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Abstract. We consider one parameter analytic hamiltonian perturbations of
the geodesic flows on surfaces of constant negative curvature. We find two
different necessary and sufficient conditions for the canonical equivalence of
the perturbed flows and the non-perturbed ones. One condition says that the
"Hamilton-Jacobi equation" (introduced in this work) for the conjugation
problem should admit a solution as a formal power series (not necessarily
convergent) in the perturbation parameter. The alternative condition is based
on the identification of a complete set of invariants for the canonical
conjugation problem. The relation with the similar problems arising in the
KAM theory of the perturbations of quasi periodic hamiltonian motions is
briefly discussed. As a byproduct of our analysis we obtain some results on the
Livscic, Guillemin, Kazhdan equation and on the Fourier series for the
SL(2,R) group. We also prove that the analytic functions on the phase space
for the geodesic flow of unit speed have a mixing property (with respect to the
geodesic flow and to the invariant volume measure) which is exponential with a
universal exponent, independent on the particular function, equal to the
curvature of the surface divided by 2. This result is contrasted with the slow
mixing rates that the same functions show under the horocyclic flow: in this
case we find that the decay rate is the inverse of the time ("up to logarithms").

1. The Integrability Problem and its Invariants

Integrable hamiltonian systems are important in mechanics because they provide
classes of systems whose dynamical behaviour is well understood and which can be
used as a "reference behaviour" for systems close to integrable ones.
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** Supported by the Mathematics Dept. of Princeton University and by Stiftung Volkswagen-
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There are, however, other dynamical systems whose behaviour is also well
understood, although very different from that of integrable systems. One should
naturally think to use such systems, also, as a reference for the behaviour of other
classes of mechanical systems. Therefore we shall extend the notion of integr ability
as follows: Let Σ be an /-dimensional compact analytic manifold and let T*Σ be
the phase space for the hamiltonian flows on Σ. As usual we shall denote a point in
T*Σ by (p, φ, q being the coordinates of a point of Σ and p being a conjugate
momentum in "the same system of coordinates. Geometrically p is a cotangent
vector.

An analytic hamiltonian system on T*Σ will be a pair (W, H) with WcT*Σ
being the closure of an open set and with H being an analytic function on W 1 and
such that, for every (p,g)e W, the solution St(p^qQ) to the equations:

with initial datum (p0, g0) e W, exists for all t e R.
Then the following definition extends the well known notion of integrability:

Definition 1. Let (W,H)9 (W\Hf) be two analytic hamiltonian systems on two
compact analytic surfaces Σ and Σ'. We say that "(W\ H') is (W, //)-integrable," or
simply "//' is //-integrable" if there is a C°° canonical map <& mapping W onto W'
and an analytic function defined on H(W), denoted F and such that F'=(dF/dE)
φO, and

H'(V(£, φ) = F(//(p, q)) , (p, q) e W. (1.2)

If ^ is also analytic we say that H' is analytically //-integrable.
The possibility that <€ is C°° but not analytic leaves us more flexibility in the

formulation of the results that we are able to prove.
The above definition says, in other words, that W is //-integrable if the flow

generated by H on W is canonically conjugate, up to a time scale change given by
F'(#), to the flow generated by H' on W'.

In our terminology a map Ή, (p7, q') = ̂ (p, q), of W onto W\ is canonical if it is
at least C°° with C°° inverse and, if calling

G(<0 = {(p, g, p7, 3OI(P, «) e Wζ (p', 20 e W, (p', gO = V(P, φ} , (1-3)

there is a Ψ e C°°(G(«)) such that:

(1.4)

A more precise name for such #'s could be "action preserving global canonical
transformations" : if λ is a closed curve in W and λ' = <g(λ)9 the "actions" of λ and λf

are the same:

' dq'. (1.5)

1 As usual / will be said analytic (or C°°) on a closed set W if it is the restriction to W7 of a
function analytic (or C00) in its vicinity
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More generally, in the literature one calls "locally canonical" a transformation
# such that dp/\dq = dp' Λ dq'. This last relation implies a relation like (1.4) in small
neighborhoods of phase space, but Ψ need not be "uniform", i.e. exist globally as a
single valued function on G(̂ ). We will not use this more general notion.

