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CHAPTER 1l

Empirical algorithms.

x2.1 Incompressible Euler and Navier{Stokes uidodynamics.
First empirical solutions algorithms. Auxiliary friction and he at
equation comparison methods.

(A) Euler equation

Imagine an incompressible Euler uid in a xed volume with a ( C! ){
regular boundary. The equations describing it are

(1) ©@u=0; in
(2) @u+u @-= '@ g in
e e B (2:1:2)
3 un=0; in @
(4 u(;0)  u(); t=0

where n denotes the external normal to @ and the \ boundary condition’
(3) expresses the condition that the uid \glides" (without friction) on the
boundary of .

Given a t{independent external eld g( ) 2 C! () the problem of uido-
dynamics with xed walls is: B

(1) Given ug 2 C* ()with @ u, =0, u, n=0o0n @, is there a solution

t! u(;t), p(;t)of (2.1.1) valid for small enough times and with u and p
of classC! or, at least, with continuous derivatives?

(2) Are there solutions global in time?

(3) Are such solutions unique?

(4) Under which assumptions ong and u, can one nd uniform estimates
as a function of time on the derivatives ofu and p?

Obviously it would be desirable to have a positive answer to (2), (3) whié
(4) would have importance in view of a consistency check with the physics
supposedly described by the equations, which wetress that have been de-
duced under the hypothesis that velocity gradients stay sriia
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84 x2.1 Empirical algorithms

In this section we shall look for a heuristic and constructive algorithm
for the existence of the solutions. Givenu,( ) we can imagine computing
u( ;t), for t very small, as

u(;t) = up( )+ u(; o)t (2:1:2)

However to compute u( ; 0) we need to knowp. The pressurep can be
computed from (2) in (2.1.1); indeed the divergence of (2), and equation (3)
in (2.1.1), give

@@Uu @)+ @g= p in
e e

) (2:1:3)

@p= [(u @Qu]l n+ g n in @

e e

which shows that py is determined up to a constant; note that the inhomo-
geneous Neumann problem in (2.1.3) satis es automatically the well known
compatibility condition imposing that the integral on the boundary of @p
be equal to the volume integral of the datum of the problem {.e. the l.h.s.
of the rst of (2.1.3)), because of the integration theorem of Stokes.
Inserting the function pg so computed into (2) in (2.1.1) att = 0, we
see that we can computeu( ; 0) and that, by construction, @ u( ; 0) =
0. Therefore it makes sense to de ne (2.1.2) and, in fact, we just found
an approximation algorithm which could even be of interest in numerical
simulations. We see also which is the mechanism permitting us to eliminate
the pressure by expressing it as a function of the velocity eld.
We set, giventg > 0, fork  1:

u(;kto) = u(; (k- Do)+ tou(; (ko) = uy( )

u(;0) Uy (2:1:4)

where
1
u(; (kDo) = =@ 1(; (k  1Lto)
u(; (k Do) @i(;(k o)+ g (2:1:5)
e eg
< k1= @ (gk 1 9k Vt@g
= solution of
Pk 1 D@k 1= (k1 @Qg )n+gn @
e e
and the question is whether the limit

ui= lim u() (2:16)

to! O;kt g=t
exists and gives a solution of (2.1.1).
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For the time being we shall consider the problem of the existence of the
limits a \technical" one and, therefore, we can consider that the equation
(2.1.1) is \formally solved".

The (2.1.6) with k nite and large gives, at least in principle (because
the calculation of u, is obviously very di cult also from the point of view
of numerical solutions) an approximation algorithm for an incompressible
motion that generates evolutions that, on one hand, can be interesting by
themselves even not considering applications to uids, and that, on the
other hand, can be considered as models for a real uid evolution.

The approximations should become better as the \discretization time" to
approaches 0.

Remark: the algorithm de ned by (2.1.4),(2.1.5),(2.1.6) is, at times, called
the Euler algorithm: more generally this algorithm provides solutions of a
di erential equation x = f (x), with x(0) = X, that, at time ktq, is given by
the recursive relationx, = x, 1 + tof (x, 1), k 1.

(B) Navier{Stokes{Euler equation.

We look if, at least in a heuristic sense like the one analyzed in (A), a
similar treatment of the incompressible Navier{Stokes equations is possilgl.
The equations are

(1) @u=0 in
_ 1 .
@ @g+g 9_ @rgr U " (2:1:7)
(3) un=0; in @
(4)  u(;0)=ug() t=0

provided one can assume that friction between uid and boundaries is neg-
ligible and, therefore, the uid glides without friction along the walls of the
container.

In this case the equations are discussed exactly as in the Euler case (with
obvious modi cations) and we nd, therefore, an approximation algorithm
similar to (2.1.4), (2.1.5): in (2.1.5) one has to add on the r.h.s. of the
rst equation the term u, ; while the equation in (2.1.5) for px 1
is unchanged (because u, ; has zero divergence) and the equation for
@px 1is modied by adding n.  u, ;.

Therefore there are no really new problems.

(C) Navier{Stokes equations and algorithmic di culties.

In the applications friction against the walls is by no means negligibleto
the extent that the physically signi cant boundary condition is u = O rather
thanu n=0.

We then call the (2.1.7) NSE{equations for the uid in while we shall

2=febbraio= 2007; 19:36



86

x2.1 Empirical algorithms

call NS{equations for a uid in the equation

(1) @u=0 in

© @iy @s S@ear ow
@ u=o0 in @

(4) u(;0)=ug() t=0

The analysis of (2.1.8) is, however, radically di erent: indeed if we attempt
at determining p at time t =0 we nd

p= @ (W @)+ @ g in
e e

@-= g+ Up in @

which in generalwill not admit a solution because it is not necessarily true
that the tangential derivatives of p, which obviously are already determined
by just the normal derivative (via the solution of the corresponding inho-
mogeneous Neumann problem), are compatible o@ with (2.1.9).

One could, for a moment, hope that the fact that u, is not arbitrary,
being with zero divergence, impliesipso facto compatibility: but it is easy

to convince oneself that this is not the case, see (E) and problems [2.1.8],
[2.1.9] below.

(2:1:9)

This is a serious di culty showing that we must necessarily exect that on
the boundary of interesting and di cult phenomena must take place.

The rst e ect of the di culty is that, on the basis of what said until now,
it does not yet allow us to give a prescription for a numerical solution of the
NS{equation with viscous adherenceo the boundary.

And one can legitimately suspect that (2.1.8) is not a well posed problem:
it will certainly be necessary to interpret suitably (2.1.8) since if we interpret
it in a strict sense, in which all functions involved are C* (), it simply looks
inconsistent because it does not allow us to computel, not even att = 0
(because it is de ned by an insoluble equation).

A way to proceed to develop an algorithm which, at least on a heuristic
basis, permits us to compute a solution to (2.1.8), giving at the same tne
a suitable interpretation to it and bypassing the problem just met, is the
following.

Along the normal direction to @, we imagine extending the volume by
a length " and we denote - this extended volume; we suppose that the
uid occupies it and there it veri es there the equation

@u=0 in
1
@g+g 9_ —@+ g 3 (u n (2:1:10)
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where u, is extended arbitrarily between and -, assuming that it is
extended, together with a pre xed number p of derivatives (p  2), contin-
uously and assuming also that the extension vanishes near the new boundary
@ . The function -( ) vanishes inside and increases rapidly from O to

a value —(") €~ with (large) average slope —(")=". This additive term
has the interpretation of \ friction " that slows down the uid in the corridor
between@and @ -.

The level lines of -( ) will be, by their de nition, parallelto @and @ -,
the gradient of -, denoted °n with ¢ such that jnj = 1, is a vector eld
extending, to the layer between the two boundaries, the elds formed by
their normals (draw a picture).

One can expect that in the limit " ! 0 the solution to (2.1.10), for which
we can apply the constructive algorithm of the preceding case (B) because
on @ - the condition u n = 0 holds, will be such that the limit

limu.(;t)=u(;t) 2 (2 :1:11)

exists andu( ;t) solves (2.1.8),under the further condition that —(") !'1
possibly fast enough, for' ! 0.

Remark: If has special forms, e.qg. itis a cube, then it might be convenient
totake - tobe atorus. We shall do so below in the case of a similar simpler,
one dimensional, problem.

The algorithm (2.1.10), that we shall call \ auxiliary friction algorithm " or

\ friction method", will encounter considerable numerical di culties because
of the term -u and of the divergence towards 1 (for " ! 0) of -; in
fact, for " ! 0, uy computed from (2.1.10) would tend to 1 , unless one
could guaranteea priori that u- ! 0 when - becomes large: and it does
so quickly enough to control the product -u. (which appears quite di cult

a task from a mathematical viewpoint).

(D) Heat equation.

To understand better what is happening let us examine a simpler model
case. Consider the heat equation

@T = c@T; x2[ ;]
T( )=T()=0 2:112)
T(x;0) = To(x)

If we attempted to nd a solution to this equation with the preceding
method we should set

Te=Te 1+toTe 1 Tk 1+tecT®, k 1 (2:1:13)
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but it is clear that, unless T°U ) = 0, this will already be impossible
becauseT; will not verify the boundary conditions.

And even if T){ ) =0 we see that T){ ) 6 0 unless TP ) =0.
Hence if To(x) does not haveall even derivatives vanishing in the neighbor-
hood of the algorithm will not work.

The \ auxiliary friction method " of (C) above, setting ¢ = 1, would lead to
equations

T=T7% .71
TC M=TC+TE =T+ (i114)
T(x;0) = To(x)
having extended T, arbitrarily out of[ ; ]to a periodic function (see the
comment following (2.1.11)) in [ ", +"], and imagining to identify the
points + " and ", see Fig. (2.1.1) below.
If we choose - equal to a constant - for x 2 [ + 2" + "]Jand to O
forx2[; + %] and -(x)= «( x), then we can show that the iterative

method works, in principle, at least if the initial datum Ty is regular enough
(andif - 11 fast enough as'! O0).

L o L

o
* 3 5

Fig. (2.1.1): Extension of the initial datum  To(x) to the right of ; and graph of the
auxiliary function - between and + "

This time the problem is so simple that one can show that,if To(x) is C* ,
and analytic in the interior of [ ; ], then the algorithm (2.1.13) converges
to the solution of the heat equation with the correct boundary conditions
(2.1.12). But the convergence of the functionT- (;t), provided by the
algorithm at the k{th step, to a limit T( ;t)

T(;t)= Ij[no kIlilm T () (2:1:15)
) Kt o=t
is delicate and, as a numerical algorithm, it is not very good becaus&_risks

to become very large as' ! 0, because - !'1  badly a ects the term T
in (2.1.14).

Furthermore if Tp is not analytic but, for instance, \only" C?* , the algo-
rithm may converge but, in general, it will not convergeto the usual solution
of the heat equation. See below and problems [2.1.1]%[2.1.7].

An apparently better algorithm consists in transforming the equation into
z t

T(;t)=e "To()+ e "OCITH; H)d (2:1:16)
0
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which we can try to solve iteratively by setting

1
Ta()=e "KTo()+te e Ok MOy, 1 (21:17)
h=0

This yields a numerical algorithm in which -« only appears ine !, which
can be computed without involving large quantities (even when -t is large).
Provided obviously T.°{ ) does not become too large, which we do not ex-
pect, not at least if compared with the correspondinge ()t (the reason
is that in the well known solution of the heat equation T%has, usually, a
discontinuity at the boundary but it is not in nite). See problems.

(E) An empirical algorithm for NS :

The above discussion suggests an analogous approach for (2.1.8) and (2)1
and leads to the following algorithm for (2.1.10). One writes (2.1.10)as

un=00n@; Z@QZO; in 5 u(;t)= (2:1:18)

t
u()e Ot e O (u @ @ g u)d
0 e e -

whereu ;p denoteu(; );p(: ) and one sets up the approximation algo-
rithm

1
U()=up( e "+ toe O Mo uy @,
h=0 e e
1
-@n+g+ uy) k 1 (2:1:19)
Pk = @(gk e@,lk)+ @g u @ in
@p= (u @) n+ g n+ U n in @ -
e e
where @+ = fn and ? has support near@ -. This algorithm does not

encounter obvious problems as - ! 1 , provided u, n is so small that

0 ; ' ; ;

“U, n remains bounded as' ! 0 (see the last term in the second equation).
Since we expect thatu, n be of orderO("), this seems reasonable and we
should have

u(;t) =lim  fim u () (2:1:20)

ki o=t

However, unlike the heat equation case, the algorithm (2.1.19) does not
eliminate completely the problem, certainly relevant for numerical calcu-
lations, that is due to the presence of quantities likeu, @ - which are
products of large quantities (@ -) times quantities (u,) that we expect to
be small (but which we do not know a priori that they are really such).
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Hence this algorithm has only a theoretical character which, rather than
solving a problem, is well suited to illustrate some of its di culties. We
succeed in giving a meaning to a heuristic method of construction of solu-
tions, but the method remains only a matter of principle, conditioned to
the solution of an elliptic equation which may lead to a numerical stability
problems (at least).

We could ask where did go the conceptual compatibility problem, at the
origin of our worries. Obviously it is still around: indeed one should expect
that the \exact" solutions of (2.1.18) or of (2.1.10) for t > 0 small do
not verify any more the boundary conditions u = 0 on @ (that now is
an internal surface in the domain - where the approximating solution is
studied). But we can hope that the violation of the property of vanishing
on the boundary @ should rapidly become, as time increases, very small
for t > 0 and tend to vanish for every pre xed value oft > 0 as" tends to
zero, at least if - becomes vertical enough nea@ and large enough (for
"1 0).

The impossibility of satisfying the boundary condition at t = 0 (on @)
implies that u. will be not zero, and not even small, att = 0 in some point
on the boundary @ but it will rapidly become very small, the earlier the
closest to 0 will " be: and in the limit " ! 0 one should attain a limit u
which at time t = 0 does notsatisfy the NS{equation, but that veri es it at
all later times t > 0.

In this way the friction model for the boundary condition clari es how it
could be that the equation cannot be solved att = 0 but it is solved at all
t > 0 and which is a physical mechanism that produces such a result.
Should one worry that the solution found (if found) had nothing to do with
the initial datum u, then it should be noted that, although the initial datum
cannot be obtained as a limit fromt > 0, in the sense that not all derivatives
of u, for t > 0O (time derivatives included) tend to the corresponding ones of
the initial datum ! nevertheless motion is generated from the initial datum
hence we can expect that theu tends to u, in some sensege.g.in Lx() or
in some other sense (for instance pointwise in the internal points of ).

The important point to retain is that the physical meaning of the singu-
larity at t = 0 has been understood, at least as a proposal to be checked,
through a concrete model together with a description of the mechanism of
transition from t = 0, where the equation cannot be solved in general, to
t > 0 where, instead, its solubility does not meet anya priori di culty of
principle.

The following questions become natural at this point

1 We have already seen that this cannot happen for the time deri vative which, for the
initial datum, is not even de ned.
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Question (Q1): Do the friction equations (2.1.10), once exatly solved for
"> 0, really have the property of converging for' ! 0 to a solution of the
(2.1.8) (boundary conditions included) at least fort > 0.

Question (Q2): Does the algorithm (2.1.19) really convergefor k ! 1,
to! O, ktp! t, to a solution of (2.1.18).

and we attempt at understanding them by referring to simpler problems in
which they already occurr.

(F) Precision of the same algorithms applied to the heat equen, (Q1).

Questions (Q1) and (Q2) will not be analyzed for the NS{equation because
of the di culties that are involved (which, to date, are not yet solved in
the cased = 3). We can, however, analyze them in the far easier case
of the heat equation and the study is very instructive as an illustration of
mechanisms and di culties that one can expect to nd again in the case
of more ambitious theories like that of the NS{equation. Let us, therefore,
look at the problem (Q1) posed in(E) in the case of the equations (2.1.12),
(2.1.14).

We shall however suppose, for simplicity, that - in (2.1.14), (2.1.16) is
given as a discontinuous function represented in Fig. (2.1.2) by the solid
lines rather than by the dashed lines.

“(X) &

+ - + "
3
Fig. (2.1.2) The function -(x)in[; + "], whilein | " itis de ned as the
mirror image: the graph is the solid line jumping from 0 at to ~» at points > . The

dashed line refers to the smooth graph of the function previo usly used.

