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Abstract. We study how to set up systematic summation rules that could
permit us to interpret the divergent expressions arising in the perturbation
theory of : P(¢):, when one does not allow any renormalization besides the
usual coupling constants, mass and wave function renormalizations.

1. Introduction

Our main result is that it is possible to express the Schwinger functions (or the
effective potentials) as formal power series of objects which we call “form factors”
which, although divergent to all orders of perturbation theory if the cut-off N is
removed, obey to all orders a formal equation which retains its meaning as N — 0.

We show that if the formal equation admits a solution verifying suitable
bounds, then the formal power series for the Schwinger functions in terms of the
form factors is bounded to all orders.

Hence there is the possibility of giving a meaning to perturbation theory of
non-renromalizable interactions without introducing infinitely many new coun-
terterms, but rather introducing infinitely many new constants, the form factors,
which however are not independent but are related by an equation (which may or
may not have some non-trivial solution).

We restrict ourselves to the case of renormalizable (but not superrenormaliz-
able) or non-renormalizable polynomial interactions in integer dimension d = 3.
The superrenormalizable cases would require a separate treatment. It is conceiv-
able that something like the results of this paper hold for some non-polynomial
interactions (like sine-Gordon field in two dimensions): however the whole
problem should be studied starting again from scratch.

While the ideas involved in this paper are partly already in the literature (see
Parisi, 1973, 1975; Symanzik, 1973, and references therein) the bounds that we
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present here do not seem to have been studied so far, probably because of the
difficulties related to the treatment of the “overlapping divergences” present in the
usual approaches the renormalization theory.

2. Notations

Let ¢'=" be the free field with cut-off at length y~¥, where y>1 is a fixed scale
parameter,

(<N)__ Z q,(J) (2.1)

where @Y, V" are free fields, independent for j= j/, with propagators

& ((0(’)(p(y ) = {9 2ij(y—sz2) PN gp | 2.2)

1
@ny’

and, if F ; is the Fourier transform of F;:

< “2F (v~ 2ip?) =
jgov ¥ p?) 57

) , 2.3)
|0°Fi(x)|<Kexp—xl|x| allj,alls<4.
The (2.3) imply that the free field samples ¢ are very smooth and
3 _4-2.
lo@ls=sup 3 [07Qly 2 'y "> B, 24)
xed p=0

with probability exp — B? - const, if A is fixed. Actually for simplicity we shall fix A
to be a torus with side size L and periodize over A the propagators (2.2), for each j.
We define a :P(p):, interaction on scale N to be any element of the
t-dimensional space £y spanned by:
IP(p=M)= I (EM?*:dx, a=0,1,...,t—2,

2.5
I )= [ @olE s, -
A

where the : : always denote Wick ordering (with respect to the covariance of the
random variable appearing in their argument). Note that

@G pEY: Pp™) = 1 gV VgV

Given t constants Ay = )JO’ LA DY with A4~ Y >0 one defines the “effective
N= N N
potential V® on scale K” as:

N4
eV(k)((p§k))= j'eV(N)(q)(éN)) ]__I P(dgo(")), if

>k

t—1
VpEM=v®= 3 IR0,
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and V® admits a formal power series expansion in Ay
Vo= z Val(@'=P; N),AR, (2.6)
m=(mo, ..., me - 1)

where V,, are suitable functions of ¢(=¥,

Simple is the rule to build V¥, Given any family x;, ..., x, of random variables
and denoting &(-) the integration on their distribution one defines the “truncated
expectation” of x,, ..., x, as

& "
(g’T(xl, ceey x,,) = mlog@@ <exp igl a)ix,-) o (27)
Then, if &,(-) denotes the integration over the distribution of ¢,
POD(EN )= STV, L V) 8
Z e .

and

V(N-Z)((p(éN—Z))
© ] ® 1 |
=Y 26| X VW, V), Y e (v, L V™) L (2.9)
=1 k! n=1h! K=1h!

so that in general V'™ can be described in terms of “trees.” A tree is an object built
as follows:
1) Draw a horizontal segment rv: r is the “root” of the tree and rv its “trunk.”
2) In v draw s segments, s =0, ending in v,, ..., v, numbered from 1 to s from
top to bottom .
3

<

N

3) From each v; draw s,;=0 segments ending in v;,, ..., v;, numbered from 1
to s, from top to bottom, etc., stopping after finitely many steps, having created a
“tree” 0 with n endpoints (the “degree” of 0 is n).

To each vertex v of § one can append a “frequency label” h, compatibly with the
order of the tree: h,, < h, if v’ <v (v < vif v’is created first in building 6); h,, if r =root
of 6, is the “root frequency” of the frequency assignment h to 6. The endpoints will
conventionally be assigned index N + 1.

Given a non-trivial tree 0, i.e. with one inner vertex at least, there are s, trees
04,...,0,, , which have root v, =first vertex of 0: clearly if 0 is given a frequency
assignme(ht hthen 0y, ...,6,, inheritfrom 6 frequency assignments h,, ..., h,, with
root frequency h,,.

Then given a tree § with frequency assignments h, we define

VO.h)=&,+1,.... 6, - 1é’,,TvO(V(Ol, hy), ..., V(b,,,.h;, ) (2.9)
for 0 non-trivial, while if 0 =0,=3—

t—1
V(0o,h,)= go AL (@ =) (2.10)
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The (2.9), (2.10) define inductively V(0,h), and it is easy to check that
V(6,h)
VO (R = ,
(=) %h:g‘;k n(6)

where the sum runs over all trees § admitting labelings h with h,=k, h,<N (i.e.
which do not have too many inner vertices), and n(f) is a combinatorial factor

n(0)=TTs,! (2.12)

velb

@.11)

if s,=number of lines into which 0 bifuncates at v. By the multilinearity of the
truncated expectations V(6, h) is a part of the n'® order effective potential if degree
0=n.