The simplest integrable systems are those which are part of a one parameter
family of integrable systems.

Definition 2. Let HE = H0 + fε be an analytic function on W x [ — θ, 0], θ > 0, with
(p, q, ε) analytic in W x [ - θ, ff] and divisible by ε.

We shall say that the family of hamiltonians ff ε, ε e [ — 0, 0], is #0-integrable if:
i) There is a family ^ε, ε E [ — 0,0], of canonical maps of W into T*Σ such that

#ε(p, q) is C°° in (p, g, ε) e W x [ — 0, 0], analytic in ε and differs from the identity
map By a quantity which is divisible by ε.

p, q)) = Fe(HQ(p, q)) , (p, 2) 6 W x [ - θ, θ] (1.6)

with Fε(£) being analytic in (£,ε) on the set (?x[-0,0], ^ =
(p,g)e W}ΞΞ#0(PF), and such that Fε(£)-£ is divisible by ε.

Equation (1.6) can be regarded, given JH"ε, as an equation for %,, Fε, and we shall
call it the "Hamilton- Jacobi" equation for the integration of HB with respect to H0.
Similarly we call (1.2) the "Hamilton- Jacobi" equation for the integration of H'
with respect to H.

Families of integrable perturbations with respect to the system

HQ(A,φ) = ωQ.A9 (1.7)

where (A, φ] denotes a point on V x Tl, Tl being the /-dimensional torus, ω0

("harmonic oscillators"), have been studied recently and enjoy remarkable
properties [9].

The case when W is as in (1.7) and H0(A,φ) = h0(A) is ^-independent is the
problem studied by the well known KAM theory.

Definition 3. If in Definition 2 we replace the requirement on ̂ ε to be of class C°°
with that of being analytic we obtain the notion of "analytically H0 -integrable"
family of perturbations.

In this paper we analyse the case when H0 is the hamiltonian for the geodesic
flow on a Riemannian surface of constant negative curvature, equal to — 1 (say),
and:

W={(p,φ\H0(p,q)Ell/2,3/2]}. (1.8)

Our objective is to find necessary and sufficient conditions for recognizing the H0-
integrability of a family of perturbations.

As in the classical case, arising in the KAM theory, it will generally be
impossible to conjugate two hamiltonian flows. The obstacles may lie in the
existence of "invariants," i.e. of quantities associated with the ίfε-flow that must
assume values determined by H0, just because the ίfε-flow and the Jf 0-flow are
canonically conjugate.
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We describe some of them here. Suppose that, for simplicity, the H0 and Hε

flows, for all ε e [ — 0,0], have only a denumerable family of closed orbits on each
energy surface HQ or Hε = E, E e [1/2,3/4], and also that for all ε e [ — 0,0] such
orbits stay pairwise distinct, i.e. they can be labeled by (rc,E,ε), n=l929...,
Ee [1/2,3/4], εe[ — 0,0], in such a way that they depend continously (hence
analytically) on (E, ε) at fixed n and are pairwise distinct for all n, at fixed (E, ε).

This assumption holds if (W9 HQ) is the hamiltonian for the geodesic flow on a
surface of constant negative curvature: this is a simple consequence of Anosov's
structural stability theorem and of the isomorphism between geodesic flows of
different energies (but, of course, on the same surface).

Then let:

T(E, n, s) = {period of the orbit (E, n, ε)},

— λ _ (E, n, ε) = λ+(E, n, s) = {Lyapunov exponents of (E, n, ε), —λ-=λ+>Q}9

A(E, n,ε) = {action of (E,n,ε)}={ f p ^j. (1.9)
- -

If Hε is /ί0-integrable in the sense (1.6), clearly:

T(E,n,ε) v h ' ' = t (i iQ)
T(E,m,ε) T(F-l(E),m,(S) ""' U }

"ϊ /T? — _\ 1 /T?-1 /T?\ A\ ^mn 5 V ^ ^/

^(£,m,ε) X(FΓ1(£),m,0)
(1.12)

where in the right-hand side there is no (E, ε)-deρendence because for ε = 0 the flow
is geodesic and the intermediate ratios do not depend on E.

