P6.1.1

e6.1.1

e6.1.2

e6.1.3

NG6.1.1

86.1: Variational properties of Gibbs distributions 177

CHAPTER VI

General properties of Gibbs and SRB distributions

86.1 Variational properties of Gibbs distributions

The study of Gibbs distributions can be performed to remarkable depth as
we shall hint in this section and in the forthcoming ones. We begin with a
structure theorem which can be articulated into various propositions.

(6.1.1) Proposition: (Thermodynamic limit)

Let T be a mizing (n+1) x (n+1) compatibility matriz and ® a potential in
the space B of the potentials for {0, .. .,n}%, cf. definition (5.1.1). Define
the partition function of ® in the box Ay = [1, N] as

Zn@) = Y exp[—( 3 @R(QR))]. (6.1.1)

oe{0,..., n}gN RCAN
Then the limit
P(@):th N~tlog Zn(®) (6.1.2)

exists and it defines a function ® — P(®) on B which is convex and Lipshitz
continuous:

[P(®) — P(W)| < [[@— . (6.1.3)
The function P(®) is called the pressure of the potential ®.
Proof: Setting® U (c) = Y. pca Pr(cg), of. (5.1.11) in definition (5.1.3),

1 With the notations used in definition (5.1.3) we should write UX'q) (o) instead of U§ (o):
we prefer to drop the label 0 throughout all this chapter in order not to use an over-
whelming notation.
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one has
IN"tlog Zn(®) — Nt log Zn (T)| =

1
_ d
€6.1.4 = ‘N 1/0 dtﬁ log Zn(V + 1(® — 0))| = (6.1.4)

U Ht(e—w)
Up @

= ‘N71 /1 thQG{O ..... n}gN
0

_UI\\P+t(<I>—\II)(£) < ||(I) - \IJ”v
de{ov“'vn}gl\[ ¢ a
having used remark (2) to definition (5.1.3), i.e.
615 UR. (@) < |®|N  forall ® € B. (6.1.5)
Equation (6.1.1) and (6.1.5) immediately imply
616 —||®| +log(n + 1) < N~ tlog Zn(®) < ||®]| + log(n + 1), (6.1.6)
and therefore (6.1.4) and (6.1.6) imply that in order to show existence of
the limit P(®) it suffices to consider ® € B® where B is an arbitrary set of
potentials dense in B. Naturally, we shall select the set B® of the potentials
® with finite range Re < oo, cf. remark (4) to definition (5.1.3).
For simplicity we consider only the case T, = 1 Vo, 0’.
If the finite range of ® is Ry = R and if ¢ = (0] ...0N0!...0Y) =
(a'a”) € {0,...,n}V+tM we get
e6.1.7 |U1<{>N+1u (g/g//) - UEN (g/) - UEM (g”)| S R”@”? (617)
by using (5.1.18), (5.2.1) and (5.2.3). So that, by (6.1.7) and (6.1.1),
€6.1.8 ZN+m(®) = ZN((I))ZM(‘I’)eOR”@Ha (6.1.8)
with o € [-1,1]. If N = M = 2F and P, = 27 % log Z,x (®), (6.1.8) says that
€6.1.9 Py — 27D R||®|| < Py < P+ 27 FTUR|9, (6.1.9)
hence (6.1.9) imply that the limit as k — oo of Py, exists.
Let N =m2F +d, 0 < d < 2*, 0 < m; equation (6.1.8), repeatedly applied
(m —+ 1 times) yields
€6.1.10 ZN(®) = (Zor(®))" Za (D) €° (mH)R”@Ha (6.1.10)
with o € [—1,1]. Then, at fixed k,
m2k m+1
N~'log Zn(®) = R|®
08 Zn(®) m2k +d k+m2’“+d0 el =+
€6.1.11 1 (6.1.11)
—k
Tk g log Za(®) -m=ss> P + 27 "R ®||.
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This shows, by the arbitrariness of k, the existence of the limit (6.1.2) and
that it coincides with limg_, oo Ps.
Convexity is evident for N~!log Zx(®) and hence for P(®). Lipschitz-

continuity follows from (6.1.4) and from the existence of the limit (6.1.2).
[

(6.1.2) Proposition: (Tangent plane to the graph of the pressure)
Under the hypotheses of the preceding proposition and if p € G(®), the
functional

U — a(P) = —pu(Ay) (6.1.12)
is “tangent” to the graph of ® — P(®). This means

P(®+¥) > P(®) + () for all ¥ € B. (6.1.13)

Vice versa every functional «, tangent to the graph of the function P(®),
has the form (6.1.12) with u € G(®) and p is uniquely determined by a.

Remark: The Gibbs states p € G(®) have therefore the geometric inter-
pretation of “tangent planes” to the graph of ® — P(®). The function P(®)
takes the role of generating function of the Gibbs states, via the relation

d
w(Av) = —— P(@ +c¥)| (6.1.14)
e=0

that is well defined, by the convexity of the function ¢ — P(® + £¥), at
least where G(®) consists of a single point (and, hence, ® — P(®) has a
unique tangent plane).

This explains the importance attributed to the functional P which, be-
cause of its meaning in various problems of Statistical Mechanics, is called
pressure.

Proof: As usual we shall suppose, for simplicity, that T,,» = 1 Vo, o’.

If Ay = [1,N] and if we recall definitions (5.1.2) and (5.1.3) (see in par-
ticular (5.1.9), (5.1.11) and (5.1.12)) the conditional probabilities of the
distributions p € G(®) can be expressed as

exp ( — g:l A@(Tjg) - DAN,l(Q))

Jj=

Pa(anylaag) = ~ : (6.1.15)
S (= L Aa(rie’) = Dayale)
o’ Jj=
with g = (QANQA;)v o = (gj\N,gA%) € {0,...,n}%, see also (5.1.8). Here

Day 1(0) is a boundary term or, as we called it in definition (5.1.3), a surface
correction. Define

N
Zny(®,00:) = Y exp ( =Y As() - DAN,Q(Q’)), (6.1.16)

’
ey
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where Dy, 2(0) is another surface correction (see again definition (5.1.3)).
Given a sequence u; € R, let p, = e "/ e Then from the inequality

logz e = max Zpi(_ logpi — ui) =

pi=1,p; >0 i
i

(6.1.17)
= Pi(—log B — w),
we deduce
— / /
log Zny (®,055) = . ol loag ) (— logpa(h, loag )~
Thy
(6.1.18)

N
—> As(rd) - DAN,z(Q'))-
j=1

To bound this expression in terms of P(®), we note that (5.1.12), (5.1.13)
(5.1.14) and (5.1.16) imply the existence of a simple relation between Zy (®)
defined in (6.1.1) and ZAN(<I>,QA§V) in (6.1.16); namely

ZN(®)/Zay (®,0p: ) < expien, (6.1.19)

with ¥ € [~1,1] and ey = en,1 (see (5.1.14)) such that en /N == 0.
Furthermore, if o € {0, ... ,n}Z, it is tautological that

polanylan) = [ uldz)po(zn, lons) (6.1.20)

(because the integrand is constant) but, by (5.2.5) (or, better, by the same
computation that leads to (5.2.5) and without making use of the hypothesis
|®]]1 < +00) we see that

Pa(gaylTh: )
TUTAN TN < expdely, (6.1.21)
pa(aay | 2as,)

with ey /N =0 and ¢ € [-1,1].2 Hence combining the tautology
(6.1.20) with the bound (6.1.21) we get a bound for pé(QANE;x;,)

’ / N —
P<I’(QAN|QA?V) > exp(—ely) /P@(QANEA;,)M(dQ) = (6.1.22)

= exp(—2p)u(CAY ).

A

E’N can be taken to depend only on N.
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Then (6.1.19) and (6.1.18) say that

N~og Zy(®) < N71'Y" pa(ch, loag ) - log p(Cy )=

’
Ian

-3 A(d)) +

(6.1.23)

with 7y == 0, uniformly in o A, -
Equatlon (6.1.23) can be thought of as an inequality between functions of
Tps, and it can be integrated with respect to u. We find 3

Ntlog Zy(®) < N~ 12 CAN logu(CAN )—

(6.1.24)
-N7! Zu(Acp) + s
j=1
and, taking the limit as N — oo,
P(®) < s(1) — p(Ao), (6.1.25)

where s(u) is the average entropy of the probability distribution g with
respect to the translation, (cf. definition (3.3.2) and the theorem of the
generator given in corollary (3.4.1)).

On the other hand, in general, by (6.1.17) and for an arbitrary 7—invariant
probability distribution m € M({0,...,n}%, 1) one has

N log Zy(®) > N1 37 m(CAY )(—logm(CAY )~ UZ, (a,,))

_AN
(6.1.26)
and since
Som(ey Uk (4, = / m(da)UR, (0ry) =
EAN
N (6.1.27)
/m (do) Z a)+ An(c )) = N(m(As) + 1)
with 7y == 0, one finds for all m € M({0, .. n}L T)
P(®) > s(m) — m(Ag). (6.1.28)

8 7@y is the integral of ny.
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By (6.1.25) and (6.1.28) we therefore obtain

P(®) = s(u) — p(As) for all u € G(®). (6.1.29)
Hence by (6.1.28) and (6.1.29)

P(®+ V) > s(p) — p(Aatw) =

s() — (As) — p(Ay) = P(®) — pu(Ay) (6.1.30)

which means that ¥ — a(¥) = —u(Ay) is a tangent functional.

To show the converse part of the proposition we make use of a general
property of tangent planes to graphs of continuous and convex functions
defined on a separable Banach space: the tangent plane is unique on a set
which is at least dense and, furthermore, given ® € B and a functional ag
tangent to the graph of ® — P(®) in the point ®, one can find, for every
k>0, s points 7, @, ... Y, with |®*) — || < 1/k, in which the
graph of P has a unique tangent plane agx and si positive numbers agk)

aék), e aglz) such that

Sk
Sal =1
j=1

Sk
S aPage (W) = a(¥)  forall ¥ e B.
j=1 ’

3

(6.1.31)

This is a general property of convex functionals 4 which can be applied to
our case in the following way.