In general, fixed 0
> V(6,h) diverges as N— oo for most ¢=¥ . (2.13)

h,h-=k

One therefore defines
Ay=A+ X Zn(NA™, (2.14)

|m|22

where A are constants to be determined, called “renormalized constants”, and one
tries to define the coefficients #,,(N) so that V® re-expressed as a formal power
series in A via (2.14), (2.6),

VE(pE) = S P00 N, @19)

is such that V®(¢=¥; N), is convergent as N—oo for all =¥ such that
0 =9] 5 <00 (see (2.4)), i.e. with proability 1.
Clearly, if there is one choice of £,(N) for which this happens, any formal

power series
A=A+ l |Z>2Lmk”" (2.16)

permits, by substitution into (2.14), (2.15) and rearrangement, to define a new
choice of Z,,(N). But, of course, there is no reason that even one single choice of
¢ m(N) exists.

Theories for which “counterterms” Z,,(N) can be found are called renormaliz-
able while the others are called non-renormalizable.

The above models are renormalizable if d=2, for all ¢, if d=3 for t=4, 5
(Tt 0%y, if d=4 for t=4 (“: ¢p*:,”), only.

3. Expansion in Powers of the Form Factors

We now introduce scale dependent form factors (or running coupling constants)
which describe the component of the effective potentials ¥® along the interaction
space. Let .#, be the space of the interactions with cut-off k (see (2.5).. Assume that
there is a family %, k=0, 1, ... of projections on .#,,

P M(P(do'=R))— .4, , (3.1)
such that
Lbyiro6y=611..6,%,, VOZk=Zp. (3.2)
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If Fo(p)>0, see (2.3), as we shall assume for simplicity, a sequence of %, can be
constructed as follows: %, is defined as a projection P on .4,

PV= z SONIL,  VeLy(P(dps9), (3.3)
where 6@ are suitable linear functionals. Then define, for V e L,(P(dg'=")),
t—1
LV =3 0618, . ENLY, (34
a=0

and %, k=0,1,..., verify (3.1), (3.2). A simple choice of %, is given by
L oGP oEN: =O, it ¢g>2(t—2),

Byt g9, pEH: = j:q);ék)q:dx, i g=0,4,6,..,2(t—2), (3.5
(<0, (<K . (=02, (X1 =X2)z ¢ /n (<in2.
Lo EPER I P EPdx — ~ 2 i.(@(px )2 dx,

where if L=side size of the box A:
2
, 1—cos T (x—y)
2 __ 2
(Xl—xz)n— igl 5 2\ 2 oo (x1_‘X2) . (36)
L
See Appendix A for an interpretation of (3.5) as orthogonal projection on “.#_,”
The effective potential on scale k can be decomposed into its component along

S, and the component transversal to #,. This gives a new recursion relation
between the V*s:

t—1
Yo — gk y® + R, y® = 2 ,.(a)( k) ]I((a)

a=0

® 1
+ 2 ;%&TH(V"‘“’,.--,V"‘“’), 3.7
s=19.

where %, =1 — %,. The coefficients r®(k), defined by (3.7) are called (dimensional)
form factors. This recursion relation generates again a tree expansion, with the
difference that each branching point of the trees bears an %, operator, and the bare
coupling constants are replaced by form factors

Yy = 29: h:hz=k Vr(0, h)/n(0), 3.9)

with the recursive definition (to compare with (2.9), (2.10)),
Vr(60,h)= Gy 1 -‘ghuo— 1@};”0— 1(g>hT,,0 (Va(01,hy), ..., Ve(0,, hy)),

1 (3.9)
VR(909 hr) = Z r(a)(hr)lgt) H

a=0
where 6, is the trivial tree. Equations (3.8), (3.9) provide an expansion of the
effective potentials in powers of the form factors. We next derive a recursion
relation between the form factors themselves. We write the recursive definition of
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the effective potentials as

V0= 3 B, V)= S e
s=19. a=0

N |

+ Erire By TV, VY, (3.10)

h=k+1s=2 8!

(Notice that *(N) = A%.) Acting on this equation with .%,, and using (3.7) we get
the relation

@(0, h)

@O(k) =r(N)+ ro ,

rk) =r=(N) Gnon-ztrivial ik n(0)
vSN

(.11

where (0, h) is given by
t—1
go r0, WY =L, 8, 4 1.6y, 164, (Va(01,hy), .. Va(0, b)) . (3.12)

Subtracting (3.11) from the corresponding equation for #*(k + 1) gives

rOk+1)—r(k)y=— ¥ DIRAKCA ) 11
6 non-trivial hino,;;rk=+k1 n(g) . ( . 3)
hy, SN

This relation is, via (3.9), a recursion between form factors on different scales. It is
the analogue of the “flow equations” of the renormalization group.

4. Dimensionless Form Factors and Their “Natural Bounds”

In Sect. 3 we have reorganized perturbation theory in such a way that the effective
potentials are expressed as power series in the “form factors,” which obey a
recursion relation (3.13).

Renormalizability of a theory implies that the effective potentials, and in
particular the form factors, on some fixed scale k, can be expressed as power series
in the renormalized coupling constants with finite coefficients. This means that, up
to a finite renormalization (2.16), we can choose the renormalized coupling
constant to be the form factors on some scale k,, e.g. k,=0, if the theory is
renormalizable.

A way to proceed to “renormalize a non-renormalizable field theory” (as well
as a renormalizable one) is simply to imagine that the form factors are the primary
objects and that the power series for the Schwinger functions and the effective
potentials have good convergence properties, at least at fixed order in the form
factors. One can think that the non-renormalizability of a theory manifests itself
only via the fact that the power series of the form factors in terms of the
renormalized coupling constants has divergent coefficients. This is in fact very
appealing: it is, indeed, clear that while the renormalized coupling constants have
no direct physical meaning and can be thought of only as a device to classify
divergences and organize their removal, the form factors are objects with direct
physical meaning being in some sense the effective coupling constants on the
various scales.
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To insist on this viewpoint one has to check that the form factors should admit
bounds good enough to ensure that ¥® can be written as a sum of terms of various
orders in the form factors which are well-defined even if one lets N—o0.

