representation holds also for the Schwinger function. If one performs the limits in the
wrong way, that is L — oo with the ultraviolet cutoff M fixed, the evaluation of the Schwinger
function becomes then immediate; in fact 7,5 has a global minimum corresponding to ¢; =
Opo,09™, with ¢* the solution of the BCS mean field solution; hence, keeping M finite and L — oo,
the saddle point theorem can be applied and the mean field behaviour is immediately recovered
for any k. However the limit M — oo must be taken before the thermodynamic limit, and the
naive saddle point analysis cannot be applied (the corrections are O(CMV~1)). The problem
becomes equivalent to a statistical mechanical model of an infinite chain of continuous Gaussian
spins coupled with a non standard weight function with large number of colors (small N~1),
and the analysis is quite harder. In certain somewhat similar problems it has been possible, by
cluster expansion techniques and Peierls estimates, to prove that fluctuations around mean field
are negligible for large N, see for instance [K],[KRM],[MVH]; if such methods could be applied to
recover our result, or, more interestingly, if they could be applied to larger x possibly up to the
case of local interaction (k = 00), is at the moment an open problem.

3. Convergence of series expansion

3.1 The partition function
We can “absorb” the quadratic fermion term in the free interaction

[ Page e i v _ o avines [ ag)e Yo (3.1)
where \
D) = 5 [ axdyateo — w)id vy, vy (32
and ,
K
¥(zo — Yo) Z thot 3 (3.3)
ﬂ = K2 + kg
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and, if 0 = VA¢

k k ee'=+

Pa<d¢)=H%{ e X sezb,ksl} (3.4

where N (k) is the normalization of P, (d) and

kg + E*(k) + |of?
tBos = ——221 R 7 (3.5)

and the 2 x 2 matrix T'(k) is given by

T = (—ikojE( ) . iE(”)) _ (3.6)

We can write tgcs as (2.16) and of course t1 < /|A|C[1 + |#|]. The propagator of P, (dy) is given
by, if £,&' = +

/Pa’(dw) ;E’(ﬁ;g, = Qe (X — y) = VL/B Z e_ik(x—y) [T_l(k)]s,s’ ] (37)
k

We decompose the propagator g. . (x —y) into a sum of two propagators supported in the regions
of kg “large” and “small”, respectively. The regions of kg large and small are defined in terms of
a smooth compact support function Hy(t), ¢t € R, such that

(1 ift<1/y,
H"(t)_{o if>1, (3.8)

with v > 1. We define h(ko) = Ho(|ko|) so that we can rewrite g, .- (x —y) as:

geer(x—y) = gL (x —y) + 9800 (x ) (3.9)
where 1
95 (x =) = 775 D e HEI (ko) [T (K)o (3.10)
k
gl (x—y)= VL,B Z e~ Hx=¥)(1 — h(ko)) [T~ (K)]e e (3.11)
k

are called the infrared and the ultraviolet propagator. In the Appendix we show that

/P (dypvv)em VTR = o=V (3.12)
with
2n
— 2 [[axdyoteo — )it 0t vy, vy + Z / e [ o W8, ety xan) [ .o
i=1
(3.13)
with 1
V_IB /dX1 . -dX2n|W7(10) (XI; --;XZn)| < Cnp\lma:c(l,n—l)(n2132)maz(1,n—1) (3_14)

3.2 Convergence of the infrared integration



We define a distance d(x,y), 5 = (da(%0,Y0), AL (21, Y1), -, dL(Tn, Yn) as

. L .
dg(zo,y0) = b sin E(Hfo — o) dip(wi,y;) = —sin E(»"Ui — i) (3.15)
T fB T L

In order to perform the infrared integration we need the large distances behaviour of the infrared
propagator.
Lemma For any integer N the following bounds hold
Cn
1+ [ 1d(x—y)¥

VAlg| On
|ge,7a( y)l < IB\/X|¢| +,371 14+ [ﬂ—ld(x _y)]N

g2l (x—y)| < B (3.16)

(3.17)

Proof. The above bounds follows by integrating by parts. Consider integers Ny, N1, .., Ng and
note that, if i =1,..,d

dL(-'Ui;yz’)Nidﬂ(xmyo)Noggz (x— Y) =

_zw(wL YNi4zoB~ 1No)( )N0+N Vﬂ Z —ik(x— y)aN 6N0[ (kO)[Toil(kl)]s,s’] , (318)

where 0, and Ok, denote the discrete derivatives. The bound then easily follows noting that
[Ty (k')]e,e is bounded by CB uniformly in ¢ and each derivatives over it is bounded by an extra

pm
We can write
/P (A= VW) = 2 (=D HET (O m) (3.19)
where T are the fermionic truncated expectations
an
Tix.m = 9 ) /Pd Aax@)| 2
ET(Xin) = ——log [ Pap)e®)| (3.20)
We write (3.13) as
> / dxpW (xp)i(P) (3.21)
P

where P is the set of field labels appearing in (3.13), W(xp) are the kernels in (3.13), that is
AV ~15(zg — yo) or W(x1,..,Xap,) and

