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CHAPTER 1

General qualitative properties

§1.1 Historical note

We begin with a few comments on the meaning of the word ergodic.

At the beginnings of Statistical Mechanics a “collection of time evolution
invariant probability distributions on phase space” or a “collection of sta-
tionary distributions on phase space” for a given Hamiltonian system, was
called by Boltzmann, see [Bo09] and pag. 85 of [Bo96], a monode: the mod-
ern abbreviated locution describing this notion is a “statistical ensemble”
(or simply an “element of a stationary ensemble”).

The word monode, one among many coined by Boltzmann who clearly loved
to invent this kind of words, is of greek origin: it is composed by uévoc ,
unique, and by eldog , aspect, appearance. Probably because this suggests
the image of a collection of copies of the considered system which keeps, as
a collection, its appearance as time evolves: each copy being subjected to a
motion whose only global effect is a permutation of the various copies.

Boltzmann, then, called ergode a monode characterized by a uniform dis-
tribution on a surface of constant energy: a monode is ergodic if it is an
ergode.

Hence it looks difficult or, better, impossible to attribute a literal meaning
to ergodic theory, a locution that has not been used by Boltzmann. The
origin of the word seems to go back to the Ehrenfests who, in the their
important work of interpretation and popularization of Boltzmann’s ideas,
called “ergodic” any mechanical systems whose surfaces of constant energy
consist of a single trajectory (which had been named, instead, isodic by
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Boltzmann, from icoc¢ , same, 636¢ , road, path), see footnote 93 in [EE59].
They called quasi-ergodic any mechanical system whose trajectories invaded
densely the surface X of constant energy F, see footnote 98/99 in [EE59],
and concluded with words of discomfort and doubt on the actual existence of
systems endowed with the ergodic property, see pag. 25, line 15, of [EE59].
In this respect see also the footnote 97 in [EE59], where one cannot avoid
being surprised by the depth of Boltzmann’s intuitions. The meaning of
these intuition, we feel, still escaped the Ehrenfests in 1912. Indeed Boltz-
mann chooses, in quoting an example of an ergodic system, a system which
is still today considered a possible example. The work of the Ehrenfests
generated renewed efforts, by many mathematicians, to interpret formally
Boltzmann’s ideas. Thus the true and proper ergodic theory began and the
first fundamental result has been the classical formulation by Birkhoff of
the ergodic hypothesis: a precise mathematical translation of a nice formula
by Boltzmann, see formula (34) at pag. 25 of [EE59].

Such a hypothesis also called metric transitivity hypothesis, supposes that
for “interesting” mechanical systems the trajectories of almost all points of
the surface ¥ g invade it densely and, furthermore, spend in each of its parts
A C Y g a fraction of time proportional to its Liouville measure:

[\ 6(H(p,q) — E)dpdq
s, 8(H(p, q) — E)dpdg

(1.1.1)

having denoted with p, ¢ the canonical coordinates of the system and with
H(p, q) its Hamiltonian function.

Ergodic theory thus acquired the precise meaning of “theory of the ergodic
hypothesis”: i.e. it became the complex of mathematical propositions con-
nected, or held as connected, with attempts of showing the validity (or the
falsity) of the hypothesis in the case of various mechanical systems.

As a curiosity it can be interesting to note that, oddly, the Ehrenfests
derive the ethimology of the word ergode from &pyov , energy, and 636c¢ ,
road, rather than from €pyov and €idoc , as it seems to be beyond doubt:
by reading Boltzmann the word ergode comes out as a natural abbreviation
of the word (more clearly explicative of the concept but lengthier hence,
perhaps, less satisfactory) ergomonode, see footnote 93 in [EE59].

Mathematicians and physicists made efforts (with increasing vigor, par-
ticularly after the 1950’s) directed to obtain a proof of the validity of the
ergodic hypothesis in particular mechanical systems: although the efforts
did not lead to a solution of the original problem, at least not in a generality
relevant for applications, they led to extensions of the problem and to a vast
class of mathematical results that encompass fields which at a first sight are
rather inhomogeneous (like number theory or information theory). It is to
this set of results, a mixture of results on diverse fields and in continuous
expansion, that we refer today when we talk of ergodic theory which is,
therefore, a name characterizing rather unprecisely each of its arguments.
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In this book we shall select and illustrate several different problems that
represent aspects of ergodic theory, trying to stress the common features
that justify their classification as elements of a single mosaic.

Note to §1.1

(1) The use of the aziom of choice seems to have influenced in an essential
way the interval of time that has been necessary for the correct mathemat-
ical formulation of the metric transitivity hypothesis: this appears quite
clearly from the footnote 87 of the quoted book of the Ehrenfests, [EE59],
that seems to consider as an insuperable obstacle to the otherwise natural
formulation of the hypothesis a (probably unconscious) application of the
axiom.

Indeed the og(p, q) of the quoted footnote would be, in a metrically tran-
sitive system, a nonmeasurable function whenever really varying from a
G-path to another and it would not be possible to construct it without us-
ing the axiom of choice, that is therefore implicitly used, see problem [2.2.54]
for an example of the construction of such a function along the argument
of [EE59].

This instance is likely to be the only one in which the axiom of choice has
exerted its sinister influence over a fundamental question of physical and
applicative interest.

(2) A detailed critical analysis, and an exegesis in contemporary language,
of Boltzmann’s work would be very interesting. Until now such an enterprise
has not been really undertaken, obviously because of the prohibitive amount
of work that it implies. Nevertheless the literature on Boltzmann is large and
rich of ideas and proposals for a deeper understanding, as the fascination of
his personality allows anyone (even a profane) to predict, see [Ce99]. A first
bibliography of studies on Boltzmann is given here although it is possibly
seriously incomplete.

Bibliographical note to §1.1

On the foundations of statistical mechanics many of the original works are
interesting. Among these we mention those of Boltzmann, Gibbs, Maxwell;
see [Bo09], [Bo02], [Bo03],[Gi60], [Ma65]

Among the works of critique on the foundations see for instance Ehrenfest
and Ehrenfest, [EE59], and Krylov, [Kr79]. More recent discussions can be
found in [Br99], [Ga00].

The life and scientific achievements of Boltzmann are molded together in
the books [Ce99], [Li01]: the first being more informative on the scientific
aspects of Boltzmann’s figure while the second gives a very clear picture
of the aspects of his personality that made his life look to himself rather
unhappy.
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4 §1.2: Examples and some definitions

§1.2 Examples and some definitions

We begin our analysis by illustrating simple examples of “dynamical sys-
tems”: dynamical systems, indeed, constitute the fundamental mathemati-
cal entity of ergodic theory, [AAGS].

Ezample (1.2.1) : Let f € C>=(R*,R?) be a function on R* with values in
R? that we shall suppose to be uniformly bounded together with its first
derivatives. We denote by t — z(t) = S¢(£) the solution of the differential
equation

i=f(z) z(0)=¢, £eR% (1.2.1)

Then (S¢);cr is a group of maps of class C* of R? into itself and
(]Rd, (St)ier) is a dynamical system called the flow on R? generated by
the differential equation (1.2.1) or by the vector field f.

Often f has other remarkable properties. For example sometimes f has
zero divergence: B

. 0f; ]
> ge ©=0 forall (e, (1.2.2)
i=1 >

if f = (f1,...,fa). If X denotes the Lebesgue measure on R? one has, in
the latter case,
AME) = A(SLE) for all t € R, (1.2.3)

for every A—measurable set E: i.e. the map S; preserves the Lebesque mea-
sure.

