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Abstract

In this paper we illustrate the recent techniques developed to treat renormal-
izable dinteractions by developing an example which, although implicit in the litera-
ture, has not been pointed out. We consider the formal perturbation expansion of
Amﬁ—hierarchica] with X > 0 (i.e. the "unstable" case) and show that one can con-
struct a one parameter family PA, A E[O,AO] » of real stochastic processes whose
effective potential (and Schwinger functions) admit the formal renormalized series
as asymptotic series: this shows that PA can be a family of probability measure
and does not have to be necessarily complex valued as it is in the constructions
based on analytic continuation from A <0 to Rer >0 .

The construction seems to be generalizable to more interesting hierarchical
models (i.e. having non-trivial S-matrix): however as it stands, it is bound to pro-
duce in the Euclidean case a theory violating the Osterwalder-Schrader positivity
{which would be kept only in the hierarchical cases).

§1 The Model: "Non-Perturbative Formulation"

In this paper, the hierarchical qﬁ model is considered.

The hierarchical model was introduced by Dyson [1] in a Statistical Mechanics
context and by Wilson [2] in Field Theory.

It played a major role in the development of the renormalization group methods
both from the Theoretical Physics' viewpoint [3] and from the Mathematical Physics
[4,5,6,7,8,9].

In [10]1, appendix G, a concise introduction to the model is given, together
with its renormalizability properties.

The free field with cut-off YN, Yy = 2 (say)is, in dimension d>2:

N
oM - Z () xerd, d>2. (1.1)
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The fields w(J) have to be thought of as gaussian random fields independent-
1y distributed over j . Their x-dependence is specified by

LD)((']) = \/Y(d-?)j z, if x €A (1.2)
where A s a tessera of a pavement Q

) 5 of the unit cube U built with cubes of
side size y 7. The z, is a gaussian random variable with covariance %— if j>0:
if j=0, i.e. A=Y, we take the covariance to be some ¢ # %~, and not ¢ =-%,
in order to simplify some formulas.

The wg-problem is related to the family of stochastic processes (i.e. probabil-
ity measures on the space of the fields ¢§SN)) defined by

2 . .
exp(; J ) (ME dx> pdolSV)y (1.3)
3=0 7
where P(do'™V)) is the probability distribution of o), i.e. by (1.1), (1,2):
2 “y
N -z7 dz - dz
(EN)y A AN(. 2 T
Plde™ ™) = (j]:O aq ¢ W\ vz‘ﬁ) (-4)
i

(as said above, the case j =0, U= A, is treated differently to simplify later
formulae).

The r(j)(N) are called "bare couplings".
More generally, one could consider expressions 1like
(N)
el P = (exp I wp(oM)a%x) p(ae(M)) (1.5)
U

for Wy arbitrary (bounded above).

The ¢ﬁ-prob1em, "ultraviolet problem", is to find, and analyze in some detail,
the set of probability measures on the fields which can be reached as 1imit points
of sequences of measures Tike (1.3) when N - «: the general "ultraviolet" problem
of scalar field theories is to find the limit points of sequences of measures 1like
(1.5) when N > .

Although it is known that if d = 1,2,3 such set of limit points is rather
large and consists of non-trivial objects (i.e. of non-gaussian stochastic processes),
this is not the case if d=4 (or d>4), where sometimes it has even been conjec-
tured that only gaussian measures build up the set of Timit points (“"strong trivial-
ity conjecture", see [11]).

To study the Timit as N o of (1.3), (1.5), one defines V(K (o{=K)y a5

exp V(K (oEK)y - J exp VN (olMN)y prapl®* D)y (oM (1.6)
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and V(K) will be called the "effective potential" on scale K, or "renormalized po-
tential on scale K corresponding to the bare potential V(N) on the cut-off scale
N .

