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Large deviation rule for Anosov flows

Guido Gentilef
1 IHES, 35 Route de Chartres, Bures sur Yvette, France.

ABSTRACT. The volume contraction in dissipative reversible transitive
Anosov flows obeys a large deviation rule (fluctuation theorem,).

1. Introduction and formalism

In this paper the results in [G3] are extended to the case of Anosov flows. The interest and
the physical motivation are explained in [CG1] and [G2]: we briefly review them.

For dissipative systems the existence and properties of a non equilibrium stationary state
are not known in general. Nevertheless there are systems in which such a state exists and
has been extensively studied: Anosov systems and, more generally, Axiom A systems.

The content of the chaotic hypothesis proposed in [CG1] generalizing the Ruelle’s principle
for turbulence, [R5], is that, as far as only macroscopical quantities have to be computed,
a many particle system in a stationary state out of equilibrium can be regarded as if it was
an Axiom A system.

In [CG1] a theorem of large deviations is heuristically proven for dissipative reversible
transitive Anosov systems, by using the properties of the stationary state (SRB measure),
and it is shown to agree with the results of the numerical experiments in [ECM]. A rigorous
proof for Anosov diffeomorphisms is performed in [G3]. As the physical systems which one
wants to study through mathematical models evolve in a continuous way, it can be interesting
to check if the theorem still holds if one consider Anosov flows instead of diffeomorphisms.
This program is achieved in the present paper: it will be shown that the study of Anosov
flows can be reduced to the study of Anosov diffeomorphisms (more rigorously of maps
which have all the “good” properties of Anosov diffeomorphisms, in a sense which will
be explained below, after Proposition 1.9), so that the large deviation rule for dissipative
reversible transitive Anosov diffeomorphisms is extended to the case of flows.

If the systems is Axiom A but not Anosov, something can still be said: see comments after
Theorem 3.6.

In this section we simply review the basic notions and results on Axiom A flows, Markov
partitions and symbolic dynamics, essentially taken from [B2] and [BR], and in §2 we in-
troduce the SRB measures for Axiom A flows. Even if in the end we will confine ourselves
on Anosov flows, it can be worthwile to start with more general definitions (also in view
of possible future extensions to Axiom A flows of the results holding for Anosov flows), as
the discussion in this introductory part can be carried out with no relevant change both for
Axiom A and Anosov flows.
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In §3 we consider dissipative reversible Axiom A flows, study conditions under which they
reduce to Anosov flows, and state the fundamental result of the paper (a large deviation
rule for the volume contraction in dissipative reversible transitive Anosov flows), which will
be proven in §4.

Let M be a differentiable (C*°) compact Riemannian manifold and f*: M — M a differ-
entiable flow.

1.1. DEFINITION. A closed f!-invariant set X C M containing no fized points is hyperbolic
if the tangent bundle restricted to X can be written as the Whitney sum® of three T f!-
muariant continuous subbundles

TxM =FE+ E°+ E", (1.1)
where E is the one-dimensional bundle tangent to the flow, and

(@) NTfwl<ce™|uwl, forweE*, t20,
) T w| <ceM|wl|, forwe B, >0,

(1.2)

for some positive constants c, A; || - || denotes the norm induced by the Riemann metric.

More generally, if Y is the union of a hyperbolic set as above and a finite number of
hyperbolic fixed points, we also say that Y is hyperbolic, [ER], §F.2.

1.2. DEFINITION. A closed ft-invariant set A is a basic hyperbolic set if
(1) A contains no fized points and is hyperbolic;

(2) the periodic orbits of f'|A are dense in A;

(3) A is topologically transitive;?

(4) there is an open set U D A with A = Ny,er f1U.

Definition 1.2 is taken from [BR], §1. Usually one defines a basic hyperbolic set as a set
which either satisfies Definition 1.2 or is a hyperbolic fixed point. In the following we will
be interested in basic hyperbolic sets which are not a single point: this motivates Definition
1.2.

1.3. DEFINITION. A basic hyperbolic set A for which the set U in item (4) can be chosen
satisfying f'U C U for all t > tg, for fived to, is defined to be an attractor.

A point x € M is called nonwandering if, for every neighbourhood V of x and every
to € IR, there is a t > ty such that
filvnv £9.

The nonwandering set is defined as

Q= {x € M : z is nonwandering} .

1.4. DEFINITION. A flow ft: M — M is said to satisfy Axiom A if the nonwandering set
QO is the disjoint union of a set satisfying (1) and (2) of Definition 1.2 and a finite number
of hyperbolic fized points.

Smale’s spectral decomposition theorem ([Sm], Theorem 5.2; see also [PS], Theorem 2.1)
states that, if the flow ft: M — M satisfies Axiom A, and if we denote by F the set of

1 That is for each z € X, the decomposition (1.1) becomes T M = E, ® E5 & EY.
2 A flow ft: A — A is topologically transitive if, for all U, V C A open nonempty, U N ftV # ) for some
t > 0.



hyperbolic fixed points in €2, then Q \ F is the disjoint union of a finite number of basic
hyperbolic sets.

1.5. DEFINITION. A flow ft: M — M s an Anosov flow if M is hyperbolic.

An Anosov flow satisfies Axiom A (Anosov’s closing lemma, [A]; see also [B3], §3.8). By
Smale’s spectral decomposition theorem, given an Anosov flow f!: M — M, then one can
decompose () = Ué-vzlAj, where A1,..., Ay are basic hyperbolic sets, and one can consider
the restriction f*|A;, Vj = 1,..., N, which is topologically transitive. If one has Q = M,
then each f'|A; is a transitive Anosov flow.?

Standard examples of Axiom A flows are the suspension of an Axiom A diffeomorphism,
e.g. the solenoid, [Sm], and the geodesic flow on a compact manifold with negative curvature,
[A], which is an Anosov flow, (see also [B4]).

Let A be a basic hyperbolic set. For any x € A, the stable and unstable manifolds are

defined as
Ws={yeM : tlim d(f'z, fly) =0},

] P (1.3)
Wy ={yeM : lim d(f "z, f~"y) =0},
where d is the distance induced by the Riemann metric, and
wi=Uws, wi={Jwr. (1.4)

TEA EASHIN
If A is an attractor, W} is its basin: lim;_.. d(f'z,A) =0 Vo € W}.

For z € A, we set

Wy, ={yeW; : d(f'z, f'y) <eVt >0},
Wi .= {ye W : d(f o, fly) <eVt>0}.

Let D be a differentiable closed disk (i.e. a closed element of a C°° manifold of dimension
dim(M)—1, if dim(M) is the dimension of M), containing a point € A and trasverse to the
flow. For any closed subset T' C D containing x and for any y € T such that d(z,y) < oy
for a suitable aq, let us define (z,y) as the intersection Wi e "Wy, for a suitable v,
(by choosing a; small enough, one can always take |v| < ¢): such an intersection is well
defined (i.e. it is a single point) and lies in A, [Sm]. Then let us introduce the canonical
coordinate (x,y)p as the projection of (z,y) on D, [B2], §1: this means that there exists a
constant & > 0 such that, for |r| <&, f"(x,y)p = (z,y). The subset T is called a rectangle
if (z,y)p € T for any z,y € T, and in this case we can define (z,y)r = (z,y)p.

