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CHAPTER VII

Statistical properties of turbulence

X7.1 Viscosity, reversibility and irreversible dissipation

It is now convenient to reexamine some questions of fundamental nature
with the purpose of analyzing the possible consequences of Ruelle's princi-
ple introduced in x5.7. We shall make frequently reference to the general
description of motions given in Chap. 5 in a context in which we imagine
that the considered motions are attracted by some attracting set in phase
space, which will have zero volume when energy dissipation occurs in the
system. The main purpose of this section and of the following ones is to an-
alyze consequences of Ruelle's principle, s&®.7, with particular attention
to uid motions.

(A): Reversible equations for dissipative uids.

First of all we must stress (again) that the derivation of the NS equations
presented inx1.1, x1.2 was based on the empirical assumption that there
was a viscous force opposing gliding of adjacent layers of uidd.f.r. the
tensor denoted, in (1.1.17), as_9).

It is dicult to imagine how tﬁe reversible microscopic dynamics could
generate a macroscopic dynamics in which time reversal symmetry is com-
pletely absent. We recall, c.f.r. remark (xv) to theorem | in x5.4, that if
we consider a time evolution described by a di erential equation of which
S; is the solution ow (so that t! S;x is the motion with initial datum x,
c.f.r. x5.3 De nition 3) or a discrete evolution S (associated with a timed
observation, c.f.r. x5.2) atime reversal symmetryis (any) isometric map i
such that

i2=1 and iS;=S or Si=S1 (7:1:1)

respectively.

Note that this de nition is more generalthan the often used and more
common de nition which takes i to be the \velocity reversal with unchanged
positions' map, which in the case of simple uids becomes simply velocity
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430 x7.1 Reversibility and irreversible dissipation.

reversal and which for clarity of exposition will be called here, perhaps
be more appropriately, velocity reversal symmetry. It is clear that while
Newton's equations are reversible in the latter sense the NS equations do
not have such velocity reversal symmetry and for this reason they are called
irreversible. In principle a system may admit time reversal symmetry in the
sense of (7.1.1) even though it does not admit the special velocity reversal
symmetry: we shall see some interesting examples below.

The negation of above notion of reversibility is not \irreversibility": it is
instead the property that a mapi does not verify (7.1.1). This is likely to
generate misunderstandings as the word irreversibility usually refers to lack
of velocity reversal symmetry in systems whose microscopic description is
or should be velocity reversal symmetric

To understand how it is possible that a reversible microscopic dynamics,
in the sense of velocity reversal or in the more general sense in (7.1.1), is
compatible with irreversible macroscopic equations (as the NS equations
manifestly are) we must think that several scales of time and of space are
relevant to the problem.

The macroscopic equations are approximations apt to describe properties
on \large spatial scale" and \large time scale' of the solutions of reversible
equations. The typical phenomenon of reversibility §.e. the inde nite repe-
tition, or \ recurrence"’, of \ impossible states) should indeed manifest itself,
but on time scales much longer and/or on scales of space much smaller than
those interesting for the class of motions considered here: which must be
motions in which the system could be considered as a continuous uid.

We have already seen inx1.3 and mainly in x1.5 how the equations can
change aspect if one is interested in studying a property that becomes
manifest in particular regimes. For example in the theory of the Rayleigh
equations of x1.5 we have seen that \in the Rayleigh regime" the general
equations (1.2.1) simplify and become the equations (1.5.14) in which the
generation of heat due to viscous friction between layers of uid (last termin
(1.5.6)) is absent,c.f.r. the third of the (1.5.14) or the comment | preceding
(1.5.8).

This does not mean that friction does not generate heat. It only means,
as it turned out from the analysis of x1.5, that on a time scale in which
the (1.5.14) can be considered a good approximationc(f.r. (1.5.12)) the
guantity of heat generated is negligible

The same mechanism is, or at least is believed to be, at the basis of the
derivation of the equations (1.2.1) from atomic dynamics, [EM94].

This immediately makes us understand that it should be possible to
expres$ the phenomenological coe cients of viscosity or thermal conduc-
tivity in terms of averages over time and space, of microscopic quantities
which are more or less rapidly uctuating.

1 Compared to the atomic scales where every motion is reversib le.

2 As indeed elementary kinetic theory strongly suggests that  this is possible, c.f.r. prob-
lems [1.1.4], [1.1.5].
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x7.1 Reversibility and irreversible dissipation. 431

We deduce that the transport coe cients (such as viscosity or conductivity
or other) do not have a fundamental nature they must be rather thought
of as macroscopic parameters that measure the disorder at molecular level.

Therefore it should be possible to describe in di erent wayshe same sys-
tems, simply by replacing the macroscopic coe cients with quantities that
vary in time or in space but rapidly enough to make it possible identify-
ing them with some average values (at least on suitable scales of time and
space). The equations thus obtained would then be equivalent to theepious.

Obviously we canneither hope nor expectthat by modifying the equations
(1.2.1) into equations in which various constant are replaced by variable
guantities we shall obtain simpler or easier equations to study (on the con-
trary!). However imposing that equations that should describe the same
phenomena do give, actually, the same results can be expected to lead to
nontrivial relations between properties of the solutions (of both equations).

This is a phenomenon quite familiar in statistical mechanics of equilibrium
where one can think of describing a gas in equilibrium at a certain temper-
ature as a gas enclosed into an adiabatic container with perfect walls or as
enclosed in a thermostat at the same temperature.

The two situations are described respectively by the microcanonical distri-
bution and by the canonical distribution. Such distributions are di erent :
for example the rst is concentrated on a surface of given energy and the
other on the whole phase space. A sharp di erence, indeed, being the sur-
faces of constant energy sets with zero volume.

Nevertheless the physical phenomena predicted in the two descriptions
must be the same: it is well known that from this Boltzmann derived the
heat theorem [B0o84],[Ga95c] p. 205,[Ga99alji.e. a proof of the second law
of equilibrium thermodynamics, and the general theory of the statistical
ensembles

Hence providing di erent descriptions of the same system is not only pos-
sible but it can even lead to laws and deductions that would be impossible
(or at least di cult) to derive if one did con ne himself to consider just a
single description of the system.

What just said has not been systematically applied to the mechanics of
uids, although by now there are several deductions of macroscopic irre-
versible equations starting from microscopic velocity reversible dynamics,
to begin with Lanford's derivation of the Boltzmann equation, [La74]. In
the remaining sections | try to show that the above viewpoint is at least
promising in view of its possible applications to the theory of uids.

It is well known that Boltzmann was drawn into disputes, [Bo97], occa-
sionally quite animated, to defend his theory of irreversibility. His point
has been that one should make a distinction between reversibility of motion
and irreversibility of the phenomena that the accompany it.

The works of Sinai on Anosov systemsg.f.r. [Si94], [Ru79], show why it is
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432 x7.1 Reversibility and irreversible dissipation.

not necessary, in order to make this distinction clear, to deal with systems
of very many particles, to which Boltzmann was always making reference.
Systems with few degrees of freedom, even 2 degrees of freedom, are suf-
cient at least for illustration purposes and show irreversible phenomena
although their motions are governed by a reversible dynamics.

This phenomenon has been empirically rediscovered, independently by
several experimental physicistss some hailed it as the \solution of the
Loschmidt paradox",[HHP87], [H099], correctly seeing its relation with the
Boltzmanian polemics (without perhaps taking into account that, at least
in the case of Boltzmann, the question had been already solved and pre-
cisely in the same terms posed by Boltzmann himself, in papers that few
had appreciated, [Bo84],[B0o97], see [Le93], [Ga99a]).

Therefore keeping in mind the above considerations we shall imagine other
equations that should be \equivalent" to the Navier{Stokes incompressible
equation (in a container with periodic boundary conditions).

Note that a forced uid has an average energy and an average dissipation
that rapidly end up uctuating around an average value depending only on
the acting force (I simplify here a little, to avoid trivial digressions needed
to take into account situations in which there are important hysteresis phe-
nomena, i.e. several attracting sets, e.g. [FSG79], [FT79]).

In situations in which viscosity is small (i.e. the Reynolds number is large)
the theory K41 suggests that essentially the uid ows subject to Euler's
equations (.e. with zero viscosity acting on the \important" degrees of free-
dom in number of O(R®%), c.f.r. x6.2,) but with energy dissipationrate con-
stant in time. The rate of energy dissipation in an incompressible Navier{
Stokes uid* is 7

= (@ u)?dx (7:1:2)

(this quantity is called " in x6.2). Clearly the way in which dissipation takes
place is not properly accounted for by Euler's equation and the phenomenon
of heat production due to friction can possibly be well described only from
a really microscopic viewpoint, c.f.r. the problems of the x1.1. However
apart from the heat production the equations of Euler supplemented with
some mechanism that takes away the energy supplied to the system by the
forcing forces should properly describe the owsc.f.r. x6.2.

Then if the only di erence between the Euler equations and the NS equa-
tions at low viscosity is the existence of dissipation we can imagine another
equation that has the same propertiesj.e. the Euler equation with the ad-
dition of a force that performs work on the system but in such a way to
absorb (in the average) a constant quantity of energy per unit time.

3 Long after the early worksF\c’)n the SRB distributions, [Lo63], [Si68], [Bo70], [Ru76].
4 In which (7.1.2) equals dx (@ + @)?=2, c.fr. (1.2.7).
e e
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x7.1 Reversibility and irreversible dissipation. 433

It is interesting that already Gauss posed the problem of which would be
the minimum force necessary to impose a constraint (whethelnolonomic or

anholonomic). The principle of Gauss, c.f.r. problems, applied to an ideal
uid subject to the constraint of dissipating energy at constant rate leads
to the following equations

1
u+u @u= -@+g+ u; @u=0 (7:1:3)
e e =
where = (u) is not the viscosity but, rather, it is the multiplier necessary

to impose the constraint that (7.1.2) is a constant of motion for the equation
(7.1.3). A simple computation provides us with:
R
@g !+l (! @) dx
- e e

W= @ D7 dx

(7:1:4)

The idea that is suggested by the analysis developed until now is precisely
that the equations (7.1.3), (7.1.4) areequivalentto the NS equation. Sup-
pose that the solutions of the NS equation with given viscosity and force
admit an attracting set on which the average energy dissipation has a cer-
tain value ( ) and imagine that the r.h.s. of the relation (7.1.2) is xed
to be precisely equalto via a Gaussian constraint of the type described
by (7.1.3) and (7.1.4). Then the average values of the observablesay turn
out to be the samewith respect to the statistics of the motions on the at-
tracting set for the NS equations and for the equations (7.1.3) and (7.1.4).
Such identity will certainly be approximate if the Reynolds number, i.e. the
intensity of the force, is nite but one can conjecture that it can become
more and more exact asR increase.

We shall call the (7.1.3) and (7.1.4) GNS equations or Gaussian Navier{
Stokes equations And the just proposed conjecture is, formally

Equivalence conjecture: Consider the GNS equations (7.1.3), (7.1.4)
with initial data, in which the quantity in (7.1.2) is xed equal to the
average value of the same quantity with respect to the SRB tlibution,
that we denote .5 , for the NS equations with viscosity . Let .. be
the SRB distribution for the GNS equations thus de ned.

(i) Then the distributions ;s and .gns assign, in the limit in which the
Reynolds number tends to in nity,> equal values to the same observables
F (u) that are \local" in the momenta, i.e. that depend only on the Fourier
components of the velocity eldik with k in a nite interval of values of
ikj.

(ii) In such conditions h i .gns = ,if higs andhi,,s denote the average
values with respect to the distributions .gns and s respectively.

5 e.g. ! 0at xed external force density and at xed container size.
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434 x7.1 Reversibility and irreversible dissipation.

Remarks:

(1) The conjecture is closely related, and in a way it is a natural extension, of
similar conjectures, [Ga99a], of equivalence between di erent thermostats
in particle systems. For the latter systems it was clearly formulated and
pursued, in particle systems, in several papers by Evans and coworkers
starting witht he early 1980's: for a more recent review see [ES93] where a
proof under suitable assumptions is presented. For uids it was proposed
in [Ga96] but in a sense it was already clear from the paper [SJ93] and it
is somewhat close to ideas developed in [Ge86], see also [GPMC91] and the
review [MKOQO].

(2) This conjecture proposes therefore thatfor the purpose of computing
average valueshe NS and GNS equations areequivalentprovided, of course,
the free parameters in the two equations are chosen in a suitable relation.
(3) It will not escape to the reader that the described correspondence is
very analogous to the equivalence, so familiar in statistical mechanics, be-
tween the statistical ensembles that describe equilibrium of a single sys-
tem,[Ga95c], [Ga95b], [Ga99a].

(4) We see therefore how this conjecture expresses that di erent equations
can describe the same phenomena: and in particular theeversible GNS
equation and the NS equation (much better known andirreversible), de-
scribe the same physical phenomenon at least fdr large.

(5) A formal way to express the point (i) of the conjecture is that

. hFi .
lim s

for all local observablesF (u) whose average¥i .,s does not tend to O as
R!1

(B) Microscopic reversibility and macroscopic irreversibility.

The question is then how could this dual reversible and irreversible nature
of the phenomena be possible?

The crucial point to remark is that there is no relation between irreversibil-
ity, understood in the common sense of the word, and lack of versibility
of the equations that describe motions

At rst sight this appears paradoxical: but this is a fact that be-
comes substantially already clear to anyone who studies, even super -
cially, the disputes on irreversibility between Boltzmann and his critics,
[B097],[Ga95c],[Gagd5b]. We therefore examine this \paradox" in more de-
tail.

A reversible dynamical system M;S), see (7.1.1), in general, shall have
attracting sets A that can fail to be invariant under time reversal: iA 6 A.

The case in which the setsA and iA are really dierent is clearer and
we shall discuss it rst, keeping in mind, however, that it is a case that
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x7.1 Reversibility and irreversible dissipation. 435

arises in systems that are strongly out of equilibrium. Indeed for systems
in equilibrium we imagine, at least when their evolution is chaotic, that
the attracting set is the whole phase space (a consequence of the \ergodic
hypothesis"): and this remains true also if the system is subject to small
external forces that keep it out of equilibrium, (this is a structural stability
theorem in the case of simple chaotic motionsg.f.r. x5.7).