Using the fact that ¢ (N) is constant over the tesserae A of size Y'N,
A€ QN » the integral defining V(N) in (1.5) can obviously be written as a sum:

d-2
~— N
<N), d -dN 2 N
J uplof™)a% = VR NE WM (1.7)
: A
U
where the "normalized field" corresponding to A has been introduced as
¢)((sN) '
XA = TTN_ if XEAEQN . (1.8)
vy 2
The field XA is called normalized because E(miSN)Z) = const. Y(d—Z)N (the con-
stant being 1/2(Yd'2—1) if ¢ s chosen conveniently: ¢ = 1/2(Yd_2-1)).

The w(N) defined in (1.7) will be called the "dimensionless potential" on
scale N (the subscript D in wp stands, in fact, for "dimensional").

The identity miSN) = ¢§SN—1) + ¢§N) can be written, for dimensionless fields,
as:
XA = az, + BXA s (1.9)

if x€AcA' , AEQ, &' €Qy;, N21, and
d-2
of ¥ g5 =1, B = vy (1.10)

2

provided ¢ in (1.4) is conveniently chosen as ¢ = 1/2(yd— -1). If ¢c=1/2,

n
.42

then B= y 2 + O(Y'N) a change which would only result in messier expressions.

The main property of the hierarchical model is that, if V(N) is given by
(1.7), then V{N1) s a1so given by the r.h.s. of (1.7) with w(™) replaced by a

new function w1 defined by

d
AR (er—z?' & eW(N)<xs+2cx>)Y (1.11)

expressing the "strict locality" of the hierarchical model.

The proof of (1.11) is straightforward from (1.4), (1.8}, (1.9), (1.10) (see
(61, [7] and [11] appendix G).

We call N the operator (1.11) on £ = e
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d
N o£(x) = (T(B)£(x))Y
(1.12)
2
r(B)£(x) = J[.e'z Floz + Bx) o

m

and T(B) 1is a well-known linear operator ("hypercontractive operator") which acts
on £ by multiplying its n-th Hermite coefficient by Bn :

r(B)M (x) = gl H, (x) vn = 0,1,... (1.13)

where H_ ~ are the Hermite polynomials defined by:

0.2

- +
TUX

e =

n

Q

H (x) Voa,x €R . ‘ (1.14)

ni n

T ™8
2|

0

This remark implies that the 1inearization of N near f =1, which is a trivial
fixed point of N, is

DN F(x) = 9 () F(x) so that
(1.15)

DN H (x) =70 8" H (x) = ™ (x) o(n)=d-G2n

suggesting representing w as a Hermite series, as we shall often do (this is
called a "Wick ordered representation" of w(x)).

The general ultraviolet problem can be rephrased as follows: describe ‘the set
of points w(o) of the form

exp w0 () = Tim WM WM (x) (1.16)
N>
and the problem of mg can be put in the same way with the extra restriction that
w(N) is a fourth order polynomial:
(N) INE)
wi(x) = 2 AY(N) HZ'(X) . (1.17)
. 3=0 N

Here A(J)(N) will be called the "dimensionless bare couplings".

The above formulation of the ¢g ultraviolet problem will be called "non-per-
turbative" following a trend become recently widespread.

In [11] such a formulation of the ¢ﬁ problem has been criticized (in the
corresponding Euclidean version) as being too restrictive. In fact, the "perturba-
tive" formulation defined below will be richer.
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§2 Form Factors and the Perturbative Formulation of the qﬁ—Prob1em

The effective potential on scale k is described by the "dimensionless" func~

tion w(k) related to w(N) by

wk) 2 Tog Nk (exp w<N)) . (2.1)

We define the form factors of w(k) by considering the Hermite expansion for
(k)
W

(0

) = = 28 Hag(x) + _; I Has (x) (2.2)

J=3

M ™o
o

J

and the three coefficients A(k) = (O (k) (k), A8 (k)) will be called the
"form factors" on scale k .
Then in [12]1, [10], [13] it has been proved that vd > 4:
(1) if 323 then A()(k) s a formal power series in terms of A(k+l),...,A(N)
and A(N+1) =0, A(N+l) =0, ... with N-independent coefficients. Such coefficients
are non-negative and will be denoted B(J)(hl,...,hp; al,...,ap) so that
< 0,2 (0(4]_) (ap)

A(j)(k) = I =z )3 s(j)(h5g)x (hy) o2
p=2 h=(h]_""’h (11,...,0(.

o
h12k+1

(hp).