Although this can only be answered in a satisfactory way after the theory of the
model is completed, it is remarkable that it admits a “perturbative treatment.”

To discuss this question we introduce the notion of “dimensionless form
factors”: the size of an interaction

I9(@)= £:¢;§N)2“:dx @.1)

2
box of size y~" and, therefore, measures the size of the interaction as it appears
when we wish to integrate over the highest frequency component o™ of =), This
size is proportional to y°®@V. Similarly the dimension of [:(dpEM)?:dx is

is y7@¥ with o(a) = —d + 2a

x .

. It measures the size of | : (V2% dx, when Adisa
4

. d—2
o(t—1)=0, in the same sense. The —d comes from |4| =7 %N and ——= comes from

_ 2
;éN)zo(ydeN),
Therefore it is natural to think that the form factors r® are written as
r@ (k) =y~ @*19(k), (4.2)
where the (A®(k));Z, will be called the “dimensionless form factors”.

a=0,...,t—1

If A@(k) ~ O(1) for all k, then the projection of V® on .#, gives an energy of O(1)
in each box of size y ~*. We shall say that a sequence of form factors r is “regular” if
|A@(k)| is polynomially bounded as k— oo.

This means that the dimensional form factors corresponding to “relevant
interactions”, o(x) <0, can grow exponentially fast with the frequency k still
keeping finite energy per box of size y % while the dimensional form factors
corresponding to “irrelevant interactions,” o() >0, have to vanish exponentially
fast as k— o0 to keep finite the amount of energy that they contribute per box of
side y 7k,

We collect in the form of three theorems the results of our analytical work.

Theorem 1. Assume that r®(k) is a regular solution to (3.13) such that sup|A“(k)|
ak

=||A|| <oc0. Then V® is a formal power series in the form factors and its n' order
term is a sum of terms like
Foove(xy, . x,; PYP(xy, .. X,)dX s ..., dX, 4.3)

Ay X .. X4y

where P is a Wick monomial, of degree p, in the fields =¥, 0¢'=". Then

x

I V00, oy X3 PPl ..., < [A]"C" 4 (p)

Ay X ... X4,

— !
lot=o D st @4

where Ay, ..., A, are n boxes of side y~*, k and C are suitable positive constants,
A(p) is a suitable function of the degree p of P.
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More generally one can get bounds of the same type if
2] ;= sup (1+k) 129 (k)| < o0, 4.5)
K,a

but C"~ ! is replaced by (Ck’)" !, essentially.

This is a generalization of the n!-bounds in ¢} of de Calan-Rivasseau, 1982,
along the lines of Gallavotti-Nicolo, 1984; Gallavotti, 1984.

More interesting is the following theorem which puts bounds on the
coefficients of (3.13).

First we rewrite (3.13) as an equation for the dimensionless form factors, 0 <k
<N:

Aky=y" Ok + D+ X X BUO.h o) TTA*(hy),  (4.6)
1 i

O non-trivial h, hy,=k+

hy

hy, =N
where the last product is over the endpoints of 0 and k; is the frequency attributed
to the first inner vertex of 6 to which the endpoint i is attached; v, is the first non-
trivial vertex of 6.
Note that the f are N-independent (no N appears in the defining relation
(3.13)). Then:

Theorem 2. The coefficients B in (4.6) verify

poonas| P o gy @

for some >0, C>0 and YN, if n is the number of endpoints of 6.

The proof also gives that the coefficient in square brackets can be omitted if one
considers the planar theory.

We call this series in (4.6) the “beta functional” because of its resemblance to the
beta function of field theory: note that

B k)= ¥ 3 0 h o) [TA*(h) (4.8)
6 non-trivial hl,:;siz;vl-kl i

is not a function of few variables (as the usual beta function is): in (4.8)
(ByL)@(N +1)=0.
Since the f’s are N-independent it is clear that the “beta functional” without

cut-off,
BY()= ¥ > 90, ha) TTAX(hy), 4.9)
Onon-trivial h:h,.=k i
hyy=k+1

has coefficients verifying the same bounds (4.7).
The above theorem extends the analogous results for ¢ of Gallavotti-Nicolo,
1984; Gallavotti, 1984.
It is tempting to try to define a perturbation theory for P(¢), looking for a
solution to
A (k) =7~ @1@(k 4 1)+ (BL)“(k), (4.10)

in which A“(k) depend in a C*-way on u® = 1®(0).
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One can find a formal solution to (4.10) as a power series in u® if one writes
(4.10) as

19 e+1) =97 (BRVK) + 7 (BL)Y(k— 1)
+..+ ,ya(a) (k+ 1)(BL)(<1)(0) + ya(a)(k + l)u(a)
= (A1) (k+1)+y7@C D@ k=0,1,2, (4.11)
and then setting

A‘((?)(k-’_l):ya(a)(k—'-l)#(a)) k=0>192>°--a
A+ 1) =97+ D 4 ()P 1)
This recursive solution gives a power series finite to all order for renormaliz-
able theories, i.e. if all a(x) <0. However, if for some o one has a(x) >0, as the
dangerous factor y*®®* 1 guggests, one expects divergences to appear. This is in
fact the case for non-renormalizable theories. One is therefore lead to the idea of

solving (4.10) with cut-off N finite, as a power series in (A(0)),<o, and
(A(N))pm > 0- Instead of (4.11), we write

KR =y O+ (@A)OR),  for o(@)0,
20 =y~ ON IO (BN, for a(0)>0,

where u®@ = A®(0), v = A®(N). This equation can be solved recursively as in (4.12).
The following theorem holds:

4.12)

(4.13)

Theorem 3. (i) If the theory is renormalizable, the recursive solution (4.12) of
(4.10)-yields
HO00 =573 /(s (4.14)
|m| =2

for some £(m, k)< co, and “slowly” growing in k:

jmj(@-3)—1 J
p3 ('[i# (4.15)

i=0

I¢(m, k)| <C™ = (jm] (—3)—1)!