Let us suppose, for simplicity, that there is a unique attracting setA. Then
the setiA is arepelling set i.e. it is an attracting set for motions observed
backwards in time(described by S 1).

Motions starting in the basin of attraction of A develop, after an initial
transient, essentially on the attracting set A. Hence theyno longer exhibit
any symmetry with respect to time reversal By \motions" we mean here
\typical' motions”, i.e. all of them except a set of 0{volume in phase space
or except a set of O{probability with respect to a distribution ¢ which is
\absolutely continuous" with respect to volume.

Strictly speaking such motions do not start, with g{probability 1, do not
start exactly on A but get close to A with exponential rapidity, as time
runs past, without ever getting into it. If we could really distinguish the
point x reached after a long time from a pointx® near it but located exactly
on the attracting set then, by proceeding backwards in the time, the point
x will go back and in the long run it will get, with exponential rapidity,
very close toiA, i.e. to the repelling set, because the latter is an attracting
set for the motions that are observed backwards in time. A completely
di erent behavior will be that of the point x° once close tox but lying on
the attractor, because it will stay forever onA.

However the time reversal invariancedoes not refer to the di erence between
these two motionsfollowed backwards and foward in time, rather it usually
\only" says that if we inverted all velocities of the points of the system
(such is the e ect of the map i in most cases) then the system would go
through a trajectory that, as time increases coincides in position space
with that followed until the instant of the reversal, while in velocities s pace
it has velocities systematically opposite to those previously assumed when
occupying the same positions.

By applying the time reversal map to a state x of the system very near to
A (but not on A) one nds a state ix very close toiA (but not oniA) and
hence \atypical":® but proceeding in the motion, as the time n increases,
also S" ix will again evolve getting close toA, very rapidly so: hence the
initial state ix would appear as an atypical uctuation.

This would not happenif instead of considering a statex very near A one
considered oneexactly on A:” the state ix would be exactly oniA and

6 For example, in a system of charged particles which is out of e quilibrium because of an
eld electric acting on it, such state would have a current op  posite to eld.

7 A Ofprobability event if initial data are randomly chosen wi th a distribution o abso-
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436 x7.1 Reversibility and irreversible dissipation.

then, proceeding in time both towards the future and towards the pasthis
point ix would move oniA without ever leaving it. And this evolution,
anomalous for an observer unaware of the particularity of th initial state,
would inde nitely continue on iA.
T
X

X

A

Fig. (7.1.1): llustration of a \strongly forced" system with attracting set A di erent
from its time reversal image iA. The forward evolution of a point x and of its time
reversal image ix. Both x and ix eventually approach A in their forward evolution.
Motions starting on A or iA stay there in the forward as well as in the backwards
evolutions.

An observer could say that the system behaves in a irreversible way in
which starting from a con guration Xx it reaches asymptotically a stationary
state , always the same whatever the initial state is (with {probability
1) and the samefor x and ix. Furthermore proceeding backwards in time
the system reachesnstead (always with o{probability 1) a stationary state

di erent & from the state but still the samefor x and ix.

Starting instead with an initial datum randomly chosen precisely on the
0{volume attracting set A and with the asymptotic and stationary statistics
one generates a motion that,both towards the future and towards the past
has the same statistics : i.e. starting with an initial datum typical of the
stationary state and proceeding backwardsthere is no way to reachstates
which are not typical of the stationary state (such as the states close tdhe
repelling setiA).

The question is, as we see, rather delicate: macroscopic irreversibility is, in
this case, the manifestation of the existence of an attracting sef\ 6 iA while
the microscopic reversibility only implies that to every attracting set must
correspond a repelling one that is substantially a copy of it. This implies
that except for an initial transient the property of the motions towards the
future are the same for allx's and ix's (unless one succeeds in choosing an
initial datum exactly on the sets of zero phase space volum& or iA).

But if one was able to measure and x exactly all coordinates of the system
then the transient time could be made as long as wanted: it would be enough
to invert exactly all the velocities at a given time and the motion of a sygem
that has been observed as absolutely \normal" for a pre xed time T would
developin a way now absolutely strangabackwards" for the same time T:
and then, at least if the initial data were randomly chosen with a distribution

lutely continuous with respect to the volume

8 Although \isomorphic" to because of time reversal symmetry, i.e. a state that can be
transformed into  via the map 1i.
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o proportional to the volume of phase space, it would proceed again in a
normal way and for ever so

What said would seem to give rise to problems in the case in which the
attracting set A is the whole space (accessible compatibly with the initial
value of the possible constants of motion) and hence it coincides withA :
in fact this happens in systems in thermodynamical equilibrium or slightly
away from it.

In reality no new problem arises because, upon an attentive exam, the
attracting set A whether equal or di erent from iA will be such that, obvi-
ously, not all points of A are equally probable with respect to the statistics

onA.

We have seen inx5.5 that the SRB statistics is \in some sense" concen-
trated on the more stable motions: (5.5.8) says indeed that, if the systenis
\approximated" by the set of its periodic motions of period n with n very
large, then the statistical weight, for the purpose of the SRB averages, of
the periodic motions is inversely proportional to their \instability", i.e. to
the product of the eigenvalues larger than 1 (in average) of their stability
matrix ( c.f.r. the factor o(x) ! in eq. (5.5.8)).

Hence even when it isA = iA it remains nevertheless possible that the
properties of the motions towards the future are, for possibly very long
transient times, very di erent from the average ones and this can be seen
by the behavior of the uctuations and is essentially the only form in which
irreversibility can manifest itself in systems in equilibrium.

What can then be said about the cases in whichA = iA but the system
is not in equilibrium? (Think of a gas of charged particles in a toroidal
container subjected to an axially directed weak, but not vanishingly small,
electric eld).

(C) Attractors and attractive sets.

In reality the notion of attracting set, as a closed setA to which the motions
starting near enough get nearer and nearer, is too rough to describe what
happens and it is not adequate wherA = iA.

In x5.5 we introduced the distinction between attractive set and attractor
for data randomly chosen with distribution o with density with respect to
volume on phase space, de ning (we recall):

De nition:  (reminder of the notion of attractor):

Given the dynamical system(M;S) an attractor for motions with initial
data chosen with a distribution ¢ in the vicinity of an attracting set A
is any invariant set Ao A which has probability 1 with respect to the
statistics  of these motions and at the same time has minimum Hausdor
dimension. The value of this minimum is the \information dimension"
of the attractor. If ( is absolutely continuous with respect to volume the
information dimension is also called the dimension of the sstem (M;S) on

2=febbraio= 2007; 19:36



438 x7.1 Reversibility and irreversible dissipation.

A.

This is a much more precise notion than that of attracting set and it allows
us to distinguish Ay from iA ¢ also when the closure®A and iA of these sets
are the same. It allows us, furthermore, to de ne naturally the dimension
of the attractor contained in A, so that this notion is not trivial even when
Ag is dense in phase space and is therefore the whole phase space.

For example in conservative systems it is usually (believed to be) true that
the attracting set is the entire surface of given energy (‘ergodic hypothesi¥).
And in such cases it also happens that there existenly one attracting set
for the motion towards the future and towards the past of data chosen
randomly with a distribution proportional to the Liouville measure .

Forcing these systems and providing, at the same time, also some dissipa-
tion mechanism allowing them to keep constant (or bounded) the energy
and hence to reach a stationary state, we obtain systems that still have
the whole phase spacas an attracting set at least if the force is not too
large (structural stability of chaotic motions, c.f.r. x5.7): but this time the
attractor for the motion towards the future and that towards the past will
be di erent.

In the sense that it will be possible to nd two sets, both dense on the
full phase spacgA, and A to which the SRB statistics . and , for the
motions towards the future and those towards the past, attribute probability

+(Ag)=1= (A while ,(AD)= (Ag)=0.

The above analysis of the distinction between microscopic reversibility and
macroscopic irreversibility can be repeated and remains substantially un-
changed. Hence also the discussion made in point (B) can be essentigll
repeated with A; and A playing the role of A and iA: we see that mi-
croscopic reversibility and macroscopic irreversibility are compatible alg in
this case.

In strongly out of equilibrium systems (e.g. a uid at large Reynolds num-
ber) we expect (as said above) that the attracting sets for motions towards
the future and towards the past are di erent: this can be interpreted as a
spontaneous breakingf time reversal symmetry and, as discussed in (B), it
provides us with a simpler version of the mechanism that shows the com-
patibility between microscopic reversibility and macroscopic irreversibility.

A mechanism that, as we have seen, is more hidden in the cases of equilib-
rium or close to equilibrium because of the identity of the closures of the
attractor and of the repeller.

We conclude the discussion by discussing, to provide a concrete example,
various aspects of the abiove analysis in the case of the well known case of
the expansion of a gas in a (perfect) container of which it initially occupies
only a half, we can distinguish the adiabatic expansion from the isothermal
expansion (.e. with the system in thermal contact with a heat reservoir
keeping xed its temperature identi ed with its average kinetic energy).

In the rst case the system is Hamiltonian and it will evolve towards an
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attractor Ag that is dense on the whole surface of energi (with E equal to
the initial energy of the gas) and, in the statistics of the motion, the initial
state will appear as a very rare uctuation. In the second case, instead,
the attractor will be determined by a microscopic mechanism of interaction
between gas and thermostat (and it will appear to have an energy which will
be distributed with very unlikely uctations around its averagedetermined
by the temperature of the heat reservoir).

In both cases the attractor will still be symmetric with respect to tim e
reversal and dense on the available phase space; the initial state will still
appear as a rare uctuation.

If now the gas is imagined to be made of charged particles on which an
electric nonconservative eld (i.e. an electromotive force) acts, the system
will reach a stationary state only in presence of a mechanism of interaction
with a thermostat or with external bodies that absorb the energy generated
by the work of the eld. If the eld is dierent from zero the attractors
Ao and AS = iAo become dierent and of O{volume in phase space: and
if the eld is su ciently strong then it will become possible that eventhe
attracting set A, closure ofAg, becomes smaller than the whole phase space
and di erent from AP° closure ofAJ. This would be a case of spontaneous
breakdowr! of time reversal symmetry: it will be discussed again later.

Problems:

[7.2.1]: Let ' (x;x) =0, x = fﬁj X9 be a general anholonomic constraint for a
mechanical system. Let R(x;x) be the constraint reaction and F(x;x) be the active
force. Consider all possible accelerations compatible wit h the constraints when the sys-
tem is in the state x;x. We say that R is ideal or veries the principle of least e ort
if thepactual accelerﬁion due to the forces a, = (F; + R;)=m; minimizes the eort :

N N .

= i=1 I’T%R? i=1 (E| migi)zzmiy 1.e.

X
i mig) a; =0

i=1
for all the possible variations of the accelerations a; compatible with the constraints ' at
xed velocities and positioiﬁ. Show that the possible accelerat ions, in the con guration
X; X, are those such that: iN:l @' (x;x) a; =0

[7.12.2]: Show that, thanks to the observations in [7.1.1], the condit ion of minimum
constraint becomes:

E, mig @&' (x;x)=0

P ' 1 '
(@ E @)
i@,
which is the analytic expression of Gauss' principle, c.fr. [LA27], [Wi89]. Of course
the de nition of eort  E is quite arbitrary and modifying it leads to di erent analyt ic

expressions.

f[7.1.3]: Check that if the constraints are holonomic then Gauss' prin ciple reduces to
the principle of D'Alembert. ( Idea: Note that the velocities permitted by the holonomic
constraint ' (x) =0 are X @ (x) =0 and hence a holonomic constraint can be thought
of as a constraint anholonomic having the form special: _x @ (x) =0.)
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[7.1.4]: Consider a system of N particles subjected to a conservative force with potential
energy V. Consider the system of points subject to the force f = @/ and to'ﬁ Gaussian

constraint imposing that T = const (where T is the kinetic energy T = iEi2=2m).
Verify that the equations of motion are (by [7.1.3]):

mx=pip= @V b, E; = P

Show that for arbitrary choices of the function  r(T) the probability distribution on phase
space with density:  (p;q) = r(T)e ¥ @ is invariant if, dened # as 3 kg #=2 et .

=3N 1=(3Nkpg #). (ldea: The continuity equation is indeed @ + i @ (F )+
=i
/@ (P, =m)=0).

For Gauss principle applications to uid mechanical equatio  ns see problems in x7.4.

Bibliography:  [GC95a], [GCI5b],[Ga95],[Gag5b],[Gag6],[LA27].

X7.2 Reversibility, axiom C, chaotic hypothesis.

| do not intend to claim that the de-
scription that | have given of the soul
and of its functions is exactly right
{ a wise man could not possibly say
that. But | claim that, once immortal-
ity is accepted as proved, one can think,
not improperly nor lightheartedly, that
someting like that is true.

(words of Socrates(in Phaedon)).

To study in more detail some of the problems posed in the discussion in
x7.1 we shall refer, assuming ita priori, to Ruelle's principle of Sec.x5.7.

(A) The SRB distribution, and other invariant distribution s.

Suppose that the dynamical system |; S) has an attracting set A verify-

ing axiom A (c.f.r. de nition 2, x5.4): it will then be possible to describe
the points of A via the symbolic dynamicsassociated with a Markovian
pavement P, c.f.r. x5.7 (C).

If the logarithm of the determinant ¢(x) of the matrix @38, thought

of as a map acting on the unstable manifold ofx 2 A, is considered as
a function ¢(_) of the history _ of x then, since the function ¢(x) is
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\regular" (Helder continuous), the dependence of ¢(_) on the \far" digits
of _is also exponentially smallt

In this context we can make use of the expression (5.7.8) for the SRB
distribution in terms of the code x = X (_) between points and histories.

If # denotes the translation to the left of the histories and if is the SRB
distribution on A the equations (5.7.7), (5.7.8) yield the following expression
for

7 P

R e 1w FIrx ()
f(y) (dy)= lim P (7:2:1)

o s wes oD

where _ is an in nite compatible sequence in the sense of the histories
on Markovian pavements, c.f.r. x5.7, (C), obtained extending the string of
digits NG LN in \a standard way", c.f.r. x5.7, (D).