(2.3)

In fact, a very detailed bound on B can be provided, as described below.
1
2

i vl . . .
and if to each of its vertices v ,

(2) If © denotes a tree
r v
P
non-extremal, one associates an integer hv ("frequency or scale of the vertex v'")
so that hr = k, hv' > hv if v' >v (the tree being oriented from r upwards)

then, if p dis the number of extremal vertices of o:

. * -n -

B0 (hsehsapsena) s Ptz 2 om yPVR) (2.4)
P P 8 h wvr

where the sum runs over all the ways to associate "frequency labels" hv to the ver-

tices v€6 which are not extremal; furthermore the p extremal vertices are, respectively,

directly attached to vertices of & carrying labels hl,...,hp; o s a suitably

chosen positive number and w 1is the vertex immediately preceding v in 6 .

(3) The A(k) themselves obey a formal power series relation; o = 0,1,2:

o 0,1,2
)\(G)(‘k) = YU(G) }\(Ot)(k+1) + b
,...,h) _(_X,‘=(C{19-.-:a
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and 8(*)(hsa) > 0 obey a bound like (2.4); the o(a)'s o(a) = d - 2a(d-2)/2.
The B(a) depend only on hv- k veo.

(4) The Eq. (2.5) can be thought of as an equation for A(k). As such it is "in-
homogeneous" if A(0) = A s considered known and, if d=4, it admits a recursive
solution in the form of a formal power series in X = A(0), with coefficients

2 Mg = (W0, 2, 22

3 .\ N
A (k) = yoldk o)y plnestuanzlagy g (3 (2.6)
No2M12M2 i=0
Inlz2
or, more compactly

k

A+ T

LTS pul (2.7)
[ni>2

Ak) =y 2
and for all N

Inl-1

' J
1Myl < (-1t ¢l g iﬁ%}— (2.8)
J=0 ’
which follows from (2.4), (2.5) and o{a) = d-o g%g-s 0 (because d=4), alone
[12], [10O].

(5) The explicit form of (2.5), "to second order", is

A B k) = A (ks1) + 8 2O ka2 + 5 AP ke1) AW ) +
"By = /2 a1y + 8, AP (e 2 gD ()% 4 8p P i n @i +
MO = v Ay + g 2B ey 4 g AW 4 L

(2.9)

where B8, Bys Bys ... are (computable) positive constants and d has been taken 4
(if d>4 the first equation is modified by multiplying the 1inear term by y4'd

and the third by replacing y4 by Yd).

(6) The same results hold if dz=4 and w(N) has the form

n .
Mg = 2 D) w0 (2.10)
i=0 3
J
provided one now introduces the dimensionless form factors on scale k by a formula
like (2.2) with 2 replaced by n and 3 by n+l; furthermore, in the analogue
of (2.5), (2.3) one chooses Q05 - 50 to vary in 0,1,...,n and j in n+l,
n+2,... . However, there is no obvious analogue of (4) above because (2.5) no longer
admits a formal solution as a power series in A(0}) if n>2 or if d>4 .
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Nevertheless, an analogue of (4) can be formulated as follows {13}: if d=4,
n>2, Eq.(2.5) admits a formal power series solution in powers of X(O)(O), A( )(0),
A(z)(O), A(3)(N),...,A(")(N) . But the resulting formal series has the remarkable
property that its coefficients involving non-trivially A(j)(N), Jj =3, vanish as
N->o [13]. If d>4 also A(z)(O) has to be replaced by A(Z)(N) and j=3 by
jz2.