Then, for z € T, we set Wi (T) = {(z,y) : y€ T} and WX(T) = {{y,z) : y € T}: we
can say that W3 (T) and W¥(T) are the projection of the stable manifold and, respectively,
of the unstable manifold of z on the rectangle T' containing = (the projection is meant along
the flow), and T becomes the direct product of W2(T') and W*(T).

1.6. DEFINITION. Choose a basic hyperbolic set A. We call T = {T4,...,Tx} a proper
family of rectangles, if there are positive constants « and vy such that

(1) T; C A is a closed rectangle;

(2) if T(T) = UL, Ty, then A € Upeyen FT(T);

(8) T; C intDj, where D; is a C™ closed disk transverse to the flow, such that: (3.1)
diam (D;) < a3 V§, (3.2) dim(D;) = dim (M) —1Vj, (3.3) T; = intT; Vj = 1,..., N,

3 Note that there are Anosov flows for which Q # M, [FW]: such flows are obviously non transitive. In the
case of maps, the identity 2 = M is conjectured to hold for all Anosov diffeomorphisms, [Sm], Problem 3.4.
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F1G.1. Canonical coordinates.

(where int T; is the interior of T; as a subset of AN D;), and (3.4) for i # j, at least one of
the sets Di N Uycp<q f*Dj and Dj NU,<yco f1Di is empty (in particular D; N Dj = 0).

The above definition is taken from [B2], Definition 2.1. [In [B2], a3 = « and 7T is called
a proper family of rectangles “of size o”; in general it can be useful to consider a and ay
as independent parameters, so that one can change one of them without affecting the other
one.]

Note that, if the flow f*: M — M is a topologically mixing Anosov flow,* then E° and E“
are not jointly integrable (i.e. E°@ E" is not integrable, [P1], Proposition 1.6), [P]], Lemma
1.4, Lemma 1.5, Theorem 1.8. This means that, if ¢’ is so chosen that for any z € A, y € W',
and £ € W7 _, one has W NU_.,. f'W; . # 0, then W¢_NWp _ = (. Therefore, in such
a case, the disks D;’s can not be constructed so that the conditions W _(T') = W7 . NT
and W' _(T) = W' NT are simultaneously possible.

Given z € I'(T), let ¢/(z) be the first positive time required for f'z to cross I'(T). If
z € Ty, for some i = 1,...,N, then ff'®@g € T;, for some j # i; set t(z) = t'(z) for
z € int T; and extend it by continuity to the boundaries of 7;. Then define Hrz = f{®)z,
for any z € T'(T), [B2], §2: t(x) is called ceiling function and Hy Poincaré map. There
exists a tg € (0, ) such that t(z) > tg Vo € I'(7).

The function H7 is continuous on

N
I'(T)={z €T(T) : Hyxe | JintT, Vk € Z}, (1.5)
j=1
and I'(7) is dense in I'(7), being a countable intersection of dense open subsets (Baire’s
theorem, [Bb], Ch. IX, §5.3).

1.7. DEFINITION. A proper family of rectangles T is called a Markov partition (or Markov
family, or Markov pavement), if

(1) for x € T;, Hrx € T}, one has Hry € T; Yy € Wi (T;);

(2) for x € Ty, Hy'z € T, one has Hy'y € T Yy € WA(T;).

The above definition is taken from [B2], Definition 2.3.

Define
N N
T = Jory, oT=Jo'T;, 9T =0°TUO"T,
j=1 j=1
AT = | flooT, AT= | f'o'T;
0<t<a 0<t<a

4 A transitive Anosov flow is said to be topologically mixing if the stable and unstable manifolds W and

W2 are dense in M for some (and then for each) z € M.
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where
O°T = {{y1,y2)T : 11 € 6W£E(T) and ys € WfE(T)} ,

0T = {{y1,y2)r : y1 € W' (T) and yo € OW; (T)},

it oW (T) and OW; (T') denote the boundaries of W' (T) and W; (T') as subsets, re-
spectively, of W*(T) N A and W2(T) N A.

1.8. PROPOSITION. IfT is a Markov partition, one has fEAST C AT and f~'AYT C A*T
Vi > 0.

The proof is in [B2], Proposition 2.6.
Then the following fundamental result is proven in [B2], Theorem 2.5.

1.9. PROPOSITION. Any basic hyperbolic set A admits a proper family of rectangles which
is a Markov partition.

By construction, the discontinuity set of Hr, i.e. T'(7)\I'(7T), is covered by the evolution
of some stable and unstable manifolds, so that Hz: I''(7) — I"(7T) can be studied as it was
an Axiom A diffeomorphism, (see [B3] for a review).

1.10. Symbolic dynamics. Let us introduce a N/ x A matrix A such that

A — 1 if there exists x € int T; such that Hyz € int T},
71 0 otherwise,

(transition matrix), and let us define the space of the compatible strings
M={m={mi}icz : mi €{1,..., N}, Apiim,,, = 1VieZ}, (1.6)

and the map o: M — M by om = {m}};cz, where m} = m;11. If {1,...,N'} is given the
discrete topology and {1,..., }Z the product topology, M becomes a compact metrizable
space and o a topologically transitive homeomorphism (subshift of finite type); furthermore,
because of the transitivity of f, o can be supposed to be topologically mixing,® [BR], Lemma
2.1. A metric on M can be d(m,n) = dye~ %N with dy,dy > 0, if m; = n;, V]i| < N, [B2],

g1.
For ¢: M — IR a positive continuous function, i.e. ¢ € C(M), and

Y = {(m,s) : s€[0,4(m)], me M}, (1.7)

identify the points (m,(m)) and (om,0) for all m € M, so obtaining a new compact
metric space A(A,¥), [BW]. If ¢ : Y — A(A, ) is the quotient map, then the suspension
flow (or special flow) g*: A(A, ) — A(A, 1)) is defined as

g'a(m, s) = g(c*m,v) ,

where k is chosen so that

k—1
v=t+s— Zz/}(ojm) € 0,4 (cFm)] .
j=0

For ¢ € C(M), let

varyy = sup{|¢(m) — ¢ (n)| : m,n € M, m; =n; V]i| < N}

5a homeomorphism f: X — X is topologically mixing if, for all U, V C X open nonempty, U N f*V # 0

for all sufficiently large n.



" (ma(m)

-—————-9

= (om,0) (m,0)

F1G.2. Suspension flow.

and let
F={pcC(M) : Tcy,ca >0 s0 that varyy < ¢; e 2N VN > 0}. (1.8)

A flow g with ¢ € F is called a hyperbolic symbolic flow, [B2], Definition 1.3, and its
class is the same as the class of all one-dimensional basic sets for flows, [B1].