(i) If the theory is not renormalizable, then the solution of the analogue of (4.10)
with By replacing B obtained with the algorithm analogue to (4.12) yields A®(k; N)
as a power series of the form (4.14) with coefficients £\P(m; k), which diverge as
N -0, in general.

If 6(x)>0, then most of the coefficients £P(m; k) with m,+0 diverge.

(iii) The recursive solution of (4.13) is

ARy =y @@+ ¥ £(mm, pmy,
fm|+nf22 (4.16)
H =y OO 3 m ke,

[m| +n{2 2

for some £P(m,n, k)< co, with finite limit as N—co. However,

{0 if n+0
£O(m; k) if o(@)=0,

where £®(m; k) are the coefficients appearing in (4.14).

lim £P(m,n, k)=
N— o
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The first part of the theorem is essentially contained in Gallavotti-Nicolo,
1984; Gallavotti, 1984. The second part is nothing but the rephrasing of the non-
renormalizability property. The third part is a “perturbative triviality” result. It
expresses the fact that if one includes non-renormalizable interactions and
expands in powers of the bare dimensionless coupling constants for these
interactions, one is back to the theory without these interactions in the limit N —co.
Nevertheless one can think of compensating the vanishing of these coefficients by
the divergence of the full series. This possibility is expected to occur if there is a
non-gaussian ultraviolet stable fixed point, and one can demonstrate this in the
planar approximation. See Felder (to appear).

5. Proof of the Theorems

We follow here rather closely the ideas in Gallavotti-Nicolo, 1984; Gallavotti,
1984; however, technically the proof below contains a few new developments. In
particular, the construction of the subtractions in terms of projection operators
was only limited in Gallavotti, 1984b, while in the above papers the subtractions
were discussed in a more empirical way.

The first task is to develop an algorithm to represent the truncated
expectations appearing in (3.9).

We first develop the algorithm to represent the truncated expectations like
(3.9), but modified by replacing 1—%, _; by 1 in the first of (3.9).

As the reader expects, the algorlthm is based on Feynman graphs. Withouth
entering into details we simply describe the result which can be easily proved by
induction, using the Wick theorem, see Gallavotti, 1984a, for a suitable formula-
tion of Wick theorem (Appendix C).

1) Draw n points in R%, x,,...,x,, and to each of them associate an index
a=0,1,...,t—1.

2) If o;<t—2, draw 20; distinct lines (called “half lines”) emerging from the
vertex x;. If a=¢—1, draw two lines marked by a symbol 0. These “half lines” are
meant to be a symbolic representation of fields ¢, or d¢,, (if they bear a & symbol).

3) Connect some pairs of the above half lines to obtain a connected graph of
“complete lines.” The graph should be connected in such a way that if vefis a
vertex of the tree 0, being considered in (3.9), and if a4, ..., a,, are the endpoints that
can be reached by climbing the tree starting from v, then the set of complete lines
with endpoints in x,,,...,x, (“cluster of vertices corresponding to ve”) is
connected.

In this way one obtains a graph G of some halflines and some complete lines and
a family G,, ve#, of subgraphs of G with the property that G, is connected by
complete lines. The complete lines which connect vertices of the cluster corre-
sponding to v (“cluster v”°) are said to be “internal to the cluster v.”

4) Mark each complete line with an index & or s (“hard” or “soft”) so that in
each subgraph G, v € 0 the hard lines still connect the vertices of G,, i.e. the points
in the cluster v.

5) Suppose that G contains some half lines left as external lines, and suppose
that they emerge from the vertices x;,, ..., X;, yj,, .., J;,: from the first g of them
emerge lines not marked 0 but from the last p emerge fines marked 8. Then one
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defines
Pg

q »
TT @59 11 005, (5.1)
r=1 s=1 i

where k is the root frequency of 6 in the frequency assignment h.
Assuming that the degree n trees 0 give to Vx(0, h), defined as in (3.9) but with
1— % replaced by 1, the contribution:

3§ V(0,h, G)Pydx,...dx,, (5.2)
G

where G is a decorated Feynman graph constructed in the above five steps (“F-
graph compatible with 6”), then it is easy to prove inductively (using the above-
mentioned Wick theorem) that

V(0.h,G)= T1 Ci°* TT CI¥ T1 r*(h), (53)

Asoft Ahard endpoints

where the products over A run over the complete lines 4 of soft or hard type. The
meaning of C{** or C{*¥ is the following: if A is a complete line it is an inner line for
some subgraph G, for some v and all its predecessors in 6 but not for its followers; if
h, is the frequency of v in (6, h) we say that A has frequency h, =h,. Then C{*"¥ or
C{+ represent the covariances of the pair of fields symbolized by the two half lines
forming A, considered respectively as @®», 9™ or as <", 9o~ (as
appropriate).

In general, one can associate a frequency to each halfline: it is the “frequency A,
of the smallest graph G,” which contains the vertex of the halfline. A complete line
has the frequency of the smallest frequency half line composing it.

Having understood how to represent graphically (3.9) with the simplification
that 1 — % is replaced by 1, we can discuss (3.9) itself.

For this purpose it is useful to introduce auxiliary fields different from ¢, de:

nyz(px_(pyv Sxy=(px_(py_(x_y)n'a(py’
Ty=0x—@y—(x—))e 00, —3(x— )7 >0y, Dyy=00.~00,, (5.4
Salcyzaq)x_aq)y_(x_y)n'aa@yo @;lcyz=(x_y)n'D;1:zo

where (x—y), is a “periodized version” of (x—y), e.g.

