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Abstract. We study how to set up systematic summation rules that could
permit us to interpret the divergent expressions arising in the perturbation
theory of : P(¢):, when one does not allow any renormalization besides the
usual coupling constants, mass and wave function renormalizations.

1. Introduction

Our main result is that it is possible to express the Schwinger functions (or the
effective potentials) as formal power series of objects which we call “form factors”
which, although divergent to all orders of perturbation theory if the cut-off N is
removed, obey to all orders a formal equation which retains its meaning as N — 0.

We show that if the formal equation admits a solution verifying suitable
bounds, then the formal power series for the Schwinger functions in terms of the
form factors is bounded to all orders.

Hence there is the possibility of giving a meaning to perturbation theory of
non-renromalizable interactions without introducing infinitely many new coun-
terterms, but rather introducing infinitely many new constants, the form factors,
which however are not independent but are related by an equation (which may or
may not have some non-trivial solution).

We restrict ourselves to the case of renormalizable (but not superrenormaliz-
able) or non-renormalizable polynomial interactions in integer dimension d = 3.
The superrenormalizable cases would require a separate treatment. It is conceiv-
able that something like the results of this paper hold for some non-polynomial
interactions (like sine-Gordon field in two dimensions): however the whole
problem should be studied starting again from scratch.

While the ideas involved in this paper are partly already in the literature (see
Parisi, 1973, 1975; Symanzik, 1973, and references therein) the bounds that we
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present here do not seem to have been studied so far, probably because of the
difficulties related to the treatment of the “overlapping divergences” present in the
usual approaches the renormalization theory.

2. Notations

Let ¢'=" be the free field with cut-off at length y~¥, where y>1 is a fixed scale
parameter,

(<N)__ Z q,(J) (2.1)

where @Y, V" are free fields, independent for j= j/, with propagators
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and, if F ; is the Fourier transform of F;:
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The (2.3) imply that the free field samples ¢ are very smooth and
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with probability exp — B? - const, if A is fixed. Actually for simplicity we shall fix A
to be a torus with side size L and periodize over A the propagators (2.2), for each j.
We define a :P(p):, interaction on scale N to be any element of the
t-dimensional space £y spanned by:
IP(p=M)= I (EM?*:dx, a=0,1,...,t—2,
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where the : : always denote Wick ordering (with respect to the covariance of the
random variable appearing in their argument). Note that

@G pEY: Pp™) = 1 gV VgV

Given t constants Ay = )JO’ LA DY with A4~ Y >0 one defines the “effective
N= N N
potential V® on scale K” as:
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and V® admits a formal power series expansion in Ay
Vo= z Val(@'=P; N),AR, (2.6)
m=(mo, ..., me - 1)

where V,, are suitable functions of ¢(=¥,

Simple is the rule to build V¥, Given any family x;, ..., x, of random variables
and denoting &(-) the integration on their distribution one defines the “truncated
expectation” of x,, ..., x, as

& "
(g’T(xl, ceey x,,) = mlog@@ <exp igl a)ix,-) o (27)
Then, if &,(-) denotes the integration over the distribution of ¢,
POD(EN )= STV, L V) 8
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and
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so that in general V'™ can be described in terms of “trees.” A tree is an object built
as follows:
1) Draw a horizontal segment rv: r is the “root” of the tree and rv its “trunk.”
2) In v draw s segments, s =0, ending in v,, ..., v, numbered from 1 to s from
top to bottom .
3

<

N

3) From each v; draw s,;=0 segments ending in v;,, ..., v;, numbered from 1
to s, from top to bottom, etc., stopping after finitely many steps, having created a
“tree” 0 with n endpoints (the “degree” of 0 is n).

To each vertex v of § one can append a “frequency label” h, compatibly with the
order of the tree: h,, < h, if v’ <v (v < vif v’is created first in building 6); h,, if r =root
of 6, is the “root frequency” of the frequency assignment h to 6. The endpoints will
conventionally be assigned index N + 1.

Given a non-trivial tree 0, i.e. with one inner vertex at least, there are s, trees
04,...,0,, , which have root v, =first vertex of 0: clearly if 0 is given a frequency
assignme(ht hthen 0y, ...,6,, inheritfrom 6 frequency assignments h,, ..., h,, with
root frequency h,,.

Then given a tree § with frequency assignments h, we define

VO.h)=&,+1,.... 6, - 1é’,,TvO(V(Ol, hy), ..., V(b,,,.h;, ) (2.9)
for 0 non-trivial, while if 0 =0,=3—
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