1.11. PROPOSITION. If A is a basic hyperbolic set, there exists a positive ¥ € F and a
continuous surjection p: A(A,¢) — A (symbolic code) such that po gt = ftop.

The proof is in [B1], §2. If N = |J;2__ f'07, and we set Ag = A\ N and M, =
A(A, )\ p~1(N), then p is a continuous bijection between Ay and My. Note that, if
z € I(T), then z = p(m,0), m € M, and one has t(z) = ¢(m).

2. Equilibrium states and SRB measures

Given a homeomorphism f, M (f) denotes the set of f-invariant Borel probability measures;
if F={f"}eRr, then M(F) = (\,cr M(f"). If ¢" is the suspension flow, we set G = {¢'}.

Let A be a basic hyperbolic set. For x € A, if EZ and E¥ denote, respectively, the
subbundles tangent to W and W in z, let Ao (), Ay () and As.(z) be the jacobians of
the linear maps, respectively, Df*: E; — Eje,, Df*: EYf — E}, and Df': B} — E}.,,
and Au(z) = Ao (2) Ao () Aut(2) X} (2) X3(x), where 2 () = sinfu} (f12)]/ sin[! ()] and
X3 (z) = sin[p?(ftz)]/ sin[y? (x)], being 1! (z) the angle between E2 and E¥ in x, and ¢?(z)
the angle between E? @ EY and the flow direction in x.

Note that Ay e (x) = /\uyt(ft,:zr) Au.t(z) and analogous relations hold for As:, Ao, X7
and x7: so that all such quantities are cocycles, in the sense of [R4], Definition B2.

By the transversality properties and the absence of fixed points of the basic hyperbolic
sets (see Definitions 1.1 and 1.2), there exists a positive constant B; such that Bl_1 <
Xi(x), X7 (z), Mot (z) < By, for each t € R, z € A.

Then we define p

W(g) = == In A4 (x ’ ,
p2) =~ @) _, o)

d
<p(5) (z) = 7 In Ag¢(x)

)
t=0

so that, for x = p(m,0) and 7 (z) = Zf;é t(p(oim,0)) = Zf;é Y(oim), if

N

S

Ju,k(x) = Au,rk(m)(x) )

(I) = As,‘rk(cﬂ)(x) ’ Jk(I)(I) = )“rk(w) (I) ’
Ju(z) Ju,l(x) ;o Js(x) )1

Y
Js1(z), J(x)=Ji(x),
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we obtain
71 (x)

T (@)
1nJu7k(a:):—/ dt o (fix) ZanuH z), InJy( :/ dt oW (ftx)
0

0

@) ()
hng,k((E) = —/ dtsp (s) ft Zan H an / dt(p(s)(ft )
0

0

and we can define for even k

Th/2(@) k/21
lnjuf,iz/ dt o (ftz) Z InJ, ),
T_/2() j=—k/2
(2.2)
Th/2(@) k/21
lnj&kz—/ dtgos) ftz) Z In Jg H
T_/2(®) j=—k/2

For v € M(o) and m Lebesgue measure, 1, = [v x m (Y)]~' v x m|Y gives a probability

measure on A(A4, 1), as v x m gives measure zero to the identifications on Y — A(A, ), so
that no ambiguity can arise. [Y is defined in (1.7).]

2.1. PROPOSITION. There exists a measure py € M(G), which is the unique equilibrium
state for o) with respect to G, ergodic and positive on nonempty open sets, (forward SRB
measure), and a measure p— € M(G), which is the unique equilibrium state for ©®) with
respect to G=1, ergodic and positive on nonempty open sets, (backward SRB measure). One
has py = py, , v4 € M(0), where vy and v_ are, respectively, the unique equilibrium states
for @) and ) if

1 (m) 1 (m)
() (m) = / dt o™ (p(m, 1)), 9 (m) = / dt o) (p(m, 1)) |

with respect to o.

The proof for u4 is in [BR], Proposition 3.1, (where the definition of equilibrium state can
also be found), and for p_ can be carried out in the same way, by studying f~* instead of
f* and taking into account the fact that the unstable manifolds for f* becomes the stable
manifolds for the opposite flow f~! and viceversa.

For transitive Anosov flows, we have the following result, (note that if ft: M — M is a
transitive Anosov flow, then M = A, see comments after Definition 1.5).

2.2. PROPOSITION. Let ft: M — M be a transitive Anosov flow . The volume measure
o on A admits the representation po = p,, with vy formally proportional to exp|—H (m)],
where the formal Hamiltonian H(m) is given by

—1
H(m)= > h_(o'm)+ ho(m +Zh+0m (2.3)

_]_—OO

with
{h(m)——an( ( )) ) th(m):anu(p(maO)) )
ho(m) = —In x(p(m, O)) ,

being x(p(m,0)) bounded between two constants, which we can take as By ' < By. If vy, v_
are the Gibbs states with formal Hamiltonians

= > hi(0’'m),  H_(m)= Y h_(¢'m), (2.4)

j=—o00 j=—o00



then pi,.,, p,_ are, respectively, the forward and backward SRB measures i, p_ on A.

A statement similar to Proposition 2.2 holds for diffeomorphisms (see [G3]), and follows
from the analysis in [Si1,Si2,Si3] and [G2,G3]. In Appendix A1, we show how to reduce the
discussion of the flows to the case of diffeomorphisms, so that Proposition 2.2 follows.

2.3. Remark. Note that, unlike the SRB measures, the volume measure is not translation
invariant (so that it is not really a Gibbs state, see [R3]): the non translation invariance is
due not to any symmetry breaking phenomenon, but simply to the fact that the potential
“to the right” is different from the potential “to the left”.

If g: M — IR is smooth, the function g(p(m,0)), m € M, can be represented in terms of
suitable functions yg(m_g, ..., mg) as

:Z”yk(m,k,...,mk), |ve(m_g, ... ,mg)] <Te M,

where T" > 0, A > 0. In particular hy (and hg) enjoy the above property (short range), by
the properties of the Markov partition introduced in §1.

2.4. PROPOSITION. For any smooth function g: M — R, if A is an attractor for the Axziom
A flow ft: M — M, and W} is its basin, one has

T
Tlinéo%/o dtg(ftx):Au+(dy)g(y)

for po-almost all x € W3. Analogously, if A" is an attractor for the opposite flow f~% M —
M, one has

T
lim %/0 dt g(ftx) =//u_(dy)g(y)

T—o0
for wo-almost all x € W}, where W}, is the basin of A': limy_,oo d (f 'z, A') = 0 Vo € W},.
The proof is in [BR], Theorem 5.1.

Consider transitive Anosov flows.