If we replace, in formula (7.2.1), the function ¢(_) with an arbitrary func-
tion (_) that has a very weak dependence on the digits ; with large label

i (for example it depends only on the digit with label 0) the new formula
still de nes an invariant distribution  ° on A which, however, in general is
completely di erent from .2

Just as the probability distributions of two di erent Bernoulli schemes can
be chosen to be dierent even if they have the same space of states: in
fact their attractors consist in the sequences that have given frequencies
of appearance of given symbols; but such frequencies adi erent in the
two cases: hence the attractors arali erent and disjoint sets. Nevertheless
both attractors are dense in the space of all sequencésind the space of all
sequences is therefore the attracting set for both cases, while the attractors
are di erent (and can be chosen so that they do not have points in commaon).
This example lets us well appreciate the di erence between the two possible
notions of attracting set and of attractor. It makes us, furthermore, see
that in a system with an attracting set A verifying axiom A there exist
in nitely many other invariant distributions besides the SRB distribution
which can be very di erent from, or just about equal to, the SRB. In fact

Indeed the digits of the history _ determine the point x with exponential rapidity,
i.e. the distance between two points whose histories coincide be tween N and N tends
tozeroase N ,c.fr. x5.7: hence the values of ¢( )and o( O dierby O(e N ), if
the sequences_ and _° coincide between N and N and if is the exponent of Halder
continuity of  ¢(x).

The (7.2.1), even if modied in this way, can be interpreted a s the de nition of the
thermodynamic limit of an unidimensional \Ising model" wit h a short range interaction,
see alsox9.6 in [Ga99a]; hence this property is a well known result: th e technique for the
proof is illustrated in detail in the problems [5.7.1] [5.7.16] of x5.7 taken from [Ga81].

We recall that while an attracting set is closed and uniquely  characterized by the dy-
namics, an attractor is only de ned up some (trivial) ambigu ity, c.f.r. de nition in (C)
of x7.1 and x5.7.

If the distance between two sequences is, as usual, de ned as e N, where N is the largest
value for which ;= Ofor jij N=2.
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442 X7.2: Reversibility, axiom C, chaotic hypothesis

given an arbitrary nite number of observables one can de ne an invariant
probability distribution ~ ®concentrated onA (i.e. giving probability 1 to A:

%A) = 1) and attributing to the chosen observables average values close to
those attributed by the SRB distribution within a pre xed approximation
(one obtains °by simply modifying by a small quantity the functions ()
in (7.2.1)).

(B) Attractors and reversibility. Unbreakability of the ti me reversal symme-
try.

Dynamical systems can be reversible, and in general their attracting sets
A dier from the (repelling) sets iA that are their images under the time
reversal mapi, c.f.r. x7.1.

This can be interpreted, as already observed irx7.1, as a phenomenon of
spontaneous symmetry breakingone can think that phase space is precisely
the attracting set A and ignore, for the purpose of studying the statisti-
cal properties of motions, the points outside ofA. Limiting ourselves, for
simplicity, to the case of an attracting set A that is a regular surface, we
see that as far as asymptotic (in the future) observations are concerned the
dynamical system isde factothe system (A;S).

Obviously this system is no longer reversibleif time reversal is performed
with the map i (which cannot even be thought of as a map ofA into itself,
becauselA 6 A).

We shall see however, in what follows, that reversible systems with an
attracting set that coincides with the whole space have extremely interesting
properties. In this respect we can ask whether we could de ne another map
i : Al A that anticommutes with the evolution, i.e. i S=S i while
leaving invariant the attracting set A and squaring to the identity, i 2 = 1.

If, with some generality, it was possible to de nei we could say that the
dynamical system is still reversible, although the time reversal symmetry §
now i and not the original i. In this way, in the same generality, reversible
systems endowed with an attractive set that issmaller than the entire phase
space could also be considered as systems enjoying time reversal symmetry
and endowed with an attractive set that coincides with the whole phase
space.

In other words time reversal symmetry would be unbreakabléVhen spon-
taneously violated it would spawn an analogous symmetry on every non
symmetric attracting set!

A rst example of unbreakability of time reversal symmetry, or at least an
example of a very similar phenomenon, can be found even in fundamental
Physics. In relativistic quantum theories that should describe our Universe
time reversal symmetry T, that we could think as valid at a fundamental
level, is spontaneously broken, as it is well knowng.f.r. [AI93] p. 241. But
a symmetry which anticommutes with time evolution continues to exist as
a symmetry of the dynamics of our Universe: it is theT CP symmetry.
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By applying to our universe the map T we obtain another universe, abso-
lutely di erent from ours, but equally possible.

One can think that the fundamental equations are symmetric with respect
to the map T, i.e. reversible, but dissipative. Therefore our Universe would
evolve towards an attracting set smaller than the whole phase space and
it would no longer be time reversal invariant. Nevertheless if time reversh
symmetry was actually unbreakable (in the above sense) then the motion
would be still symmetric with respect to another operation that inverts the
sign of time, that could be TCP.

To support what just said one can fear that it would be necessary to think
that there exists a dissipative mechanism in the dynamics of the Universe:
nothing more unsatisfactory. However the dissipation of which we talk here
would not bethe empirical dissipation to which we are perhaps used:be-
cause the fundamental equations would remain reversibl®©ne could rather
think of a level higher than the one accessible directly to us, a \Universe of
Universes”, that acts on our evolution like a reversible thermostat acts on
the evolution of a gas or of a uid out of equilibrium (i.e. as a force that
absorbs heat without breaking time reversal, like the forces that impose
the constant energy or constant dissipation in the ED or GNS equations in
(7.1.1)). This would be su cient and it would allow us to think that the
Universe evolved rapidly, ending up on an attracting set that does not have
any more the symmetry T but \only" TCP.

Or, with a larger conceptual economy and without crossing (as done above)
the border of science ction, one could think that it is our same Universe
to act, in a reversible though dissipative way, as a thermostat on the wordl
of elementary particles generating the symmetry breaking of their dynam-
ics that we observe experimentally. The asymmetry observed in the weak
interactions could be a trace in the subatomic world of the asymmetry
that we observe between past and future, at macroscopic level. It would
certainly be important to produce a concrete and credibile model for the
mechanism of interaction between the macroscopic (atomic) world and the
microscopic (subatomic) one: by imagining a lagrangian for the descrip-
tion of the weak interactions, c.f.r. [Al93], that is a priori not time reversal
invariant we, perhaps, only take into account the atomic{subatomic interac-
tion phenomenologically. This vision does not seem absurd to me, although
admittedly is very daring.

(C) An example.

Coming back to our much more modest analysis of the motion of a gas or
of a uid, let us consider the structure of the motions of a reversible system
endowed with an attracting hyperbolic set A, that we think as a regular
surface of dimension lower than that of phase space.

The points of A will have stable and unstable manifolds: the unstable will
be entirely contained in A, and the stable will consist of a part onA and a
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444 X7.2: Reversibility, axiom C, chaotic hypothesis

part outside A, precisely becausé\ is attractive.®

We shall assume, for simplicity, that the dynamical system has only two
invariant closed sets ofnonwandering points, A and its image iA, that we
shall call poles c.f.r. x5.4 observation (2) to de nition 2.

The stable manifold of the points of A extends out of A reaching the set
iIA: i.e. if x is a point near A (but not on it) and if we follow it backwards
in time we see thatS "x tends to the setiA, that repells, i.e. that attracts
motions seen backwards in time.

Therefore the stable manifold in question extends untiliA and we must
expect that it is \dense" on this set (meaning that the closure of such
manifold will contain iA). It can a priori behave, in its vicinity, in several
ways: for example it couldwrap around iA .

Nevertheless thesimplest geometric hypothesiss that the manifold reaches
the surfacei A \cutting" this surface in a \transversal” way: this is possible
even though, obviously, no point of the manifold can belong toi A .

To understand how to interpret the latter geometric property we rst dis-
cuss a paradigmatic example, see Fig.(7.2.1) below, with the aim of a lat
abstraction of a general formulation.

Referring to Fig.(7.2.1) below, the polesA, = A and A = iA are, in
the example in Fig.(7.2.1), proposed below, two regular closed and bounded
surfaces identical, copies of a surfac#

The map S on the whole phase space will be de ned by

S(x;2)=(S x;S2) (7:2:2)

where the generic phase space point is a paix(z) with x 2 M and z is

a set of transversal coordinates that tell us how far away the point &; z) is
from the attracting set.

The point z will be imagined as a point on a smooth manifoldZ and S
will be an evolution on Z that has two xed points, one z (unstable) and
another z, (stable). Furthermore S will be supposed to evolve all points
Z 6 z in such a way that all motions tend to z; in the future and to z in
the past. This can be realized in many ways and we select arbitrarily one of
them. By construction the sets A, and A are the sets withz = z, and,
respectively,z = z .

The coordinate x identi es a point on the compact surface M on which
a reversible mapS acts: we suppose the systemM ;S ) is an Anosov

5 This means that at every point of A the stable manifold has a tangent plane which can
be decomposed into a direct sum of two independent planes one of which is tangent to
A and one which is transversal to it. Since A in general is not a smooth surface , and it
might have fractal structure, this has to be made more precis e; supposing for simplicity
that A is a set immersed in RY, for some d, the \tangent" part of the stable plane at  x
will be such that the maximum distance to A of points y on it and with d(y;x) r is
< O (r2) while the maximum distance to A of points y on the part of the stable plane
outside A will be > O (r). The second might be empty.
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system. For exampleM can be the bidimensional torusT2 and S could
be the \Arnold cat", c.f.r. x5.3

11
S(1 2= ] , i mod 2 (7:2:3)

which is reversible if one de nes time reversal as the map that permutes the
coordinates of and changes the sign to the rst,i.e. i% = iq 1; ») =
( 20 1)

For instance Z could be a circlez = (v; w) with v2+ w? = 1. The evolution
S could be the map that one obtains by considering at timet = 1 the point
S(v; w) into which (v;w) evolves according to the di erential equation v =

v; w=E w with = Ew. Such evolution has precisely the property
s"'Z .., z with z, =(vs;we) (0;1)andz =(v ;w ) (0; 1).
With the above choices forS ;S the map S, in (7.2.2), is reversible if we
de ne time reversal by i(x;z) = (i%; 2).

Therefore we see that the system ¥ Z;S) is a system endowed with
an attracting set and a repulsive set both hyperbolic, respectively given by
M f zgandM f z g

The two polesA = M f z g are transformed into each other by the
symmetry i that, obviously, is not a symmetry for motions that develop on
them.

The dynamical system is chaotic, having an attractive set M ;fz. g) on
which the evolution enjoys the Anosov property: in the full system (M;S)
time reversal symmetry is spontaneously violated (in the above sense).

Neverthelesawve see that if one de nesthe mapg A:! A, as!i (X;z+) =
(i%;z,) then i anticommutes with the evolution S restricted to A, (and
a mapi can be de ned also onA in a analogous way and, analogously,
it anticommutes with Son A ).

Therefore in this casei is a \time reversal® map de ned only \locally"
(i.e. on the poles of the system) \inherited" from the global symmetry i: the
symmetry i, however, is not a local symmetry,i.e. it cannot be restricted to
the poles, because the poles are not symmetric and they are néfinvariant.

We now examine in which cases the construction just described is general-
izable.

(D) The axiom C.

First of all we give a formal description of the geometric property intro-
duced in [BG97] and called thereaxiom C property of a dynamical system
endowed with hyperbolic poles.

In the observations to de nition 2 of x5.4 we noted that any axiom A
dynamical system M;S) is a system whose nonwandering points can be
decomposed into a nite number of sets, calledbasic setsor poles densely
covered by periodic orbits and on which there exists a dense orbit (this is a
theorem by Smale,c.f.r. x5.4).
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Not all poles are attracting sets: if a system is reversible then every pole
A of attraction has a time reversed \image" i A that is a repulsive pole.
Given a pole (attractive, repulsive or other) one de nes W3() as the
set of the points that evolve towards for t! +1 and W€() as the set
of points that evolve towards for t! 1

When s attractive the set W?3() is the basin of attraction of , while
WE€() is itself. In general is neither attractive nor repulsive and the

two sets W3() and WE€() are both nontrivial. For simplicity we restrict

the following discussion to the case in which the system has at most two
poles .; , one attractive and one repulsive.

It is convenient to de ne the \distance" (x) of a point x from the poles. If
do is the diameter of the phase spac® and d (x) is the ordinary distance
(in the metric of M) of the point x from the pole

d (x)
do

(x) = rp_in (7:2:4)

We say that two manifolds intersect transversally if the plane spanned by
their tangent planes at a point of intersection has dimension equal to that
of the whole phase spaceg.f.r. x5.4. The latter notion of transversality is
then useful to x the notion of \ axiom B systent or of system that \ veri es
axiom B". It is (rephrasing here de nition 4 of x5.4) a system that veri es
the axiom A with the further property that if WS3( ;) has a point y in
common with W€( j), hencey 2 WZ\ WS for some pairx 2 ; and
x92 ;, then the intersection betweenWy$ and W, is transversalin y, c.f.r.
x5.4 observation 3 to the de nition 2.

The structures now described are interesting because the systems that ver-
ify them are stable if a system veri es axiom B then, by perturbing the
map S in classC! , one generates a new system that, via aontinuous (but,
in general, not di erentiable and hence not necessarily regular) coordinates
change can be transformed into the original one.

The latter is a deep result (Robbin theoren), [Ru89b] p. 170. The converse
statement is a conjecture (conjecture of Palis{Smale); \inclassC""forr 1
and forr =1 it is already a theorem (Mare theorem), c.f.r. [Ru89b], p. 171
for a precise formulation: see, also, the comments to de nition 4 inx5.4.

The example given at point (C) obviously veri es the axioms A and B. It
veri es furthermore the property that in [BG97] has been called axiom C

De nition  (axiom C): A dynamical system (C; S) veri es axiom C if it is
a mixing Anosov system or at least it veri es axiom B and if in the latter
case

(i) It admits only one attractive pole and only one repulsivepole, A, and
A , with basins of attraction for A, and of repulsion for A open and with
complement with zero volume, (globality property of the atacting and of
repulsive set). The poles are, furthermore regular surfaceson which S acts
in topologically mixing way (hence(A ;S) are mixing Anosov systems).
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(ii) For every x 2 M, the tangent plane Ty admits a Helder{continuous
decomposition as a sum of three plane$y; TS; T/ such thaf

a) dST, = Tg, = u;s;m
b) jdS"wj Ce "jwj, w2Tg; n O
c) jdS "wj Ce " jwj, w2Td;, n O
d) jdS"wj C (x) e Mjwj, w2 TM; 8n

where the dimensions ofT; TZ; T," are > 0 and (x) is de ned in (7.2.4).
(iii) if x is on the attractive pole A, then Tg T is the tangent plane
to the stable manifold inx; viceversa if x is on the repulsive poleA then
T4 T,M is the tangent plane to the unstable manifold irx.

