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CHAPTER VII

Analyticity, singularity and phase transitions

x7.1 Polymers

There are various instances in which the construction of theGibbs dis-
tributions can be performed in great detail, almost completely explicitly,
allowing us to answer satisfactorily to questions concerning, for instance,
mixing rates of Gibbs states and smoothness of their dependence on the
potential.
The methods are based on series expansions and on the use of recurrence

relations to put bounds on their addends: they apply really quite gener-
ally for Gibbs states on one-dimensional lattices but they can be extended
to Gibbs states on lattices of dimension higher than 1 only atthe cost of
severe restrictions. We devote the present chapter to a discussion of such
methods and to an attempt to present various results from theuni�ed view-
point which is the polymer theory and the associatedcluster expansion, a
more modern term to indicate a method based on equations wellknown in
Statistical Mechanics under the name ofKirkwood-Salsburgequations and
Mayer-Montroll equations, see [Ga00] and appendix to the following Section
x(7.2).

Let B be the space of the potentials � for f 0; : : : ; ngZ
T , cf. de�nition (5.1.1)

and remark the change in notation: in this chapter we denote the space
of the potentials with script B's with appropriate labels when necessary to
avoid confusion with the many constantsB appearing in the bounds that we
discuss. It is natural to ask for regularity properties of the function P(�);
hence we set the following de�nition.
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214 x7.1: Polymers

(7.1.1) Def inition:D 7:1:1 (Smoothness and analyticity of Gibbs distributions)
Let B be the space of the potentials for symbolic dynamics of de�nition
(5.1.1) and let eB be a subspace inB large enough to contain the spaceB0 of
potentials vanishing for all setsX except for the translates of a single set
X 0, cf. Section x6.1.
(i) We say that � ! P(�) is Ck smooth near � 2 eB on the subspaceeB if
the pressureP(�) and the corresponding Gibbs distribution� � 2 G(�) are
smooth of classCk on eB. This means that for all V � Z, � V 2 f 0; : : : ; ngV

T

and 	 1; : : : ; 	 d 2 eB the functions of � 1; : : : ; � d

P(� +
dX

j =1

� i 	 i ); �
�+

P d

j =1
� i 	 i

(CV
� V

) (7:1:1)e7:1:1

are smooth of classCk and, respectively, of classCk � 1 in the variables
� 1; : : : ; � d in a neighborhood of the origin ofRd.
(ii) We say that � ! P(�) is analytic near � on the subspaceeB if the
functions in (7.1.1) are analytic near the origin.

Remarks: (1) To clarify the above settings we note that in applications
relevant for us eB will be a subspace consisting of potentials verifying some
extra condition besides that of being in B: for instance that some other
norm is also �nite or small (see the examples in Sectionx(7.2)) besides the
stability condition expressed by the �niteness of the norm in (5.1.5).
(2) The spaceB0 was used in Sectionx6.1 in the course of the proof that
knowledge of the � {derivatives of P(� + � 	) at � = 0 yields the trans-
lation invariant Gibbs distribution � � at least when the latter is unique,
cf. (6.1.14), (6.1.33) and proposition (6.1.2). Furthermore existence of the
derivative for all 	 2 B0 implies uniqueness of the translation invariant
Gibbs distribution; and continuity in � of the derivatives i mplies continuity
of the probabilities � � (CJ

� J
), hence of the Gibbs distribution as a function

of �.

We shall discuss here a few rather general propositions about smooth or
analytic �-dependence of � � which will also be useful for applications to
dynamical systems. We have in mind providing an example of the construc-
tion of an SRB distribution and of the analysis of its regularity (analyticity)
in nontrivial case exhibiting what is called spatio{temporal chaos. For this
purpose it will be eventually necessary to consider symbolic dynamics on
lattices Zd+1 with d � 0 (where the �rst d coordinates representspaceand
the last time). We follow the custom of calling the symbols� of symbolic
dynamics spins: if the number of values that the symbols can assume is
n +1, say � 2 f 0; 1; : : : ; ng, we shall call the space 
 = f 0; 1; : : : ; ngZd +1

the
con�gurations space of a n

2 spin system on a (d + 1){dimensional (square)
lattice. Hence the following de�nition will be useful.

(7.1.2) Def inition:D 7:1:2 (Potentials for spin systems onZd)
A compatibility matrix for a d{dimensional lattice n

2 -spin system is a func-
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tion T�; f � 1 ;:::;� 2d g = 0 ; 1 of 2d + 1 symbols (spins) in f 0; : : : ; ng: a se-

quence� 2 f 0; : : : ; ngZd
labeled by the points inZd is called T{compatible

if
Q

� 2 Zd T� � ;f � � i g2d
i =1

= 1 , where the 2d nearest neighbors of� are labeled
by i = 1 ; : : : ; 2d (so that one has j� i � � j = 1 for i = 1 ; : : : ; 2d). The
T{compatible sequences will be denotedf 0; : : : ; ngZd

T and f 0; : : : ; ngX
T will

denote the possible restrictions toX of T{compatible sequences� .
We shall say thatT is transitive on the vacuum if T0;f � i g2d

i =1
= 1 for any

choice of the labels� 1; : : : ; � 2d.
Let B be the space of the sequences� = f � X gX � Zd parameterized by the

�nite subsets of Zd, consisting in the functions � X : f 0; : : : ; ngX
T ! R such

that, having setk� X k = max � 2f 0;:::;n gX j� X (� )j, one has1
N 7:1:1

k� k � sup
� 2 Zd

X

X 3 �

k� X k < + 1 : (7:1:2)e7:1:2

We shall say that B is the space of thepotentials on f 0; : : : ; ngZd

T � 

and we can de�ne A � via (5.1.6), and U0

� (� � ) via (5.1.11), with the new
meaning of X; � ; � ; � . We say that the interaction is a particle potential if
T is transitive on the vacuum and� X (� X ) = 0 if � j = 0 for some j 2 X .
We say that a probability distribution � on 
 is a Gibbs distribution for
the potential � 2 B if for all �nite � � Zd the conditional probabilities
for �nding � � in � given � � c in the complement of � veri�es the DLR
equations (5.1.9).
If � is invariant under translations the pressure P(�) can be de�ned by
the limit in (6.1.1) and it can be checked to verify proposition (6.1.1) by
adapting its proof to the new context.

Remark: The values of the symbols � have no a priori meaning and
they will occasionally be di�erent from 0 ; : : : ; n (e.g. 1; : : : ; n or other non-
numerical symbols).

The analysis of the regularity of P(�) and of the Gibbs distributions � � for
spin systems inZd, when they are uniquely de�ned, will be done gradually.
In the casesd > 1, unlike what we saw ford = 1, cf. proposition (5.2.1), we
shall have to impose rather strong conditions on �. We begin by studying
general representations of sums of the form

Z � (�) =
X

� 2f 0;1;:::;n g�

e�
P

Y � �
� Y ( � Y ) ; (7:1:3)e7:1:3

where the potentials � are not even supposed to be translation invariant and
� denotes a �nite subset of arbitrary shape contained in a d{dimensional
lattice Zd. The following de�nition will be used below.

1 Note that the norm de�ned in (7.1.2) is not the same as in (5.1. 5).
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216 x7.1: Polymers

(7.1.3) Def inition:D 7:1:3 (Tree length of a set)
Given a �nite subset X � Zd consider the trees2 that have all the pointsN 7:1:2
of X as nodes. We call such treesspanning treesfor X . The length of a
tree # will be the sum� # (X ) of the lengths of its branches. The minimum
value of � # (X ) will be called thetree length of X or the tree distanceof the
points of X , and it will be denoted by� (X ).

Remarks: (1) If d = 1 one has � (X ) = diam( X ) and if X is an interval
� (X ) = jX j � 1.
(2) The number of di�erent trees is of the order of jX j! if jX j is the number
of points of X ; see problems at the end of the section.

Consider a function 
 ! � (
 ) de�ned on the �nite sets ; 6= 
 � �: we call
the sets 
 polymers and � (
 ) their activities. The following key restriction
will be assumed

j� (
 )j � b2
0� 2j 
 j

0 e� 2� 0 � ( 
 ) def
= z(
 )2; (7:1:4)e7:1:4

where� 0; b0; � 0 > 0 and � (
 ) is the tree lengthof the set 
 . The length scale
� � 1

0 > 0 can be considered, as we shall see below, to be an estimate ofthe
size of the polymers. The quantity j
 j denotes the number of points in
 .
The 2 in the exponents is there for esthetic reasons (i.e. to obtain (7.1.30)
below) while the subscript 0 is for easier reference in what follows.

If k(d; � 0)
def
= 2 e

P
06= � 2 Zd e� � 0 j � j and B0

def
= 2 b0 then (7.1.4) implies (see

also problem [7.1.1])

sup
� 2 Zd

X


 3 �;� ( 
 ) � r

j� (
 )j1=2 � B0� 0e� � 0
2 r if � 0 k(d; � 0

2 ) < 1: (7:1:5)e7:1:5

Note that k(d; � 0) = O(� � d
0 ) for � 0 small and k(d; � 0) = O(e� � 0 ) for � 0

large.

(A) Remarkable algebraic identities.

A natural adaptation, see [GK70], of an original method of proof of smooth-
ness of the functions in (7.1.1), [Ru69], led to the following algebraic ap-
proach, which has become widely known ascluster expansionafter having
been rediscovered several times in the span of a decade or two.

Consider the set of�nite polymer con�gurations � = f 
 1; : : : ; 
 n g in which
the polymers 
 i are allowed to overlap and even to coincide. Formally one
such con�guration is (therefore) a function 
 ! �( 
 ) with non negative
integer values such that

P

 �( 
 ) � N (�) < 1 . The number �( 
 ) will be

called the multiplicity of 
 in �. The just introduced con�gurations can be

2 Given a set of points � 1 ; : : : ; � n we call tree on � 1 ; : : : ; � n a graph without loops con-
necting all the points. The points are called the nodes (or vertices) of the tree, while
the lines connecting the nodes are sometimes called branches. The number of lines is
n � 1. A connected set of lines is called a path: given any two nodes of the tree there is
only one path connecting them.
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addedby setting (� 1 + � 2)( 
 )
def
= � 1(
 ) + � 2(
 ) and, if � 1(
 ) � � 2(
 ), they

can also besubtracted.
Given a polymer con�gurations � we denote

e� the set of polymers 
 such that �( 
 ) > 0; (7:1:6)e7:1:6

hence e� is the support of � and it consists of the polymers that are in �,
each counted without taking multiplicity into account. If a ll polymers 
 2 e�
are contained in a set � we say that � is contained in � and write � � �. If
�( 
 ) = 0 ; 1 we say that � is a polymer con�guration without multiplicities
and we write also (improperly) � = e�. The case �( 
 ) � 0 for all 
 will also
be allowed and it will be called thevacuumor the empty con�guration (and
it will be denoted with ; ).

Let F be the space of real valued functions 	 of the polymer con�gurations
� ! 	(�) such that sup N (�)= n j	(�) j < 1 for all n � 0. Let F0; F1 be
the subspaces ofF consisting in the functions 	 such that 	( ; ) = 0 or
	( ; ) = 1, respectively.
Given 	 1; 	 2 2 F we de�ne the convolution product 	 1 � 	 2 by

	 1 � 	 2(�) =
X

� 1 +� 2 =�

	 1(� 1)	 2(� 2); (7:1:7)e7:1:7

which is always a sum over �nitely many addends. Note that if we de�ne
1(�) = 1 if � = ; and 1(�) = 0 otherwise the function 1 so de�ned is in F1

and 1 � 	 � 	 � 1 � 	 for all 	 2 F , i.e. 1 is the identity for the product
in (7.1.7).
The functions in F1 have the form 	(�) = 1(�) + 	 0(�) with 	 0 2 F 0. If

	 2 F 0 (i.e. 	( ; ) = 0) we de�ne the exponential

(Exp	)(�) =
X

n � 0

1
n!

	 n (�) =

= 1(�) +
X

n � 1

1
n!

X

� 1 + ::: +� n =�

	(� 1) : : : 	(� n );
(7:1:8)e7:1:8

where the power 	 n is intended in the sense of the product in (7.1.7) and

we set 	 0(�)
def
= 1(�). For each � the sum in the r.h.s. of (7.1.8) involves

only a �nite sum.
The logarithm can also be de�ned onF1: if 	 2 F 1 and 	 = 1 + 	 0 with

	 0 2 F 0 then we set

(Log	)(�) =
X

n � 1

(� 1)n +1

n
	 n

0 (�) =

=
X

n � 1

(� 1)n +1

n

X

� 1 + ::: +� n =�

	 0(� 1) : : : 	 0(� n );

(7:1:9)e7:1:9
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where the sum is �nite and Log 	 2 F 0; one has also Log Exp 	0 � 	 0 for
all 	 0 2 F 0 and Exp Log 	 = 	 for all 	 2 F 1. Furthermore Exp(	 1 +
	 2) � Exp(	 1) � Exp(	 2) if 	 1; 	 2 2 F 0.
Let � (�) be a multiplicative function i.e. a function such that � (� 1 +� 2) =

� (� 1)� (� 2). A notable example is the function � V (�) = 1 if all 
 2 � are
contained in V (i.e. if � � V ) and 0 otherwise. The following properties
are, as we shall see, the main reason for introducing the above convolution
property:

X

�

(	 1 � 	 2)(�) � (�) =
� X

�

	 1(�) � (�)
�� X

�

	 2(�) � (�)
�

;

X

�

(Exp	)(�) � (�) = e
P

�
	(�) � (�) for all 	 2 F 0;

(7:1:10)e7:1:10

provided
P

� j	 i (�) j < 1 and � is multiplicative and bounded.

(B) An application: converting a sum of exponentials into an exponential of
a sum.

Given a polymer con�guration � we de�ne its total activity � (�) simply as
the product of the activities of the polymers in � each counted according
to its multiplicity �( 
 ), i.e.

� (�) =
Y


 2e�

� (
 ) �( 
 ) : (7:1:11)e7:1:11

The function � (�) is in F1 and

� (� 1 + � 2) � � (� 1)� (� 2); (7:1:12)e7:1:12

so that it is a multiplicative function.
Therefore we can de�ne the partition function Z (�) for the con�gurations

� = f 
 1; : : : ; 
 qg of nonoverlapping polymersin � as

Z (�)
def
=

X

� � �
�= f 
 1 ;:::;
 q g ; 
 i \ 
 j = ;

� (�) ; (7:1:13)e7:1:13

where the caseq = 0 represents the contribution arising from the empty
con�guration and it is, by de�nition, a term in the sum equal t o 1.
We shall say that a polymer con�guration � = f 
 1; : : : ; 
 n g is compatible

if no overlapping occurs,i.e. if 
 i \ 
 j = ; for all i 6= j . Hence (7.1.13) is a
sum over compatible polymer con�gurations.
The partition function Z (�) can be written by considering the func-

tion ' (�) = 1 if � contains no pairs of overlapping polymers or if
� = ; and ' (�) = 0 otherwise, which is also a function in F1. Calling

' T (�)
def
= (Log ' )(�) we get

Z (�) =
X

�

' (�) � (�) � � (�) = e
P

�
' T (�) � (�) � � (�) ; (7:1:14)e7:1:14
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if
P

� � � j' T (�) jj � (�) j < 1 , cf. (7.1.10), because the functions� (�) and
� (�) are multiplicative.

Remarks: (1) It is interesting to see what the above formulae mean in the
simple case in which � consists of a single point. In this casethere is only

one polymer � and we can call its activity � (� )
def
= z. The polymer can be

repeated several times in a polymer con�guration � and we can denote by
n� the polymer � consisting of � repeatedn times. Then (7.1.14) becomes
the elementary relation Z (� ) = (1 + z) = elog(1+ z) , hence

' T (n� ) =
(� 1)n +1

n
: (7:1:15)e7:1:15

Therefore (7.1.14) is a natural generalization of this elementary formula and
it achieves the feat of expressing a sum as the exponential ofa sum (i.e. it
is an algorithm to evaluate a logarithm).
(2) Note that ' T is a purely combinatorial function (see equation (7.1.22)
for a more explicit expression), while� (
 ) veri�es the bounds (7.1.5) if � 0,
see (7.1.4), is small enough.

(C) An example of cluster expansion.

The following proposition holds.

(7.1.1) Proposition:P 7:1:1 (Polymers and cluster expansion)
Let � � Zd be a �nite set and let 
 ! � (
 ) be a polymer activity, for
polymers 
 � � , verifying, cf. (7.1.4),

j� (
 )j � b2
0� 2j 
 j

0 e� 2� 0 � ( 
 ) def
= z(
 )2; (7:1:16)e7:1:16

for some b0; � 0; � 0 > 0. Suppose that one has (cf. (7.1.5))
�
(1 + B0)eB 0 � 0 + k(d; � 0=2)

�
� 0 < 1; (7:1:17)e7:1:17

with B0 = 2 b0. Then the sumZ (�) in (7.1.13) can be expressed as

Z (�) = exp
X

� � �

' T (�) � (�) ; (7:1:18)e7:1:18

where � is a polymer con�guration (not necessarily such that e� � � ). And
the functions ' T (�) satisfy

sup
� 2 �

X

� 3 �;� (�) � r

j' T (�) jj � (�) j < B 0 � 0 e� � 0
2 r : (7:1:19)e7:1:19

Proof: De�ne the di�erentiation operation as

(D � 	)( H )
def
= 	(� + H )

(� + H )!
H !

(7:1:20)e7:1:20
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with �! =
Q


 2e� �( 
 )!. The name is attributed because of the validity of

the following rules3
N 7:1:3

D 
 (	 1 � 	 2) = ( D 
 	 1) � 	 2 + 	 1 � (D 
 	 2);

D � (	 1 � 	 2)
�!

=
X

� 1 +� 2 =�

� D � 1 	 1

� 1!

�
�

� D � 2 	 2

� 2!

�
;

D 
 Exp	 = D 
 	 � Exp	 ;
D � Exp	

�!
=

X

n � 1

1
n!

X

P n

i =1
� i =�

� Y

i

D � i 	
� i !

�
� (Exp	) :

(7:1:21)e7:1:21

The second relation above,Leibniz rule, follows from the combinatorial iden-
tity

P
p1 + p2 = n

� q1
p1

�� q2
p2

�
=

� q1 + q2
n

�
for all n; q1; q2 with n � q1 + q2.

The above de�nitions allow us to derive an expression for' T (�) which is
quite explicit and which has the merit of implying immediate ly that ' T (�)
vanishes for nonconnected �'s.4N 7:1:4

Given � = f 
 1; : : : ; 
 n g consider the graphG visiting all points 1 ; : : : ; n
(i.e. with nodes 1; : : : ; n) and with edges connecting all pairsi; j such that

 i ; 
 j overlap. Then one can prove (see problem [7.1.6]) that one has

' T (�) =
1
�!

X

C � G

(� 1)number of edges in C ; (7:1:22)e7:1:22

where the sum runs over all connected subgraphsC of G which visit all the
n points 1; : : : ; n. This expression, Mayer's coe�cients formula, immedi-
ately implies that ' T (�) = 0 unless � is connected. Note that if we de�ne

' (�)
def
= � (�) ' (�) and ' T = Log ' then ' T (; ) = 1 and (of course)

' T (�) = � (�) ' T (�) : (7:1:23)e7:1:23

There are important cancellations between the various terms in (7.1.22):
the cancellations are essential to show that the sum in (7.1.22) adds up to a
quantity that is much smaller than the number of terms in the sum (which
if of the order of 2n 2 =2 if � consists of n polymers).
Existence of cancellations can be proved in several ways: for instance,

following a method introduced by Ruelle who called it algebraic method,
[Ru69], by taking advantage of recursive relations well known in the theory

3 One should realize that the check of the above relations, whi ch is left to the reader,
can be reduced to the case in which � = n
 , i.e. to the case in which there is only one
polymer species 
 ; in the case of the �rst relation it is useful to consider the g enerating
function F (z) =

P 1
n =0

zn D 
 (	 1 � 	 2 )( n
 ) �
P

n
(n+1) zn (	 1 � 	 2 )(( n+1) 
 ) and verify

that the relation becomes the ordinary di�erentiation rule for a product of functions of
z.