H ¢x(f),a(f) (3.22)
fep
Then we get
E0%5n / dxp, - / dxp, W (xp,)-.W (xp, )ET (P(P1), o0y P(Pn)) (3.23)

Py,...,P,

The fermionic truncated expectations can be expressed by the formula (see [GM] for example), if
s> 1,

EXQ(PL), oy D(P)) =D ] vy (%t — yl)/dPT(t) det GT(t) , (3.24)

T 1eT



where

_ «(f)
= ,H: i) () (3.25)
(S

and

a) T is a set of lines forming an anchored tree between the cluster of points P, .., P; i.e. T is a
set of lines which becomes a tree if one identifies all the points in the same clusters.

c)t = {t;,» €1[0,1],1 <14,i' < s}, dPr(t) is a probability measure with support on a set of t such
that t; # = w; - uy for some family of vectors u; € R® of unit norm.

d) GT( Yisa (N —s+1)x (N —s+ 1) matrix, 2N = |P;| + .. + | Ps| whose elements are given
by G” i = ti it ge et (X,’j - yi’j’) with (fl;, f'i-’_j’) not belonging to T'.

If s = 1 the sum over T is empty, but we can still use the above equation by interpreting the r.h.s.
as 1if Py is empty, and detG(P;) otherwise.

We bound the determinant using the well known Gram-Hadamard inequality, stating that, if M
is a square matrix with elements M;; of the form M;; =< A;, B; >, where A;, B; are vectors in a
Hilbert space with scalar product < -,- >, then

| det M| < JT 11441 - 1Bl - (3.26)
where || - || is the norm induced by the scalar product.

Let H = R® ® Ho, where Hq is the Hilbert space of complex four dimensional vectors F(k) =
(F1(k), ..., Fi(k)), F;(k) being a function on the set D, with scalar product

4
1 *
<F,G>= Z 5 > F(K)Gi(k) . (3.27)
=1 k
and one checks that
GZ; i = tz,l'g;:s; (Xij - Yz"j’) =<uQ® Ax(fij),E(fij)5ui' ® Bx(fi’j’)ag(fi’j’) >, (3.28)
where u; € R%, ¢ =1,...,s, are the vectors such that ¢; 7 = u; - u;, and
bty = oI { ikt E000), 12—
k3+E2+|0'|2 (030'307 1)3 leZ ) (3 29)
N N
’ k2+E2+|0'|2 ( ,0,1, —iko — (k)))a ife=-

Hence from (3.26), as ||A|| < C and ||B|| < 8 we find

|G | < C{V—s+118Nfs+1 (330)

‘LJ ‘L']’

where C; is an O(1) constant.
By using the above formula in (3.23) we get

|5T n)| < Z ,32 [|Pl+.+|Pn |]/de /de |W (xp,)]|-..|W (xp, |Z[H s 1922 (x1=y1)|]

Pi,...P, T IeT
(3.31)
where we have used that [ dPr(t) = 1. The number of addends in ), is bounded by n!C%.
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In order to bound the integration over propagators we use antiperiodicity

B ) B/2 ) )
/ drogiTs (7, o) =/ drogi (o) + / drogi (7, ro) =
—B —B/2 |ro|>B/2
%
[ dro(gear (7o) + g5 (7o = ) (332
-2

The tree T realizes a connection between all the V°, and we get the bound
n 1 )
J T s ST 1670k (= wl) < (8157 20+ (339)
i=1 T leT

In order to perform the integration over the remaining coordinates we note that if W(xp) =
AV ~145(xg) then

[5(z0)| = |5 Yo et K <L 3 B B~1C(kB)? (3.34)
0 =17 G G .
B K24+ k2~ (2m)28 ng ~
’C0=%?;(é"00+1) no70

so that
/de_1|17(a:0)| < C(kpP)? (3.35)

if Cis a suitable constant. On the other hand if W(xp) = W(x1,..,X2,) we use the bound (3.14);
then we get, assuming k8 < C~! in order to sum over P;

|5T(V0; TL)| < n! H[Z CP,- |/\|maa:(1,|P,-\/2—1) (E2ﬂ2)maz(1,|P,-\/2—1)](IBV)IB(n—l)(d—H)ﬂZn <
i=1 P;
(BV)nICT A" (527 B+ (1) < (V)0 AR (243 g~ Dy
Finally the following bound can be found, calling Fr, 5.1 = tgcs + Frs.n

\Fr,gn| < CA(K2B4H5) 34D

assuming that kK < C _1/\_%,6’ =5 = ko(B) to assuring the convergence of the sum over n.