Sometimes f generates a group that leaves a closed set ) invariant. For
instance this happens if € is a sphere or a torus or, more generally, a domain
with C*°-regular boundary 99 and, denoting by n(£) the external normal
to 9N in &, B

f(€)-n() <0 for all £ € 09, (1.2.4)
holds everywhere on 0. In such a case S;(2) C €, for allt > 0, and one
can consider the flow generated, for t > 0, by equation (1.2.1) in §, that
will be denoted (€, (S¢)cRr, )-

Invariant sets can also be constructed from first integrals, also called con-
stants of motion, of equation (1.2.1), when they exist. Indeed if F' €
C=(R% R) is a first integral for equation (1.2.1), i.c. if F(S,£) = F(¢),
for all ¢ € R? and for all ¢ € R, given v € R the sets

OF = {gIF(©) <}, Q7 ={gF () >} @ ={{F () =7} (125
are obviously invariant under the flow generated by equation (1.2.1).
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From example (1.2.1) that we have just discussed one derives as particular
cases, or as generalizations, the examples below (1.2.2) (Hamiltonian flows)
or (1.2.3) (flows on differentiable manifolds), respectively.

Ezample (1.2.2) : (Hamiltonian flows) Let H € C=(R*" R) and E € R be
such that

(i) QE ={(,9l(p,q) € RV, H(p,q) < E} is a bounded set.

(i) Qg = {(p, Dl(p, q) € R*Y, H(p,q) = E} is a bounded smooth surface of
dimension 2N — 1 with no equilibrium points, i.e. with no points such that
OH = 0, where 0 denotes the gradient.

Under such conditions the Hamilton equations

. oH . oH
Pi==%. =g

i=1,...,N, (1.2.6)

allow us to define a group (Si),cr of maps of class C* on R*Y such that
for all E € R:
(1) the sets Q5 and Qp are invariant.

2) the maps preserve the Lebesgue measure A restricted to QS, or to Q.1
E

The dynamical systems (Q%, (St)ier), (&, (St)icr) are called Hamiltonian
flow with energy < F or with fixed energy E, respectively.

The hypotheses (i) and (ii) allow us to define the normalized Lebesgue
measures A\g on QE or on 2 obtained by normalizing to 1 the restriction
of the Lebesgue measure to QE or to (1g: the normalization factor turns
out to be, indeed, < +o0.

The pairs (Q%, Ag) or (Qp, Ag) are, in the language of probability theory,
probability distributions on Q% and on Q. Such distributions are invari-
ant with respect to the Hamiltonian flows on Q% or on (g, because the
Hamilton equations have zero divergence. When considered together with
the corresponding Hamiltonian flows, they are denoted with the symbol
(03, Xé, (St)ier) or (25, Mg, (St)icRr), respectively, and their collections,
as the energy FE varies, constitute two examples of invariant statistical en-
sembles or stationary ensembles. In Boltzmann’s nomenclature they are an

example of a monode (the first collection) and of ergode (the second), see
Sec.1.1.

Ezample (1.2.3) : Let V be a compact differentiable Riemannian manifold
of class C* and let [ a vector field tangent to V. The differential equation

1 The Lebesgue measure restricted to Qp is, the measure Ap(dpdg) = 6(H(p,q) —

E)dgdg = % if dog is the surface element on Qg. This is locally finite in all di-

mensions N > 1 if 9H does not vanish to a too high order at the equilibrium points, if
any. See also Appendix (1.2).
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6 §1.2: Examples and some definitions

allows us to define a group of maps (S;),cg of V into itself as we did in the
example (1.2.1). Such maps are of class C*° and the pair (V, (St),cr) will
be the flow generated on 'V by (1.2.7).

We shall say that (S¢);cr preserves the volume on V if the volume measure
pon V is invariant under the action of S, i.e. if for each E € B(V') = {Borel
sets of V'} (see Appendix (1.2)) one has

w(E) = p(SLE) for allt € R. (1.2.8)

The measure p will be always considered normalized (note that the volume

of V is certainly finite) and the probability distribution (V,u) will be a
stationary distribution for the flow (V, (S¢).cr) when (1.2.8) holds. In the
last case p will be called a stationary distribution for the flow (V, (St),cRr)-
A concrete case associated with the above example is described in the
following one.

Ezample (1.2.4) : (Quasi-periodic flows) Let T be the standard d—
dimensional torus (i.e. T is [0,27]¢ with “opposite sides identified” or,
more precisely, T¢ = R? / Zd) and consider the differential equation on T

P =w, (1.2.9)
where w € R Tt defines the group (St)ier:
Sip = p+wt = (p1 +wit,...,pq + wqt) mod 27 (1.2.10)

The flow Td, S is called a rotation flow or a quasi-periodic flow of
teR

the torus T? with velocities wE R%. Tt preserves the volume measure A on
T¢ (thought of as a flat Riemannian manifold with the natural metric)

Ald s 1.2.11
IfEE]Rd the map
Sp=9+p=(p1+p1,-..,0a+ pa) mod 27 (1.2.12)

will be called a rotation map of T? with rotation vector p- Obviously S = 51

if (S});cr is the rotation flow of T with velocities p.

Many important examples of maps S of manifolds do not correspond to dif-
ferential equations on the same manifold (in the sense that S = Sy if (St),cr
is the flow associated with a suitable differential equation). A classical case
is the following.?

2 Another one which is widely studied in literature is the standard map which will be
discussed in Sec. (9.2).
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Ezample (1.2.5) : (Arnold’s cat map) Let S be a d x d matrix with integer
entries and define, for all ¢ € Td,

d
(Se)i = Sijp; mod2m,  i=1,....d. (1.2.13)

Jj=1

Then S maps the torus T? into itself and is of class C*®. Furthermore, if
det S = £1 then S is invertible and preserves the volume.
In general even if det .S = 1, it is not possible to find a differential equation
on T* generating a flow (St)ier that interpolates S (i.e. such that S; = 5).
A typical and important example is provided by the map of T? associated,
via (1.2.13), with the matrix:

11
S = (1 2>, (1.2.14)
see problem [1.2.9].

If the map S defined by (1.2.13) has det S # +1 then it is not invertible:
every ¢ € T? is an image of | det S| pairwise distinct points ¢ of T?. In this

case the pair (T%,S) is a noninvertible dynamical system.

Ezample (1.2.6) : (Lorenz’ equation) Noninvertible systems have usually
origin in connection with the theory of equations, or maps, that model
dissipative phenomena. Consider the equation in R*

T :U(y - CC),
y=—or—y—zz, (1.2.15)

z=—bz+ay—q

then the solutions of this equation exist globally for ¢ > 0 for every initial
datum if, as we shall suppose, o, b, @ > 0. If (S¢)¢>0 is the semigroup that
solves the (1.2.15) it is, furthermore, true that the sphere

- 3 _ 2a
2 ={elger’, |§|§p0_7min{1,a,b}} (1.2.16)

is invariant (as a consequence of (1.2.4), see also problem [1.2.11]): S C
Qp, for allt > 0. The pair (o, (St)t>0) is a noninvertible dynamical system
or a noninvertible flow on €, because S; fails to be surjective from 2y to
Qo. Note however that S; is invertible as a map from R? into itself, see
problem [1.2.11].