Clearly the identities (1.10) through (1.12) are necessary conditions for the
integrability of the family Hε. It is easy to see that (1.10), (1.11) are not a complete
set of invariants for the canonical integrability of a family of perturbations of the
geodesic flow: see Appendix E for an example.

However we shall prove:

Proposition 1. i) The numbers (1.12) are a complete set of invariants for the
canonical conjugation ("HQ-integrability") problem on Wx [ — 0,0] if H0 is the
above described geodesic flow and θ is small enough (given fj.

ii) Furthermore the integrability in i) is in fact analytic in the sense of Definition
3, whenever it exists.

We shall call the left-hand side of (1.12), the "action invariants;" Proposition 1
shows their completeness.

A related result that Proposition 1 extends is the following: Let g° be a smooth
Riemaniann metric of negative curvature on a compact surface. Then the
hamiltonian for the geodesic flow has the form:

H0(ε>Φ=τ Σ (g\gΓ\PiP} (1.13)
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Consider the following "geometric perturbations":

(1.14)
^ i , j= 1, 2

with 5 analytic in (q, ε)eΣ x [ — θ, 0]; they correspond to changes in the metric

Then one can ask when Hε = H0 + fε, which is still a geodesic flow, is
#0-integrable with W= T*Σ and Fε(E) = E and ^ε of the form:

V*(ε>φ = (Je(φ-lΐ&(qy), (1.15)

where ^ε is a diffeomorphism of Σ and Jε is its jacobian matrix.
A complete set of invariants for this type of conjugation, "geometric

conjugation" or "trivial conjugation," is in some cases known to be the set of the
eigenvalues of the Laplace-Beltrami operator [2],

Our methods have on one hand some resemblance with those of [2],
particularly in the use of the key result [3] : however we make strong use of the
group theoretic structures provided by the assumption of constant curvature and
obtain results which probably do not hold for the theory of perturbations of the
geodesic flows on surfaces of non-constant negative curvature (while [2] deals
mainly with such general manifolds). But the main difference is that we do not deal
with the geometrical conjugacy problem and consider, rather, the general action
preserving canonical conjugacy using techniques developed in the context of the
KAM theory. On the other hand Propositions 1 and 2 (see Sect. 2) are, technically,
an extension of a nice criterion of convergence for the Birkhoff series due to
Rϋssmann [12].

2. The Flows on Constant Negative Curvature Surfaces. Good Coordinates.
Integrability and Perturbation Theory

The surfaces of constant negative curvature are constructed as follows : If z = x + ry,
xeR, y>0, is regarded as a point in the upper half plane C+, the action of the
group PSL(2,R)onC + is

az + c

The most general compact analytic surface of constant negative curvature is:

Σ = C+/Γ, (2.2)

where Γ is a hyperbolic fuchsian group (i.e. a fuchsian group without parabolic or
elliptic elements [7]). It is endowed with the PSL(2,R) invariant metric
ds2 = (dx2 + dy2)/y2. The surface Σ can be identified with a fundamental domain Σ0

of Γ with "opposite sides" identified modulo Γ.
On Σ0 the geodesic flow is described, by definition, by the hamiltonian:

. (2.3)
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Any motion with non-zero velocity will reach dΣ0 in a finite time tQ at the point
(x0,y0) with speed (x0, j>0): if y is an element of Γ reflecting (x0,)>o) to another
element of dΣ0, the motion will continue after ί0 by reappearing at z'0 = z0γ, if

Q9 with velocity ZQ = XQ + iy'0 given by:

This is a somewhat complicated description of the geodesic flow.
There is, however a better representation: it is inspired by ref. [4]. Let:

(2.5)

It is easy to verify that the transformation jf of T*C+\{jF/0 = 0} onto PGL(2, R):

SJr:(px,Py,x,y)~( Pιq2}=g, (2.6)
\~P2 qj

defined by

px + ipy = i(ά*g)2j(i,g-^2l2 ,
• - 1 \r"'Jx + ιy = ιg ,

is such that (see Appendix D):

(2.8)

therefore it is canonical. Furthermore 3#"((px + ipv9 x + iy)y~1) = yg, so that JΓ
defines a map from T*Σ\{H0 = Q} onto Γ\PGL(2,R).