Furthermore it is convenient to use the fact that (2.1.14) satis es periodic
boundary conditions and to translate the \potential* - to the center of the
interval (this is done via the change of coordinatesx®= x "). In this
new representation the boundary layer of width" is now at the center of
the interval [ "+ "] as in the Fig. (2.1.3): half of it, namely [ "; 0],
corresponds to the previous left boundary layer and the other half, namely
[0; "], corresponds to the previous right boundary layer.
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A
“(X)
" ¢ — X
" +
Fig. (2.1.3) The function - after the shift of th origin. The points “and +"
are identi ed by the periodic boundary conditions.
We shall therefore consider the equation
1B T=T1% .T; in [ "+ "= Mg
(2) periodic boundary conditions and matching of the
values and of the rst derivatives of T in " (2:1:21)
3) »=0if jxj>" and - = . if jxj<"
(4) initial datum ; if Ty is the datum in (2.1.14) :

#o(X) = To(x ") if x>"; and
To(x+ +")if x< " andzeroinjxj<"

The exclusion of the points " in the rst of (2.1.21) is replaced by the
matching condition which is now posed because- has been chosen discon-
tinuous, see Fig. (2.1.3), and the equation (2.1.12) must, as a consequence,
be somehow interpreted at the discontinuity points2

The following proposition solves the question analogous to the (Q1), inte
case of the heat equation

1 Proposition (heat equation approximation algorithm): The heat equa-
tion, in the form (2.1.21), with #o generated (c.f.r. (4) in (2.1.21)) by a

smooth datumTy(x), say To 2 C* ([ ; ]), admits a solutiont! T"(x;t)

which for ! 0and = ! +1 fast enough converges foralkk 2 [ ; ]

to a smooth solution of the heat equation (2.1.12), (descrémd in problem
[2.1.6).

The equation can be solved exactly: the proof can therefore be reduced to
a simple but instructive check, c.f.r. problems [2.1.1]%][2.1.7].

(G) Analysis of the precision of the algorithms in the heat egation case,

(Q2).

We now study the question (Q2) following the (2.1.20), i.e. we study
whether the algorithm (2.1.17) of solution of (2.1.16) does really gener-

2 The matching condition yields a possible interpretation: o  bviously it is only one of the
possible interpretations and as such it has a physical signi cance, that however we shall
not discuss here, given its auxiliary nature in the present c ontext.
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ate the wanted smooth solution, i.e. the solution guaranteed by the last

proposition.

It is easy to convince oneself thatthis is not the case in general, because
this is already not true in the analogous case of the problem (2.1.12) in which
the Dirichlet boundary condition is replaced by the even easier periodic
boundary condition (T( )= T( ); T )= TY )). In such case there

is even no need of introducing - nor of enlarging the domain: because
the boundary conditions are respected by the algorithm (2.1.13) and the
conceptual problems discussed in (D) (following (2.1.13)) do not even arise.

Note also that the algorithms (2.1.13) and (2.1.17) coincie in this periodic
boundary conditions case.

Nevertheless the question whether the algorithm (2.1.13) does really pro-
duce the correct solution can be posed in this simpler problemife. (2.1.12)
with periodic boundary conditions and C! periodic initial datum) and it is
clearly a simpler question than the one in (Q2) about the algorithm (2.1.19)
for the case of the NS equations with Dirichlet boundary conditions. In fact
the following proposition holds

2 Proposition:  (anomaly of approximations convergence for the heat equa-
tion) Consider the equation (2.1.12) but with periodic bourdary conditions
(as above) andC? , periodic, initial datum. Let, for k 1

X
Te=Tot+cte TP, ! Te Tk 1=cteT, (2:1:22)
h=1

Let ! =2 k with k integer and let To(! ) be the Fourier transform of To(X)
then

() if, for :b; > 0, itis jTo(!)j < e 9¥'I* (implying, among other
things, that Ty is analytic entire in x) the sequence (2.1.22) converges to
the usual, well known, solutionT (x;t) of (2.1.12) for to! O,

(i) in general T (') has a Imit T(!;t) ask ! 1 with ktg ! t, for every

|

(iii) unless the condition in (i) on the Fourier transform ho Ids it is not in
general true that Ty (x)!,, | ttol 0 T(x;t).

proof: The Fourier transform of Ty can be computed as
T)= Te 1(1)Q o ?te) = To(1 )@ ¢l 2tg)« (2:1:23)

where! =2 n with n integer > 0.
Hence (writing to = 't?) we see that

()1 e o tfy() (2:1:24)

kto=t
k!l ;! 0
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But this does not mean thatT( )! T(;t), whereT is the \usual" solution
of (2.1.12) with Fourier transform given by the r.h.s. of (2.1.24). One
sees this immediately ifTo has support [ a; a] strictly contained in[ ; ],
(a< ). Inthis case itis clear (from (2.1.22)) that Ty will remain identically
zero in the set where it initially was zero with all its derivatives (i.e. outside
of [ a;a]), hence it cannot be analytic fort > 0 (while T(x;t) is analytic).
Convergence is, however, guaranteed if

X
ja ¢ zﬁ)kfo(! )j t(!) and j(Mji<1 (2:1:25)

with the series of thej (! )j uniformly converging in t for t in an arbitrarily
pre xed bounded interval. It is easy to see that this happens if, and essen-
tially only if (see problems [2.1.10], [2.1.11])To(! ) ! 0 as fastas e b'i°,
or faster, for ;b > 0: atleastift is small enough and even for all times if the
decay in! is faster (e.g. as assumed in hypothesis in (i) of the proposition).

Therefore to make the method work strong regularity properties must be
imposedon To(x): it must be more regular than an entire analytic function
of x (simple analyticity would \just" demand that the Fourier transform
decays exponentially,i.e. as e %' for some ;b > 0 but the above proof
would not work).

(H) Comments:

(1) A fortiori , we must expect that very strong regularity conditions have
to be imposed uponu,, besides imposing suitable properties on the values
of u and of its derivatives on the boundary @ ( c.f.r. the remark following
(2.1.13)), so that the algorithm (2.1.19) could converge to the correct slu-
tion of the NS{equation (which, unlike the heat equation, has not yet been
shown to even admit a solution).

(2) However the regularity conditions could, in the end, simply reduce to
analyticity properties of u, and of the boundary @ of (whose regularity
also in uences that of py hence ofuy and u, via the Neumann problem,
(2.1.3)).

Unfortunately the problem is open, at least if d = 3, and it is not even
known whether under conditions of this type the NS equation admits a
solution which is well de ned and keeps, in general, a regularity comparable
to that of the initial data for all times t> 0.

(3) Note that the proposition is in apparent contradiction with the theory
of the heat equation. Usually one says that the heat transport equation
in a conducting rod, with xed temperature at the extremes (equal to O
or to each other in the above examples) and with regular initial datum
\admits a unique solutiorf. The solutions that we construct as limits of
the approximations with time step tq starting from an initial datum which,
for instance, is of classC! and vanishes outside an interval [ a;a] with
a < , and is analytic inside ( a;a) are, in some sense, solutions of the
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heat equation for a rod [ a;a]® Such solutions, regarded as functions on
[ ; ]vanish outside [ a;a] hence they are notC* in[ ; ] (in general
they will have discontinuous rst derivatives at  a, to say the least).

(4) In other words the key to the uniqueness theorem lies in the requirement
that T is really at least once di erentiable with continuous derivatives on
the wholeinterval [ ; ]and for all timest 0. Obviously one could take
the alternative view of calling solutions of the heat equationthe limits of
sequences of discretized equations: in this case we could possibly have an
existence and uniqueness theoremnce the discretized approximation is xed
(possibly under additional conditions on the initial datum) but the solutions
would be (in general) di erent from the \classical" solutions. * Furthermore
the solution provided by the limit of a sequence of discretized equations may
depend on which discretized equation is chosen.é. on which algorithm of
approximation is used).

(5) One thus sees that rather deep interpretation problems arise here, which
cannot be solved on a purely mathematical ground: to understand which is
the correct meaning to give to a \solution" in physically interesting cases
or applications it is necessary to go back to the physical properties that the
equation translates into a mathematical model.

Itis possible that the physical interpretation requires one or another solution
depending on the physical origin of the problem. It is clear that, if such
considerations already apply to a simple equation like the{dimensional
heat equation, with greater reason they will be relevant foequations like
the Euler or Navier{Stokes equationsand lead to exposing major existence
problems. In general unigueness problems for partial di erential equations
are delicate both physically and mathematically: even in cases in which
one usually says that there are \no problems" (as one says, for instance,
for the heat equation). This shows, once again, that dogmatic attitudes on
notions like existence of solutions, or uniqueness, only &l to failure to see
the existence of interesting problems.

(6) The real importance of the above analysis, already for the heat equa-
tion, is shown by the fact that it makes at least less convincing the paradox
that claims the incompatibility of the heat equation with special relativity :
heat \waves" can apparently travel with in nite speed and \an initial da-
tum with support in a nite region will evolve, by the heat equation, into a
datum which does not vanish at an arbitrary distance".

This is, to say the least, a hasty conclusion because, if one de ned \solu-
tion" what is obtained as limit of the above described Euler algorithm, one
would instead nd a solution that not only does not have in nite velocity
but which in fact does not propagate at all (because as we have seen it
will remain nonzero only where it was so initially). This is obviously only
one more argument beyond the well known one that remarks that the heat

3 | do not know a reference for detailed analysis of this proper ty.

4 Which, when the initial data are at least C!{functions, by de nition are those of class
Clin[ ; Jandt O.
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equation is a phenomenological macroscopic equation derived from assump-
tions that involve non relativistic ideas and notions (like the \radius of the
molecules" which appears in the conductivity coe cient c¢ (see [1.1.5]) and
which, alone, would invalidate the \paradoxical" in nite speed propagation

of heat \predicted" by the heat equation.

(7) Conclusion: the algorithms discussed in this section are interesting
for the conceptual di culties that they illustrate and for the multiplicity

of aspects that they bring up on the theory of uids. They have limited
usefulness for applications, if not none at all.

Problems: Well posedness of the heat equation and other remarks.

[2.1.1]: Consider the eigenvalue problem associated with (2.1.14):
T .T= 2T in [ ] ()

and show that for jxj >/ the eigenvector T hzﬁ the form Ae'* + Be X while for jxj <"
it has the foom  cosh = 2 x+ sinh " 2 x.

[2.1.2] Find the matching conditions determining for the eigenvalue problem in [2.1.1].
(Idea: If A+, B+ and A , B are the coe cients of the same solution x>" orx< "
then the periodicity condition imposes, for each

Ace (" F ) yB,el (+"* ) p & O+ )ap g ((+M)%)

Hence: A = A,e? ( *"): B =B,e & (+"),

To simplify we study only eigenfunctions which are even in  x (which su ces to study
the (2.1.14) with an even initial datum:  To(x) = To( x)). The parity condition means:
Are? (+Me ix 4B, e 2 (+7)gx = A, eX +Bre ¥ je Bye 2 (+7)=A,.
Thus for x 0 the even eigensolution with eigenvalue  will have the form

T(X): A(eiX + e2i ( +”)e ix ) X>"

T(x)= cosh = 2 x jxj<" ()

with suitable A; . Hence the matching condition will be

AE" +e 0+ 1" y= cosh . 2"

N A - AR S A w 2siph .2

so that the eigenvalue is determined by

1+ 21
1 e2i

: i P
icoty = p——— coth" . 2 ( )
" 2
The odd eigenfunctions are treated similarly.)
[2.1.3]: Show that if the eigenvalues associated with the even eigenf unctions of (*) are
labeled, as increases, by 0;1;2;::: itis

1 . .
n = n+E +0("n); n n n+1 with n integer
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if "2 El . o 1. (Idea: It suces to draw the graph of both sides of (***), paying
attention to distinguish the cases > 2and - < 2).

R ,.
[2.1.4]: Show that the square of the L{norm of Tp(X), ¥ . JTn (X)2dx, is

sin2 sinth E "2 2
Ly+ i+ k

A4 1+ =271 —
2 q 2 E "2 2

so that if T, is normalizedto 1in Ly itis jA%j < 1=8 forn 1 (notingthatfor n 1it
is n 1). Show also that jTh(x)j C for some n{independent C. (ldea: The matching
conditions in [2.1.3] imply

8

< min 25cos" 2 +j;2= 2 jsin" 2 ] if «<

=1N)

A

=1N)

min 2=cosh" - 2;2= 2sinh" - 2 if

sothatfor n 1 (ie. for n 1)weseethatj=Aj 4)

[2.1.5]: Check that [2.1.3], [2.1.4] imply that Tn (x), normalized in L2, can be written
as

(€ n* e T x4+ 0("n)) 1 . 1
Th(x) = = p=sin(n+ =)x+ O("n); x>"
n () normalization ( 2) ¢n)

Show also that the results in [2.1.4] agree with the correspo nding results for the equation
T= 2T in [0;2 ] with boundary conditons T(0) = T(2 ) = 0, which yield eigen-
values 2 = % with eigenvectors 12 sin - (Idea: Note that the two problems are
equivalent if one thinks of [ ; ]and [0;2 ] as of two identical circles and if the point

X = in the rst case is identi ed with the point x =0=2 of the second case: with
this change the odd order eigenfunctions for the problem in [ 0;2 ] become the even ones
for the problem in[ ; ] (and viceversa)).

[2.1.6]: Show that the solution of (2.1.21) with initial data #o even in x and as in
(2.1.21) can be written, for t > 0, in terms of the eigenfunctions analyzed in problems
[2.1.1]%[2.1.4] as

X 2
T(;t)= e kUhTy;#0i T(X)
k=1

R..
where HT; TG TTUT(OTYx) dx: see (2.1.21) for the de nition of #.

[2.1.7]:  Suppose that #p is even in x. Show that the results of [2.1.4] imply
hTy;#oi!  hTy;Toi, where To is the limit lim «, o#o(x) and T, are the eigenfunctions
"o

of the pro'blem

TO=  2T: in [ ; ]=f0g with periodicity 2

T0)=0 (@)

i.e. forx> 0

()

1

=~

+
N =

— 1 1
Tk(x)= p=sin k+E X; K
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Furthermore check that: | . ¢ and 2 Cii for each k;j"j < 1, if C is suitably

chosen. Infer from this that

x o,
T(5t)y o T(t)= e K'hTy;Toi Ty(x) (c)
k=1
and that the limit T ( ;t) solves the heat equationon[ ; ]=f 0gwith boundary condition

T(0) = 0at x =0. Check that this easily leads to a solution of the problem ( 2.1.12)
because (2.1.12) can be interpreted as the above \translate d" by . (Idea: By [2.1.4] the
terms of the series for T+ ( ;t) can be estimated by a constant times e it and obviously
hTy; Toi Tk (X) converges to the corresponding value in the expression for T( ;t).)

[2.1.8]: Consider, in the cage d =2, a solenoidal nonconservative force g 2 cl ()and
let = @besuchthat | = g dx 6 0. Show that in this case (2.1.9) is not, in general,
soluble if the initial datum is ugy = 0. Find an example. ( Idea: Let be a disk of radius

def . .

r and let g(x) £ I A x with ! = le orthogonal to the disk. Then the normal component
of gon is 0 so that the uniqueness of the solutions for the Neumann pr oblem implies
that p= const hence@ = g=0 but I =2 r 21).

[2.1.9]: Consider a velocity eld in the half space z 0 with components
ur= y @f(x2+y?);  uz=x (@f(x*+y?); uz=0
where (z)= zperz h,h> Oprexed,and (z) 0 for z> 2h, while f (r2) =0 for
r>R ,with R> 0 prexed. Show that u has zero divergence but (2.1.9) is no soluble,
for ;f generic. (Idea: Note that u= (z)(8f%+4r2f%( y:x;0),if r2 x2+ y?and
z<h. Henceu and u both vanish on the boundary z = 0. Furthermore

@u @y (Z5r%)  (FrA)?+21 ) A r?) (2)?
e e

Hence (assuming g = 0) the gradient @ of p vanishes on z = 0 and the corresponding
Neumann problem can be solved by the method of images. The pot ential p is then the
electrostatic potential generated by a charge distributio n  with cylindrical symmetry
around the z{axis and with center at the origin and with re ection symmet ry across the
plane z = 0.

The at large distance the electric eld can be computed, to le ading order, in R 1 and
one sees thaRits component tangential to the plane z = 0 does not vanish and it has
order R #4if r2 (r2;z2)rdrdz 6 0 (in electrostatic terms one can say that the electric
eld is dominated at large distance by the lowest nonzero dip ole moment which is in the
present case the quadrupole, yielding therefore a eld prop ortional to R 4). Check that
the dipole moment is identically zero, for any f and , beginning with the remark that

2 @rf? )
@r -

[2.1.10]: Consider the heat equation in [ ; ], T = T9% with periodic boundary
conditions and analytic initial datum  To(x) with Fourier transform  To(!1), ! =0; 1;::7;
hence there are constants ;b > 0 such that jTo(!)j e B'i, Show that the L{
norm of (1 ! 2t=k)kfo(! ) may diverge as k ! 1  although for each ! one has (1
P2=k)kfo(t ), e 2tf5(1), c.fr. (2.1.25). This implies that in general even if To

is analytic the method of approximation in (2.1.22) does not converge to the solution
neither in the sense of L, nor pointwisel:and staying uniformly bounded. ( Idea: Take

To(k) e Y' and estimate the sum (1 1 2t=k)2k 2g 28i'] by the single term
with ! 2t =3k.)

[2.1.11]: In the context of [2.1.10] show that even if Fo(1)= e P ? still one cannot
have L» convergence of T (x) for all times t> 0. (Idea: Same as previous.)

Bibliography:  [Bo79].
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x2.2 Another class of empirical algorithms. Spectral method.
Stokes problem. Gyroscopic analogy.