Note that the divergence of the second member of (1.2.15) is —(1+b+0) < 0
and, hence, the measure of every (measurable) set A contracts according to

A(SpA) = e UFbHIN4) >0 (1.2.17)
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8 §1.2: Examples and some definitions

i.e. the Lebesgue measure is not invariant under the flow (S¢):>¢ and there
can be no invariant measure on €y equivalent to it.2 If a measure p is
absolutely continuous with respect to the Lebesgue measure or with respect
to the volume measure on a manifold one often omits the reference measure
and one says simply that p is absolutely continuous.

The equation (1.2.15) is usually written using z,y,z + r + o, instead of
x,y, 2z, and is called Lorenz’ equation, see equations (25),(26),(27) in [Lo63].

Ezample (1.2.7) : (Interval maps) Another example of noninvertible dynam-
ical system is provided by a continuous, piecewise C*°, map S : [0, 1] — [0, 1]
with a graph of the form

1 L f@)

0y~ 1

Fig.(1.2.1) : A map of the interval [0,1].

In general the map S will not be invertible and the pair ([0, 1],.5) will form,
therefore, a noninvertible dynamical system.

The above are examples of the mathematical entities called dynamical sys-
tems. Because of their obvious interest, they motivate the following defini-
tions that summarize and put in abstract form their main properties.

(1.2.1) Definition: (Topological dynamical systems and metric dynami-
cal systems)
Let € be a compact separable metric space and let S be a continuous map of
Q dnto itself. The pair (Q,S) will be said a discrete topological dynamical
system on Q. (Q,S) will be said invertible if S has a continuous inverse
S—1.

Let 1 be a complete probability measure defined on a o—algebra B of sets
of Y and let N € B be a set with zero p—measure, and suppose that S is a
map measurable with respect to B outside N, see Appendiz (1.2). If

w(A) = p(S™tA) for all A e BNN®, (1.2.18)
where N¢ = Q/N is the complement of N, we shall say that (£2,S) is py—
preserving or that p is S—invariant. The triple (Q, S, u) will be called a

3 Given two measures u and v defined on the same o-algebra B, see Appendix (1.2), v

is absolutely continuous with respect to u if there exists f € Li(p) such that v = fpu.
The measures p and v are equivalent if p is absolutely continuous with respect to v and
v is absolutely continuous with respect to p.
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(discrete) metric dynamical system mod 0 defined outside N. If N = () the
triple (2, S, u) will be called a (discrete) metric dynamical system.

Often the set N of “singularities of S” is not explicitly mentioned and one
simply talks of a metric dynamical system (2,5, ). We shall try to avoid
this practice because of the risks of confusion it generates. Analogously:

(1.2.2) Definition: (Topological flows and metric flows)
Let Q be a compact separable metric space. Let (Si)icr or (St)er, be a
group or a semigroup, homomorphic to R or to Ry, of maps that act with
continuity on Q.4

The pair (2, (St)ier) or (2, (St)ier, ) will be called respectively an invert-
ible topological flow or a topological flow on €.

Let p be a complete probability measure on a o—algebra B and let (St),cr
be a group of p—measurable maps homomorphic to R and preserving L.
Suppose that the function (t,x) — Sz defined on R x Q with values in
Q is p—measurable with respect to the o—algebra generated by the sets in
B(R) x B. Then the flow (£, (St)ier, 1) will be called a invertible metric
flow on Q.

If, mutatis mutandis, we replace (S¢)cr by a semigroup (Si)ier, , B(R4)x
B-measurable, we obtain the notion of metric flow.

Flows will also be called, sometimes, continuous dynamical systems because
their time “elapses continuously”.

Speaking of dynamical systems one often omits the qualifications (topolog-
ical, metric, discrete, continuous, invertible,...) that are usually supposed
to be understandable from the context. One can (generously) even consider
the (here seldom used) notions of abstract discrete dynamical system (2, .S)
with € being a “space” and S a “map” acting on it, as well as the similar
notion of abstract flow.

Before proceeding to analyze the structure of certain classes of dynami-
cal systems it is convenient to set up the notion of isomorphism between
dynamical systems.

(1.2.3) Definition: (Isomorphisms)

If (Q,S5) and (', S") are two abstract discrete dynamical systems, we shall
say that they are isomorphic, or conjugated, when there exists an invertible
map I : Q — Q' such that

IS =9I (1.2.19)

If the systems (Q,S) and (', S’) are discrete topological dynamical systems
we shall say that they are topologically isomorphic if they are isomorphic
and if the isomorphism I can be chosen bicontinuous.

Let (2, S,p) and (¥, 1) be two discrete metric dynamical systems
mod 0, defined outside the sets N, N' of zero p,u' measures and defined
on the o—algebras B, and B, respectively. If (/N,S) and ('/N’,S") are

4 This means that the functions (t,2) — Stz of R x Q or of R4 x  into  are continuous.
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isomorphic and if I can be chosen bimeasurable outside N, N' with respect
to the o—algebras B,, and B, and if, furthermore,

W (ITA) = pu(A) for all A e B, (1.2.20)

we shall say that the systems are isomorphic mod 0.

In the latter case there exist two zero measure sets N € B and N’ € B’

such that S™'N = SN = N and S’ 'N’ = §'N’ = N’ and furthermore
(Q/N,S, ) and ('/N’, S, ') are isomorphic in the sense that there is a
bimeasurable map I of /N to Q' /N’ verifying IS = S’I on such sets and
mapping p onto y’'. One can formulate, in an analogous fashion, various
notions of isomorphism between flows.

Appendix 1.2: Basic definitions of measure theory

We recall here some basic defintitions of measure theory. A collection of

sets among which is the empty set and that is closed under the operations
of complementation and of finite union is called an algebra; if it is also
closed under countable union is called a oc—algebra. The smallest c—algebra
containing a given family F of sets is called the o—algebra generated by
F. The o—-algebra generated by the open sets of a topological space € is
called the Borel o-algebra B(§2) and its elements are called Borel sets. A
measure (1 on a o—algebra B is a countably additive non-negative function
of the sets of B, which are called p—measurable sets. Given a o—algebra
B and a measure p we can consider the o—-algebra B, generated by B and
all the sets contained in a py—measurable set with zero pu measure. The
o-algebra B, is called the p—completion of B. A measure p can always
be extended uniquely to a measure on the o-algebra B,. If B = B, the
measure 4 is called complete. A measure p which is defined on the Borel
sets of a topological space is called a Borel measure, while a measure that is
the completion of its restriction to the Borel sets is called a complete Borel
measure.

The usual Riemann measure on R? is defined over the algebra of sets which
are approximable from inside and from outside by unions of rectangles with
an arbitrarily small volume in between. It is not countably additive but it
can be extended to the Borel sets and then completed defining in this way
the Lebesgue measure. On Riemannian manifolds the Riemann measure is
defined in the same way by using local charts and the volume form generated
by the metric. The usual Lebesgue measure and, more generally, the volume
measures A on Riemannian manifolds will be regarded as complete measures
defined on the Borel sets B(€2) and extended to B (), see problem [1.2.19].