We begin by remarking that given a functional « and assuming that there is
a probability distribution g € M({0, . ..,n}%, ) such that a(¥) = —u(Ay),
for all ¥ € B, then p is unique. The reason is that by choosing a suitable
U we can compute the y—probability of a given cylinder Cg with base on

the set J. '

The choice of the potential ¥ is such that Ux = 0 unless the set X is a
translate 7%.J of J for some k € Z and

Voislog) =6, ;. (6.1.32)
Then .
p(Aw) =Y mﬂ(‘l’x(gx)) = M(Ci), (6.1.33)
X350

4 In other words every tangent plane in ® can be obtained as a limit of a sequence of
planes that are (finite) convex linear combinations of planes tangent in points where the
tangent plane is unique and whose largest distance to ® is infinitesimal. For discussion
and proof cf. p. 450 of [DS58] and p. 329 of [LR68].
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that proves the statement, because p is in it turn determined by its values
on the cylinders.

Therefore given a tangent plane « to the graph of P in ® one may be
tempted to define the probability distribution u, that should generate the
plane «, by setting pu(Ag) = —a(P).

The problem is that we do not know whether the numbers ;L(Céj ), defined
in this way in terms of «, and which should be py—measures ()_f]cylinders,
satisfy the properties (i), (ii), (iii) of definition (2.3.2), needed to reconstruct
from them a probability distribution (cf. proposition (2.3.1)): note that
condition (iv), i.e. the translation invariance, of definition (2.3.2) is in this
case automatically satisfied.

However equation (6.1.31) says that, if u(C’gJ) has to be defined in terms of
a by (6.1.33). Note that the already proved direct part of the proposition
and the remark that o determines p, if p exists, imply that if there is a
unique tangent plane in ® then G(®) contains a unique point. From this
follows that in the points @;k) where the tangent plane is unique, one must
necessarily have ayw (V) = pigm (Aw), for all ¥ € B, where pigx) is the

J J J

unique element of G(@;k)) This implies that
n(cy )= lim " g (CF ). (6.1.34)
Since } ag.k) = 1 and the quantities sz (C'QJ) are values of measures of

the cylinders C , with respect to some probability distribution i,k the
g, j

r.h.s. of (6.1.34) verifies the (i), (ii), (iii) of definition (2.3.2) so that also
u(C;!] ’) verifies the same properties. Finally, by proposition (2.3.1), there

exists u € M({0,...,}%,7) such that
a(P) = —u(Ay) for all ¥ € B. (6.1.35)

It remains to check that the distribution p is in G(®).

For this purpose we remark that the first of (6.1.31) and the explicit def-
inition of conditional probability for a Gibbs distribution (cf. Section §5.1,
(5.1.9)), immediately imply

supsup [po(aylope) — Pag® (@alope)l == (6.1.36)

J g

for all A C Z. Furthermore (6.1.34) means that u is the weak limit limy_ 0
E_];:l agk),uq,(_k). Hence if o, — f(o,) is a B(A)-measurable function we

have
u() = tim >0 [ g @) flen) =

17/novembre/2009; 15:52



e6.1.37

C6.1.1

e6.1.38

C6.1.2

N6.1.5

€6.1.39

184 86.1: Variational properties of Gibbs distributions

k—o0 4
j=

Sk
= lim ag-k)Z/Mq)](_k)(dQI)Pq)](_k)(QMQIAc)f(QA) =
1 aA

k—o0

— lim Z/ (Za?)u@;m (dg’))pq>(gAlggc)f(gA)+ (6.1.37)
Ta Jj=1

+k1LII;OZ/(Zagk)ﬂ@g_k)(dgl))(pq»;_’“)(QAEIAC)_p<1>(QA|QIAC))f(QA) =
— Z/u(dg/)pé(g/\|£§xc)f(g/\),

by (6.1.36) and because ¢ — pa(g]oae) is a continuous function (hence
uniformly continuous). Equality between first and last term in (6.1.37)
means that pe(g,loae) is the conditional probability relative to the region

A of the distribution p: thus, by the arbitrariness of A, we see that u € G(®).
]

We implicitly obtained also the following results.

(6.1.1) Corollary: (Variational principle for the pressure)
Under the hypotheses of proposition (6.1.1) the set G(®) consists of all
probability distributions u € M({0,...,n}%, 1) for which

P(®) = max (s(m) —m(Ag)) = s(p) — n(As). (6.1.38)
mEM({O,...,n}T,T)

Remark: This is the wariational principle for the determination of the
Gibbs distributions of given potential (Ruelle).

(6.1.2) Corollary: (Decomposition into pure phases)

Under the hypotheses of proposition (6.1.1) the following properties hold.
(1) If p € G(®) then its ergodic decomposition m, (cf. Section §2.4) has
support in Ge(®) = G(®) N M.

(ii) The set £,(®) = {set of the ergodic points of {0, ..., n}% which generate
a probability distribution in G.(®)} (cf. Section §2.8) is a Borel set and
w(&e(®)) =1, for all p € G(P).

(iii) The extremal points of G(®) are the points of G.(®).®

Remark: A consequence of this corollary is an interesting interpretation
of the pressure P(®) as complexity (cf. definition (3.1.1)). Let in fact Dy
be a sequence of functions on {0,...,n}Y, N =1,2,..., such that

lim sup N Y Dy(oy...0n)] =0, (6.1.39)

— 00 01...0N

5 If G is a closed convex set in a linear topological space we say that pu € G is extremal if
the relation p = o'/ + o'y, with ¢/, ¢/ € Gand o/ +a" =1, o/, & € (0,1), implies
! "
o=
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and set
Vn(o1...on) =Uy (01...0n) + Dn(o1...0N). (6.1.40)

Then, if p € G(®), p—almost all points ¢ of {0, .. ,n}% have complexity
with weight V = {Vx}%_, given by

s(2, Vi }¥mo) = P(®) = s(12) — plAa). (6.1.41)

This is a consequence of the above corollaries and of the Shannon-McMillan
theorem, see also problem [6.1.2].

Proof: The set G(®) is convex and compact, see corollary (5.1.1), and
item (i) follows from the ergodic decomposition (proposition (2.4.1)) which
implies that m,(M.NG(®)) =1, if p € G(D).

Ttem (ii) follows immediately from the results of problem [2.4.6].

Item (iii) can be proved by noting that the extremal points of M are the
points in M.: see remark (5) to proposition (2.4.1).

Therefore assuming existence of a distribution p, extremal in G(®) but
not in M (i.e. not ergodic), one would find o € (0,1) and two probability
distributions in g1 and pg with pu; # po and pus € M\ G(®) such that
p=op1 + (1 = a)uz. Then P(®) = s(u) — u(Ae) = a(s(u)) — pa(Ae)) +
(1—a)(s(p2) —p2(As)) < P(®) by the convexity of the average entropy and
by the variational principle in (6.1.38). Hence the extremal points of G(®)
would be actually extremal also in M and therefore ergodic. The proof is
therefore complete. L]

Problems for §6.1
[6.1.1]: Prove (6.1.41). (Hint: Consider the function

-~ _ -V

Tn(@) = =N log(u(Cd, )N EA)

and show that as N — oo it converges in measure to s(u) — pu(Ag) if u € Ge(®); then
make use of the argument given in the remark (2) to proposition (3.2.1))

[6.1.2]: (Pressure of the Ising potential)

Compute the pressure of the potential on {0,1}% such that ®x = 0 unless X is a set
which is a translation of a single point or of two nearest neighbors and

<I){O} (J) = {}ih U:::l 0’ <I){0,1}(0'7 OJ) = J(2J - 1)(2Ul - 1)7

which is called “Ising potential in external field h.” (Hint: : Remark that Zy can be
written as the scalar product v-ZN v, where Z is a suitable 2 x 2 matrix (transfer matriz)
and v = (1,1). P(®) is the linked to the eigenvalues of E.)

[6.1.3]: Compute by means of the variational principle the probability u(C??) with
respect to the probability distribution of parameters J and h considered in problem
(6.1.2].

[6.1.4]: (Fisher potential)
Like problem [6.1.3] for the Fisher potential introduced in problem [5.2.1].
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[6.1.5]: (Ezact solubility of Fisher potentials)

Compute the measure of the cylinders C?:"}'f for the Fisher potential of the preceding
problem, using equation (6.1.33). The fact that an exact computation of the measure of
all cylinders and of the pressure, entropy and other thermodynamic functions, is possible
(and not difficult) makes the Fisher potentials an important tool for the analysis of
examples and counterexamples.

[6.1.6]: (Pressure singularities and non-uniqueness)

Check that if P(®) is analytic in ® for ® in an open subset A in the space of the potentials,
A C B, then the tangent plane to @ is unique in every point of A. (Hint: One says that
a functional P defined on a Banach space B is analytic at a point ® if given arbitrarily
k>0and ¥y,..., U, € B the function €1 ...ep = P(®+e1¥1 + ...+, Vg) is analytic
in €1,...,€k in a neighborhood of the origin.)

[6.1.7]: (A Fisher potential with phase transition) Show that if P(® 4 eV) has right

derivative different from the left derivative, as function of €, at € = 0 then G(®) contains
at least two different points (one says that a “phase transition” takes place as e varies).

[6.1.8]: Show the existence of Fisher potentials with ||®||1 = +oo (cf. problem [6.1.4]) for
which P is not an analytic function of the “one-body” component of ® (i.e. of ®oy(1) =

—®g) and that P(®) has right derivative different from the left derivative at a suitable
values of ®g. Check that this cannot happen if |®||1 < +oo. (Hint: Consider the case
&, = (1+n)" 175, with 0 < e < 1, for n > 1 and ®¢ arbitrary; then P is not analytic as
a function of ®g, by explicit computation. This requires having solved problem [6.1.5].)

Bibliographical note to §6.1

The contents of this section are taken from various sources, for instance
from Ch. 7, §3,4 of [Ru69], p. 450 of [DS58], [LR68]. See also the biblio-
graphical note to §5.1. The theory of the pressure regarded as a generating
function of a Gibbs state is ancient, some examples of “rigorous” applica-
tions of this elegant technique are in [Ru72].