The latter property says that it is not different, from a formal viewpoint, to
consider (2.10) with n > 2 rather than (1.17), if d = 4: "formally all polynomial
theories in d = 4 coincide with the qﬁ-theories".

This suggests that the appropriate way to define mi seems to be the old-
fashioned way ("perturbative definition") of defining wi via the result (4) above.
In other words, one defines ¢ﬁ—theory a family PA " of stochastic processes para-
metrized by three parameters (A,u,v) (A(z)(o), ’, A(l)(O), A(O)(O)) varying in
a set Q such that 0 € 30 and such that the effective potential w k)(x) on
scale k has an asymptotic expansion in (X,u,v) near 0 agreeing to all orders
with the one constructed formally when N -» o« via (4), see [10], {111, for each

fixed x .

We say that Pk,u
x=0, [1M1.

s (Au,v) € 2, is "trivial" if (A,u,v) € @ implies
sV

Observe that this definition neither prescribes the sign of X\ nor the form of
this is in contrast with the definition ("non-perturbative") of §1 which pre-
N}, see (1.11), and also fixes the sign of A(Z)(N) to be =<0 .

NOp

scribes w(

In spite of what the wording seems to suggest to many, the perturbative approach
is harder (in fact much harder, probably) than the non-perturbative one.

In this paper, it is proved that a family Pk " exists, and is non-trivial,
EAE ]

in a region £ containing a vicinity of the origin restricted by the condition A>0.
For instance, one can show the existence of a family PA 0.0 for small X >0
3 Vs
with A(J)(k) given, for j = 3, by a C"-function of A admitting the usual pertur-
bation series as asymptotic expansion at A =0 .

A similar result was proved in [14] to Tow order of perturbation theory: how-

ever, in [14] P is constructed by analytic continuation from the X < 0 cut-

off case with 100 W N) given exactly by (1.17): this ultimately implies, at
least in [14], see, however, [15], that PA,O,O is probably not a probability measure
(being probably complex as it can be defined only if Re A > 0, Im A # 0 and taking
the 1imit Im A » 0: it remains unclear whether the result is real, leaving aside

the harder positivity problem).

On the other hand, the techniques of [14], [9] are extensively used in this
work as they proved a good scheme to treat renormalizable theories: they are combined
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with the general theory of the "beta-function" developed in [12], [11], [13] to
show the validity of perturbation theory to all orders. This work can be considered
as a simple example of the renormalization group approach to constructive field the-
ory in the renormalizable cases which follows closely the schemes already success-
fully developed in the constructions of ¢ﬁ , d=2,3 in [6], [7], [8] based on
the detailed analysis of only few orders of perturbation theory. As shown in [14],
the new idea of the “control of remainders" by the use of analyticity properties,
proposed in [9] allows to carry the techniques of superrenormalizable theories to
the renormalizable cases.

That scalar fields could exist in d=4 and be non-trivial for A > 0 has
been hinted (even very recently) by many authors [163, [111, [18], [15]: the proposal
based on adding higher order powers of ¢ to the "bare action” w(N) with dimen-
sionally appropriate bare constants seem to have failed to realize that the result-
ing theory might be ¢ﬁ (a2 remark in [13], see 1iii) of theorem 3). If the theory
discussed in [17] is non-gaussian, it might just be the full Euclidean qﬁ .

§ 3 Construction of a Scalar Field with A > 0

Let X, >0 be a sequence obeying

= I =2 = 3-e4 _
A1 = M+ B A tep Ay k=1,2,... (3.1)
where g s the positive coefficient appearing in (2.9) and Ky > 0, € > 0 will
be fixed later.

Assume also that for some A > 0 :

= X X l-e,d .
o= (14 o(( yl-e k=0,,... . 3.2
K 1g 5k e ) (3-2)

It is easy to show that (3.1) implies that if Xo is small enough, then (3.2)
holds for some X = O(XO) 3 vice versa if Xo is given a priori, positive and small
enough, then one can define Xz, Xz,... so that {3.1), (3.2) hold for k = 1,2,... .