A method substantially di erent from the one discussed in x2.1 is the \cut{
o " or\ spectral" method. The name originates from the use of the repre-
sentation of u on the basis generated by the Laplace operator oiX yqt (),
c.f.r. (1.6.16): it is, therefore, a method associated with the spectrum of
this operator.

(A) Periodic boundary conditions: spectral algorithm and \reduction" to an
ordinary di erential equation.

We shall rst examine a uid occupying the d{dimensional torus T¢, i.e. an
incompressible uid enclosed in a cubic container with periodic boundary
conditions (\opposite sides identi ed").

In this case the velocity and pressure elds, assumed regular, will admit a
Fourier representation which can be regarded, obviously, as the expansion
of the elds on the plane waves basis or, equivalently, on the basis generated
by the eigenvectors of the Laplace operator onT¢, i.e.

X ik X ik
u()= 0t p( ;t) = pe - (2:2:1)
k k

wherek = 2 L 1n with L= side of the container and n is a vector with
integer components. We adopt the following convention for the Fourier
transforms

X z
u(x) = éexgy; ak)=L ¢ e ®Xux)dx
K .
« z (2:2:2)
juiiz jouiz i Uiic,rey =LY jo P = le!(l)J'z dx
K

The incompressibility condition (i.e. zero divergence), in the casel = 3,
requires that for k 6 0

0= k& * K& (2:2:3)

=

Wheregé, gﬁ are two unit vectors orthogonal to k. In the cased = 2 it must
bett = &K? Skj, if k = (ki;kz) and k? = (ka; ka).

1 We consider in this section only real vector elds: neverthe less it is occasionally conve-
nient to express them in terms of complex plane waves rather t han using the sines and
cosines waves. We shall not discuss further this matter of no tation.
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100 x2.2: Spectral Algorithm

We consider only incompressible Euler and N§ equations in which the
applied external force g( ) has zero averagel ¢ ¢g( )d = 0: this is to
exclude that the center of mass of the uid accelerates uniformly (note that
with periodic boundary conditions the center of mass will move as a body
of mass equal to that of the uid subject to the sum of the volume forces);
hence Z Z

@ ud = gd =0 (2:2:4)
and, possibly changing reference frame, it is not restrictive to suppose
ud = 0. Likgwise we can x the arbitrary additive constant in the

pressure so that pd 0.
With such conventions and hypotheses we can rewrite the (2.2.1) as

X . X A
uGn = e pt = peee (2:2:5)
k6o k80

and the Euler or NS equations become ordinary equations for the compo-
nents of the eld u. To write them explicitly remark that

X
u() @)= @O (k) (2:2:6)
e e nx e e —

Furthermore de ne, for k 6 O, the operator  of orthogonal projection of
R3 on the plane orthogonal tok by

Y

( k

kw)i = W Tki (2:2:7)

<=

and note the following obvious identity

Y
) ko
e =2 e e

217 R

K, Ko K, )7k (2:2:8)
et e % e £2

K1+ Kz

Consequently we see that the partial di erential equations

@u=0; u+u @-= l@+g+ u (2:2:9)
e e -
can be written as the ordinary di erential equations
) X Y Y
«7 Kk (ekl le(Z) Kk, T gg&
ki +ky,=k
X 1 i (2:2:10)
Pk = E(ekl gz)(K 7K2) EQK k

Therefore the pressure \disappears" and the equations for the \essential
components" of the elds describing our system become
X Y
I (i, k), *8e 0= 0 (2211
_.et e k==
K{"Kz‘&
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having assumed that 9, 6. since the gradient part of ¢ , (i.e. the
component ofg‘k parallel to k), can be included in the pressure, as we see

from the second of the (2.2.10). To the (2.2.11)we must always add the
reality condition for u,i.e. |, = — |, : we shall always assume such relation,

c.f.r. footnote ! above.
The Euler equations are simply obtained by setting = 0.

If > 0 the friction term gives rise to very large coe cients as k? ! 1
and therefore it will possibly generate problems in solution algorithms. t
is therefore convenient to rewrite (2.2.11) as

2 R 2 .
(= Ko de Kt ) g i () 'éz) () d

(2:2:12)
in which we see that the friction term is, in fact, a term that can help
constructing solution eﬂgorithms, because it tends to \eliminate" the com-
ponents with jkj 1= i.e. the \ short wavécomponents, also called the
\ ultraviolet" components, also called the short wave' components of the
velocity eld.

Note that (2.2.12) suggests naturally a solution algorithm

1
(M= e k 2t °+tox e k 2to(n m) 9 i X (m) K . (m)
& & £ er of Kk
m=0 Kyt k= k Bk
(2:2:13)
where the (™) are computed inmtg; and therefore
i (n) — o)
im M= ® (2:2:14)

ntg=t
should be a solution of the equation.
This proposal can be subject to criticism of the type analyzed in the pre-
ceding x2.1 and we can expect that it might be correct only under further
regularity hypotheses onu®, i.e. on ©.

The (2.2.13) requires summing in nitely many terms. For concrete applica-
tions it is therefore necessary to nd an approximation involving only sums
of nitely many terms. One of the most followed methods it to introduce a
ultraviolet cut{o : this means introducing a parameterN (the cut{o ) and
to constrain k;k;; Kk, in (2.2.12), or in (2.2.11), to be N.

Thus one obtains a system of nitely many ordinary equations and their
solution J (t) shouldtend to a solution of the NS equations in the limit
NIl .

In the case of equation (2.2.13) with ultraviolet cut{fo N we denote the
approximate solution 7(,(”)'\' (tyand inthelimit N!1 ;n!1 ;nto=tone
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shoud get a solution of the NS equations. The order in which the above lim-
its have to be taken should have no consequences on the result, or it should
be prescribed by the theory of the convergence: but it is nota priori clear
that the limit really exists, nor that the solution to the equation is can be
actually built in this way.

The simplicity of this algorithm, compared to those of x2.1 should be as-
cribed mainly to the boundary conditions that we are using. The algorithm
name of spectral methodwill become more justi ed when we shall generalize
it to the case of non periodic boundary conditions.

The algorithm has a great conceptual and practical advantage which makes
it one of the most used algorithms in the numerical solutions of the Euler or
NS equations. Unlike the method inx2.1 this algorithm makes manifest that
viscosity appears explicitly as a damping factor on the velocity components
with large wave number and rather than appearing as a \large" factor (

k %) it appears as a \small" factor ( e k? ).

(B) Spectral method in a domain  with boundary and the boundary condi-
tions problem.

We shall now build a cut{o algorithm also in the case of a bounded domain
with a (smooth) boundary.

We note that the real reason why we succeed at \exponentiating" terms
containing viscosity is that the velocity eld has been developed in eigen-
functions of the Laplace operatorwhich is the operator associated with the
linear viscous terms of the NS{equation

The case of periodic boundary conditions has been very simple, because
in absence of boundary it is possible to nd a basis for the divergenceless
elds u which is at the same time a basis of eigenvectors for the Laplace
operator appearing in the friction term. In presence of a boundary it
will not in general be possible to nd eigenvalues of the Laplace operator
which have zero divergence and whiclat the same timealso vanish on the
boundary (i.e. there are no eigenvectors, in general, of the Laplace operator
with Dirichlet boundary conditions and zero divergence).

However if we de ne the \divergenceless Laplace operator" as the operator
on Xyt de ned by the quadratic form on XPot (c.fr. x1.6, (1.6.16))

y
D(u)= (@u)*dx (2:2:15)
e

one can show the following theorem &.f.r. the problems at the end of the
section where the proof is described)

Theorem (spectral theory of the Laplace operator for divergenceles elds):
In the spaceX yqt , (c.f.r. (1.6.16)), there is an orthonormal basis of vectors
satisfying: R

(1) szcl() ; Ui U =
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(2 @ u =0 in
(3) thereis j 2 C! () and j > O such that: (2:2:16)
uy @;= fu in
@y =0 in@
(5) there are constants ;c;c % ¢ > 0 such that
i i OFh j@uy i af T (2:2:17)

forall x 2 ,if d=2;3is the space dimension.

Then each divergenceless datunu 2 X qt () will be written as

b3
u(_;t) = iy () (2:2:18)
j=1
and therefore we can express in terms of the; the results of the actions on

u of the operators appearing in the Euler and Navier{Stokes equations.
If grad and (ot =1 grad are the projection operators on the spaces
?

X (ot = Xgad and on Xyt , c.f.r. X1.6, the actions of the Laplace operator
and of the nonlinear transport operator are respectively
b3 ) X
u= i Y () @ i)
j=1 j=1
R
u @u= i .Uy, @, = (2:2:19)
e e i1i051 e’ e
152
R X
= i1 iz rot Uj, @—sz + ji iz grad Uj, @jz
j1ii2=1 e € j1iio=1 e e

and the NS{equation becomes, if we se%g grad 311 g@ Yy, @j,j,,

%
3= fi ie (U, @iy + g
j1ije2=1
(2:2:20)
p= i) i1 do jaia()
i=1 j1i2

R
where ; denotes the scalar producttf;gi =  f (X)g(x) dx. The (2.2.20)
can be written
, A R .
jt)y=-e it jo+ e i) 9 i () ga( )CjJ1J2 d
0
Cj]lJZ = (gjl e@jz) y d, (gjl é@jz »Uj (2:2:21)

j1ij2=1

2=febbraio= 2007; 19:36



104 x2.2: Spectral Algorithm

This shows that also in the case in which has a boundary it is still possible
to write the NS{equations so that viscosity appears as a \smallness" facto
rather than as a \large" additive term.

One can also derive a discretization of the Euler equations by setting = 0
in (2.2.21). However the boundary condition is nowu n =0 rq_I,her than
u = 0 and therefore we cannot expect that the series foru = 1-1:1 i U
is \well" convergent because, otherwise, this would implyu = 0 on the
boundary, sinceu; = 0 on the boundary. It would therefore not be a good
idea to use the basis above to represent solutions of the Eulkequations in
the same domain

This is a general problem because the Euler and NS{equations are studied,
usually, by imposing di erent boundary conditions. The limit I 0in
which, naively, the NS{equations should \reduce" to the Euler equations
must bea singular limit and the convergence of the solutions of the NS{
equations to solutions of the Euler equation when ! 0 must be quite
improper near the boundary @, where interesting surface phenomena will
necessarily take place. Of course the case of periodic boundary conditions
is the remarkable exception.

The (2.2.20),(2.2.21) can be treated as the analogous (2.2.10) and.212)
and reduced, with an ultraviolet cut{o to a nite number of equations,
generating a general spectral algorithm.

(C) The Stokes problem.

One calls \Stokes problertithe NS{equation linearized around u =0, c.f.r.
the problems ofx1.2

u= '@+ u+g @u=0 in
u=0; in @ (2:2:22)
Ujt=o = u® 2 Xyot ()

and we look forC! ( (0;+1 )){solutions thatfor t! 0 enjoy the property
u! uf atleast in the sense oflL,() (see footnote ! in (E) ok X2.1), i.e. in
the sense that the mean square deviation ofi from u®, i.e. ju u%?dx,
tends to zero with t). We shall take, to simplify, g=0. B

The theorem in (B) above allows us to obtain a complete solution of the
problem. Indeed we developu® on the basisu;; u,;:::, c.f.r. (2.2.16)
R
u’(x) = 2u; (x) (2:2:23)
j=1

and we immediately check that the solution is

. :)4 0 Ze . 1 = A 0 2y 9.
u(x;t) pe  u(x); o px;t) pe it j(x) (2:2:24)

j=1 j=1
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From the properties (1)%(5) of the theorem in (B) above it follows that
u2C'( (0;+1))andthat @u=0for t> 0.

It is easy to see that this solution is unique. One also realizes the strict
analogy with the heat equation of which the Stokes equation can be regarded
as a \vectorial" version.

In particular it can happen that, if u® 2 X ot () but u® does not have
a series representation like (2.2.23) with coe cients J-O rapidly vanishing
asj !'1 (for instance becauseu, "doq§ not match well" the boundary
conditions so that all we can say is that j i J-Oj2 < 1), then  u® could
di er from a eld vanishing on the boundary by more than we might expect,
i.e. by an amount that is not \just" the gradient of a scalar eld p: in fact
the Neumann problem that should determinep is over determined and it can
turn out to be impossible to solve it, as in the cases discussed irl.6, x2.1
in connection with examples of the same pathology for the heat equation.

The pathology manifests itselfonly at t = 0 and it can be explained as
in the heat equation case (via a physical model for the boundary condition
as given, for instance, by the auxiliary friction method in (C) of x2.1).
Obviously in (2.2.22) this problem shows up only att = 0: if t> 0 in fact
the (2.2.24) show that the boundary condition is strictly satis ed: and the
over determined Neumann problem forp becomes necessarily compatibkend
has the second of the (2.2.24) as a solution, which at= 0 might no longer
make sense because of the possibly poor convergence of the series.

(D) Comments:

(1) Note that the spectral method for the NS{equations induces us into
believing that at least for t > 0 the boundary condition is satis ed by
the solutions (if existent): one could expect that friction implies that the
coe cients j(t)tendtozeroforj!1 much faster than they do att =0,

thanks to the coe cients e i ). Hence the series (2.2.183hould bewell
convergent and, therefore, its sum should respect the boundary conditions
which are automatically satis ed term by term in the series.

(2) Howeverwe shall see that the argument just given, which is essentially
correct in the case of the heat equation (discussed iR2.1) and in the Stokes
equation case, becomes now much more delicate and, mainly, df= 3, it is
no longer correct, basically because of the non linear terms in the transport
equations: c.f.r. the analysis in x3.2.

(E) Gyroscopic analogy ind =2.

The NS equations ind = 2{dimensions can be put in a form that closely re-
minds us of the rigid body equations of motion. The NS{equations, (2.2.10),
with g = Q for simplicity, can be written in terms of the scalar observables

k,» k,» k,, related to the vector observable , via the |, = i k7 K]
because, ifd = 2, the zero divergence property allows us to éxpresgk in
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terms of scalar quantities :

?

™

LT kgt k= T I K =tk k) k= (kak)
(2:2:25)
If k; + k, + k3 = 0 we then note that the equations (2.2.10) can be written
n ? ? ? 0
_ - ky Kka)(ks ki)
= k2 i (2__3_ 2 210 4 (2%$ 3) +
™ Lk o ks jKajikzjkaj ( )
n ? ? ? (0]
_ . ks Kki)(ki Kk;)
= k2 i (4. 1071 227 +(1$ 3) + (2:2:26)
LTk 5Tk ikl Ka)
n ? ? ? o
_ 2 - (ki kp)(k; Kk3) .
e N e
Note the symmetry properties
K Ky= Kb kg=k] ki a(kyikyiks) (2:2:27)
with a(k;; Kksiks) a whereais twice the area of the triangle formed

by the vectors k;; k,; k5 (it is @ symmetric function under permutations of
Ki;ko:Kk3). The sign is + if the triangle k;k,k5 is circled clockwise and
otherwise.

Keeping this symmetry into account together with the relations

ki k,= K; Ki; ng k; k,
k! k> k;k,;  hence, for instance, (2:2:28)

K3 ki ki K3 =kI K3

one nds (patience is required)

1
‘X

—« (R L W
T, = ki, i KDa ki (2:2:29)
% 3

T, 1K K)a

|
‘7\—
|=

1
‘7\—
| =<

where a= a(ky;Ky; K3)FK1jjK,jjKs]j.

These equations are analogous to those for the angular velocity of a solid
with a xed point. The analogy becomes even more clear in the variables
'« = K= kj which obey the equations

KiT, = Ki T +(k3 Kjail 1y +:::etc (2:2:30)

We see also an interesting property: namely every triple or triad" k;; Kk,; K5
such that k; + k, + k; = O contributes to the equations (2.2.30) in such a

manner that, if the D relative to the other values of k (di erent from

2=febbraio= 2007; 19:36



x2.2: Spectral Algorithm 107

Ky; ks Kk3) were zero, the equations would describe the motionwith
friction ) of a \complex" (because the!  are complex quantities) gyroscope.

Hence Euler equations can be interpreted as describing in nitely many
coupled gyroscopes, each associated withtdad such that k; + k, + k3 =0:
they are not independent and their coupling is described by the constraint
that, if a vector k is common to two triads, then the ! \'s, thought of as
components of one or of the other gyroscopemust be equal(because!
depends only uponk and not on which of the (in nitely many) triads the
vector K it is regarded to belong to).

The motions of a complex gyroscope are not as simple as those of the ordi-
nary gyroscopes, not even in absence of friction (  0), and we understand
also from this viewpoint the di culty that we shall meet in the qualitative
analysis of the properties of the solutions of the equations.

Note, nally, that the singlecomplex gyroscopeice. described by the equa-
tions relative to a single triad) may admit motions that can be interpreted as
motions of a system of \real" gyroscopes, even though writing! = €«
with ;# real one nds that in general the phases#, are not constant.