4 Here we say that � is connected if given any pair 
; 
 0 2 � there is a sequence 
 1 =

; 
 2 ; : : : ; 
 k = 
 0 such that �( 
 i ) > 0 and 
 i intersects 
 i +1 .
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of the Kirkwood-Salsburg equations in statistical mechanics, [Ga00]. Note
that if 	( ; ) 6= 0 and 	(�) = 0 for �! 6= 1 ( i.e. � 6= e�) then one can de�ne
a unique 	 � 1 such that 	 � 1 � 	 = 1. Then we can consider the quantity

� � (H ) = ( ' � 1 � D � ' )(H ) =
X

H 1 + H 2 = H

' � 1(H1) ' (� + H2); (7:1:24)e7:1:24

where ' = �' and ' is de�ned before (7.1.14). It is important to note that
D � ' (H2) = ' (� + H2) because ' (� + H2) vanishes if (� + H2)! > 1, so
that (� + H2)!=H2! � 1 when ' (� + H2) 6= 0 Therefore � � (H ) = 0 if � is
not compatible (while H needs not be compatible because �[ H2 and H1

could be compatible even thoughH is not).
Since ' (
 1; : : : ; 
 n ) =

Q
i<j (1 + g(
 i ; 
 j )) with g(
; 
 0) = � 1 if 
 \ 
 0 6= ;

and g(
; 
 0) = 0 otherwise, we can write

' (
 + � + H2) = � (
 ) ' (� + H2)
Y


 02 H 2

(1 + g(
; 
 0)) =

= � (
 ) ' (� + H2)
X �

S� H 2

(� 1)N (S) ; (7:1:25)e7:1:25

if H2 is without multiplicities and 
 is compatible with �; the � on the last
sum means that it is a sum over the setsS of polymers all of which are
incompatible with 
 . Setting H2 = S + H3 we get

� 
 +� (H ) = � (
 )
X �

S� H

(� 1)N (S)
X

H 1 + H 3 = H � S

' � 1(H1) ' (� + S + H3) =

= � (
 )
X �

S� H

(� 1)N (S) � S+� (H � S); (7:1:26)e7:1:26

if 
 is compatible with �.
In the sum the term with S = ; must be included and � ; (H ) = 1(H ) is

the correct interpretation of the symbols arising in this case.
Equation (7.1.26) determines � � (H ) with N (�) + N (H ) = m + 1 in terms

of � � (H ) with N (�) + N (H ) = m for m = 1 ; 2; : : :, making the following
useful estimate possible. Let

I m � sup

 1 ;:::;
 q
m � q � 1

X

H : N (H )= m � q

j� f 
 1 ;:::;
 q g(H )j
qY

i =1

z(
 i )� 1: (7:1:27)e7:1:27

Summing (7.1.26) overH we see, ifp denotes a point in the lattice, that
I m +1 is the supremum of

X

H : N (�)+ N (H )= m

j� 
 +� (H )j z(
 + �) � 1 �
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�
X

H : N (�)+ N (H )= m

X �

S� H

j� �+ S (H � S)jz(
 + �) � 1 j� (
 )j � (7:1:28)e7:1:28

� z(
 )
X �

S : N (S) � m � N (�)

I m z(S) � z(
 ) I m

X

n � 0

1
n!

� X


 0\ 
 6= ;

z(
 0)
� n

�

� z(
 ) I m exp(
X

p2 


X


 03 p

z(
 0)) � z(
 ) I m exp
�

j
 j max
p

X


 03 p

z(
 0)
�

� z1(
 )I m ;

with (see (7.1.4) and (7.1.5))

z1(
 ) = b0� j 
 j
0 e� � 0 � ( 
 ) e

j 
 j max p

P

 03 p

z( 
 0)

� b0� j 
 j
0 e� � 0 � ( 
 ) eB 0 � 0 j 
 j = z(
 )eB 0 � 0 j 
 j ;

(7:1:29)e7:1:29

if k(d; � 0
2 )� 0 < 1 and B0 = 2 b0.

If q = 1 the polymer con�guration H must contain at least one polymer so
that � ; (H ) = 1(H ) = 0: this allows us to estimate I m inductively starting
from I 1. Indeed if � 0eB 0 � 0 < 1 and 2b0� 0eB 0 � < 1, as assumed in (7.1.17),
one has (since � ; (H ) = 1(H ) = 0 for H 6= ; ) z1(
 ) � 1

2 and I 1 � 1
2 . Hence

I m � 2� m for all m � 1: (7:1:30)e7:1:30

The bound allows us to estimate ' T because the third in (7.1.21) implies

� 
 (�) = ( ' � 1 � D 
 ' )(�) = D 
 ' T (�) = ' T (
 + �)
(
 + �)!

�!
; (7:1:31)e7:1:31

hence, making use of the above bound (7.1.30), we get

X

�

j ' T (
 + �) j �
X

m � 1
� : N (�)= m � 1

j� 
 (�) j � z(
 )
X

m � 1

I m : (7:1:32)e7:1:32

Likewise we can bound, by (7.1.5),

X

� 3 p

j ' T (�) j �
X


 3 p

X

�

j ' T (
 + �) j � B0� 0: (7:1:33)e7:1:33

Finally a bound that is useful in studying the mixing propert ies of the Gibbs
distribution � � is a bound on the sum

P
� 3 p : � \ Q6= ; j ' T (�) j, whereQ is any

set in Zd. Let r be the distance betweenp and the set Q: proceeding in an
analogous way we �nd, cf. (7.1.5),

X

� 3 p : � \ Q6= ;

j ' T (�) j � B0� 0 e� � 0 r= 2: (7:1:34)e7:1:34

Taking as Q in (7.1.34) the set of point � such that j� � pj > r we obtain
(7.1.19). This completes the check of proposition (7.1.1).
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An immediate corollary to the above proposition is the following result.

(7.1.1) Corollary:C 7:1:1 (Smoothness and polymer expansion)
Under the assumptions of proposition (7.1.1) suppose that the polymer activ-
ity depends on a parameter� and that its � -derivative @� � (
 ) is continuous
and veri�es a bound

j@� � (
 )j < b0
0� aj 
 j

0 e� a� 0 � ( 
 ) ; (7:1:35)e7:1:35

with b0
0; a > 0 and j
 j equal to the number of points in the polymer
 .

Then for � 0 small enoughj� j � 1 logZ (�) is continuously di�erentiable in �
uniformly in � and if � (
 ) is translation invariant the limit as � ! 1 of
j� j � 1 logZ (�) is given by

P = lim
� !1

j� j � 1 logZ (�) =
X

� 3 0

' T (�) � (�)
jn(�) j

: (7:1:36)e7:1:36

where n(�) is the number of distinct lattice points in the polymers of� .
Likewise if � (
 ) is analytic in the parameter � and for � in a complex

domain the inequality

j� (
 )j � b0� aj 
 j
0 e� a� 0 � ( 
 ) (7:1:37)e7:1:37

holds thenj� j � 1 logZ (�) is analytic in � in the same complex domain for
all � and, in the translation invariant case, P is also analytic.

Remarks: (1) In the bounds (7.1.35) and (7.1.37) it is important that
there is a factor � aj 
 j

0 for somea > 0: a will in general be a < 2 if � veri�es
the bound in (7.1.4). In fact one imagines that \part" of the c onstants in
(7.1.4) is used up in order to check bounds like (7.1.35) and (7.1.37): the
derivative @k

� � (
 ) can be often bounded proportionally to j
 jk j� (
 )j, so that
the smaller exponenta accounts for the necessity of bounding the extraj
 jk

that may arise in attempting to di�erentiate with respect to parameters.
For instance this happens if in the examples studied in Section x(7.2) one
replaces the potential � with � � with � a parameter. A paradigmatic ex-
ample, not discussed here, has been a case in which the polymers 
 are the
vertices of closed contours, joining points on the latticeZ2, of length j
 j
and � (
 ) = e� � j 
 j : the latter problem arises in the Ising model theory as
developed in [MS67], see [Ga00] and [GMM73].
(2) Likewise in (7.1.37) the initial exponential decay � 2j 
 j

0 may be partially
used to bound thek-th derivative of � dimensionally (i.e. by Cauchy's the-
orem).

In the following section we apply the above propositions andcorollary to
derive some notable results on the theory of Gibbs states.

Problems for x7.1

[7.1.1]:Q 7:1:1 (Tree length properties )

Let 
 be a set in Zd and let � (
 ) be the tree length of 
 . Given � > 0 estimate the sum
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P


 3 0
� j 
 j e� �� ( 
 ) def

= B for � small enough and determine the dependence of B on �; d .

(Hint: The sum over 
 can be written as the sum over q � 0 of q!� 1 times the sum over
the ordered q{ples ( � 1 ; : : : ; � q ) of points in Zd and e� �� ( 
 ) can be bounded by the sum
over the trees # with q + 1 nodes labeled 0; � 1 ; : : : ; � q of e� �� # (0 ;� 1 ;:::;� q ) , where � # (
 ) is
the tree length of 
 measured on the particular tree #, hence � # (
 ) � � (
 ). The sums over
� i can be performed one by one starting with the external nodes of the tree . Exploit the
fact that the number of trees with n nodes is bounded by en n!: a more precise estimate
is derived in the following problems.)

[7.1.2]:Q 7:1:2 (Taylor formula )

For u real let us set u � �
Q


 2 e� u �( 
 ) . If 	 2 F , with
P

�
j 	(�) j < 1 , de�ne, for v

real, 	 v =
P

�
v �

�! D � 	; check that one has 	 v + u (H ) �
P

�
u �

�! D � 	 v (H ).

[7.1.3]:Q 7:1:3 (Counting rooted trees )
Given n unit oriented segments labeled 1 ; 2; : : : ; n , call origin v of a segment the starting
point of the segment (in the order established by its orienta tion); the other extreme will
be called the endpoint of the segment. Fix a priori one of the segments (called root
branch) and put it on the plane with its endpoint at the origin of the p lane. Proceed by
putting down on the plane one after the other in all possible w ays the remaining n � 1
segments attaching their endpoints to the origins of the seg ments that have already been
put down. The resulting graph will be called a rooted tree . The starting points of the
segments will be called nodes v of the tree, and dv � 1, dv � 1, will denote the number of
segments that enter the node v (dv is the branching number of v). Show that the number
of distinct rooted trees that can be formed with the given seg ments is bounded by cn n!,
for some constant c (e.g. c = 4 would be a possible choice; more re�ned estimates are in
the following problems).

[7.1.4]:Q 7:1:4 (Counting spanning trees )
Given a set � of points on the plane, labeled 1 ; 2; : : : ; n , consider the set of spanning trees
# for �, i.e. the set of graphs without loops connecting the points. The po ints represent
the nodes of the trees #; for each node v of the tree we denote with dv the number of
branches that are incident with the node v; one has dv � 1 and

P
v

dv = 2( n � 1).
The numbers dv will be called branching numbers of the tree. Show that the number of
distinct trees that can be formed with �xed branching number s f dv g is

(n � 2)!Q
v

(dv � 1)!
:

(Hint: Each branch connecting two nodes v and v0 can be considered as a contraction
of a line coming out from the node v (exiting line) with a line entering into the node v0

(entering line). There must be always a node, say v0 , with branching number dv0 = 1,
so that we can orient all the lines in such a way that they point toward such a node v0 :
then we can imagine a tree as obtained by contracting n � 1 exiting lines with n � 1
entering lines. If ev and cv denote the number of lines entering and, respectively, comi ng
out from the node v, one has ev0 = 1 and cv0 = 0, while all the other nodes have at least
one exiting line, so that 8v 6= v0 one has cv = 1 and ev � 0; one has dv = ev + cv . Call C
the set of exiting lines and E the set of entering lines, and call E 0 the set obtained from
E by neglecting the line entering the node v0 ; one has jE j = jE 0j + 1 =

P
v

ev = n � 1
and jCj =

P
v

cv = n � 1. Then a tree # can be obtained as follows. Consider the subset
C1 of C formed by the lines coming out from the nodes v with ev = 0: choose a line in
C1 and contract it with any line in E 0, then choose another line in C1 and contract it
with another line in E 0, and so on until we exhaust all lines in C1 . Then consider the
subset C2 of C formed by the lines coming out from the nodes with ev � 1 such that all
the entering lines have been already contracted: choose a li ne in C2 and contract it with
any uncontracted line in E 0, and so on until all lines in C2 have been contracted. Then
de�ne C3 as the subset of C formed by the lines coming out from the nodes with ev � 1
such that all the entering lines have been contracted along o ne of the previous steps, and
so on: we iterate the construction until there will be left on ly one uncontracted line in
C: such a line will necessarily have to be contracted with the l ine entering v0 . In this
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way we would have obtained ( n � 2)! trees (as n � 2 is the number of elements in E 0),
but we have still to divide such a number by 1 =

Q
v 6= v0

ev ! = 1 =
Q

v
(dv � 1)! to avoid

overcounting and obtain the right counting of distinct tree s, as contraction of a line in C
with any line in E entering the same node produce the same tree.)

[7.1.5]:Q 7:1:5 (Cayley's formula )
Count the total number of rooted trees with n branches showing that it is given by nn � 2 .
(Hint: Use the multinomial formula

X

n 1 ;:::;n p � 0
n 1 + ::: + n p = n

n!

n1 ! : : : n p !
xn 1

1 : : : x
n p
n p = ( x1 + : : : + xp )n ;

and the result of the previous problem.)

[7.1.6]:Q 7:1:6 (Mayer coe�cients )
Let � = f 
 1 ; : : : ; 
 qg be a polymer con�guration. Regard the �( 
 ) copies of each polymer
contained in � as distinct by adding to each 
 2 � an extra label 1 ; 2; : : : ; �( 
 ). De�ne
gij = � 1 if the polymer 
 i is incompatible with the polymer 
 j and gij = 0 otherwise.

Consider the function ' (�) =
Q

i<j
(1+ gij ) and prove that ' (�) � ' (�)

�! = (Exp ' T )(�),

where ' T is de�ned by the r.h.s. of the �rst relation in (7.1.22), i.e. ' T = Log ' . (Hint:
Note that by using (7.1.22) as a de�nition of ' T

' (�) =
Y

i<j

(1 + gij ) =
X

k

X

C 1 ;:::;C k unordered
C 1 + ::: + C k =�

Y

j

(Cj ! ' T (Cj )) =

=
X

k

1

k!

X

C 1 ;:::;C k ordered
C 1 + ::: + C k =�

�!Q
j

Cj !

Y

j

(Cj ! ' T (Cj )) = �! (Exp ' T )(�) ;

if one collects together terms which are di�erent because of the arti�cial distinction of
the multiply repeated polymers.)

Bibliographical note for x7.1

The algebraic method followed in this section to obtain the considered
estimates is due to Ruelle (see p. 86 in [Ru69]).
The notion of tree distance of the points of a set � has been introduced as

a concept relevant for the theory of Gibbs distributions in the [DJS73].
The cluster expansion based on polymer expansions, introduced in [GK69],

has been applied to several problems for instance the in�nite volume limit
(infrared problem) in the scalar �eld theories ' 4

d in dimension d = 2 ; 3,
see [GJS73], [MS76], [OS73] and the remarkable lectures [Ec75]. Another
example is the proof of the area law for the Wilson loop in a simple lattice
gauge theory [GGM78]. One can also mention the microscopic theory of
phase coexistence, see [MS67], [GMM73], [Ga72a] and developed in great
detail later, see for instance [Mi95]. Problems on large deviations in the
theory of Gibbs states can also be solved quite easily by the method, see
[GMM78], [GLM02].
Here we have adopted the method of [GK78] following in detailthe version

used in [GMM73].
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x7.2 Cluster expansions

A �rst answer to the question raised at the beginning of Section x7.1 is
obtained in the cased = 1, i.e. of one-dimensional systems, in whichT is a
(n + 1) � (n + 1) compatibility matrix which is mixing and transitive on t he
vacuum (i.e. T0� = T� 0 = 1 for all � = 0 ; : : : ; n, see de�nition (6.4.1)) and
� 2 eB, where eB is the space of translation invariant particles potentials on
f 0; : : : ; ngZ

T (cf. de�nition (6.4.1)). We recall that, in particular, thi s means
that � X (� X ) � 0 if � x = 0 for some x 2 X , thus allowing us to interpret
� x = 0 as the vacuum at site x while � x 6= 0 will be interpreted as indicating
that the site x is occupied by a particle of species� x .
More generally we shall consider Gibbs distributions on lattices of dimen-

sion d > 1, cf. de�nition (7.1.2).

Before proceeding it is convenient to adopt the notation (h; �) to denote
a potential � 2 eB with

h(� ) = � � (� ) and � � (� ) = 0 ;

� X (� X ) � � X (� X ) for all jX j > 1;
(7:2:1)e7:2:1

i.e. we wish to distinguish between the single-body componenth of � and
its many-body part �.
Furthermore, we shall denote by eBcomplex the space of the translationally

invariant particle potentials which are complex (i.e. such that the compo-
nents of � and h can assume complex values) with the natural norm

k� k = khk + k � k;

khk � max
�

jh� (� )j; k � k �
X

X 3 �; jX j� 2

max
� X

j� X (� X )j; (7:2:2)e7:2:2

i.e. \ eB is the real part of eBcomplex ". Sometimes we shall write eBcomplex (Zd)
instead of eBcomplex to stress that the potential � is an interaction potential
for a d{dimensional spin system.
In the following discussion we shall often allow also single-body components

� � (� ) = h� (� ) which are not translationally invariant ( i.e. h� may depend
on � ) and even not translationally invariant many spins potenti als � X (� ) 6=
� X + � (� ) for � 2 Zd. In such caseskhk and k � k will be de�ned as in (7.2.2)
with a sup� added on the r.h.s.

The following proposition is remarkable and, historically, it has been the
�rst to be proved among many similar ones. It is not really relevant for our
intended applications to dynamical systems. We perform forcompleteness
its analysis in Appendix (7.2).
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(7.2.1) Proposition:P 7:2:1 (Mayer expansion at small activity)
With the just introduced notations let eBcomplex (Zd) be the space of the po-
tentials � = ( h; �) for a d{dimensional n

2 {spin system with a transitive
vacuum (corresponding to� = 0 ) and, possibly, a hard core interaction.1N 7:2:1
De�ne

z
def
=

X

�> 0

e� h ( � ) ; z
def
=

X

�> 0

e� Reh( � ) ; (7:2:3)e7:2:3

where z is such that jzj � z and will be calledactivity . Given c > 0 let

�
def
=

n
� j� = ( h; �) 2 eBcomplex ; z ek � k (1 + ( ek � k � 1) c) < 1

o
: (7:2:4)e7:2:4

(i) There is a constant c, depending only on the matrix T describing the
hard cores, such that the function� ! P(�) , de�ned for � 2 eB, can be
analytically extended from� \ eB to � .2N 7:2:2
(ii) In absence of hard cores and for � 2 eB real analyticity of � ! P(�)
holds under the condition

z ek � k
�

1

1 + zek � k
+ c ek � k (ek � k � 1)

�
< 1; (7:2:5)e7:2:5

where one can takec = 2 n if the spin takesn +1 values. Note that the l.h.s.
of (7.2.5) tend to z=(1 + z) < 1 as k � k ! 0.

Remarks: (1) On � \ eB we shall have that the function � ! P(�) is
analytic in the sense of de�nition (7.1.1).
(2) The proof goes back to Groeneveld, Penrose and Ruelle whotreated
the pair potential case, i.e. the case � X = 0 if jX j > 2. This is a classical
result among the deepest in the theory of Gibbs distributions: it bears many
other consequences that we shall not need and which, therefore, we do not
comment.
(3) The method of proof is generalizable or adaptable to a wide variety of
cases and it is the foundation of most of the really constructive results that
are known in the theory of Gibbs distributions, particularl y in the case of
lattice systems in more than one dimension. For this reason we have stated
the above theoremwithout restricting ourselves to the case of one dimen-
sional spin systems. However condition (7.2.4) is an extremely restrictive
condition which physically means that a sequence� which is typical for
the Gibbs distribution will mostly consist of the symbol 0, i.e. it will be
close to the vacuum. Therefore we shall also be interested inweakening the
restriction, when possible.

1 Cf. de�nition (7.1.1).
2 This means that there exists a function � ! P (�) that coincides on the set of real valued

potentials � \ eB with P (�) = lim
� !1

j � j � 1 log Z � (�) and which is analytic in every point

� of �, i.e. the function ( � 1 ; : : : ; � d ) ! P (� + � 1 	 1 + : : : + � d 	 d ) is analytic near the
origin, for all 	 1 ; : : : ; 	 d 2 eBcomplex . See de�nition (7.1.1).
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(4) If � becomes small and if there are no hard cores in the interactions one
expects that the system,i.e. the distribution � � , approaches the \free" one,
in which the variables � x are independently distributed and e� h ( � ) =(1+ z) is
the probability that � x has value� . Whether this is true or not may depend
on what we mean by \small" �. The last statement in the proposition
shows that this is the case if the size of� is measured by k � k (cf. (7.2.2)):
for this reason the de�nition of k � k is natural and it repeatedly arises
when one tries to control the properties of the distribution � � . Below we
develop the theory in a di�erent direction obtaining result s of this type
but under more stringent conditions on the size of�, i.e. we study cases
which can be immediately reduced to the general analysis in Section x7.1.
For completeness the main elements of the classical proof of(7.2.5) are in
Appendix (7.2) below.

A proposition similar to proposition (7.2.1) but somewhat weaker is an
immediate consequence of the polymer theory analysis of Section x7.1. Re-
calling that � (X ) denotes the tree length of the setX , i.e. the minimal value
of the sum of the lengths of the branches of a tree that spans the setX (cf.
de�nition (7.1.3)), it can be formulated as follows.