Let, for some € >0 to be fixed later:

B, = Xk'€° . (3.3)

Then, fixed k € [0,N], consider a function fk defined for x| < Bk s, XEC

3 ;s
T (x) = exp (jfo A(J)(k) sz(x) + Vv {x) ) (3.4)
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with

A
>

@) 1@y <
(3.5)

®y 130 < i=0,1,3

A

s
lo]

>
=

8

(¢) Vv {x) is holomorphic in Ix| < B, » divisible by x~ and

-3-61
Ivk(x)l < KO’Xk

where K, will be fixed later.

We now consider the stochastic process (here x(ix|<B)=1 if ixi<B and = 0 other-

wise): \ / N -zi dz, \

P(do) = "Tin" ( T o) (M M x(xd <8)e (3.6)
Noeo \a€Qy N A) \k=0 2€Qy, A k Vi)

where fN is a function verifying (a), (b), (c) with Vy = 0. We want to show
that if X(O)(N), X(l)(N) are conveniently chosen, then the limit in (3.6) exists in
the sense that the distribution of the zero scale field in (3.6) converges to some
fo(x) x (1xl <BO) with f, of the form (3.4) obeying (3.5). The " " mean that
possibly one has to consider a subsequence of N -+ in (3.6).

The presence of the field cut-offs in (3.6) changes the above ultraviolet prob-
lem formulated in terms of the map N. If xk(x) = x(IxI <B,) Tet

N F(X) = %, NXppp * £)(X)s (3.7)

then the effective potentials on scale k for (3.6) are given by
£ (%) = N Npgq -e0 Nyq Fy(x) (3.8)

(rather than by £, = -k fy) -

The Timit in (3.6) will exist, thus defining a stochastic process, if £y can
be so chosen that the Timit in (3.8) exists for all k's and x's .

We show first that Nkfk has the form (3.4), (3.5) with k replaced by k-1
and (b) replaced:

X k1)1 < 290 32 5= 0,1,3 (3.9)

where o(j) = d-j(d-2) and d =4 .

Furthermore, let {<2} denote a truncation to second order in ik of a poly-
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nomial in 33)(k), j = 0,1,2,3, when it®)(k), j = 0,1,3, are regarded of second
order (see (3.5), (a), (b) for motivation on this point). Then

2
d %

{<2}
p=1 ]

3 . 21
z X0 (k1) py00) = [Y %;—( r ) (k) Hy(d °+Bx);p)

j=0

+ (3.10)

+ "higher orders in Xk“

where E,ET denote, respectively, the expectation (i.e. integration) and the trun-

-72
cated expectation with respect to the measure e z g%

The (3.10) can be written explicitly:

1B (k1) = By + 8 1B 192 4 o(13E)

A1) = ¥2 5B (1) + 8, 1B ()7 + 0(337)
2001y = 4 X0 + g 1B ()2 + 0(7)
i3 (k1) = 3B + 5, 1B 0% + 0(ie) (3.11)
where 8, >0 and the other coefficients g,8,,... have been introduced in (2.9)
and, furthermore:
e L
0 ] £ «1 —— (3.12)

provided € 0€] are chosen conveniently and Xo is small enough.

Assume for the time being that Nkfk has the properties (3.9) through (3.12).
We first show how this allows us to complete the proof.

First we fix the value of the free parameter K, SO that

o] O« 2
¥

1
YKo = By > Kos YUK, = Bp > Kos =Ko+ By <K (3.13)
and then we suppose that X, (hence X and Xk , see (3.2)) is so small that (3.13)
remains true even if the r.h.s. are increased or decreased by 77 Xk &1 vk = 0.
Then it follows from the "expansivity" of the A(l), A(O) Tinear terms in (3.11)
that the square
2 2.2

Dy = [-ky Ay » Ky Ayl (3.14)

in the plane (Aéo), A&l)) will have an image under NN covering DN_1 in the
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sense that the (X(ﬁzl , x(l)) will cover Dy, as X&
5)

fixed X{2), 33V, v obeying (a), (b), (¢) in (3.