It is indeed easy to see that if the phases of the initial datum have special
values then the phases remain constant and the  obey equations that
are exactly like those obeyed by the three components of the three angular
velocities of an ordinary gyroscope (hence in absence of friction they can be
integrated by \ quadratures’). For instance this happens if #; 3=2, see
also (4.1.27) inx4.1.

(F) Gyroscopic analogy ind = 3.

A gyroscopic analogy is possiblec.f.r. [Wa90], also in thed = 3 case and
it is based on the same identities introduced between (2.2.26) and (2.2.29)
and on the new notion of elicity. We sketch it quickly here, leaving the
details to the interested reader. In the cased = 3, with g = Q, given k
we introduce, [Wa90], two complexmutually orthogonal unit vectors hg(k),
s= 1, also orthogonal tok

hgy = Vo(K) + isvy(k);  s= 1 (2:2:31)

where v,;v; are two mutually orthogonal real unit vectors orthogonal to
k and, furthermore, such that vo( k) = vo(k) and v4( k) =  vy(k). In
this way hg, = h ¢, = hs. . Suppose, moreover, that the three vectors
Vo;V;; k form a counterclockwise triple.

The basish ;,;h,; , in R® will be called the elicity baseand we shall say
that the vector hg, has elicity s. Then the Fourier components  of an
arbitrary divergenceless velocity eld _ can be written as B

x kis Neyc (2:2:32)

where ;s are scalar quantities such that s = = ..
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The NS{equations (2.2.10) become

— kZ—
—X;:S3 _X 3 kjiss
i Kl;sl KZ;SZ [hsl;Kl KZ] [hszjiz h53;K3] (2233)
K1+K2+K3:Q

The expression B, kpl[hs,, hs, k. ] can be studied by noting that
the vector e ' hg can be obtained by rotating clockwise by the basis
Vo(K); sv, (K): this remark allows us to reduce the calculation of this product
to the same calculation in the planar case @ = 2).

Given the triangle k;;k,;k; and the elicities s;;sp;s3 and having estab-
lished a Cartesian reference system on its plane, so that the trianglk;k, k4
is circled clockwise, we can nd three angles 1; »; 3 such that the clock-
wise rotation by s; j of the basis vy(k;);sjv,(k;) brings it into a basis
¥o(K;); ¥ (K; ) with v, (k; ) directed as the axisgj? orthogonal to k; and lying
in the plane of the triangle and with components (on this plane) ( kj2;kj1)
if K; = (kj1;kj2). Then

K]k, k) K3
he « Kol[hg, & he ]=e ' "=2 =2 22 =3
Mo, Hallane, Peane 1= € 0 7 i Tkl

where ~= s; 1+ S 2+ S3 3; and we see that we can use the expressions
already obtained in the cased = 2. If ais de ned by setting a = K} K,
(twice the area of the triangle formed by the vectorsk;) and if = 5+

S1 1+ S 2+ 83 3 and! gk = jkj 1 ks then by the identities noted in
(2.2.27) and (2.2.28) one gets

S2S3 (2:2:34)

KitKl;sl = Ki rKl;sl (2235)
(k3 K3+(s™ D11 )ae’ i s,'is, + 10 €fc o
where = s;35553 and _;s are dened by _ = (jkij;jk,j;jks)) and s =

(s1;$2;s3): which shows that, once more, the equations can be written in
terms of triads as in the cased = 2. It is therefore still possible to give a
\gyroscopic" interpretation to the Euler and NS equations.

The 2{dimensional equations can be obtained from the (2.2.35) simply by
eliminating the labels s; from the ! and setting = 0, because in this case
the vectors v, have to be replaced by 0

We see, furthermore, that if denotes the triad ( ki;s1); (Ks;S2); (K3; S3)
then the quantities

1 X X 1 X X
E= 2 K% = 3 iK' 2 (2:2:36)
k;s2 k;s2

are constants of motion in the case = 0;g =10 and d = 2; in this case
the index s should not be present, but we have used the three dimensional,
notation for homogeneity purposes.
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The rst quantity is proportional to the kinetic energy and the second is
proportional to the enstrophy? (i.e. to the total vorticity). The quantities
E; are sums of positive quantities and we shall see how this property
will make them particularly useful in obtaining a priori estimates on the
solutions of the Euler and NS equations.

Remark the mechanism by which the 2{dimensional uids conserve energy
and enstrophy: it is the same by which a solid with a xed point conserves
energy and angular momentum: herek?, k3, k3 play the roles of principal
inertia moments.

In the corresponding cased = 3 thg, energy E is still conserved (because
s” _ _ =0) while, since in general 2(s™ )i i 60, the is no longer
a constant of motion.

Nevertheless in the casal = 3, always with = 0;g =0, there is another
constant of motion because the identity a

ssiksj(k5  K§) + K3(s2ikaj  sujkgj) +
+ Sojki(k3 K2+ K3(sajkyj  Sajka)) + (2:2:37)
+ sijkqij(k3  k3)+ ki(ssiksj  sojkoj) O

together with (2.2.35) implies that

1 X X
~ 3 Sikij ksl (2:2:38)
ks

is a constant of motion (as it can also be directly seen from the Euler
equations by remarking that such quantity is proportionalto u @ udx).

However ~ cannot be directly used in a priori estimates because it is #n
sum of quantities with sign not de ned.

Remarks

(1) Note that there can be velocity elds in which all the components have

elicity s=1 (or all s= 1); it then follows from the (2.2.35) that, given

K > 0, there exist solutions of the Euler equations having the formu(x) =
ik j=K e"‘—éc@+ (k) wherek denotes here the component  =1;2;3,

of the vector k (which, therefore, has all the components with modulus equal

to2 K ).2Note in fact that in this case itis s _ 0 besidesk? = 3K 2 hence

ki k7 =0.

2) If vjve consider the NS equation {.e. 6 0) in absence of external eld

the solutions in (1) are either identically zero or vanish exponentially.

(3) In presence of an external eld which also has Fourier componentg,

which do not vanish only for k K one can nd an exact, non zero, time
independent solution.

2 From " (\inside") and "l (\turn around").
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Problems: interior and boundary regularity of solutions of el liptic
equations and for Stokes equation.

Here we mainly present the theory of the Laplace operator on divergenceless
eld in a bounded convex region with smooth boundary. The key idea
that we follow is to reduce the problem to the case of in which is instead
a torus, where the problem is easy. This is an intuitive and alternative
approach with respect to the classical ones, see for instance [Mi70], [LM72]
[Ga82].

[2.2.1]: (weak solutions) De ne a function x;t ! T(x;t) to be a weak solution with
periodic boundary conditions on [ a;b], of the heat equation, (2.1.12), \in the sense of the
periodic C! (a; b){functions belonging to a set P of such functions dense in L2 ([a; b])" if
the function T isin L2([a;b]) and if furthermore

Z b z b
@ ' (X)T(xt)dx "OQx) T(xt)dx =0; forall ' 2P

a a

R
We sayR;hat the initial datum of a weak solution is  #o if it is: ab' (X) #o(x)dx =

limu o ab‘ (X) T(x;t)dx foreach' 2P .

For instance P can be the set of all C' ([a;b]) and periodic functions: we say, in such
case, that T is a solution \ in the sense of distributions " in the variable x on the circle
[a;b]. If P is the space of the trigonometric polynomials periodic in [ a;b] we say that T
is the solution in the sense of trigonometric polynomials on  [a; b).

We say trﬁgt a sequence fp é L2([a; b]) tends weakly to f 2 Lz([a;b]) in the sense P if
liman ' ()fa(x)dx = " ()f (x)dx for each 2P

Show that the heat equation on [ a;b] admits a unique weak solution in the sense of
trigonometric polynomials (hence in the sense of distribut ions) for a given initial datum
#0 2 CL (a;b).

Extend the above notions (when possible) to the case of funct ions on a d{dimensional
bounded domain . ( Idea: Choosea= ;b = (for simplicity) and write the condition
that T is a solution by choosing ' (x) = €'* , with ! integer.)

[2.2.2]: (weak solutions and heat equation) Let #o be a C! {function with support in

[ a;a], a < L= 2. Show that the algorithm (2.1.23) for the heat equation on a  circle of
length L (identied with the segment [ L=2;L=2]) produces a solution that converges
weakly in the sense of trigonometric polynomials to the solu tion of the heat equation
with periodic boundary conditions on [ L=2;L=2]. Compare this result with [2.1.10],
[2.1.11]. (Idea: Let ﬁo(! ), with ! integer multiple of 2 L 1, be the Fourier transform
of the initial datum; and note that the Fourier transform of t he approximation at time

t = kto, with to > 0 and k integer, is & (1) = #o(1 )@ C!ki)k, c.fr. x2.1. The weak
convergence becomes equivalent to the statement that £ (! ) tends, for each xed ! and
andfor k11 :tg! O (with kto = 1), to Bo(! )e © °t)

[2.2.3]: (Weak solutions ambiguities ) In the context of [2.2.1] we see that the algo-
rithm of [2.2.2], c.fr. (2.1.23), produces a sequence of functions & (! ) with Fourier
transform #¢, (x;t), t kto, periodic on [ L=2;L=2] which, thought of as an element
of Lo([ L=2;L=2]) converges weakly in the sense of the trigonometric polyn omials to
a solution T(x;t) of the heat equation on [ L=2;L=2]. Note that this happens for any
L >a : i.e. in asense the algorithm produces di erent weak solutions de pending on which
is the length of the periodic bar that we imagine to contain th e initial heat. Convince
oneself that this is not a contradiction, and that on the cont  rary it is a useful example to
meditate on the caution that has to be used when consideringt he notion of weak solution

[2.2.4]: (extension of a function to a periodic function with control o f its L, norm)
Given u 2 Cg () we can extend it to a C! {periodic function on a cube T with side
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L > 2diam containing and, as well, a translate 0of such that 0\ = ;. The
extension can be done so that the extension vanishes outside and  ©and, furthermore,
on the points of  ?has a value opposite to the one that it has in the corresponding points
of . Then the extension, which will be denoted by ~ u, has a vanishing integral on the
whole T . %how that, (by the de nition of D, c.fr. (2 2 15))

. 1, L2
ju(i® dx - ez —D(J- —D(u  per u2Xpy

(Idea: Write the \norm", i.e. the square root of the integral of the square, of the extensio n
of uto L(T ) and the value of D (&) by using the Fourier transform and remarking that
2jjgjfz() i ijZ(T ) and treat in a similar way D (t1).)

[2.2.5]): (alower bound for the Dirichlet quadratic form of a solenoida | vector eld ) Given
a convex region with analytic boundary @ consider the space Xot X l(’)Ot closure in
L2() of the space X9 rot of the divergenceless elds vanishing in a neighborhood of t he

boundary. Consider the quadratic form ( u;v)p (called the \ Dirichlet form ") associated
with the Laplace operat%r: 7

(Wvp = @ @vdx; andset D(u)= (@)de
e e

de ned on X?ot Show that the greatest lower bound of D(g)zjg2 on X Pot is strictly

positive. Show that it is in fact @@L 12 if L is twice the side of the smallest
psluare conFQining . ( ldea: Note that the in mum is greater or equal to the in mum of

Q (@u)2= Q u? over all C! periodic elds u de ned and with zero average on a square
e

domain Q containing . Indeed every function in C1 () can be extended trivially, see

[2.2.4], to a periodic function ~u 2 C! (Q) and if Q has side L one can obviously also

request that it has zero average (by de ning it as opposite to  u in the points of the \copy"
Oof that we can imagine contained in  Q and without intersection with ): write then

D (¢) by using the Fourier transform.)

[2.2.6]: (bounding in L2 a solenoidal eld with the L2 norm of its rotation ) Show that
in the context of [2.2.4] it is

. L2 .

juj2 YRS (rot u)?d ; in X fot
(Idea: Make use again of the Fourier transform as in [2.2.4], [2.2.5 ] and note that @& =0
implies that jkj2j&(k)j? = jk ~ 8(k)j?, and furthermore juj = 2juj2 %';io(g) =

L2D(u))

[2.2.7]:  (\compactness" of Dirichlet forms ) Let u, 2 xl(’)Ot be a sequence such that

ju,jz =1 and D(u,) C2, for some C > 0, and show the existence of a subsequence of
u,, converging in Lz to a limit. ( Idea: Imagine u, continued to a function ~u de ned on
T and chang?p |n signin 9 asin[2.2.4], [2.2.5], [2.2.6]. Then the hint of [2.2.6] im plies

Ju (K)j @ Ld' with the convention (2.2.2) on Fourier transform. Let fnig be a

subsequence such that Hn, (KY iy !1 (k) ; 8 k (which exists because k takes countably
many values); we see that given an arbitrary N > 0:

4un U 030w 0P, =LY 8 (0 &y (0
k
d X A o, L X 2 A 2
L 8, (k) (I + 17 ikjje, (k) &, ()7 (2:2:39)
ikj N ikj>N

2

2
——5 supD (4, ) NZ

|
i N
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hence the arbitrariness of N implies that Uy, is a Cauchy sequence in L2(T ), hence in
L2(), which therefore converges to a limit  u; 2 Xyot .)

[2.2.8]: (existence of a minimizer for the Dirichlet form on solenoida | vector elds )

Let u, 2 X?ot , N1, be a sequence such that there is a u, for which

jupiz  1; D(u,)! inf D(u) & iU, Ugiz! O (2:2:40)
juiz=1; u2X oo

Show that D(u, Uy,) nmu 0 hence, since D(u)is a metric, u, isinthe\ domain
of the closure of the quadratic form ", 2 i.e. there is also the limit D (ug) =lim nin D(u,)
and D (ug) = (23. In other words the quadratic form (extended to the function s of its
domain reaches its minimum value in  ug).

Note that if the \surface” D (u) = 1 is interpreted as an \ellipsoid" in  L2() then the
search of the above in mum is equivalent to the search of the | argest u (in the sense
of the L2{norm) on the surface such that D(u) = 1: thisis 1g0 so that u, has the
interpretation of direction of the largest axis of the ellip  soid and 1 that of its length.
Finally npge that strictly analogous results can be derived  for the quadratic form D1 (u) =
D(u)+ juj2 dx. (ldea: Note the remarkable quadrangular equality :

D Uy, + Uy +D Uy Un _ D(u,) + D(Em)'
2

2 2 2 s mm 1l

onN

and note that ju, + Uy j2! mnn 1 and deduce that liminf nm1u D Zo=m

onN

1
and, hence, 5D(u, u,)! 0)

[2.2.9]: (recursive construction of the eigenvalues of the Dirichlet form on solenoidal
elds) In the context of [2.2.8], dene 1> 0 as

2 = inf D (u)
jujz=1

o . . f _
uz2Xx ; and hg,gole—O

rot

and show that there is a vector eld u; 2 L() such that D(u,) = f then dene 2

2
etc. In the geometric interpretation of [2.2.8] u, is the direction of the next largest axis

of the ellipsoid and Lis its length. Show also that ( uy;u;)p =0. (Idea: Repeat the

construction in [2.2.8]. Then remark that if w = xug + yu, then D(w) x2 2+ y2 2+
2(up;uy)p xy =1is an ellipse in the plane x;y with principal axes coinciding with the ~ x
and y axes.)

[2.2.10]: (minimax principle for solenoidal elds ) Consider the nondecreasing sequence
j+j =0;1;2;::: constructed in [2.2.9] and show the validity of the followin g \ minimax
principle ": )

i minmax D (u)

where the maximum is taken over the normalized vectors that a re in a subspace Wj , with
dimension j +1, of the domain of the closure (see footnote 2) of D (u), while the minimum

3 The domain of a quadratic form de ned on a linear subspace D of a (real) Hilbert
space H consists in the vectors u for which one can nd a sequence un 2 D with
jijun Umj amnn Oand D(un  um)' pm1n O in such case the sequenceD (un)

VTN def .

converges to a limit ~ and we set D (u) = , and the set of such vectors u is called
the domain of the closure of the form or simply the \domain of the form". If u;v
are in the domain of the form D one can also extend the \scalar product" ( u;v)p =

D({(u+v)) D(u) D(v) =2.
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is over the choices of the subspacesW; . Find the simple geometric interpretation of this
principle in terms of the ellipsoid of [2.2.8], [2.2.9]. Not e that in the minimax principle
we can replace the j + 1{dimensional subspaces of the domain of the form with the
j +1{dimensional subspaces of X 2, , provided we replace the minimum with an in mum.

(Idea: The principle is obvious by [2.2.8] in the case j =0 and it is an interpretation of
[2.2.9] in the other cases.)

[2.2.11]: (minimax and bounds on eigenvalues of the solenoidal Dirichl et form) Con-
sider the sequence (), j = 0;1;::: constructed in [2.2.9],[2.2.10] and consider the
analogous sequence associated with the quadratic form D (u) de ned on the elds u of
class C1 (T ) periodic and with zero divergence on the cube T , de ned in [2.2.4]. De-
noting (T ) the latter, show that () i (T )andlim iy i()=+ 1. Likewise
we can get upper bounds on the eigenvalues jz() by comparing the quadratic form D
with the corresponding one on TO, a cube contained in the interior of with periodic
boundary conditions. ( ldea: Make use of the minimax principle of [2.2.10] and note that
every function in X ?ot () can be extended to a function on T . For the limit note that

j (T ) are explicitly computable via a Fourier transform. To obta  in the lower bound we
extend linearly and continuously in the CP topology for each p the periodic functions on
TO to functions X2, (9 de ned on a slightly larger domain ~ © with smooth boundary

containing the cube TO and contained in keeping control of the L, norms of @i: see
e
problems [2.2.33], [2.2.34] and [2.2.35] for more details. )

[2.2.12]: Show that if H is the closed subspace spanned (in L2()) by the vectors u
then in the domain of the closure of the form D orthogonal to H there cannot exist w 6 0.