(7.2.2) Proposition:P 7:2:2 (Cluster expansion in systems without hard cores
and small activity)
Let eB complex be the space of the particle potentials� = ( h; �) for a lattice
spin system with spin � = 0 ; : : : ; n and without hard cores (cf. de�nition
(6.4.1)). Given � > 0 de�ne

k � k�
def
=

X

X 3 0

max
� X

j� X (� X )j e�� (X ) ; (7:2:6)e7:2:6

and z =
P

�> 0 e� Re h( � ) .

If z is small enough, i.e. z e2(k � k � + b)+1 < " for a suitably small " the Gibbs
distribution � � is analytic in � (cf. de�nition (7.1.1)).

Proof: Consider, for � = f 1; : : : ; N g and � 2 eBcomplex ,

Z � (�) =
X

� 2f 0;1;:::;n g�

e�
P

Y � �
� Y ( � Y ) =

=
X

E � �

X

� E 2f 1;:::;n gE

� Y

� 2 E

e� h ( � � )
�� Y

Y � E

e� � Y ( � Y )
�

;
(7:2:7)e7:2:7

because � 2 eBcomplex implies (by de�nition) � E (� E ) = 0 if � j = 0 for
somej 2 E. We must study the logarithm of Z � (�) and precisely the limit
P(�) = lim

� !1
j� j � 1 logZ � (�): for this purpose we transform the sum (7.2.7)

into an exponential form. This can be done by adding and subtracting 1
in each of the factors of the last product in (7.2.7) turning each factor into
a binomial: then developing the binomial and collecting the \connected
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clusters". The union X of the clusters is contained inE and if we keep it
�xed the same X may arise from any of the choices ofE which contain X :
hence eachX is counted 2j � j�j X j which is the source of various factors 2
below.
The partition function becomes Z � (�) = 2 j � j P

� ' (�) � (�), where � =
f 
 1; : : : ; 
 pg is a polymer con�guration, ' (�) = 1 if the polymers in �
do not overlap (so that in particular �! = 1), ' (�) = 0 otherwise, and
� (�) =

Q

 2 � � (
 ) with � (; ) = 1 and

� (
 ) =
z
2

if 
 is a single point; otherwise:

� (
 ) = h
X �

q; Y 1 ;:::;Y q
[ j Y j = 
; j Y j j > 1

Y

� 2 


ei Im h( � � )
qY

j =1

(e� � Y j ( � Y j ) � 1)i
� z

2

� j 
 j (7:2:8)e7:2:8

where z =
P

�> 0 e� h ( � ) , h�i is the average z�j 
 j P
� 
 > 0

Q
� 2 
 e� Re h( � � ) � ,

the � over the sum recalls that the setsYi must contain chains connecting
any two points of 
 and � 
 > 0 means� � > 0 for all � 2 
 .
One obtains an expression for the partition function in terms of polymers

whose activity can be immediately estimated, cf. (7.2.6), by 3
N 7:2:3

j� (
 )j � (
z
2

e2k � k � +1 ) j 
 j (1 + k � k� )e� �� ( 
 ) : (7:2:9)e7:2:9

which implies (7.1.4) with b2
0 = 1 + k � k� , � 2

0 = z
2 e2k � k+1 and � 0 = �= 2: so

that by taking z small enough we fall under the conditions of applicability
of proposition (7.1.1).4N 7:2:4
The probability � � (CV

� 0
V

) of the cylinder CV
� 0

V
is the limit as � ! 1 of

P
� �

e� U� ( � � ) � V;� 0
V

(� � )
P

� �
e� U� ( � � )

; (7:2:10)e7:2:10

where � V;� 0
V

(� � ) =
Q

� 2 V � �;� 0
�
(� � ) is the characteristic function of CV

� 0
V

.

The ratio can be written (after (7.1.18)) as

exp
� X

�= f 
 1 ;:::;
 q g;
 i 2 �

' T (�)( � V (�) � � (�))
�

; (7:2:11)e7:2:11

3 From jex � 1j � ej x j jx j we bound
Q q

j =1
(e

� � Y j
( � Y j

)
� 1) by ej 
 jk � k 0

Q
j
(j � Y j je�� ( Y j ) )�

e� �� ( 
 ) (because
P

j
� (Yj ) � � (
 )): we use that

P
q� n

xq=q! � ex xn =n! and that

the sum is over q � 1 which implies (7.2.9) after bounding ek � k � j 
 j k � k� j 
 j �

e( k � k � +1) j 
 j k � k� (the addend 1 bounds the contribution from the one point poly mer).

4 Note that (7.2.9) can be interpreted to hold even if z = 0 because h is here real valued.
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where � V (�) =
Q


 2 � � V (
 ) with � V (
 ) de�ned in a way similar to (7.2.8)
with the insertion inside the average of an extra factor

Q
� 2 
 [ V � �;� 0

�
(� � ),

when 
 is not a single point; if 
 = � is a single point � V (
 ) = h� �;� 0
�
(� � )i z

if � 2 V and � V (
 ) = z otherwise. This implies

� V (�) � � (�) if V \ e� = ; ; and j� V (�) j � j � (�) j: (7:2:12)e7:2:12

Therefore we conclude that the limit as � ! 1 of (7.2.11) exists and is
simply given by

� � (CV
� 0

V
) = exp

� X

�

' T (�)( � V (�) � � (�))
�

; (7:2:13)e7:2:13

which is convergent because of (7.2.12), (7.2.9), (7.1.4) and (7.1.19).
The translation invariance of � (�) implies, see (7.1.36), the existence of the

\thermodynamic limit" P(�) = lim � !1 j� j � 1 logZ � (�) and its identity

with the function P(�) =
P

� 3 0
' T (�)
n (�) � (�), where n(�) is the number of

lattice points contained in �, cf. (7.1.36). Analyticity in � follows from
corollary (7.1.1) to proposition (7.1.1).

Remarks: (1) The above proof leads to a result weaker than (ii) of propo-
sition (7.2.1) since it requires absence of hard cores,i.e. T�; f � 0g � 1.
(2) In one dimension, however, the assumption of absence of hard core can
be eliminated as we shall discuss in Sectionx(7.3).
(3) Note that no condition had to be imposed on the imaginary part of
h� (� ).

We now turn to the question of regularity of P(�) without particular as-
sumptions on the size of the activity z. In absence of hard cores the special
role of � = 0 can be eliminated by means of another remarkable immedi-
ate corollary of the polymer cluster expansion which deals with a general
lattice potential, cf. de�nition (5.1.1). The assumption t hat a spin value
(i.e. � = 0) is \privileged" ( i.e. � � (� ); � 6= 0, is large so that the activity z
of (7.2.3) is small) is replaced by the assumption that� is small. To achieve
this we can employ an expansion in which the trivial polymers, i.e. polymers

 with j
 j = 1, are absent. The following proposition shows the possibility,
at least for real valued potentials, of an expansion withouttrivial polymers,
i.e. an expansion in terms of polymers
 with j
 j � 2 whose activity de-
pends necessarily (unlike the trivial polymers cases) on the non-local part
� of the potential. And indeed corollaries will show how the r esults of the
proposition can be implemented in a useful way for this purpose.

(7.2.3) Proposition:P 7:2:3 (Cluster expansion at any activity)
Consider a n

2 -spin system on ad{dimensional lattice Zd and without hard
core interactions. Let � be a complex potential not necessarily translation
invariant and let k� X k = max � X j� X (� X )j and set, for � > 0,

k � k�
def
= sup

�

X

X 3 �; jX j> 1

k� X k e�� (X ) ; b
def
= sup

�
jIm � � j; (7:2:14)e7:2:14
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where � (X ) denotes the tree length ofX .
(i) Whether � is translation invariant or not, the partition function Z � (�)
de�ned as

P
� �

e� U� ( � � ) in (7.2.18) can be expressed formally as

Z � (�) =
� Y

� 2 �

� 1(� )
�

exp
� X

X � �

' T (X )� (X )
�

; (7:2:15)e7:2:15

where � 1(� ) =
P

� e� Re � � ( � ) , X = f 
 1; : : : ; 
 n g is a polymer con�guration,
' T (X ) are the combinatorial functions of X de�ned in (7.1.14), � (X ) =Q


 2 X � (
 ) for suitably de�ned � (
 ), which verify

j� (
 )j � (e2k � k � +2 b+1 ) j 
 j (k � k� + b) � ( 
 ) e� �� ( 
 ) ; (7:2:16)e7:2:16

where � (
 ) is the minimum number of setsY with � Y 6� 0 and jY j � 2
or with jY j = 1 ; Y = � and jIm � � j 6= 0 , necessary to cover
 . Note that
j
 j = 1 implies � (
 ) = 1 , so that in this case� (
 ) � j 
 j.
(ii) (7.2.15) becomes an identity if the series in the exponent is absolutely
convergent.
(iii) If � (
 ) > c j
 j for j
 j > 1 and a suitable0 < c � 1 there exist B; " > 0,
independent of the sizen of the spins, such that ifk � k� + b < "

sup
� 2 Zd

X

eX 3 �;� (X ) � r

j' T (X )jj � (X )j < B " e � �r : (7:2:17)e7:2:17

(iv) Furthermore � (
 ) are analytic as functions of � if � varies in the region
k � k� + b < " . In the translation invariant case the Gibbs distribution � �

is analytic in � .

Remarks: (1) For later developments we stress that the result (ii) holds for
potentials which are not necessarily translation invariant (but which must
admit the translation invariant bound (7.2.14)) and which a re not necessar-
ily real. Furthermore the values of "; B do not depend on the \spin size"
n: the latter remarkable property will be used extensively in the following.
The novelty in the expansion is that there is no special spin value corre-
sponding to the vacuum and therefore no condition of the type z small is
imposed. On the other hand the assumptions demand that all spin inter-
actions should be smallwith the possible exception of the real part of the
single spin interaction � � (� ).
(2) The property � (
 ) > c j
 j for j
 j > 1 can fail if there are setsX with
� X 6� 0 so large to cover large sets
 , i.e. requiring the existence ofc is in
some sense a condition on the range of the potential. Howeverin several
cases of interest the parameter� in (7.2.14) can be adjusted: in such cases
the strong condition � (
 ) > c j
 j can be replaced by� large enough andb
small enough, see also the comments after (7.1.5). This willbe exploited in
one of the corollaries that follows.
(3) It is important to check, while looking at the coming proo f, that the same
theorem holds if the spins that are located at each site� can take a number
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of valuesn� which depends on� and is bounded by someN > 0: this can
be looked at as aon site hard core. This will be a necessary property in
Section x(7.3): in fact it is the key to understand hard core interactions in
one dimension.

Proof: We begin by restricting the sets that we shall call polymers (i.e. the
polymers which have a non-zero activity in the coming polymer expansion
associated with the potential considered): a polymer (withnon-zero activ-
ity) will be a �nite set 
 with the following property.

(\Connectivity") For all pairs �; � 2 
 there is a connecting chainY1; : : : ; Ym

of subsets of
 such that � 2 Y1; � 2 Ym and Yi \ Yi +1 6= ; and, furthermore,
for each Yi there is at least one con�guration � Yi

with � Yi (� Yi
) 6= 0 .

The polymer representation of partition functions stems from the identity

Z � (�) =
X

� 2f 0;1;:::;n g�

e�
P

Y � �
� Y ( � Y ) = (7 :2:18)e7:2:18

=
X

� 2f 0;1;:::;n g�

Y

� 2 �

e� Re � � ( � � )
Y

Y � �

�
(e� � Y ( � Y ) � 1) + 1

�
;

where in the second product the factors withjY j = 1 must be interpreted as
(e� i Im � � ( � � ) � 1), i.e. we treat di�erently the real part and the imaginary
parts of the single spin potential.
Developing the product as a binomial product we can collect the setsY

into groups forming polymers; thus representing the sum as asum over
collections of non-overlapping polymers
 1; : : : ; 
 p:

Z � (�) =� 1(�)
X @


 1 ;:::;
 p � �

pY

i =1

�
� 1(
 i )� 1

X

� 
 i

Y

� 2 
 i

e� Re � � ( � � ) �

�
� X

qi

X �

Y
( i )

1
;:::;Y

( i )
qi

� 
 iS
j

Y
( i )

j
� 
 i

qiY

j =1

�
e

� �
Y

( i )
j

( �
Y

( i )
j

)
� 1

� ��
; (7:2:19)e7:2:19

where � 1(V )
def
=

Q
� 2 V (

P
� e� Re � � ( � ) ) �

Q
� 2 V � 1(� ) for V � �; the sym-

bol @ over the �rst sum recalls that the polymers 
 i are nonoverlapping
and the � over the fourth sum recalls the further restriction that the sets
Y ( i )

j must also contain chains connecting any two points of
 i . Also in

this case the Y ( i )
j consisting of a single point � have to be interpreted as

(e� i Im � � ( � � ) � 1).
Introduce the activities of a polymer 
 and of a polymers con�guration X
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as

� (
 ) = h
X

q

X �

Y 1 ;:::;Y q � 
S
j

Y j = 


qY

j =1

�
e

� � Y j ( � Y j
)

� 1
�
i ;

� (X ) =
Y


 2 ~X

� (
 )X ( 
 ) ; � (; ) � 1;

(7:2:20)e7:2:20

where the h�i denotes the average �1(
 ) � 1 P
� 


Q
� 2 
 e� Re � � ( � � ) � .

The key remark is that the function � (
 ) veri�es (7.1.4), from (7.2.20), by
repeating the argument used to derive (7.2.9) (see footnote3), noting thatP

q� n (xy)q=q! � ey xn if x < 1: in our casex = k � k� + b and y = j
 j if
j
 j > 1 while if j
 j = 1 we take, instead, x = b (becausejeix � 1j < jxj for
real x).
Therefore, if � (
 ) > c j
 j, setting b0 = 1 ; � 2

0 = e2(k � k � + b)+1 (k � k� +
b)c; � 0 = �= 2 the result is an immediate corollary of proposition (7.1.1)
and of its corollary (7.1.1).

Remark: It is interesting to note that the reason why we write an expansion
treating in a di�erent way the real and imaginary parts of the single spin
potential is that we want to allow for an arbitrary real part o f the single
spin potential. If we also require, rather than (7.2.15), that the single spin
potential be small, i.e. that

k� k� = sup
�;�

jh� (� )j + k � k� (7:2:21)e7:2:21

be small, then we can treat the real and imaginary parts of � � in the same
way and, by the above proof, we obtain the same results of the proposition
under a smallness condition onk� k� . In the latter case the average in
(7.2.20) becomes the average with weight 1 over the spin values.

The proof of the above proposition leads easily to the resultthat we would
expect for � small (see remark (4) to proposition (7.2.1)) in the cases in
which the interaction � only involves \�nitely many bodies" or has \�nite
range": notions that we introduce more formally as follows.

(7.2.1) Def inition:D 7:2:1 (Finite range or �nitely many bodies potentials)
A potential � is said an N {body or N {spin interaction if � X � 0 if jX j >
N . If N = 2 it is called a pair interaction . A potential is said a R-range
potential if � Y � 0 for diam(Y ) > R . If, with the notation (7.2.21),
k � k� < 1 for some � > 0 we say that� is a short range potential.

The following result is in many respects weaker compared to the second
statement in proposition (7.2.1) (which we have not yet proved, see Ap-
pendix (7.2)), because it requires the potential to be a �nitely many-spin
one, it is nevertheless a fairly immediate consequence of the techniques that
we are exploring and it is worth discussing as it is relevant for the theory
of dynamical systems.
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(7.2.1) Corollary:C 7:2:1 (Any activity, �nite range and small interactions)
Let � be a real R{range potential for a lattice spin system with spin � =
0; : : : ; n and without hard cores. Given� > 0 if k � k� + b < " , see (7.2.14),
for a suitably small " the Gibbs distribution � � is real analytic in � (cf.
de�nition (7.1.1)).

Proof: One simply remarks that if j � Y j � 0 for diam(Y ) > R then a
polymer that can be covered byq setsYi , i = 1 ; : : : ; q, with � Yi 6� 0 is such
that q � � (
 )=R and � (
 ) � j 
 j � 1 � 1

2 j
 j. We see that the assumption in
the third point of proposition (7.2.3) holds with c = 1 =(2R).

In the same way one can prove the following similar statement.

(7.2.2) Corollary:C 7:2:2 (Any activity, �nitely many-body small interactions)
Let � be a real N {bodies potential for a lattice spin system with spin
� = 0 ; : : : ; n and without hard cores. If k � k� + b < " , see (7.2.14), for
a suitably small " , the Gibbs distribution � � is real analytic in � (cf. de�-
nition (7.1.1)).

Proof: One simply remarks that if j � Y j � 0 for jY j > N then a polymer
which can be covered byq sets Yi , i = 1 ; : : : ; q, with � Yi 6� 0 is such that
q � j 
 j=N and one can takec = 1

N in proposition (7.2.3).

Remark: We see that in the case of either �nite range or �nitely many
bodies interactions h; � we obtain regularity (in fact analyticity) in h
and � under a condition of smallness of jj � jj � , for some � > 0, and
of b = sup �;� jIm h� (� )j, no matter how large is the real part of jhj. In
Physics applications potentials in Gibbs distributions appear in multiplied
by � = 1

kB T where T is the temperature and kB is a constant (Boltzmann's
constant). Therefore the smallness condition on� � is always achieved at
\high temperature", i.e. at small � , and the same holds for the smallness
condition on the imaginary part of �h as long as we con�ne the values of
h to a �xed a priori given strip along the real axis, of course provided the
essential condition of absence of hard core interactions holds. High temper-
ature regularity in the cases of systems without hard cores and interacting
via particle potentials with only one species of particles besides the vacuum
(i.e. � = 0 ; 1) can also be derived from part (ii) of proposition (7.2.1): the
interested reader will �nd the classical proof of proposition (7.2.1) in the
Appendix (7.2) below and the high temperature analyticity, for coreless po-
tentials that decay su�ciently rapidly at 1 , is derived as a consequence of
it in problems [7.2.7] and [7.2.9], [Do68b], [GMR68]: hencethe di�erence
between the �rst part of proposition (7.2.1) and its second part or the above
corollaries is substantial.

It will be important to note the following corollary of the pr oof of the last
proposition which allows us to reach the same conclusions under somewhat
di�erent assumptions which turn out to be also interesting for the theory
of dynamical systems.

17 =novembre= 2009; 15:52



x7.2: Cluster expansions 235

(7.2.3) Corollary:C 7:2:3 (Short range case)
Consider a one-dimensional spin system without hard core interactions. Let
� be a real potential with � X (� X ) di�erent from 0 only if X is an interval.
With the notations (7.2.14), there is 0 < " < 1, independent of the spin size
n, such that

b+ e2k � k � e� 1
4 � � � 1 � " (7:2:22)e7:2:22

implies, if " is small enough, the conclusions of points (iii) and (iv) of
proposition (7.2.3) with (7.2.16) replaced by

j� (
 )j � e� L 0 j 
 j e� 1
2 �� ( 
 ) : (7:2:23)e7:2:23

with e� L 0 � " c for a suitable constantc.

Remarks: (1) The peculiarity with respect to the proposition (7.2.3) is
that the dimension is d = 1 and that here we do not require existence of
the constant c > 0 such that � (
 ) � c j
 j, hence we allow potentials with
exponentially decreasing strength. It is also important to remark that (as in
the above cases) there is no condition on the numbern of values that the spin
� can take. The proof below works because, by de�nition of treedistance, it
is always true that � (
 ) = j
 j � 1 and therefore nontrivial polymers are such
that � (
 ) � 1

2 j
 j while the trivial ones (with j
 j = 1) have small activity
which is bounded proportionally to b.
(2) The corollary (7.2.3) is interesting because the potentials that we have
shown to arise in the theory of Anosov systems will satisfy its assumptions
(see Sectionx(7.3)).

Proof: If one looks at the proof of proposition (7.2.3) one realizesthat in
this case the polymers for which� (
 ) � 1, hence� (
 ) � 1

2 j
 j, satisfy the
estimate

j� (
 )j � (e2(b+ k � k � )+1 e� 1
2 � ) j 
 j e� 1

2 �� ( 
 ) (7:2:24)e7:2:24

(see remark (2) following proposition (7.2.3)). For j
 j = 1 (hence � (
 ) = 0)
one hasj� (
 )j � b. Setting b2

0 = 1, � 2
0 = e2(k � k � + b)+1 � 1

2 � + b � e� L 0 ,
� 0 = 1

4 � the result again follows from proposition (7.1.1) under thecondition

�
3eB 0 � 0 + k(1;

� 0

2
)
�
� 0 < 1; (7:2:25)e7:2:25

with B0 = 2 and k(1; � ) = 2 e
P

� 2 Z1 ;j � j� 1 e� � j � j � 4e� � (1 + � � 1) < 8e� �
2

�

(see (7.1.5)),i.e. if k � k� , � and b verify

e� L 0
def
= 8 2

"

e2(k � k � + b)+1 e� 1
4 �

�
+ b

#

� c(b+ e2k � k � e� 1
4 � � � 1) (7:2:26)e7:2:26

with L 0 large enough, which is implied by (7.2.22).