The map Jf transforms the hamiltonian (2.3) into (see Appendix D):

H0(g) = (detg)2β. (2.9)

Therefore if fε(g) is a function of (g, ε) analytic on W x [ — θ, 0], divisible by ε,
the hamiltonian equations for Hε = H0 + fε are in the new coordinates:

<H -(det</)</σz/4+ ^-(g)*x, (2.10)

where

O - r
and

'ij

- df f^ w _ ι o

The Liouville measure on T*Σ\{H0 = Q}, realized as Γ\PGL(2,R), is just
dpidp2dqίdq29 i.e. it is the Haar measure of PGL(2, R) considered as a measure on
the homogeneous space Γ\PGL(2, R).

We do not discuss in more detail why Eqs. (2.9), (2.10) induce a flow on
Γ\PGL(2,R): it is obvious that they do so on the whole PGL(2,R) and the fact
that it can be regarded as a flow on PGL(2, R) stems from the observation that if ί
-+g(t) is a solution to (2.10), then so is t-^>γg(t). This observation can be used to say
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that the entries of g e PGL(2,R) provide a global system of coordinates on the
phase space of the geodesic flow deprived of the points with zero velocity and
provided one identifies the 0ePGL(2,R) modulo Γ.

We shall use the above remarks quite extensively. Their main usefulness is in
providing a simple characterization of the C00 -canonical maps # defined on a set of
the form W= {g\HQ(g) e [1/2, 3/4]}. Suppose that # is close to the identity and that
it is defined on an open set W containing W, large enough so that if
(//, (f) = <g(g, q), (p,q)eW, then (/, g), (p, g') e W. Then # can be described by a
generating function Φ of class C00 on the set {(//, q)\(p', q) e W, 3(p, q") e Wf such
that Cp', gO - #(p,q)} Ξ VF via the relation:

-*-
(2.11)

which can be written in a better form in terms of matrices,

Then (2.11) becomes:

dΦ
gf = g-σ~(g)σ. (2.13)

The whole point of the above discussion is the globality of (2.13) on W\ it
follows from the easily checked property that if g'=<β(g\ y eΓ, then yg' = Ή(γg)9

because ygf and yg solve (2.13) if g, g' do. What is slightly less clear is that conversely
any canonical transformation <& close enough to the identity can be generated by a
relation of the form (2.13). This remarkable fact can be seen by observing that if ̂
has the property:

(2.14)

with Ψ a C°° -function on the graph of ,̂ then (2.14) can be rewritten as:

f), (2.15)

and Ψ + (p' - (f) = Ψ + det#x is a C°° function on the graph of # because Ψ is such by
assumption and detg' is single valued and C°° on Γ\PGL(2, R), and therefore it can
be thought as a function on the graph of #.

Furthermore the function on the graph of # defined by (#,#9-»(det</) is C°°
when <β is so close to the identity that the relation gf = <β(g) can be put in the form
0' = #(0), using the implicit function theorem, and (&(yg) = y(£(g) when g and yg
belong to the boundary of a fundamental domain in PGL(2, R) with respect to the
action of Γ. Therefore the function Φ = Ψ + (det#9 - (detg) is C°° on the graph of #
and, if # is close enough to the identity (in the C1 -sense at least), it can be regarded
as a function of g on {g\geW}. But then (2.15) becomes p dq + q'-dp'
= d(detg + Φ(g)\ which is (2.14).