Let us construct the Markov partition 7, = \/-

Vi1 H;jT, (this means that, if my_y, 1,
= (m_p,...,my) and Tm_, ,, = ;o Hy T, for Ty, € T ¥j = —L,..., L, then

Tm_, 1y € 71), and let Tem0 be a suitable point in Ty, where m?_L)L] e M, (ie

m?fL_’L] is a compatible string), with (m([JfL,L])i = (m_p,1))i, V|i] < L; for instance we can
choose the symbols corresponding to the sites |j| > +(L 4 1) such that Ay, m,,, = 1, so
that the dependence on m_y, 1) is only via the symbols mp.

We can define

[-L,L]?

_ YP(m
Zm[,L,L]j k ) Jo dtg(f

" 2 = [ L,L]
/A,LLL,k( ) g9() Zm[ LL]j ;(xm ) Y (m ?fL.,L])

[-L,L]

)

mp

; (2.5)

which is called approximating distribution for puy. In fact the following result holds.

2.5. PROPOSITION (APPROXIMATION THEOREM). Let f': M — M be a transitive Anosov
flow. If prp i is defined as in (2.5), then, for any smooth function g: M — IR, one has

i [ padn)gle) = [ pstd) g(o)

L>k/2



where py is the forward SRB measure.

The measure pr, x can be written as jup x = py, ,, where vy, ;. is the approximating distri-
bution for vy € M (o) defined on M. In the following we shall use the notation

Jrvamgm) = [ ni@ng@ . [ natim)gom = [ ) o)

where
1 (m)
g(m) = / dt g(p(m, 1))

with ¢(m) € (to, ) Ym € M. For any subset A C M, we denote by vy (A) the vy-measure
of A: v (A) = [, v4(dm).
We conclude this section with a comment inherited from [CG2].

2.6. Remark. In Proposition 2.5, we could define the approximating distribution with
Tuk(®) = Tur(x) ok (z), where dp(x) = sin(Hl;-/Q:C)/sin(H}k/zx), which corresponds to
considering a Gibbs state with a different boundary condition (with the difference becoming
irrelevant in the limit as k — oo, because of the absence of phase transitions for one-
dimensional Gibbs states with short range interactions, [R2,GL]). Note that the factors
dr(x) are cocycles, according to [R4], Definition B2.

3. Reversible dissipative systems and results.
Let us consider flows f: M — M verifying the following conditions (A) and (B).

3.1. DEFINITION. The flow f': M — M is (A) dissipative if
oy = —/ pt (dz) In J* (2) >0,
A

and (B) reversible if there is an isometric involution i : M — M, i> = 1, such that:
ift=ft.

If fi: M — M is transitive and reversible, then, for any € M, the stable and the unstable
manifolds have the same dimension, so that the the dimension of M is odd.

By reversibility, one has o = o_, J(z) = J (iz), iW* = WE,, [G3], §2, and Ty =
Jsfl(ix), [G3], §4. Moreover, if A is an attractor for the flow f': M — M, then A’ = iA is
an attractor for the opposite flow f~% M — M, so that W5 = iW},, with the notations in

Proposition 2.4.

3.2. LEMMA. Let A be an attractor for the Aziom A flow ft: M — M. If
(a) the flow is transitive on M, or
(b) the flow is reversible and iA = A,

then A is a connected component of M and ft|A is an Anosov flow.

3.3. Proof of Lemma 8.2. 1If ft: M — M is transitive, A is dense in M (because of the
ft-invariance of A), and, as A is closed, then A = M; this proves (a).%

If A is an attractor, one has m(W3) > 0, where m is the measure on M derived from
the Riemann metric, [BR], Theorem 5.6. If one sets A’ = iA, one has iW}, = W3, by
reversibility. If iA = A, then m(W}) = m(W3). But A = W§, hence m(A) > 0, so that A is

6 1t is not necessary to assume the existence of an attractor in order to deduce from transitivity that

ft: M — M is an Anosov flow: in fact transitivity implies trivially Q = M.
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a connected component of M and ff|A is an Anosov flow, [R5], [BR], Corollary 5.7. Then
(b) follows. m

3.4. REMARK. In hypothesis (b) of Lemma 3.2, one can assume iW3 = W} instead of
iA = A: in fact iA = A yields A = W}, and, if iW§ = W}, one has ¢A C iW{ = W}, hence
iA = A, (because iQ = Q).

Note that a stretched exponential bound on the correaltion functions is obtained, [Ch], for
three-dimensional topologically mixing Anosov flows satisfying an extra assumption (“uni-
form nonintegrability” of the “foliations” E* and E*, [Ch], §13, Assumption A5), while it
is known that topologically mixing Axiom A flows can have correlations function decaying
arbitrarily slowly, [R6,Po].

3.5. DEFINITION. We define the dimensionless volume contraction rate at x € I'(T) and
over a time k as

k/2—1

; 1
> ) = @),

=—k/2

1
Ek(fﬂ) = H

where J; ' (z) = H?f:kl/z J Y (HL-x), and we set £ (m) = fow(m) dter(p(m,t)).

Then the following result holds, which can be interpreted as a large deviation rule, (see
[La,CG1]).

3.6. THEOREM (FLUCTUATION THEOREM). Let A be an attractor for the dissipative re-
versible transitive Anosov flow ft: M — M. There exists p* > 0 such that the SRB
distribution py = p,, on A verifies

. 1 vi({m: gx(m) € [p—4,p+9]})
p-os lim e e ) € —p—op o) P T

for all p and § such that |p| + 8 < p*.

If f*: M — M is a dissipative reversible Axiom A flow, and (1) the restriction of f* on
the attractor A is an Anosov flow, and (2) there exists an isometric involution i*: A — A,
such that i* ft{|A = f=%*|A, then Theorem 3.6 still applies.

4. Proof of the fluctuation theorem

For x € T'(T), the function e (x) can be regarded as a function on M, by setting ;(m) =
fow(m) dter(p(m,t)). Then the following two propositions hold.

4.1. PROPOSITION. For a suitable p* > 0 and for p € (—p*,p*), |p| + 9 < p«, there exists
the limit

lim llnu+({m: ge(m)ep—4,p+d})=  sup {—<(s)},
koo k s€[p—0,p+7]

and ((s) is a real analytic strictly convex function on (—p*,p*). The difference between the
right and left hand sides tends to zero bounded by D1 k', for some positive constant D .

In Proposition 4.1, p* is defined as p* = sup, ¢ {limsup,_, | . €k (H;ﬂx)}.

4.2. PROPOSITION. For 3 € (—o0,00), define

A(B) = sup ){55—4(8)}; (4.1)

s€(—p*,p*

10



then one has ,
A(B) = lim Eln/w(dm) ePhEr(m)

k—o0

and A() is a real analytic strictly convex function on IR, asymptotically linear to +p*, for
B — doo. The difference between the right and left hand sides tends to zero bounded by
Dy k™1, for some positive constant Dy.

The two statements are equivalent. In fact Proposition 4.1 yields Proposition 4.2 (and
viceversa): the proof of such an assertion is standard, [R2], and is given in in Appendix A2.
Therefore it is enough to prove one of the two results: the proof of Proposition 4.2 can be
deduced from [CO], and it is reproduced in Appendix A3.