86.2 Applications to Anosov systems. SRB distribution

A classical application of the theory of Gibbs distributions concerns the
analysis of the invariant probability distributions associated with an Anosov
system (£2,.5) on a compact Riemannian manifold (Sinai).

The definition that we adopted of Anosov system, cf. definition (4.2.1),
assumes topological transitivity and implies topological mixing, cf. problem
[4.2.10], i.e. that, given two open sets G, F' C ) there exists ko > 0 such
that if k > ko then S*G N F # (). We shall rely on the latter properties
although several results could be suitably extended to cover much more
general hyperbolic systems. In agreement with the notations introduced in
definition (2.2.2) we shall recall or set the following definitions.

(6.2.1) Definition: (Topological and ergodic distributions)

We denote

(i) M(Q,S) the set of the S—invariant Borel distributions on (2,

(1)) Mc(Q,S) € M(R,S) the set of the distributions on Q which are S-
ergodic,
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(iii) ML(Q,S) C M.(R,5) C M(,S) the set of the S—ergodic distribu-
tions which give a positive measure to all open sets.

More generally M%t(Q) will be the set of topological distributions, cf. defi-
nition (4.1.2), on Q.

The aim of the following analysis is to show that Anosov systems admit
“very many” probability distributions in ML(Q, S) and to show that, among
them, one can identify several ones either on the basis of a criterion of “max-
imum complexity” or by attibuting a special role to the statistical properties
of motions whose initial data are chosen randomly with a probability dis-
tribution which is absolutely continuous with respect to the volume.

(6.2.2) Definition: (SRB distributions and f—complex distributions)
Given an Anosov map (£2,.5)

(i) A topological probability distribution p € M(S,S) is said to have mazi-
mum complexity with respect to a continuous function f if it maximizes the
quantity s(p) — p(f).

(i) If po is a probability distribution absolutely continuous with respect to
the volume measure on £ and if for all continuous functions F on £ and
for po—almost all initial data x € Q the limit limy oo N1 Zj\:‘)l F(S9x)
esists and can be written as

N —o0

lim N1 Nz_l F(S7z) = / w(dy)F(y) (6.2.1)
2 A 2.

with p € M(,S), then w is called the SRB distribution of (€2,.5).

Remark: (1) The results of this section are general results preparing the
key results of this Chapter: namely that all Anosov systems admit a SRB
distribution, proposition (6.3.3) and corollary (6.3.1), which furthermore is
the invariant probability distribution which maximizes complexity with re-
spect to the continuous function f(z) = A, (z), proposition (6.3.4).

(2) Technically the above properties will be closely related to the results of
this section which allow us to identify probability distributions that max-
imize complexity with suitable Gibbs distributions with short range po-
tentials, see lemma (6.2.1), and with properties of periodic motions, see
proposition (6.2.1).

The notion of complexity has been discussed in Section §3.1, where we have
given the definitions of complexity of sequences of symbols o with respect to
families {Un}%~ of weights, i.e. of functions defined on strings of length
Ninge{0,...,n}¥.

Given a potential ® € B, cf. definition (5.1.1), corollary (6.1.1) shows that
a distribution z on {0,...,n}% that maximizes the complexity of zalmost
all the points relatively to a weight Un(¢) = >~ pcq1,... vy Pr(CR) is a Gibbs
distribution with potential ®; such complexity is, then, equal to the pressure

P@) = max  (s(u) — 1/(Aa)), (6.2.2)
1w €M ({0,...,n}%)
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In Anosov systems, as seen in Section §4.2, Markovian pavements, which
always exist, allow us to describe points of €2 by means of symbolic sequences
and their evolution by the shift map.

One is thus led to the search of invariant and topological distributions on
Q via symbolic dynamics. At the same time one would like to characterize
the distributions that in the symbolic language become Gibbs distributions
in terms of quantities that do not depend explicitly on specific Markovian
pavements.

Given the one-to-one correspondence between the S—ergodic topolog-
ical distributions on {2 and the 7—ergodic topological distributions on
{1,..., q}% discussed in proposition (4.1.1) and in the relative remark
(2) one is tempted, for instance, to associate with (6.2.2) the “intrinsic”,
i.e. Markovian pavement independent, problem of finding the distributions
i/ that maximize

s(u') = 1/ (f) (6.2.3)

on M%(€,S) with f a continuous function on 2.

As we shall see, if f is Holder continuous, i.e. if it verifies a “modest”
requirement of regularity beyond the mere continuity, it will be possible to
give a quite satisfactory answer to the above questions.

Let (£2,S5) be an Anosov system. Denote P = {P,..., P;} a Markovian
pavement constructed with S-rectangles as in Section §4.2: let T' be its
compatibility matrix (cf. Section §4.1). Then (£, .S) is mixing and, hence,
there exists a > 0 such that (T%),,, > 0 for all k > a.

Denote by ¢ — X (o) the Holder continuous code of {1,...,q}% into Q
discussed in Section §4.1 defined by

r=X(@) = N SIP,. (6.2.4)

j=—o0

The following preliminary result holds.

(6.2.1) Lemma: Let (£2,5) be an Anosov system and let P = { P, ..., Py}
be a Markovian pavement for it with compatibility matriz T .

(i) If f is Holder continuous the function p — s(u) — p(f) admits a mazi-
mum p(f) on ML(Q).

(ii) Let vy € M%H(Q) be an arbitrary sequence of topological distributions

(cf. definition (6.2.1)) on Q and, given o € {1,..., q}[TO’N], let

_ fpg()l‘f.\@N Zj‘vzo f(S7x)vn (dx)

fp()...N VN(dI)
o0 0N

UN(O'()...O'N) 5 (625)

where PR N - = _%0 S~iP, . Then the image m of p € ML(Q,S) via
J:

..ON

the isomorphism mod 0 defined by (6.2.4) maximizes the complexity with
weight {UN}YF_, if and only if p mazimizes the function pu — s(u) — p(f)
on ML(Q, S).
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Remark: Note that the sequence v and the Markovian pavement P used
to formulate this theorem are in a certain sense irrelevant: the image m
of the probability distribution p € M(Q, S), that maximizes s(u) — p(f),
makes largest the complexity associated with Uy for any choice of P or
of the sequence vy that allows us to construct Uy. Hence it is natural to
call s(u) — u(f) = p(f) the complexity with weight f of p on €: this is the
interest of the statement (ii).

Proof: Let a be the mixing time of T. Let p € {1,..., q}% be a T—compatible
sequence, cf. definition (4.1.1), chosen once and for all.

We first need to define a way to merge together two compatible strings into
a longer compatible string. This can be done in several “standard ways”
provided the compatibility matrix T' is mixing.

Suppose that @ > 1 (i.e. we do not assume that the compatibility relation
is trivial). Associate with each pair of symbols o, ¢’ a T—compatible string
(0770 s 77(1—10/) and let Q(U, 0/) = (770 B 77(1—1)'

Given such a correspondence v}, which we shall call an interpolation string,
for any two finite T-compatible strings ¢ = (01 ...0;) and o' = (07 ... 0y)
we can form the compatible strings

ad(op,ay)a’

and o' ¥(0y,01) 0,

where, as usual, we indicate with ¢ 9(op,0}) g’ the string starting with o
continuing with ¥(o,, 01) and ending with ¢’. If ¢ is semiinfinite only one of
the above “mergers” is possible and if both ¢, ¢’ are semiinfinite one merger
is possible provided ¢ is infinite to the left and ¢’ is infinite to the right or
vice versa. We shall simply denote g o ¥ o g’ the merger of ¢ and ¢’ with
an interpolation string .

In the continuation of the proof just started we imagine that the set of ¢
interpolating strings ¥ has been fixed once and for all. If g,p € {1,..., q}%
and N € N we shall denote by (Q(N )p) a sequence whose labels for i €
[~N, N] coincide with o; and for i ¢ (=N —a, N +a) coincide with p;, while
for the other i’s the sequence (g(N ), p) is interpolated by the appropriate
interpolating strings 9. B

If f e C¥RN), as already remarked elsewhere, (cf. remark (3) to defini-
tion (4.3.2)), the quantity o — f(X (o)) can be well developed in terms of
cylindrical functions starting from the identity

F(X(@) = F(X(p) + Y _[f(X(@™Mp) - f(X(@NVp))],  (6:2.6)

N=0

def

where f(X(g(_l)B)) f(X(p)). In fact set

I‘( ) 0 Y # [-N, N] for some N > 0 and

= (f(X(e™Mp)) — f(X(cNYp))), (621
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where in the second line we suppose that Y is the interval Y = [—N, N]
centered at 0. Then we rewrite (6.2.6) as

f(X(0)) = f(X(p) + Y Ty(ay), (6.2.8)

Y >0

and we note that, if Cy, is the Holder continuity modulus of f € C*()
while o’ is the Holder continuity exponent of the code X (cf. definition
(4.1.3) and (4.1.5)) and C" is the relative modulus, one has

Ty (0y)] < CraC'® exp(—aa! (N — 1)) = Ge~b@m)  (6.2)
with C~', b > 0. Therefore if we set

bx(oy) =Tx(t7'ay) if X =71%([~N,N]) for some N and i,

Px(ocx)=0 otherwise, (6.2.10)
and <I>
Aslo) =Y % (6.2.11)
= X

we find that ® is a potential in the space B introduced in definition (5.1.1),
because ® verifies the condition of the problem [5.3.7] of Section §5.3 (ez-
ponential decay of the potential), so that ||®||; < co. Hence one deduces

for every o € {1,...,¢q}% and for all N > 0, if C"" is suitably chosen. We will
choose, if possible, p such that 77p = p, i.e. p = (...iii...) for some label
i€{0,...,q}. However the latter sequence may fail to be compatible: in
such a case we choose p to be a periodic sequence of period a, which exists
because of the mixing property of T'. Below we suppose, for simplicity, that
p=(...i%i...) for some label i € {0,...,q} is a compatible sequence.
From corollary (6.1.2) and (5.1.1), (5.1.17), it follows that there exists an
ergodic distribution m on {1,..., q}% which maximizes the complexity with
weight {Un}3%_; because by (6.2.5) and (6.2.12)

N

—

N-1

(157X (@) - (57X () = 3 As(Fo)| <" (6:2.12)

i—0 =0

<

Uvie)- Y @R(QR)‘SC’“ for all N, (6.2.13)
RCI0,...,N]

cf. remark to lemma (6.2.1). Therefore from the general theory of Gibbs dis-
tributions, see proposition (5.2.1), it follows that m € ML({1,...,q}%, 7).