Given a function S from € to ' the inverse image S™1(E) of aset E C
is the set of all € © such that S(z) € E. A function (map) S between
two spaces € and €’ is measurable with respect to the o—algebras B and B/,
defined respectively on 2 and €', if the inverse image of every set E € B’ is
an element of B. A function S measurable with respect to the completion
B, of B relative to a measure  is called p—measurable. A function S is
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called bimesurable if S—1 exists and if both S and S~! are measurable. If
Q = Q' and B = B’ we simply say that S is measurable with respect to B.
Given a set N in B we call B(2) N N¢ the o-algebra generated by the sets
Ay for A € B. If N, N’ are sets in B, B’ and the map S of Q\ N into '\ N’
is such that S™'E’ € B(Q)N N¢ for all E' € B(Y)N N'¢ then S is said to
be measurable with respect to B, B’ outside N, N’. If both S and S~ are
defined and both are B, B’ measurable outside N, N’ then the map S is said
bimeasurable with respect to B, B’ outside N, N'.

Problems for §1.2

[1.2.1]: Show that the differential equation (1.2.1) admits, as stated in example (1.2.1),
global solutions under the assumptions considered there.

[1.2.2]: (Liouwille theorem)
Show that equation (1.2.2) implies equation (1.2.3).

[1.2.8]: Show that equation (1.2.4) implies the invariance of Q.

[1.2.4]: Construct an example of a non-Hamiltonian differential equation in R? possess-
ing first integrals in the sense of example (1.2.1), in C*(R?).

[1.2.5]: Show that £ = —z is a differential equation with no non-constant C'*° first
integrals.

[1.2.6]: Consider a differential equation in R? of the type considered in example (1.2.1)
and suppose that for every z € R? the limit lim¢, 4 o Stz exists and takes only a finite

number of values as z varies in R?. Show that the differential equation does not admit
non-constant C'*° first integrals.

[1.2.7]: Find some other criterion of non-existence of first integrals for a differential
equation inspired by that of problems [1.2.5], [1.2.6].

[1.2.8]: Show that, in the case of equation (1.2.13), if det S = %1 then S is invertible
and it is of class C'°° together with its inverse.

[1.2.9]: (A map not embeddable into a flow)

Show the non-existence of a differential equation on the torus T? such that S; = S
where S is the map of T2 into itself defined by (1.2.14). (Hint: Show that if ¢ = f(v)
were such an equation we would have: Z]‘ Sijfi(e) = fi(Se) and, more generally:
Ej(sn)ijfj(f) = fi(S"p) foralln € Z. This is absurd. In fact since the ma-

trix S is Hermitian with eigenvalues (3 4 +/5)/2, one greater and one smaller than 1,
limsup |S™v| = +oo0, for ally € R?\ {0}, while |f(S™¢)| < maxy, |f(¥)| < oo).

|n|— o0 - - - -

[1.2.10]: (Toral maps)

Show that if S is a matrix with integer entries and if N = |detS| # 0 then S is a
continuous map of the torus into itself and every point of T< is the image of N points of
T¢. Furthermore S is of class C> on T¢.

[1.2.11]: (Lorenz’ equation)

Show that Lorenz’ equation (of example (1.2.6)) admits global solutions (in the past
and in the future); and show that Qg is invariant only in the future. (Hint: Multiply
scalarly the (1.2.15) by (z,y, z) and deduce an a priori bound on the solutions of (1.2.15)
by noting that the cubic terms obtained in this way disappear. Use criterion (1.2.4) to
conclude.)

[1.2.12]: (Ezpanding interval maps)
Let Sz =2z, 0 <2 <1/2, St =2(1 —x), 1/2 <z <1, cf. example (1.2.7). Show that
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the Lebesgue measure A on [0,1] is S—invariant (A(E) = A(STLE), for all E € B([0, 1])).

[1.2.13]: (The equation for invariant density)

Consider a continuous piecewise smooth (in general noninvertible) map T of [0,1] and
suppose that the measure pr(dy) = f(y)dy, absolutely continuous with respect to the
Lebesgue measure, is T—invariant, see definition (1.2.1): then the equation for its density

is f() =D, poy, [T ()1 f(2).

[1.2.14]: Let S and T be two smooth maps of [0, 1] which are conjugated or isomorphic,
i.e. such that there exists an invertible C1([0,1]) map F : [0,1] — [0,1] such that Ty =
FSF~1y, and suppose that ur(dy) = f(y)dy is T-invariant (see problem [1.2.13]). Check
that setting us(E) = pr(F(E)), i.e. us(dz) = f(F(z))|F’(x)|dz, yields an S—invariant
measure fig.

[1.2.15]: (Ulam-von Neumann map)

Show that the Ulam-von Neumann map z — T'(z) = 42(1 — z) and the map = = Sz,
where S is defined as in problem [1.2.12], are conjugated via the map y = F(z) =
(2/m) arcsin /. The map T(z) = ax(l — z), with a € R, is sometimes referred to as the
logistic map.

[1.2.16]: It is known that every compact C°° Riemannian manifold V' can be smoothly

immersed into an Euclidean space of suitably large dimension n. Denoting by Y such
an immersion show that there exists a differential equation £ = ¢(£) in R"™, of class C*°,

that admits the manifold V = Y (V) as an invariant manifold and that induces on Va
flow (S¢)ter that is the image of the flow on V' generated by equation (1.2.7) so that,
denoting the latter by (S¢)ier, it is SiYz =Y Siz, t e R, z € V.

[1.2.17]: (Geodesic flow)

Let V be a C°° Riemannian manifold, let g be its metric tensor and let W be the tangent
bundle, i.e. the manifold consisting of the points (z,v) with z € V and with v tangent
to V in . Define on W the geodesic flow (St)ier that associates with (z,v) the point
St(x,v) = (x¢,v¢) obtained by constructing the geodesic that starts in x in the direction

v and by running on it with uniform velocity given by |v| = 4 /Eij gi;v*v9 on a portion

of length |v|t (in the metric g) reaching in this way a point x; with velocity vg.
It is convenient to describe the geodesic flow as a flow on the space W of the pairs (z, p)

of points of V' and of vectors cotangent to V in x. Recall that the vector p cotangent in
x and corresponding to the vector v tangent in z is, by definition:

d
pi=zgij(x)vj, i=1,...,d.
i=1

The geodesic flow on W is naturally described by the correspondence (z,p) — (z¢,p¢)
built by

(1) starting with (z,p) € W and constructing, via the preceding construction, the vector
v tangent in x, namely v = g~ (z)p,
(2) associating with (z,v) the point S¢(x,v) = (x¢,vt) and then
. d i
(3) defining (pt); = ), gij(we)v] -
A celebrated proposition of geometry and of mechanics states that the geodesic flow is
described on W, in every chart, by the Hamiltonian differential equations with Hamilto-

nian 4
H(z,p) =5 > (97" (@) pip;-
j=1

N | =

Deduce that the geodesic flow on W preserves the measure that on W coincides with
the Lebesgue measure dz dp. Deduce that the geodesic flow on W conserves a measure
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that is absolutely continuous with respect to the volume measure on W considered as a
d

1
Riemannian manifold with the natural metric ( Z (9ij(z)dx"dx* + gi; (x)dvldvﬂ)) 2 and
Jj=1
express the density with respect to the measure that in a natural chart for W becomes
the measure dx dv. Find its expression in terms of the metric tensor.