0) . Xﬁl) cover Dy at

Iterating this remark and assuming the above properties of Nkfk y T~ £
verifying (3.4), (3.5), it follows the existence of a sequence of subsets of Dy

Dy > Oyoq > Dy -0, (3.15)

N

such that

N ... N

N Niat =D

-1 Phek (3.16)

N-k ~
This proves that for each choice of A(Z)(N) € [0,X N it is possible to choose
1Oy, Xy and X)) =0 (say), vy(x) =0 (say) so that (3.4), (3.5)
hold for all k <N and X(O)(O) = v, 3 (0) = are prescribed in D (e.g.
v=u=0).
It is then easy to infer that this actually implies the existence of the limit
(3.6), possibly considering a subsequence.

Therefore, it remains to show that Kys Egs €1 Can be fixed so that Nkfk has
the properties listed between (3.9) and (3.12) if fk has the properties (3.4), (3.5).

d-z
Fix n > 0 so that (recall d=4, y =2, 8 = z )
\8 -
=249 T__) (-1 !?51) <1. (3.17)
Then for Ix| < (1-n)Bks'1

d
2 Y

~ -z- dz _

Nkak(x) = ( J fk(dz-+Bx) e Ve ) =

laz +Bx|<By
d
- 2 _ 2 \Y
= ( } £, (az +8x) e z é% + J £, (az+gx) e z g% ) =
lZl<an/0L |Zl>an/o(
chz+st<Bk d
2 45 |"
-z% dz
£, (az+px)e
IIZl>an/oc k v
d d loz+px [<B
= (1-p)Y E(£ (o Bx))" |1+ k
(1-0,) E(£, (ar+8x))
J

where ?(‘) denotes the expectation with respect to the measure
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2
x(lzl < an/cx)e—Z s% /norm  and ET(-) will later denote the truncated expecta-
tion with respect to the same measure; finally (1-pk) is the normalization con-
stant
2% dz -(By) /2

P, = J e = 0(e ) . (3.19)

k 1z{>nB /a v
Using the bounds (3.4), (3.5), (3.19), (3.3) that for |x| < (l-n)BkB"1

2(%, Bl 12 AZBk)T)

d
Mx£(x) = E(£, (o + 8x))Y (1-pk+69k e (3.20)

where T s such that IH,i(x)I < T 820 for all x| <B, (B> 1), j = 0,1,2,3
and © 1s an unspecified number between 0 and 1 (introduced to keep (3.20) an
equality rather than an inequality).

By using the definition of the truncated expectations ﬁT we see that

2 2
2T (£, (@ +Bx)) = exp[ : aret x x0 sz(a-+6x)+vk(a-+5x);p> + R]

p=1 =0
P (3.21)
where for some «k > 0
IRl = E(ikBﬁ + 3¢, Xi Bﬁ 5 Xg—€1)3 1 <
(3.22)
<8k, ii_€1

where the estimate of the remainder of the cumulant expansion has been made by
2 .
simply estimating X X(J)(k) H, (qz-+Bx) (az +8x) by its maximum in

Ixl < (l-n)BkB—l, =05« an/a , using (3.5); the (3.22) holds provided

3- 12, > 3-eq, £ < 1 (3.23)

e.g. if e = —% > €)= % .

=l 0

The number & in {3.22) can be fixed a priori once (3.23) holds, if io is
taken small enough (depending on & ): we take § = 7 » Say.

