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Abstract. We illustrate the mechanism producing the dipole phase in a two
dimensional Coulomb system by a detailed analysis of a hierarchical model.
We prove the analyticity of the pressure and of the correlations for
oc2 = βe2 > 8π (i.e. right above the usually conjectured value for the Kosterlitz-
Thouless phase transition). We find also a power law decay for the correlations
with exponent α2/2π as the hierarchical distance goes to infinity.

1. Introduction

The renormalization group theory of the ultraviolet stability for scalar fields [1-3]
hinted that the same techniques could be employed in the analysis of the two
dimensional Coulomb gas of identical charges ± e even, and particularly, in the
regime of the Kosterlitz-Thouless phase. The latter was rigorously established [4]
for low temperatures, i.e. for βe2 = α2 ^> 8π, β being the inverse temperature and the
Coulomb potential being normalized as

F(x-y)~—logix-yΓ1 as \x-y\-+co (1.1)
2π

and regularized at short distance.
This paper is a continuation of the program started in [3] and continued in

[5-7] to study the problem of the molecules formation in the two dimensional
Coulomb gas and the related structure of the transition from the plasma phase to
the dipole phase (Kosterlitz-Thouless transition).
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The arguments leading to the Kosterlitz-Thouless phase transition establish
that the transition point is α2 = 8π, in the zero density limit. The new phase appears
to have various properties, among which

1) power law decay of the correlations,
2) the free energy and all the other thermodynamical quantities are analytic in

the density at ρ = 0.
In [4] it was shown that the correlations decay as a power law for α2 > 8π. Here

we show, in a hierarchical model, that this holds for α2 > 8π and at the same time we
show the analyticity of the pressure at zero density.

In [1-3, 5-7] it has been abundantly shown that the understanding of the
hierarchical model is a preliminary step to the solution of many field theory or
statistical mechanics problems: the "missing details" to understand the real
physical problem are usually rather lengthy but trivial and not too interesting. In
this case we are not perhaps in the same situation, but we hope that our techniques
yield at least a key to the understanding of the ordinary two dimensional Coulomb
gas with ultraviolet regularization, even if it turns out to have different analyticity
properties in the activity.

From a technical viewpoint this paper relies on the new proof in [8] of the
convergence of the Mayer expansion for the Yukawa gas.

2. The Model

We suppose the reader familiar with the sine-Gordon representation of the two
dimensional Coulomb gas used in [5] : see [10, Sects. 1 1 and 15] for a review of the
formalism.

Let yl be a finite box enclosing the system: then we consider the grand
canonical partition function Z for a neutral system of charges σe, σ= ± 1, with

activity - and temperature β'1 such that βe2 = a2, interacting with a potential

V — Γ —Γy — ^ x ^

C -x~

where g>ί and gκ is an infrared regularization, while C(0) = l and C(p)-»0, as
p->oo, fast enough to act as an ultraviolet regularization (necessary because
otherwise the Coulomb system would be unstable for α2 ̂  4π).

The Coulomb gas partition function Z can then be written as

. α2

Σ ~Q2Re 2 °° ί :e ι σ α φ*< R ):<
σ=±1L Λg~R

(2.2)
where φ{

ξ

<R) is a gaussian random field with covariance

^-d2p. (2.3)
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For a derivation of the (2.2), (2.3) see [5] (or [10, Sect. 15, (15.19)] with N = -1, i.e.

no ψ-fϊeld). l-q~2R

One gets a possible model by choosing, see [5,10], C(p)= —~—— so that
P +1

-R\ R-i ( i 1 \ R~1 -
— V I \= y C(a~Jn}a~2j (24\

Λ ^ \ 2 I 2 j 2 I 2(J+1) / ^ ^Λt7 V)Ό V^ " V

This is a useful decomposition because it shows that φ(<R) in (2.2) can be realized as

where φ^ are independent gaussian fields "living on scale g J": φ^ has the same
distribution as φ(^x. Moreover, by direct calculation

C0 0=—-logg. (2.6)

The hierarchical model replaces (2.5) by a sum of the same type but with new
fields φW which are defined to be

φ(j} = zΔ if xεA, (2.7)

where A is a square of side size g ~j extracted from a pavement Qj oϊR2 with squares
of size g~J, g is an integer and Qj+ ί is obtained from Qj dividing each tessera A e Qj
in g2 tesserae.

The ZA are gaussian random variables independently distributed and with
covariance

Λ(z%=— logβf. (2.8)
2π

The hierarchical Coulomb gas is by definition given by (2.2) with φ(<R} given by
(2.5) and φ(j} given by (2.7). This amounts to replacing the potential Vxy between the
charges into the function given by (2.1) with Cxy given by

CW=^r~l°g# Σ l = -z—lQgdh(g~Rx,g~Ry), (2.9)
2π A: 2π

Δ=>g Rx,g Ry

where d\u, υ) is the "hierarchical" distance between u and v, i.e. dh(u, v) = g~h(u'v^
with h(u, v) being the largest integer h such that there is a A e Qh containing both u
and v. One can also define in a natural way a "hierarchical" distance d(x, y)
between two points x, y belonging to the original physical space, by the formula

d(x.>y) = g . (2.10)

Then one can write the "hierarchical" Coulomb potential in the following form

y). (2.11)
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The potential (2.1 1) differs from (2.1) because it is not translation invariant in a
rather substantial way. Nevertheless one expects that it produces a model rather
similar in many respects to the true Coulomb gas: in particular one expects for this
model the kind of phase transitions of molecule formations which lead from a
plasma phase at small α2 to a dipole phase at α2 ^> 8π.

The correlation functions can be easily expressed as functional integrals. For
instance the n-charges truncated correlation functions are

xexplY Σ y2"^* ί :eW*>:dx} (2.12)
L \ σ = ± l ^ Λg-κ J

The (2.2), (2.12) show that the Coulomb gas problem can be interpreted as an
ultraviolet stability problem with an ultraviolet cutoff at scale g~R if gR is the
infrared cutoff in the original problem. Since the model is rather simple it can be
studied rather well with the methods of field theory.

3. Recursion Relation for the Coefficients of the Mayer Expansion

The integral over φ(<K) can be performed by using the renormalization group
technique of integrating successively out the high frequency components of φ(<R\
ίe.φ(<R-l\φ(<R-2\φ(<R-*\...

It is well known that this is a very efficient algorithm [11].
Calling V( < R} the function of φ( < R} in the exponential in (2.2), we define V(=fc) for

fc = 0,1, ...,£ — 1 recursively as

(3.1)

where the function ev(~k) is a function of

k

φ(^V— ^ φ(j}. (3.2)

The function F(-fe) is easily expanded in terms of a formal series:

00 1
-1 .ΛiT1 /•-rτt<'L MΛ\ -r -rί <Z Is 4- 1 K / O 1 \

t
where S'k+ί denotes the integration with respect to the field φ(k+i} and

(3.4)