Hence it will be sufficient to prove the following result.

4.3. LEMMA. IfI, 5 =[p—0,p+4], |p|+ 9 < p*, the distribution v, verifies the inequalities

1, ve{m: E(m) € Do }) { <p+o+1'(k)
ork  vi({m: g(m) € I—p,6in(/€))} >p—0— n/(k)

where n(k),n' (k) > 0 and n(k),n’ (k) — 0 for k — .

For g € Z and n odd, set X ={q¢,q+1,...,q+n—1} =[¢,q+ n — 1] and define mx =
(Mg, Mgi1s « -y Mgin—1) and X = g+ (n — 1)/2 (the center of X). If m € M, let m% be
an arbitrary configuration {(m%);};cz such that (m%); = (mx);, Vi=q,...,q+n— 1.

One can write

0 pm0) = 30 Fxlmy) . he(m) = 30 Hx(my). (12)
X=0 X=0

where Ex(mx) and Hx(mx) are translation invariant and exponentially decaying func-
tioms, i.e. , if 1 denotes translation to the right,

Eyx(myx)=Ex(my), |Ex(my)| < ng) e*b;EM ,
Hyx(myx)= Hx(my), |Hx (mx)| < bgH) et 7
for suitable positive constant ng), béE)7 bgH ) and béH ).

Then kZx(m) can be written as

kgg(m) = Z Ex(mx) ,

Xe[—k/2,k/2—1]

and, if kY (m) = Z(N) Ex(my), with Z(N) denoting summation over the sets X C
[~k/2—N,k/2+ N], N >0, while X € [~k/2,k/2— 1], one has the approximation formula

|k§kN(m) — kgrp(m)| < bie 2N

where by = (e +1)[(e — 1) (1 — exp(—ng)))]_lng), by = béE), and N can be chosen N = 0.
Then 0
vi({m : g (m) € L5, c}) < vi({m : Ex(m) € I,5})

< vi({m : E(m) € I 510, /1)) -

From the general theory of one-dimensional Gibbs states, [R1,R3], (see Proposition 2.5 in
§2), one has that the v -probability of a configuration m([)—L/2,L/2]’ L>k/2,is

— * m()
o~ Hx(m%) B (m_1/21/9)
~>""Hx (m%)
Zm[—L/z,L/ﬂ c Z o }

11
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where >°* denotes summation over all the X C [~L/2, L/2], with X € [~k/2,k/2 — 1], and
B(m_p,/2,1,/2]) depends on m_p, /5 1,/9], but verifies the bound |In B(m_1, /5 1/9))| < In Bo,
for a suitable By > 0 and uniformly in L.

As 1(m) € (tg, @), we can define By = max{a,t;'}, so that |Int(m)| < In By.

Then, for any L > k/2, one has, for B3 = By B,

vi({m: g (m) € I,5}) < vi({m: g (m) € I 545, /1 })
< Bsvpp({m: E)(m) € I, 514, /5}) < Bsvpp({m: x(m) € L, 5100, 1))

and likewise a lower bound is obtained by replacing B3 by By Y and b; by —b;.
Then, if 1,5 C (—p*,p*) the set of the rectangles Trm,_, ,; € 71, with center z such that
ex(x) € I, 5 is not empty, and we have obtained the following rewriting of Lemma 4.3.

4.4. LEMMA. The distributions vy and vy g, L > k/2, verify the inequalities

vp r({m: g, (m)el, s})

Lo ({m k(m)EI 5%2bs /k}) {< for MBI+ I uLL,k’?{n(u{zik(gnzef)?;a}%)
VL, m: gx(m)el,

kop  vi({m: gx(m) € =1, 5100, /0}) | > ~ oy B + - In S e e sy

for I5 C (—p*,p*) and for k so large that p+ & + 2b3/k < p*.
Hence Lemma 4.3 follows if the following result can be proven.

4.5. LEMMA. There is a constant b such that the approzimate distribution L,k verifies the
inequalities

U vea({m: E(m) € [5}) { <p+35+Db/k
ok vpp({m: g (m)e —-I,5}) | >p—0—>b/k

for k large enough (so that |p| + & +b/k < p*) and for all L > k/2.

If 7 is a Markov partition also i7 is such (because S = S~1i and iW* = WS); further-
more if 7; and 75 are Markov partitions also 7 = 77 V 75 is such. Therefore there exists a
time reversal invariant Markov partition 7, i.e. a Markov partition such that 7 = ¢7: it is
enough to take any Markov partition 7y, hence to set 7 = 7y V i7y.

Since the center of a rectangle T,_, ,, € 71, can be taken to be any point zm_, ,, in the
rectangle T, ,, (provided zm_, ,, = p(m' 0), m’ € M), we can and shall suppose that
the centers of the rectangles in 7p,_, ,, have been so chosen that the center of iTy _, ,, is
m:m[ L,L]? i.e. the time reversal of the center Tm_, of Tm m_p

For k large enough the set of configurations my_, 1 such that ex(z) € I, 5 for all (possible)
z €T, is not empty and the ratio in Lemma 4.5 can be written, if Zm _, , is the center

M—L,L]
of Ten_, s as

-1
VL,k({m k(m) c Ipé}) ZEk(Im[,LYL])GIp,J ju,k (‘Tm[—L,L])
vir({m: gx(m) € Ip,5}) Zsk(xm[,L,L])G*Ip,a ‘71;; (Im[,LYL])

-1
EEk(im[,L,L])EIp,é ju k (Im[—L,L])

T .
Zsk(xm[ £.0))€p,s T, K (wcm[ L,L])

But the time reversal symmetry implies that Jux(z) = J_, !(ix), so that the above ratio
becomes

(Im[fL,L]) j;,lgl (Im[fL,L])
(Im[fL,L]) jsjk (Im[—L,L])

T =

-1
Esk(zm[,L,L])elpﬂ ju,k (:I;m[,L,L]) { < maxm[iLYL] \7_7
ZEk(z £))€ps Ts ke (xm[*L’L])

T =

> minm[iLyL] J;

m_p
where the maxima are evaluated as m_y, ;] varies with ex(zm_, ) € Ips.
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We can replace Jufé(ac) Jsfl(x) with J ' (2)Bi', By = B}, and By is defined at the
beginning of §2.

By definition of the set of m[_p r)’s in the maximum operation in the last inequalities one
has [0 k] InJ; " (@m_, ,,) € Ip,s: then Lemma 4.5 follows with b= o' In By

From the chain of implications 4.5 — 4.4 — 4.3 — 3.6, Theorem 3.6 follows and a bound
O(k™1) is found on the speed at which the limits are approached: in fact the limit in Lemma
4.1 is reached at speed O(k~1), and the regularity of ((s), the size of n(k) and 1’ (k) and the
error term in Lemma 4.5 have all order O(k~1).