1—cos o (x,-y)

0 0
_ =t —(x—-yi=i—
((x=»)) 26xi(x Va Zaxizjgl 2_71: ’
L
L . 2n
= ﬂslnf(xi—%) . ¢

The introduction of the above fields allows us to describe inductively the
structure of ¥® in terms of the form factors r.

The fields (5.4) have to be thought of as carrying a cut-off label (k) or (< h) as
usual.
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Assume that the VR(6, h) from a tree of degree n and frequency assignments h s
described in terms of graphs G via a formula like (5.2) but using graphs G
constructed via steps 1)-5) above, modifying 5) as follows:

5) Add to the graph G extra labels §§, labeling each of the subgraphs G,, ve 6.
The labels 8, can take values §=0,1, ..., 8, for some fixed f, (see below).

According to the value of § attached to G,, the half lines emerging from G,
change meaning and can mean any of the fields (5.4) as well as ¢, d¢, with position
indices x, y belonging to the set of vertices of G,. The precise rule to perform this
change of meaning of the lines is specified below.

Starting from the innermost ve 6, one changes the meaning to the lines as
prescribed by the f indices: a given line which is external to many G,’s can
therefore change meaning several times.

One the above process of reinterpretation of the half lines is done we take G to
represent a monomial P in the fields (5.4) given by the product of the fields
associated with the external lines.

Assuming that V® in (3.9) is given by (5.2) with the sum over G running on the
graphs with the extra decorations described in 5) above and a suitable V*(0, h, G)
replacing V(60,h, G), it is easy to prove by induction on n=degree of 0 that

VRO,h,G)= TT C{™™ TT C# [T r*(hy), (5.7)
Asoft Ahard endpoints
where C{ is the covariance of the two fields represented by the two half lines
forming the complete line A.
The induction argument is as follows.
Assume that the contribution V®(6,h) to the effective potential is given by

> [ VRO, h, G)Pedx,, ..., dx, (5.8)
G

for all trees 0 with degree n<n, for some suitable rule to interpret the §,-indices
appended to each subgraph of G: we do not specify here this rule because it is going
to be determined inductively as well.

Let 6 be a non-trivial tree of degree n, + 1 which bifurcates at its first non-trivial
vertex v, into s trees 04, ..., 0, at frequency h, =h.

To proceed we must understand the action of the operator ¥, on monomials in
the fields ¢ d¢ and (5.4). &, being defined by (3.5), it is clear that %, P vanishes
unless P has degree <2(t—2). If P has degree p < 2(t —2), the action of £ vanishes
if p=#2 and P contains any of the fields (5.4) or any ¢ field (see the second of (3.5)).
HP=:¢.;...,0., 2+p=2(t—2), the action of &, is clear from the second of
(3.5). Therefore the cases to be understood are those with p=2.

To understand, from the third of (3.5), the action of ., on the second order
monomials P in ¢, d¢ and (5.4), it is convenient to write P as a sum of a “local term”
involving only fields computed in the same point and of non-local terms which
vanish to some order = g(P) when the points appearing as indices in the fields of P
coincide.

Denote xy, x,, ... simply by 1,2,... and (x,—x,),=0,,, and let

—v, 5.9
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where n or n’ are the numbers of fields of type zero in P, i.e. of fields ¢, D, S, T, of
type 1in P, i.e. offields d¢p, D*, S*, 2*,and vis the order of zero of P, i.e. one unit per

each D, D* field in P, two units per each S, S*, 2" field and three units per each T
field.

Then we write each P of second order as follows:
[0102:=101(Q1 4021 - 00, +303, X %0y):+ [0, T, 1],
:@1D23: = (T3 +@3+0,5- 003 +3013 X 0203) (Ty3+ 053 - 093 +3035 X 0% @3):
1030230031 +5:03033 X 0%yt + 1813 0030,3 - 003!
+[:Ti3Dyst + 193 T30 +013:0035,51],
101823 =1(S13+ 93 +013003) (To3+3033 X 0% 3):
=3:03033x 8%05:
+ 813823+ 19331 +013:0903 T3],
101 L=, Ths1],
10100,:=:0(0@, +0,1- 00¢,): +[:9,83,:],
1@ 1D33:=:(@3+ 015005+ 813) (S33+0,3-00¢3):
=:03053° 0003+ [:03833:+:8,3D33:—:D13Di51],
101833:=[:0:533],
:D1,D34:=:015 00,034 004+ 18128141 —:812D34:—:534D1,1]
=101 003034 003"
+[:01200,054D55:+:81,834:—:81,D34:—:D1,834:],
D13834:=[:D128341], Do Taai=[:D1,T34],
:D1,003:=:(S1,+01500,) (09, +D3,):
=101 00,00, +[:812005:4:8,,00,D3,],
:Dy,D3,:=[:D1,D3,1], 5D125§43=[3D12S§43]',
1812834 =[:81,83411, 181, Taa=[:81,T541],
:812005:=[:81,005:], :S1,D3:=[:5:,D34°1,
1812834:=[:812834:], 1T Tyi=[T1,Tul,
1Ty2005:=[:Ti2005], :TiD3,:=[T;,D3s],
1T12834:=[:T12834],  1090.00,:=:00,00;:+[:0¢,D3;]1,
:00,D33:=[:00:D33:],  :09,833:=[:0¢,533:],
:D,D3:=[:D1,D34:],  :D1,83:=[:D1,83,:],