Let now g/ be the distribution isomorphic mod 0, via the isomorphism
X, to a given distribution m/ arbitrarily chosen in M*({1,...,¢}%, 1) (cf.
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proposition (4.1.1) and (4.1.9)). Then p/ € ML(Q,S) and furthermore
s(u') = s(m’), since entropy is invariant under isomorphisms mod 0, and

=

W= X (@) = Jim p (NDSTIAST0) = F(X(p)]) =
N-1 ) =
= lim /(N D lOKe) - F(X(p))]) = (6.2.14)
N-1 )
= J\}E)noo m/ (N_l 2 A¢(TJ-)) =m/(As),

and therefore, for all ' € ML({1,...,q}%, 1),

s(u') — ' (f) = —f(X(p)) +s(m) —m'(As), (6.2.15)

so that the functional on MZ%(€, S) in the Lh.s. of (6.2.15) has a maximum
which is reached, by the variational principle in corollary (6.1.1), on the X—

image of the Gibbs distribution m € G(®). Item (ii) is thus also proved.
[

It is convenient to remark that lemma (6.2.1), or better its proof, also yields
an explicit method to study the distributions p that maximize s(u) — p(f):
indeed in deriving (6.2.10) we have shown that such distributions can be
considered as Gibbs distributions with a suitable potential ® y which satisfies
the hypotheses of problems [5.3.15] and [5.3.7], (i.e. exponential decay), if
f € C*(Q). This implies the following result.

(6.2.1) Corollary: (Variational principle for pressure of smooth func-
tions)

If f € C*(Q) there exists a unique distribution that mazimizes s(pu) — p(f)
over p € ML(Q). Such a distribution ps is mizing and

i (FS*G) = [ sde) F@)G(8"0) s (Phis(G), (6210)

with exponential rate, for k — oo, if F, G are Hélder continuous functions
on €.

Proof: We only have to check the exponential decay, which, however, follows
by the same argument seen in (5.4.22). u

An interesting “intrinsic” method to compute p(f) and p from the stability
properties of the periodic points is given by the following proposition.

(6.2.1) Proposition: (Periodic orbits expansion)
(i) The quantity

f)= Meﬂi’é,a(s(“) = u(f)), (6.2.17)
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with f € C*(2), can be computed as
- T p(sTw)
p(f) = lim N~ 'log Z e £ei=0 . (6.2.18)
N=eo z€Q, SNz=x

(11) If py is the point where the maximum in (6.2.17) is reached, py can be
computed as a weak limit as N — oo of the distributions on 2

2 (e (=5 f5))bula)

SNx=z

Sovacs (e (= 5 (SI2))

~(dy) = (6.2.19)

where 6, is the Dirac measure on x.

Proof: Let Q be a Markovian pavement: we shall denote by 7y = 7n (£, .5)
the set of the points of Q periodic with period N and by 7n = 7n(22,.5)
the set of the points of {1,...,¢}% periodic with period N. Then

X(%N) Q TN, (6220)

and to every x € my there can correspond at most d elements o € T such
that X (o) = z, if d is the multiplicity M of the code, cf. definition (4.1.3).
But there could exist elements of 7T that are not symbolic representations
of elements of mn because the compatible histories of a point of period N
might have a period multiple of N (as a consequence of the ambiguity of the
coding of points that are on the boundaries of the elements of the Markovian
pavement). Hence we can write the inequality

3o -5 16T 5 g Z ~XL fX @), (6.2.21)

TETN UGﬂ'N

which, by (6.2.12), implies

Nl g —Cc"— SV Ag(rio
Z o o J (S )Zd_l Z e ¢ NF(X(p) Zj:f) A ( _). (6.2.22)

—~
TETN cETN

This is a useful information because we can check that
N-1 _
Jim N"log Z exp ( - ZO A@(Tjg)) = P(®); (6.2.23)
gETN J=

indeed such a limit is certainly < P(®) by virtue of (6.1.2) and of (5.1.12),
(5.1.14) and (5.1.16), and because it is possible to establish, in an obvious
way, a one-to-one correspondence between 7y and a subset of {1,...,q}¥.
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On the other hand, since T' is a mixing matrix with mixing time a, every
configuration of {1,... 7q}N % can be continued into a sequence in Ty,
according to a prefixed rule to determine the interpolating strings ¥. If ¢’
is any compatible string of length N — a, ¢’ = (0y,...,0_,_;) we simply
extend it to the right by the string ¥(c%_,_;,0() so that the string ¢’ o ¥
thus constructed has length N and can be indefinitely repeated to form a
period N infinite sequence ¢’. Thus one sees that, with the notations of
Section §6.1, see beginning of the proof of (6.1.2), there is a constant C' > 0
such that

N-1
U1, N-ay(@) = D Ae(7E)| < C, (6.2.24)
7=0

so that

N

g 1
Yo Ve < Z o A7) (6.2.95)

o’e{l,...,n}N-a

which gives, together with (6.1.1), the inverse inequality necessary to deduce
(6.2.23).

Having established (6.2.23), we note that (6.2.22), (6.2.23) and (6.1.29)
imply, if m € G(®) and p is its image via X,

N-1 .
lim N~ 'log Z e Zj:o F(§72) >
N=oo e (6.2.26)

> —f(X(p)) + s(m) —m(As) = s(u) — p(f),

having also used the general relation (6.2.15) involving a distribution m’ €
M ({1, ...,¢}%, 7) and its X -image .

To find the inequality opposite to (6.2.26) we proceed in an analogous way.
Assuming for simplicity that N is even we associate with every z € mn
several elements g € Ty 12, such that

d(X(g),z) < Ce™ N, (6.2.27)

for suitable C, @ > 0. The rule that allows us to construct this correspon-
dence is the following. Let & be one of the (up to d) elements in {1,...,q}%
such that X (o) = z. Set

oi=0; V|i|<N/2, (6.2.28)
and define on/241,- -+, ON/24a> O—N/2—15- -+ T_N/2—q SO that
N/2+a—1
T (N/2+a) = 0, H TosoisTo s, 4 = L. (6.2.29)
j=N/2
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This is possible by the mixing property of T' and in up to ¢® different ways.

The sequence g, defined in this way for ¢ € [-N/2 — a, N/2 + a] is then
periodically extended into a periodic sequence with period N + 2a: note
that this is now possible because 0_ /2o = 0n/244 by (6.2.29).

The construction shows that with every z € mn we can associate (up to
q*%) elements g € Ty N/2+2¢ and, furthermore, such classes of elements are
pairwise disjoint (i.e. to different x necessarily there correspond different
sequences o).

Furthermore (6.2.28) implies (6.2.27) by the Holder continuity of the code,
and (6.2.27) in turn means that if ¢ is associated with an by the preceding

construction there is a constant 6/ > 0 such that

=

N—
—

N-1
Y f50) - Y x| < T (6.2.30)
7=0

Jj=0

because f is Holder continuous and, by (6.2.27), there exists C" > 0 such

that
N-1
74

d(Sz, 87X (0)* < C (6.2.31)
>

J=0

(note that the distance between Sz and S7X (o) begins to grow substan-
tially only when [j] is close to N/2, by the construction of ¢’). Hence by
(6.2.30)

N+42a—1

T e YT @)

e o (6.2.32)
> =T —2allflls . e Dm0 f(872)
TETN

This inequality implies, by (6.2.23), the validity of the inequality opposite
to (6.2.26), and (6.2.18) is proved. This shows that the limit (6.2.18) exists
and equals P(®) — f(X(p)): in particular the latter expression does not
depend on the Markovian pavement Q used, in spite of the fact that both
® and the code X do depend on Q.

To show the validity of item (ii) call & a weak limit of the sequence of
distributions in (6.2.19). Since the distributions py in (6.2.19) are invari-
ant,! the limit of any convergent subsequence of px will be S—invariant and
hence T will be S—invariant.

To check that 7 = p it will suffice to show that T is absolutely continuous
with respect to p: then the ergodicity of p will imply @ = p. The absolute
continuity will follow (since g and 7 are regular Borel measures) from an
inequality of the type T(|F|) < Ku(|F]), for F that varies in a set which
spans densely in C(2). For example for every Holder continuous F.

1 Observe that if F(z) = Z;\:ol f(z) and SNz = z then F(Sz) = F(z). Moreover the

set of points of period N is clearly S-invariant.
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Hence we shall fix 1 > 8 > 0 and show the existence of K > 0 such that
H(F) < Ku(F) for all F >0, F € CA(2). We have

pn(F) = ~———— < by (6.2.22) <
Y ereny e 2, f(872)
N-—1
o EIETFN efzj:[) (s x)F( )
6.2.33 <de T ZN i) (6.2.33)
Dgean € !
OETN

< by (6.2.27), (6.2.30), (6.2.32) < deC"+C +2allfll=.
_ N+2a— 1 T o— f— e
S ¢ 20 XD (R(X(0)) + Tem TV

gemv+2a

. N-—1 .
S N )= An(ri)

)

having also used the Holder continuity of F' to define naturally T and @.
By (6.2.12), the (6.2.33) can be further bounded above by

pn(F) < de2C"+T 42l 3 ~(N20)/(X (),

OETN42a—1

gETN 24
6.2.34 ,ENMa Ag(ria) (F(X () + ﬁe*a\f) (6.2.34)
S o NIX @ (i)
and, in the limit as N — oo, we get
(F) < de2C"+C +allfll J\}Enoo
¢6.2.35 > X Aelr2) (F(X(g)) + Ce—aN) (6.2.35)

Z R e—z »(Ti0)

ogETN

However as a consequence of the finiteness of ||®||, for all p > 0 there exists
a constant B, < oo such that

<B,, 6.2.36
e6.2.36 P — 6_211\77—1 Aq,(‘rjg) — P ( )

because this ratio can be estimated by the same procedure followed to solve
problem [5.3.1] (we leave this to the reader).