Acknowledgements. I would thank G. Gallavotti for having proposed the argument and
for continuous encouragement and suggestions. I'm also indebted to M. Cassandro for
discussions about the paper [COJ, to F. Bonetto for comments and remarks, and in particurar
to D. Ruelle for hospitality at THES, and for enlightening discussions about the theory of
Axiom A systems and critical comments on the manuscript.

Appendix Al. Proof of Proposition 2.2

The proof of the statements in Proposition 2.2 can be adapted from [G3]. In fact we can
study the map S = Hp: I'(7) — I'(7) as it was an Anosov diffeomorphism. For any
x € I(T), Wi(T) and W*(T') are the stable and the unstable manifolds of z, if T is the
rectangle in T'(7") containing x; the angle a(z) between them is bounded by two constants
Ky ! < Ky, by the transversality implied by the Whitney sum decomposition (see Definition
1.1). We can denote by | DS, (x)| and |DSs(z)| the jacobians of the map S restricted to the
unstable manifold W¥(T') and, respectively, to the stable manifold W3 (T).

Then we can apply the discussion of [G1,G2], and obtain that the measure v of a cylinder

set
k—1
-k ... k _ —j
Conts T = () S7Tm, C T,
j=—k

is “essentially” given by

vlet )= m[H |Dss(ij>|}a<x>[’ii|Ds;1<sj:c>| .

j=—k

where z is a point in Cm_i Tr’fk, B, and B;, . denote the surfaces of the unstable
boundary of T,,,, and, respectively, of the stable boundary of T;,,_,. Here “essentially” has
the same meaning as in [G2], arising from the approximation involved by the arbitrarity of
the choise of the point z, and it is solved as in [G2].

When the limit as & — oo is taken, we find that v is formally proportional to the expo-
nential of

-1 o
- [ - Z In|DSs(p(c?m,0))| — Ina(p(m,0)) + Z In|DS,(p(c?m,0))]| .

By using the fact that |DS,| and |DS;s| are cocycles, we can write

0 k—1
I1 1DS.(s72)| = |DSE(S™ )|, []IDSu(S72)| = |DSE(x)]
j=—k =0

and replace |DS*(S~*x)| with sztk(x)(H}kx), and |DS%(z)| with J,, -, (z)(x): the errors
caused by such substitutions are bounded by two other pairs of constants K ! < K, and

13



Ky ' < Ky, by [B2], Lemma 7.1, (this simply means that the boundary conditions for the
corresponding Gibbs state can be different for finite &, but the difference becomes irrelevant
as k — o0o; see also Remark 2.6).

Then we have u = v X m, where m is the Lebesgue measure and v is a measure on M, so
that Proposition 2.2 follows with vy = v and By = KoK Ko. B

If the volume measure po admits the representation u,, = vp X m, then the measure v
describing the Gibbs state with formal Hamiltonian H, (m) denotes the SRB measure for
the map Hz: I(7) — I''(T), so that u,, = vy x m is the SRB measure for the G.

Appendix A2. Equivalence of ensembles

In this appendix we prove the equivalence between Proposition 4.1 and Proposition 4.2. Let
assume that Proposition 4.1 holds. Define

Q(ﬁ, k) = /y+(dm) eﬁk?k(m) '

Given 6 > 0, let pg be such that Sp — ((p) > A(B) — ¢16 for any p € [pg — 0, po + 4], for a
suitable constant ¢;. Then for k large enough (so that Dy < ko)

QB.k) > / vy (dmn) e7F0™ 3 (2 (m) € [po — 6, po + 6))

> exp {Wf(po =& +k( sup {—C(s)} - kilDl)} > AR re)
s€[po—6,po+9]

(here x denotes the characteristic function), so that

timinf = In Q5 K) > A(5) .

Given ¢ > 0, one can write, for k large enough (so that D; < k¢),

ko—1

QBk =Y / v (dm) P55y (e, < 2(m) < £141)
=1

k—1
+ 3 [ v m) PR e < mm) < 1),

i=ko

where the strictly increasing sequence {e;}¥_; is so taken that: (a) —p. = &1 < ea < ... <
er =p; (b) Vi=1,...,k, gi41 — & < 26; and (c) ex, = So, where sup,e(_,, , \{—C(s)} =
—((s0). Then

]i}()—l k—1
Q(ﬁa k) < Z ePkeit1—k((eir1)+D1 + Z ePkeit1—k((e:)+D1
i=0 i=ko

< (k — 1) FAB+ICE+D]

and one deduces )
lim Sup — In Q(67 k) < )‘(ﬁ) )

R—00 k

so that the first statement of Proposition 4.2 is proven. The other properties of A(3) follow
from the properties of ((s), by taking into account that A((3) is the Legendre transform of

((s)-
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Appendix A3. Canonical ensemble

We prove Proposition 4.2. In order to apply the methods of [CO], let us reformulate it
under more general conditions as follows (recall that real analyticity means analyticity in
an arbitrarily small strip around the real axis).

A3.1. LEMMA. Let us denote by X the subsets of Z, by |X| the number of elements in
X, and define diam(X) = max; jex |[¢,]]|. Let the class of the potentials be defined as
O ={Px(myx)}xcz, where Dx(mx) is a function depending on the values of the symbols

{mplpex, and set
®(m)= ) dx(mx).
XeZ

If | fx|loo denotes the supremum norm for the continuous function fx € C({1,...,N}X),
[ fxllo = SUPmy |fx(mx)|, and B is the Banach space of the potentials & with the
norm
@5 =" e @Dy (mx)||o < 00,
X30
for some r > 0, then there exists a domain w of the complex plain centered in the origin,
such that, for ® € B, the limit

1 .
q(B) = lim Eln/Vk/2,k(dm) BU) (m)

k—o0

exists and is analytic in § € w.

Once the existence of the limit ¢(/3) is proven, the convexity can be proven with standard
methods, [R1], and the linearity in 3 for 8 — oo follows from the definition of p* in §4.

A3.2. Decimation and first cluster expansion. Let A, be the interval centered at the
origin of lenght |A,| = 2pM + (2p + 1)L, and decompose A, into consecutive blocks
A,p,B A,erl,. ..,Apfl,Bpfl,Ap, such that |B1| =MVi = iy 2 1 and |A | = L
Vi = —p,...,p, with L < M. Set Z = limp_.o Ap, and define I‘g‘ = {A)}
rE = (B

Cons1der the function

i=—p

Zy(H +pE) = Y e 0" 7 may)

mAp

where the potentials H = {Hx(mx)}xcz and E = {Ex(mx)}xcz are in B. Note that
UWHABE) — 7(H) 1 7(PE) 5o that the real analyticity in 3 of

lim |A,|7'Z,(H + BE)
p—00

yields Lemma A3.1 (the sign of 8 being irrelevant).

If one chooses H and B as defined in §4, after Lemma 4.3, then from Lemma A3.1 Propo-
sition 4.2 follows, for A;; = 1 (A is the matrix introduced in §1.8). The extension to the
general case is trivial.