(Idea: If w belonged to the domain of the closure of the form one would nd , proceeding

as in [2.2.8], a vector u such that D (u) =inf D(w) = < 1 , with the in mum taken
over all vectors in the domain of the form and orthogonal to  H: this contradicts that

j!'1 asj !l ;inother words we would have forgotten one element of the seq uence
u.)
=

[2.2.13]:  (heuristic equation for the eigenfunctions of the solenoida | Dirichlet form )
Write the condition that D (u) is minimal in the space of the divergenceless C! {elds
which vanish on the boundary of and are normalized to 1 in L2(), assuming that the
vector eld u which realizes the minimum exists and is a C?! {function. Show that it
veri es

u= %u @

where is a suitable function. ( Idea: One can use the Lagrange multipliers method to
impose the constraint @ u = 0).

[2.2.14]: Show that the function in [2.2.13] can be determined via the projection
Py» ( u), where P, » is the projection operator discussed in (F) of x1.6 (i.e. itis

rot ro
the function whose gradient is the gradient part of the gradi ent{solenoid decomposition
of the eld u).

[2.2.15]: Show that [2.2.13],[2.2.14] imply that we should expect tha t the vectors of the
basis u,, satisfy the equations

for a suitable sequence of potentials .

[2.2.16]: Let f 2 C! ([0;H]), show that
it % 2(H ifji3 + Hjif %3)
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R
(Idea: Write f (0) = f(x) + Xofo(i) d , and average the square of this relation over
x 2 [0;H], then apply Schwartz' inequality).

[2.2.17]: Letf 2 Cg ( [0; H]) be the space of the f (x; z) of class C1 and vanishing
if X is close to the boundary (assumed regular) @ of . Show that

z zz, zz,

jf (x;0)j%dx  2(H j@fj?dxdz+H * jf j dx dz)
0 - 0

(Idea: Apply the result of [2.2.16]).

[2.2.18]: (a \boundary trace" theorem ) Let f 2 C! (), show that there is C > 0 such
that, if L is the side of the smallest cube containing :

z
if()i2d  c(L tifjiz+ Li@ji3)
@

This is an interesting \ trace theorem" on the boundary of (a \Sobolev inequality"),
[So63]. The constant C can also be chose so that it i invariant under homotety (in
the sense that dilating the region by a factor > 1 the constant C does not change
and, therefore, C depends only on the geometric form of and not on its size). ( Idea:
Make use of the method of partition of the identity in [1.5.7] ,[1.5.8] to reduce the present
problem to the previous ones).

[2.2.19] (Traces) Let be a domain with a bounded smooth manifold as boundary @:
i.e. such that @is covered by a nite number N of small surface elements each of which
can be regarded as a graph over a disk ; tangentto @ atits center ; 2 @, so that the

parametric equations of ; can be written z = z;( ); 2 ; and the points x of close
enough to ; can be parameterized by x =( ;z;( )+ z)with 2 ;;z 0. Note that if

has the above properties also the homothetic domains with 1 have the same
properties and the ; can be so chosen that diam ( ;) = cL if L is the diameter of and
N;c are the same for all domains  with 1.
Let f 2C! ()anddene @- %aﬂd
1@,
x  x Z
ifign, = L3¢ j@-f (x)j? dx
j=0 i_J=i

5 =0 diwe s i@ =max it diwn( )
where f , ()= f x(;zi()) . Check that problem [2.2.18] implies
ifiiwn 1@y jifiiwngy s n 1
and the constant can be taken to be the same for all domains of the form 1

[2.2.20] (A \trace" theorem ) Given a scalar function f 2 L2() suppose that it admits
generalized derivative up to the order n included, with n even. Hence ( ) "2 exists in
a generalized sense, becausghf; () "2gij  Cijjgjj» for g 2 Cé () and for a suitable
C, c.fr. x1.6, (1.6.19) and problem [2.2.1] above. Suppose n > d= 2.

Show that f is continuous in every point in the interior of , together wi thits rst |
derivatives if n  d=2>] 0. Find an analogous property for n odd.
(Idea: Let Q- be a cube entirely contained in and let 2 Cg (Q"). The function

f f thought of as an element of L (Q-) admits generalized derivatives of order n
and ( )P“=2f exists in a generalized sense (this is clear if n=2 is an integer because
@Pg = jp:o @( 1) g) where ) are suitable functions in C§ (Q~)).

Hence thinking of g 2 C% (Qr) as a periodic function in Q- we see that there is a
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constant Cq. such that the relation jhf ;( ) n=2gjj Cq-jidiiL,(q-) holds for each
g2 Cé (Q-), and therefore it must hold for each periodic C! (Q-){function g. Then,
if £ (k) is the Fourier transform of f as elerpent of L2(Q+) (sothat k=2 " Im with
m an integer components vector), we get "d kjf‘ (K)j2jkj2" Cé Hence, setting
n= %+ j+ withl > > 0, we see that the Fourier series of @f is bounded above
by the series

_ X
kil it ()] kit 2 (0jikj =2
k

|~

1=2 X 1=2
iki?"if (k02 ki 2 ¢
k k
" X 1=2 i
CQ.‘ " d=2(7) +d=2( J@ d 2 dun j d=2CQ..
m

hence f has | continuous derivatives in Q-. If n is odd one can say, by de nition that
() ™2 existsifitis j<f;@g>] Cijjgjj2 for each derivative of order j n and for
eachg?2 Cg (); then the discussion is entirely parallel to the one inth e n even case.)

[2.2.21] (An auxiliary trace theorem ) Let W " () be the space of the functions f 2 L2()
with generalized derivatives of order n and de ne.

Show that the method proposed for the solution of [2.2.19] im plies that, if n>j + d=2
and d(x; @) denote the distance of x from @, then

d(x; @) y |oe=2

Uief i (= itliwog © Jd=]

and can be chosen to be independent of . ( Idea: Let Qi1 be the unit cube. Let

12 Cg (Q1) be a function identically equal to 1 in the vicinity of the ce  nter of Qj.
Let «(x) = 1(x" 1) and show that the constant Cgq. considered in the estimates of
problem [2.2.19] can be taken equal to L 92" "jjf jjyyn () »with independent from .
Then choose " = d(x; @).)

[2.2.22] (Trace theorem ) Infer from problem [2.2.19], [2.2.21] thatif j<n 1 d=2there
is a constant such that @-f (x);j_j=] with x 2 @ is continuous and

vief i difiiweg 0 id=]
(Idea: a point x 2 @ will be in some ;, c.f.r. problem [2.2.19], and at a distance O(1)
from its boundary. Then apply problem [2.2.21].) With a litt le extra e ort one can obtain
the \same" result under the weaker condition j<n d=2.

[2.2.27] (a rst regularity property of the eigenfunctions of the Diri chlet form: scalar

case) Let fo 2 L2(), fo=1im fn, jjifnjj2=21and D(fn)! S, where ¢ is associated
with the rst of the above minimax problems ( c.f.r. [2.2.10]). Show that the function fgo
admits rst generalized derivatives and also the generaliz egRderivative and fo =
2fo. (Idea: For each g2 C} () we get, setting ( f;g)p @ @d, that
i(fnigo  §hnigit nu 0 (foi( 5)d) =0
Hence j(fo; [o)]] Sjj gjj2 and fo has a Laplacian in a generalized sense, by de nition
of generalized derivative, and fo= gfo.)

[2.2.28]: (smoothess of the lowest eigenfunction of the Dirichlet form ) Check that under
the hypotheses of [2.2.27] the fg isin C1 ()and fo=0o0n @. ( Idea: From ( fo) =
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116 x2.2 Spectral algorithms. Elliptic equations theory

2fo it follows that () "™2fg = Jfo, for each n> 0 hence, by the results of [2.2.24],
[2.2.26], the fo veries the properties wanted. The vanishing on the boundar vy follows
from the trace theorem, [2.2.18], and of the fact that all the  functions approximating fg
have by assumption value zero on @).

[2.2.29]: (pointwise estimates on the derivatives of the lowest eigenf unction of the
Dirichlet form ) Show that [2.2.24] and the elliptic estimates in [2.2.26] a llow us to estimate

the derivatives of the eigenfunctions, normalized in L3, fo asjjfojici () L 2@+
(L o) *d)for all values of j.

[2.2.30]: (pointwise estimates on the derivatives of other eigenfunct ions of the Dirich-
let form) Show that, by the minimax principle, and by what has been see n in the
above problems, what we have obtained for fo applies to the other eigenvectors gen-
erated, via the minimax principle, from the Dirichlet quadr  atic form D (f ). In particular:

iifpiici( L &=2@Q+(L p)i*9)yfor all values of j;p.

[2.2.31]: (pointwise upper estimates on the derivatives of other eigen functions of the
solenoidal Dirichlet form ) Adapt the theory of the quadratlc form D (f) on the scalar
elds in f 2 C} () to the theory of the form D (u) in (2.2.15) on the space Xrot ()
and deduce the theorem that leads to (2.2.16),(2.2.17). ( Idea: Let f 2 La(), f =

0
lim Ln, Ln 2 Xr%t 0) ,uf iz =1and D(f ) ! (2), where ¢ is assomated with the

rst of the above minimax problems ( c fr [2 2.10]). Show that the function L) admits

a generalized Laplacian and f_ = ot @0 ﬁlth @o 2 La(). ( Idea: For each

-0 -0
g2 Cé() g ot + @ we get, settlng(fg)D @ @d, that

I'

(90 3 gt an 0)j (fi( 89, )i=0
hencej(f ;; 9 = 0J(f 9., )i 2jjgij2 (oecause ii9,, liz i gij2 as the solenoid
gradient decomposition of Lz() is orthogonal, c.fr. Sec. 1.6.5). Hencefg has a gen-
eralized Laplacian and Df | af o = Q in the space X, : ie. there is o such that

@02 X¢()and fy %Lo = @o. Analogously one nds that "fo= §+ @"

with @" in X2, ()foral n> 0, etc.)

[2.2.32]: (completeness of the eigenfucnctions of the Dirichlet form ): Show that the
sequencey; constructed in [2.2.9] is an orthonormal basis in X ot () which, from [2.2.31],
is such that u; are C1 () functions with zero divergence and vanishing on the boun  dary
@. ( ldea: If there existed w 6 0 in th () ( c.fr. [2.2.9]) but out of the linear span
H closed in Xyot () (which here plays the role of L2 in the scalar problems treated
in the preceding problems) one could suppose it orthogonal t o H: indeed j!‘(w; u)=

(w; () ku)=( ) *w;y;) hence

jwsup)io i C ) Kwii 5 j@y0i L SRa (L )T™Y)
where the second inequality follows from [2.2.29], [2.2.30 ] (adapted to the non scalar case
as in [2.2.30]). Furthermore from the rst of (2.2.17) we see FJthat (w;u.) tend to zero
faster than any power in j and, also, that the series wil = J(w,g )g (x) converges
very well, so that its sum is in the domain of the glosure of D (one veri es immediately

that the sum converges in the sense of the norm D (u), so that by the footnote 2 we see

that wK is in the domain of D). This meansthat w wl = w? is a vector in the domain
of the form D which does not vanish and which is orthogonal to the space spa nned by
the vectors u : which is impossible by the remark in [2.2.12].)

[2.2.33]: (estimates on the large order eigenvalues and eigenfunction s of the scalar
Dirichlet form ) Show that 12 Cj2=d for some C > 0, i.e. nd lower bound similar
to the upper bound in [2.2.11] to the eigenvalues of the quadr atic form D in the scalar

case. (dea: Let QO be a cube of side size 3L. It contains 3 9 cubes of sizeL. Let
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x2.3 Vorticity algorithms, d =2 117

Q be the one among them which is at the center and suppose that Q contains . Let

u 2 C! (Q) be periodic over Q and imagine it extended to the whole Q0 by periodicity

and to the whole by setting it to 0 outside QO Let o be aC?! () function that

has value 1 on and near Q and vanishes near the boundary of Q° and outside Q°. Let

w= qu2C().

Since@v= @ qgu+ o @ we see that
Z

Z
(@v)%dx 2 (@0)%iui*+ j(@)? dx Lo+ (@)?)dx
Q
for a suitable constant. Hence if u varies in a j +1{dimensional subspace W C1 (T)
it is
Z Z
max  (u?+(@)>?) dx max  (@v)?dx
u2w Q u2w
Taking the minimum over all j + 1{dimensional spaces W Cl (T) we get jZ(Q)

J.2() by the minirﬂax principle [2.2.10], if J.Z(Q) are the eigenvalues associated with the
quadratic form Q(u2 +( @)?2) dx to which the same arguments ﬂnd results (including
the minimax principle) obtained above for the quadratic for m Q(@1)2 dx apply with
the obvious changes, see [2.2.8]. The latter eigenvalues have the form (2 L 1m)?2 where
m is an arbitrary integer component vector, with multiplicit ~ y 2 for each m, so that we
get the inequality J'2() Cj 2=d and the inequality analogous to the rst of (2.2.17) in
the present scalar case follows from [2.2.29]. [2.2.30] and from the latter inequality; the
analogue of the second of (2.2.17) follows from the above ine quality and from [2.2.30].

Lower bounds on () can be obtained by the minimax principle by enclosing in a
cube Q® Q .

[2.2.34]: (Estimates on the large order eigenvalues and eigenfunction s of the scalar
Dirichlet form ) Let Q; QY Q beasin[2.2.33]. Letu be aC?! divergenceless eld periodic
on Q. Then u can be represented on Q asu = a+rot A where a is a constant vector
and A has zero divergence, is C! (Q) and is periodic on Q. We extend A to a C! (Q9)
divergenceless eld by periodicity and setit 0 _ outside Q% Then w = rot( o) %5’\ at gA)
extends the eld utoa eldin X (). Check that

Z Z

(@v)? Lo+ (@)?)dx

e Q e

for some > 0. This implies the relations in (2.2.17), by theRsame argume nt in [2.2.33]

and by the fact that the eigenvalues of the quadratic forms o (u2+( @)?) dx and can be
e

explicitly computed and shown to have the form 1+(2 L 1m)?2 where m is an arbitrary
integer component vector, with multiplicity 4 for each m. (ldea: The inequality and the
determination of  can be easily performed by writing the relations in Fouriert  ransform
over Q of u;A.)

[2.2.35]: (bounds on the multipliers ; of the eigenfunctions of the solenoidal Dirichlet
form) Show that also the potentials ; in [2.2.15] can be bounded by a bound like the

second of (2.2.17) j@ jj o "¢ and estimate ;c . (ldea: simply use @ =

uj + jzgj and then use (2.2.17).)

Bibliography:  the gyroscopic analogy ind = 3 is taken from [Wa90]; the
theory of the elliptic equations and Stokes problem, is based upon [S063],
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118 x2.3 Vorticity algorithms, d =2

[Mi70]. For a classical approach to the Dirichlet and Neumann problems
see also [Ga82].

x2.3 Vorticity algorithms for incompressible Euler and Navier{
Stokes uids. The d=2 case.

So far we tried to set up \internal approximation algorithms": by this we
mean algorithms in which one avoids (or tries to avoid) approximating the
wanted smooth solutions with velocity elds that are singular or have high
gradients.

The interest of such methods lies in the fact that the uid motions consid-
ered, real or approximate, are always motions in which make the hypotheses
underlying the microscopic derivation of the equations can be considered
valid.

However one can conceive éxternal approximation algorithms', in which
one uses approximations that violate the regularity properties of the macro-
scopic elds, assumed in deriving the equations of motion: the regularity
properties (necessary for the phyisical consistency of the modélsf the so-
lutions should (therefore) be recovered only in the limit in which the ap-
proximation converges to the solution.

Certainly such a program can leave us quite perplexed; but it is worth ex-
amining because, in spite of what one might fear, it has given positive resudt
in quite a few cases and, in any event, it leads to interesting mathematical
problems and to applications in other elds of Physics.

There is essentially only one method and it relies on Thomson's theorem.
We shall examine it, as an example, in the case of a periodic container with
side sizel .

Consider rst d = 2. The divergence condition is imposed by representing
the velocity eld _ as

u=GA d=(@ @ (2:3.1)
with A a scalar (smooth, seex1.6), and the vorticity is also a scalar
=rot u= A (2:3:2)
sothatu= @ ! ,cfr. (C)in x1.7.
The Euler equations ( = 0) or the Navier{Stokes ( > 0) equations can

be written in terms of

+

®

@z (2:3:3)

@/

=

where =rot g.
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x2.3 Vorticity algorithms, d =2 119

We now assume that the initial vorticity eld is singular, and precisely it
is a linear conbination of Dirac's delta functions

X
o )=

j=1

i.e. we suppose that the vorticity is concentrated in n points 7;:::;
where it is singular and proportional to ! ; : which we take to mean
I
Up(x) dx=1; (2:3:5)
0
=i

if the contour turns around point excludlng the other 's.