We conclude the section with a few general remarks.
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Remarks: (1) We stress again that the results of propositions (7.2.1),
(7.2.2) and (7.2.3) hold even when the spins are imagined located on a
d{dimensional lattice Zd with d � 1. This is interesting not only for the
study of spatio{temporal chaos (in Chapter X below), but also because the
same problems arise in Statistical Mechanics where the lattice points have
the interpretation of \space" points rather than of time var iables.
(2) The assumptions in propositions (7.2.1), (7.2.2) and (7.2.3) are too
strong for one dimensional systems and for applications to dynamical sys-
tems. In fact transitivity of the vacuum (cf. proposition (7 .2.1)) and the
smallness conditions in proposition (7.2.3) are typicallynot satis�ed by the
potentials � that arise (for instance) in the description of the SRB distribu-
tions for Anosov systems. Furthermore the results of proposition (7.2.3) are
too strong to hold without the latter assumptions in dimension higher than
1 where, in general, the structure of the \multidimensional Gibbs states" is
much deeper and interesting.
(3) There is a remarkable case, however, in which a simple extension of
proposition (7.2.3) valid for arbitrary lattice dimension is possible even al-
lowing for hard core interaction and without excessive smallness conditions
on the potential. Namely if the potential � X (� X ) is a potential of arbitrary
strength when X lies on a single line parallel to a given \time" direction,
e.g. the (d+1)-th coordinate axis, but it decreases exponentially in all direc-
tions and is su�ciently small for all X which are not on a single line parallel
to the time direction, see problems and Sectionx(7.3). The one-dimensional
cases as well as the latter case arise in the theory of Anosov systems as we
have seen so far (d = 1) while discussing the theory of Markov pavements
and symbolic dynamics and as we shall see in Chapter X in more involved
and interesting cases.

We shall devote the next section to the weakening of the vacuum transi-
tivity, i.e. to eliminate assumptions about hard cores in one dimension and
to the study of a multidimensional hard core cases of the kindconsidered in
remark (3) above). The simple idea underlying the possibility of the men-
tioned extensions can be mastered by studying the problems of the present
section which treat the particular cases from which the general results will
follow (as independently discussed in Sectionx(7.3)) with a few technical
additions.

Appendix 7.2 : The classical expansion

Here we sketch the classical cluster expansion also known asthe theory of
the Kirkwood-Salsburg equations (which are the relations (A7.2.3) below in
a somewhat improved form [Do68b], [GM68]). We describe it quickly and
without too many details although we have paid attention to not forgetting
any of the key steps.
The partial inversion of the equations that is discussed below ((A7.2.5)) is

the main tool that allows us to obtain the second statement inproposition
(7.2.1): the idea arose independently in [Do68b] and [GMR68].
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We consider a compatibility matrix T which is mixing and transitive on the
vacuum (T0� = T� 0 = 1 for all � = 1 ; : : : ; n) and a potential � 2 eB, where
eB is the space of the particles potentials onf 0; : : : ; ngZ

T with k � k < 1 . We
imagine the system enclosed in a �nite region � which will be kept �xed
and whose size will be irrelevant for the discussion so that the results will
apply to �nite as well as to in�nite systems. We follow [GM68] (where the
case of spin� = 0 ; 1 is discussed) and, to simplify the analysis, we shall also
consider only � real valued.

Let � (X; � X ) be the probability in the Gibbs distribution that the spins
found at the sites of X � � are precisely � X . We suppose that � = 0
describes the vacuum (i.e. � X (� X ) � 0 if for at least one x 2 X one
has � x = 0). More generally it will be convenient to use the notation
� (X; � X jY; � Y j : : : jZ; � Z ) to denote the probability that the spins in X are
� X , those in Y are � Y , : : :, those in Z are � Z , if ; Y; : : : ; Z are disjoint sets:
clearly � (X; � X jY; � Y j : : : jZ; � Z ) � � (X [ Y [ : : : [ Z; � X [ Y [ ::: [ Z ).
Let x1 2 X be a point arbitrarily chosen among those ofX (e.g. lexico-

graphically); de�ne, for X \ V = ; ,

U1(X; � X )
def
=

X

Y � X;Y 3 x 1

� Y (� Y );

W1(X; � X jV; �V )
def
=

X

S� X;S 3 x 1

� S[ V (� S ; � V ); (A7:2:1)eA 7:2:1

U1(X; � X jV; �V )
def
=

X

S� X;x 1 2 S;Y � V

� S[ Y (� S ; � Y ) =
X

Y � V

W1(X; � X jY; �Y );

e� U1 (X;� X jV;� V ) = 1 +
1X

q=1

X

T � V

X

Y1 [ ::: [ Yq = T

qY

i =1

�
e� W 1 (X;� X jYi ;� Y i

) � 1
� def

=

def
=

X

T � V

K (X; � X j T; � T );

where the term with T = ; in the last line corresponds to 1.
Note that

jU1(X; � X )j; jW1(X; � X jV; � V )j � k � k;
X

T;T \ X = ;

jW1(X; � X jT; � T )j � k � k; (A7:2:2)eA 7:2:2

X

T \ X = ; ;T 6= ;

jK (X; � X j T; � T )j � ek � k (ek � k � 1)
def
= � ( �) :

Setting X (1) def
= X n x1 one deduces from the de�nition of � (X; � X ) the
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Kirkwood-Salsburg equations, [Ga00],

� (X; � X ) = e� h ( � x 1 ) � U1 (X;� X ) �

�
�

� (X (1) ; � X (1) ) �
X

�> 0

� (x1; � jX (1) ; � X (1) )

+
X

T \ X = ; ;T 6= ;

X

� T

K (X; � X j T; � T )�

�
�
� (X (1) ; � X (1) jT; � T ) �

X

�> 0

� (x1; � jX (1) ; � X (1) jT; � T )
� �

:

(A7:2:3)eA 7:2:3

Introducing

� =
X

�> 0

� (x1; � jX (1) ; � X (1) ); � =
X

�> 0

e� h ( � )+ U1 (X;� X ) ; (A7:2:4)eA 7:2:4

and summing both sides of the equations over� x 1 > 0 we can derive an
expression for�

� =
�

1 + �
� (X (1) ; � X (1) ) +

1
1 + �

�
e� h � U1 ; K (� 0 � � 0)

�
; (A7:2:5)eA 7:2:5

whereK (� 0� � 0) is a short hand for the last sum in (A7.2.3) and the scalar
product

�
e� h � U1 ; K (� 0 � � 0)

�
is

X

� x 1 > 0

e� h ( � x 1 ) � U1 (X;� X ) �
X

T \ X = ; ;T 6= ;

X

� T

K (X; � X j T; � T )�

�
�
� (X (1) ; � X (1) jT; � T ) �

X

�> 0

� (x1; � jX (1) ; � X (1) jT; � T )
�
:

(A7:2:6)eA 7:2:6

We imagine replacing the above expression for� in the equations (A7.2.3):
the latter can be regarded as equations for the quantities� (X; � X ), with
X 6= ; and � x > 0 8x 2 X . If we de�ne � (X; � X ) = e� h ( � )

1+ � if jX j = 1, with
X = x and � = � x , and 0 otherwise, the equations take the form

� = � + K�; (A7:2:7)eA 7:2:7

where the operatorK� (X; � X ) is de�ned as

e� h ( � x 1 ) � U1 (X;� X )

1 + �

�
� (X (1) ; � X (1) )� jX (1) j > 0

�
+

�
e� h ( � x 1 ) � U1 (X;� X )

1 + �

�
e� h � U1 ; K (� 0 � � 0)

�
+

+ e� h ( � x 1 ) � U1 (X;� X )
X

T \ X = ; ;T 6= ;

X

� T

K (X; � X j T; � T )� (A7:2:8)eA 7:2:8

�
�
� (X (1) ; � X (1) jT; � T ) �

X

�> 0

� (x1; � jX (1) ; � X (1) jT; � T )
�
:
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Setting k� k = max j� (X; � X )j one checks that the operatorK has the
property that

kK� k
k� k

�
zek � k

1 + zek � k
+

zek � k

1 + zek � k
zek � k � ( �) n + zek � k � ( �) n �

�
z ek � k

1 + zek � k
+ 2 zne2k � k (ek � k � 1): (A7:2:9)eA 7:2:9

where the reality assumption on �, hence on h and � has been used in an
essential way (e.g. in using the monotonicity of the function x ! x=(1+ x)).

This shows that the equation � = � + K� can be solved by iteration and
proves regularity in the domain where the r.h.s. is < 1. A number of
consequences follow: they are most easily exhibited by pursuing the above
analysis to show that kK� k

k� k < 1 implies that, in spite of the apparently
di�erent approach, one can de�ne a suitable \polymers representation" of
the solutions to the equations (A7.2.8). See [GK69], [DIS73], [GM68]. We
do not discuss the matter further as we shall not need here thetheory of
the classical expansion.

Problems for x7.2

[7.2.1]:Q 7:2:1 (Hole{particle symmetry )

If n = 1 and � 2 eB then � X (� X ) 6= 0 only if � i = 1, for all i 2 X ; having set
�( X ) = � X (1X ) we shall identify � through the sequence f �( X )gX � Zd . One has
k� k =

P
X 3 0

j �( X )j < + 1 and we shall denote Bh
s the space of the exponentially

decaying potentials such that
P

X 3 0
exp(� diam( X )) j�( X )j < + 1 for some � > s . We

shall denote B f the space of the potentials for which �( X ) = 0 if jX j is large enough
(called potentials with a �nite number of bodies ).
Consider the map L de�ned on B f by

(L �)( X ) = ( � 1)j X j
X

Y � X

�( Y );

and show that L 2 = identity and that if C� =
P

X 3 0
�( X )
j X j the pressures of � and of

L � are related by
P (L �) = P (�) + C� 8 � 2 B f :

(Hint: Compare U �
� (� ) and UL �

� (� c ) where � c is the con�guration in f 0; : : : ; n g� com-
plementary of � 2 f 0; : : : ; n g� : � c

i = 1 � � i , i 2 �; deduce, from this relation, a relation
between ZL � (�) and Z � (�) etc., [GMR68].)

[7.2.2]:Q 7:2:2 (Gibbs states transformations under hole{particle symmetr y)
In the context of problem [7.2.1] �nd the relation between G(L �) and G(�) by provid-

ing the expression of the functions � � ;� (X ) = �
� Q

i 2 X
� i

�
in terms of the analogous

functions relative to a Gibbs distribution for L �. ( Hint: Use the relation between the
pressures found in problem [7.2.1] and the fact that the pres sure is the generating func-
tional of the average values of the local observables, cf. pr oposition (6.1.2) and the related
remark.)

[7.2.3]:Q 7:2:3 Find a condition that implies that � = L � if � is a two-body potential.
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[7.2.4]:Q 7:2:4 (Spin potentials )
A potential 	 for f 0; 1gZ is called a spin potential if it can be written as 	 X (� X ) =
J (X )

Q
i 2 X

(2� i � 1).
If 	 is a spin potential and � 	 is a Gibbs state for it show, having set ( L 0	) X =

(� 1)j X j 	 X , that L 0	 is a spin potential that admits among its Gibbs states the pr oba-
bility distribution � such that � (

Q
i 2 X

(2� i � 1)) = ( � 1)j X j � 	 (
Q

i 2 X
(2� i � 1)). ( Hint:

Proceed as in the analysis of problem [7.2.1].)

[7.2.5]:Q 7:2:5 Prove that the map de�ned in problem [7.2.4] between measure s in G(L 0	) and
in G(	) is one-to-one and invertible.

[7.2.6]:Q 7:2:6 (Equivalence between spin systems and particle systems )
Which relation exists between L and L 0? (Hint: Show that it is possible to establish
a correspondence between spin potentials with a �nite numbe r of bodies and particle
potentials with a �nite number of bodies so that, via this cor respondence,L is transformed
into L 0).

[7.2.7]:Q 7:2:7 Show that if n = 1, T�� 0 = 1, condition (7.2.5) written for L � instead of �
leads to the determination of a new region of analyticity for � � via the relation between
G(�) and G(L �) derived in problem [7.2.2].

[7.2.8]:Q 7:2:8 Estimate the mixing rate of � � in terms of the decay property at 1 of � under
the hypotheses that the potential is a particle potential an d that z is small enough. More
generally estimate the mixing rate for cylindrical functio ns. (Hint: Study �rst the case
of �nite range �: in this case it follows from the de�nitions t hat the ' T (� 1 : : : � p : : :) (cf.
(7.1.23)) are zero if the points � 1 : : : � p are not close enough; then by using the expressions
(7.2.14), (7.2.13) deduce an exponential bound for the mixi ng rate, etc.)

[7.2.9]:Q 7:2:9 (High temperature analyticity in lattice systems of particl es)
Making use of the method of problem [7.2.7] to further enlarg e the region of analyticity
show that if ( h; �) is a potential with �nitely many bodies and if ( h0; � 0) = L (h; �)
then the region zk � k < B or z0k �

0
k < B contains a region having the form k � k < "

with a suitable " > 0 (independent of the value of z). Deduce that, given �, this proves
analyticity at high temperature ( i.e. small �) for all values of h. The weaker form of
proposition (7.2.1) proved in proposition (7.2.2) su�ces f or such conclusion, [GMR68],
[Do69], see footnote 7 of [Ru69], p. 112.

[7.2.10]:Q 7:2:10 (Analiticity for strong decay in Zd
)

Consider a spin system on Zd
without hard core interactions. Show that there is � 0 > 0

such that if k � k� + b � " for � � � 0 and " small then the Gibbs distribution � � is
analytic in �.( Hint: Use remark (2) after proposition (7.2.3).)

[7.2.11]:Q 7:2:11 (Decimation in d = 1)
Let T be a compatibility matrix which mixes over a time a and let h > a . Let � be a
T {compatible sequence and de�ne the sequence � (� ) = ( : : : ; � � 1 (� )� 0 (� ); � 1 (� ); : : :) by

� k (� ) = ( � ka + kh ; : : : ; � ( k +1) a � 1+ kh ); k = 0 ; � 1; � 2; : : :

Check that all sequences � consisting of compatible strings of length a have the form
� k (� ) for some � which is T {compatible. In other words if one leaves a \gap" larger
than a between compatible strings of length � > a no further compatibility condition is
required in order that the strings be part of an in�nite compa tible sequence. The strings
� k regarded as new spins can be freely put down spaced by h, or more, giving rise to a
con�guration of symbols that can be regarded as part of a T {compatible sequence � .

[7.2.12]:Q 7:2:12 (Reduction by decimation of hard core �nite range systems to c oreless systems
in d = 1)
In the context of problem [7.2.11] consider a short range rea l potential � 2 B with range
r (i.e. � X � 0 if the diameter of X exceeds r ). Let � = max( a; r ) + 1 and h = m�
with m large (to be determined later; see problem [7.2.14]). Write a spin con�guration
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in the interval [1 ; N (� + h) + � ] as a sequence�
1
; � 1 ; �

2
; : : : ; �

N
; � N ; �

N +1
where �

j
are

compatible strings of length � and � is a compatible string of length h. Consider the
matrix M � ;� 0 de�ned for �; � 0 being T {compatible sequences of length � , � = ( � 1 ; : : : ; � � )

and � 0 = ( � 0
1 ; : : : ; � 0

� ), and given by

M � ;� 0 = 0 ; unless � 0
1 � � 2 ; : : : ; � 0

� � 1 = � � :

Show that the number Z0 of compatible strings of length N (� + h) + � with h = m� is

Z0 =
X

�
1

;:::;�
N +1

NY

j =1

h�
j

j M h j �
j +1

i ;

where we use the notation h� j M j� 0 i
def
= M � ;� 0.

Likewise let ( � ; � 0) = ( � 1 ; : : : ; � � ; � 0
1 ; : : : ; � � ) be a pair of compatible strings of length

� (not necessarily such that the string ( � ; � 0) of length 2 � obtained by merging the

two is compatible). Let � = ( � 1 ; : : : ; � � +1 )
def
= ( � 1 ; : : : ; � � ; � 0

� ) and de�ne W (� ; � 0)
def
=P �

X
� X (� X ) where the � over the sum indicates that it runs over the subsets X of the

labels (1; : : : ; � +1) which contain the extra site � +1. De�ne also U(� )
def
=

P
X

� X (�
X

)

where the sum runs over the subsets of the labels (1 ; : : : ; � ) and M � ;� 0 = e� W ( � ;� 0) M � ;� 0.

Check that the partition function Z for the system f 0; : : : ; n g� on � = [1 ; N (� + h) + � ]
is given by

X

�
1

;:::;�
N +1

e� U ( �
1

)
NY

j =1

h�
j

j M
h

j �
j +1

i

[7.2.13]:Q 7:2:13 (Decimation in d = 1 by transfer matrix )

In the context of problem [7.2.11] let M � ;� 0 = � w � w� 0 + � P� ;� 0 be the spectral de-

composition of the mixing matrix M (see de�nition in problem [2.3.12]) along the eigen-
vector with largest eigenvalue � which is simple and with an eigenvector denoted w�

which has also positive components (by Perron{Frobenius th eorem, see problems [2.3.10]
through [2.3.12] and [4.1.12]), while the eigenvalue of the transposed matrix of M is
denoted w � : they are chosen with (strictly) positive components and no rmalized so thatP

�
w � w� = 1) and P is a matrix with norm kP k = 1 and � < � . Deduce from the

above remark on the structure of Z , setting " = � =� < 1, that Z is given by

� Nh
X

�
1

;:::;�
N +1

e� U ( �
1

)
NY

i =1

�
w �

i
w�

i +1
+

�
�

�

� h

P�
i
;�

i +1

�

and show that the sum can be written as a sum over �
1
; : : : ; �

N +1
of

e� U ( �
1

) w �
1

w�
N +1

NY

j =2

w �
j
w�

j

NY

j =1

e
log

�
1+(� � � 1 ) h P �

j
;�

j +1
=( w �

j
w �

j +1
)
�

Show that this means that the decimated system of the spins � separated by m� sites can
be regarded, in the thermodynamic limit ( i.e. in the limit as N ! 1 ) as a spin system
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in which the spins are the compatible strings � of length � and the interaction potential
is simply a single-site and nearest neighbor interactions g iven by

h(� ) = � log( w � w� ); �( � ; � 0) = � log
�

1 + (� � � 1 )h
P� ;� 0

w � w� 0

�
;

with suitably modi�ed contributions for the sites 1 and N + 1.

[7.2.14]:Q 7:2:14 (Cluster expansion with hard cores and �nite range forces, d = 1)
Check that problem [7.2.13] implies the validity of proposi tion (7.2.3) when the transition
matrix is mixing and the interaction potential has �nite ran ge. (Hint: The above problems
reduce, by choosing h large enough, the case considered here to the case discussedin the
proof of proposition (7.2.3) of interaction without hard co re ans with arbitrary one-body
potential h(� ) and �nite range interaction without hard core.)

Bibliographical note for x7.2

Among the most remarkable extensions are perhaps those in [GK78],
[Ku78], [Sy79], [Is76].
The classical theory of Appendix 7.2 is originally due to Groeneveld, Pen-

rose and Ruelle, [Gr62],[Pe63],[Ru63]. The above papers were preceded by
the work of Morrey, [Mo55], who also solved the same problem,by essen-
tially the same arguments, in an ambitious attempt to derive the equations
of 
uidodynamics from microscopic classical dynamics: theimportance of
this paper for the theory of the cluster expansion was realized only about
twenty years later.
The proliferation of alternative or independent and di�ere nt proofs, or of

nontrivial extensions, shows that in reality the problem is a natural one and
that the methods to study it with the techniques of this section are also
natural although they are still considered by many as not elegant (and not
really natural), and they are avoided when possible or commented by saying
that \it must be possible to obtain the same result in a simpler way" (often
not followed by any actual work in this direction). An elegant and more
general analysis is in [Ca82].

x7.3 Renormalization by decimation in one-dimensional syst ems

The following de�nition is particularly relevant for the th eory of dynamical
systems (see also problem [5.2.1]).

(7.3.1) Def inition:D 7:3:1 (Fisher potentials)
Consider a n

2 -spin system on the one-dimensional latticeZ and consider the
spaceBF of the potentials � with the property

� X � 0 unlessjX j = 1 + diam( X ) = 1 + � (X ); (7:3:1)e7:3:1

i.e. � X vanishes unlessX is an interval. We shall also call such potentials
extended nearest neighbor potentials. We shall split the potentials into their
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single spin part h and the many-spin part � and write � = ( h; �) , where
h� (� x ) = � � (� x ) and � � � 0.