Remarks:

(1) Although T¢ and T¢ are not uniquely determined for generalx's the
planesT; T," and T T," are uniquely determined for allx 2 A, and,
respectively, for allx 2 A

(2) Itis clear that an axiom C system veri es also, necessarily, axiom B. The
possibility that every axiom B reversible system that has only two poles,
one attractive and one repulsive, veri es necessarily axiom C is not remote,
possibly with the help of some additional (\natural") hypothesis.

(3) (3) If we drop the condition that the poles are smooth and just require
that motion on them is topologically mixing then the resulting weaker notion
is structurally stable: this is implied by the quoted theorem by Robbin,
[BGI7].

(4) The hypothesis that there are two poles is posed here only for simplicity
and probably one could dispense of it, [BG97].

(5) Also the requirement that the poles be regular surfaces, is probably not
always necessary for the purposes of the discussions that follow.

It is possible to visualize the axiom C property via the following gure
(commented below)

/1SS S
/2SS S

Fig. (7.2.1): Illustration of the example, preceding the de nition, of ax  iom C system.
The vertical direction represents z on which the map S of the example acts; the horizontal

plane is a symbolic representation of the torus on which S acts; see (7.2.2). See below
for a detailed interpretation of the gure.

A

6 One could prefer C1 or CP regularity, with 1 p 1 : but this would exclude most
cases. On the other hand Hdlder continuity could be equival ent to simple continuity
CO, as in the case of Anosov systems, c.f.r. [AA68], [Sm67].
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Axiom C property, [BG97], is stronger than axiom B property and it is a
structurally stable notion, i.e. it remains a true property also if the systems
obtained with small enough perturbations from an axiom C system still
verify axiom C.

Informally, in systems endowed only with an attracting and a repelling set,
without other invariant sets, axiom C says that the stable manifold of the
points on A, arrives \transversally' on the repelling set A , rather than
\ wrapping around it" and, furthermore, A are smooth surfaces.

The rst gure in Fig.(7.2.1) illustrates a point x 2 A, and a local part
of its stable manifold that extends until the set A intersecting it in the
hatched line (that is a stable manifold for the motion restricted to the surface
A but that is not part of the stable manifold of x). Likewise the second
gure describes a pointx°on A  with a local part of its unstable manifold.

The third gure in Fig.(7.2.1) shows the intersection between the stable
manifold of a point x 2 A, and the unstable manifold of the pointx2 A :
in the gure such intersection is a unidimensional curve that connectsx
with % (that is uniquely determined by x, c.f.r. following) establishing the
correspondence de ningf.

In this case the stable manifold ofx is the sumTZ T," if T," is the vertical
direction, while the unstable manifold of xis TY T". Here T$ and T}
are parallel to the stable and unstable manifolds (the solid horizontal line}
of the map S . The intersection of the two manifolds is a line T" in the
vertical direction.

The points \between the two surfaces" A represent most of the points of
phase space, but they aravandering points c.f.r. x5.4.

Let the dimension of the surfaceA andletu ;s the dimension of the
stable and unstable manifolds of the dynamical systemsA ;S) respectively
( =u +s ). ltissi =u ;u. =s andhence , = = and the
total dimension of phase space is + m with m > 0.

The dimension of the stable manifold ofx 2 A. in the original dynamical
system (i.e. describing dynamics not restricted toA. ) is, therefore, m+ s, ,
because such manifold \sticks outside oA, " (becauseA. attracts) and that
of the unstable manifold ofx°2 A ism+ u . Hence the dimension of their
intersections ism and such surface intersect®\, and A in two points that
we can callx and x, thus allowing us to de ne ix = x. We see that such
surface is awire that joins points of A, to points of A (de ning T): hence
the representation in Fig.(7.2.1) is an accurate representation, in spite bit
being schematic.

Axiom C, that forbids the stable manifold of the points of A, and the
unstable manifold of the points of A to \wrap" around A or, respectively,
around A, , can be seen as a hypothesis of maximum simplicity on the
geometry of the system. The interest of this geometric notion lies in the

Theorem (axiom C and time reversal stability): Let the dynamical sysem
(M;S) be reversible and verifying axiomC. Then there exists a mapi
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de ned on the poles of the system that leaves them invariangquares to the
identity, and that anticommutes with the time evolution.

In the case illustrated in gure the i is indeed the compositioni T, [BG97].
Hence this theorem shows that in systems verifying axiomC time reversal
symmetry is unbreakable if its spontaneous breaking occurs as some param-
eters of the system vary (with appearance of attractive sets smaller than
the whole phase space, and not invariant for the global time reversai) the
attractive pole always admits a symmetry i that inverts time, i.e. that
anticommutes with time evolution. The unsatisfactory aspect of the above
analysis is that in general a perturbation of a system verifying Axiom C
will have all the properties of the unperturbed system with the possible
exception that the poles might lose the property of being smooth surfaces
and a better understanding of this is desirable.

(E) The chaotic hypothesis.

The structural stability properties of axioms A, B and C systems has been
one of the reasons of the following reinterpretation and extension of Ruelle'
principle of x5.7, called chaoticity principle or the chaotic hypothesis It
has not been, however, the main reason because the chaoticity principle has
been reality \derived" on the basis of the interpretation of experimental
results, [ECM93], [GC9I5].

Chaotic Hypothesis: A mechanical system, be it a particles system or a
uid, in a chaotic stationary state ’ can be considered as a mixing Anosov
systemfor the purpose of the computation of the macroscopic propertiesin
the case of reversible systems a map of the attractive sets into themselves
exists which anticommutes with the evolution and squares tthe identity.

In the case the system has an attracting sefA which is smaller than phase
space the hypothesis has to be interpreted as saying that the attracting set
A is a smooth surface and the time evolution mapS is such that (A;S)
is a mixing Anosov system which enjoys a time reversal symmetry: both
assumptions are true if the system veri es axiom C, by the theorem in
subsection (D) above. Therefore it is not restrictive to suppose that the at-
tracting set is the entire phase space and that on it a time reversal symmetry
exists.

This principle, together with the considerations developed at the point
(A), will allow us to propose rather detailed properties of the Navier{Stokes
equation, in the x7.4.

We conclude with some comments on the meaning of the chaotic hypoth-
esis. The hypothesis has to be interpreted in the same way one interprets

7 We shall understand by chaotic any stationary distribution with  at least one positive
Lyapunov exponent which is not close to zero: this is necessa ry, like in equilibrium,
because near a non chaotic system one may have phenomena reminiscent of those that
arise in equilibrium theory with systems that are close to in tegrable ones.
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the ergodic hypothesis in statistical mechanics.One must not intend that
a system of physical interest \really" veri es axiom C, rather one must in-
tend that this property holds only for the purposeof the computation of the
average values of the few interesting observables with respect to the distri-
bution SRB, i.e. the average with respect to the statistics of motions that
follow initial data randomly chosen in phase space with some distribution
proportional to volume, c.f.r. x5.7,.

We must also remark that this principle is stronger than the ergodic hy-
pothesis: indeed it applies to non equilibrium systems and one can show,
[Si94], that if the dynamical system is Hamiltonian and if it is a mixing
Anosov system, then the SRB distribution is precisely theLiouville distri-
bution on the constant energy surface: hence the ergodic hypothesis holds.

The ergodic hypothesis implies classical thermodynamics, even when ap-
plied to systems that manifestly are not ergodic, like the perfect gas. Like-
wise one has to understand that chaotic hypothesigannot be generally true
strictly speaking, for many systems of interest for physics: sometime$e-
cause of the trivial reason that the evolution of these systems is described
by maps S that are not regular everywherebut only piecewise so,c.f.r.
De nition 5in x5.4.

The idea is that the chaotic hypothesis could allow us to establishre-
lations between physical quantities without really computing the value of
any of them. In the same way as Boltzmann deduced the heat theorem
(i.e. the equality of the derivatives of the functions of state expressing that
the di erential form ( dU + pdV)=T is exact) from a formal expression for
the equilibrium distribution of a gas.

Now the role of the formal expressions for the Gibbs distributions in equi-
librium statistical mechanics will be plaid, for the SRB distributions, by the
formula of Sinai (7.2.1).

Bibliography:  [Ru79], [Si94], [Ga81], [Ga95], [GCI5].

In the original work [GC95] the chaotic hypothesis has been formulated by
requiring that the dynamical system be a mixing Anosov system (that in the
notations of the work was, somewhat improperly with respect to the current
terminology, called transitive). As explained in [BGG97] this statement has
to be interpreted, to be in agreement with experiments relative to situations
strongly outside of equilibrium, in the sense that the system is of Anosov
mixing type if restricted to the attracting set (i.e. the attracting set must
be a regular surface on the whichS acts in a mixing way). But in this last
case it also became necessary to add the hypothesis that the time reversal
was \unbreakable". The search of a geometric condition that guaranteed
a priori the unbreakability of time reversal and that was a priori stable led
in [BG97] to formulate axiom C.
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The end point of this chain of re nements, and in a certain sense, of simpli-
cations of the original hypothesis, still requires in order to \be completely
satisfactory" the elimination of the hypothesis that the poles are regula
manifold.

x7.3 Chaotic hypothesis, uctuation theorem and Onsager reci-
procity, entropy driven intermittency.

We consider now a rather general dynamical system: however we keep in
mind the reversible NS equations introduced inx7.1 as the example to which
we would like to apply the following ideas. We study motions on a regular
surfaceV described by an equation

x=f(x) (7:3:1)

whose solutionst ! x(t) = S;x, with initial datum x admit a time reversal
symmetry i. This means, seex7.1, that S; anticommutes with the isometric
operation® i: iS; = S i, andi?=1.

First of all we look at motions through timed observations. This means
that we imagine that our system is observed at discrete timesgc.f.r. x5.2.
Although not really necessary, this simpli es a little the discussion and re-
duces by one unit the dimension of phase space and allows us to consider
the evolution as a mapS. The phase spaceM  V on which S acts can
be considered as a piecewise regular surface, possibly made of various con-
nected parts and everywhere transversal to the trajectories of the solutions
of (7.3.1), see [Ge98].

The map S is related to the ow S; by the relation Sx = S;)x if t(x) is
the time that elapses between the \timing event” x 2 M and the successive
one.

The dynamical system that we study will then be (M; S) and we shall call,
as usual, ¢ a probability distribution endowed with a density with respect
to the volume measure onM . Time reversal invariance becomesS = S 1,
with i isometry of M and i? = 1: if the continuous time evolution S; is
time reversal symmetric then the timed observations will also be such foa
suitably de ned i.?

(A) The uctuation theorem.

On the basis of the chaotic hypothesis we imagine that the attractive set
for the evolution S is the whole phase spac® , without loss of generality.

1 Supposing, under our hypotheses, that i is an isometry is not restrictive: it su ces
to rede ne suitably the metric so that the distance  d(x;y) between two close points
becomes d(x;y) + d(ix;ly ))=2.

2 For instance if the system is a \billiard" and the observatio  ns are timed at the collisions
with the obstacles then a possible time reversal maps a colli sion c into the new collision
ic obtained by considering the result ¢ of the collision ¢, which is no longer a collision
\being a vector that comes out of the obstacle”, and changing the sign of the velocity
obtaining again a collision, i.e. \a vector entering the obstacle", that de nes ic.
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The distribution SRB shall have the form (7.2.3): the important point i s
that the combination of (7.2.3) with the time reversal symmetry is rich of
consequences, surprising at least at rst sight.

Note that we can suppose without loss of generality that the Markovian
pavement P, used to represent the SRB distribution via Sinai's formula,
c.f.r. (7.2.1), could be choserinvariant under time reversal: i.e. such that
if P = (Pyg;:::;P,) then iP s still an element P; of P with i = ©
suitable. In fact from the de nition of Markovian pavement, c.f.r. x5.7 (C),
it follows that

(1) by intersecting two Markovian pavements P and P° we obtain a third
Markovian pavement: i.e. the pavement whose elements are the se®; \ PjO
is still Markovian.

(2) by applying the map i to the elements of a Markovian pavementP
we obtain a Markovian pavement iP: this is so because time reversal
transforms the stable manifold W*(x) and the unstable manifold W €(x)
into We(ix) and W=(ix), respectively.

Hence intersectingP andiP we obtain a time reversal symmetric pavement.

iFip & P; is the correspondence between elements of the pavement es-

tablished by the action of i we see thati is therefore represented as the
map that acts on the sequence of symbols = f g by transforming it into

0— f 0 ith 0 —
— kg Wlt k | k-

Furthermore it is not di cult to verify that this implies that a standard
extension of the compatible strings  -,;:::; =5, c.fir. (7.2.1) and x5.7,

can be performed so thatif x; is the center of E; = \ ,_> _,S kP, then
iX; is the center of iE;.

Let us denote by J (x) the Jacobian matrix of the map S , where is
an even integer, as a map ofS “2x to S¥2x; and denote with Je. (X)
and Jg. (x) the Jacobian matrices of the same maps thought of as maps of
Wg -, to WS_, or, respectively, of WS _, to WS., . Then one can
establish simple relations between the determinants of these matrices.

If (x) is the angle formed, in x, between the stable and the unstable
manifolds® and if we denote, respectively, (x) = jdetd (x)j, s (X) =
jdetds. (X)j, e (X) = jdetde; (X)j then, noting that such determinants
are related to the expansion or contraction of the elements of surface of the
manifolds M; W ¢ and, respectively, W?, it follows that

sin (S 2x)
sin (S =2x)

X)= s (X) & (X (7:3:2)

3 The angle between two planes that have in common only one poin t can be de ned as
the minimum angle between non zero vectors lying on the two pl anes attached to the
common point. The angle between two manifolds that locally h ave only one point in
common is de ned as the angle between their tangent planes.