Remark. The above analysis immediately implyes a bound for the effective potential [ P(dipim))e=V (¥ " +9)
where ¢ is an external fermionic field. The kernels of the effective potential W (™) of order n with
n® external fields obey to the bound

Viﬁ / dx1..d%p Wi (X1, .., Xp)| < CPA™ (KB g7 g=(d+D) (3.36)

as now the propagators are 2n — %=.

3.3 Ezxtracting a volume factor

The above analysis says that JFr, 54, which is the correction to the mean field, is given by a
convergent expansion for sufficiently long range interaction 0 < k < ko(3). We prove now that we
can improve the above bounds by a factor V! so that the correction vanishes in the thermodynamic
limit.
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Consider first the case in which in (3.23) there is at least one kernel W (P, ) assoc1ated to AV 14,
We can write, by using that for the fields in £7 holds the rule 15 = [dx'g(x,x ") 52— s

11
n'BV

11

T -
—ET(V%n) = 'ﬂVV

/dxldyldxadxbdxcdxdv(aro 1—Yo,1) (3.37)

957z, (%1 = Xa)giTz, (%1 —%0)9" s (1 — X)g™ Tz, (v — xa) HIEE) . ., (Xa, X0, Xc, Xa)

+2—/dX1dY1andeg+ (x1 = y1)0(z0,1 — y0,1)giif;a (%1 —Xa)!]i'f;b (¥1 —Xb)H,,S o) ) (Xa,Xp)+

Z v / dx1 dy 1 dxqdxpg™T __(0)3(zo,1 — Yo,1)95":, (X1 — Xa)ghs, (y1 — Xe) HZ ™ (%4, %) }

e==+

where for n > 1

. 8 o 8 a
Hs(jzsg,sc,sd (Xaa Xp, Xe, Xd) w ’w w '¢' gT(VO' n— 1) (338)
HCM (x4,%3) = 5 55 ET(Vn — 1) (3.39)

Note that the last addend in (3.37) (corresponding to a tadpole contribution) is vanishing; in fact
it can be written in momentum space as

1A '7' ~1.7.
Evgz. ’ Z 5p0,01)(p0 ,BV Zg;’ €a gs’ Eb (kl +p0)H3 Eb (klapo) =0
) p 0#0

The first addend in (3.37) can be bounded in the following way, remembering that | gg';', (x,y)| <8

A .
< OB (kB)*B* sup] dx1 |94 (%1 — Xa)] sup /dylg_ L (1 —xc)]

n" v /dxadxbdxcdxd|H§4 2 o ea(XarXb, Xy Xg)| - (3.40)

The bound for the last integral is given by (3.36) with n® = 4; hence the first addend in (3.37)
obeys to the following bound

Cn)\_‘:ﬂA (kB)2 B4 B2(H+D) (52 g5 )1 g2 g~ (d+1) (3.41)

so that summing over n we have the bound 3 3 (k)22
Finally the second addend in (3.37) can be bounded by

A )
587 8supl [ dxal, Geu o) supl [ dviloi, (1 = x0)l) [ deadaal B2, (oo (342)

and again using (3.36) with n® = 2 we get that the second addend in (3.37) obeys to the following
bound

Cn)\vnﬂ_l (K,B)2ﬂ3,32(d+1) (n2,3d+5)"_1,3_1,3_(d+1) . (3.43)

In the case there is no W(P;) associated to AV ~'% we can apply the same reasoning to one of
the kernel W (x1, .., X,). Summing over n (and computing explicitely the case n = 1) we have the
bound $(k??)3%42; then, for k < ko we get the bound

\Frp.nl < (7%(/352)/3"“r2 (3.44)
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3.4  The integration of S
By performing the change of variables, if ¢ = (1)™,4 ™) and g is the matrix propagator of P, (d%)),
Yk = Yk + gk, we get for two point Schwinger function the formula

Se.er (k,u,v) = e e’ Z Ge, e (k) Va = (k)gs”’,s’ (k) (3.45)

EII el

where Va,er o (k) is the kernel of the effective potential with two external fields; it can be bounded
by