The name of \Fisher potentials" is used in the Physics literature: such
potentials are quite interesting as they can be used to produce examples
and counterexamples to various phenomena concerning Gibbsstates, [Fi67],
[Ga77]. Not least: the potentials that arise in the theory of Anosov systems
are in this class, cf. (4.3.15), and have short range.
The main step toward the results on smoothness of Gibbs distributions

relevant for dynamical systems concerns one-dimensional systems without
hard core and with an extended nearest neighbor potential (see de�nition
(7.3.1)).

(7.3.1) Proposition:P 7:3:1 (Weakly Markovian chains)
Let BF be the space of the extended nearest neighbor real translation invari-
ant potentials � for a n

2 -spin one-dimensional system and de�ne for� > 0

k� k�
def
=

X

� 2 C � Z ; jC j� 1
C

sup
� C

j� C (� C )j e� diam( C ) � jj hjj0 + jj � jj � : (7:3:2)e7:3:2

The compatibility matrix is supposed to beT�� 0 � 1 (i.e. no hard core in-
teraction).
Then the correlation functions � � (CV

� V
) are real analytic functions of � 2 � ,

where� � B F denotes the set of translation invariant Fisher potentialswith
k� k� < 1 for some � . Furthermore the Gibbs distribution � � is exponen-
tially mixing.

Remark: Note that jjhjj � � jj hjj0 because ifjCj = 1 then diam ( C) = 0.
We stress that no condition on the sizejj � jj � is assumed here. The latter
quantity only a�ects the size of the complex analyticity dom ain.

Proof: The idea behind our discussion is simple and can be grasped bylook-
ing at the problems following problem[7.2.11] which deal with the simpler
case in which � C � 0 if the diameter diam(C) = � (C) is large enough: how-
ever here we deal directly, and independently of the mentioned problems,
with the new case. We �rst study the case in which � is real.
Let � be a large interval and consider the strings � 2 f 1; : : : ; ng� .
Divide the interval � into a sequence of intervals of lengths alternating

between � � 1 (which means an interval consisting of at least a pair of
nearest neighbors) andh > � , here h; � are lengths to be chosen later. The
intervals will be denoted

B0; H0; B1; H1; : : : ; B ` � 1; H ` � 1; B ` ; (7:3:3)e7:3:3

and will be called of B {type and of H {type respectively. Of course this
means that we suppose that the number of points in � is j� j = `(� + h +
2) + � + 1 (note that an interval of length h contains h + 1 lattice points).
Correspondingly we imagine that a string � 2 f 1; : : : ; ng� is a sequence

� = ( � 0; � 0; � 1; � 1; : : : ; � ` � 1; � ` � 1; � ` ) (7:3:4)e7:3:4
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of shorter strings containing alternatively sets of � + 1 ; h + 1 ; � + 1 ; : : : ; � +
1; h + 1 ; � + 1 spins. The Gibbs state with potential � is unique, by the
analysis of Sectionx5.2 and it can be generated by taking the limit as � ! 1
of the probability distribution

� �
� (� ) =

e� U �
� ( � )

Z � (�)
(7:3:5)e7:3:5

over a sequence of intervals � of the above kind,i.e. of length `(h + � +2)+
� + 1.
The spins � i have sizen� +1 , i.e. they can take n� +1 di�erent values, and

will be called block spins. They can be imagined to be located on the
points of a lattice whose sites are labeledB0; B1; : : : and which will be
called the decimated lattice or B {lattice: on the new lattice the distances
will be computed by thinking of it as having its sites spaced by 1. The
distances computed in this way, i.e. essentially in units of � + h, will be
called \renormalized distances" when it will be necessary to avoid confusion
with the distances of points and sets in the original lattice.
The distribution � �

� generates, by summation over the variables� =
f � j g` � 1

j =0 , a probability distribution over the variables � = f � j g`
j =0 (which is

a sequence of (� + 1){ples of spins)

� �
� (� ) =

X

� 0 ;:::;� ` � 1

� �
� (� ); (7:3:6)e7:3:6

and our �rst task will be to check that the limit as � ! 1 of � �
� (� ) is a

Gibbs distribution with an exponentially decreasing renormalized potential
� ren on the sequences� = f � j gj 2 Z , with � j 2 f 1; : : : ; ng� +1 , which has
a range � � 1

1 much shorter than � � 1 if � is large (� 1 ���!� !1 1 ) and a size

k � ren k� 1

def
= � 1 ���!� !1 0.

In other words on the new space of sequences� of symbols � j 2
f 1; : : : ; ng� +1 the distribution � is still a Gibbs distribution with a new suit-
able potential that we shall call � ren verifying the property that jj � ren jj � 1

is as small as wished and� 1 is as large as wished.This means that the
(possibly strong) initial interaction can be eliminated at the cost of dealing
with a spin system of somewhat larger spin, i.e.of sizen� +1 rather than n.
In this way we can derive the stated result as a special case ofproposition
(7.2.3).

The energy U �
� (� ) can be expressed in terms of the energy of the part of

the potential � � obtained by cutting o� from � the components � X (� X )
with � (X ) > � (recall that � � 1 and, in the present one-dimensional case,
� (X ) denotes the diameter ofX ) plus the part of the potential containing
only the latter components. Thus we can write

U �
� (� ) =

X̀

i =0

UB
� (� i ) +

` � 1X

i =0

UH (� i ) +
` � 1X

i =0

(W� (� i ; � i ) + W� (� i ; � i +1 )) +
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+
X

X : � ( X ) >�
X 6� H i

� X (� X ): (7:3:7)e7:3:7

Here UB
� and UH denote the energies of the spins in the setsB i and H i ,

respectively, due to the cut o� potential � � and to the full potential �; the
terms W� (� i ; � i ) and W� (� i ; � i +1 ) yield the contribution to the energy from
the potentials � X with � (X ) � � and with the set X containing points
of H i and either of B i or of B i +1 respectively. The last terms are the
contributions to the energy from potentials � X involving only sets X with
� (X ) > � which do not lie entirely inside a set H i . Therefore the partition
function can be written as

X

� 0 ;:::;� `

X

� 0 ;:::;� ` � 1

� Ỳ

i =0

e� U B
� ( � i )

�
�

�
� ` � 1Y

i =0

e� U H ( � i ) � W � ( � i ;� i ;� i +1 )
�� Y

X : � ( X ) >�
X 6� H i

e� � X ( � X )
�

;

(7:3:8)e7:3:8

where W� (� i ; � i � i +1 )
def
= W� (� i ; � i ) + W� (� i ; � i +1 ). Setting

Zh (� i ; � i +1 ) =
X

�

e� U H ( � ) e� W � ( � i ;�;� i +1 ) ; (7:3:9)e7:3:9

the partition function expression in (7.3.8) becomes

X

� 0 ;:::;� `

� Ỳ

i =0

e� U B
� ( � i )

�� ` � 1Y

i =0

Zh (� i ; � i +1 )
�

�

�

P
� 0 ;:::;� ` � 1

Q ` � 1
i =0 e� U H ( � i ) � W � ( � i ;� i ;� i +1 ) e�

P �

X
� X ( � X )

Q ` � 1
i =0 Zh (� i ; � i +1 )

;

(7:3:10)e7:3:10

where the � means that the sum is over theX such that � (X ) > � and
X 6� H i for any set H i .
It is possible to interpret the last ratio as a partition func tion of \large"

spins � 0; : : : ; � ` � 1 (the word large refers to the fact that there are nh+1

di�erent values that each � can take) interacting via a potential (suitably)
generated by the functions � X (� X ) with � (X ) � � + 1 ( i.e. which does not
involve the components of � involving up to � neighbors).
In attempting an application of corollary (7.2.3) we must note that we

can think of the sequence of \spins"� as a sequence of spins on a lattice
whose points areH0; : : : ; H ` � 1 and will be thought as spaced by� : then the
potentials between the spins� 0; : : : ; � ` � 1 at �xed � 0; : : : ; � ` are many-body
potentials

e� H i ;:::;H i + q (� i ; : : : ; � i + q) =
X

X \ H k = ; ; k = i;:::;i + q

� X (� X ); (7:3:11)e7:3:11
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246 x7.3: Renormalization in one dimensional systems.

which, by the assumption that � C 6� 0 only if C is an interval, are the
only nonvanishing potentials; in other words the potential e� is still a
(non-translation invariant and � {dependent) Fisher potential, cf. de�nition
(7.3.1).
To take advantage of corollary (7.2.3) we need,at �xed � 0; : : : ; � ` , an esti-

mate of a quantity like

sup
H

X

C3H : jCj> 1

sup
�

C

j e� C1 ;:::;C k (� C1 ; : : : ; � Ck )je
1
2 (k � 1) � � ; (7:3:12)e7:3:12

where C = ( C1; : : : ; Ck ) is an \interval" on the lattice formed by H -type
intervals, and �

C
= ( � C1 ; : : : ; � Ck ). The casejCj = 2, i.e. k = 2, corresponds

to the interaction between nearest neighbors pairs ofH -type intervals.
By (7.3.11) j e� C1 ;:::;C k (�

C1
; : : : ; �

Ck
)j �

P
X \ C i 6= ; ; 8i j� X (� X )j; hence if

k � 2 and H; H 0 are two di�erent H -type intervals, we can bound (7.3.12)
by

sup
H;H 0

X

X \ H;X \ H 06= ;
� ( X ) >�

j� X (� X )je�� (X ) e� �
2 � (X ) � (7:3:13)e7:3:13

� jj � jj �

1X

p= � +3

(p � (� + 2)) e� �
2 (p� 1) �

jj � jj � e� �
2 �

(1 � e� �= 2)2
� m jj � jj � e� �

2 � ;

having taken into account that the sets X are, by assumption, intervals and
having de�ned m = (1 � e� �= 2)� 2.
We choose� so that1 we can apply, if h is large enough, the corollary (7.2.3)N 7:3:1

to proposition (7.2.3) with k � k� replaced bym jj � jj � e� �� = 2 and L 0 = 1
8 ��

(in (7.2.22) there is a factor e� �� = 4 and one can suppose thath, hence� ,
is so large that one can take into account the presence of the other factors
simply by replacing 4 with 8 in the bound). This means that we can rewrite
the ratio in (7.3.10) as

exp
X

�

' T (�) � (�) ; (7:3:14)e7:3:14

where � is a polymer con�guration consisting of nontrivial ( i.e. 
 with more
than one point, j
 j > 1) polymers
 1; 
 2; : : : which are intervals on the lattice
of the B 's; ' T are the universal combinatorial coe�cients whose existence
and properties are proved in proposition (7.1.1). Therefore e�, i.e. the set
of points covered by the polymer con�guration �, is also necessarily an
interval. The activities of the polymers verify an inequality like (7.2.23),
i.e. (for jj � jj � < 1)

j� (
 )j � e� 1
8 �� j 
 j e� 1

4 �� � ( 
 ) � e� 1
8 �� j 
 je� 1

8 �� � ( 
 ) ; (7:3:15)e7:3:15

1 Actually we also want that � + 1 divides h + 1. This can be assumed without loss of
generality.
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where the tree distance� (
 ) has to be measured on the \decimated lattice"
of the B 's, i.e. the � (
 ) of a polymer consisting ofk successiveB {intervals
(k � 2) is k � 1 (while the actual distance between the extreme points of
the interval would be k(� + 1) + ( k � 1)(h + 1): hence the unit of length has
to be regarded as essentially equal to� + h + 2). Therefore we can de�ne

	 B j ;:::;B j + p (� j ; : : : ; � j + p) =
X

� \ B i 6= ; ;i =0 ;:::;p

' T (�) � (�) (7 :3:16)e7:3:16

and we �nd by (7.1.19) that

k	 B j ;:::;B j + p k � A0e� ��
16 e� (p� 1) �h

16 (7:3:17)e7:3:17

where A0 depends only on� (A0 = (1 +
P

q> 0 qe� ��q
16 ), cf. (7.1.19)). The

exponent of (7.3.14) has therefore the form of a short range potential 	
between the spins� and

k	 k�� = 32 � B0e� ��
32

def
= "0; (7:3:18)e7:3:18

for B0 suitably chosen and 	 is an exponentially decaying, (mildly ) non-
translation invariant 2 , interaction between the � 's (here the tree distancesN 7:3:2a
have to be measured in the above mentioned units of length forthe dec-
imated lattice) with the property that 	 C 6= 0 only if C is an interval:
note that k	 k�� = 32 includes bounds on the one-body and nearest neighbors
blocks. The range of 	 is much shorter than the original � because the
latter is now replaced by a quantity of the order of �� .
The sum, i.e. the partition function, in (7.3.8) can be written as

X

�

e
�

P
X; j X j > 1

	 X ( �
X

)
� Ỳ

i =0

e� U B
� ( � i )

�

� ` � 1Y

i =0

Zh (� i ; � i +1 )
�� Ỳ

i =0

e� 	 � i ( � i )
�

;

(7:3:19)e7:3:19

where here and in the remaining part of the proof the setsX will denote
subsets of the decimated lattice,i.e. of the lattice of the B intervals.
We �x � : and we see that we have to consider a spin chain of arbitrary

length with spins � interacting via a single spin potential a� (� ) and a nearest
neighbor pair potential af �;� 0g(�; � 0) both of arbitrary size and translation
invariant plus a very weak, possibly non translation invariant, spin potential
aX (� X ), jX j � 2 which satis�es

jaX (�
X

)j � "e� �h� (X ) ; (7:3:20)e7:3:20

2 Translation invariance violation comes only from the B blocks at the boundaries.
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248 x7.3: Renormalization in one dimensional systems.

with h pre�xed arbitrarily , cf. (7.3.18). We call this potential A and refer
to this model as the \supplementary model".
In our case� 2 f 1; : : : ; ng� and a� (� ) = 	 � (� )+ UB

� (� ) and af �;� 0g(�; � 0) =
� logZh (�; � 0) + 	 f �;� 0g(�; � 0).
Therefore we see that the real problem is just to show that by taking h large

the pair potential between nearest neighbors generated above between the
blocks of � spins is the sum of a suitable one-spin potential plus a nearest
neighbor potential which is as small as we please. This meansthat we
have to show that the above supplementary model is such that its partition
function in a box � = f 1; : : : ; hg veri�es

� logZh (�; � 0) = z(� ) + z(� 0) + e� � 0 h �( �; � 0) (7:3:21)e7:3:21

for a suitable z(� ) and with �( �; � 0) � D for someD; � 0 > 0.
The latter is a well known property of exponentially decreasing interactions

in one-dimensional systems and we guide to its check in the hints to the
problems at the end of the section.

If V � H i for somei and � � ;� denotes the Gibbs distribution conditioned
to the spins � the above analysis implies, in fact, that the probabilities
� � (CV

� 0
V

) of cylinders CV
� 0

V
can be written as

� � (CV
� 0

V
) =

Z
� � (d� )

Z
� � ;� (d� )� C V

� 0
V

(�
V

); (7:3:22)e7:3:22

The latter expression admits a polymer expansion of the type(7.2.11)
with the polymer activities � which are analytic and verify the appropriate
bounds like (7.2.12) together with their derivatives. The inclusion V � H i

is not restrictive because of the arbitrariness ofh; the details are left to the
reader.

Turning to the smoothness and analyticity statement we assume now

that � is complex and call �
def
= kIm � k� + sup � jIm � � (� )j. We then pro-

ceed through the algebra leading to (7.3.10). However we write (7.3.10)
by replacing UH (� i ); W� (� i ; � i ; � i +1 ) with their real parts Re UH (� i ) and
ReW� (� i ; � i ; � i +1 ); the corresponding imaginary parts will be taken into
account by interpreting the

P � in (7.3.10) as containing besides the terms
with jX j > � also the imaginary parts of the � X which occur in UH

� (� i )
and W� (� i ; � i ; � i +1 ). As a consequence in (7.3.12) there will be terms with
jCj = 1 and (7.3.12) will receive contributions also from the imaginary parts
of the potentials � X with jX j � � . The factor mjj � jj � e� �� = 2 in the r.h.s.
of inequality (7.3.13) will be modi�ed into mjj � jj � e� �� = 2 + �h . Hence if the
imaginary parts of � X are small enough (e.g. h� < m jj � jj � e� �� = 2) (7.3.13)
is changed by replacingjj � jj � by 2jj � jj � and we get (7.3.16).
The analysis continues in the same way as in the real � case because the

newZh (�; � 0) only depends on the real part of the potential. The uniformity
of the bounds in the (tiny) complex strip kIm � k� + max � jIm � � (� )j =
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O(e� �� = 2), with h chosen large enough, implies the analyticity statement.

Consider a generalone-dimensional system with hard core interactiongiven
by a mixing compatibility matrix T for sequences of symbols� 2 f 1; : : : ; ng
and by a real Fisher potential � such that for some � > 0 one has
k� k� < 1 , cf. (7.3.2), (without smallness requirement). The new setting,
i.e. taking into account hard core interactions, extends considerably in the
one-dimensional lattice cases that of Sectionx7.2 and its analysis will be
directly applicable to the theory of SRB distributions, whi ch as we have
seen in the preceding sections, are precisely Gibbs states with such kind of
interactions. Then the following proposition, [CO81], holds.

(7.3.2) Proposition:P 7:3:2 (Decimation in one dimension)
The correlations � � (CV

� V
) of a one-dimensional spin system are analytic

functions of � if the interaction is given by a mixing compatibility matrix
T for sequences of symbols� 2 f 1; : : : ; ng and by a translation invariant
extended nearest neighbor potential� (cf. de�nition (7.3.1)) satisfying the
condition that jj � jj � is < 1 . Furthermore the correlations between events
of the form CV

� V
; CW

� W
decay at exponential rate.

Proof: This is almost an immediate consequence of the proof of proposition
(7.3.1): we can proceed as in its proof. As soon ash > � > a 0 where a0 is
the mixing time of the compatibility matrix there will be no c ompatibility
to be ful�lled in �xing the con�gurations of distinct � -blocks; nor there will
be any compatibility to be ful�lled in �xing the con�guratio ns of distinct
� -blocks: of course there will be compatibility conditions between � and �
blocks.
Since no compatibility needs to be checked between the� {block con�gura-

tions we �x them arbitrarily and perform the summation over t he � blocks
by using, as in proposition (7.3.1), that the interaction between such blocks
is small although not translation invariant. The con�gurat ions allowed to
the various blocks� are not the same in di�erent blocks (because they must
be compatible with the adjacent � {blocks). This is however irrelevant by
the remark (3) to proposition (7.2.3). Therefore one gets exactly the same
bounds on the potential 	 between the � {blocks as in (7.3.17),(7.3.18).
The only novelty arises in treating the transfer matrix M �;� 0. However

mixing implies that M a0 has all matrix elements positive. Therefore ifh is
a multiple of �a 0, which we can assume without loss of generality, we can
continue, replacing � by a0� . Sincea0 is a �xed quantity we are back in the
situation studied in the previous proof if h is taken a large multiple of �a 0,
rather than just of � .

Remarks: The above method can be extended to several cases of (d + 1){
dimensional spin systems withd � 1 verifying one among the following
properties.
(1) There is a privileged coordinate direction that we call time (e.g. the
(d + 1){th dimension) and the potential can have a hard core in the time
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250 x7.3: Renormalization in one dimensional systems.

direction only, i.e. the spins�; � 0 which are on nearest neighbor sites that lie
on the same line� parallel to the privileged direction have to verify T�� 0 = 1
8�; � 0 for a given mixing compatibility matrix.
(2) The potential is short ranged and small enough,i.e. for �; � � 1 small
enough one has

sup
� 2 Zd +1

X

� 2 X � Zd +1 ; jX j> 1

sup
� X

� �j X j j� X (� X )j e� � (X ) < 1: (7:3:23)e7:3:23

(3) The extension proceeds by considering a box � with sides of size L
and, assuming that the direction � is the direction parallel to the axis
d + 1 of Zd+1 , cutting each of the L d lines parallel to � into intervals
B0; H0; : : : ; H ` � 1; B ` . One then imagines to �x all spins in the intervals of
B -type (which can be arbitrarily assigned among theT{compatible strings
� of length � ) and to sum over the spins in theH {type intervals. This is a
(d+ 1){dimensional system of weakly coupled spins (as it follows by adapt-
ing the proof of the corresponding statement in the proof of proposition
(7.3.2) making use of proposition (7.2.2)). The resulting distribution for
the � spins is weakly coupled Gibbs statewithout hard core and proposition
(7.3.1) (as well as proposition (7.2.2)) applies to it. We discuss below a
result that can be obtained, along the above lines, in a special case of rele-
vance for our later applications to dynamical systems; it ishowever useful
to pose a formal de�nition

(7.3.2) Def inition:D 7:3:2 (Oriented hard core)
Consider the con�gurations � of a n

2 -spin system on a(d + 1) {dimensional

lattice Zd+1 . Consider a mixing matrix T�� 0 and denote f 1; : : : ; ngZd +1

T
the space of the con�gurations such thatT� x � 0

x 0
= 1 if the pair of nearest

neighbor sitesx; x 0 lie in the direction of the (d + 1) {axis, i.e. if x = ( �; t )
and x0 = ( � 0; t0) with jt � t0j = 1 . We call f 1; : : : ; ngZd +1

T the con�guration
space of a spin system subject to anoriented or timelike hard core. We say
that the potential � has spatial and temporal ranges� � 1; � � 1

0 if

k � k�;� 0

def
= sup

x 2 Zd +1

X

x 2 X � Zd ; jX j> 1

k� X ke� � ? (X )+ � 0 � k (X ) < 1 ; (7:3:24)e7:3:24

wherek� X k = sup � X
j� X (� X )j with the supremum taken over the� X which

are T{compatible; � ? (X ) (spatial tree length of X ) and � k (X ) (temporal
tree length of X ) are obtained by considering the sum of the lengths of the
projections on the planeZd and, respectively, on the axis orthogonal to it in
Zd+1 of the segments constituting the shortest tree linking the points of X .