2=febbraio= 2007; 19:36



x7.3: Fluctuation Theorem. Onsager's reciprocity. Intermi  ttency. 453
Time reversal symmetry (and its isometric character) implies that
x)= ()% e (iX)= &(%); s (iX)= &'(x) (7:33)

andif (x)= log (X), e (X)= log ¢ (X), s (X)= log s (),
therefore

(ix) = (x); e ()= 5 (X); & ()= e (x) (7:34)

note that the quantity (>@ is simply related to the divergence (x) of the
equation (7.3.1), (x) = j @f; (x). If, as above, t(x) denotes the time
interval betvveenFEhe timed observation producing the resultx and the next
oneitis (x)= & (Sx)dt. Then
%X 1
(x) = (S'x) (7:3:5)

i= %

We shall call entropy creation on timing events the contraction of the
volume of phase space (that couldlso be negativei.e. in fact an expansion),
which is the quantity

%X 1
(x) = (Sx)% hi,p ifhi.60 (7:3:6)

i= %

where h i, denotes the average value of the function (x) with respect to
the SRB distribution of the system (M; S), c.f.r. X7.2,x5.7 andp is a variable
(that depends on and x) on the phase spaceM and that we can call the
(adimensional) averagerate of creation of entropy on events aroundx.

Whether the name of entropy, [An82] and Sec. 9.7 in [Ga99a], is properly
used here, or not, is debatable. In reality we are interested in cases in which
the quantity h i, is not zero: such cases will be calledissipative. In this
respect one should note a theorem that says that if such average is not zero
then it is necessarily positive and this is a property that, without doubt, is
certainly desired from a de nition of rate of entropy creation, [Ru96].

Here we cannot invoke, to justify the use of the name \entropy", indepen-
dent de nitions of such notion: simply because the notion of entropy has
never been well de nedn cases of systems outside of equilibrium.

We shall adopt this name also because we shall see that this quantity has
various other desirable properties that help making the notion a satisfactory
one, see [An82],

The rst important property is that the dimensionless rate of entropy cre-
ation p, c.f.r. (7.3.6), is a variable that has a probability distribution  (p)
with respect to the stationary statistics SRB that describes the asymptotic
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properties of motions. By de nition hpi. 1 (in the dissipative cases, of
course).
We shall set:

(p) = I!ilm 1Iog (p) (7:3:7)

where the existence of the function (p) (in the case of a mixing Anosov
system, i.e. if the chaotic hypothesis holds) is proved by a theorem of Sinai,
[Si72], [Si77]. Then the function (p) veri es, [GC95a], [GCI5b],the follow-
ing uctuation theorem

| Theorem (uctuation theorem): The \rate function® (p) 1 has odd
part verifying
(p= (P h isp (7:3:8)

for all p.

An illustration is provided by the Fig. (7.3.1).

X X
® — ® e
6 [ \
| 3 |
5 | ‘ _ | * T/
a | ﬂJH } \ R
3 ! M‘ﬁﬁ 2 ‘ /’(‘{
5 I ..:‘/“ g I ,/’
‘ .."// 1 ‘ r/
1 L ! /'J
‘.}'./ ‘/)’
o,‘,’,,,,v ,,,,,, 07‘;1 ,,,,, v_ _ _
0 1 2 3 4 p 0:0 0:5 1:0 1:5 2:0 2:5 3:0 p
X X
I I
2:5 || \
| L 1:5 | L/
2:0
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15 | ot 10 || o
1:0 ‘ /‘/./‘ ! /(/‘
! //‘( 0:5 || _//'
. e
0:5 : e : //
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Fig. (7.3.1) Illustration of the uctuation theorem of  x7.3 which gives x(p) =

%)f(p) = p in the limit 11 , for an electrical conduction model in a very strong

electromotive eld, taken from the experiment in [BGG97]. The dashed graph isx(p) = p
while the four graphs correspond to the choices = 20;40; 80; 100.
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The proof is simple: informally it is the following. One can compute the
ratio  (p)= ( p) by (7.2.1)
P 1
(P _ 5 (x)=hiip & (Xj)

(p (Xj)=h i.p & (Xj) !

(7:3:9)

where the sum runs over the centersx; of the partition elements E =
\ fzsh E, c.f.r. (5.7.8) (i.e. on the points whose history, with respect to
the compatibility matrix of the Markovian pavement, is a compatible se-
quence -»;:::; =, extended in \standard way" to an in nite compati-
ble sequenceg.f.r. (7.2.1), (5.7.8)).

In the discussion that follows we do not take into accountthat (7.3.9) is
not correct and that the correct formula, c.f.r. (5.7.8), should be

1
x)=his p et (X))
(p 71 (xj)=h isp eT(xj) *

(7:3:10)

where the sum runs on the elements of the partition\ T:TZ:ZS KE, i.e. on

the setsg; = E  __, .. +-,- In other words we should rstlet T to 1 and
then !'1 . The eq. (7.3.9), instead, considersT =

Evidently by using (7.3.9) instead of the correct (7.3.10) one commitserrors
that we could fear to be unrepairable. But it is not so and the error can be
bounded, c.f.r. [GC95a],[GC9I5b], and one can show (easily) that the correct
ratio between (p) and ( p) is bounded from above and from below by
the r.h.s. of equation (7.3.9) respectivelymultiplied or divided by a factor
a which is {independent. Since we are only interested in the limit (7.3.7)
we see that such an error has no in uence on the result.

The possibility of this bound is obviously essentialfor the discussion: it is
actually easy, but it rests on the deep structure of symbolic dynamics and on
well known properties of probability distributions on spaces of compatible
sequences, the reader is referred to [Ga95a] or [Ru99c].

Accepting (7.3.9) one remarks that the sum in the denominator can be
rewritten by making use of the fact that if x; is the center of E; and it
has adimensional rate of entropy creationp, then ix; is center ofiE; (c.f.r.
observations at the beginning of the section) and by time reversal symmetry,

see (7.3.3), rate p: hence the (7.3.9) is rewritten as
P . 1
() _p woenip e 09 (7:3:11)

( p) (xj)=hi. p & (in) !

We can now remark that (7.3.3) allows us to rewrite this identity as
P 1
P _ p op=ni.p e )
) o)=hi.p s (X))

(7:3:12)
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so that numerator and denominator are sums over an equal number of terms.
We also see that corresponding termsi(e. terms with the same labelj) have
ratio e (Xj) ' s (xj) !and this ratio is equal to  (x;) apart from the
factors that come from the ratios of the sines of the anglesc.f.r. (7.3.2),

(S “2xj)and (S =2x;): such ratios will however be bounded from below
and from above bya ! and a, for a suitable a (because the angles (x) are
bounded away from 0 and by the assumed hyperbolicity of A, c.f.r. x5.4,
and furthermore by taking the products of the fractions in (7.3.2) all sines
simplify \telescopically" and one is left only with the rst numerator and
the last denominator).

We note that what said is rigorously correct only if the system (M;S),
restricted to the attracting set, is really a mixing Anosov system (or just
only transitive, c.f.r. x5.4).4 We make use of the chaotic hypothesis when
we suppose that the properties used are \in practice" true at least for the
purposes of computing quantities of interest, like precisely (p).

By de nition of pitis  (xj)= e M+ for all choices ofj, so that

1 (p)

ZePhiv o P <cge PRIs 7:3:13
a ) (7:313)
and (7.3.8) follows in the limit 11
More generally let 1(x);:::; n(Xx) are n functions on phase space such
that
j(ix) = i (x) (7:3:14)

i.e. they are odd under time reversal, de ne

)(2
def r _ . .q.
j (X) = i(Sx)=1¢q hji. (7:3:15)
r= =2

Consider the joint probability, with respect to the SRB statistics, of the

(p;au;:ii0n) = I!ilm 1Iog (P; ;i i on) (7:3:16)

then the same argument exposed above to prove theorem | implies (obvi-
ously)

Il Theorem: (extended uctuation theorem): The large deviations func-

( p; P )= (P on) phis (7:3:17)

4 A property used several times, when using the formula (7.2.1 ) for the SRB distribution
and now when saying that the ratios between the sines of the an gles above introduced
are uniformly bounded from below and from above.
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It is very interesting, as we shall see in the successive point (B), that the
last term in (7.3.17) does not depend on the variableg .

Remark: It is important to note that the uctuation theorem can also be
formulated in terms of properties of the not{discretized system,i.e. in terms
of the quantity (x) = (ix), divergence of the equations of the motion,
that we call rate of entropy creation per unit of time (instead of \per timi ng
event”). And possibly in terms of the other quantities j (x) = j (ix) odd
with respect to time reversal. The theorems are stated in the same way
provided we modify the de nitions of p;q by replacing the sums in (7.3.15)
and (7.3.6) as

V4 t=2 z t=2

¢=phis dt® (Siox) g =qhi. dt® ; (Swx)  (7:3:18)
t=2 t=2

The extension requires a detailed analysis¢.f.r. [Ge98].

The above uctuation theorems are remarkable because they can be consid-
ered laws of large deviationsin the probabilistic sense of the term (namely
they give a property of the probabilities of deviations away from the average
of a sum of random variables and such deviations have magnitude 2 or
2g : hence they haveordeb of magnitude much larger than the \normal
size" of uctuations i.e. ~, if por g are close to their typical value

1).

It is a result that can be accessible to experimental checks in many non-
trivial cases: indeed the experimental observation,c.f.r. [ECM93], of the
validity of the (7.3.8) in a special case has been the origin and the root
of the development of the chaotic hypothesis and of the derivation of the
above theorems. Successively is has been reproduced in several dierent
experiments, c.f.r. [BGG97], [BCL98].

One should be careful to understand properly the nature of the uctuation
theorem: it involves considering non trivial limits which cannot be light-
heartedly interchanged as discussions in the literature have amply shown,
[CG99].

The interest of the relations (7.3.8) and (7.3.17) is increased because it
has been noted that can they can be considered generalization to systems
outside equilibrium of Onsager's reciprocity relations,c.f.r. x1.1, and of the
Green{Kubo formulae for transport coe cients, c.f.r. [Ga96a].

(B) Onsager's reciprocity and the chaotic hypothesis.

We shall study a typical system of N particles subjected to internal and
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servative external forcesfF;g, j = 1;:::;N, of intensity measured by pa-
rametersfG;g, j = 1;:::;N. Furthermore the system will be subject also
to forcesf' .g, j = 1;:::;N, that have the role of absorbing the energy

—]
given to system by the nonconservative forces and, hence, of allowing the

attainment of a stationary state. Let . be the statistics of the motion of
an initial datum randomly chosen with a distribution ¢, with density with
respect to volume in phase space.

The equations of motion will have, therefore, the form

mgj = Ej; g[ = @ V(gj)+ F; (fGg) + '71, (7:3:19)

with m = mass of the particles: they will be supposed reversible for allG.
If O(f g, gg) is an observable and ifS; is the map that describes the evolu-
tion, the distribution , is de ned by

Z Z
T def

im % oS dt= O(y) «(dy)* roi. (7:3:20)

for all x 2 M except a set of zero g{volume on M.

We shall suppose also that the rate of entropy generation (x), c.f.r. (7.3.5),
which however we shall continue to denote (x) (but recall that it now
represents a rate of entropy generation per unit time and not per timing
event) has the form:

x3
(x) = GiJ2(x) + O(G?) (7:3:21)
i=1
an assumption that, in fact, only sets the restriction that in absence of not
conservative forces itis =0.

Following Onsager, one de nes thethermodynamic current associated with
the force G; asJ;(x) = @, (x). Onsager's relations concern thetransport
coe cients de ned by

Lij = @i h]j i+ G=0 (7:3:22)

and establish the symmetry of the matrix L.

We want to show that the uctuation theorem (7.3.8), (7.3.17) can be
considered an extension to nonzero value& of the external forces {ther-
modynamic forces") of the reciprocity relations.

This will be obtained by computing (p); (p;a;:::) for G small, up to
in nitesimals of order larger than O(jGj®) (and it will result that  (p) is an
in nitesimal of second order in G, so that in the computation in nitesimals
of the third order will be neglected). The expression obtained will be com-
pared with the uctuation theorem and the relations of Onsagerwill follow,
together with the formulae of Green{Kubo (also called at times uctuation
dissipation theorem) that imply them.
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Therefore we shall say that the uctuation theorem is a proper extension
to nonzero elds of Onsager's reciprocity relations, because indeed it is
valid without the conditions G = Q characteristic of the classical Onsager
relations and exactly (if one supposes the chaotic hypothesis): a property
that is also characteristic of Onsager's relations.

For simplicity we shall refer to the continuous time versionof the uctua-
tion theorem described in connection with equation (7.3.18.

The proof of the above statements is put in the appendix being of rather
technical nature.

(C) A uidodynamic application.

As an application we can consider the equation

u+t(u @)= @ (7:3:23)
e e

with u= " _ <o W% u =0, k u,=0;and with f() we denote
the truncation of the Fourier series of the function f to the modesk such
that < jkj < 2 . We can interpret this equation as an equation describing
the motion of a \single inertial shell* of Fourier modes in the Navier Stokes
equation in the sense 0i6.2x6.3. p

Let us suppose also that the energyE = L3 _ ikj< 2 ju,j? (conserved
by the dynamics of (7.3.23)) isE = C 273: j.e. is given by the energy
content, in the Kolmogorov distribution, of the shell of momenta in (; 2 ):
c.f.r. (6.2.8) with C correspondent to a given value of'.

We now ask which is the response of the system to the switching on of
of an in nitesimal force 9, acting on the modek, while the system is kept
at constant energy E by means of a force de ned by the Gauss' princi-
ple, i.e. assuming that the system is governed (in presence of forces) by an
equation:

ur(u @)= @ *u+g, (7:3:24)
e e =
with P _
1 Kk g& Qk
Kk JUk)

This equation is reversible and is forced by the external forceg. The
entropy production in this equation is zero if g = 0 and hence we are in the
situation of the point (B).

It follows that in this regime we shall have

LK? KO 0= @k,i hKO; Oi+jg:(l: LK0§ 0:k; (7326)
because from the (7.3.25) we see tha®, =

This also shows that if the conjecture ofx7.1 on the equivalence of the sta-
tistical ensembles could be interpreted in a \suitably wide" sense one could

2=febbraio= 2007; 19:36



460 x7.3: Fluctuation Theorem. Onsager's reciprocity. Intermi  ttency.

perhaps deduce reciprocity relations for Navier{Stokes uids in a regime of
developed turbulence,c.f.r. [Ga97]. And it appears even possible that such
relations could be experimentally checked both in real and numerical exper-
iments. But setting these predictions in a mathematically and physically
cleaner form, susceptible of checks, requires further analysis and ideas. |
shall try to expose them in the x7.4.