Then the limit in (6.2.35) is not larger than Ba,u(F), for all F' € C%(Q),
F >0, and this implies existence of K > 0 such that u(F) < Ku(F), for
all F e C*(Q), F > 0; and the proof is complete. =
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Bibliographical note to §6.2

This section illustrates some aspects of Sinai’s theory, [Si72]; see the bibli-
ographical note to §4.1.

§6.3 Periodic orbits, invariant probability distributions and en-
tropy

An interesting and in a certain sense surprising corollary of the results of
the preceding section is the following proposition.

(6.3.1) Proposition: (Topological entropy)
Let (2, S) be an Anosov system and let Ny, (S) = {number of periodic points
of period m contained in Q}.
(i) The limit
S0 = mlgnoo m~'log N,,(S) (6.3.1)

exists and has value sg = s(u), where p is a probability distribution which
mazimizes the entropy function s(-) in ML(,S).

(i1) If Q is a Markovian pavement of Q with compatibility matriz T and if
At is the largest eigenvalue of T' (simple by Perron—Frobenius’ theorem, cf.
problems [2.3.7], [2.8.10] and [2.3.12]), one has

so = P(0) =log Ap > 0. (6.3.2)

(i1i) The closure of the set of periodic points coincides with ).

Proof: Property (iii) is true for the subshift ({1,...,q}% 1) because T is
transitive (see proposition (4.2.4)) and therefore it holds for (£2,.5) because
the symbolic code X is continuous and surjective. A proof not based on
symbolic dynamics is perhaps more instructive, see problem [4.2.13].

Property (i) holds because the probability distribution u that maximizes
s(p') on ML(Q) is such that so = s(u) by (6.2.18), while, by proposition
(6.2.1), it is the image of the Gibbs distribution on {1, ..., q}% with potential
® =0 (cf. proof of lemma (6.2.1), in particular (6.2.7) and (6.2.10)). Then

P(0)= lim N'log Y 1=

N —o0
ae{l,....q}¥

:Nhinmzv*lmg > ToosToroy - Tox_ron =  (6.3.3)
01,--,0N

- J\}E»noo N7 logZ/(TN—l)(m, =log Ar,

by Perron-Frobenius’ theorem, since T is mixing. Hence also (ii) follows. ®

The problem of the counting of periodic points can be further refined: for
instance the following proposition holds (Manning—Ruelle).
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(6.3.2) Proposition: (Zeta function)
Let (22, 5) be an Anosov system.
(i) The function

o= [ 3 (5

777.

S e -L S )} (6.3.4)

Tr=x

is holomorphic in the complex plane in the variable s for Res > p(f), if
f e C*), a > 0. Such a function can furthermore be extended to a
holomorphic function in the half plane Re s > p(f) — e(f), with (f) > 0
suitable, deprived of the point s = p(f), where a simple pole is present .
(i) The function s — ((s,0) extends to a meromorphic function in the
complex plane s.

We shall not enter into the details of the proof of this proposition that
requires an accurate analysis of the multiplicity of the code X associated
with a Markovian pavement on 2 of the type of those built in Section §4.2,
at least for what concerns the periodic points z € QN 9Q, [Ma7l].

Another question, implicitly solved in the previous sections, is the existence
of invariant probability distributions which are absolutely continuous with
respect to the volume measure on {2: we shall only formulate the results in
the case in which €2 is two—dimensional, in order to make use of the analysis
in Section §4.3. It is however true that both the results of Section §4.3 and
those that follow can be extended to Anosov systems with dimension larger
than 2.

(6.3.3) Proposition: (SRB distribution)
Under the hypotheses of lemma (6.2.1) there exist two probability distribu-
tions ut, p= € ML(Q,T) such that for every F € C*(Q), a > 0,

N —o0

N-1 .
lim N1 F(§%) = /ui(dC)F(C) (6.3.5)
j=0

almost everywhere in x with respect to the volume measure g on §2.

The dynamical system (£2,S) admits an ergodic topological probability dis-
tribution p absolutely continuous with respect to the volume measure if and
only if wt = p~. In such a case o = ™ = =

Remarks: (1) The above theorem is due to Sinai, Ruelle, and Bowen,
[Si68], [SiT2], [Si77], [Ru76], [Ru78], [Ru95], [Ru99] and [Bo70]. The differ-
ence between this theorem and Birkhoff’s theorem, see proposition (2.2.2),
is striking. Here the distribution with which the initial data x are sampled
is not invariant, i.e. x is chosen almost everywhere with respect to pg rather
than with respect to an invariant probability distribution.

(2) The above proposition says that the statistical properties of motions
whose initial data are chosen randomly with a distribution proportional
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to the volume measure on phase space exist and are independent from the
choice of the data. Such a property is often taken for granted in Statisti-
cal Mechanics problems and it is formally called the 0-th law of statistical
mechanics and p* are called the statistics of the motions generated by the
dynamical system; this attributes a philosophical primacy to the random
choices based on distributions with density with respect to the volume of
phase space.
(3) Note that in general the statistics “toward the future” (u*) and the
statistics “toward the past” (u~) are different.
(4) A system (9, S) is called reversible if there exists an isometry I : Q — )
such that

IS =S, I’ =1. (6.3.6)

This symmetry, which ought not be confused with invertibility which is just
the existence of S~1, exists in many concrete applications and it often coin-
cides with the velocity reversal of the constituents of a mechanical system.
What might be perhaps surprising is that even in systems in which time
reversal symmetry holds one has, in general, u* # =,

Proof: From proposition (4.3.2) it follows that the probability distribution
mg, image via the code X associated with the Markovian pavement Q, of
the volume measure po on {2, is a probability distribution with conditional
probabilities given by (4.3.11). The restriction mg of mg to the o-algebra
B(Z™") has instead conditional probabilities given by (4.3.12).

Let m, be the Gibbs distribution on {1,...,¢}% with potential ®* de-
scribed, according to the notations of (4.3.13), by ®% = 0 unless X is a set
translated of {0,...,2n + 1} for some n, and define

(bgn+1(o.0,...,a.2n+1) = (I)?O VVVVV 2n+1)(00""’02n+1)' (637)

Such a probability distribution exists and is unique, ergodic, mixing with
exponential rate on the cylinders (because ®“ verifies (4.3.14) and, there-
fore, the bound (5.4.19) and its consequence (5.4.22), for the same reason
discussed there).

We apply again the methods and ideas employed to study Gibbs distribu-
tions in Section §5.2, see in particular the proof of proposition (5.2.1).

The probability distribution m;", restriction of m,, to the o-algebra B(Z"),
and the probability distribution mg, restriction to B (Z*) of the probability
distribution mg image via X of the volume measure pg, are absolutely equiv-
alent. This can be verified by using (4.3.12), (4.3.13), (4.3.14) and (5.2.5)
(which is, with the obvious modifications, applicable also to the conditional
probability, (4.3.11), of mg): in fact one has

mg (CO N ) [mo(oo...on|oNgr ..., 0-1.. . )mo(do)
o NN = — — = < (6.3.8)
my (C9:- IV ) Jmu(og...on|oNt1 ... 0-1...)my(dD)
S (qa exp(8H(I)u||1))2Afm0(00 .. .UN|ZN+1 e ,z_l .. )mo(d%) 7
fmu(oo .. .UN|UN+1 ey 01 .. )mu(dg)
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sin (X ()
sme(X(@)) | =

and & is a reference configuration arbitrarily chosen among

where a is the mixing time of 7' and® A = max, ‘
T€EQ
those that continue ...g_; 0¢...on into a configuration ...c_; 0¢...onN
ON+1 .- the g is chosen so that it depends exclusively on oy and not, in
particular, on g, see the beginning of the proof of lemma (6.2.1). In (6.3.8)
all integrals must be understood to be extended to regions such that the
configurations that appear in the conditional probabilities are in {1, .. ., q}%
Since the sequence g is fixed the integrals in (6.3.8) can be immediately
performed and (6.3.8) becomes

i (Coioy) g M (00 ON|FN 1) (6.3.9)
mi (Ce:2% )~ mi(oo..onlonr )

for a suitable constant K. The probability distribution mg can be treated
as the probability distribution m of Section §5.2 and we can prove for it
propositions analogous to propositions (5.3.1), (5.3.2) and corollary (5.3.1)
for which the probability distribution mar turns out to be equivalent (with a
bound for the Radon—Nykodim derivative similar to (5.3.10)) to the proba-
bility distribution m;, a Gibbs distribution on 7" with potential . Since
also m; is, by corollary (5.3.1), absolutely continuous with respect to m;

and (5.3.10) holds, the r.h.s. of (6.3.9) can be bounded by a constant Ko.
By what said above one deduces that we can choose

Ky = SI® Iht4al @I A g20 i) (6.3.10)
and, in conclusion,
+((0...N
my (C,
i( i o) < Ky and, likewise, > K, *. (6.3.11)
mq, (C9-- NV )
u 00...ON
" L ) ) n def dmg
ence mg is absolutely continuous and equivalent to m; and m, = T F

u

is a B(Z")-measurable function such that K, ' < m,(c) < Ka, mJ -almost
everywhere. In fact with a little extra effort and by using the ideas of
Section §5.2 and of the proof of proposition (5.3.2) in particular, it is possible
to show that m, can be chosen to be Hélder continuous on {1,.. .,q}qz+
(i.e. |my(o) — mu ()| < Cd(g,a’)® for all g0’ € {1,...,q}%+, , with C,
a > 0): we leave this derivation to the reader.

If ¢ — F(g) is a B(Z")-measurable function on {1,...,q}% we shall
have mj—almost everywhere and, therefore, mJ—almost everywhere and

1 Note that in the course of the proof of proposition (4.3.2) we deduced an explicit expres-
sion for the function f that appears in (4.3.12), i.e. f(g) = sinp(X (o)), where ¢(X (o))
denotes the angle between the direction of the manifold stable and that of the unstable
manifold at the point = X(g). Such an expression is here used to get the bound
(6.3.8).
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mo—almost everywhere

N-—1
N F(ro) 5= [ Fla)mi(de') = [ F(a)mu(da’), (6.3.12)
> e e | /

by Birkhoff theorem and by the ergodicity of m,,.