1
Waew )| < 5 [ dx [ dlVacoxy) (3.46)
By using (3.36) we get that
[Vaye,er ()| < CmA™(kB42)m g1 g~ (44D (3.47)

We can improve the above bound as described in §3.3. If there is at least a W = AV =19, we get

Vose e (x,y) /dZdZ Xmddexst4g "(z— Xl)gi'r(z—xz)gi'r(zl—xs)gi'r(Z'—X4)V6(X,Y7X1,X2,X3,X4)+

A / dxdydx, dxodads' g (z — ')g*" (2 — %1)g(@' — x2)Va(x, ¥, X1, %2)

where we have used that the tadpoles contributions is vanishing. The integral over x,y times
(BV)~! of the first addend can be bounded, using also that sup|g| < 3

Biv(mﬂ)QﬂLV/dx/dydxldedX3dX4/dzdz'

. ) _ A
19" (2 —x1)g" " (2 — X2)9" " (2’ — x3)9(z — X4)||S(X,y,X1,X2,X3,%X4)| < B—V(Nﬂ)252

1
supxl|/dzg Z—X1) supx3|/dz' ” (z —X3)|)B—V/dx/dydxldedX3dX4|S(x,y,xl,xQ,X3,X4)|

(3.48)
By using (3.36) we get for (3.45) the bound £ (k3)%8%+!. On the other hand the second addend
is bounded by

szﬁ supxl|/dzg (z — x1)| supx3|/dz’ (g —x3)|)/dx/dydxlde|V2(x,y,xl,xQ)|

and by using (3.36) we get the same bound % (kf3)?84+!. If there are no vertex @, we can repaet
the above argument on the kernels of (3.14). Hence from (3.45)

2 (s ,0) = e, (0] < O (6267) 57+ (3.49)

Appendix Al. The ultraviolet integration

The integration of the ultraviolet part (3.12) can be done by a multiscale analysis; it is quite
standard and we refer to §3 of [BM] (or [GLM]) for details in a similar case. It is convenient to
introduce an ultraviolet cut-off N by writing

g£15{V] Z gs 5’ (3']‘)
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where )
B x-y) =2 Y hlko)e *x Vg, (k) (3.2)
) Vﬂ
kEDﬁ’L

with hg (ko) = Ho (v *|ko|) — Ho(y~**|ko|). Note that limy_,o, g!"V(x —y) = g{*¥)(x —y) and
that, for any integer K > 0, g'*) (x — y) satisfies the bound, for any integer K

Ck

(@ |S - - 7
1+ (v*|zo — yo| + 17 — 1)

|gE,E’ (X - Y)

(3.3)

(k)

e,e!

We associate to any propagator g. (x,y) a Grassmann field ) and a Gaussian integration

P(dyp'®) with propagator g(*)(x,y). We can rewrite V(© as:
VO(9) + VBE, =~ lim log / P(dyV) - PNV @) (3.4)
—00

We can integrate iteratively the fields on scale N, N — 1,...,h + 1 and after each integration we
can rewrite the r.h.s. of (3.4) in terms of a new effective potential V("):

N
(3.4) = lim {VB > E; —log/P(dd;(l))._.P(d¢(h))e*v(h)(¢[1,h1+¢)} (3.5)

N—oo
j=h+1

with VM) (¢[1h]) admitting a representation in terms of trees defined in the following way:

1) Let us consider the family of all trees which can be constructed by joining a point r, the root,
with an ordered set of n > 1 points, the endpoints of the unlabeled tree, so that r is not a branching
point. n will be called the order of the unlabeled tree and the branching points will be called the
non trivial vertices. The unlabeled trees are partially ordered from the root to the endpoints in
the natural way; we shall use the symbol < to denote the partial order.

Two unlabeled trees are identified if they can be superposed by a suitable continuous deformation,
so that the endpoints with the same index coincide. It is then easy to see that the number of
unlabeled trees with n end-points is bounded by 4™.

We shall consider also the labeled trees (to be called simply trees in the following); they are defined
by associating some labels with the unlabeled trees, as explained in the following items.

2) We associate a label h > 0 with the root and we denote T(n,ny,n the corresponding set of labeled
trees with n endpoints. Moreover, we introduce a family of vertical lines, labeled by an an integer
taking values in [h, N], and we represent any tree 7 € T(h,Ny,n sO that, if v is an endpoint or a
non trivial vertex, it is contained in a vertical line with index h, > h, to be called the scale of v,
while the root is on the line with index h. The tree will intersect the vertical lines in set of points
different from the root and the end-points; these points will be called trivial vertices. The set of
the wvertices of 7 will be the union of the endpoints, the trivial vertices and the non trivial vertices.
Note that, if v; and vs are two vertices and v; < vq, then hy, < hy,.