Likewise we can de�ne oriented Fisher potentials:

(7.3.3) Def inition:D 7:3:3 (Oriented Fisher potentials)
A oriented hard core potential � is a oriented Fisher potential if � X 6= 0
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only if the set X consists of a union of intervals located on pairwise distinct
time lines.

Remarks: (1) We call \time" the last direction in Zd+1 and \timelike" any
line in Zd+1 parallel to the last coordinate axis.
(2) A general oriented hard core potential � is often equival ent to a suitable
oriented Fisher potential 	. Indeed let a generic set X � Zd+1 be the union
of vertical intervals [ i;j J � i

j , with i = 1 ; : : : ; m and j = 1 ; : : : ; n� i , lying on

distinct time lines � 1; : : : ; � p 2 Zd and ordered so that J � i
j < J � i

j +1 . Let

I � 1 ; : : : ; I � p be the smallest timelike intervals such that [ j J � i
j � I � i : we say

that the J � i
j generate I � i (in other words I � i is the interval delimited by

the lowest point in J � i
1 and the highest point in J � i

n � i
). Given a Y = [ i I � i ,

with I � i timelike intervals lying on distinct time lines, for each compatible
confguration � Y we set

	 Y (� Y ) =
�X

� X (� X ) (7:3:25)e7:3:25

with the sum running over all set X = [ i;j J � i
j such that J � i

j generatesI � i .
Moreover we set 	 Y = 0 for all sets Y which are not the union of timelike
intervals located on distinct timelike lines. We see that in this way we de�ne
a oriented Fisher potential that is equivalent to �, provide d k	 k� 0;� 0

0
is �nite

for some� 0; � 0
0.

(3) A su�cient condition for the �niteness of (7.3.25) is tha t the oriented
potential veri�es

k � k�;� 0 ;� 1

def
= sup

� 2 Zd

X

� 2 X � Zd ; jX j> 1

k� X ke� � ? (X )+ � 0 � k (X )) e� � 1 n (X ) < 1 ;

(7:3:26)e7:3:26
where n(X ) is the number of distinct vertical intervals whose union is X
(i.e. n(X ) =

P
i n� i ). In this case if � 1 is large enough we getk 	 k 1

2 �;� 0
<

1 .

The following proposition says that if the spatial range is short enough the
system behaves as if it was one dimensional.

(7.3.3) Proposition:P 7:3:3 (Cluster expansion for oriented hard core systems)
Consider a n

2 -spin system subjected to a Fisher oriented hard core potential
such that there are�; � 0 > 0 for which k � k�;� 0 < 1 . Then given � 0 there
are constants �; b > 0 such that if � > � the correlation functions � � (CV

� V
)

are analytic functions of � in the region k � k�;� 0 < 1 and jIm � � (� )j < b.
Furthermore the Gibbs distribution � � is exponentially mixing.

The proof follows closely the hint in remark (3) above and is made easier by
the fact that the length � � 1 characterizing the diameter decay in (7.3.24) is
very short for � large. Hence the interaction is very small and short ranged
for � large apart from the oriented hard core. See problems [7.3.10] and
[7.3.11] for details.
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More general cases in which the interaction is not supposed small in the
direction of the hard core orientation (i.e. in the case considered in remark
(2) above) have been studied in [BFG03].

Problems for x7.3

[7.3.1]:Q 7:3:1 Show that if C = ( C1 ; : : : ; C k ) with � (C) > 1 the estimate (7.3.13) can be
improved as

sup
H

X

H 2C ; � ( C) > 1

sup
�

C

je� C 1 ;:::;C k (� C 1 ; : : : ; � C k )je
1
2 ( k � 1) hk < m k � k� e� �

2 h :

(Hint: Note that the distance of the extreme points of the sets Ci ; Cj is of the order of
(k � 2)h + ( k � 1)� and k > 2 if � (C) > 1.)

[7.3.2]:Q 7:3:2 Let A be a Fisher potential for a spin s
2 system on a �nite lattice � = f 1; : : : ; h g

with h sites. Call a(� ) = a� (� ) and a(�; � 0) = af �;� 0g (�; � 0), respectively, the single-spin
and the nearest neighbor potentials supposed translationa lly invariant. Suppose that
there is also a potential aX (� X ), possibly non translation invariant, satisfying

jaX (�
X

)j � "e � �� ( X )

for some "; � > 0. Then the partition function Zh (�; � 0)
def
=

P
� 1 ;:::;� h

e� U ( � ) with

� 1 = �; � h = � 0 can be written as

X

� 1 ;:::;� h
� 1 = �;� h = � 0

e� 1
2 a( � )

� h � 1Y

j =1

M � j � j +1

�
e� 1

2 a( � 0) e
�

P
X � �

aX ( �
X

)
;

where M �� 0
def
= e� 1

2 a( � ) e� a ( �;� 0) e� 1
2 a( � 0) and the last sum is over the intervals X � �

with � (X ) > 1.

[7.3.3]:Q 7:3:3 (A transfer matrix approach to long range interactions )
In the context of problem [7.3.2] let Z 0

h (�; � 0) be de�ned as Zh (�; � 0) in problem [7.3.2]
with aX (� X ) � 0. Check that

Z 0
h (�; � 0) = � h � 1e� 1

2 a( � ) v(� )v(� 0)e� 1
2 a( � 0) exp

�
� e� � 0 h �( �; � 0)

�
;

where � 0 is the logarithm of the ratio between the maximal eigenvalue � of the matrix
M and the largest modulus of the others, j�( �; � 0)j � D 0 for some D 0 > 0, end v(� ) > 0
is the � component of the eigenvector with eigenvalue � of M (cf. the Perron{Frobenius
theorem). ( Hint: This is just one more application of the transfer matrix, see for instance
problem [7.2.13].)

[7.3.4]:Q 7:3:4 (Toward polymerization of the problem of checking (7.3.21) )
In the context of problems [7.3.2] and [7.3.3] check that Zh (�; � 0) can be written as

X

� 1 ;:::;� h
� 1 = �;� h = � 0

e� 1
2 a( � )

� h � 1Y

j =1

M � j � j +1

�
e� 1

2 a( � 0)
X

p� 0

X

I 1 ;:::;I p � �

pY

j =1

� (I j ; � I j );

where I 1 ; : : : ; I p are p disjoint consecutive intervals. Find conditions on "; � such that
there are b; C > 0 for which

j� (I; � I )j � "C e � b� j I j :
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(Hint: Note that � (I; � I ) =
P

q� 1

P �
X 1 ;:::;X q

Q
(e

� aX j
( �

X j
)

� 1), where the � means

that the X 1 ; : : : ; X q are q pairwise distinct intervals with the interval I as union and
which are \chain connected" ( i.e. for every pair of intervals there is a chain of pairwise
intersecting intervals among the X 1 ; : : : ; X q starting with the �rst interval and ending
with the last). Then apply the method used to obtain (7.2.9) o r (7.2.16). If B =P

02 X 2 Z
e� �� ( X ) a su�cient condition will be for instance max z 2 Z Bze"Bz e� 1

4 �z � C
for b = 1 =16, say.)

[7.3.5]:Q 7:3:5 In the context of the above problems let I 1 ; : : : ; I p be p disjoint consec-
utive intervals in �. The intervals can be speci�ed by the seq uence of integers
r 1 ; i 1 ; r 2 ; i 2 ; : : : ; r p ; i p ; r p+1 giving the \lengths" of the \empty" sites ( r j ) and of the
\occupied sites ( i j � j I j j).3 Denote � �

j ; � +
j the spins located at the initial and �nal sites

N 7:3:2
of I j and let � +

0 = �; � �
p+1 = � 0. Check that the function Zh (�; � 0)can be written as

X

p;I 1 ;:::;I p
� I 1

;:::;� I p

� p� 1Y

j =1

Z 0
r j +1 (� +

j ; � �
j +1 ) � Z 0

i j � 1(� �
j ; � +

j )
�

Z 0
r 1

(�; � �
1 )Z 0

r p +1
(� +

p ; � 0)
� pY

j =1

� (I j ; � I j )
Q

�;� +1 2 I j
M � � ;� � +1

Z 0
i j � 1 (� �

j ; � +
j )

�
;

with the natural interpretation of the extreme cases ( e.g. p = 0 corresponds to no sum
over � 's and gives r 1 = h and a term equal to Z 0

h (�; � 0), etc). ( Hint: This is read o� the
�rst expression for Zh (�; � 0) in problem [7.3.4].)

[7.3.6]:Q 7:3:6 In the context of the above problems and making use of the resu lt of problem

[7.3.3] check that setting w(� ) = e
1
2 a( � ) v(� ), cf. problem [7.3.3], Zh (�; � 0) is

Zh (�; � 0) = � h � 1w(� )w(� 0)
X

p ; f � �
j

g p +1
j =1

I 1 ;:::;I p

� pY

j =1

w(� +
j )2w(� �

j )2
�

�

�
� p+1Y

j =1

exp(� e� � 0 r j �( � +
j � 1 ; � �

j )
�� pY

j =1

exp(� e� � 0 j I j j �( � �
j ; � +

j ))
�

�

�

pY

j =1

� (I j ; � I j )
Q

�;� +1 2 I j
M � � ;� � +1

Z 0
i 1 � 1 (� � ; � +

j )
;

where r 1 ; i 1 = jI 1 j ; : : : are the successive lengths of empty and �lled lattice points (cf.
problem [7.3.5]). ( Hint: This is simply a rewriting of the expression in problem [7.3. 5]).

[7.3.7]:Q 7:3:7 In the context of the above problems let L be such that e� � 0 L D 0 < " . Given
a con�guration of successive intervals I 1 ; : : : ; I q in � we say that a subsequence of k + 1
consecutive intervals I x ; I x +1 ; : : : ; I x + k is L {connected if the distance between consecu-
tive intervals is � L and if it is maximal (given I 1 ; : : : ; I q) with the latter property. Given
such a subsequence we callJ the interval between the �rst point of I x and the last point
of I x + k enlarged by adding L=2 points to the right and to the left or (if there are not
enough such points) as many as possible. In other words J is the part of the union of
the intervals I x + j enlarged to the right and to the left by L=2 which is inside �: we say
that I x ; I x +1 ; : : : ; I x + k \generate" J . De�ne

3 One must have r 2 ; : : : ; r p > 0 while r 1 ; r p+1 � 0 and i j > 0 unless p = 0, in which case
r 1 = h.

17 =novembre= 2009; 15:52



254 Problems for x7.3

� (J ) =
X

q; I 1 ;:::;I q generate J
� I 1

;:::;� I q

q� 1Y

i =1

exp(� e� � 0 r j �( � +
j ; � � j + 1)) �

�

qY

i =1

� (I j ; � I j )
Q

�;� +1 2 I j
M � � ;� � +1

Z 0
i 1 � 1 (� � ; � +

j )
;

and check that for a suitable b1 > 0 one has

j� (J )j � e� 1 � j J j "C

1 � "Ce
1
8 L L

def
= e� 1 � j J j C0 "

if "Ce
1
8 L L < 1=2. (Hint: Proceed as in the hint to problem [7.3.4].)

[7.3.8]:Q 7:3:8 In the context of the above problems show that if " is small enough and k is
large enough proposition (7.1.1) can be applied to deduce th at (with the notation of the
polymers of Section x7.1

Zh (�; � 0) = � h � 1w(� )w(� 0) exp
� X

X

' T (X )� (X )
�

;

where X is a polymer con�guration built with polymers J with activity � (J ) de�ned in
problem [7.3.7]. Note that � (X ) is, therefore, independent of � unless X contains the
�rst point of � and independent of � unless one of the polymers of X contains the last
point of �. ( Hint: By problem [7.3.7] one has

Zh (�; � 0) = � h � 1w(� )w(� 0)
X

s� 0

X

J 1 ;:::;J s
J i \ J j = ;

sY

j =1

� (J j );

and � (J ) veri�es (7.1.16) with b0 = C0 , � 0 = e� 1
2 b1 � , � 0 = 1

2 b1 � .)

[7.3.9]:Q 7:3:9 Find a proof of the result in problem [7.3.8] simpler than per forming the analysis
in problems [7.3.2] through [7.3.8]. ( Hint: It should be possible.)

[7.3.10]:Q 7:3:10 (Decimation in higher dimension. I )
Given � 0 > 0 and a potential � for a system of oriented hard cores (see de� nition (7.3.2))
such that k� k�;� 0 < 1 for some � > 0. Let �; h be two integers larger than the mixing

time of the compatibility matrix T . Let � = Q � I where Q � Rd
is a cube of side L

and I is the interval [0 ; (� + h)n + � ]: we regard the parallelepiped � as a \horizontal"
strip consisting of jQj \vertical" intervals of size ( � + h)n + � . Divide the space{time
region � = Q � I into ( n + 1) \horizontal" strips made of jQj \vertical" intervals of
size � alternating with n \horizontal" strips made of jQj vertical intervals of size h.
Call B 1 ; B 2 ; : : : ; B j Q j ( n +1) and H 1 ; : : : ; H j Q j n the vertical intervals of length � or h into
which each strip is divided; show that by holding �xed the blo ck spin con�gurations �

B j

the decimated energy Udec (� )
def
= log

P
�

e� U � ( � ;� ) can be studied via the technique of

the proof of proposition (7.3.1) (and proposition (7.2.3), corollary (7.2.3)). By choosing
�; h suitably large ( e� � 0 � < e � � ), one �nds that Udec (� ) is expressed as an interaction
without hard cores between the spins � which has the property that

sup
X

B 1 ;:::;B q
� � ( B 1 ;:::;B q ) > 1

j � dec
B 1 ;:::;B q

(�
B 1

; : : : ; �
B q

)je
1
2 �� � ( B 1 ;:::;B q ) < 1;
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where � � (B 1 ; : : : ; B q) denotes the tree distance of the centers of the sets B 1 ; : : : ; B q with
the vertical components of the distances measured in units o f ( � + h). ( Hint: Note that
U� (� ; � ) can be written as a sum of � {only dependent terms

P
i

P
X i � B i

� X i (�
X i

)

plus
P

j 1 ;:::;j q
� X j 1 ;:::;X j q

(�
X j 1

; : : : ; �
X j q

) plus

X

i

X

X i � H i

� X i (�
X i

) +

�X

q> 1;H i 1
;:::;H i q

X i � H i

� X i 1 ;:::;X i q
(�

X i 1
; : : : ; �

X i q
);

where the � reminds that one has X i j \ H i j 6= ; for all j = 1 ; : : : ; q. The sets X i j

possibly intersect also some of the B 's so that the last expression does depend also on
the � 's. The spins �

H
are \high spins" and their interaction is not translation in variant

(for instance because the � variables have non translation invariant values). Calling their
interaction 	 we see that its size is such that

X

q> 1;H 1 ;:::;H q

k	 H 1 ;:::;H q ke+ 1
2 �� � ( H 1 ;:::;H q ) < 1;

so that we can apply proposition (7.2.3), corollary (7.2.3) and the result of problem
[7.2.10] if � is large enough.)

[7.3.11]:Q 7:3:11 (Decimation in higher dimension. II )
In the context of problem [7.3.10] note that the potential � dec has no hard core. Fur-
thermore the components with � � (B; B 0) = 1 (hence q = 2) of the potential consist of a

contribution that can be bounded sup
P

B 1 ;B 2 ;� � ( B 1 ;B 2 )=1
j � dec

B 1 ;B 2
(�

B 1
; �

B 2
)je

1
2 � < 1

plus a component that can be quite large equal to log Zh (�
B 1

; �
B 2

) de�ned in (7.3.9).

The latter is representable as a sum of a nearest neighbor pot ential which can be made
as small as wished if h is large enough plus a one spin component, as studied followi ng
(7.3.14). Hence we can apply corollary (7.2.3): show that th is yields a proof of proposition
(7.3.2).)

Bibliographical note for x7.3

The analysis in this section is a technical extension of the simple problems
proposed in Sectionx7.2.
The renormalization by decimation method used to study one dimensional

Gibbs states with short range forces, and their analyticity, followed here
has been introduced in [CO81], where a new proof of Dobrushin's optimal
analyticity result for interactions with polynomial decay has been obtained.

x7.4 Absence of phase transitions: more criteria

Availability of simple criteria for uniqueness of the Gibbs state associated
with a potential is often important. We have so far met several such criteria,
e.g. the general result for one dimensional systems in proposition (5.2.1)
and various criteria in propositions (7.2.1), (7.2.2), (7.2.3) and (7.3.1), and
corollaries (7.2.1) and (7.2.2).
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256 x7.4: Absence of phase transitions: more criteria

However there are applications of the theory, even to dynamical systems of
Anosov type, in which the mentioned criteria do not apply because their as-
sumptions are, or appear to be, too restrictive. We shall meet an important
example in problem [10.4.1] and here we mention a simple criterion which
turns out useful in its study.

(7.4.1) Proposition:P 7:4:1 (Diameter decay of potential and no phase transi-
tions conditions)
Let � be a potential for a spin system without hard core on thed{dimensional
lattice Zd. Assume that � X (� X ) can be di�erent from 0 only if X is con-
nected by nearest neighbors and de�ne for� > 0

k� kdiam
� =

X

02 X

k� X ke�D (X ) ; (7:4:1)e7:4:1

where D(X ) = diam( X ) is the diameter of X . Given � > 0 if k� kdiam
� is

small enough the Gibbs distribution is unique, depends smoothly on � and
the correlations of local observables decay exponentially.

Proof: Suppose that the system is con�ned in a box �. Let F; G be two
local observables,FA (� ) = f (� A ) and GB (� ) = g(� B ), where A; B are two
�nite sets in �. We can write the correlation � (FA GB ) � � (FA )� (GB ) as

1
2

P
� ;� (f (� A ) � f (� A ))( g(� B ) � g(� B ))e�

P
X

( � X ( � X )+ � X ( � X ))

P
� ;� e�

P
X

( � X ( � X )+ � X ( � X ))
; (7:4:2)e7:4:2

where � X (� X )
def
= � X (� X ) � max� X

� X (� X ) � 0. The numerator can be
expanded \as usual" by writing

e�
P

X
( � X ( � X )+ � X ( � X )) =

Y

X

�
� (X; � X ; � X ) + 1

�
; (7:4:3)e7:4:3

where � (X; � X ; � X )
def
=

�
e� ( � X ( � X )+ � X ( � X )) � 1) and

0 � � (X; � X ; � X ) � e2k� kdiam
� 2k� kdiam

� e� �D (X ) : (7:4:4)e7:4:4

By using (7.4.3) we get for the numerator of (7.4.2)

1
2

X

� ;�

(f (� A ) � f (� A ))( g(� B ) � g(� B ))
X

n;Y 1 ;:::;Y n

nY

i =1

� (Yi ; � Yi
; � Yi

): (7:4:5)e7:4:5

In the above sum we distinguish then{ples Y1; : : : ; Yn which do not contain
a chainC = ( Y �

1 ; : : : ; Y �
p ) of sets such thatY �

k \ Y �
k+1 6= ; for k = 1 ; : : : ; n� 1

and Y �
1 \ A 6= ; , Y �

n \ B 6= ; and the others.
The total contribution of the �rst terms is 0 by their odd symm etry �  ! � :

exchanging the con�gurations � ; � inside the union of the setsY which are
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parts of chains Y �
1 ; : : : ; Y �

p intersecting A and not B changes the sign of
(7.4.5) (note that such an operation of partial interchange of � and � is
only possible in general if there are no hard cores). The contribution of the
other terms is bounded simply by summing over all chainsC = ( Y �

1 ; : : : ; Y �
p )

connecting A and B

4kFA k kGB k
X

C

2pe2k� kdiam
� p(k� kdiam

� )p
pY

i =1

e� �D (Y �
i ) Z 2

� ; (7:4:6)e7:4:6

where (7.4.4) has been used together with the remark that thesum over the
other setsY adds up at most to Z � .
Hence, if D (A; B ) is the distance betweenA; B ,

X

C

2pe2k� kdiam
� p(k� kdiam

� )p
pY

i =1

e� �D (Y �
i ) �

� e� 1
3 �D (A;B )

X

C

(2e2k� kdiam
� k� kdiam

� )p
pY

i =1

e� 2
3 �D (Y �

i ) : (7:4:7)e7:4:7

The sum over the setsY which intersect a given set Y 0 of e� 1
3 �D (Y ) ,

i.e.
P

Y \ Y 06= ; e� 1
3 �D (Y ) , is bounded byD(Y 0)dC0 for some constantC0 (de-

pending only on � ). Therefore, if C1
def
= max D D de� 1

3 �D ,

Sp
def
=

X

Y �
1 ;:::;Y �

p

pY

i =1

e� 2
3 �D (Y �

i ) � C0

X

Y �
1 ;:::;Y �

p � 1

D(Y �
p� 1)de� 1

3 �D (Y �
p � 1 ) �

� e� 1
3 �D (Y �

p � 1 )
p� 2Y

i =1

e� 2
3 �D (Y �

i ) � Cp
0 Cp� 1

1 ;

(7:4:8)e7:4:8
and from (7.4.7) we conclude that for someC > 0 one has

j� (FA GB ) � � (FA )� (GB )j � CkFA k kGB k k� kdiam
� e� 1

3 �D (A;B ) ; (7:4:9)e7:4:9

provided k� kdiam
� is small enough (the factorZ � in (7.4.6) is canceled out

by the denominator).
This also shows that the Gibbs distribution is di�erentiabl e at � because if

� �+ � 	 ;� denotes the �nite volume Gibbs distribution with potential �+ � 	
then, if we chose 	 2 B0,

�
�
�
�

d
d�

� �+ � 	 ;� (FA )
�
�
�
� =0

�
�
�
� =

�
�
�
�
�

X

X

(� � ;� (FA 	 X ) � � � ;� (FA )� � ;� (	 X ))

�
�
�
�
�

�

� CkFA kk	 kdiam
� k� kdiam

�

X

X

e� �
�

D (X )+ 1
3 D (A;X )

�
� E;

(7:4:10)e7:4:10
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whereE is a �{independent constant and the sum is �nite as 	 2 B0. This
means that the tangent plane toP� (�) varies continuously with � uniformly
in � so that the Gibbs state is unique and it also follows that

d
d�

� �+ � 	 (FA )

�
�
�
�
� =0

=
X

X

(� (FA 	 X ) � � (FA )� (	 X )) ; (7:4:11)e7:4:11

for k	 kdiam
� < 1 .