81,83, :=[:81,834:1, :(any field)21,,:=[:same:]. (5.10)
It is now easy to evaluate . in a useful form using (3.5) and its consequences:
P :p,00,.:=0, E’:golafj(plzz—ﬂl“'”,
djA|
5, ey g L (5.11)
L0 00y =—11¢" : t=—
i?10;P1 diA| > P19 ] I,
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where 6;; denotes the Kronecker delta symbol (to avoid confusion with d;;=(x;
— X))
One finds, denoting [Q] the result of the action of % on the square bracket
terms in (5.10) (one would have [Q]=0 if (x;—x;)? could be “replaced” by (x;
—x;)?: see comments after (5.15)), using (5.10), (5.11):

1 5 1
1 _
L9 Dyy:= d|A|( —30254013-0,3) V4[],
L9831 =— 505317V +[Q],

2d|AI

)
L0100, = (dlz/ll)ljl(t RESER

%:0,0h)y=— 21 ),

diA
4 (5.12)
&L :Dy;D34:= dl/ll 0150341V [Q],
L:Dyy0p50= 012 e g
12Yj @3 dIAl ’
L0100, = d]/ll L1V [0],

Z:P:=[Q] for the other P’s of second degree,
Z:(pl...(pq:=|/11—|1("/2) for ¢g=4,6,...,2(t—2),0.

We can now compute the result of the action of (1 — %, _ ;) on the monomials of
interest.
Using the inductive hypothesis

VOM= T b bis( =% ) 6 (P, Pe)

.....

. V(Bl,hl, Gy)...V(0,hg, G)dx,...dx, 1, (5.13)
and using the Wick theorem
V(6,h)= %gm...éﬂ,,_l(l — 2D Pg
-V(0y,hy,Gy)... V(O hy, Gdx,...dx,, ., (5.14)

where G is a decorated Feynman graph with the additional §,, indices on the v’s
following v, but not on v,, because of our inductive assumption.

The (5.12) imply, for general kernels W which are assumed translation
invariant on A and rotation covariant for rotations of multiples of % in any
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direction (the only ones which make sense on A), that
(1-2£)1=0,
(1-P)W(1,2):0,0,:d1d2
=[{W(1,2):0,0,:d1d2 ,
—fw(1,2)dl:p%:d2+1f w(Ql, 2)%:(6(p2)2d1d2+w
=[(W(1,2):0,T,;:dld2+ ),
(1-P)fW(1,2,3):¢,D,5:d1d2d3
=[W(,2,3):¢,D,5:d1d2d3
— §W(1,2,3)(—3833+013823)-

2.
(a":;) Ad2d3 + o

:0
=[w(1,2, 3)( ®1D33:4 (3033 —0130,3)- 03: >d1d2d3+w

=[{wQ,2, 3)(:(p1T23:+:qo3T13:+:SI3D23:—:T13D23:)d1d2d3+w,
(1—2) [ W(1,2,3):0,S,,: d1d2d3

=fW(1,2,3)<:(p1823:+52—%:(6q03)2:>d1d2d3+w
= W(1,2,3)(:0S,3: +5:(8,5 - 093)?:)d1d2d3 + »
={wWQ1,2,3):¢0,T5:d1d2d3 + ),

(1= DI SW(1,2):01092:d102 (5.15)
_sz(l 2)< 010,05 + Qﬁ‘—l‘)-f:(a<p1)2:>d1d2+w
=j"%jI/Vj(l,2)(:(p1 002 —101(85, - 0)0;0,)d1d2 +
= f; W(1,2):¢,(S3,);:dld2+ w,

(1_3)5§ Wi(1,2,3):¢,(D33);:
= fng(l,?,, 3)(:Dy3(D33)j:+:93(833);)d1d2d3 + w,

(1—2)[ W(1,2,3,4):D,,Ds,: d1d2d3dd
=[W(1,2,3,4)(:D,,S34:+:S,D34:

+:D,,034D},:—:8,,054D},:)d1d2d3d4+ w,

(l—i”)f;VVj(l,L 3):D1,0;05:
=f§VVj(l,2, 3)(:Dlz(Dgz)J»:+3S120j(p2:)+a),

(1-2)W(1,2,....9):0,...0,:d1...dq
— w2, q):g,i (D@10 dl..dq, 24 q<2(—2),

(1-2){WP=0w for all other second order P’s in (5.10),
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where o denotes a term proportional to I¢ ™= f (0¢,)*: dx, of course different in
each expression.

The (5.15) follows from (5.11), (5.12) simply using the symmetry properties of
the W’s and integration by parts: one does not use the approximation (x; —x,)2
~(x,;—x,)*. If such approximation was used, disregarding the consistency
problems which arise from the fact that (x; —x,)? is not periodic on A and
proceeding formally, one would have found 2=0, w=0 in the above formulae.

By inspection on (5.15), (5.10) one can summarize the above algebraic
calculations by saying that (1—.2,_,)&/ is represented by

(1—%,_ )| WPdx,...dx,= | WRPdx,...dx,,
where R has the form, if w(-) are suitable functions:
R1=0, R:0,0,:=:0,T,;:+a"(12):(de,)*:,
R:pDys3:=:03T3:+:03T15:+:S13D53:—: T13D, 5+ 0 P(123) : (090 )*:,
R:9:8;55:=:0,Th3:+0®(123):(30,)*:,
R‘(Plaﬁl’z':'(Pugil' @®(12):(30,)*:,
R:¢D33:=:D13D35: 4193833+ 0P(123):(09,)*:,

R:D12D34:=:Dle34:+:SIZDM:-—:SIZS34:—:D12@_§,42:
+:51,9D34,:+0'9(1234):(09,)*:,

R:D,0;05:=:D15(D3,);:+:81,0;0,: + 0 7(123) :(09,)*:,

qg—1
R:py...p:= p; S QAD 1 Qpir-- g, 2FqS2(1-2),

RP=w(P):(0p,)*: for the remaining second order polynomials,
RP=P for all other polynomials. (5.16)

The w’s are suitable functions which vanish to order >o¢(P) when all the
arguments coincide and to the order of the zeros of P when the appropriate subsets
of the arguments in which P has zeros degenerate into single points.