Hence, by a density argument, the limit (6.3.12) is valid for all F €
C({L,...,q}%) 2

If F e C*Q), @ >0, and p* is the image (isomorphic mod 0 to m,,)
via the code X, we shall have that the function F(g) = F(X(g)) is in
C({1,...,q}%) and, by (6.3.12), if z = X (o)

N-1
1ZFSJ _12137’j
=0

m/ﬂ Jmu(dg’) /

to—almost everywhere.

Similar arguments can be given for the averages in the past and lead to
the probability distribution p~.

The second part of the proposition is a consequence of the first part. n

(6.3.13)

Note that in the preceding proof we obtained something more.
Let indeed F, G be a pair of bounded and B(Z")-measurable functions;
then, for all 7 > 0, obviously

/ F(r0)G(a)mo(da) = / F(ria)G(e)m (do) =

(6.3.14)
~ [Friot@mamidz) = [ F(ria)Ge)m(em.(dz)
where 7, is the function, Holder continuous on {1,..., q}%+, defined after
the (6.3.11). Since m,, is mixing we obtain
Lim mo(Gr7F) = my (7 @)my (F) = mo(G)my (F), (6.3.15)

J—0o0

and such a limit is reached at exponential rate if F and G are also Holder
continuous. All this follows easily from (5.4.22) which holds for m,, as noted
after (6.3.7). By density this remains true for every F, G which are Holder
continuous and B(Z)-measurable.

2 Note that the assumption for F to be B(ZT)-measurable can be obviously weakened
into B([k, +00))-measurable, for some k € Z, and such continuous functions are dense

in C({1,....q}%).
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Therefore if F, G € C*(2) and if we set F(g) = F(X(0)), G(o) = G(X(g))
we see that this gives the following.

(6.3.1) Corollary: (Mixing of the non invariant volume distributions)
IfF, Ge C¥9Q), a>0, one has

Timpo(GS7F) = po(G)pae (F) (6.3.16)

j—too

and the limits are attained with exponential rate.
Finally the following proposition is remarkable.

(6.3.4) Proposition: (Pesin formula)
Let (22,8) be an Anosov system. With the usual notations of definition
(4.8.1) we have

s(u*) — pt(log Au) = (7)) + p~ (log As) = 0 (6.3.17)

Furthermore u™ and =~ mazimize in Mt (8, S), respectively, the functionals
s(p) — p(log Au) and s(p) + p(log As).

Proof (hint): The second statement follows immediately because u* and
u~ are X—images of Gibbs distributions with potentials ®* and ®° defined
via (4.3.5), as shown by proposition (4.3.2) (cf. (4.3.15)) and by the proof
of proposition (6.3.3): this statement is then reduced to the variational
principle for Gibbs distributions, discussed in the previous sections.

To check (6.3.17) note that, by (6.3.11), if P2V = _Jr\wfo S579Q,,,
J:

gg...ON

m}(Ch 2 )

K;l< < Ko, 6.3.18
2 = T(PON Y= 2 ( )

gp...ON
and, therefore, to compute the value of s(m,) = s(u*) we can make use of
Shannon-McMillan’s theorem and, by (6.3.18), we deduce that

Y =s(my) = — lim N~'logpe(C%N ), (6.3.19)

gp...0
N—o0 0 N

s(p

—N"Ylog po(C%-N ) to s(ut) takes

where the convergence of fn(o) o o

place in Lj(m,,); see lemma (3.2.1).
Let 0 € {1,...,¢}% and 2 = X(g). It is possible to see, following the
methods used to obtain the estimates of Section §4.3 that there exists K’
such that

MO(PO(’)OJ\CIVN)

(K7 < 53
130 Nt (81X ()

<K' (6.3.20)

(this is first heuristically shown by interpreting it geometrically with the
help of a drawing like Fig. (4.3.1) and Fig. (4.3.4)).
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Equation (6.3.20) implies immediately, by Shannon-McMillan’s and
Birkhoff’s theorems, by proposition (6.3.3) and by considering the logarithm
divided by N of both sides of (6.3.20), that the entropy s(u*) = s(m,,) is

s(pt) = s(my) = A}im —N"1log puo(P2N ) = (6.3.21)

gp...ON

N —o0

N-1
= lim —N7! ZlogA;l(Sj:c):/u+(dz)1og)\;1(:c),
j=0

so that (6.3.17) follows. ]
We have therefore proved also the following corollary.

(6.3.2) Corollary: Let (2,5) be an Anosov system. Suppose the the map
S preserves the volume measure pg on €2 then

s(po) = — /uo(d:v) log Ay, (z), (6.3.22)

i.e. “the entropy of an absolutely continuous invariant distribution is the
average value of the logarithm of the contraction coefficient”.

Remarks: (1) Note the relation between this theorem and the theorem of
Kouchnirenko of Section §3.4.

(2) Hence the dynamical system on T2 defined by the map S (221> =
2

( 1 ;) (221 ) mod 27 is such that the entropy of the Lebesgue measure
2

o is

s =log(3 + V5)/2 = log \. (6.3.23)
(3) Furthermore pi is the probability distribution that maximizes the func-
tional s(p') — i/ (log A) in the space of the ergodic probability distributions
on T”. This means that it makes maximal the entropy, since \ is constant.
(4) The number of the S—periodic points is (cf. proposition (6.3.1))

esmto(m) _ (3 + \/g)erO(m)

Np(s) = 5

(6.3.24)
(5) This means that every Markovian pavement of (T?,S) has a compati-
bility matrix 7" with the largest eigenvalue equal to % > 2. See also the
problems below.

(6) Hence a Markovian pavement for the system (T2, S) consisting of only
two S-rectangles cannot exist.

A representation of the SRB distribution similar to the one for the volume

measure discussed in corollary (4.3.1) follows from the argument leading
to (4.3.23) and from the analysis of Sections 6.2, 6.3 and the following
proposition will be useful.
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(6.3.3) Corollary: (Fubini’s theorem for the SRB distribution)

Let (M, S) be a two-dimensional Anosov map. Given xo € M consider the
rectangle R = W§(xg) x Wi (xo) where § is small enough so that the point
[,y] is uniquely defined (cf. Fig.(4.2.1)). Then the SRB probability p(FE)
of a subset E C R is given by

u(E)z/ dom/ v(doy)-
Wi (zo) W (z0)

)

 \1(gify (6.3.25)
I e )

where dog is the area measure on Wi (xo) and v(doy) is a measure on

The measure v will in general not be absolutely continuous with respect
to the arc length do,. This result in fact is general and it holds in any
dimension.

Problems for §6.3

[6.3.1]: Let (£2,5) be an Anosov system and let Q be a pavement of 2 with S-rectangles
(cf. definition (4.2.2)) which have the Markov property (4.2.12). If Q is generating then
we could conclude that the compatibility matrix, see Section §4.1, defined by T,,» = 1
if int(SQs)Nint(Qys) # ® and T,, = 0 otherwise, has the logarithm of the largest
eigenvalue equal to the topological entropy by proposition (6.3.1). Suppose that Q is
non-generating: show that the logarithm of the largest eigenvalue is less than (or equal
to) the topological entropy. However it cannot differ from the topological entropy by
more than the logarithm of the maximum number of connected components of the sets
int(Qs) Nint(Q,/). (Hint: If Q is non-generating but it is not trivial then the correspon-
dence between compatible symbolic sequences and points whose trajectories never fall on
the boundaries will not be one-to-one but it will have multiplicity.)

11
10
of problem [4.3.7] have the same largest eigenvalue, i.e. (14 /5)/2, cf. Fig.(4.3.4).

[6.3.2]: Show that corollary (6.3.2) implies that the matrix So = ( ) and the matrix

[6.3.3]: Check that the matrix So and the matrix of problem [4.3.7] have the same
largest eigenvalue by directly computing it.

Bibliographical note to §6.3

This section illustrates some aspects of Sinai’s theory, [Si72], [Si77]; see the
bibliographical notes to §4.1.

86.4 Equivalent potentials. Gibbs distributions with transitive
vacuum

Let B be the space of potentials for {0, .. .,n}%, where T is a mixing
compatibility matrix (cf. definitions (4.1.1)) and (5.1.1).
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A natural question is whether it is possible that two potentials ® and ¥
generate the same Gibbs states and, in the affirmative case, which is the
relation between ® and V.

A fully satisfactory answer does not seem to exist, partly because the space
B is not a “natural” space of potentials. It is just a family of conveniently
restricted potentials large enough to give rise to a theory endowed of a
remarkable variety of phenomena and singularities.

Nevertheless the following propositions will give an idea of what it means
that ® and ¥ produce the same Gibbs states: if this happens we say that
the potential ® and ¥ are equivalent potentials.

(6.4.1) Proposition: (Equivalent potentials)
Let B! = Ukss B, where s > 0, and B C B is the space of the potentials
® € B such that

[@]|5) = >~ erdem Dy || < +o0. (6.4.1)
X30

The B! is called the space of the potentials that “decay exzponentially” on a
scale shorter than s—'.% Then

(i) If, given ®, W € Bl there exists a constant C' and a Hélder continuous
function F € C({0,...,n}%) such that

As(0) = Aw(a) + F(ra) — F(a) + C (6.4.2)

holds then ® and ¥ satisfy G(®) = G(P).

(ii) Viceversa if ®, ¥ € Bl and G(®) = G(V) then there exists a constant
C and a Hélder continuous function F € C({0,...,n}%) such that (6.4.2)
holds.

Proof: Since (6.4.2) implies that for all invariant probability distributions
pe MJ{0,...,n}%) 2 one has s(u) — u(As) = s(pu) — p(Aw) + C, item (i)
follows from the variational principle (corollary (6.1.1)).

To prove (ii) suppose that ®, ¥ € B} and that there exists C € R for
which

1w(Ag) = u(Ag) +C  forally e M{0,...,n}%), (6.4.3)

We first prove that, under the assumption (6.4.3) there exists F €
C({0,...,n}%), Holder continuous, for which (6.4.2) holds.