68 P. Collet, H. Epstein, and G. Gallavotti

The situation is very similar to the one that arises in the change of coordinates
in systems described in action angle variables (A, θ)eVxTl:in that case a change
of coordinates (A,θf} = ̂ (A,ff) defined on a set of the form VxT\ VcR1,
Tl = {/-dimensional torus} is canonical (in our action-preserving sense) if and only
if it can be generated by a relation of the form:

dΦ_ — f/Γ m

where Φ is periodic in the θ's.
The outcome of the above discussion is the fact that it allows us to replace the

search for the solutions #e, Fε of (1.6) by the search for a function Φ, C°° on
Wx [-0,0], θ^θ, analytic in ε:

00

Φ(g,έ)= Σ εkΦ(k\g), (2.17)
k=ί

which generates ^ near W for sufficiently small ε.
Analogously we set

(2.18)
k=l

and rewrite (1.6) as

Expanding everything in powers of ε and denoting by { , } the Poisson bracket,
one easily finds:

{H0, Φ(1>} (p', q) = fw(p', q) - F«\H0(p', q)) ,

SfW
{Ho, Φ<2'} (£', q) = f(2\p', q) - F(2\H0(p', q)) + -j^- (p', q)

( , »8H0(, .dΦ«\ , \\ ~ (2.20)
o(P»ί))-^— (P.«)-j-r(P»9)-^ Σ- - ΰq - - op - - 2 ιj= i

where A(k) is a differential polynomial in its variables: very complicated, as the case
k = 2 already shows.

Let us study the first Equation (2.20): it means that Φ(1) is a function whose
derivative along the //0-flow is /(1) up to a constant F(1)(#0). Therefore integrating
both sides with respect to the Liouville measure:

μE(dpdq) = const δ(H0(p, q) — E)dpdq , (2.21)

const = (J <$(#o(£^9- W^'Γ * , (2.22)
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one finds the condition:

F<i)(£) = I fWfo q)μE(dpdq)=JW(E) , (2.23)

determining ^(1) uniquely. Then we shall say that the first order of perturbation
theory is "well defined" if the equation:

{#0,Φ
(1)H/(1)-7(1>(#0) (2.24)

admits a unique C°°(WO-solution up to an (arbitrary) function of H0. In this case
Φ(1) will be defined uniquely by imposing:

ίμE(dpdφΦ^(p9φ = 0. (2.25)

Inductively we can say that the kth order of perturbation theory is well defined if
the equation:

J(k) (2.26)

(with obvious notations) admits a unique solution Φ(fc) on W with

More generally one might like to say that a hamiltonian admits perturbation
theory to order k if (2.20) can be recursively solved up to order k by suitably
choosing at each step the arbitrary function of HQ which can be added to each Φ(k).
It is, however, not surprising that this notion is not really more general: a
hamiltonian admits perturbation theory to order k in the weaker sense just
proposed if and only if it admits perturbation theory to order k in the former
stronger sense.

The simplest way to understand this is to remark that (1.6) obviously admits
many solutions if it admits one. Let in fact (E,s)-+Rε(E) be defined and C°° on
W x [ - 0, 0], ε-analytic and divisible by ε, and consider the canonical transforma-
tion generated by (detg)-\-Rε(H0(g)):

But (det#) = p q, H0(p,q) = H0(p\ q') : so that if (1.6) admits a solution #e, FS9 then
also ^X0), FeΓwith ^0) given by (2.27) is a solution. This ambiguity of the
solutions to (1.6) can easily be related to the ambiguity in the choice of Φ(fe) and
used to prove that the fcth order of perturbation theory exists or does not exist
independently of the arbitrary choices which one has to make in order to build it.
Therefore the following definition is very natural:

Definition 4. Let H0 be the hamiltonian for the geodesic flow on a surface of con-
stant negative curvature and let fε be analytic in W x [ - 0, 0], W= {p, q\H0(p, q)
= Ee [1/2, 3/2]}.

We say that fε "admits a finite perturbation theory" around H0 if it admits kth

order perturbation theory for all k= 1, 2, ... .
Of course "having a finite perturbation theory" is a canonical invariant. This

means that if ̂ ε is defined and analytic on W x [ — 0, 0], canonically maps W into
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T*£, and differs from the identity map by an ε-divisible quantity, then defining fε

by
Ho(Vε(p, φ) + /β(tfe(2, «)) = H0(p, φ + fε(p, φ (2.28)

on Wx\_ — 0', 0^, θf small enough, fε admits a finite perturbation theory
around H0.