We now label by §=0, 1, ..., i, the various terms in each of (5.16), where f, is
large enough, f, =max(2(t —2)—1, 6) (the 6 is to take into account the “worse in

(5.16),” RD,D, and 2(t—2)— 1= max(q—1)).

q
If f=0, it means that RP=P, if f=1, ..., it means that RP +P and we choose
the A" term in the expression (5.16) of RP: is f is too large and no such ™ term
exists we take this to mean that we choose 0. Also if f=0 but RP P, we take this
to mean that we choose 0.
Calling G” the graph G with the label 8 associated with the vertex vy, it is clear
that we can write (5.14) as

V(0,h) = Gzﬂj V(0,h,,G,)...V(O,hy, G)Pgadx,...dx, 1,  (5.17)

where Pg; is obtained by changing the meaning of some external lines according to
the value of g, =p.
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This proves the inductive hypothesis for ny+ 1: since it is valid, obviously, for
no=1 our proof of the evaluation rule by graphs of V'® is complete.

In (5.16) there are several terms (i.e. the ones with the w’s) proportional to
:(8¢)*: which could be eliminated, thus reducing greatly the formal calculations
necessary in any real computation: this could be achieved as follows:

1) By letting L— o0 at the end of the discussion because they give a vanishing
contribution in this limit (in fact, their presence is due to the fact that (x, —x,)>
F(x;—x,)%, but (x; —x,)7 o2 (X1 —x2)%);

2) or by modifying the definitions of ¥ and R giving up linearity.

Then 2) has a strong disadvantage because if one eliminates the w’s in (5.15) and
the Qs in (5.12), £ and R are no longer linear operators but just operations on
functions, and one has to be careful to avoid, possible ambiguities (e.g. £¢,¢,
— X034+ Lo D,3): see Gallavotti-Nicolo, 1984, Gallavotti, 1984, where this
choice is adopted.

The 1) has been adopted in Felder (to appear). However, the considerations
below could equally well be performed if one decided to pursue one of the two
alternatives above. In particular, all the bounds would be qualitatively left
unchanged.

Using (5.7) it is very easy to put bounds on VX6, h, G).

Assume that

() =y"@" k), sup|A¥(h) = k] < oo. (5.18)
a,h

d—2
2
S, T fields in Pg, n{ is the number of dp, D, S* fields in P : n®=ng +ns.
Then the bound (2.3) on the covariances immediately gives us the bound

{ ) [VE(0, b, Q) [Pel= C"nt =P[5 2 ]”

d
Let n®=degree of Py, 0= —d +nj, +n > where ng is the number of ¢, D,

Ap X ... %
d-Zh dh
. nyOka,dk 1/2,7 2 "* 1/2,2 " o(ai)h
y oy TT K%y [T K% [Ty
1/2lines A 1/21lines A iendpoints
of type O of type 1

A complete vinner A external
hard in G, (5 19)
with d(v)=graphical diameter of the vertices of G,,' and where {(4,v) is the
variation of the order of zero carried by A(D, D! have order of zero 1, S, S! have
order of zero 2, T, 2" have order of zero 3) due to the fact that 4 may change
meaning as an external line of G, because of the R-operation; w, <uv is the vertex
of § such that 4 becomes internal to G,,, “for the first time” (i.e. G,,, is the smallest
graph G,, ve0 such that 1 is internal to G,); w,=r if 1 is external.
In (5.19) K, C, k>0 are constants and C"m! sup|p,|” is a bound on
P1Pre Py
To bound (5.19) one uses the inequalities
> yMAzA—yT l)gv"”d(v), (5.20)

Acomplete
hard

- exp(—x > wm) [T TI1 O™ dw)**dx,...dx,,
Ay X ... X4y,

1 The graphical distance of n points is the length of the shortest set of lines connecting them
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which are a consequence of the connectedness of each G, and of y"=(1 -y~ 1) (y*
+y" T L+ ).
The last product in (5.19) is bounded by observing
[T TT Gy W0 TT Grde)EhY

vinner Aexternal

inG,
=TTy~ 0 IT GRd@)ESY, (5:21)
d—2 . -2
where 6(v)=1— —d+Tnﬁ,v+—§-ni,v) if -d+dTn3,,,+gni,,,§0 and

6(v) =0 otherwise; so that since " {(4,v) £3, the last product in (5.19) is bounded
for any ¢>0 by g

!
[Tyt X expS ephede), (522)

which if combined with
fe 5" aMqx, . dx, < Cry~% T y 46wk (5.23)

vinner

which is easily proved for some C > 0, if & > 0 (if 5, = number of lines emerging from
v in f) and some simple counting of the number of lines gives that the integral in
(5.19) is bounded by

K
—5dy, cees An) YR

Cn“ne!”(p(ék)”r;e D" H y—(o(v)+9(v))(hu~hu') (5_24)

vinner

if D is a suitable constant and d(4,, ..., 4,) is the graphical distance between the
cubes 44, ...,4,; clearly for some ¢>0:

a(v)+0(v)=20ns+¢ . (5.25)

The exponential factor in (5.24) is obtained trivially by extracting
exp—g;yhﬂllgexp—g—d(m,...,A,,) from the exponential in (5.19) before

processing it, via (5.20), (5.23).

It is now easy to bound the total contribution to the effective potential due to
the trees 6 with n endpoints and due to the Wick monomials of degree n°.

The basic facts to use are

1) The bound (5.24);

2) There are C1 different trees 8 with n endpoints;

3) Agiven unlabeled Feynman graph can be labeled to be compatible with 6 so
that the subgraph G, has n{ external lines in at most

n(O)Cret s Euer"® (5.26)

ways, for all £é>0;
(n(t—2)!