In fact note that the function g = A¢_g — C has zero integral with respect
to an arbitrary p € M ({0, ... ,n}%) and hence, in particular,

N-1
g(t7a) =0 (6.4.4)
=0

<

1 Note that one has B{} C B; the superscript h refers to the fact that the function Ag (o)
corresponding to any ® € Bg, with s > 0, is Hoélder-continuous.

2 See remark to proposition (2.3.1) for notations.
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for every g that belongs to the set of the periodic points with period N in
{0,...,n}%3

Furthermore the hypothesis of mixing on T guarantees the existence of g,
such that U2 {77} is dense in {0,... ,n}% (cf. problem [4.1.19)).

We can then set

F(gy) =0, F(ray) = g(ay), F(r°ay) = glay) + g(ray),
h—1
..,F(Thgo) = g(Tjgo),...
j=0

(6.4.5)

We now show that the function F' thus defined on U32,{770,} is in fact uni-
formly Holder continuous on this set (i.e. the Holder constant and the ex-
ponent can be chosen independently the point in U2, {77g,}) and therefore

it extends to a continuous function on all {0, ... ,n}% that, by construction,
verifies g(¢) = F(ra) — F(g), and this implies (6.4.2).
To see the uniform Hoélder continuity we remark that one has Ag_g (o) =

> x50 % and recall that the definition of distance d(o, ¢’) be-

tween two sequences g,a’ is d(g,g’) = e if 0; = o7, for all |j| < v and
Ot(v+1) # 0% (,41) (see definition (4.1.3)). If ¢ and o' are close then (6.4.1)

v

implies existence of two constants ' > 0 and C' > 0 such that
l9(0) — g(c')| < C d(e, o)~ (6.4.6)

Then if 7%g, and 7"g, happen to be very close, i.e. if (7%a,); = (t"ay):
for all |i| <v, and if p=Fk — h > 0 we set g, = 7"g, and note that

p—1

F(r*gy) = F(r"ao)| = | Y g(r'y)| (6.4.7)
§=0

The definitions imply that (g1); = (g7 )i+p, for all |i| < v, and hence there
exists a configuration g, € {0, ... ,n}% which is periodic with period p and
such that

@) =(a1); —v<jis<v, (6.4.8)

(this is 01; = 015 for —v < j < —v+p and then ¢ is continued periodically).
So that, by (6.4.4) and (6.4.7),

’
2C, e~

. 4.
1—e (64.9)

p—1
|[F(r"ag) = F(r"ag)l < Y l9(7ay) — 9(r78y)| <
j=0

Therefore F is uniformly Holder continuous on UX,{r70,} and (6.4.2) is
proved under the assumption in (6.4.3).

_ N-1 -
3 The measure y = N~} Zj:() ) is in M({0,...,n}Z)

Tio
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To prove the statement in item (ii) we must show that (6.4.3) follows from
the assumptions that ®, ¥ € B} and that G(®) = G(¥). This means that
the tangent planes to the graph of the pressure P(®) in ® and in ¥ (which
are unique, cf. propositions (5.2.1), (6.1.2)) coincide. Since P(®) is convex
this means that they are also tangent to P at the points P(®+¢(¥ — ®)) for
t € [0,1]: hence for all t real, because the DLR relations are real analytic
in the potentials. Let C' = p(¥ — ®): the variational principle (cf. corollary
(6.1.1)) then tells us that

max (s(v) = v(Agsr (v—a))) =
veM({0,...,n}%) (6.4.10)

=s(p) — W(Ag i (v-a)) = P(®) - Ct

Noting that s(v) —v(Ag4t (v—v)) = s(v) —v(As) —tv(Ay_s) < P(®) - Ct
for all ¢ real and for all v € M ({0, ...,n}%) can only be if v(Ay_g) = C we
get Ap — Ay = C'+ G with v(G) =0 for all v € M ({0, ...,n}%). Hence we
see that (6.4.3) holds. =

Remark: We can define on B} an equivalence relation setting ® ~ ¥ if
there exist F € C({0,...,n}%) and a constant C' € R for which (6.4.2)
holds. A norm on the equivalence classes defined by this relation is given
by

18] = inf sup| Aa(o) + C + F(ro) = F(@),  (64.11)

It would be natural to call “space of the potentials” the space obtained by
taking the closure B’ of the classes of B with respect to the norm (6.4.11).
But this new space B’ of (equivalence classes of) potentials is difficult to
study and it is not clear not only whether ® # ¥ implies G(®) # G(P)
for ®, ¥ € B’, but even whether we could extend the notion of Gibbs
distribution to the elements ® of the completion of the classes of BJ.

Nevertheless the idea of choosing one representative for every class of equiv-
alent potentials can, in several important cases, be realized. For example
we consider the following case.

(6.4.1) Corollary: (Potentials in systems with transitive vacuum)

If Too = Too = 1 for all ¢ = 0,...,n, (“transitivity of T on the vac-
uum”) then every ¥ € Bﬁ)g2 is equivalent to a potential ® € B(}} such that
Dx(oyx) =01ifo; =0 for some j € X; such a potential is simply defined by

Ox(ocx)=0 if 05 =0 for some j € X,

Ox(ox) =Y Uy(ay0), (6.4.12)
YDOX

where (gx0); =0 if j € Y/X and (gx0); =0; (£0) ifj € X2

4 The notation we are using here is the same used in Section §5.1.
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Remark: In this context the symbol 0 is called here “vacuum”: however
its only property is that transitions from o = 0 to any ¢’ and vice versa are
possible. Therefore if another symbol enjoys this property we could equally
well take it as a reference symbol, call it “vacuum”, and draw analogous
conclusions.

Proof. Tt is immediate to check that if U € Bﬁ)gQ then ® € Bl by using
the definition in (6.4.12).

Taking into account proposition (5.1.6), (5.1.11) and (5.1.16) one finds for
all ue M({0,...,n}%)

N-1
p(Ay) = lim N© () Av(r ) :J\}EHOON_I#( Z Ux(ay)) =
j=0 XC[O N]
= lim N'u( > Ox(oy) +NZ |X|
xclo,...,N] X30
N-1
. W (0
= lim N~'u( Ag (7 +NZ );((_))— (6.4.13)
jZO X30 | |
B \If
X30
hence we are in the situation of item (i) of proposition (6.4.1). |

It is then convenient to set the following definition.

(6.4.1) Definition: (Gibbs states with transitive vacuum, particle poten-
tials)

Let T be a mizing compatibility matriz with labels in {0,...,n} which is
transitive on the vacuum, i.e. such that To, = Tyo =1 forallo=0,...,n
Denote by B C B the space of the potentials for {0, ..., n}% such that

Dx(oy)=0 if 05 =0 for some j € X. (6.4.14)

We shall say that {0, ..., n}% 1s the space of the configurations of n species
of particles, denoted by the label 0 = 1,...,n, on Z subjected to a hard
core condition described by T (i.e. we interpret every 0 of the matriz T as a
condition of incompatibility between two particles, that forbids the possibility
of configurations in which they appear as nearest neighbours).

The potentials ® € B will be said particle potentials for n species of par-
ticles and a vacuum and the Gibbs states on {0, .. ,n}% associated with
potentials & € B will be said Gibbs states for n species of particles and a
vacuum.

Remarks: The wording in the preceding definition is useful because it
allows us to give a suggestive physical interpretation to the Gibbs states
on {0,..., n}% with T transitive on the vacuum. The configuration o = 0,
with o; = 0, is called, for obvious reasons, the vacuum.
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The following proposition holds (Griffiths-Ruelle), [GR71].

(6.4.2) Proposition: (Different particle potentials generate different
Gibbs states)

If {o,... ,n}% s defined by a mizing matriz T which is transitive on the
vacuum and sz? is the set of the particles potentials on {0, ..., n}%, then
®, Ve B and ® # U imply G(®) NG(T) = 0.

Remark: If we consider the graph of ® — P(®) for ® € B we see that
the above proposition, combined with the results of propositions (6.1.1)
and (6.1.2), means that the graph of P(®) on B is strictly conves, i.e. it is
convex and in every point it has a different tangent plane (one checks that
the propositions (6.1.1) and (6.1.2) and the remark following proposition
(6.1.2) remain valid if, under the present hypotheses on T, we replace B
with B C B).

Proof: Let Ag C Z be a fixed finite region and let Ay = [N, N] D Ao.
The DLR equations, see (5.1.9), imply that if 4 € G(®) one has

CAN B 6_ z:XcA0 ‘bx(zx)—W(EAOQ‘EA?V) . i
H )_/ NG p(da ), (6.4.15)

—AU—

where pi(dg . ) denotes the restriction to B(A%) of the measure p, the
conﬁguratlon (ar,0) € {0,. ..,n}}Vis defined to be oy = 0if j ¢ Ao and
o} =0 if j € Ao,

W(QIAN|QA;V): Z Pr(ay), (6.4.16)

RNAN#D
c
RmAN¢V)

with ¢’ = ((QADQ)QA;) and

> Pxle)-Wigyloye)
Zan(®;0p:) Ze XAy : (6.4.17)

O'AN

according to the notations of Section §6.1.
The condition ||®|| < +oo shows that if Ag is fixed

i W(gp,0lgps ) =0, (6.4.18)
uniformly in g, , o5 and hence

wCy™ o) . .
R (64.19)
Mo
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This means that p € G(®) determines uniquely Up,(0y,) = > Px(ox)

XCAo
for all o5, € {0,...,n}4°.5 In turn Uy, determines ® recursively as
Ox(ax) = Y ()M Tr(ap), (6.4.20)
RCX
therefore 1 € G(®) determines ® uniquely if ® € B. =

We conclude this section by discussing an interesting property related to
the exponential mixing properties of the SRB distributions. If (€, S) is an
Anosov system with a SRB distribution p and f is a Hélder continuous func-
tion the limit as N — oo of the dispersion of the variable N2 22\7;01 (Skzx)
will be finite if f has zero SRB average. It will be given by the exponentially
rapidly converging series D = Y2 (f(S*-)f(:)), where (-),, denotes av-
erage with respect to pu. Clearly D > 0 and a natural question is whether
this can vanish. The following proposition gives a necessary and sufficient
condition (Livsic-Sinai).