Likewise one can express the second derivative (and the higher ones): the
above exponential decay can be used to check that also the second (and
higher) derivatives are uniformly bounded so that � depends in an in�nitely
smooth way on � as long as � varies keeping k� kdiam

� small enough, for
a given � > 0. The check requires dividing the space into regions and
it is somewhat laborious. For instance in the case of the second deriva-
tive the regions to consider areD(A; Y ); D (X; Y ) > R , D(X; Y ) < R and
D(A; Y ) < R for R > 0 large compared to the diameters ofX; Y; A . Hence
one �rst considers the sum overX; Y with diameter not exceeding R and
checks that the result is �nite. Then one proceeds to relax the restriction
on the diameters by taking advantage of the exponential decay of 	 X ; 	 Y

with the diameters. We omit further details.

Remarks: (1) The analysis requires absence of hard cores. Otherwise
exchanging the con�gurations � ; � inside the sets of a chain that intersect
A but not B may lead to incompatible spin con�guration thus ruining the
cancellation mechanism.
(2) Uniqueness implies that the tangent plane varies with continuity along
paths in the space of the potentials with the norm (7.4.1) small enough:
hence the Gibbs distribution is di�erentiable in this regio n.

An important uniqueness criterion is the following, see [Si93].

(7.4.2) Proposition:P 7:4:2 (Dobrushin's uniqueness criterion)
Let � be a potential for a spin system without hard cores inZd. If

k� k1
def
=

X

X 3 0

(jX j � 1) k� X k
def
= � < 1; (7:4:12)e7:4:12

where k� X k = sup � X
j� X (� X )j, then the Gibbs distribution with potential

� is unique.

Proof: Let � be a spin con�guration and we denote� =i the spin con�guration

over the sites ofZd which are di�erent from i . In this way � =i � i will denote
the con�guration obtained by replacing � i with � i . Likewise we de�ne � =X

the con�guration � over the sites Zd=X for any set X , and � =X � X will
denote the con�guration obtained from � by replacing the spins of � with
� X in X .
We assume that the sites ofZd have been labeledi = 0 ; 1; 2 : : : in such a

way that the set Qn = [ n
i =0 f i g eventually contains any pre�xed cube K

centered at the origin; in particular we denote with i = 0 the origin.
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It is easy to compare the conditional probabilities m(� i j� =ij � 0
j ) and

m(� i j� =ij � 0
j ). In fact let D be

D =
�
�
�
X

� i

(m(� i j� =ij � 0) � m(� i j� =ij � 00)) f (� i )
�
�
� =

=
�
�
�
Z 1

0
dt

X

�

d
dt

mt (� )f (� )
�
�
� ;

(7:4:13)e7:4:13

where mt is the probability distribution

mt (� ) = Z � 1
t e

�
P

X 3 i;j

�
� X ( �� =ij � 0)+ t (� X ( �� =ij � 00) � � X ( �� =ij � 0))

�
; (7:4:14)e7:4:14

with Z t being the normalization factor equal to the sum over � of the
exponential in (7.4.14).

We call d(� )
def
=

P
X 3 ij (� X (�� =ij � 00) � � X (�� =ij � 0)) and denote with

h�it the average with the probability mt . Then kdk � max� jd(� )j �

2
P

X 3 i;j k� X k
def
= 2 � ij ; note that we can de�ne � ii � 0, which is con-

sistent with the de�nition of d(� ). If kf k denotes the maximum of jf (� )j
then one has

D �
Z 1

0
dt(hf d i t � h f i t hdi t ) �

Z 1

0
dthf (d � h di t )i t �

� k f k
Z 1

0
dth(d � h di t )2i

1
2
t � k f k kdk � 2kf k� ij :

(7:4:15)e7:4:15

Therefore by the arbitrariness of f one has
P

� jm(� j� =ij � 0) �
m(� j� =ij � 00)j � 2� ij . De�ne

(� j f )( � )
def
=

X

�

m(� j� =j )f (� ); (7:4:16)e7:4:16

and note that the Gibbs distributions � with potential � verify the DLR
equations, i.e. � (� j f ) � � (f ). Of course (� j F )( � ) depends only on� =j , as
the spin on the site j is summed over.
Let F be a cylindrical function depending only on the spins in a �nite cube

K : then if n is such that Qn � K one has (� n F )( � ) � F (� ). To estimate
the dependence ofF on the spins with large label we introduce

� i (F ) = max
�;� 0;�

jF (�� =i ) � F (� 0� =i )j; �( F ) =
1X

i =0

� i (F ); (7:4:17)e7:4:17

and call � i (F ) and �( F ) the variation of F at site i and, respectively, the
variation of F . Then one has� i (� i F ) = 0, while, for i 6= j ,

� i (� j F ) = max
� 0

i ;� 00
i ;�
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�
�
�
X

� j

�
F (� j � =ij � 0

i )m(� j j� =ij � 0
i ) � F (� j � =ij � 00

i )m(� j j� =ij � 00
i )

� �
�
� �

� � i (F ) + max
� 0

i ;� 00
i ;�

�
�
�
X

� j

[F (� j � =ij � 0
i )] [m(� j j� =ij � 0

i ) � m(� j j� =ij � 00
i )]

�
�
�

def
=

def
= � i (F ) + max

�
�
�
X

� j

[G(� j )] [m(� j )]
�
�
� ; (7:4:18)e7:4:18

where m and G are the two functions in square brackets in the third line,
and

P
� m(� ) = 0, while by (7.4.15) one has

P
� jm(� )j � 2� ij . On the

other hand
P

� G(� )m(� ) �
P

� (G(� ) � a)m(� ) for all a so that choosing
a to be half way between the maximum and the minimum ofG(� ) we see
that j

P
� j

G(� j )m(� j )j � �G� ij , where �G is the width of the range of the
function G; since G varies because the spin� j varies one has�G � � j (F )
and this implies

� i (� j F ) � � i (F ) + � ij � j (F ): (7:4:19)e7:4:19

Therefore noting that ( � j F )( � ) is independent of � j and setting

�
def
= sup j

P
i 6= j � ij = k� k1 we see that one has

�( � 0 : : : � n F ) �
1X

i =1

� i (� 1 : : : � n F ) + � � 0(� 1 : : : � n F ) �

�
1X

i =2

� i (� 2 : : : � n F ) +
1X

i =2

� i 1� 1(� 2 : : : � n F )+

+ � � 0(� 2 : : : � n F ) + � � 01� 1(� 2 : : : � n F ) �

�
1X

i =2

� i (� 2 : : : � n F ) + �
1X

i =0

� i (� 2 : : : � n F ) �

�
1X

i = n +1

� i (F ) + �
nX

i =0

� i (F ) ����! n !1 � �( F ):

(7:4:20)e7:4:20

The limit as n ! 1 of � 0� 1 : : : � n F is de�ned for all functions F
which are cylindrical (note that if n is large � n F � F ), hence, by den-
sity, for all continuous functions on f 1; : : : ; ngZd

: we shall denote it by

T F
def
= lim n !1 � 0� 1 : : : � n F . Then (7.4.20) proves that the variation of

T F is smaller by a factor of � = k� k1 < 1 than the variation of F :
�( T F ) � � �( F ) and �( T k F ) � � k �( F ) ���!k !1 0. Hence T k F tends
to a constant which is � (F ) if � is a Gibbs distribution with potential �
(i.e. � (� j F ) � � (F ), so that � (T k F ) � � (F ) for all k). Hence the value
of � (F ) is uniquely determined by the conditional probabilities associated
with the potential �, i.e. the Gibbs state is unique.

Remark: Convexity of the function P(�) and uniqueness of its tangent
plane imply that the tangent plane varies with continuity al ong paths in
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the region B1 of the potentials on which
P

X 3 0(jX j � 1) k� X k < 1: hence
the Gibbs distribution is di�erentiable in this region. In f act in [Gr81] it is
shown that, very remarkably, under the same conditions the pressureP(�)
is C2 (twice continuously di�erentiable for � 2 B1) and one has an explicit
bound on the size of its second derivative. And under the samecondition
k� k1 < 1 the further assumption that

P
X 3 0 jX jk � 1 k� X k < 1 implies

that P(�) is of class Ck in B1, [Pr83].

A review of many other criteria of uniqueness (and smoothness) that are
known can be found, together with the related proofs and manycomments,
in [Si93].

Bibliographical note to x7.4

The above is only one more example of uniqueness criteria. A further
important uniqueness criterion (complete analyticity criterion and method
of cleanings) can be found in [DS87]; we do not discuss it here, in spite of
its originality and importance in Statistical Mechanics, b ecause we shall not
have occasion to employ it in our dynamical systems studies.It is a criterion
which is closely related to the cluster expansion methods discussed so far, cf.
[Ol88]. On the probabilistic side the method ofcleaningsof [DS87] is related
to the method of shift of conditionings introduced in discussing Statistical
Mechanics aspects of �eld theory in [BCGNOPS78], [Ga80], [BGN80]. The
above presentation follows closely [Si93].

x7.5 Phase transitions

The cases in whichG(�) consists of more than one point are very inter-
esting: such cases do not seem to arise in the theory of smoothdynamical
systems because smooth dynamical systems generate one-dimensional Gibbs
distributions with potential � which decays exponentially , as discussed in
the previous sections. The situation is somewhat di�erent when one consid-
ers systems which areextended, like lattices of coupled maps: in this case
it is far less clear that the symbolic dynamics associated with such systems
does not correspond to a spin system with a potential which admits several
Gibbs distributions.
An example of an extended dynamical system that admits a symbolic dy-

namics with more that one Gibbs state was given in [GMK00]. The sys-
tem consists of a 2-dimensional lattice of coupled expansive maps on [0; 1],
like those studied in sectionx5.4. The key point is to use a coupling that
keeps invariant the Markov partition and allows an easy computation of the
corresponding potential �. In this way it is possible to buil d explicitly a
dynamical system whose potential � is among the classical examples known
to admit more than one Gibbs state. The problem with such examples with
respect to the theory presented in this book is that the resulting dynamical
systems are quite singular, indeed not even continuous. No example of such
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a phenomenon has been found for smooth dynamical system.
In this section we want to discuss some cases of potentials for one-

dimensional lattice spin systems which admit several Gibbsdistributions. It
is in fact of interest to note that, in one-dimensional systems, if one considers
potentials that decay slowly at in�nite distance then one gets potentials �
that admit several Gibbs distributions. Such potentials can, perhaps, arise
in systems which, although not hyperbolic, still admit a symbolic dynamic
description: one typically thinks to maps with a �nite numbe r of �xed or
periodic points of marginal stability, i.e. with a Lyapunov coe�cient which
has modulus 1 (recall that the modulus of derivative of the map enters into
the description of the SRB distributions and it logarithm pr ovides an esti-
mate of the decay of the potential in the symbolic dynamics description, cf.
Section x5.4), and this makes them interesting in dynamics.

To �nd such a � it is su�cient, by the analysis of Section x6.1 (cf. propo-
sition (6.1.2) and the remark following it) to �nd points � 2 B , where B
is the space of the potentials onf 0; : : : ; ngZ , in which the tangent plane to
the graph of P is not unique, cf. de�nition (5.1.1).
SinceP is convex, cf. proposition (6.1.1), it is clear that a way to � nd such

points is to consider lines, say straight lines,h ! �( h), h 2 R, in B and to
�nd a value h0 of h in which the function h ! P(�( h)) is not di�erentiable:
in such a point �( h0) the plane tangent to the graph of P will not be unique
and hence there will be at least two Gibbs states, cf. Sectionx6.1.
A second method is to �nd a potential � 2 B that admits a Gibbs state

that is not ergodic: it is clear from the ergodic decomposition theorem for
Gibbs states (cf. corollary (6.1.2)) that in such casesG(�) contains at least
two points or, as one says in Physics, twopure phases.
One of the interesting problems is studyingGe(�), as its elements have the

physical interpretation of pure phases, and characterizing in some way its
elements. This kind of problem is called thephase transitions problemfor
Gibbs states.
The reason of the name \transition" lies in the fact that the G ibbs states

are studied, usually, as � varies on a one parameter curveh ! �( h) or
on a two parameters surface (h; � ) ! �( h; � ) (which are often just a line
or, respectively, a plane in B ). In the interesting situations for Physics
the phase ruleholds: for instance in the plane (h; � ) the values of h and
� to which there corresponds a unique Gibbs state are simply all points
exceptthose lying on certain regular curves whereGe(�) consists of two or
more elements. Moving along an arbitrary curve transversalto such curves
(coexistence curves) one �nds a unique Gibbs state except when one crosses
one of the coexistence curves. The properties of the Gibbs states are, or
may be, very di�erent to the right and to the left of such trans ition points
(for example

R
� 0d� = � (� 0) might have di�erent values on the two sides

of these lines).
At the transition point one has coexistence of states with di�erent qual-

itative properties but which are simultaneously Gibbs states for the same
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potential.1N 7:5:1
The problem of the phase transitions (or that of their absence) is rather

complex and largely open. A key result (Dyson, Lee{Yang, Ruelle) is the
following one.

(7.5.1) Proposition:P 7:5:1 (Phase transitions in one dimension)
Let " 2 (0; 1), � > 0, h 2 R and consider the potential for f 0; 1gZ de�ned
by � X = 0 if jX j � 3 and

� f i g(� ) = (2 � � 1) h ; � f i;j g(�; � 0) = � � (2 � � 1)(2 � 0� 1)
j i � j j 1+ " ; i 6= j; (7:5:1)e7:5:1

(i) If h 6= 0 , Ge(�) contains a unique point.
(ii) If h = 0 and � is large enoughGe(�) contains at least two points.

Remark: The condition " > 0 is required to apply proposition (6.1.1)
(i.e. so that the potential veri�es (5.1.5). The condition " < 1 is neces-
sary because if" > 1 the uniqueness result of proposition (5.2.1) applies
excluding phase transitions.

Proof: We shall not discuss the proof of item (i) because it concernsthe
problem of the absence of phase transitions: nevertheless the proof is very
interesting and it is based on a celebrated theorem of algebra due to Lee{
Yang, [LY52], later improved and extended by Asano, [As70] and by Ruelle,
[Ru71].
Part (ii) ([Dy69]) will be treated in detail. Let h = 0 and let � a Gibbs

distribution for � obtained as weak limit of some sequence of approximate
probability distributions. The sequence will be built as follows.
Let � N = f� N; : : : ; N g, let � 2 f 0; 1g� N and let (0 � 0) 2 f 0; 1gZ be the

sequence obtained by continuing� with 0 outside � N (i.e. (0 � 0) i = � i for
i 2 � N and (0� 0) i = 0 for i =2 � N ). Then we can repeat the argument used
in the proof of proposition (5.1.1) (cf. also problems [5.1.10] and [5.1.11]).
De�ning the �nite volume Gibbs state with 0 boundary conditions as the
distribution which attributes to the con�guration 0 � 0 the probability 2

N 7:5:2

e� N (� ) =
e� U �

� N
( � )

P
� 02f 0;1g� N e� U �

� N
( � 0)

� 2 f 0; 1g� N ; (7:5:2)e7:5:2

we see that the limit for N ! 1 of (7.5.2) is a Gibbs state � 2 G(�),
provided it exists and is invariant under translation; here U �

� N
is given, (see

(7.5.1)), by

U �
� N

(� ) = � �
X

i;j 2 � N
i 6= j

1
ji � j j1+ " (2� i � 1)(2� j � 1): (7:5:3)e7:5:3

1 This phenomenon is connected with, but it should be consider ed di�erent from, the
phenomenon of the possibility of coexistence of a gas with it s liquid or its crystal like
vapor in presence of water. The phases that we consider here c orrespond, in the physical
interpretation of Gibbs states, to pure vapor or pure liquid (or pure crystal). The
states of physical coexistence usually correspond, instea d, to Gibbs states which are not
invariant under translation.

2 We use the notations for U � introduced in (5.1.11) in de�nition (5.1.3).
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It is, however, necessary to show preliminarily the existence of the limit as
N ! 1 of the e� N and its translation invariance. To show the existence of
the limit of (7.5.2) it is convenient to set

Si = (2 � i � 1) if � i = 0 ; 1;

S; = 1 ; SX =
Y

i 2 X

Si if X 6= ; ; X � Z; jX j < 1 ; (7:5:4)e7:5:4

and note that the variables Si , SX assume the values +1 and� 1. The
functions � ! SX on f 0; 1gZ form a set that spans a linear manifold dense
in the spaceC(f 0; 1gZ) of the continuous functions on Z.
To see that the limit � of the sequence of distributions in (7.5.2) exists (in

the sense that � N (f ) ����! N !1 � (f ) for all f 2 C(f 0; 1gZ),3 it will su�ce toN 7:5:3
check, for all X � Z, existence of the limit

hSX i = lim
N !1

hSX i e� N
= lim

N !1

Z
e� N (d� )SX = lim

N !1
e� N (SX ) (7:5:5)e7:5:5

(with obvious implicit de�nitions of the symbols). For this purpose note
that

e� N (SX ) =

P
� 2f 0;1g� N SX e

�
P

i;j 2 � N ; i 6= j
j i � j j � 1 � " Si Sj

P
� 2f 0;1g� N e

�
P

i;j 2 � N ; i 6= j
j i � j j � 1 � " Si Sj

: (7:5:6)e7:5:6

Therefore (7.5.6) is a particular case of an expression of the type (if � � Z,
j� j < + 1 )

hSX i J =

P
S2f� 1;1g� SX e

P
Y � �

J (Y ) SY

P
S2f� 1;1g� e

P
Y � �

J (Y )SY
; (7:5:7)e7:5:7

with J (X ) � 0: equation (7.5.6) is obtained, indeed, from (7.5.7) by setting
� = � N 0 = f� N 0; : : : ; N 0g, with N 0 arbitrarily chosen such that N 0 � N ,
J (Y ) = 0 if jY j � 3, J (i ) = 0, J (i; j ) = � ji � j j � 1� " if i 6= j and i , j 2 � N ,
while J (i; j ) = 0 if i or j 2 � N 0=� N and if i = j 2 � N .
If in (7.5.6) we change the value ofN , say from N to N 0 � N , this is

equivalent to increasing in (7.5.7) some values ofJ (i; j ) in the following way:
one interprets them as 0 for the pairsi; j which are not both in [� N; N ] and
then one raises their values from 0 to� ji � j j � 1� " . Therefore the existence of
the limit (7.5.5) will be guaranteed if we shall show that hSX i J is monotonic
in J (Y ), for all Y , under the condition that all the values J (Y ) are � 0.
This means, by an easy check, that we must verify the following inequality:
if for every Y one hasJ (Y ) � 0 then for every X; Y

@hSX i J

@J(Y )
= hSX SY i J � h SX i J hSY i J � 0: (7:5:8)e7:5:8

3 i.e. , more mathematically, in the weak C(f 0; 1gZ ){topology on M 0(f 0; 1gZ ) thought
of as the unit ball of the space of probability distributions on f 0; 1gZ , dual space of
C(f 0; 1gZ ).
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This is a very well known inequality (second Gri�ths inequality ), the �rst
of a family of astute inequalities that keeps proliferating. Its proof is sur-
prisingly simple, in the version due to Ginibre (the original proof was much
more involved), [Gi70]. Note, for this purpose, that

hSX 0 SY0 i J � h SX 0 i J hSY0 i J =

P
S2f� 1;1g� SX 0 SY0 e

P
Y � �

J (Y )SY

P
S2f� 1;1g� e

P
Y � �

J (Y )SY
�

�

P
S2f� 1;1g� SX 0 e

P
Y � �

J (Y )SY

P
S2f� 1;1g� e

P
Y � �

J (Y )SY
�

P
S02f� 1;1g� S0

Y0
e
P

Y � �
J (Y )S0

Y

P
S02f� 1;1g� e

P
Y � �

J (Y )S0
Y

=

=

P
S;S 02f� 1;1g� (SX 0 SY0 � SX 0 S0

Y0
)e

P
Y � �

J (Y )( SY + S0
Y )

� P
S2f� 1;1g� e

P
Y � �

J (Y )SY
� 2

: (7:5:9)e7:5:9

The denominator of the r.h.s. of (7.5.9) is positive. The numerator can be
conveniently transformed by setting S0

i = Si Ti , with Ti = � 1, and by trans-
forming the sum on S; S0 2 f� 1; 1g� into the sum over S, T 2 f� 1; 1g� ;
after the latter change the numerator of the r.h.s. of (7.5.9) becomes

X

S;T 2f� 1;1g�

(1 � TY0 )SX 0 SY0 e
P

Y � �
J (Y )(1+ TY )SY =

=
X

T 2f� 1;1g�

(1 � TY0 )
� X

S2f� 1;1g�

SX 0 SY0 e
P

Y � �
J (Y )(1+ TY )SY

�
;

(7:5:10)e7:5:10

and since 1� TY0 � 0 it will su�ce to check, in order to obtain (7.5.8), that
the sum in parentheses in (7.5.10) is not negative. One has

X

S2f� 1;1g�

SX 0 SY0 exp
� X

Y � �

J (Y )(1 + TY )SY

�
=

=
1X

k=0

1
k!