(D) Physical interpretation of the uctuation relations. O nsager{Machlup
uctuations. Entropy driven intermittency.

An important question is, naturally, \which is the physical interpretat ion"

of the uctuation theorem?

A simple extension of the theorem holds under the same hypotheses
(i.e. chaotic hypothesis and time reversibility). It can be regarded as an
extension of the Onsager{Machlup theory of uctuation patterns, [OM53].
Let F; G be observables that, for simplicity, we suppose odd under time
reversal, i.e. such that: F(ix) = F(x);G(ix) = G(x); and let h;k :

[ T=2;T=2]! R? be two real valued functions or \patterns".

We call h(t) = h( t), k(t) = k( t) the \time{reversed patterns' or

\ antipatterns" of the patterns h;k. If F(Sx) = h(t) fort 2 [ T=2;T=2] we

say that F follows the pattern h around the reference pointx in the time

interval [ T=2,T=2] e W+ . Then the following theorem can be proved in

the same way as the above theorems I, Il, see [Ga99c],

Theorem Il (extension of Onsager{Machlup uctuations theory):

The probabilities of the patternsh; k conditioned to a T{average dimension-
less entropy productionp, see (7.3.6), denoted F(S;) = h(t);t2 W p
and G(S;) = Kk(t);t2 Wy p respectively, verify

F(St)=ht);t2Wr p

=1 (7:3:27)
F(S)= h( t);t2Wr p
and (consequently)
F(S)=h();t2Wr p _ F(S)= h();t2Wr  p
G(St) = k(t);t2Wr p G(S)= k( t);t2Wr p

Hence relative probabilities of patterns observed in a timénterval of size T
and in presence of an average entropy productiop are the same as those of
the corresponding antipatterns in presence of the oppositaverage entropy
production rate.

Remark: an equivalent way to write (7.3.27) is

F(St)=h(t);t2W+;p = @ Phist

F(St)= h( t);t2Wr; p (7:3:28)
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expressing the same relation as (7.3.27) in terms of joint probabilitiesather
than probabilities conditined to the event that in the time interval it is
=hi,pT
t +

In other words it \su ces" to change the sign of the entropy production to
reverse the arrow of time. In a reversible system the quantity (p) measures
the degree of irreversibility of a motion observed to have the valuep of
dimensionless entropy creation rate during an observation time of siz& : if
we observe patterns over time intervals of sizel' then the fraction of such
intervals in which we shall see an entropy productionp rather than 1 (which
is the most probable value) will be proportional to

el (P @T (7:3:29)

This tells us that normally we shall see an entropy productionp = 1 but
occasionally, with a frequency in time proportional to

eh T (7:3:30)

an entropy production p = 1 will be seen,c.f.r. (7.3.8): and it will be
accompanied by very unexpected behavior of the time evolution of most
observables,c.f.r. (7.3.28).

This is an entropy driven intermittency phenomenon. \Intermittency"
seems to be a notion de ned on a case by case basis (we have met it in a
sense similar to the present inx4.3 and also in a somewhat di erent sense in
x6.2) and we interpret here as a the phenomenon of rare, randomly spaced,
interval of time during which some observables behave in avery di erent
way with respect to their average.

In applying the above analysis to a uid other di culties arise due to the
fact that we expect that h i, becomes very large when the forcing, hence the
Reynolds number, becomes large so that such strong uctuations become
practically unobservable.

However one can regard continua as composed by small macroscopic sys-
tems which are identi ed with volume elements of the continuum so that
one can imagine that each such small system is a system in a stationary
state transported around by the uid motion. Therefore by making local
observations on small volume elements we can imagine that uctuations are
more frequent there than in the whole uid and that in each volume element
the evolution takes place as a thermostatted evolution with chaotic uctu-
ations governed by a uctuation theorem in which the rate function v (p)
and the local entropy creation rate h i, are proportional to the volume un-
der observation y(p) = V (p) and h i, = V —, if pis the dimensionless
local entropy creation rate and —. is the entropy production rate per unit
volume. In other words we want think of the uid in a stationary state as
an ensemble of copies of small systems in the same conditions each of which
can be described as a system evolving in presence of a thermostat.
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It is dicult to get a more precise picture of the above situation and to
check it in concrete model. So far there are examples of systems in which a
local entropy creation rate p —.+ per unit volume and a local rate function
" (p) can be de ned and verify a local uctuation theorem in the sense that
the rate function per unit volume can be properly de ned and veri es

(P= (M P~ (7:3:31)
In such systems one has agdpatio{temporal intermittency in the sense that
the fraction of time intervals of size T in which we shall observep in a
given box of sizeVy will be e (P (M) VoT  This same quantity will be the
fraction of boxes in which we shall observe, within a given time intervalof
sizeT, entropy production p.

Normally we shall seep = 1 in a xed box Vy but \seldom" we shall
seep = 1 and then, by the above extension of the Onsager{Machlup
theory, everything will look wrong every improbable pattern will appear as
frequently as we would expect its (probable) antipattern to appear. This
will last only for a moment and then things will return normal for a very
long time (as the fractions of time in which this can happen in a given box
ise +VoT). Furthermore, xed a time interval of size T, we shall also see
intermittency, in the form of a reversed time arrow, happening somewhere
in a small volume Vj; in the volume V of the system, provided

VV e #VoTr 1 (7:3:32)
Hence, in such cases, there will be a simple relation between fraction of
volumes and fraction of times where time reversal occurs: namely they
are equal and directly measured bye +VoT | ie. by the average entropy
creation rate. And the situation looks more promising from an experimengl
viewpoint (on real uids) because we can imagine takingVy and T not too
large so that the uctuations will not be so rare to be unobservable and we
nd ourselves in a situation analogous to the one we meet when we try to
observe density uctuations in a rari ed gas. The latter can be seen only
in small volumes and intermittently in space: but the rate function that
controls the uctuations is proportional to the volume in which they are
observed. The above considerations are at the basis of attempts to intepret
certain experimental results, [CL98], [Ga00].

Appendix: Onsager reciprocity as a consequence of the uctuati on
theorem.

The computation of (p) for G small will be performed by means of a development in
series. As often in statistical mechanics it is useful to rs t compute the Laplace transform

of the probability distribution Z(p) =e M

e ()= e (P Dhiy (p)dp:

Z P (7:3:33)

=2 f
six)h i,
= d+(x)e =2 (ST 1)
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(where now is a continuous variable) and then deduce (p) via a suitable anti-
transform. Which is, as it is well known, the Legendre transf orm of the function

E=max ((p 1) (). o
Taking the logarithm of (7.3.33) and developing in series th e result one nds

_ 1 13 2
()_5 C2+§ Cz+ ::: (7:3:34)
where the coe cients C; are combinations of average values of products of (Si x) com-
puted at various values of j. In the limit 11 , and provided the integrals
Z,
C = h (St;) (St )i (Sy 1) OiT dtg::dt; 1 (7:3:35)

1

converge absolutely, if h::iT denote precisely the \suitable combinations of products”.

Such combinations are called cumulants of the distribution of () and for example (as
one veri es directly):

Z,

Co = (h (St) i+ h ()ixh ()is)dt (7:3:36)
1

The convergence of the integrals is a consequence of the chaotic hypothesis that implies
that the dynamical system ( M;S; ) is mixing and mixes with exponential velocity the
correlations between regular observables (as the  (x)).
Hence the computation to second order, for which the (7.3.36 ) suces, tells us that
()= % 2C, and hence, inverting the transform as said after (7.3.33), w e deduce an
expression for (p)
1hi2

— 2 33 ..
M= 5 D’+0(p 1°G) (7:3:37)

Comparing with the uctuation theorem ( i.e. ( p) (p) = ph i+ ) and imposing the
compatibility between the two relations we get

hiss= %Cz + O(G®) (7:3:38)

If we now develop the left hand side in series of G around G = 0 one nds, to second
order in G and abridging from now on @, with @:

1X
his = 5 GiGj[@@h i+]e=0 (7:3:39)
ij
But the quantity @@h i+ is the sum of three terms
Z Z
+(dx) @@ (x) + @@ +(dx) (x)+
hZ i (7:3:40)
+ @ (x) @ +(dx) +(it )

where the rst two terms obviously vanish if G = 0. The rst because if G = 0 the
distribution  + is invariant by time reversal (and coincides with the Liouvi lle distribution
o because =0)and is odd by time reversal; the second because =0if G =0.

Hence
@@h i+jc=0 = Q@hli+ + @h1li.) (7:3:41)

G=0
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Let us remark now that if G =0 itis @hji+ = @hJj°i+ , because J° and J are odd
with respect to i and dier by in nitesimals  O(G), by (7.3.21).
Hence since Lj aef @nji+, cfr. (7.3.22), one nds (by equating the coe cients of

second order in G of the two sides of the (7.3.37) and, to simplify the result, u sing the
fact that hJji+jg=0 =0)

Z,

1 1 -
E(Lij + Lji )= 5 hJ; (St )Jj ()i+jg=o dt (7:3:42)
1

which, setting i = j, shows us that the uctuation theorem (7.3.8) reduces, in th e limit
in which G ! 0 to the uctuation dissipation theorem  for a single current (i.e. to the
simple Green{Kubo formula).

To see that the uctuation theorem implies more generally th e Onsager's reciprocity
relations and the general uctuation dissipation theorem,  always in the limit G =0, itis
necessary to make use of its more general formulation in (7.3 .17).

One chooses, xed j, as observable 1(x) (x) the magnitude (x) = Gj @ (x) that
is \odd" in the sense discussed in connection with (7.3.18), and one denes qu g as

Z .5,

(Stx)dt= Gjh@ i+g= hi.q (7:3:43)
=2

and proceeding as in the already seen case, one computes (p;q) by computing rst the
Laplace transform

z
e (1:2) =  ga1(p Dhiv+(a Dhiy (P:9) dpdg (7:3:44)

always with the method of the cumulants and neglecting the third order in  G. The
(p; q) is then computed by means of a Legendre transform (as after t he (7.3.33)) on two
variables 1; 2.
Comparing the result with the uctuation theorem one obtain s, after elementary com-
putations, analogous to those already described, the relat ion

hG; @ i+ = %012 + 0(G®) (7:3:45)

analogous to (7.3.38). And this relation, now asymmetric because j plays a special role
having been xed a priori , combined with (7.3.38) is translated into  Lj = Lj , essentially
by repeating the observations that led to the (7.3.42), c.f.r. [Ga96a], and, at the same
time, into the Green{Kubo relation

Z 1
1 -
Lj = > h3i (St )Jj ()i+jg=0 dt (7:3:46)
1

which is a stronger nonsymmetric version of the simpler (7.3.42).

The reversibility assumption used to link the Onsager relat ions and the uctuation
theorem is supposed for all G near O, However Onsager reciprocity holds more generally
under the only assumption of reversibility at G =0 A derivation of the reciprocity solely
based upon the latter assumption and on the chaotic hypothes is is possible as well, see
[GRI7].
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Bibliography : [An82],[GC95a],[GC95b][BGG97],[Ga95a],[Ga97], [Ga99a]
[Gr97]. The connection between uctuation theorem and Green{Kubo for-
mulae has been observed empirically in the experiments in [BGG97] where
it was correctly interpreted by one of the authors (P.G.) and from it the
theory of Onsager's relations of this section started.

X7.4 The structure of the attractor for the Navier{Stokes equa-
tions. Dissipative Euler Equations. Barometric formula.

To conclude this work we turn to an attempt at a further understanding
of Kolmogorov's theory and to the description of further properties of what
we shall call the Navier{Stokes attractor, meaning with this elocution the
statistical properties of the invariant distribution associated with the NS
evolution under constant forcing and giving its statistics.

(A) Reversible and irreversible equations for a real uid.

We shall consider the following four equations

utu @= ‘@+g+ u @u=0 NS
e e -
u+u @= }@+g+ u; @u=0 GNS (7:41)
e e -
u+u @-= }@Hg u; @u=0 ED
e e -
u+u @= }@+g u; @u=0 GED
e e -

that describe an incompressible uid in a region that will be a tridi-
mensional torus, possibly deprived of some circular regionsopstacle$. For
simplicity it will be convenient to suppose that the obstacles, if present,
are such that by repeating them periodically in space they would \occult"
in nity ( i.e. there is no straight line that can be drawn in space without
intersecting the lattice formed by the obstacles and their copies).

On the boundary of the obstacles we shall putslip boundary conditions
i.,e. u n=0if nis the normal to the obstacles.

The rst equation is the NS equation with viscosity . The second equation
is the Gaussian Navier{Stokes equation, or GNS equation, introduced in
x7.1% As seen inx7.1 this means that is, (7.1.4)

R @g!+! (I @) dx
R e e
(@ 1)2dx

(u)= (7:4:2)

R
1 The symbol for the multiplier necessary to x the total vorti city L 3= 1 2 dx, with
1 = @" u, is here changed into , c.fr. (7.1.3).
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The third equation, c.f.r. x6.2 (D), will be called dissipative Euler equation
or ED: and it represents a nonviscous ideal uid that ows on a \sticky
bottom™: think to the case d = 2 in which the uid ows on a real surface
(i.e. a\rough" surface). The constant can be calledsticky viscosity, c.f.r.
x6.2. In the cased = 3, that here interests us, this equation does not seems
to be a good model for a real uid and it will be considered initially only
for the purpose of comparison with the Navier{Stokes equation. But it will
result, from the discussion, that the connection between the four equations
is in reality very strict and they are in a certain senseequivalent

The fourth equation will be called Gaussian{dissipative Euler equation or
GED, ang here is a multiplier de ned so that the total kinetic energy
"L3= 5 u? dx is a constant of motionin spite of the action of the forceg;
this means that is given by

R
g udx
(u) = RW (7:4:3)
A similar equation but with a di erent constraint has been considered in
[SJ93]: the constraint considered there is that the energy content per unit
volume and in every shell of momentum, in the sense o&the(6.2, is pre-

xed and equal to value predicted from the theory K4(i.e. kkn" K (k)dk /

( )3k, 22, cfir. (6.2.12), ifky =2"Ko = 2" 2 =L ). A reversible equation
with variable reversible friction appeared earlier in [Ge86], see the review
[MKOQ].