[1.2.18]: Deduce the differential equation of the geodesics on V and hence that of the

geodesic flow on W and W by using the definition of geodesic as an extremal curve for
the line element ds? = Zl 5 9ij (z)dz*dz? and the principles of Mechanics. (Hint: The

geodesic flow takes place at constant speed and takes place over curves that minimize or

. P . . . . . .
make stationary fpz A /Zi ; gijdxtdz over all lines joining Pr, Ps.).
1 5

[1.2.19]: (Incompleteness of the restriction of Lebesgue measure to Borel sets)
Assuming that there exist sets in [0, 1] that are not Lebesgue measurable show that there

exist sets in R? which are not Borel sets but that are contained in sets of 0-Lebesgue
measure. Show in fact that if L is a not Lebesgue—measurable set of the segment [0, 1]
then the set L x {0} C [0,1] x [0,1] is an example of a set which is not a Borel set
of the square [0,1]% and it is nevertheless contained inside the set [0,1] x {0} with 0
Lebesgue measure. (Hint: Just show that L x {0} cannot be a Borel set as a subset of the
square [0,1] x [0,1]: if so it could be obtained by a transfinite induction via operations
of countable unions and intersections starting from open sets of the square. But the
same transfinite construction performed with the intersections of the open sets with the
segment [0, 1] x {0} would lead to the set L which would therefore be a Borel subset of

[0,1].)

Bibliographical note to §1.2

Examples and definitions are taken from [AA68], [Si77], [Av76] where sev-
eral other examples can be found.

§1.3 Harmonic oscillators and integrable systems as dynamical
systems

We shall consider a few simple dynamical systems which provide us with
a first illustration of the just introduced notions and establish a relation
between the examples (1.2.2), (1.2.3), (1.2.4) of Section §1.2.

(1.3.1) Proposition: (Harmonic oscillations)
Let G = (gi5), V = (vi5) be two positive definite symmetric matrices and let
G '= (gigl) be the inverse matriz of G. Consider the function

1/ _ -
H=H(p,q) = 5( Z gijlpipj + Z 'UijCIin) (1.3.1)
ij=1 ij=1
on ]RQT, and let 77(1), ... ,n(r) be G-orthonormal vectors® werifying
(—wiG+V)® =0, k=1,....m (1.3.2)

1 4 e. such that (Gﬁ(i) ~ﬁ(j)) = Z; Bl ghkn,(j)nlgj) = dij.
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14 §1.3: Harmonic oscillators and integrable systems as dynamicalsystems

where w?, ... ,w? are the roots, ordered and repeated according to multiplic-
ity, of the secular equation det(—w?G + V) = 0.

Define x and & in R" so that

T

e1.3.3 a= Z I(i)ﬂ(i), G 'p= Z /i?(i)ﬂ(i), (1.3.3)
i=1

=1

and consider the motion associated with the Hamiltonian H in R*" with
given initial data p, q. This motion is described by t — Si(p,q) =

(p(t),q(t)), with -

r ) » (1) .
Z (x(’) cos w;t + v : sinwit) Q(Z),
i=1 i (1.3.4)

dg .
p(t) :G% (t) = Gq(t).

B

—~
~+

~
I

el.3.4

The proof of this well known proposition is, for instance, a simple check
by substitution of (1.3.4) into the equations of motion.

Remark: It is convenient to remark that the parameters x and & are de-
termined by equation (1.3.3) simply by using the G—orthonormality of the
vectors ﬂ(l), o ,ﬂ(r

@ — qgp® . Ve . /G
z )
7" -g=(VCn ? (1.3.5)

el.3.5 ZZT(Z) — Q(Z) B = (\/aﬂ(l) vV Gilg)a

In other words (z(?, (V) are the components of \/ag and of VG ~!p on the
orthonormal basis in R” formed by the vectors vVGn(?. Note that the map

Nizs PP = (VG)™'p and ¢ — ¢’ = (VG)q is a linear canonical map.2

From (1.3.5) and from the above proposition an easy, but remarkable,
corollary follows.

c131 (1.3.1) Corollary: (Action-angle coordinates for harmonic oscillations)

Under the assumptions of proposition (1.3.1) let, for (p, q) € R

, , 1/2
A; = (x<z>2 I (Jb(z)/wi)z’) 7
€1.3.6 20 0!
COos p; = 1 singoizm,

(1.3.6)

2 We recall that a 2n x 2n matrix L = (A B) is called canonical (or also symplectic)

C D

DT _ BT

if L7 = (—CT AT ), where T denotes transposition: a map defined on an open
domain of R?" into R?" is called canonical (or symplectic) if its Jacobian matrix is
canonical at every point of the domain.
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where 2 and & are determined by (1.3.5).

Let W C R*" be the set of the points (p, q) € R*" for which A; # 0,
i = 1,...,r. Define on W, via (1.3.6), the map I(p.q) = (A,¢) =
(Al, e Ay Ol ,QDT) S (R+ \ {Q})T x T".

(1) The map I is invertible as a map between W and IW = (R, \{0})"xT";

furthermore it has a Jacobian determinant which does not vanish on W,

0I"'(4, ¢) -

and, therefore, I is analytic and invertible on W.
(2) In the coordinates (A, p) the motion (1.8.4) becomes

I(Si(p,q)) = (4, ¢ + wt) mod 2. (1.3.8)

Remarks: (1) For a = (a1,...,a,) € (R4 \ {0})" we set
Q= {(p.g) eR™[A = ay,..., A = a,}, (1.3.9)

and we denote with

ITi_, 8(Ai(p, @) — ai)dpdg H dgpl

A (dpdq) =
—( P g) “normalization to 1”7

(1.3.10)

the Lebesgue measure dp dq restricted to €2, and normalized to 1. If S; de-

notes the Hamiltonian evolution on R*" corresponding to (1.3.4), we can
say that €, is invariant, that A, is invariant and that the metric flow
(4, (St)icr, Aa) is isomorphic to the rotation of T" with velocity w, i.e. to
the dynamical system (T", (S;);er,A) with §t£ = ¢ + wt(mod 27) and
(2) Thls is an 1somorphlsm to which one refers by stating that the Hamil-
tonian system (1.3.1) is a system of harmonic oscillators whose trajectories
develop with uniform velocity on r—dimensional invariant tori parameter-
ized by r parameters (each of which, of course, is a first integral).

(3) One says that the phase space W is foliated into analytic r—dimensional
invariant tori: this refers to the relation W = U,c®,\{0})r {2 and to the
fact that Q, topologically is a torus, which by (1.3.6), depends analytically
on r parameters.

The property of oscillators systems established by corollary (1.3.1) lead
to their natural generalization expressed by the following definition that
isolates a class of Hamiltonian systems whose phase space can be thought of
as foliated into r—dimensional invariant tori parameterized by r parameters
and such that the Hamiltonian flow on each of them reduces to a constant
velocity flow, i.e. to a quasi-periodic motion.
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(1.3.1) Definition: (Hamiltonian integrability)

A Hamiltonian system of class C™ in R*" is called integrable in an open
region W C R*" of phase space if there exists a reqular change of coordinates
3 I that transforms W into V xT", with V open subset of R", and, denoting
by (St)icr the Hamiltonian flow on W and setting

(A,¢)=I(p,q), (1.3.11)

one has
I(Si(p,q) = (4, ¢ + w(A)t) mod 27 (1.3.12)

where w(A) = (w1(A),...,wr(A)) are r functions of class C> on 'V, called
velocities.

If the Hamiltonian is analytic and the map I and the functions A — w(A)
are analytic on the respective domains of definition the system is called
analytically integrable.

Finally if I is a canonical map, see footnote 2 above, we shall say that the
system is canonically integrable.

Remark: (1) The linear oscillators are an analytically integrable system in
the region W defined by proposition (1.3.1). The velocities w are in this
case A—independent: this is the phenomenon of isochrony of harmonic os-
cillations.