To nd the velocity eld corresponding to (2.3.4) we need the inverse of the
Laplace operator with periodic boundary conditions. The Green function
G, kernel of 1, with periodic boundary conditions has the form

G(;) ‘= gl i +GLCh) Gol i)+ ()

(2:3:6)
where Go( ) IogJ _J is the Green function for the Laplace
operator on the whole plane and i _jL is the metric on the torus of
sideL de ned by | JE =mingj . . nLj?; and _ is of classC! for

i j 6 L and such that G(; ) is L{penodlc and C! for 6 . See
problems following [2.3.11] for a proof of this interesting property.

The funq:non u® = @ !9 has singular derivatives (for instance
rotu® = 1 ( )) and therefore not only we are not in the situa-
tion in which it makes physically sense to deduce that the evolution ofu®

is governed by the Euler equations but, worse, we even have problems at
interpreting the equations themselves.

Consider the Euler equation: =0, and suppose that the external force
vanishes. In reality the interpretation ambiguity is quite trivial, in a sense,
because if we suppose that( ;t) has the form

X
o= L 4m) (2:3:7)

wheret ! r (t) are suitable functions, then we can nd a meaningful equa-
tion that has to be veri ed by r (t) in order to interpret it as a solution of
the Euler equations.

Note that (2.3.7) would be consequence of vorticity conservation because it
says that the vorticity is transported (see (1.7.14)) by the ow that generates
it, provided the initial value °© of s regular: since, however, g is not
regular we can think that (2.3.7) is part of the de nition of solution of the
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120 x2.3 Vorticity algorithms, d =2

(2.3.3) which, strictly speaking, does not make mathematical sense when
is not regular.

By substitution of (2.3.7) into the Euler equations, (2.3.3) with =0, we
nd

X X X0
L@ () 5 @6 M) @ (1)=0 (2:38)
i=1 j=1 p=1
i.e. setting = E (t) we get
X X
5@ 156G @  1nG(i )+ @G )i=, (239

i"— i
j=1 h& i

which has no meaning because thedutointeraction" term

1 )
- = 2:3:1
@*G(J*')f,. 27 7 - (2:3:10)
has no meaning.
However one can think that the components o8 G(; i )jf _are numbers
having the limit value for ! . of an odd function of ~and that they

can, therefore, be interpreted as zero Obviously this remark can only have
a heuristic value and it cannot change the sad fact that (2.3.9) does not
have mathematical sense.

Hence we shallde ne a solution of (2.3.3), with = = 0 and initial
datum (2.3.4), the (2.3.7) with r (t) given by the solution of the equation
X
5@ 1aG(i) (2:3:11)
néj

which coincides with (2.3.9) deprived of the meaningless term.

The entire procedure can, rightly, look arbitrary and it is convenient to
examine through which mechanisms one can imagine to approximate regular
solutions to Euler equation ( = =0in (2.3.3)) via \solutions" of (2.3.11).

The idea is quite simple. A continuous vorticity eld can be thought of as
a limit for " ! O of

X
=" % x x) (2:312)

where ? = 9(x;) and the sum is over small squares i, and with sides"
and centered at points _,, of a pavement of T, . R
This means that for the purpose of computing the integrals ~ °(x)f (x) dx,
at least, one can proceed by computing

z

-!i.mo (x)f (x) dx; forall f 2 C (T.) (2:3:13)
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i.e., as itis usual to say, \the functions ? approximatesweakly °"as" ! 0.

Then we can hope that, letting the eld (2.3.12) evolve as prescribed by
(2.3.11), and de ning in this way a singular vorticity eld -(x;t), one has
that

im it = (1) (2:3:14)

existsin the weak sensegi.e. lim-; ¢ R (X O)f (x)dx = R (x; t)f (x) dx, for
all functions f 2 C! (T_), and it is a regular function, if such was ©° to
begin with, verifying the (2.3.3) with initial datum .

It is therefore very interesting that the latter statement is actually true
if o2 C! (TL), [MP84],[MP92]. This theorem is of the utmost interest
because it shows the very \possibility" of external approximations to the
solutions of the Euler equation.

The method can be suitably extended to the theory of the Navier{Stokes
equations, 6 0, and to the forced uid case 6 0. For the moment we
supersede such extensions and, instead, we study more in detail the most
elementary properties of the equation (2.3.11).

One has to remark rst that (2.3.11) can be put in Hamiltonian form ; set

X; = (Xi; Vi)

pi= i Xi; q=%yi; (PA) (PGt PniGh)
L
1X
H(p:q) = > Pt G0 )
h6 k
(2:3:15)

whereih - have to be thought as expressed in terms of thegh ; ¢h), (Pk; & )-
Then we can check that (2.3.11) becomes

@H @H
L= — = — 2:3:16
B @q 1 @p ( )
i.e. the (2.3.11) are equivalent to the system of Hamiltonian equations
(2.3.16). If L = 1 , i.e. for the equations in the whole spaceH is

X

1 2 2
M= g tehdos PR PR+ P TP
h6 k

(2:3:17)
where ; is the sign of! ;.

We shall consider the casd. = 1 in more detail: but even in the latter
case the equations are di cult to solve, except in the trivial case of the \two
vortices problemt when

1 h 2 21
H= _“lilolog B B2+ Ly 2, (2:3:18)
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with = P 1'7 and the Hamilton equations become, if is the argument
of the logarithm,

Ly, Gy G _ 11,5 Gy G
P1 = 2 P2 =+ 2
[ 1 p1 p2 | 1 p1 p2
_ 122 1 1 2 _ 102 2 1 2
@= @ 2

so that we see that ; 1p1 + 2 2p2 = const, 11 + 20 = const, i.e. in
terms of the original coordinates

I 1x1 + ! 2X» = cost; I1y; + 12y, = cost (2:3:19)
and if! 1 + 1, 8 0 we can de ne the center of vorticity x as

_laxg+ Poxo _layi+ Loy, 2
X = AT, y= v, (2:3:20)
If 11=I, > 0 the vorticity center can be interpreted as the \center of
mass" of two points with masses equal tg! ;j: the faster vortex is closer to
the vorticity center. If ! 1=!, < 0 then the center of vorticity leaves both
vortices located at points P; and P, \on the same side". The equations
are solved by the motion in which the line P;P, joining the two vortices
rotates with angular velocity (! ; + ! ,)=(2 ) counterclockwise, if =
(X1 X2)|§ +(yn1 y»)?, around the vorticity center (c.f.r. problems). The
distance has to be > 0 as we shall exclude initial data in which a pair

of vortices occupy the same point.
: d .
If instead ! 1+ !, =0 and ! = 1, the two vortices proceed along two

parallel stﬁaight lines perpendicular to the line joining them and with veloc-

ity '=(2 ), going to the right of the vector that joins Py to P;if !> 0
(and to the left otherwise), (c.f.r. problems).

In general the \problem of:,n vortices" with intensities ! ¢;:::;!,, and
vanishing total vorticity ! = ;!; =0, admits, if L = 1 , four rstintegrals
1= i Jviips I2 = 1Vilg;

i i
1 X 2 2
I3 =3 i(pF+ 9); l4=H(p;9) (2:3:21)

i
the I1;1,; 13 can be simply written in the original coordinates as
X X 1 X

1= i Vixi; 12 = | Vivi; |3:2i

Lij ,J? (2:3:22)

while 14 is given by (2.3.17). Their constancy in time follows directly from
the equations of motion in the coordinatesx;, (2.3.11) with G given in

2=febbraio= 2007; 19:36



x2.3 Vorticity algorithms, d =2 123

(2.3.6), by multiplying them with !; and summing overi, or multiplying
them by !;x; and summing overi. If L is nite only 14;12;14 are rst
integrals (recall that if L is nite we only consider periodic boundary con-
ditions).

In general, however, such integrals are not in involution, in the sense of
analytical mechanics, with respect to the Poisson brackets (that we denote
with curly brackets as usual). With the exception of a few notable cases.

For instance fl4;1j9 = 0 simply gxpresses thatlq;1,;13 are constants of
motion; while fl;1,g=0onlyif ;!; ! =0, (becausel; only depends
on p and I, only depends on theq, hence the calculation of the parenthesis
is easy and one sees that it yields, in fact! ); furthermore fl3;1,g= 1, and

fls;lig= I».

On the basis of general theorems on integrable systems we must expect that

also the three vortices problemwith vanishing total vorticity be integrable
by quadratures. And in fact this is a generally true property. All \ con-
ned motions" (i.e. such that the coordinates of the points stay bounded as
t!1 ) will in general be quasi periodic and the others will be reducible to
superpositions of uniform rectilinear motions and quasi periodic motions:
c.f.r. problems. Here the word \superposition" has the meaning of the clas-
sical nonlinear superposition that one considers in mechanics in the theory
of quadratures and of quasi periodic motionsc.f.r. [Ga99b].

The interest of the condition ! = 0 of zero total vorticity is that this condi-
tion must automatically hold if one requires that the velocity eld generated
by the vortices tends to 0 at 1 quickly (i.e. faster than the distance away
from the origin): the circulation at 1 has indeed the value! .

In reality also the general three vortices problem with! 6 0, representing
vorticity elds slowly vanishing at 1 , is integrable in general by quadra-
tures, c.f.r. problems.

Concerning the four or more vortices problems one can show, by following
the same method used by Poincae to show the non integrability by quadra-
tures of the three body problem in celestial mechanics, that the problem is
in general not integrable by quadratures: it does not admit enough other
analytic constants of motion, [CF88b].

Finally if one considers the Euler equations in domains di erent from the
torus and from R? one obtains the (2.3.11) with the Green functionG( ; )
of the Dirichlet problem in . In fact the boundary conditon u n =0
imposes, by (2.3.1), that the potential A must havetangential derivative zero
on the boundary of and therefore it must be constant and the constant
can be xed to be 0. ThereforeA = 1 where is the Laplace operator
with vanishing boundary condition.

In these cases, in general, only, is a constant of motion: the case in which

is a disk is exceptional: because alsol 3 is, by symmetry, a constant of
motion and, therefore, in this case the two vortices problem is still integrabe
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by quadratures.

Problems: Few vortices Hamiltonian motions. Periodic Green function.

[2.3.1]:  (two vortices problem on a plane ) Show that the equations of motion for two
vortices of intensity ! 1;! 2 located at (x1;y1) and (x2;y2) are respectively

x1= la(yr y2)=2 X2=1a(y1 Yy2)=2
yi=la2(x2 x2)=2 ya= la(xa X2)=2
and deduce that setting = (x1 X2)+ i(y1 Vy2)itis —= % . Derive from this

the properties of the motions for the two vortices problem di  scussed after (2.3.20).

| O
2.3.2]: Suppose!1+ 1, 60, !1;!, 60andset ¢ = jli+!yandd ! =
jl, T+ 1,%. Let 1; 2 be, respectively, the signs of !1;! , and let #1;#> be the

signs, respectively, of !; + !5 and of !, SR 2 1. Show that the transformation
(Pr;p2;cuic)t  (p;p%a;cd):

p=( 1j' 1j¥2p1+ 2j! 2)*%p2) C a=(j! 1j"2aq + j! 2j2 ) c#1
PO=(pajl1j % pajlaj )d =( 1mj'1j ¥ 2mjlaj A d#

is a canonical map. (Idea: Poisson brackets between the p;p% q; ¢ are canonical: check.)

[2.3.3]:  (integrability by quadratures of two vortices planar motion s) Note that in the
coordinates (p; p% g; ¢¥) the Hamiltonian of the two vortices problem depends only on  the
coordinates (p%q® and it is integrable by quadratures in the region ( p%q® 6 (0 ;0), at
(p;q) xed. Show that the action{angle coordinates ( A; ) can be identi ed with the
polar coordinates on the plane ( p° g%:

L)

1
A= E(p02 + o%); =arg(p%q); and  H(P%q)= log A + cost

(Idea: The map (p% ! (A; ) is an area preserving map, hence a canonical map.)

[2.3.4]:  Show that the results of [2.3.2] and [2.3.3] can be adapted to the case! 1+ !, =
0 and study it explicitly. ( Idea: For instance the map

PP=p1 p2; A=(t+ G); P=(p1+ P2)=2 =(an )=2

is canonical and transforms H into % log(p® + g®) + const. However the motions do
not have periodic components corresponding, in the precedi ng cases, to rotations of the
vortices around the vorticity center, which is now locateda t 1 .)

P
[2.3.5]:  Show that, c.f.r. (2.3.21), flz;l1g= 12,fl3;l2g= 11 andfl1;l29= .
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[2.3.6]:  (the planar three vortices problem ) Given three vortices with intensity ! 1;! 2,
'3, with I'; > 0, consider the transformation ( pz1;p2;p3;0di;dz; ds)! (p; p% p3; q; o gs)
of problem [2.3.2] (it is a canonical transformation in whic h the third canonical co-
ordinates are invariant) and compose it with the transforma tion of the same type
(P p%pz;a; % az)!  (P;p%p°Q;q%q® in which ( p%q% are invariant while the trans-
formation on ( p; p3;q; &) is still built as in [2.3.2] by imagining that in ( p; q) there is a
vortex with intensity ! 1+ ! 2 =112 and in (p3;qz) there is a vortex with intensity ! 3.
Show that in the new coordinates ( P; p% p® Q; q% q°9 the Hamiltonian is a function only
of (p%p% g% g9 while I3 is the sum of a function of ( P;Q) only and of a function of

(p% p% % g9 only.

[2.3.7]:  (integrability by quadratures of the planar three vortices p  roblem) Show, in the
context of [2.3.6], that the P;Q are constants of motion and the surfaces H = ";1 3 =
are bounded surfaces in phase space. Hence they are regular 2dimensional surfaces
(i.e. they do not have singular points or degenerate into lower dim ensional objects) then
their connected components are 2{dimensional tori (\Arnol d{Liouville theorem"), see
[Ar79], and motions on these tori are quasi periodic with two  frequences. The three
vortices problem, i.e. the determination of the motions of the two degrees of freedo m
system obtained by xing the values of P;Q, is therefore integrable by quadratures if
1y > 0. This does not go on: the planar four vortices problem is not integrable by
quadratures, [CF88b].

[2.3.8]:  Show that, by using the result of [2.3.4], the analysis about the three vortices
problem and its integrability by quadratures remains true i n the case in which vorticities
do not have all the same sign, but are suchthat !1+!,60and ! 1+ !+ !360. This
time, however, the surfaces I3 = ;H = " will not in general be bounded and, therefore,
the invariant surfaces will have the form, in suitable coord inates, of a product of a space
RY TI, or RZ, or T2 and such coordinates can be chosen so that the evolution is li near
and motion will be quasi periodic only in the third case.

[2.3.9]: (integrability by quadratures of two vortices in a disk ) Consider the two vortices
problem in a circular region. Show that this is also integrab le by quadratures. ( Idea:
This time 11;12 are not constants of motion, but H;I 3 still are (the second because of
the circular symmetry of the problem); furthermore all moti  ons are obviously con ned.)

[2.3.10]: (integrability by quadratures of two vortices in a torus ) As in [2.3.9] but
assuming that the two vortices are conned on a torus (rather than moving on the
plane). Show that the two vortices move rectlinearly becaus e the total vorticity must be
0. (Idea: Note that on the torus the velocity eld u must be periodic and of the form
u = @ A with a suitable regular A, so that we can only consider vortices with total
vorticity zero. This time |3 is not a constant of motion but 11;1, are, furthermore they
are in involution, namely fl1;12g=0if f ; g denotes the Poisson bracket.)

[2.3.11]:  (quadratures for three vortices in a torus ) Show that also the three vortex
problem on the torus will be integrable outside the level sur faces of H;I 1;12 which are
not compact. (Idea: 11 and I are in involution, because the total vorticity vanishes on
the torus, c.f.r. [2.3.10], and they are in involution with  H. Then apply Arnold{Liouville
theorem, c.f.r. [2.3.7].)

F[2.3.12]: (Green's function'{pr periodic boundary conditions ) Consider Gy (X Y) =
inj N Go(x 'y nL) 0<inj N Go(nL), where the sum runs over the integer

components vectors n = (n1;n2) and Go is de ned after (2.3.6). Check the existence

of the limit lim yiu  Gn(x  y) = G(x ), which is a periodic function of x y with

period L in each coordinate, and which diers from  Go(x y) by a C1 {function of Xy

for x y small with respectto L.

Check that the only singularity of G(_ ) occurs at = . (ldea: Note that Go(x) =
l . . . - . . 2 - 2 1:2_ . "o
s-logjxjandj nLj=jnjL(1+( 2n L+ “)=(nL)%)* % andsetting " =( 2n

L+ ?%=(nL)2onehas Go(_ nL)= Alog(d+ ")+ 5 logjnjL.