The sum of the truncated expectations in (3.21) can be rewritten as, (leal< 1):

2

481 454 - 4
+ 61 T A Bk = ez(T Bk + T2pk Ak Bk) +
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3 .
511_— ET( A0S sz(oc°+6x);p) (3.24)

2
+ E(y(as+px) + % z
= J:

p=1
because replacing ET by ET changes the expectation value of a polynomial of
degree <6 by a quantity involving Ch times the maximum of the polynomial in the
integration domain specified in 3 which, in our case, is of the order of XkBﬁ<< 1

in the region |z} <an/a s IX] < (l-n)Bk/B .

Therefore, (3.24) can be written for |x| < (l-n)Bk/B as:

2 3 . {<2}
1 T 7(3) -d ~
5 = E (z X9 k) H .(oc-+BX);p>] +y oy _q(x)
{p=1 p! §=0 2] k-1
and ) (3.25)
_3_ ...3_
g (01 S 6, B0 (1e2e)yd < oy o 3
(recalling the choice of 6§ < %) and here one might again have to restrict further
Xo to be small so that
*3-g,, - =3-g, b-g, 4 - 4
Kg § A + Ky A + Tl Ak Bk + T2 Ak kak <
(3.26)

<k, R0 (1426)

The factor y-d in (3.25) has been inserted because f,_, is the exponential of
the first of (3.25) raised to the power yd .

Ye now observe that (ka fk)(x) is an entire function of x because:

~(y-8x12/q2
N £ (%) = J £ (y) V80 /0‘% : (3.27)
ly1<B,

Hence it easily follows from our bounds that Gk-l is holomorphic in
Ixl < Bk(l-n)/B and therefore we can consider its first 6 Taylor coefficients

1

- dg
o

- 1 .
% V() T 2?3' j=0,1,2,3 (3.28)

where the contour of integration is any circle C, around the origin and radius
r < B, (1-n)/B; we choose r = 1: hence (3.25) implies
d

=3-g,4
el < (kg A Y

’ 2) . (3.29)

Therefore the coefficients of the Hermite polynomial of order <8 in the represen-
tation of type (3.4) of fk-l(x) are given by (3.11) with the O0(-) bounded by
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=3-g4 Kq =3-€4
Ak T v Ak (3.30)

for some T3 , a numerical constant: this determines Ky -

The "remainder"
1 d X8 ~
V-1(%) = “*’% T B g (2) (3.31)

can be estimated by choosing |z| = Bk(l-n)/B as integration contour and
Ixl < B _; <B :itis

=3- 61( €4

<k RS (3.32)

vy ( x) <2 Y A k-1

1- =3-
=D = K
This proves (3.12), (3.11) and (c) in (3.5). Property (a) of (3.5) follows from
(3.12) and the first of (3.11) by (3.1).

Property (b) in (3.5) with k replaced by (k-1) follows from the Tast of
(3.11), for j =3, and (3.12) if X is taken small enough.

Hence our construction of the measures in (3.6) is complete and such measures
will have, by construction, effective potentials analytic on their support (bounded,
because Ix| = Bk is the support of fk): in fact, they are, by our construction,
uniformly bounded (as N - «) on each fixed scale k . This allows us to use Vitali's
theorem to find a subsequence N‘j -+ such that the Timit in (3.6) exists.

Actually, it would not be difficult to prove that there is no need to consider
subsequences, but we leave aside this (minor) question.

We can pick KOy, XNy so that 700y, 31 (0) = 0: with this choice,
the measures in (3.6) can be thought of as parametrized by A =X 2)(0): the resulting

family of stochastic processes will be denoted P O(dtp). Note that we still have
to check that A #0 if X(Z)(N) is taken conven1ent1y.

§4 Proof that the Scalar Field Constructed in §3 is ¢§ with A >0

To prove that the field in §3 is non-trivial and "admits an asymptotic expan-
sion in A (0) =2, A1(0) == 0, A1D(0) = v = 0 identical to that of of"
we proceed as follows.

Fix a sequence of bare constants A(Z)(N), k(l)(N), x(o)(N) such that
(x(o)(O), A(l)(O), A(O)(O)) have a 1imit, as N o w, (*,0,0).