(2) There exist several other examples, although not really many, of physi-
cally or mathematically interesting integrable systems. We refer to treatises
on Rational Mechanics for their list and analysis (such systems are classi-
cally called systems integrable by quadratures). Here we mention only the
system

H(p,q) = %QQ—g/@ pgeRYxRY,  d=23, (1.3.13)
known as the Kepler system. This system is integrable in the region in
which H < 0 and |g A p| # 0, but it is not isochronous (indeed the third
Kepler’s law shows that the period of a motion depends on parameters of
the motion itself).

We shall come back later to integrable systems to analyze some of their
aspects that are more interesting from a technical and conceptual point of
view: the above brief introduction is motivated by the simplicity of their
motions and their relevance for the discussion of complexity of a dynamical
system. The latter notion, of obvious interest, will be the first, among
several notions typical of ergodic theory: integrable systems will be the
prototype of systems exhibiting simple motions. They are well suited to be
discussed, from this point of view, as an introduction to the theory of more
complex motions.

3 This means that the change of coordinates is of class C'™°, that it is invertible and that
it has non-zero Jacobian determinant.
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In the next section we begin this analysis by studying the simplest property
of regularity of a motion: namely the property of visiting given regions with
well defined frequency.

Problems for §1.3

[1.38.1]: (Analytical integrability of harmonic oscillations)

Show that the system of harmonic oscillators of proposition (1.3.1) is also analytically
canonically integrable (and not just analytically integrable): the analytic and canonical
map that integrates it on W is (p,q) — (B, ) with ¢ defined by equation (1.3.6) and

B; = w2A2/2 In the new coordinates one has H( p7 Z w;iB;. (Hint: (a) The map

(p,q) — (&,z) is canonical as remarked after prop081t10n (1 3.1); hence the problem is
reduced to the case r = 1; (b) the map (&;,z;) — (B;, ;) is canonical for i = 1,...,7
because it has as generating function Fo(z;,¢;) = %wle tan @;.4, cf. [Ga82].)

[1.3.2]: (Analytical integrability of Kepler’s system)

Show that equation (1.3.13) is analytically integrable via a map which is canonical in the
region W = {p,q| |gAp| # 0, H(p,q) < 0}. Compute explicitly the variables A, ¢ in the
bidimensional case. (Hint: Just suitably interpret the classical results of the two-body
Kepler problem).

§1.4 Frequencies of visit

Let (92,.5) be a (discrete) invertible topological dynamical system. Motions
i — Sz, i € Z, beginning in x € Q, will be usually described by selecting a
certain number of possible properties of a point of {2 can enjoy and, then, by
listing which of such property is actually possessed by the points successively
visited by x in its motion.

The mathematical model associated with the latter description is the his-
tory o(x) of x on a partition P = {Py, P1,...,P,} of Qinton+1, n > 1,
pairwise disjoint sets where o(z) = {0i(2)};ez € {0,...,n}% is the sequence
such that

S'z € Py, for all ¢ € Z. (14.1)

The set P;, 1 =1,2,3,...,n, is the collection of the points of Q) that enjoy
the property indicated with the label i, so that the union U P; is the set

of points that enjoy anyone of the properties labeled with 1 2 .,n while
Py = Q\ U, P is the set of the points that do not enjoy any of them.
We will always require that the elements of the partition P (often called
atoms of P) be Borel sets in B(2) (see Appendix 1.2): one says that such a
partition is a Borel partition. For the time being, we do not impose further
regularity requirements on the atoms of P.

4 We recall that a sufficient condition for canonicity of a map I : W «— V x T" is
that for all (Eo’go) € W there exist a neighborhood Up of (4, 20) and a function

Fo:(A,q) — Fo(4,9) in C°°(R2") such that for all (4,9) € Ug one has: p = BFD (A q)

and o = G(A,q) if (4, ¢) = I(p, 9)-
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18 §1.4: Frequencies of visit

It is nevertheless clear that in the applications we shall be interested only
on rather reasonable partitions. For example we often consider the following
types of partitions

(1.4.1) Definition: (Topological, analytically regular, C°°-regular parti-
tions)

(i) Given a compact metric space 2 we call topological partitions Pthose in
which each P; is either open or closed for all i = 0,1,...,n, and, further-
more, the closure P; of P; and the closure of its interior int P; coincide:
Fi = it H

(ii) When Q is a class C°° or analytic manifold one often considers topo-
logical partitions P with C'* —regular or, respectively, analytically reqular
atoms, cf. Appendix (1.4).

We often briefly call any such partition a regular partition.

Ezample (1.4.1) : Let T be the unit circle and S the rotation by an angle
p € (0,27) (one also says a rotation with rotation number p/27). We can
consider the partion P for the dynamical system (T, .S) formed by the sets
Py=[0,7/2], P, = (w/2,7), P» = [m,37/2] and P3 = (37/2,2). This sim-
ple example will be used in the problems to illustrate some of the concepts
discussed in what follows.

Before formalizing with a mathematical definition the notion of “observa-
tion” of a motion on a given partition of (£2,.5) and before introducing other
possible properties and restrictions on P it is convenient to introduce some
philosophical considerations that should elucidate such a notion avoiding a
too abstract tone and form.

It is natural to think of the result of “real observations” of a motion starting
at z as sequences g € {0, ... ,n}Z generated by making large the observation
time N during which the motion visits successively the elements P,,, i =
—N,...,N. For all N the string ¢™) € {0,...,n}[=™N has the property

N ok
ST, 0, (1.4.2)

because Skz € P,, for all k, so that the intersection in (1.4.2) certainly
contains at least x.

Therefore a motion, or better an observation of a motion, will appear as a
sequence g € {0,..., n}Z that enjoys the finite intersection property, in the
sense that

ak SR, #£0  forall JCZ, |J| < oo, (1.4.3)
where |J| indicates the number of elements of .J.

Hence it will be natural to identify the space of the motions observed on

P with the set of infinite sequences

Q={a|ce{0,...,n}7 N S7P, #0forall J CZ, |J| < co}. (1.44)
JE
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Furthermore, when possible, it will be convenient that the partition P be
fine enough to be S-separating. This means that if z, 2’ have the same
history ¢ then x = 2’: if P is a separating partition it will be possible to
identify the points of Q with their histories.

We note, however, that even if P is S-separating it will not in general be
possible to identify 2 with : setting aside the important but trivial case
in which F,..., P, are all closed and pairwise disjoint and P is separating
we must expect that 2 contains sequences that are not histories of points
of Q.

In fact it is quite generally possible to find ¢ € {0,..., n}Z for which there
is no z € Q with ¢ = g(z) but such that for any arbitrarily long prefixed
time 7" we can find a point = whose history coincides with g between —T'
and T'. The sequence ¢ is thus in {2 but is not the history of any point in 2.
The set of sequences in €2 that are not histories of points in (2 is, however,
generally negligible is a sense that will be made clear in the following.

The above remark serves to clarify the interest of the space Q and why in
the study of the motions of (£2,.5) observed on P it is, in a certain sense,
natural to identify motions with sequences of Q) rather than with trajectories
of points of 2.

In applications the requirement that P be separating appears to be often
imposed via the requirement of expansivity of S on P: S is expansive with
respect to P if for all o € © one has

lim (diam }_]rVwNS—ngj) = 0. (1.4.5)

N —o0 7

In this case it is clear that if x, 2’ have the same history then they must
coincide.