Call a; = my, and b; = mp, the configurations in the blocks A; and B;, and ag [bg] the
configuration in S, if S is the union of sets in I‘;;‘ [T5]. We have

P
U(H+BE)(mAP) = Z (H+BE) (g Z J(H) (a;, by, ai41)
i=—p i=—p
+ 3 Wi (a Z TP @, biain) + > W (me)
Der? i=—p Cely
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where the sets ') and [, are defined as follows:
I’={D=A,U...UA; :2<k<p,and D#A;UAi1,, VieZ},

fp:{C:Ailu...uAikuBi;u...uBi;/ c0<k<p, 1<k <p+1,
and C # A;UB;UAj11, C# AiB;, C# BjAiy1, C# B \VieZ},

and

olP(a;) = Y @x(ax),

XCA;
Ji% (@i, bi, aip1) = Y. ex(mx)+ > Px(ax),
XCA;UB;UA; 11 XCAUA 1
XNB; #0 XNA;#0, XNA; {170
ng)(ap) = Z @X(aD) y
XcD

XNA;j, #0 VA;, CD

Wé‘q)) (mc) = Z fIJX(mc) .

xcc
XﬂAih #0 VAih cC, XﬂBi/ #0 VBi/ cC
g g h h

Note that 1"5 = () if only connected subsets X are allowed for interaction ®, as it is the
case when H and E are given as in §4.
If we define
Z(Bq:) (ai,a;41) = Z et (anbiai) g (A3.1)
b;

and
— H
p—1 eJ'i( )(aiybi7ai+l)

eXp[_ﬁ(HJrﬁE) (aF{})] = Z |: H E J(H)(a b, a'+1):|'
b, €7 i,Di,aq

b.p i=—p
Ty

.[ II e”éf+ﬁE%“Hﬂ}. {:[I gﬁﬁE%ahbhaﬁa)}v

cerl, i=—p

then we can average over the variables associated to l"f (decimation procedure, see [KHI1,
KH2])

p p—1
> U (m, ) = Z{ > a0 @) + > In Zg)(ai,aiﬂ)
ma,, al‘;} i=—p i=—p
n Z W[()HJrﬁE)(aD)+U(H+BE)(aF;})}_

Derp

To each C € I', we associate a bond 7(C), and to each B € 1"11,3 a bond 7(B), such that
the lenght of a bond 7(B) is |7(B)| = 1 and the lenght of a bond 7(C'), denoted as |7 (C)],
is given by the number of blocks A’s and B’s contained in C. Consider

R:{Cl,...,C’k,Bl,...,Bh}, C,cl,Vs=1,... .k,

and set C = C'N I‘f and R = {C1,...,Cy,B1,.. .,Bh}: |7(C)] is given by the number of

sets B’s contained in C. We set B = B.
The set of bonds corresponding to R, i.e.

R= {W(Cl),...,W(Ck),w(Bl),...,w(Bh)} ., C,cDvs=1,...,k, (43.2)
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is a polymer (see [GMM)]) if, for any choise of bonds 7(X;) and 7(X;), with X;, X; € R,
there exist X;,,..., X, € R, r < k+h, such that X;, = X;, X;, = X; and X;, N X;, 11 #0
Vh =1,...,7— 1. Then one has

expl- TP (ap)] =1+ 3 T¢(R)

n=1 Ri,....Rn =1
R;NR;=0

r

where R is defined as R in (A3.2), but with C, replaced with Cy ¥s = 1,...,k, and

g (ai,bi,aiq1) ]

C(R) = Z { H - ileH)(ai,bi,aiﬂ) '

bﬁ B; C7€ Ebi

b W H+BE) L JBE(a b; & ,+1)
I ] [T ()
s=1

s'=1

is the activity of the Qolymer R. HeNre B; C R means B; € Ror B; C C'j € R for some
j=1,...,k. Weset |R| = S-F_ [x(C)| +h (as |x(B)| = 1).

A3.3. LEMMA. Given a potential ® € B, and considered a polymer R, the activity ((R)
satisfies the inequality

R
‘ ‘ch H]B/a
s'=1

where p = e~ ", we = 2er"’(é)||\WéH+ﬁE)Hoo and jg, = 2¢e" | TP |0, being ||fx o the
supremum norm for the continuous function fx, and we and jp are positive constants such
that max{wc, jp} <In[\/p(2 — \/p)]~* for B small enough and L sufficiently large.

A3.4. Proof of Lemma A3.8. For complex z such that |z| < 1/2, one has |e* — 1| < 2|z|.
Since

Llim et ||WéH+BE)||OO =0, vr' <,
and
tim 51 P o =0, ve> 0,

we can apply the above inequality, and obtain

J(H)(ai,bi,awl)

<Y = mema) (H2||wH+BE ) (TT212771)
! e s'=1

bf?, BiCR Zbi

then we can

(1) extract a factor e "I NN from W (H+6E) loo and a factor e™" from HJ;?E)HOO, because
of the exponential decay of the interaction, and ’

(2) make we and jp arbitrarily small by taking L sufficiently large, and

L> i [4(1— p) U H + BE| 5 max{1, In[y52 — vo)I}] |
18] < 4MHEH min{1, In[\/p(2 — \/ﬁ)]_l} ,

so obtaining Lemma A3.3. ®

A3.5. REMARK. Note that, if we had considered an interaction with exponential decay
e 71X instead of e~"dam(X) " the same bound as in Lemma A2.3 would have followed. In
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fact the same cluster expansion can be still performed, and the only difference is that now
WéHJrﬁE) decays as e "I¢l: but this is sufficient in order to prove Lemma A3.3.

A3.6. Second cluster expansion. By Lemma A3.3, for suitable § and L, one has

KR <o J[ e, O0<Co<K, K<h[/p2-p)l;
CeR

then the conditions of [COJ, Lemma 1, are satisfied, so that we can deduce (analogously to
[CO], Lemma 2)
- = (H+BE
exp[~ 0P apa)] = 3= W (ap) |
DeTp

where I‘D is defined as I‘D but with no restriction, and W(HJrﬁE) (ap) is analytic in 8 € wyy,
if wyy is a circle around the origin of the complex plane whose radius tend to zero as M — oo.
One can write

WY @p) = 3 er(Rr. R [[CR)

Ry,...,Rn i=1
un_ R{\R;CD

where the sum is over all the polymers Ry, ..., R, such that the product ((R1) ... ((Ry)
depends only on the variables ap, and ¢ (Ry, ..., R,) is a suitable coefficient, (see [CO],
Lemma 1; see also [GMM)]).