Developing in powers of " the latter expression becomes - (" "2+ 0("3))+ 2 logjnjL.
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Sothat Go(_ nlL) becomes:

1.0 L2 ()2

2———+ —= 2—
4 jnj2L2  jnj2L2  (jnj2L2)?

+O(inj %)+ 5-loginiL

Summing over n we note ﬁ;at the terms linear in ~_ add up to 0. Furthermore the terms

in (n 7)2 have the form g Ming i and by symmetry we get the same result if the
latter sum is replaced by i |2n|2 and by synlv_f;netry between the components of n we
get again the same result if we replace this by . #n2=2 2n?. This means that when
summing over n the contributions from the terms quadratic in cancel exactly. Thus
summing over n gives the same result as summing B

X 1

Go(_ nL) Go(nL) @so(nlk) _ E@Go(ﬂL) _
inj<N e

which is a sum of terms of size O(jnj 2), which converges because the dimension is d = 2.
And in fact the derivatives of order 0 with respectto _ of the sum above are expressed

as sums of quantities which have size in n of order O(jnj 3 ) so that the limitis C?!
in the sense stated.)

P

[2.3.13]:  Show thatif jx yj? is dened as i2:1 (ixi yijmodL)?, ie. if jx yjis

the natural metric on the torus of side L, then the (2.3.6) holds with | of classC?! for
jXi Yij & L on the torus.

[2.3.14]:  (the images method) Show that the function G(x ) is such that G(x
y) = (x y): for this reason the construction in [2.3.12] is called the \images method" to
construct the Green function of the laplacian with periodic  boundary conditions. ( Idea:
It su ces to show this for x =( %; %), because of the translation invariance of G.)

Bibliography:  The theorem of external approximation, following (2.3.14),
is taken from [MP84]; for systems integrable by quadratures see [Ar79]
[Ga83], [Ga86].

x2.4 Vorticity algorithms for incompressible Euler and Navier{
Stokes uids. The d=3 case.

In the 3{dimensional case the analogue of the point vortex is a closed ori-
ented curve , that we shall call lament, on which rotu = ! is concentrated
and istangentto it, so that isa ux line for !.

(A) Regular laments. Divergences and in nities.

To understand the evolution of a vorticity lament consider the Euler equa-
tion in the form (1.7.3)

@] (2:4:1)
e

It is easy to nd the meaning of (2.4.1) as an equation of evolution for a
curve if we look at a point 2  and at an in nitesimal element, or
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vorticity element ! _ of the lament, with in nitesimal. The evolution
by transport by the uid of the element between and + ! _is

%= +u()dt N
+ 11 ~0: + !7+ g(74_ Ii) dt (242)

which implies that the arc of between and + ! _ evolves into the arc
o . - -
between °and ~ with

0 0= (141 @ud)= 1% if 10%) 4
- - e e o e

=

@udt (2:4:3)
e

This shows, by the second relation in (2.4.1), that the line element !_
evolves into !_%while the line is transported by the current: hence re-
mains always tangent to! and if the length of a line element of is changed,
in the evolution of , by a factor (L+ dt)then!%=1(1+ dt) describes
also the corresponding evolution of the modulud = jlj of I .

Hence the lament shape evolves simply because it is transported and
deformed by the uid. The vorticity, instead, changes proportionally to the
expansion of the line element corresponding to it: if the line gets longer the
vorticity increases.

Since vorticity is a zero divergence eld, its ux is constant along its ux
lines, in particular along ; hence if is a vorticity lament it must be

tO= 0Ot (2:4:4)

wheret () is the unit vector tangentto in 2 and () is a uniform
distribution concentrated on , de ned by

Z Z
def

f(O) Od=  fOd (2:4:5)

for eachf 2 C! |, if dl is the line element for .

To check that is time independentimagine the distributions  realized as
(limit of) a function di erent from 0 in a in nitesimal tubular neighborhood

T with cross{section, in 2 , given by s( ). Then, denoting 1 ( ) the
characteristic function of T, it must be a B

1O= ¢ (7)?1); 0 (2:4:6)

if t () is the unit tangent vector to  in

Of course as the time varies the tubeT is transformed into T° and the
section of the tube contracts by (1+ dt ) while the line element expands by
(1+ dt) because the tubeT evolution is by an incompressible transport.
At the same time we know that vorticity varies by the same factor and,
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128 x2.4 Vorticity based algorithms, d =3
therefore, if and 70 are (via the evolution) corresponding points on the
curve and on its image ° we note that

1
s()
which, comparing with (2.4.6), implies that ©°

LA9= 1o 9@+ dt)——~1t% To(o)sp(lo)t% (2:4:7)

The velocity eld u associated with a vorticity lament can be computed
via a formula often called Biot{Savart formula because it says that the
velocity eld of the vorticity eld is the \ magnetic eld" of an electrric
current of intensity circulating on the lament as computed from the
Biot-Savart law (units aside, of course)

I

_ d"&x ) >-4:8
uX)= - X T (2:4:8)
whered is the line element of : it is in fact the solution of @ u = ! hence

it is the magnetic eld generated by the intensity of current ! in (2.4.6).
Then the evolution of a system of several vorticity laments should
(naively) be described by

d @l oan
d _ ar b
dt 1:14 oo Ij

S (2:4:9)

because they should be transported by the owu.

One can then try to see if a generic vorticity eld ! is approximable by
a family of many laments  with a small vorticity circulation which,
as an approximation parameter” varies, should become denser and denser
approximating better and better ! in the sense that, for every xed f 2
C! (R®) 7 7

fim f(x) L(x)dx=f(x) LX)dx (2:4:10)

Two are the diculties of this \conjecture", which is suggested by the
success of the analogous result in dimensiod = 2 in x2.3. The most
evident is, perhaps, that in this d = 3 case it is no longer possible to neglect
the autointeraction of the lament. It is already so in the simple case of a
circular lament of vorticity u. Indeed at a point 2 , if R is the radius
of the circle , it will be

| 0

= — on = = 2:4:11
<z Y (4l
showing that _is orthogonal to the plane of the lament and it has sizev
z 2 in2 z 2
sin® -
V= 2R?d 2 = d 1 (2:4:12)

4, j@Rsin=23 2R , jsin=2
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More generally u diverges near every point of where there is a curvature
R 1> 0. Hence it has no meaning to consider the evolution of the lament.

A further diculty, independent of the previous one, is that a generic
solenoidal velocity eld does not havea corresponding vorticity eld whose
ux lines are closed. Indeed in general the ux lines of the eld ! =rot u,
although they cannot \terminate", they will wander around densely lling
regions of R® without ever closing (c.f.r. [1.6.20]). Hence it is not very
natural to think of an arbitrary divergenceless velocity eld as \well" ap-
proximated by elds with closed ux lines.

The latter is an aspect in which the 3{dimensional uid is deeply di er-
ent from a 2{dimensional one, in which instead an arbitrary vorticity eld
is naturally thought of as a limiting case of a eld in which vorticity is
concentrated in points.

Among the two di culties the second looks less serious: after all it is a
di culty that can certainly be circumvented by contenting ourselves with
approximations of ! with a system of closed vorticity laments in a sense
weak enough and, of course, we are quite free priori to de ne the meaning
of the \approximation" as we wish. The more so as it is an \external"
approximation which, therefore, can only be justi ed a posteriori.

The rst di culty is, however, almost \uneliminable".

A way to eliminate it could be to consider laments so irregular to have an
unde ned tangent and, in fact, such that d ° ( 9 oscillates so strongly
in sign and size to produce a nite result for the integral, (2.4.12), de ning
the velocity eld on the lament points.

Alternatively we could imagine laments with ux \vanishing" in a sense
to de ne so that the velocity in (2.4.12) is nite.

(B) Thin lament. Smoke ring.

We shall examine the second possibility rst, and proceed heuristically to
derive the equations of motion of a vorticity lament with \ evanescenit
vorticity, or \ thin lament ".

Given a regular closed curve let be a tiny tube with radius centered
around it: imagine that in a vorticity eld is de ned and directed as
the tangent t(x) to the curve parallel to  through x 2 . Here it is
not important to specify in which sense the tiny tube is lled by curves
\parallel" to  because the result will not depend on such details.

The vorticity ! will therefore be (X)t(x) where (x) is a function that,
in the direction perpendicular to , decreases in a regular way to 0 near the
surface of the tiny tube. Moreover the integral over a section orthogonal to
the tiny tube of  (x) is xed to equal 1, so that the tiny tube is a ux tube
of the vorticity eld with ux

The velocity eld corresponding to the vorticity eld ! will be given by
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the Biot{Savart formula
z

ty)» (x y)
= 3 = = X -
U= 5 Y O (2:4:13)
where t denotes the unit tangent vector, and the calculation leading to
(2.4.12) tells us that if = log is kept xed while ! 0, then
. B 1 o
||!mOH (x) = I@D(l) (2:4:14)

if b(x) is the unit vector binormal (we recall that this is the unit vector
orthogonal to the plane of the tangent and the normal) to the curve and
R(x) is the radius of curvature of the curve in x.

We then say that the velocity eld of a thin lament  with intensity is

1
4 R(x)

which is sometimes called the \smoke rings equation”, because it is a model
for the motion of smoke rings, as long as they remain thin and well delimited.
A more appropriate name is the equation for themotion by curvature of the
curve

The simplest case is when is a circle of radiusR. In such case the (2.4.15)
tells us that the circle moves by uniform rectilinear motion orthogonally to
its own plane, with velocity =4 R oriented to see the ux on the circle
proceed counterclockwise.

u(x) = bx) x2 (2:4:15)

The general case can also beexactly' studied: i.e. the motion of thin
laments is integrable by quadratures! This is a very remarkableresult of
Hasimoto, c.f.r. [Ha72],[DS94].

The key remark is that (2.4.15) implies that the curve moves without
stretching: the arc length of the curve is invariant. This can be seen form
(2.4.3) which shows that the stretching of a vector oriented as the line ele-
ment is proportionalto ! @, i.e. tot @(R 'b) = 0: because the derivative

of the binormal unit vegto? with respect to the curvilinear abscissa is pro-
portional to the normal unit vector, by Frenet formulae, (2.4.16).

The inextensibility of the curve  during its evolution by curvature allows
us to label its points by their curvilinear abscissa with origin on a pre xed
point of the curve. During the evolution the points of  will keep the same
abscissa on .

It is then important to recall the Frenet's formulae that express, on a curve

, how the three unit vectors T = (t; n; b), tangent, normal and binormalto
it, change with the curvilinear abscissa in terms of theradius of curvature
R and of the torsio% als

0 10 1
t 0 R! 0O t
@@nA=@ R1! 0 A @npA (2:4:16)
b 0 0 b
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where torsion and curvature are computed at the point of with curvilinear
ascissas, see problem [3.4.1] below.
If we set
z

(s:t) = ﬁe‘ (s (sit)= () + OS (tyds®  (2:4:17)

where (t) is a suitable function of t, then Hasimoto's theorem can be for-
mulated as

Theorem (Integrability of the motion by curvature): The function (s;t)
satis es the nonlinear Schredinger equation

ii@ =@ + %j j2 (2:4:18)

which is an equation which is integrable by quadratures.

Therefore, this tells us that R; vary, in a sense, quasi{periodically,c.f.r.
[CD82].

The derivation of (2.4.18) from Frenet's formulae and from the equation d
motion by curvature, (2.4.15), is discussed in the problems [2.4.1]%[2.3].

Once (2.4.18) is solved the curvature and the torsion at a generic point
are known as functions of time on the inextensible curve . Therefore the
Frenet formulae allow us to compute, always via a quadrature, the unit
vectors t(s); n(s); b(s) as functions of time. Hence (2.4.15), with a further
qguadrature, will also give the actual positions in space of the points of
as functions of their initial position (which plays the role of a label for the
points of ).

Hence the problem is \completely soluble" by quadratures. However this
is not the appropriate place to discuss the qualitative features of the smoke
ring motions: it is clear that the motions of thin laments is not strongly
related with the problem of an external algorithm for soving the Euler equa-
tions in d = 3 which would require considering laments which are not thin,
as it already appears from the analysis in (A).

Nevertheless the problem just discussed has some relation with the Euler
equation. With the notations introduced above imagine > 0 and =
log xed and consider the solution of the Euler equation with initial
vorticity ! (x). Then one can ask whether the following property is valid
Assuming that such solution exists for all timest> 0 denote itu (x;t). Is
then the limit: lim | ou (x;t) = u(x;t) existing? And, if yes, is such limit
the solution of the Hasimoto equation of the curvature motion with initi al
curve ?
Answering is di cult and, in general, the problem is open. However sup-
pose that the curve is a circle, and is a tube obtained as the region
swept by a disk of radius centered at a point of and orthogonal to
by letting the center glide on . Suppose also that initial vorticity eld
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! is everywhere perpendicular to this disk. Then the answer to the just
posed questions isa rmative , see [BCMOOQ]. This is interesting because it
clari es the meaning and the importance of the heuristic considerations at
the beginning of this section (B).

(C) Irregular laments: Brownian laments.

We now go back to the problem of devising external algorithms for the
d = 3 Euler equations posed in (A) above and we shall consider the case
of an irregular curve. It is then possible that even the velocity given by
(2.4.8), suitably interpreted (because the contour integral cannot be,a pri-
ori, condidered de ned over irregular curves) is nite.

The latter possibility can be illustrated through a simple example in which
one can see that a very irregular (\fractal") curve can generate a velocity
eld that is, in some sense, nite on the curve itself.

Consider a curve with parametric equations in cylindrical{polar coordi-
nates (polar on the x; y{plane) is

r( )= R@+"(); z=R#( ) (2:4:19)
with "( );#( ), for the time being, arbitrary.
Setting "(0) = "o;#(0) = #o, " = "( );# = #( ) and calling "%#° the

derivatives of ";# in ands sin;c cos we see that

d%=( R+ ")s+R"%;R1+")c+ R"%;R#9)d

0 (2:4:20)
7 =(R@A+")c R@+"0);RA+")s;R(# #o))
hence, setting also =" "o; =# #o:
% P=1 o@+"+re+mo)+ 2+ ?R? (2:4:21)

while the components ofdio" (7O ) are immediately computed from
(2.4.20) and are

d?o
=% )= (2:4:22)
dg
<RI(L+")c +%  #Y(L+")s];
=, REEAL+")(c D+ #° + (1+")s "
RZL (1+")  (1+")(A+"0)1 o+(1+ "0)"%]

Suppose that the curve is chosen as a sample in an ensemble of curves
randomly drawn with a probability distribution such that, as  varies near

o = 0, the quantities ";# are mutually independent and each is a random
function with independent increments. This means in particular that we
assume, for ; < 5, < 3, that the quantity "( 2) "( 1)Iis, as a random
variable, \very little" (see below) dependent from "( 3) "“( 2), and suppose
the analogous property on#. Suppose, furthermore, for simplicity, that the
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uctuations of "; satisfy, for 1; , near 0, a continuity property like for
instance

h'(2) "( )% (D) 2 4)* % (2:4:23)

with D;a > 0 (the parameter a is a measure of lack of regularity of the
random curves); nally suppose that the large uctuations have small prob-
ability (for instance bounded by a Gaussian function). In reality under the
above hypotheses one expects thaa  1=2 and that the distribution of the
increments of"( ) and #( ), for the considered values of is necessarily
Gaussian. Hence it is a distribution of the kind that one encounters in the
theory of Brownian motion.

Intuitively we imagine that the random functions ";# are continuous with
probability 1 but have, for  close to ¢ = 0, increments between ; and
2, proportional to (Dj 1))¥72: hence they arenot di erentiable .

We pose the problem of whether, at least, theaverage velocityof the curve

in the point  corresponding to = 0 is nite. Velocity is given by the
integral (2.4.11) which, considering the (2.4.22), in the point ¢ = 0 becomes
z
u= d (2:4:24)
=7 4R (2+ 2+ 2)3=2 o
( + 0 #0' #O 2:2+ #0 + " 0; 2:2+2||O )
wherewe set 1+ ' 1;cos 1= 2=2;sin = for simplicity, imagining

that

(1) " and # are small perturbations (although random) and

(2) taking into account that the convergence problems in the above analysis
are due to what happens for " 0.

The quantities "%#9 su er from interpretation problems because, by as-
sumption, such derivatives have no meaning: but (2.4.24) and the formal
expression"d )=("( + ) "( ))=,inthelimtas ! 0, shows that
by the independence of the increments of and #, the terms containing "°
and #° can be considered as contributing zero to the average of (2.4.22),
(2.4.24).