(6.4.3) Proposition: (A vanishing dispersion condition)
Let (Q2,8) be an Anosov system and let f be a Hélder continuous function
with vanishing SRB average, [ fdu = 0, and with vanishing dispersion,

DY Sae Af(S*)F()) = 0. Let A(z) be the energy function for the

SRB distribution u, i.e. the energy function A, see definition (5.1.1), asso-
ciated with the potential ® for the SRB distribution. Then

(i) A and A+ f are equivalent energy functions, i.e. the same Gibbs distri-
bution p mazimizes s(u') — p'(A) and s(u') — /' (A+ f) over i’ € ML(,S),
cf. corollary (6.2.1).

(i1) f(x) = F(x) — F(Sx) for a suitable F which is Holder continuous on
Q.

Property (i) implies that a necessary and sufficient condition in order to
have D > 0 is that the average of f along a periodic orbit does not vanish.

See Appendix (6.4).
Appendix 6.4: Vanishing dispersion conditions

The following lemma shows that D = 0 has interesting implications and prepares the
proof of proposition (6.4.3)

(6.4.1) Lemma: (Vanishing dispersion: a La condition)

Let (Q,5) be an Anosov system. A necessary and sufficient condition in order that a
Holder continuous function f with zero SRB average (f duf =0) has a zero dispersion
% Eoo ff(Skm)f(x),u(dx) in the SRB distribution u for (2,.5) is that there is

k=—o00

a function F(z) defined on a set Vo C Q such that

f(z) = F(z) — F(Sx), for x € Vo and pu(Vo) =1 (A6.4.1)
and there exist constants C,a >0 and V C Q X Q, u X (V) = 1 such that

5 Wwith {0,..., n}?“ we mean (naturally) the set of the elements of {0,...,n}*0 that can
be extended in at least one way to an element of {0,..., n}?.
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|F(x) — F(y)| < Clz —y|“ for all (z,y) €V (A6.4.2)
Hence F is bounded p—almost everywhere.

Remark: From (A6.4.2) we cannot (yet) conclude that F' is Holder continuous because
V#QxQ.

Proof: We discuss the case of 2—dimensional Anosov maps, for simplicity. Consider

the sum Fy(z) def k 0 f(Sk ). If D = 0 one finds that fdu (Zi\:()l f(Skx))? is

bounded uniformly in N. Therefore the sequence EkN;ol f(S*z) is bounded in La(u).
Furthermore for all g smooth limy_, oo f Z;_\’:*Ol F(SIx)g(x)p(dx) exists (by mixing) so

that the limit F(z) = imy_ oo Eliio f(S*z) exists weakly in Lo(u) and (therefore)
f(x) = F(z) — F(Sz) p—almost everywhere. The difficulty is in the proof of the weak
kind of Hoélder continuity of F' claimed in (A6.4.2).

The same arguments as above can be made for time tending to —oo: thus we can define
a function F_(z) = Zk—71 f(S*z). The function F_(x) + F(x) is however invariant:
and therefore it must be constant. The constant must be 0 because f has zero average.

Let & € ©2 and let R = W3 (£0) X W5 (&) be an S-rectangle, in the sense of definition
(4.2.2), with center o and pair of axes C'= W3 (§o) and D = W3 (£o) with the notation
of Section §4.2, cf. Fig.(4.2.1). The generic point in R has the form [, ¢’] with ¢ €
C,¢' € D, where [p,¢'] = W5(p) "W} (o) . We can represent, by corollary (6.3.3), the
integration of a function G on R as

/ G(z)p(dz) = / d%/ v(de")p(le, ¢ NG([e, ¢']) (A6.4.3)
R C D

where do, is the arc length on C and v is a suitably defined finite measure on the
arc D and p(p, ¢ Hk 0 ﬁf'w)])’ note that p(p, ') is Holder continuous in

(p,4") € C x D and bounded away from 0, co.
The key remark is that the function on V' x V defined by Fn ([z,y]) is weakly convergent
to the limit F([z,y]) in L2(p). Indeed let I'(z,y) be a bounded test function. Then ©

/F(:ray)FN([x,y})u(dx)u(dy) =/ d%odaw/ v(depp)v(deh)-
R CxC DxD
- p(90, 20)p(p1, ©1)T ([0, 20, [91, Y1) Fa ([0, £11), (A6.4.4)

which, multiplying and dividing by p(¢o0, ¢}) can be written fR FN(z)f(z) 1(dz) where,
if z = [‘p()v‘pll}v

oo, 5)p(e1, #)

p(0,#}) (46.45)

[(2) = / do oy v(doh)T([po, w0], [1,01])
CxD

is a bounded function.

Therefore f Iz, y) Fn ([z, yDp(dz)u(dy) == fR dz)F(z) (2) because Fpy con-
verges weakly to F' in Lo(p). By going backwards this means that Fi([z,y]) is weakly
convergent to F([z,y]) in La(p X p).

The function EkN;ol (f(Skx) — f(S*[x,y])) is bounded by

| Z(f(Sk £(5* a2l < Clo = y1°, (46.46)

6 We use that [z,y] = [0, ¢}] if = = [0, ¢)] and y = [p1, ¥} ].
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if C is a suitable constant and « is the Holder continuity exponent of f times the logarithm
of the constant A\ bounding the minimum expansion rate. This is so because the points x
and [z, y] are on the same stable manifold and therefore S*2 and S¥[x,y] get closer and
closer exponentially fast with their distance bounded proportionally to A=*. Hence for
a suitable C > 0

|F(z) = Flz,y]| < Clz —y|* (A6.4.7)

holds almost everywhere with respect to p x p. Likewise |F_(y) — F_([z,y])] < Clz —
y|* almost everywhere with respect to p X p. Since F_(z) = —F(x) holds p—almost
everywhere we get

|F(z) — F(y)| < 2172C|z — y|® for all (z,y) € V (A6.4.8)

where V is such that pu x p(V) = p x p(R) = 1.

Hence for py—almost all « one has |F(z) — F(y)| < 2!~ Cdiam(R)® for p-almost all
y: and for p-almost all y one has |F(y)| < 21~ C diam(R)® so that the function F is
bounded uniformly p-almost everywhere. u

If b is a p-almost everywhere bound on |F'(z)| the above lemma implies that

N

e~ u(da) < o (d) = plda)ess——n T

< 2t (da) (A6.4.9)
because Z;‘vsz f(S7z) = F(SNz) — F(S~Nz). On the other hand it follows also that

the limit as N — oo of ¢ypun with ¢y being a normalization factor (e’% <cny < e2b) is
the Gibbs distribution with energy function A(z) + f(x) if A(x) is the potential function
for p, cf. (6.2.11). Indeed by proposition (5.2.1) we know that the Gibbs distributions
associated with A and with A + f are ergodic: they coincide with p and with the limit
as N — oo of upn, respectively, hence (A6.4.9) implies that the two distributions are
absolutely continuous with respect to each other hence they coincide. Therefore the
following result holds.

(6.4.2) Corollary: Let (2,5) be an Anosov system and let f be a Holder con-
tinuous function with vanishing SRB average, ffdu = 0, and vanishing dispersion
D= Z;‘;im u(f(SJ)f()) = 0. If A(x) is the potential function for p then A(z)+ f(x)
is also a potential function for u.

The problem posed before Lemma (6.4.1) above is solved by the following proposition

Proof of proposition (6.4.3): The argument preceding corollary (6.4.2) shows that
\Z;,VziN f(STz)| < 2b everywhere (because f is continuous). Therefore by the same

argument one sees that given any Gibbs distribution po with potential function Ag
the potentials Ag and Ag + f are equivalent. Therefore we can apply (i) of propo-
sition (6.4.1) to conclude that there exists F' continuous and a constant C' such that

f(x) = F(x) — F(Sz) + C; in our case C' = 0 because ffdu = 0 and (i) and (ii) are
checked. Item (iii) follows from (ii). u

Problems for §6.4

[6.4.1]: Consider the potential on {0,1}%
Ox(cx)=0 [X]|>2, @40y (g) = ho.

Find an element ®’ of B equivalent to it (i.e. such that G(®) = G(®’)) but with potential
with non vanishing many-body components and which: (a) decay exponentially (&' €
Bl) (see proposition (6.4.1) and definition (6.4.1)), (b) is such that ||®’||1 = +o0, (c) does
not contain potentials with more than three bodies (here a, b, ¢ are meant as mutually
excluding properties).

[6.4.2]: Does it exist ® € B that is not equivalent to some ®’ € B? (see proposition
(6.4.1)).
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Px(ax)
1X]

[6.4.3]: Check that in the theory of Gibbs measures the function Ag = E
X350
be replaced without substantial modifications by A}, (o) = Zxao, x>0 Px(oyx), (X >0

means X C Z™).

can

[6.4.4]: Making use of the results in problem [6.4.3] show that the potential ®x = 0
unless |X| = 3 and ¢ j41}(00,05,05+1) = (0 — 0j+1) ®; and zero otherwise, is
equivalent to zero if Zj |®;] < 4o0.

[6.4.5]: Consider the group of the (n 4+ 1)** roots of unity: 7o, r1,...,7n. Show
that every potential for {0,...,n}%, ® € B with s large enough, is equivalent to a
potential ® (spin potential) such that ®x(cy) = ®x - Re (H ) with &x € R

and Zxao erdiam(X) P v | < 400, with k > 0 suitable.

Bibliographical note to §6.4

jexToj

The contents of this section are based on [GR71], and on the interesting
proposition (6.4.3) (cf. p. 78, theorem 5.7 and the bibliographical note at
p. 96 in [Ru78]). This theorem can be extended to potentials more general
than those verifying (6.4.1) (it suffices to push the precision of the estimates,
giving up proving properties as strong as (6.4.6) or (6.4.9) but looking for
the minimal conditions sufficient to obtain continuity of F'). The vanishing
dispersion analysis is taken, at Ruelle’s suggestion, from [Ru78].
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