The above analysis is conveniently summarized into a precise definition
that will be useful as a reference and as a basis for the future study of the
structural properties of dynamical systems.

(1.4.2) Definition: (Symbolic motions)

Let (Q,5) be an invertible topological dynamical system and let
{Po,..., P} =P be a partition of Q into n+ 1, n > 1, Borel sets.

(1) Consider the set !

Q= {g|g€ {0,...,n}", j:%NS_jP"i # 0 for all N}. (1.4.6)

We shall call ) the set of (P, S)-histories of the symbolic motions generated
by S on Q as seen from P. When P and S are clearly implicit in the text

1 Remark that (1.4.6) is equivalent to (1.4.4)
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we shall simply call Q the set of symbolic motions (seen from P).
If x € Q we shall call (P, S)-history of x the element o(x) of Q such that

x €SP, ;) forall jeZ. (1.4.7)

(2) If the relation o(x) = o(z') implies x = x' we shall say that P is S—
separating. If P and S wverify (1.4.5) we shall say that S is P—expansive or
that it is expansive on P. R

(8) The correspondence defined by the map ¥ : Q — Q that associates with
every x € Q) the sequence o(x) € Q will be called the code of the symbolic
dynamics of S with respect to P.

(4) Finally when considering sets J = (ji,...,7q) C Z, and sequences g; €
{0,...,n}’ we shall often employ the notation

Pl =pidi =0 SP, (1.4.8)
=7 T jeJ

to denote the points whose history in J is specified by ¢ ;.

Remarks: (1) If Q@ = {0,...,n}%, S = 7 is the translation on {0,...,n}%,
and P, = {o|og =i}, i=0,1,...,n, the sets Pi] will be denoted also Cé]
and will be called cylinders of {0, ... ,n}Z with “base J and specification

9

a’, ie.

cl ={d|d €/o,.. .,H}Z,U;k =0 foral k=1,...,q}, (1.4.9)
if J=(j1,...,Jq) and o = (01,...,04) € {0,...,n}’.

(2)IfQ = {0,...,n}~ one has Q = $(€2), but this is essentially the only case;
if € is a connected space it will be, in general, {2 D 2(€2) and Q) # $(Q).
(3) Tt is natural to consider the set of symbolic motions Qasa topological
space with the topology that it inherits as a subset of {0, ... ,n}Z which, in
turn, is always considered with the product topology of the discrete topolo-

gies on the factors {0, ..., n}. The set Q is closed in {0, ..., n}Z, see problem
[1.4.2].

If (2,59) is a topological dynamical system and P is an expansive partition

we can “invert” the coding map ¥. Given a point g € {2 we can consider
the set X'(g) € Q2 defined by

Xo)= N SIP,. (1.4.10)

j=—o0

where P; is the closure of P;. The set X(cg) is not empty because € is
compact.

(1.4.1) Proposition: (Symbolic codes)
Let (Q,5) be an invertible topological dynamical system (cf. definition
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(1.2.1)); let P ={Py,..., P} be a topological partition of Q0 on which S is
expansive.

(i) The set X(a) defined by (1.4.10) contains one and only one point so that
we can define the map X : Q-0 by setting X (o) to be the unique point in
X (o) or, with a slight abuse of notation,

c—X(@)= 0 SIP,. (1.4.11)

j=—o00

(ii) X is a continuos map;

(iii) L= X ~Y(x) = x for every x of Q;

(iv) X and X are the inverse of each other if considered as maps between €
and X and, respectively, between €0 and €);

(v) S(x) = X(r3(x)), where (ta); = 0,11 is the translation, by one time
unit to the left, of the sequence o.

Remark: Note also that 7 = ﬁ, hence ((AZ, 7) as well is an invertible topo-
logical dynamical system (indeed Q is closed in {0,...,n}% and 7 is a con-
tinuous map).

Proof: Tt is clear that the set X'(g) defined in (1.4.10) is not empty because
(2 is compact and the closed sets P, form a family with the property of

non empty finite intersection, if o € Q.
The S-expansivity on P guarantees that X' (g) consists of a single point;
indeed, cf. definition (1.4.2) and (1.4.5), by assumption for all o € Q:

N _ N .
diam () S7P;,) = diam (1) ST7Py, ) 5=z 0. (1.4.12)
-N -N
The continuity of ¢ — X (o) also follows from the S—expansivity. If
7, 7=s> @ we have that for every T there exists N such that g,, coincides
with @ from —T to T, if n > N. This implies that eventually X (c,,) is in
ﬂ;*-F:fT S P_gj The fact that the diameter of this set tend to 0 complete
the proof of (ii).

Since the history of x is uniquely determined by x and it determines z the
validity of (iii) follows. We can say that, among the various sequences that
determine x via the (1.4.10), only one is in 3. The validity of (iv) and (v)
is also clear. L]

One among the remarkable properties that a “simple” motion should have
is that of spending a well determined fraction of time visiting an arbitrary
“reasonable” set E C . This means that for the motion (S'x),c7 to be
“simple enough” the limit

N-1
i -1 J ) —
]\}EI}DON E y xe(S?z) = v (E) (1.4.13)
j=
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should exist (here xg denotes the characteristic function of E): this is, by
definition, the frequency of visit to E' by the motion originating in x.

If E is an element of a partition P = { Py, ..., P, } of 2, the existence of the
limit (1.4.13) is directly deducible from the (P, S)-history of x: if E = P;
(1.4.13) becomes

ve(E) = lim N~' {number of labels i between 0
N—oo (1.4.14)
and N — 1 such that g, (z) = j}.

From the history o(z) of x one can obtain a more general information: one
can indeed deduce the frequency with which certain groups of p symbols
o1,...,0p appear in the history g(z) of z € Q, in sites which are translates
of given sites ji,...,Jp € Z. Such frequency, if defined, is the limit for
N — oo of

N~ number of labels h between 0 and N — 1 such that

(1.4.15)
Qj1+h(x) =01, sz-i—h(x) =02,... 7ij+h(x) = U;D}v
or, equivalently, it is the limit
. . N—-1
Ji .- .]p o . —1 ) ) h
P g @) = Jm NS gy gy (She) (1419
The number defined inside curly brackets in (1.4.15) will be called the
number of the strings homologue to (J) = (Jrdp ) that appear in
o) o1...0p

o(x) between 0 and N — 1 and the value of the limit (1.4.15) will be the
frequency of appearance of the portion of history <i> in o(x).

Therefore we set a definition that will be useful in the following and that
fixes more precisely the above notion.
(1.4.3) Definition: (Sequences with defined frequencies)
Leto € {O,...,n}Z, {j1,---+Jp} CZ and 01,...,0p € {0,...,n}.
Ji--Jp .
o ﬁp) appearing in
& between 0 and N—1 as the number of labels h between 0 and N—1 such that
J1---JIp 3).

01...0p |
(i) We define the frequency of appearance in g of the string homologue to

(i) We define the number of strings homologue to

Ojith = 01,...,0j,+h = 0p. We denote such number J\/N(

( Ji---Jq ) as the limit, when it exists,

01...0q
lim N—lNN(Jl"'JP @) :p(jl"'JP (1.4.17)
N—o00 01...0p

01...0p

[Q)
~—
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(i1i) A sequence & will be said with defined frequencies if the limit (1.4.17)
exists for all j1,....Jp € Z, for all o1,...,0, € {0,...,n}, and for all
p=1,2,....