Discarding the terms that contain "% °we see that the only component
of u that has nonzero average is the third, and that such component has
average

Z 2
v=——nh d i =
8R 2 2 2)3=2
z ) (2:4:25)
wheref ( );g ( ) are the probability distributions of ="( ) "(0); =

#( ) #(0).
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To take advantage, in a simple way, of the assumptions on the distributions
of ;# it is convenient setting

=(Dj N¥*;  # =(Dj j)™*# (2:4:26)
and suppose that the variables ; # have an {independent, Gaussian, dis-
tribution : this simpli es some formal aspects of the calculations. We nd

z 2
. . — — 2 Ll
Vi costzdd de (Z+ D] j( 2+ 2=
2
2
cost d xdxe * (73 D] = (2:4:27)
z 2
(2

This remark on the niteness of u admits the following generalization.
Imagine a vorticity lament with equations

cost <1

o)+ () (2:4:28)

with a C! function ( )andwith ( ) sample of a random trajectory that,
locally near every one of its points, is \essentially" a Brownian motion. The
analysis leading to (2.4.27) can be extended to classes of curves that are
periodic and with increments that are \very little" mutually dependent.

An example of classes of curves with these properties is illustrated in the
problems?

Then the evolution equation for the generic point on the curve, which we
shall label by ot with 0 (o) 0= _(o).cfr. (2.4.28), is written

Z
d(_ o+ o) - (dO+d9Yr( %+ ° o o) def
dt T4 jo + 03 -
- 0 - 0 ”
z (2:4:29)
det B dﬁO/\ (7O+ 70 " 70)
4 jo 70+7° e

where having eliminated the termsd ©° that correspond to the terms with
the derivatives of ";# in (2.4.24), is in a sense a step analogous to having
eliminated, in d = 2, the autointeraction terms of the vortices (see (2.3.9)),
and it is hopefully justied by what we have seen in the above particular
case in which these autointeraction terms between the vortices gave formall
a zero contribution to the average velocity.

1 Note that we cannot assume that () it to be exactly a Brownian path with as time
variable because the increments cannot be really independe nt because the curve must,
in the end, be closed. The precise meaning that is given to the motion () is discussed

in detail in the problems following [2.4.4].
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The equation (2.4.29) generates then two equations, one for thaverage
and one for the uctuations

d,_ o z dfO/\ (70_,_ 70 B 7)i

d = 4 jo + 0

q 7 don( 0 O ) d (2:4:30)
G- 4§ + 9 p

To show the correctness of (2.4.30) should mean something similar to what
can be shown ind = 2. But before proceeding we must stress that now the
problem is rather more involved and an answer is not known.

Suppose thatx ! ! (x) 2 C! and that the ux lines of the vorticity feld !
are all closed? Imagine to cut orthogonally the ux lines by a surface and
to pave the suface with small squares of side  and let x; be the center
of the j -th square and let ; be the ux of ! through the j-th square. Call

j the ux curve of | passing throughx;. Then the vorticity eld

X
L (x)= i)t (x) (2:4:31)
i

approximatesweaklythe eld ! in the limit in which the size  of the squares
tends to O.

We can now imagine to evolve the curves; + oY where _ is a sample of
a random motion \similar" to a Brownian motion but with periodic sampl e
paths and with a suitable mean square dispersiorD; (see problem [2.4.4]
and following ones for an example) and compute the vorticity eld at time
t by using the (2.4.30).

We ask the question whether it is possible to determineD; so that the
vorticity eld at time t has a weak limit as ! 0, converging to aregular
vorticity eld solving the Euler equation with initial datum ! . It is by no
means clear that this or something similar to this could be true.

Heuristically we may expect that by choosing D; D , j{independent,
and setting ! P(x;t) = lim | ¢! , then the limit lim 5, ¢! P L(x;t)
should satisfy the Euler equations. This should holdeven ifthe uctuations

are xed as time independent, thus leading us to consider just the rst
of the (2.4.30) as a closed system of equations (because nowhas, by
assumption, the same distribution at all times). B

Hence from the rst of the (2.4.30):

z d O/\( 04 O )
T o (2:4:32)

o

at - "

2 Which is general is not true, even when ! vanishes outside a bounded region, but which
constitutes an interesting class of cases.
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with (t) de ned by a time independent distribution (rather than by the
second of the (2.4.30)), is an evolution equation that is interesting in iself,
even if it turns out to be only indirectly related to the evolution problem for
a vorticity lament. In fact to give a meaning to the motion of a lament

of vorticity it is necessary to consider both the equations in (2.4.30) and we
see that the same \average lament" evolves in a di erent way depending
on the distribution of the initial uctuations , i.e. depending on the actual
structure that is assigned to the lament.

The (2.4.32) and (2.4.30) give a method to give a meaning to the evolution
of a lament (and to the notion of lament itself) alternative to the one,
also natural, of considering the lament as a tiny vorticity tube initially
with a constant section and to follow its evolution. From the viewpoint of
numerical simulations the (2.4.32) and (2.4.30) are somewhat simpler tha
the equations arising from considering the tiny tube model for the vorticity
eld, because the objects that are described are, respectively one and two{
dimensional while the tubes are 3{dimensional.

We see in this way the generation of the idea of making even more \ex-
ternal" the approximation algorithm by using as vorticity laments, rat her
than regular closed curves, very irregular curves like the samples of an en-
semble of random curves with a probability distribution that assigns essen-
tially independent increments to the coordinates of their points.

But wishing to avoid such radically \external" algorithms of solution of
the Euler equations, which present to us obvious conceptual and compu-
tational di culties, it would be necessary to give up using vorticity based
algorithms that work so well in 2{dimensional uids. Therefore abandoning
them should be only a \last resrt" because the computational di culties
do not seem overwhelming, as proved by the existence of empirical solution
methods for the NS equation (which is an equation of similar complexity),
c.f.r. [Ch82], [Ch88].

(D) Irregular laments: quasi periodic laments.

Another road to pursue for an alternative generalization of the 2-dimen-
sional vorticity algorithms can be obtained by concentrating the vorticity ,
rather than on closed lines, on lines that arenot closed and Il densely
2{dimensional or even 3{dimensional surfaces.

Such velocity elds can be observed in real experiments, think for instance
to real smoke rings that move in air.

If the lament lines are distributed densely on the surface of a 2{
dimensional torus, for instance, or |l its interior, the rotation of u for
each of them must be in nitesimal and only their density will make sense.
Consider, as an example, the case of a lament lling densely the surface
of a torus T in the simple case in whichT is a 2-dimensional torus and on
T the ux line of | is a dense quasi periodic trajectory.

We imagine that the torus T is tangent to the x;;x, plane at the origin
and that it has there an external normal parallel to the x3 axis. The torus
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will be represented parametrically as

X1 =X1( 15 2); X2= X2( 1; 2); X3= X3( 1; 2)  with
X1(1; 2)= 1+ 0(72); Xao(1; 2)= 2+ 0(72); X3(1; 2)= 0(72)

(2:4:33)
where the are angles on a standard torus 2 [0; 2 1? © T,
On T we imagine the curve' with equations s! (s) = (s;s), 0
S  h, with = irrational and =lim 1 pn=0, Wherep, and g, are

the \convergents" of the continued fraction for (cf. problem [5.1.7] below)

p.97). Note that the curve ' will Il densely the torus and that, therefore,
if n is large the closed curve' , with equations s ! (s) = (S;pnS=G)
\essentially draws" the torus. a

Let _ be the unit vector tangent at the origin to T in the direction of
the curve ' and let _ be the unit vector orthogonal to _ and tangent to
the torus at the origin. Consider a surface elemend = dhd" around the
origin where d’ is the size in the direction of _ and dh is the size in the
direction of _.

The sum of the lengths of the segments of the curvé , that are contained
in d will be N = g,d =S, asymptotically in n, where S is a geometric
constant (by the \ergodicity" of quasi periodic motions).

We imagine that a vorticity eld !, is concentrated on the curve' , and
is parallel to it: sothat ! , = q,% - () where . is a Dirac's delta
distribution uniformly distributed along the curve ' . Ifwe nowletn!1
we see that, for any smooth functionf (), it is

Z 4
fFOL()d! nn tOfOd; LO=_0O r()d (2434

where 1 is a Dirac distribution is concentrated on the surfaceT and there
proportional to the surface area (the proportionality constant is a func-
tion on T that depends on the actual shape ofT (i.e. on the parametric
equations X () in (2.4.32)).

We interpret ! ( ) as a vorticity eld concentrated on the quasi periodic
lament ' onT.

This vorticity distribution induces a velocity u( ) which is nite. Indeed
we can compute it at the origin (to x the ideas) supposing rst that the
torus is at in the vicinity of the origin; setting =(I;h;z), _=1(0;1,0),
_= (normal to the torus at the origin), the contribution to the velocity by
a neighborhood of size of ordet' around the origin is, by the Biot{Savart
formula (2.4.8), proportional to the (improper) integral

z . z
| _dhdl
——= (2)dhdzdl = ——— 0 2:4:35
i< 1J3 (@) jljw (h2+12)3=2 ( )
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for small ", by parity. In the general case in which the torus has curvature
at the origin, or near it, this means that the Biot{Savart integral (which
would be logarithmically divergent by \power counting”) de ning u is in
fact (improperly) convergent.

If we really concentrate the vorticity on ' ,, then we see that the above
interpretation of the limitas n!1  simply results from the limitas n!1

of the velocity eld u, deprived of a part that is improperly de ned as
n!1 : this is (again) analogous to the prescription in thed = 2 case
of point vortices in which the deleted part (last term in (2.3.9)) could be
interpreted as a rotation of the vortex around itself and with in nite angular
speed.

Similarly if T is a domain bounded by a torus and densely lled by ux
lines and if the vorticity on its interior can be considered distributed with a
density ! then the integral expressing the value of the eldu is convergent.

There is, therefore, also the possibility of studying the evolution of a famly
of ux tubes of dimension 2 or 3 densely lled by one more lament by letting
the latter evolve to be transported by the current lines generated by itself.
Alternatively one can study cases in which the vorticity is concentrated
on surfaces (\vorticity sheets") or in volumes (\tubes") and such as to
approximate some smooth vorticity eld. In such cases there would be no
problem in giving a meaning to the Biot{Savart integral, at least at the
initial time.

In practice the algorithm seems simpler in the case of a vorticity lament
concentrated on a line dense on a surface, if compared to the case of a
vorticity \sheet" concentrated on a surface. But the convergence problems
of all the above algorithms are very little studied and only on a empirical
(numerical) basis, [Ch82].

Problems.

[2.4.1]: (time derivative of the principal frame on a curve ) Consider a closed moving
curve . Show that the three orthogonal vectors T = (t;n;b) evolve so that there exist
three functions A;B;C such that

t 0 A B L def
@ n = A 0 C n = MT (2:4:36)
b B cC o0 b

(Idea: Since the three vectors are orthonormal they must evolve as t! O(t)T(t) where
O(t) is a rotation matrix. Then the matrix Q(t) = MO (t) with M an antisymmetric
matrix).

[2.4.2]: (principal frame motion and Frenet relations ) Consider the motion by cur-
vature, i.e. according to (2.4.15), of a curve (necessarily inextensibl e€) . Then the
points x = r(s) are labeled by their curvilinear abscissa s and, therefore, as time varies
their positions can be expressed via a function x = (s;t). Writng @T = FT and

@T = MT, the Frenet formulae (2.4.17) and the relations in [2.4.1], show that the
identites @@T = @@T imply the relations

@R '=@A+B
0=@B R !c A
@ = @C R 'B

2=febbraio= 2007; 19:36



x2.4 Vorticity based algorithms and Brownian motion 139

and, setting °= =4 ,the@ =u= O°R lbimply @R b= @(@r), whichin turn
imply

A= 9% B= 9gr !

R @

hence A;B;C are uniquely determined by R; . (ldea: For the rst relations simply
di erentiate the (2.4.36) with respect to t and (2.4.16) with respect to s using (2.4.16)
and, respectively, (2.4.36) to express the @ and, respectively, the @ of the unit vectors:
one gets six relations each of the above ones being obtained t wice. Proceed similarly for
the second relations, by taking also into account that @ = t.)

[2.4.3]: (Hasimoto's theorem ) Starting from the expressions in [2.4.2] for A;B;C check
that the equations for R; are

1

, R R
and check that, setting = R le ; = (t)+ OS (s9ds%, (1) = Ot 2 1R(0;t9 2
C(0;t9 dtO the \Hasimoto identity" holds, i.e. the satis es the nonlinear Schedinger
equation, (2.4.18).

[2.4.4]: (A gaussian process) Consider the periodic functionsin  L2([0;2 J), ! "n( )
with zero average and witthnIy N harmonics. These are the functions that can be
expressedas:"n ()= 1 E:l (ck cosk +si sink ). De ne a probability distribution
on the set of functions of the type considered, by assigning t o the coe cients c;sk the
Gaussian distribution

Yo o 2+ s2)k?

dey dsy
P 2
k=1 2k 2
. Py
and show that h("n () “n~( ))%i=2 1 | k 21 cosk( )  Cn( ) <
j j2 wherej j2 =minqj 2njandalsothat Cy (X) !y ( j2 +
o((j jg )2). The Gaussian process de ned in [2.4.4] and discussed in probl ems

following [2.4.4] has periodic sample paths: it di ers there fore from the usual brownian
motion. However the dierence is quite trivial, see [IM65] p. 21, problem 3. (ldea:
Note that the series limit of Cy(x) as N !'1 is the Fourier series for the function
jXj2 | xj5 =2inthe interval [ ; 1)

[2.4.5]: In the context oi;\[2.4.4] show that the probability that I"nC) "n()jislarger
than Cn( )is 2 ! e “d=2= 2. (Idea: Note that "N ( ) "n () must have
a Gaussian distribution with dispersion (or \width", or \co variance") Cy ( ),because
it is a linear combination of Gaussian random variables (the ¢y ;sk).)

[2.4.6]: Show that the probability that, given two \dyadic" points ;< of order p,

=2 h2Pand = +2 2 Padjacentitis "n( ) "n()j> p 2 P72 is estimated
above by P, = c2P p exp 2p?=2 for some constant ¢ > 0. (Idea: The probability of
the simultaneous validity of any number of events is bounded by the sum of the respective
probabilities: hence the result follows immediately from t he problem [2.4.5] because in
this case the number of events is 2P).

[2.4.7]: (Wiener's theorem for brownian paths ) Given two dyadic points =2h2?°
and =2k2 49, ; < , not necessarily of the same order, show that, for instance,
if < and g < p there exists a sequence ofn points = X3 X2 X3:iI Xp =
such that xj+1  x; =2 (P 1) with ;| =0;1 suitable. This means that x; and Xj1
are either the same or adjacent \on scale" 2 (P 1),

Deduce that the probability that  j*N () "N ( )j< | i**2logj j 1 for any pair
of dyadic points ; < can be estimated by 1 C e 2=2, for some constant C > 0
(Wiener theorem).
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(Idea: First note that ( =) )=2 = (k2P 9 h)=2P so that expanding in base 2 the

merator k2 94 h = J.<p nj 2 with n; =0;1 we get the representation ( y=2 =
i2 I, with i =0; band trivially related to the n;.
Write "N () “"n( )= ("N (Xi+1) "N (Xj)) and note that the probability that, for

all the i, itis j"n (xi+1) “"n(xi)j < (p )2 (P D=2 js estimated, by the result of
[2.46], byp Ce °=2.
Moreover 2 (P 1) | j j=2 hence we get the inequality

2 P D=2 iy 12( j=2 )**2log, 4 j it

in fags if P is the smaffest p; for which j = 1itis 2 P j=2 < 2 P
and ;p 2 pj =2 rln: 5 M2 m=2  12p2 P=2 from which the latter inequality
follows.)
[2.4.8]: Hence the random functions (de ned on the dyadics) "y ( ) are uniformly Halder
continuous, with exponent 1=2, and \modulus of continuity"

I
(2 logj ;112

=sup

that is nite with a probability tending to 1 for 11 . One can then consider the limit as
N !'1  of the probability distribution on the space  C([0;2 ]) of the continuous functions
generated by the Gaussian distribution Py introduced in [2.4.4]. The measurable sets
will be de ned by the set of functions thatin m pre xed angles 1;:::; m take values
in pre xed intervals 11;:::;Im. Such sets are called \cylinders", for obvious reasons,
and they play the role analogous to that of the intervals in th e theory of integration of
functions of one variables. Furthermore, (in analogy to the ordinary integration theory)
all sets approximable will be measurable that can be approxi mated via a denumerable
sequence of operations of union, intersection and compleme ntation on a denumerable
collection of cylindrical sets. Check that the probability =~ of each cylindrical set converges
toalimtas N !'1 . One can check (using Wiener theorem) that the measure thus
constructed is completely additive ( i.e. if a cylinder can be represented as a countable
union of other cylinders then its measure is the sum of the mea sures of the cylinders
that add up to it); and that the set of Helder continuous func  tions is measurable and
has probability 1. One de nes in this way a probability distr  ibution (\periodic Brownian
motion") on the space of the continuous functions which are H elder continuous (even
with exponent 1 =2).

Bibliography : The tiny laments theory is mainly taken from [DS94]

which discusses some remarkable integrable extensions; see also [Ha72] and

the important extension to the theory of motion by curvature in the case

of discrete curves, [DS95]. Other pertinent references are [BCMO00], [Ne64],

[CD82].
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