Both the equations GED and the GNS have a symmetry inu, that makes
them reversiblein the sense that if S; is the ow that solves the equations
(sothatt! S;u= u(t) is the solution with initial datum u), then the map
itu! u anticommutes with the time evolution

iS’[ =S ti (744)

In absence of results on existence and uniqueness for the equations (7.4.1) we
shall consider only the truncated equations with momentum cut{o K, c.f.r.
x2.2,x3.2 and x6.2, so large that it will be possible to suppose heuristically
that the solutions of the truncated equations can be a good model for the
motion.

The truncation will be performed on a convenient orthonormal base in the
space of the zero divergence eldsi: we shall consider natural, on account
of the simple boundary conditions chosen, to use the base generated by
the minimax prigciple, c.f.r. problems of the x2.2, applied to the Dirichlet
quadratic form  (@u)?dx de ned on the space of the divergenceless elds

u2C!()and tangeent to the boundaries of the obstacles: u n=0on @
and@u=0in .

The elds of the base will then verify, c.fr. x2.2, u; = Eju +@ , with
u;; j 2 Chif ; is a suitable multiplier and E; are eigenvalues.
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I:For example in the case of a container with no obstacleslet u =
eo €<% be the representation of _ as Fourier series, with =

k k. — k
and k e 0; here the \momentum" k has components that are integer

multiples of the \lowest" momentum k, = 2 =L . Then we consider the
equation X
R I (.,

k), tg, (7:4:5)

Kitko=k -

in which the k takes only values 0< jkj < K for some suitably largecut{o
momentumK > 0 and | is the projection on the plane orthogonal tok.

This is an equation that de nes a \truncation at scale K" of the equations
(7.4.1) if

#k)= k?2 NS case #(k) = ED case (7:4:6)
#k)= k2 GNS case #(K) = GED case ‘'

We shall suppose, in this case with no obstacles, that the mod& = Q is
absent,i.e. =0 this is possible if, as we shall suppose, the external force

g does not have a component on the Fourier mode ,((i.e. it has average
zero).
In the no obstacles case it is also easy to express the coe cients  for
the truncated equations
P ~
B<kJ<K 9& _k

2
0<k j<K —k
P

2
k607K gk —k

= o+ . = —
l KK‘l]iKJZ

(3] e

(7:4:7)

P

2
| K1+52+K3:E§LK3(7£1 Kz)(sz 7&)

L K02

where thek takes only the values 0< jkj < K , with a cut{o at momentum
K> 0.

The cases in which the region contains obstacles is very similar, even
though we cannot write simple expressions for the elds of the base nor for
the truncated equations, that are formally very close to the (7.4.5), c.f.r.
x2.2, so much that for brevity we shall always refer to (7.4.5) (7.4.7) evenin
the cases in which we shall consider other boundary conditions (obviously in
such cases we shall have to think that in realit)bthe equations are somewhat
di erent, for example the jkj will be in reality = E; etc, but the di erences
will never be important except when explicitly mentioned).

Let us denote with S™ u;S,9"™ u;S,/* u;S,%*" u the solutions of the
equations (7.4.5), or of the corresponding ones in the cases with obstacles,
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corresponding to a given initial datum u. Or in general

Stur =(ins);(5gns); (ed); (ged) (7:4:8)

The label species the model that we gonsider among the four models

= ns;gns;ed;ged is the total vorigity (@ u)?dx, constant in the GNS
evolution, and " is the total energy  u?dx, constant in the ED evolution.
Note that, in general, the \phase space" is not the same for the various
models, because in some of them (GNS and GED) the velocity elds are
subjected to constraints.

Keeping the nonconservative forceg constant, we shall suppose that for
every equation, i.e. for every choice of the label , (7.4.8), there is only one
stationary distribution that describes the statistics of a given initial u,
chosen with a distribution  endowed with density on phase space: note
that, being K < 1 , phase space has nite dimension.

The value of K will be xed in the case NS setting K = k , c.f.r. eq.

(6.2.9) and (D) in x6.2; in the case GNS one shall choodé = K ! so large

. d .
that the average valueh i gns ' - becomes independent oK (we suppose

that this is possible) and then we shall choose&K = max(k-;K1).?2 In the

cases ED and GED we shall make analogous choiceskf, always under the
hypothesis that at ;g xed there exists a value of K such that the time

averages of the observable become \e ectively" K {independent.

What follows however does notdepend on the choice made orK : hence
one could also avoid presupposing this \ultraviolet" stability hypothesis

with respect to the values ofK (that could easily appear unreasonable) and
it will be enough that one only supposed thatK is \large".

We assume existence of the statistics: which means that, given an observ-
able F on phase spacd- (of the velocity elds with cut{o to momentum

K)), for some probability distribution it is
Z . z
. 1 def , .
im =  F(S, )dt=  F(9 (d9=HFi (7:4:9)
T T — F — —

for all choices of except for a set of volume zero (with respect to the volume
measure on phase space). The latter will be called th&RB distribution for
the equations (7.4.5),(7.4.6).

A particular role will be plaid, as we can imagine from the analysis of the
X7.1,x7.2,x7.3, by the h'i ;H'i and by the averagesh i ;h i . Together,
obviously, with the rate of entropy production () de ned, in agreement
with what was said at x7.3, by the divergenceof the r.h.s. of the truncated
equations and of its averageh i (c.f.r. x7.1 where this quantity has been
denoted (x)).

Considering explicitly the case with no obstacles let

2 The discussion that follows hints that K1 k-.
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Dk the number of modesk with 0 < jkj < K : so that the number of
(independent) componentsf |, gis 2Dk (note that _, has two independent

complex components for eactk but | = — ).

2Dk = iU<Kp2K2 (that in the cage withiobstacles would become the
quantity 2 Dg = p§<|< E;j)).

One nds that the phase space contraction per unit time is given by

=2 Dk =(;ns)
2Dk e =(:gns) (7:4:10)
=2Dg =(;ed)
=2Dk = (", ged)
where |; , are suitably de ned. For example in the case without obsta-
cles:
P P P
hkz 9« &Kz 9 kkﬁlfi
e = e P (7:4:112)
kK kK02

hence ' 2Dk for =(;gns)and ' 2Dy for =(";ged).

With these de nitions ( c.f.r. x7.1) the following conjecture has been pro-
posed that I will call the conjecture of statistical equivalenceof the GNS and
the NS dynamics

Conjecture  (equivalence betwee NS and GNS): The statistics .ns and

.gns Of the NS equation and, respectively, of the GNS equation aquiva-
lent in the limit in which the Reynolds numberR tends to in nity provided
the parameters and are related so that thath i ns = h i gns (Or, equiv-
alently, =hi gns).

Equivalent means that the ratios between average values of the same \local
observables" with respect to the two distributions tend to 1 asR ! 1

By local observablewe mean an observable that depends on the eldu
only through the components of scale contained between two xed values in
the inertial domain: i.e. only through the components of the eld _, with
\'scal¢' jkj such that k; < jkj <k, with ky kgandk, < 1 : the \Iocﬁlity"

is therefore understood in the \space of momenta”; the Reynolds number
is de ned here asR = 1¥3L4 1 c.fr. comments to the (6.2.9). In the
case of nonperiodic boundary conditbons thescaleof a component ; of the
eld will be determined by the value = E; of the correspondent eigenvector

u.

And an analogous equivalence conjecture between statistics can be formu-
lated for the equations ED and GED

2=febbraio= 2007; 19:36



470 x7.4: Navier{Stokes attractor.

Conjecture (equivalence between ED and GED): The statistiCs .eq ; "ged
of the equations ED and of the equations GED arequivalent in the limit of
large Reynolds numberprovided the parameters” and are related so that
hied =hingeq (OF = hingeq).

Anyone who has some familiarity with statistical mechanics will recognize
in the just stated conjectures a strong analogy with the corresponding state-
ments on the equivalence between statistical ensembles,f.r. [Ga95c]: with
the limit R!1 that plays the role of the thermodynamic limit.

The idea of the possibility of describing in terms of statistical ensembles
the statistical properties of systems outside equilibrium has gradually de-
veloped in the recent literature and the idea of the possibility of equivalent
descriptions in terms of di erent statistical ensembles emerged at the same
time, c.f.r. [Ge86], [ES93], [SJ93], [Ga95h],[Gag6], [MKOO].

On a heuristic basis the conjectures would be justi edif the rate of entropy
creation would reach its average value on a time scale whicls irapid with
respect to the time scales characteristic of hydrodynamicsThe coe cients

" (2Dk) ' ,and ' (2Dk) !, (7.4.10), could then be identi ed
with their average valuesh iwghe Or h i gns and hence identi ed with the
viscosity constant or

In this way the GNS and NS equations would be equivalent and both would
be macroscopic manifestations of two equivalent microscopic mechanisms of
dissipation. One esplicitly speci ed by the Gaussian constraint of constant
total vorticity (and hence total dissipation, by the proportionality betw een
the two quantities), the other one with a priori uctuating dissipation but
that can be phenomenologically modeled by means of a constant viscosity.

The same can be said of the relation between the equations ED and GED.

We now look at the problem of understanding how to extract from the con-
jectures just discussed some consequence observable in experiments. This
will be possible by combining what said above with the chaotic hypothes
of the previous sections.

(B) Axiom C and the pairing rule.

Unfortunately it will be still necessary to propose assumptions that it will
not be possible to justfy other than by possibly checking some of their con-
sequences. Nevertheless since this is the conclusive section of a \foundations
of uid mechanics" | feel that it will be permitted to discuss them, also be-
cause a discussion somewhat out of balance in a really heuristic direction
can be stimulating.

What follows has, therefore, to be seen as a collection of ideas that devel-
oped naturally while meditating on the many works consulted to accomplish
the task that | undertook several years ago,i.e. of presenting to the stu-
dents of my course of uid mechanics a guided introduction to a very vast
eld of research.
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The main di culty for the application of the uctuation theorem to the
GNS or GED equations, in spite of their reversibility, is that they are sys-
tems far out of equilibrium hence we cannot imagine that the attractive
set be the whole phase space: typically we expect indeed that the attractor
has nite Hausdor dimension (and there exist several arguments in favor of
this idea), while the full phase space has priori in nite dimension, [FP67],
[Ru82], [Li84]), [Ru8d4].

Then the chaotic hypothesis tells us that \things proceed as if" the at-
tractor was a smooth, nite dimensional, surface on which dynamics is well
modeled by an evolutionS that is hyperbolic.

If furthermore we suppose that the dynamics veri es the axiom C, the
reversibility of the GED or GNS equations will imply the existence, c.f.r.
x7.2, of a time reversal mapi that leaves invariant the attracting set

Hence the uctuation theorem will hold, c.f.r. x7.3. But obviously the
contraction of phase space that enters in its formulationnot will be  because
the latter is the contraction (x) of the total volume and not the contraction

o(x) of the volume element on the surface of the attracting set.

Of courseone cannot hope to characterizén a simple way the attracting
set for the purpose of computing its element of surface. A theory that made
reference to the \equations of the attracting set" would risk strongly to
remain totally inapplicable (see, nevertheless, the case of the GOY model
ofx6.3 in which equations of the attracting set can be proposed and used,
c.f.r. (6.3.22)).

Help comes from a property whose validity has been slowly changing from
a \curiosity" to \interesting but exceptional" to \interesting and often ver-
ied". Itis a remarkable property of the Lyapunov exponents of chaotic
systems related in some way to Hamiltonian systems a icted by dissipaive
phenomena.

It has been noted, starting with the work of Dressler, [Dr88], that in certain
Hamiltonian systems with ~ degrees of freedom and subject to particular
forms of friction the Lyapunov exponents, arranged as

+ + . +

1 et 1 1 2

in decreasing order and adding a superscript to distinguish the ones with
the same subscript, are such that

%( [+ ;)= constant  for eachj (7:4:12)

In fact this property is even true, at least in the rst examples in which it was
found and if the metric that is used is suitably chosen, for the eigenvalues of
the matrices oflocal expansion and contraction i.e. also without considering
the limit that appears in the de nition of Lyapunov exponents; in such case
the constant depends on the phase space point where the expansions and
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contractions are computed. To be precise we de ne here what we mean
by local Lyapunov exponentover a time : they are the eigenvalues of the
matrix (J7(x)J (x))¥? with J (x) being the Jacobian matrix of the map
S as a map betweenS =2x and S =2x ( even).

The value of the constant in (7.4.12) is (obviously) the average value fothe
phase space contraction. For an illustration of a numerical check of the rule
(in a case it can be proved to be rigorously valid see Fig. (7.4.1)).

The breakthrough on the above \pairing rule" has been due to an experi-
mental discovery, [ECM90]: an actual mathematical proof came only later:
this is just one example of a property that is mathematically important and
yet relatively \easy" to prove but which has been missed by mathemati-
cians. For an illustration of a numerical check of the rule (in a case in whih
it can be proved to be rigorously valid) see Fig. (7.4.1).

Recently the pairing rule (7.4.12), [DM97], has been shown valid,n the
local version, for rather wide classes of systems (calledsokinetic) subject
to Gaussian dissipative constraints in which forcing takes place through lhe
action of locally conservative external forces (but not globally conservative,
like an electromotive electric eld). A typical example being a system of
particles subject to the Gaussian constraint of keeping total kinetic energy
constant and to a force that tends to establish a current of matter in a (not
simply connected) container. An important extension is in [WL98].
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Fig. (7.4.1) The 38 Lyapunov exponents for a model of electrical conduction, in  a
very large electromotive eld; the model has 19 degrees of freedom and is governed by
isokinetic equations. The small gure is an enlargement of t he tail of large one and
it shows the pairing rule and the fact that at such eld the  19{th exponent is slightly
negative and hence the attracting set has dimension lower than that of the phase space.

From [BGG97].

The interest of a dissipative reversible system for which the pairing rule
holds in a local sense lies in the fact that it seems possible to establish far i
in a natural way a relation between the contraction, ¢(x), around x of the
surface element of the attracting set and that, (x), of the volume element
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with full dimension.

Indeed, following the analysis in [BGG97], if N is the dimension of the
phase space and 2{ M) that of the attracting set (assumed smooth) it
will be that the contraction of the phase space around points located on the
surface of the attracting setA is (x) = o(X)+ - (X) where ¢ is the rate
of contraction \on" the attracting set and , that on the part of the stable
manifold of the point x which is a manifold that partly \sticks out of A",
c.f.r. footnote % in 7.2.