Then we can define (recall (A3.1) and define 1 as the configuration of a block A with each
element set equal to 1)

H H
z; ><az-, 1)- ZJ;,L (1,a;)

a a;) =« a;)+1In

and
ol (a;) it D=4, ,
H+BE Z(Ij)(aiqaiﬂ)'z(f)(lvl) .
Vp(ap) = W,Sx quZ(aivaiH) +In ng)(ai,l)-Zg:)}(Bl,aHl) , D =A4;UAi4,
WP (ap) + WP (ap) if D# A;, AiUAiqr
and write
u 5 (H)
Z exp[~UHHPE) (m, )] = const.[ H Zeo‘ (ai)]
mpy, i=—p a;
) Vo (a)
Z{HZ a(H)al):| |:H6DaD:|.
i=—p Derl?

We introduce a new cluster expansion by associating to each D € ff a bond 7(D), and
defining a polymer S as

S ={n(D1),...,m(Dy)}, (A3.3)
and § = {D1,...,Dy}. Then

> expl- Uy )= [ [[ S (143 3 [[6is)).

my, i=—p a; n=1 S1,---, Sn 1=1
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where
(al

Z H S La(ay) H (eVD(aD) - 1)
a ) s

as ACS

is the activity of the polymer S. Here A; C S means A; C D; € S for some j =1,...,k.

A3.7. LEMMA. If Zgj) (a;,a;+1) is defined as Zgj) (a;,a,11) = Zbi exp JZ.(H)(ai,bi,aHl),

then
ZyD(ag,ai1) - 25D (1,1)
lim sup {ln[ (;I) D L } =0,
M—o0 a;,a;41 ZB'L (a;,1) - ZBZ' (1,a;41)
VL < 0.

A3.8. Proof of Lemma A3.7. Let Z* ={i€ Z : i >0} and K, = {1,...,N}Z+. We
denote by C'(K) the Banach space of the real continuous functions on K, and by M*(K)
its dual, i.e. the space of real measures on K. Given a configuration my € {1,..., N}V,
N > 1, and a configuration m € K, one can define the configuration (my, m;) € K as

(mpy); , fori=0,...,N,
(my);—ny, fori>N.

(my,my); = {

Given ® € B, an operator Lg: C(K4) — C(K4) is defined by

N

Lof (mi)= > exp| > @x(mx)|f(mo,my);

mo=1 XCZ+
X330

then there exist \¢ > 0, he € C(K4) and vy € M*(K ) such that
(a) E@hq) = /\q>hq>, and
(b) if f € C(K4), limg oo [|Ag"LE f —va(f) ha|lso = 0, uniformly for ® in a bounded subset
of a finite dimensional subspace of B.
The proof of such a statement follow from [R1] and can be found in [G1], Ch. 18, Propo-
sition XXXV and exercises, (it is essentially an adaptation from [R1], see also [GL]).
Define the function in C'(K)

falmi)=exp[ Y @x(my)].

XCA;UA; 1

where a; € {1,...,N}L. Note that fa,(m,) depends only on the first L symbols of m, (so
that the successive ones can be set equal to an arbitrary value, say 1). Then one has

2y (@i i) - 25 (1Y) LY fa (a1, D)LY f2(1)
Z](_ff)(ai, 1) . Z](_ff)(l,aiﬂ) ‘Cgfai(l)‘cgfl(ai-i'l? 1) ’

where 1 appearing in (a;11,1) is an element in K, while the subscript 1 in f; is an element
in {1,...,. N} (ie. a; =1).
Then from the property (b) above, Lemma A3.7 follows. B

A3.9. Proof of Lemma A3.1. We consider the cluster expansion envisaged in §A3.5. From
the interaction {Vp} pefp, terms of the following form arise:

(@) Xop,...g, ¢r(R1,..., Ry) ((R1)...¢(Ry), where the dependence on a configuration a;
is only through the factors

eJi(H)(a'ubz;a'H»l)
Ui =

Zb eJ(H) (ai,bi,ait1)
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appearing in ((R);

(b) for D = A;, aEﬁE)(ai);

(©) Dory.r, PR, oo Ry) C(R1) ... C(Ry), where the dependence on the configurations
a; is (also) through terms WéHJFBE) (m¢) and Ji(ﬁE) (a;,b;,a;41) in ((R);

(d) for D = A; U 4,14, also

N [Z;i%z—,am 25 (1,1)
Zy! (@i, 1) Zy! (L ai)

As a polymer R contains at most 2|1:2| A-blocks through the factors U;, we can extract
also a factor p'/4 from each A-block appearing in terms of the form (a), by simply replacing
¢(R) with a new activity ¢(R) = p~1FI/2p(R).

In (b), we can write az(-ﬁE) (a;) = pl/Q[p_l/QagﬁE)(ai)], where p_1/2||041(-mg)||OO can be made
arbitrarily small by taking § small enough.

As far as the terms in (c) are concerned, we can extract a factor e™"

= p from each A-
block, thanks to the exponential decay of the interaction, and the remaining factor can be
made arbitrarily small by taking L large and § small, (see the proof of Lemma A3.4 and
the definition of the set 'Y in §A3.2).

By Lemma A3.7, we can extract a factor p from each term in (d) by taking M sufficiently
large.

Therefore we have a factor p'/* VA arising in (a) and a factor p'/? VA arising in (b), (c)
and (d). Then we can bound

o) < ] ¢o,

DesS
where p = p'/4, and
20 1/2||aPB)|| o, if D=A;,
CD = 2p71||VD||00 5 if D= Al U ArL’Jrl )

2[IWpll + |[Wpllso] , i D# A, AjUAL

being Wp defined as Wp, but with ¢(R) replacing ¢(R).

If 6 —0and M — oo, then
> Vx(ax)| eI
X

can me made arbitrarily small, for some 7' < r, in order to apply Israel’s analyticity theorem,
[Is], Theorem II, 4, (see also [CO]). Equivalently we can reason as before, and we can apply
again [CO], Lemma 1, and deduce that, for any constant & > 0, we have

(1) for any L, 3M;(L) such that for VM > My (L)

B 0
— up n = 5
P asain 750 (a3, 1) - 257 (1,2541) 3

(2) 3Lg such that VL > Lo, VM and V3 € wys (being wys defined in §A3.6)

. R
sup 3 2 Wp(ap) o < 5
A€T) pSa

(3) for L = Ly, ElMQ(LO) such that Vg3 € WM, (Lo) and VM > MQ(L())

2 g R
sup — oo + sup 3" 2 Wh(ap)|e < = -
i \/ﬁ AGF;‘DDA 3
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Therefore, if 8 € wag,, with My = max{Mi(L¢), M2(Lo)}, there exist k = (8, Lo, Mp) <
& such that Cp < k. If & is so chosen that x < In[\/p (2—+/p)] "1, one can apply again [CO],
Lemma 1: then there is a constant G(p, k) such that

li !
im —
oo [Ay|

~ 1 a (a;)
1an(H+BE)§G(p,n)+Zln’;e a

The uniformity of the bound and the existence of the second limit uniformly in L (for real H,
the proof of such a result is standard, [R2]) allow us to apply Vitali’s convergence theorem,
[T], §5.21, and complete the proof of Lemma A3.1. B
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