If we choose

"Dy e M2 o5 - X aaoqun ey



292

where the inequality holds if N is large enough and X 1is small enough (indepen-
dently on N), then (3.11) implies

2) Kq =3-¢

81y 2 5B + X Blg? -5 32 (4.2)

which easily implies, if XO , i.e. X, is small enough
X0y 21 3 (4.3)

proving that A >0 .

We show now the asymptoticity of perturbation theory and the identity of the
family PX 0 0(d(p) of stochastic processes with the formal perturbation expansion
of (04.

Consider (2.5) and its formal power series solution (2.6).

Since the coefficients s(a)(hﬁg) are "translation invariant" in their fre-
quency dependence (i.e. they are functions of hv—k) it follows that, if N-oow ,

Mkep) = v 2P aen) + x 1 @) agen)t (4.4)
Iniz2

where K+1 plays now the role of 0 in {2.6).

This expression can be reinserted into (2.5) to obtain a formal relation be-
tween A(k) and A(k+l) of the type:

a n n
Ak) =y A(k+l) + X ) L ((k+1) (4.5)
In

The reader can check that by substituting (4.4) into {2.5) and using the bound
{2.8) on &?(p) one falls exactly on the same expressions met in the proof that
{2.8) holds, see §19 of [10]; this immediately implies a bound on L? of the form:

N _Ini-1
Lo < (-1 € (4.6)

[
A

the details are in [10].

The formula {4.5) gives us a formal function

yHo+B) =vZa+ oz L AP (4.7)

of three variables: it is the "beta function™ of ¢3 .
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We now assume that for any p 2 2, Ix| < Bk :

£ P s v 4.8
= . + .
g(x} = exp S (k) Hyy{x) k,p(x) (4.8)

where for some Kp >0
» -1
ESUCTIPNY 25 > 4
~(2 -
Ilé Jy1 < T
~{3 =2 .
IAéJ)(k)I <k, X j =01
L, pt01 S5 XE+1_EP 0<e =1, (4.9)

Then, proceeding as in §3, it follows that

Pl s p d L pl . 1
3) (k- . T xd) VAN
jEO Aptl (K-1) Hps(x) [qfl ar (jfo Ao (k) Hps(Bx +a ),q}] + (4.10)

+ "higher order terms"

_p+l-¢
and "higher order terms" means O(Ak p), 0<e <1,
As a matter of fact we can replace iéj>(k) by "p-independent" quantities:
in fact, it follows from (4.8) that if fk(x) is defined =1 for x| > Bk and

Tog f, (x) = X A3 ) Hyg(X) (4.11)

is the Hermite expansion of log £y then the (4.9) imply:

. . 1-
X0 = 2B + O(XE+ Py

The (4.9) also imply that

Pl ) -
fk(v) =exp I AV (k) sz(x) +

(x) (4.12)
j=0

K,p
and

_ _ _ptl-e
W p (0 <Ky Ry L (4.13)

Finally it is clear that, by the uniqueness of the formal perturbation series
the relation {4.10) must coincide with
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g _ptl-e
Ak-1) =7 A(K) + B AP w0t P) (4.14)

where {.}{Sp} is the truncation of the formal power series defining the beta-func-
tion (4.7) to the order p .

The (4.14) implies that the dependence of A(k) on A(0) has to start as
prescribed by perturbation theory for wﬁ : in fact, one just has to iterate (4.14)
at fixed k a finite number of times, Xo express A(k) in terms of A(0) and of
functions of A(p) of formal degree higher than p .

This shows that all the form factors admit an expansion in A(0) which is

asymptotic and coincides with that of wﬁ .

1t remains to analyze the fk(x) fixed k,x and the Schwinger functions:
we do not enter into the details of the proof that, as a consequence of the above
asymptotic properties of the form factors, also the effective potentials and the
Schwinger functions are expressed by an asymptotic series in A(0) coinciding

with the one of wﬁ .
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