X

S2f� 1;1g�

� X

Y � �

J (Y )(1 + TY )SY )
� k

SX 0 SY0 = (7 :5:11)e7:5:11

=
1X

k=0

1
k!

X

Y1 ;:::;Y k � �

� kY

i =1

�
J (Yi )(1 + TYi )

� �� X

S2f� 1;1g�

SY1 : : : SYk SX 0 SY0

�
;

and, sinceJ (Yi )(1 + TYi ) � 0, it su�ces to show that the term in the last
parentheses is� 0. A moment of re
ection makes it manifest that such a
term has value either 2j � j or 0: hence (7.5.8) is proved.
Together with the (7.5.8) we obtain also, as already noted, the existence

of the limit in (7.5.5) for all X , and hence such a limit de�nes a probabil-
ity distribution � 2 G0(�). The same inequality (7.5.8) shows that � is
invariant under translation. Consider indeed the set X and its translated
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�X ; by denoting here with h�i� the average with respect to the probability
distribution (7.5.2), with � replacing � N , one has

hSX i � N � h SX i f� N;:::;N g � h SX i f� N;:::;N +2 g �

� h S�X i f� N � 1;:::;N +1 g � h S�X i � N +1 � (7:5:12)e7:5:12

� h S�X i f� N � 3;:::;N +1 g � h SX i f� N � 2;:::;N +2 g � h SX i � N +2 ;

which implies, in the limit N ! 1 , that � (SX ) = � (S�X ), for all X , and
therefore the invariance of� .
It is also obvious, for symmetry reasons, that (7.5.6) implies

� (Si ) = e� N (Si ) � h Si i � N = 0 : (7:5:13)e7:5:13

Were � ergodic we should have

�
��

M � 1
M � 1X

j =0

Sj
� 2�

����!M !1 0; (7:5:14)e7:5:14

because, by Birkho� theorem, M � 1 P M � 1
j =0 Sj would converge� {almost ev-

erywhere to � (Si ) = 0 (staying uniformly bounded by 1).
Hence we shall proceed to show that the limit (7.5.14) is positive if � is

large enough. This will complete the proof of (ii) by the comment in the
sixth paragraph at the beginning of this section (it will imp ly, indeed, that
� is not ergodic).
By the remarked monotonicity of hSX i � N with respect to N it will su�ce

to show that 4N 7:5:3a

e� M
��

M � 1
MX

j =1

Sj
� 2�

� m2 > 0 (7:5:15)e7:5:15

for a divergent sequence of choices ofM . Indeed

�
��

M � 1
MX

j =1

Sj
� 2�

� e� M
��

M � 1
MX

j =1

Sj
� 2�

; (7:5:16)e7:5:16

as we see by developing the squares into monomials and by applying (7.5.8)
to each of them (i.e. � (SX ) � e� M (SX ) for all M and for all X � Z).
We shall choose the sequenceM = 2 N , N = 0 ; 1; : : : and set

f (N ) = e� 2N

��
2� N

2N
X

j =1

Sj
� 2�

: (7:5:17)e7:5:17

4 Just for convenience we shall consider the sum in (7.5.14) ru nning from 1 to M instead
that from 0 to M � 1 (see also comments about Fig.(7.5.1) below): of course suc h a shift
of the summation label it is quite irrelevant.
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It is not easy to compute f (N ): however we can estimate such a quantity
by still using (7.5.8) and thinking of e� 2N (SX ) as a sum of the type (7.5.7)
with the choice of the constant J indicated there. The idea is to set equal
to zero or to decrease some of the nonzero constantsJ in order to obtain
a controllable expression. Obviously it is necessary to make this without
making too much worse the bound of f (N ). The choice of Dyson is to
de�ne a lower bound of � ji � j j � 1� " via a \hierarchical" procedure.
For convenience in the following we shall imagine \translating" the set

� M in such a way that the �rst point is at 1. Divide the points of [1 ; 2N ]
into 2N � p blocks of 2p consecutive points each, forp = 0 ; 1; : : : ; N ; see
Fig.(7.5.1).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Fig.(7.5.1)F 7:5:1 Hierarchical grouping of the sites in [1 ; : : : ; 2N ].

Such blocks (p{blocks) will be denoted with the symbol (p; k); the \ k{th
block between thep{blocks", p = 0 ; 1; : : : ; N , k = 1 ; 2; : : : ; 2N � p will be

(p; k) = f i j (k � 1)2p < i � k2pg: (7:5:18)e7:5:18

Note that
� j i � j j � 1� " > � 2� p( i;j )(1+ " ) ; (7:5:19)e7:5:19

if p(i; j ) = f minimum value of p for which i and j are found in the same
p{block g (and it is clear that p(i; j ) > log2 j i � j j).
Set, in (7.5.7), J (Y ) = 0 if j Y j � 3 or j Y j = 1 and

J (i; j ) = � 2� p( i;j )(1+ " ) if 0 < i; j � 2N ;

J (i; j ) = 0 otherwise;
(7:5:20)e7:5:20

We see that � j i � j j � 1� " > J (i; j ) for all i; j 2 f 1; : : : ; 2N g, with i 6= j .
Furthermore, for N � 1,

X

i;j 2f 1;:::; 2N g

J (i; j )Si Sj = �
N � 1X

p=0

2N � p � 1
X

r =1

2� (p+1)(1+ " ) S(p;2r � 1)S(p;2r )

if S(p; k) =
k2p
X

j =1+( k � 1)2 p

Sj (7:5:21)e7:5:21
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and S(p; k) is the sum of the variables of the (p; k){block. Set then

W (S) = exp
�

�
N � 1X

p=0

2N � p � 1
X

r =1

2� (p+1)(1+ " ) S(p;2r � 1)S(p;2r )
�

(7:5:22)e7:5:22

and

f (N ) =

P
S2f� 1;1g2N W (S)

� P 2N

j =1 2� N Sj
� 2

P
S2f� 1;1g2N W (S)

: (7:5:23)e7:5:23

By (7.5.8) and the remark following (7.5.20), we get

f (N ) � f (N ) for all N � 1: (7:5:24)e7:5:24

Then (7.5.23) can be cast into a recursive form apt for a bound.

Let us call R the random variable R = 2 � N P 2N

j =1 Sj , distributed according
to the distribution induced by that of the variables S,

P(S) =
e

�
P N � 1

p =0

P 2N � p � 1

r =1
2� ( p +1)(1+ " ) S(p;2r � 1)S(p;2r )

P
S02f� 1;1g2N e

P N � 1

p =0

P 2N � p � 1

r =1
2� ( p +1)(1+ " ) S0(p;2r � 1)S(p;2r )

=
W (S)

P
S02f� 1;1g2N W (S0)

; (7:5:25)e7:5:25

and let � N (R)dR be the distribution of the variable R (with a symbolic
notation because� N (R)dR is a sum of Dirac measures).
It is immediate, from the structure of (7.5.25), that there i s a simple rela-

tion between � N and � N � 1. In fact, for N � 1,

� N (R) = CN

Z
�
� R1 + R2

2
� R

�
dR1dR2�

� e
�
4 2N (1 � " ) R 1 R 2 � N � 1(R1)� N � 1(R2);

(7:5:26)e7:5:26

where CN is a normalization constant (i.e. it is the inverse of the integral
over R of the remaining part of the r.h.s. of (7.5.26)). One has

f (N ) =
Z

R2� N (R)dR; f (0) = 1 ;

� 0(R) = 2 � 1(� (R � 1) + � (R + 1)) ;
(7:5:27)e7:5:27

and therefore

f (N ) = CN

Z � R1 + R2

2

� 2
e

�
4 2N (1 � " ) R 1 R 2 � N � 1(R1)� N � 1(R2)dR1dR2 =

=
1
2

CN

Z
R2

1e
�
4 2N (1 � " ) R 1 R 2 � N � 1(R1)� N � 1(R2)dR1dR2+ (7 :5:28)e7:5:28

+
1
2

CN

Z
R1R2e

�
4 2N (1 � " ) R 1 R 2 � N � 1(R1)� N � 1(R2)dR1dR2:
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The �rst of the last two integrals is
P

S P(S) S(N � 1; 1)2, which, by (7.5.8),
again, is bounded below byf (N � 1) (i.e. by the value that it takes setting
� = 0 in the exponential that appears explicitly in (7.5.28)). Hence

f (N ) >
1
2

f (N � 1)+ (7:5:29)e7:5:29

+
1
2

R
R1R2

�
e

�
4 2N (1 � " ) R 1 R 2

�
� N � 1(R1)� N � 1(R2)dR1dR2

R �
e

�
4 2N (1 � " ) R 1 R 2

�
� N � 1(R1)� N � 1(R2)dR1dR2

:

For a lower bound on the second term we shall think ofx = R1R2 as a
random variable with the distribution induced by the distri bution of R1 and
R2 de�ned by � N � 1(R1)� N � 1(R2). Then the ratio that appears in (7.5.8)
can be written as

' (a) =

R
P(x)xeax dx

R
P(x)eax dx

with a =
�
4

2N (1 � " ) ; (7:5:30)e7:5:30

if P(x) = distribution of x =
R

� N � 1(R1)� N � 1(R2)� (R1R2 � x)dR1dR2.
Remarking that P(x) = P(� x), i.e. that the distribution P is symmetric,

we can apply a simple inequality (Dyson) to give a lower boundto (7.5.30):

if bx =
� R

P(x)x2dx
� 1=2

one has

' (a) � bx tanh(abx)
def
=  (a); (7:5:31)e7:5:31

valid if P(x) = P(� x) (cf. problem [7.5.1] at the end of this section).
Then (7.5.31) can be applied to (7.5.29) to deduce

f (N ) >
1
2

f (N � 1) +
1
2

bx tanh(abx); (7:5:32)e7:5:32

and, by remarking that bx2 =
R

(R1R2)2� N � 1(R1)� N � 1(R2)dR1dR2 =
f (N � 1)2, we get

f (N ) >
1
2

f (N � 1) +
1
2

f (N � 1) tanh(af (N � 1)) =

= f (N � 1)
�

1 + exp
h

�
�
2

2N (1 � " ) f (N � 1)
i� � 1

:
(7:5:33)e7:5:33

Suppose inductively that f (k) � 1
4

�
1 + 1

2+ k

�
for k = 0 ; : : : ; N � 1. The

hypothesis, true for k = 0 ( f (0) = 1), gives, combined with (7.5.33),

f (N ) �
1
4

�
1 +

1
1 + N

��
1 + e

�
� �

2 2N (1 � " ) 1
4

�
1+ 1

1+ N

�� � � 1
=

=
1
4

�
1 +

1
1 + N

��
1 + e

�
� �

8 2N (1 � " ) N +2
N +1

� � � 1
�

�
1
4

�
1 +

1
2 + N

�
(7:5:34)e7:5:34
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270 x7.5: Phase transitions

for all N � 1, provided � is large enough. Hence if � is large enough one
has

f (N ) � 1=4; (7:5:35)e7:5:35

which concludes the proof.

Remarks: (1) The requirement that " > 0 comes from the requirement
that the potential be summable which is necessary in order that the Gibbs
state be de�ned and enjoys the properties that we expect on the basis of
the general theory. The requirement that " < 1 is fundamental: as we have
seen the proof is essentially reduced to the theory of the recursive relation

� 0(R) =

R
exp[�b N R0(2R � R0)]� (R0)� (2R � R0)dR0

R
exp[�b N R0(2R00� R0)]� (R0)(2R00� R0)dR0dR00

def
=

def
= ( K N � )(R);

(7:5:36)e7:5:36

or, better, to some aspects of it. In the case" < 1, bN = 1
4 2+ N (1 � " ) ����! N !1 +

1 very rapidly, while bN ����! N !1 0 if " > 1.
(2) The casesbN = 0 and bN = + 1 are extreme cases. In the �rst case
the relation that links � to � 0 links the distribution of the average of two
equally distributed random variables to that of the individ ual variables

� 0(R) =
Z

� (R1)� (R2)�
� R1 + R2

2
� R

�
dR1dR2; (7:5:37)e7:5:37

while in the second case the relation becomes rather degenerate: for example
every � of the form

� (R) =
1
2

(� (R + m) + � (R � m)) (7 :5:38)e7:5:38

is transformed into itself by the recurrence relation.
If � is large and if bN ! 1 we can think that we are very close to the

casebN = + 1 and that the distribution K N K N � 1 : : : K 1� 0 conserves the
initial structure that presents two maxima in � 1 and 1 and converges to a
distribution � with some m �= 1.
If instead bN ! 0, for all � > 0 and for N large enough the recurrence

relation for K N should not di�er substantially from (7.5.37). This case
corresponds to the study of the distribution of the average of 2N equally
distributed independent variableswhich converges, by the \0{1 law", to 0
if such variables are symmetrically distributed: hence we should have the
trivial result that K N K N � 1 : : : K 1� 0 ����! N !1 � . The connection between the
above remarks and the preceding proof should be clear and motivates intu-
itively the several steps of the proof.
(3) The theory of the recurrence relations of the type (7.5.36) is another
interesting chapter of the theory of Gibbs states and it appears as a natural
generalization of the classical problems on the distributions of sums or of
linear combinations of independent random variables. As wealready see
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from the content of this section such theory is, perhaps surprisingly, rich of
results and interesting phenomena. The modern approach to the study of
critical phenomena is based on developments that followed the analysis by
Wilson of the properties of \hierarchical" relations like ( 7.5.36) which came
out remarkably at about the same time as Dyson's work illustrated here,
[Wi70]. For a review see [Wi83], [Ga85], and [Ga99].

Problems for x7.5

[7.5.1]:Q 7:5:1 Consider the functions ' (a) and  (a), a � 0, introduced in (7.5.30) and (7.5.31).
If h�i denotes the average value with respect to P note that

' (a) =
hx sinh axi

hcoshaxi
;

@'

@a
(a) =

hx2 coshaxi

hcoshaxi
� ' 2 (a);

and, furthermore,

hx2 coshaxi

hcoshaxi
� h x2 i =

hx2 coshaxi � h x2 ihcoshaxi

hcoshaxi
=

= hcoshaxi � 1

Z
P (x)P (y)( x2 coshax � x2 coshay)dxdy =

= hcoshaxi � 1

Z
P (x)P (y)x2 (cosh ax � coshay)dxdy =

=
1

2
hcoshaxi � 1

Z
P (x)P (y)( x2 � y2 )(cosh ax � coshay)dxdy � 0:

Hence @'(a)=@a� h x2 i � ' 2 (a). Show that  is instead a solution of @ 
@a = hx2 i �  2 ,

and that from ' (0) =  (0) = 0 it follows ' �  � 0, for all a � 0.

[7.5.2]:Q 7:5:2 (Hierarchical model )

Give a de�nition of the measure formally de�ned on RZ+
by

const
�

e
�

P 1

p =1
2� �p

P 1

k =0
S ( p;k ) 2 � Y

i 2 Z+

� (Sj )dSj = � (dS);

where � (S)dS is a measure with compact support and 1 < � is an exponent measuring
the strength of the interaction at large distances. ( Hint: Proceed as in the construction
of the Gibbs states by realizing � as limit point of a sequence:

e� N (dS) = const
�

e
�

P N

p =1
2� �p

P 2N � p

k =0
( S ( p;k )) 2 � 2NQ

i =1

� (Sj )dSj
Q

j> 2N

of �nite volume distributions. Compute the conditional pro bability � (S1 : : : S2N j S2N +1 ;

: : :) and de�ne G(�; �; � ) as the set of the measures on RZ+
that have these same condi-

tional probabilities).

[7.5.3]:Q 7:5:3 (Renormalization in the hierarchical model )
Let � 2 G(�; �; � ) (cf. preceding problem), � 2 (0; 1) and set

S0
j =

S1;j

2�= 2
=

S2j + S2j � 1

2�= 2
:
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We de�ne the transformation K � mapping a distribution � on S into the distribution � 0

of the new variables S0 above: � 0 = K � � . Show that the distribution of the variables
S0, which can be thought of as a probability distribution on R, is the function � 0 2
G(�; � 2� � � ; � 0), where

� 0(S) = const e� 2� � � S 2

Z
� (S1 )� (S2 )�

�
S1 + S2

2�= 2
� S

�
dS1dS2 :

The semigroup of transformations given by the iterates of K � is an example of what is
called a renormalization group .

[7.5.4]:Q 7:5:4 (Triviality of �xed points for the renormalization map in hie rarchical models )
Making use of the central limit theorem show that if � > 2 and � = 1 the limit:
lim n !1 K n

1 � = � exists in a suitable (and natural) weak sense and it is Gaussi an:

� (dS) =
Q 1

j =1
e

� S 2
j

= 2C
p

2�C
dSj , where C > 0 is a suitable constant.

[7.5.5]:Q 7:5:5 Develop the analogues of problems [7.5.2], [7.5.3] and [7.5 .4] for

const
�

e
21� � �

P 1

p =1
2� �p

P 1

k =1
S ( p; 2k � 1) S ( p;k )

� Q

j 2 Z+

� (Sj )dSj ;

where � is a smooth rapidly decreasing even density distribution on R.

[7.5.6]:Q 7:5:6 Call G0(�; �; e� ) the set of the measures constructed as in problem [7.5.1] st arting
from the formal expression of problem [7.5.5] show that give n �; � > 0 there exists e�
for which G0(�; �; e� ) = G(�; �; � ) ( Hint: Compare the conditional probabilities of the
elements of G0 and of G).

Bibliographical note to x7.5

Modern phase transitions theory in systems with dimensiond � 2 orig-
inated with the works of Peierls, [Pe36], van der Waerden, [Wa41] and
Onsager, [On44], on the Ising model (with nearest neighbourpotential:
J (2� � 1)(2� 0� 1), which is the simplest Gibbs process onf 0; 1gZ2

). In the
latter work the pressure P(J ) is computed in terms of elementary functions
and their quadratures. Another contemporary work (by van der Waerden,
[VW41]), went unnoticed although it gave a proof of the existence of phase
transitions in the same model considered by Onsager. Phase transitions the-
ory in one-dimensional systems began with a negative theorem by Van Hove,
[VH50]: the theorem was later substantially extended by Ruelle, [Ru67], to
cover the \most general " possible case in which we could reasonably expect
to show absence of phase transitions by mathematically showing the validity
of a famous heuristic argument of Landau and Lifshitz in the last page of
[LL67].
Violating Van Hove{Ruelle condition, (5.2.1), on absence of phase transi-

tions makes it possible to obtain examples of potentials forone dimensional
systems with phase transitions. These results are in a series of papers by
Dyson; the third of them is particularly simple and readable, and it can be
useful as a �rst reading, see [Dy69]; the analysis in Sectionx7.5 is based on
it.
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