Moreover, there is only one vertex immediately following the root, which will be denoted vy and
can not be an endpoint; its scale is h + 1.

3) With each endpoint v of scale h, we associate V(1)(Sh++1)) (2.4). Given a vertex v which is
not an end-point, x, will denote the family of all space-time points associated with one of the
endpoints following v.

4) We introduce a field label f to distinguish the field variables appearing in the terms V associated
with the endpoints. The set of field labels associated with the endpoint v will be called I,.
Analogously, if v is not an endpoint, we shall call I, the set of field labels associated with the
endpoints following the vertex v; x(f), and o(f) will denote the space-time point, the o index and
the w index, respectively, of the field variable with label f.

AWe(call ta)"z'm'al tree a tree containing only the root and an endpoint and we will define V(441 (¢(Sh+1) 1) =
(D),

13



The effective potential can be written then in the following way:

v<h><w<fh>)+wﬁh+l=i > VO(r, gty (36)

n=17€T(h,N)n

where, if vy is the first vertex of the non trivial tree 7 and 7, .., 75 (s = s,,) are the subtrees of 7
with root v,
V) (7,4(=M)) is defined inductively by the relation, if s > 1

V(h)(T7¢(Sh)) —

(—1)S+1 T h+1 <h+1 h+1 <h+1 (3.7)
' EXL [V(+)( JRTASS +)) V(+)( RTAS +)H

If s = 1 then V) (1r,9(EP) = &, 1 [V (7, o (SAHI] if 71 is not a trivial tree; on the contrary
if 7y is trivial then V(") (7,4(SK)) = & 1 [PHD) (h(ShHD))] — PhtD) (p<(h)),

By iterating (3.7) we can write V") (7, (<)) in the following way. We associate with any vertex v
of the tree a subset P, of I, the external fields of v. These subsets must satisfy various constraints.
First of all, if v is not an endpoint and vy, ...,vs, are the vertices immediately following it, then
P, C U;P,;; if v is an endpoint, P, = I,,. We shall denote @, the intersection of P, and P,;; this
definition implies that P, = U;Q,,. The subsets P,,\Q.,;, whose union will be made, by definition,
of the internal fields of v, have to be non empty, if s, > 1 or if s, = 1 and v; is an endpoint.

Given 7 € T, N)n, there are many possible choices of the subsets P,, v € 7, compatible with all
the constraints; we shall denote P, the family of all these choices and P the elements of P.. Then
we can write

VW (r,pEM) = 3 v (7, P) (3.8)
PeP,

V(") (7, P) can be represented as
V(W (7, P) / o PN (Poy ) KUY (x5 (3.9)

with K gl;,r 1)(xvo) defined inductively (recall that h,, = h+ 1) by the equation, valid for any v € 7
which is not an endpoint,

hy
| LA

: 5th [¢ h”)(Pvl \QU1)3 et aqﬁ(hv)(vau \stu )] ’

(3.10)

where if v is an endpoint Kz(,h”)(xv) is the kernel AV 13 (x).

By using the representation of the truncated expectation analogous to (3.20) and the Gram
inequality we get that the contribution from a tree 7 € 71 ), associated to a kernel with 2/
external legs can be bounded as (see §3.14 [BM] for details in a similar case):

1
V—ﬂ/dxl---dxm\Wz(,h)(T;Xl;---;X2l)| <

< C"|/\(l€,8)2|n’y_h(n_1) H ,y—(hv—hu/)(nu—l—i-zv) ,

v not e.p.

(3.11)

where v' is the vertex immediately preceding v on 7, n, is the number of endpoints following v on
7 and 2z, = 1 if n, =1 and 0 otherwise. In deriving (3.11) we have used that, if v is a vertex with
n, = 1 (tadpole contribution), to such vertex is associated

A
25 [ [ avitan - )ity ool - 9) (3.12)
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where we have used that the contraction of ¥t+T or ¥y=¢~ in Y is vanishing by momentum
conservation; then we can bound the kernel of (3.12) using the propagator gf,’f;)(x —vy) to integrate
over the coordinates (instead of the interaction) , so obtaining the bound CA(kB3)2V 1y~ k.

Then, proceeding as in §3.14 of [BM], one can sum over 7 and the bound (3.14) is proved; moreover
by proceeding as in §3.3 it is easy to see that we can extract a factor O(V 1) from each kernel
Wi,
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