(4) There are at most o

Feynman graphs.

unlabeled topologically non equivalent
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Clearly the above four statements imply

2 "
* IV(07 h5 G)l IPGldxl . ‘dxn _<_ (n(t )) ‘Kd(Al ----- An)y
0,G A% ...xdy n(6)
L C" e | SR Er I y—<hu—hu'>(@+nea)7 (5.27)

having taken ¢ small enough compared to ¢ and having used (5.25): in (5.27) the
sum is extended to all trees 6 with n endpoints and to all Feynman graphs
compatible with § and with »n°® external lines.

This completes the proof of Theorem 1 because the sum over n can be
performed in (5.27).

To prove Theorem 2 one starts from (3.13) which shows that the f’s in (4.6) are

B0, )=y~ 1

@ non-trivial n(—e)
0Oy 61 B (VRO hy), .., VRO, hy) s (5.28)

with V' evaluated using dimensionless form factors identically 1.

Of course the estimate of (5.28) is identical to the one in (5.27): it is true that no
(1— %, acts after &7, but the purpose of (1 —.%,) was to produce a zero of order
o(«) in the external fields which was subsequently bounded by y~ “@*,

In (5.28) the factor y ~°@* is already in front of the sum to bound: therefore we
can use the bound (5.27) with n®=2aif a =0, ...,t—2,and n°=2ifa=t—1, and the
result is Theorem 2.

Theorem 3 i) is proved in Gallavotti-Nicolo, 1984; Gallavotti, 1984, for ¢%: the
same proof applies to the other renormalizable cases (it is in fact a simple corollary
of Theorem 2); in the case of the non-renormalizable theories, Theorem 3 ii), it is
essentially a rephrasing of the non-renormalizability property and it is left to the
reader to check it by taking the lowest non-trivial divergent graph which
requires, to be renormalized in the usual sense, terms which are not present in .# y

(e.g. 2f‘:(zl 0.)?: dx>.

We now sketch the proof of iii). The solution of (4.13) can be represented as in
Gallavotti-Nicolo, 1984; Gallavotti, 1984, in terms of “framed trees.” In this
representation one draws a frame around a subtree at each insertion of A®(k’),
(6(2) £0), in the right-hand side of (4.13). The expansion in powers of v is the
usual perturbation expansion in terms of the bare coupling constants, up to the
dimensional factor y~“@® - This means that we have an expansion in trees
which is identical with the one one would have in the theory without the non-
renormalizable interactions, with the exception that some of the endpoints bear an
o index with ¢(x)>0. For each of these endpoints we have a factor y @™ =9,
where j is the frequency assigned to the vertex to which the endpoint is attached.
From this factor, corresponding to one endpoint, togehter with the factors
y~@h=h) on the way down from the endpoint to the root, we can extract a factor
77 °™ B for each tree containing at least one non-renormalizable endpoint, where
k=h,, 0>0. Then we simply delete all non-renormalizable endpoints, by
estimating the remaining y *®@®™~) factors by 1 and we are left with tree
contributions of the renormalizable theory times a factor y 7 °™ 90, N—o0.
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6. Concluding Remarks

The spirit of our method has some analogies with the paper by Polchinski, 1984. In
the latter paper, which deals with the renormalizable case, however the problem of
deriving the concrete bounds (4.4), (4.7), (4.15) is not tackled (essentially only cut-
off-uniform finiteness is proved); also there is no separation between the flow of the
coupling constants A(k) and that of all the other irrelevant local and non-local
couplings of the effective interaction. In the case of a renormalizable theory this
could perhaps be considered a matter of taste; however part (i) of Theorem 3 seems
to show that this is an essential change in point of view in the non-renormalizable
case.

Without introducing a subtraction procedure it is possible to introduce “form
factors” describing the theory of scalar fields, whether interacting via a renormaliz-
able or via a non-renormalizable polynomial interaction in any dimension d > 2.
Perturbation theory appears when one tries to solve by a power series the relations
between the form factors.

Alternatively, the form factors could be introduced on the basis of a purely
perturbative approach in which one introduces subtractions only for the operators
in the interaction defining the model (see (2.5) for a (t—2)th order interaction).
Proceeding as in Gallavotti-Nicolo, 1984; or Gallavotti, 1984 (see Sect. 9) one
would eventually obtain the same results of Sect. 3 in this paper: the amount of
work would be essentially equivalent and we preferred the derivation of Sect. 3
because it is clearly more intrinsic and one does not have to provide arguments for
the analysis of the meaning of the formal renormalized coupling constants.

If the theory is not renormalizable one obtains a nice expansion of the effective
potential in terms of form factors on various scales: they turn out to be functions of
the renormalized constants given by formal power series whose coefficients diverge
with the cut-off essentially in every order of perturbation theory, at least if they are
non-trivial coefficients.

However the form factors verify, as long as the cut-off N is fixed, to all orders in
perturbation theory an equation whose coefficients stay uniformly bounded in the
ultraviolet cut-off.

One can decide to define the theory in terms of the form factors and one defines
the form factors as solutions to the above-mentioned equations which have the
property of remaining uniformly finite in the cut-off and in their frequency index k
(the form factors are functions of a discrete index k, called their frequency, and for
each k there is one form factor per coupling constant in the lagrangian).

In this way one can avoid the introduction of the renormalized coupling
constants, provided of course one finds a solution to the form factor equations with
the required boundedness properties. One also avoids the ambiguities of the
arbitrariness of the subtraction constants because the equation obeyed by the form
factors in independent on the arbitrary subtraction constants.

Optimistically, the impossibility of writing the form factors as formal power
series of a t-parameter family of constants (see Theorem 3 i), ii)) indicates just that
one should not expect to find t-parameter solutions of the form factor equations.
On the other hand, it may well be that such equations do not admit any non-trivial
solution (see Theorem 3 iii)). The triviality suspicion looms on the solutions of the