In the following chapter we shall show that having defined frequencies is a
“not too rare” property for the sequences o(x) that are (P, S)-histories of
x € §, for the dynamical system (€2,5).

Appendix 1.4: Analytically reqular sets in R"™ and T"

An analytic system of coordinates defined on the open set U C R" is a pair
(92,Z), where Q is an open set of R" and = is an invertible function from 2
to U, analytic together with its inverse.

If © = Z(b), b € Q, we shall say that b = (b1,...,by,), are the coordinates
of z in (Q, ).

A surface M C R" will be called locally analytic in U if M NU can be
covered by a finite family (U, )seca of open set of R" endowed with analytic
systems of coordinates (24, Z,) such that the points of M N U, have coor-
dinates b; = b; for i = 1,...,s, with s > 0 and by,...,bs given; s is the
codimension of M, i.e. n — s is the dimension of M.

In the same way we can define a C* system of coordinates (2, E) and a
locally C>° surface M of dimension k in R".

A closed set G C R" is said to be locally analytic if OG is a locally analytic
surface.

A set G C R" is said analytically regular in U if it can be constructed via
a finite number of operations of union and intersection starting with sets
which are locally analytic in U.

The torus T" can be thought of as an analytically regular set in R*" via
the coordinate system:

(plv" '7pna¢1a' 7¢n) - (p16i¢17"'7pnei¢n) -

) ) (A1.4.1)
— (p1cosdr1, p18ind, ..., pPnCOS Py, prsin )

by fixing p1 = ... = p, = 1. Then the analytically regular subsets of T"

can be naturally defined as the intersections between analytically regular

subsets of R* and T".

Analytically regular sets have, by definition, the property of being stable
with respect to operations of union and intersection. The most relevant
consequence of this is that the intersection of any pair E, F' of them has the
property of being Riemann-measurable with respect to the Riemann mea-
sure restricted to E or F: thus the intersection of an analytically regular set
with an analytically regular surface is Riemann measurable with respect to
the Riemann area measure on the surface. Replacing, in the previous def-
initions, “analyticity” with “C°°—differentiability” the last property would
not be true in general: see problems [1.4.12] and [1.4.13].

Therefore we shall prefer to define, inductively, C'°°—regular of dimension
k aset G in R" if:
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(i) it is contained in a locally C* surface M of dimesion k;

(ii) its closure G in M coincides with the closure of its interior int G,
relative to the topology on M; B

(iii) its boundary OG in M is the union of a finite number G;, i =1,...,n
of C*°—regular sets of dimension k — 1, i.e. 3G = U?:léi;

(iv) G/G = Uje/\[éj where N C {1....,n}.

Finally we shall call C*°—regular of dimension 0 a finite collection of points.
Remark that this class of sets is not closed with respect to operation of
finite intersection, cf. problems [1.4.12], [1.4.13]. A C°°-regular set G is
Riemann measurable with respect to the Riemann measure restricted to
the locally C*° surface M O G. However problem [1.4.13] shows that if G
and G’ are two C'*°-regular sets contained in two surfaces M and M’ then
G N G’ needs not to be measurable with respect to the Riemann measure
on M N M’. This is the main reason why we shall try to avoid the use of
C*°-regular sets.

Problems for §1.4

[1.4.1]: (Permutations as dynamical systems)

Let W = {1,...,n} and let y be a permutation ¢ — y(¢) of the n elements. Let P be
the partition of W into its points. Show that the (P, S)-history of every point of W is
periodic and, hence, with defined frequencies. What is the meaning of the frequency in
terms of the cycles that represent y?

[1.4.2]: (ﬁ is closed)

Show explicitly that Q is a closed set in {0,...,n}Z, for any choice of dynamical system
(€2, S) and of partition P.

[1.4.3]: (Non-expanding partitions)

Find an example of a dynamical system (2,S5) with S # identity and such that no
partition is S—separating for it.

[1.4.4]: Let (T, S) and P be the dynamical system and the partition of example (1.4.1).
Show that P is S—separating if and only if the components of the vector (p,2r) are
rationally independent (i.e. if p/27 is irrational).

[1.4.5]: (Q #2Q)

Under the hypotheses of the previous problem with the components of the vector (p, 2)
rationally independent find a sequence o € Q that is not the history on any point z in
Q. (Hint: Let & be the history of the point 7. Clearly oo = 1. Consider the sequence o
identical to @ but for g = 2.)

[1.4.6]: (Arnold’s cat map expansivity)

Consider the dynamical system (T2, S) defined in the example (1.2.5), cf. (1.2.13). Show
that every partition P of T2 into Borel sets of the torus and with diameter small enough
is such that S is expansive on P.

[1.4.7]: (Sequences with undefined frequencies)

Find an example of a sequence g € {0,..., n}Z that does not have defined frequencies.
(Hint: 0 followed by ten 1’s followed by hundred 0’s followed by thousand 0’s,...)
[1.4.8]: Adapt this section definitions of (P, S)-histories, frequencies of visit etc to the
case of non-invertible dynamical systems. (Hint: “It suffices to replace Z with Z77.)

[1.4.9]: (Interval maps and cylinders)
Consider example (1.2.7) assuming that [0,1] can be thought of as the union [0,1] =
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Ug;é[ag,aa+1} where 0 = ag < a1 < ... < ap =1 and that S is strictly monotonic on
[ac,act1], for all 0 = 0,1...,n — 1. Consider the partition Py = [ag,a1),...,Pn—1 =
[an—1,1] of [0,1]. Show that the sets P((,)[')';'"’,J’\;N are intervals, for all N.

[1.4.10]: (Tent map and binary exzpansion)

If S(z) = 2z, 0 < z < 1/2, and S(z) = 2(1 — ), 1/2 < z < 1, consider
P ={[0,1/2),[1/2,1]} and find the relation between the history of z, g(x), on P and the
sequence of digits of the binary development of = : x = 220:1 27k v, =0,1.

[1.4.11]: (Ezpansive interval maps)

Under the hypotheses of problem [1.4.9] suppose S of class C! in every interval (as, ao+1),
o =,0,...,n—1, and suppose |S'(z)| > A > 1, for all z € Us(as,ao+1). Show that P is
S—separating and that S is expansive on P and, furthermore,

. N-1 . N
diam ( n s ZPgl) <A , forall og,...,on—1, forallN
=0

[1.4.12]: Let 1,2, ... be an enumeration of the rationals in [0, 1]. For every xj, consider
the open interval of length 27 1~% and center zj. Show that the union A of such intervals
is not Riemann measurable. (Hint: It has external measure > 1 and internal measure
<1/2)

[1.4.13]: (A C* regular set with non-Riemann measurable intersection with another

C*® regular set)

With the notation of problem [1.4.12], consider a function g(z) which is C°°(R) and pos-
itive in the open interval (—%, %) and zero elsewhere. Set f(z) = Zzozl k= 1g(2F 1 (z —
Zk)). Show that f is C*° and that it is positive in A and vanishes elsewhere. Show that
the set {z,y|y > f(z)} C R? is a C*°-regular set but its intersection with the z—axis is
A which is not only not C°°—regular but it is not even Riemann—measurable with respect

to the Riemann measure on the z—axis ([Ga82], p. 337).
Bibliographical note to §1.4

The idea of studying motions by means of symbolic dynamics was essen-
tially born with ergodic theory: it can be found, for instance, in [Mo21],
[Bi35].
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