This can be interpreted by thinking that the tangent space in x consists of
2(N M) directions, N M of which expansive andN M contracting, all
tangent to A and in 2M directions all contracting that instead concern the
part of stable manifold that sticks out of the attracting set; furthermore, it
appears natural that the pairs of exponents are divided intoN M pairs
relative to the 2(N M) directions tangent to A and in the 2M remaining
ones.

The above is not the only possibility, but it is certainly thesimplest And
if it is veri ed then we deduce immediately, assuming the local pairing rule
(i.e. (7.4.12) with an x{dependent constant) that

N M

o(X) = (x) (7:4:13)

i.e. there is proportionality between the the total contraction (x) of phase
space and that, ¢(x), of the element of surface on the attracting set

Since (x) is directly accessible, or at least more directly accessible, than
the individual Lyapunov exponents we realize the great potential of the
pairing rule. For example combined with time reversibility, axiom C and
the uctuation theorem of the x7.3 it tells us that, c.f.r. (7.3.8):

® (P=@ Sni.p (7:4:14)

where (p) is de ned by (7.3.7) in terms of the total contraction (given by

) of phase space.

Eq. (7.4.14) gives the result, perhaps surprising at rst sight, that the slope
ofthe (p) ( p) as a function of p diminishes by 1 % if the dimension
of the attractor diminishes, i.e. if the viscous phenomena increase. This
result, although still not accurately checked by any experiment, seems at
least consistent with the results of the experiments inx6 of [BGG97] (that
have inspired it) and with a few others that followed.

What has all this to do with (7.4.1)? First of all if the forcing eld gis
locally conservative (possible only if the container has holes!} one must

3 Because it is not possible to de ne on a torus a vector eld g with zero average lo-
cally conservative and not globally such (hence that cannot  be trivially absorbed in the
pressure term of the equation): in order that such a eld exis ts it is necessary that
there be holes, i.e. that the regions that the uid can occupy be not simply connec ted
(e.g. periodic).
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remark that, c.f.r. [Ga96], the systems ED and GED arenaturally among
the cases in which the pairing rule has been proved. The rstis a particular
case of the theorem in [Dr88] while the second is a particular case of the
theorem in [DM97].

The key observation is that the Euler equations can be thought of asalf
of the equations that describe the motion of the uid: the other half of
the equations describes the eld of the displacements (x) of the points of
the incompressible uid with respect to the positions that they have in a
reference con guration

=x) = u(_(x)); Q(X)+lEJIE e@: }@O(X) (7:4:15)

as it was discussed in detail tox1.7, point (E), (1.7.29).

Having made this observation it is easy to realize that, at least formaly, the
ED equations are just equations obtained by imposing an external locally
conservative force and a friction proportional to the velocity. While the
GED case, correspond to impgsing the same external force and an isokinetic
constraint, i.e. the constraint u2dx = constant, by means of the Gauss'
principle.

Hence we get the formal validity of the pairing rule for the equations
(7.4.15) in a phase space with a double number of dimensionsn which
the displacements_(x) with respect to a reference con guration are also de-
scribed, see [Ga96] for the details. Naturally the Lyapunov exponents of the
GED equation will not verify the pairing rule because several of the pairs
will consist in pairs of exponents of which one is relative to the GED and
the other is relative to the additional degrees of freedom \of displacement”.

But an attentive examination of the pairing rules proofs, see [DM97],
[WL98], in the cases in which they are known to hold, induce to think that,
in spite of the many examples, the pairing ruleis not generaland conclusive
numerical evidence has been provided in [BCP98]. For example iloes not
seems reasonabl¢hat it holds in the case of the GNS equation Hence to
be able to obtain informations, relevant for real uids, from the uctuation
theorem it is necessary, besides assuming the validity of the axiom C, some
extension of the pairing rule that allows usto establish a relation between
the contraction rate  of the whole phase space and thaty of the surface
of the attracting set

The discussion in [Ga96] proposes indeetd de ne in the case of the GNS
equation the numbersg; as

S ”
G = Tt (7:4:16)

whereh i, is the average of , see (7.4.1), with respect to the distribution
.gns . Here the exponents )j are the ones of the GNS equatiorcoupled
with the displacement equation —= u(_(x)).
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In the case NS one must instead de nec; by means of the (7.4.16) with
that replaces h i, . And the paper [Ga97] proposes, then, the following
generalization of the pairing rule

The local Lyapunov exponents verify (7.4.16) in the averagand the aver-
age value is reached very rapidly for Reynolds numbeR large. So that one
can consider (7.4.16) as locally true: hence one can repeathé argument
that links the contraction of phase space to the contractiorof the surface of
the attracting set.

The volume contraction in the phase space of the equations in question
is the same whether one considers the equations just as equations only for
the velocity elds or also for the elds of velocity u and of displacement_.
This is due to the \triangular" structure of the Jacobian matrix due to the
fact that the displacements equationj\- (x) = u(_(x)) decouples from the
equation of the velocity eld, c.f.r. (7.4.15). We deduce that the uctuations
of the total contraction (x) of phase space veries a uctuation theorem
and the quantity (p) ( p)is linearin p.

The coe cient of proportionality is measurable from the statistics of the
solutions of the equations for the eld u and has valuePh i, inthe cases of
the GED equations and Ph i, in the case of the GNS equations wheré®
is the number of pairs of Lyapunov exponents with an glemeng 0 and one

5 0 divided by the total number of pairs, while P is ; g= ¢ where

j runs over the onlyj which corresponds to a pair of Lyapunov exponents
of opposite sign.

On the basis of the equivalence conjectures we could hope to translate some
predictions on the equations GNS or GED, immediately, into predictions for
the equations NS and ED, respectively. De ning for ED via the equations
(7.4.7) and via the corresponding fourth of (7.4.10) we could expect that
the uctuations of  verify a uctuation relation with slope P

Likewise in the NS case we would expect that, de ning via (7.4.7) and
via the second of (7.4.10), then veries a uctuation theorem with slope
P . This, of course, when the conditions of equivalence of the ngectures
at point (A) are veri ed.

What said may however be doubted because of the fact that the uctua-
tion theorem deals with the quantity , divergence of the equations of the
motion, that is a \nonlocal" quantity in the space of the momenta (in the
sense above indicated): rather it is global. In statistical mechanics the anal-
ogous observables are nonlocal observables that are, often, observables that
have di erent distributions even in statistically equivalent ensembleghink
to the total energy in the canonical ensemble and in the microcanonical
ensemble).

Perhaps the mentioned relation is reasonably valid only if applied to the
guantity de ned as but replacing the integrals on in (7.4.2) and
(7.4.3) with integrals on a small volume internal to the uid: unfortu-
nately a satisfactory analysis of this idea,c.f.r. [Ga96], [Ga00], is lacking
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although it is desirable, since it could lead to \very stringent" predictions
that could even conceivably be experimentally checkable, [Ga00].

We address now the problem of showing that there exists a strict relation
between the four equations (7.4.1). Developing an idea already in [Ga97].

(C) Relation between the NS and ED equations: the barometriformula.

Meditating on the ED or GED equations and on the NS or GNS equations
one is led to think that the relation between them may be similar to the
relation that one nds in statistical mechanics between the equilibrium dis-
tribution of a gas at di erent heights when the gas is in the eld of gravity.

Locally a gas in a eld appears simply as a homogeneous gas in equilibrium,
but globally (on a length scale H on which the external potential changes
substantially: i.e. mgH 1, if is the inverse temperature andm the
mass of the particles) one shall see that the pressure and the density are not
constant. To describe their variations one arrives at the so calledarometric
formula, c.f.r. [MP72].

Likewise we can expect that the stationary states of the ED (or equivalently
of the GED) are also\locally (in momentum space)" equivalent to stationary
states for the NS or GNS: in the sense that if we consider observables that
depend on the velocity eld componentsu, with modesk on a certain scale
iKj then we should essentially see no dierence at all provided the
amount of energy present in this shell (that depends on some parameters
related to the initial data that generate the stationary states for the two
equations) is arranged to be the same.

The exact relation that determines  will be called barometric formula:
and it should not be di cult to determine the barometric formula on the
basis of considerations of dimensional nature. Note that herelbcality" has
to be understood, as in (A),(B) in the space of the momenta rather that in
that of the coordinates

The determination of the barometric formula consists, essentially, in the
development of a theory analogous to that of Kolmogorov K41 for the equa-
tions ED, c.f.r. [Ga96].

One can try to develop such theory in the case of a container without
obstacles and on the basis of some hypothesis that at the moment seems
reasonable to me. By changing the hypothesis the result could change in its
analytic form but the fundamental idea on which the derivation that follows
is based is independent of the details of the theory proposed as analogous
to the theory K41.

We shall suppose, just to be concrete, as \reasonable” that in the case of
the ED equations the stationary distribution equipartitions energy between
the modes, i.e. hj ,j%i = 2 for all the k in the \inertial domain" L *

jki k wherek is the scale where the ultraviolet cut{o , necessary for
giving a mathematical meaning to the equations, is performedc.f.r. x6.2
(D). Hence 2(k L)3= " will be the total energy.

2=febbraio= 2007; 19:36



x7.4: Navier{Stokes attractor. 477

For purpose of comparison with (D) in x6.2 we note that the quantity there
called" corresponds to  here.
In this case the distribution of energy (i.e. the amount K (k)dk of energy

per unit volume and betweenk and k + dk) is K (k) = %E—; for k <k :

very di erent from the law k 572 of Kolmogorov. It is rather analogous to
the law of Rayleigh{Jeans of the black body,c.f.r. [Ga92].

In the theory K41 a key role is plaid by the quantity v® that is identical
to for all values kg k . Therefore let us compute the value of
v3 in our case. We nd

n3=2)
Tk
(7:4:17)

V(L)) (kL)® 2 T 1=

yii=2 =

" = (c

and we see that the quantity v3 depends on in the ED case.

Given the SRB statistics for the ED equations in a stationary state with
total energy " attributes to this quantity the same value that it has in the
SRB statistics for the NS equations in a stationary state with total vorticity

if

TR

provided (naturally) is smaller than the \Kolmogorov scales"k ;k .

1= (7:4:18)

The \barometric formula" is then the statement of equivalerce between NS
and ED on the scale , i.e. if we only look to the properties of the velocity
eld that depend on D for % < jkj< ,if (7.4.18) holds and k ;k .
If we look on a dierent scale °= 2" for somen (large) then we can
expect equivalence between ED or (GED) and NS (or GNS)but the pairs
" will have now to be such that the equation (7.4.18) holds on the new
scale.

The analogy with the usual barometric formula for the distribution of
Boltzmann{Gibbs in the eld of gravity justies the name given to the
(7.4.18). We see that  play the role of the gravity, " that of the chemi-
cal potential while =k that of the height.

The barometric formula is only an example of the consequences that we
can draw from the equivalence conjectures between the stationary states
for various equations that describe the dynamics of a given systemlt is
interesting also because it gives us the possibility of obtang the statistics of
the NS equation on a given scale by simulating a di erent simier equation
(as it is an equation in which no second derivatives appear).

The above analysis seems well in agreement with the spirit of the analy-
sis in [SJ93] that rst proposed, in a dierent context and with di erent
perspectives, a vision that has strong similarity with that discussed here.

Nevertheless in order that the above be accepted as a correct, although phe-
nomenological, analysis it is necessary to determine also the constatt :
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as is explained inx6.2 (D), we cannot determine it without a much more
detailed theory of the equations ED; the multiplicative constant (i.e. k ) in
(7.4.18) cannot be determined and \only" the exponent 1£2 in the baro-
metric formula is heuristically established.

Problems.

[7.4.1] (Gauss' principle applied to uids ) Equations derived on the basis of the Gauss
principle depend on the e ort function E(a) of the accelerations that one wants to mini-

mize. The choice E(a) = ((f ma)=m)? that was used in the problems of x7.1 was just
an example. In systems with in nitely many degrees of freedo m this ambiguity becomes
even more obvious. For instance we could minimize condition ing to a xed total energy

(and to incompressibility) the \e ort" Ei(a) aef (a+@ f)(a+ @ f) or subject
to the same constraint, Ex(a;s) aef (a+@ f)() la+ @ f) . Check that, in
toroidal geometry ( i.e. periodic bo&ndary conditions), imposing  E;(a) on divergenceless
elds u with the constraint ' oo (u)? dx, leads to the GED equations while imposing
E, leads to equations that look like the incompressible NS equa tions. In the latter case
the equations obtained are not the GNS equations of x7.1, or (7.4.1), (7.4.2): they coin-
cide with the second of (7.4.1) but the multiplier is di erent. Compute in the latter
case. (dea: has to be such that energy rather than dissipation stays exac tly constant
in time.)

[7.4.2] Check that, in toroidal geometry, the GNS equations in (7.4. 1), (7.4.2) can be
obtained by applying the Gauss principle with e ort Ei(a) def (a+@ f)(a+@ 1)
and constraint ' ot (@)2dx = const on the divergenceless elds u. (Idea: Note that

e

"= u udx)

Bibliography: [Ga96], [SJ93], [Ga95b],[Ga95]. The importance of the
pairing rule in the isokinetic cases for the purpose of the application of the
uctuation theorem has been noted in the course of the work of interpreta-
tion of the experimental results in [BGG97] by one of the authors (F.B.).
The uid equation with constrained constant energy with e ort function

E; (a) has been considered in [BPV98] with the purpose of checking the con-
jecture of equivalence ofx7.4. The numerical experiment is performed on
the GOY model, rather than on the NS equation, and the results seems to
indicate that the equation with constrained energy and with e ort given by
the analogue ofE; in problem [7.4.1] gives results in agreement with the
conjecture. This seems to benot so for the equation with constraint of
constant dissipation (i.e. the analogue of the GNS equation for the GOY
model); it is in this work that the the e ort function E; was introduced thus
extending the conjectures. Experiments on 2{dimensional NS with all the
above constraints, and more, have been performed in [RS99] with results
that seem always compatible with the conjectures: however the latter ex-
periments are performed with rather severe truncations of the NS equations
so that they may not be testing the conjectures at really large Reynolds
numbers.
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