The perturbation theory can be easily extended to cover the case when

Ht=ht(H0)+ft, (2.29)
00

where hε(E) = E + Σ ε*Λ(k)(E) is analytic in H0(W) x [- 0, 0], and one can give a
k = l

similar definition of finiteness of the perturbation theory (canonically invariant in
the same sense as above). We do not discuss the (trivial) details. One could reduce
this case to the preceding by putting the ε-dependent part of hε into /ε or,
alternatively, repeat the arguments leading to (2.20).

It is then remarkable that:

Proposition 2. Let ff be analytic on W x [— 0, 0] and suppose that the perturbation
theory for Hε = H0 + fε is finite. Then:

i) the family Hε is H0-integrable for ε small enough,
ii) the theory of perturbations yields a convergent series for Φε and Fε for ε small

enough and Φε generates the integrating map <β&

iii) the family Hε is analytically integrable (with respect to H0) for ε small
enough.

It is important to remark that the condition of finiteness of perturbation theory
only involves the derivatives of fε at ε = 0. So does the constancy of the action
invariants: in fact the closed periodic orbits depend analytically on ε and therefore
their actions are also analytic in ε, and are determined by their derivatives at ε = 0.
These derivatives, in turn, can be computed, (without having to solve the perturbed
differential equations), in terms of the unperturbed motions, knowing only the
derivatives at ε = 0 of /ε.

It will turn out that we shall prove first Proposition 2 and then we shall show
that the integrability conditions of the /cth order of perturbation theory are
equivalent to the conditions that the Taylor coefficients of order 1, 2, . . ., fc, about
ε = 0, of the action invariants vanish identically in E, for all m, n [see (1.13)].

In Sect. 3 we prove only the statements i) of Propositions 1 and 2, and
statement ii) of Proposition 2. Statement iii) of Proposition 2 is proven in
Appendix G.

Other results are presented in Sects. 4, 6: in Sect. 6 we discuss the relevance of
our treatment of the Fourier analysis on L2(Γ\PSL(2,1R)) for the analysis of the
mixing properties of the geodesic and horocyclic flows on the surfaces of constant
negative curvature.

In this paper we shall often bound the πth derivative of a function, holomorphic
in some variable w as it varies in some complex domain in C, by n\ times the
maximum of the function (in the given domain) divided by the nth power of the
distance of the point to the boundary of the domain: we call such an estimate a
"dimensional estimate."
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Usually our domains will be parametrized by parameters called ρ, ξ or 0 and
they will have the property that the distance between the boundaries of the
domains parametrized by ρ', ξ\ 0', and ρ, ξ, 0 is bounded below by one of the three
numbers (ρ -ρO/2, (ξ - ξ')/2, (θ- 00/2. If Qf = ρe"σ, ξ' = ξe-δ,θ' = θe~τ as will often
be the case, the above numbers become ρσ/2, ξS/2, 0τ/2, where, to shorten
the notations, we set:

x = (l-e-χ) for x>0. (2.30)

3. Proof of Proposition 2

We shall regard /ε as a function on PGL(2,R), parametrized by ε, and such that
fε(g) = fε(γg)9 for all γ E Γ ("Γ-periodic function"). For convenience of notation we
write /0(0,ε) = /£(#) The analyticity of /0 will be imposed by requiring that /0

admits a holomorphic extension to a suitable complex neighborhood of
PFx[-00A] We shall look at W={g\geΓ\PGL(2,TR), #0(#)e[l/2, 3/2]} as
consisting of points:

(3.1)

with D>0, <^eΓ\PSL(2,]R)ΞΞT; thus we can write, see (2, 11):

W=@xT with ^ = {D|£eR+,D2/8e[l/2,3/4]}. (3.2)

We shall use the following sets:

0) = {D\D E <C, 3D' 6 Q) such that |D' - D\ < QO} , ρ0 < 1 ,

0) = g\g e PSL(2, C), 0 = ( a b] , |d - 1 1, \b\, \c\ < ξ 01 , ξ0 < I ,

0) - {g\9 e H(ξ0/(l - ξ2)1/2), <C +^ is outside the circle B(ξ0)} , ( * }

0) - {z\z e C, |z + i(ξ0 -f ξ o ')/2| < «o X - 5o)/2} , (see Fig.

For convenience we shall only consider small values for ξQ, namely ξ0 < 1/10. In
terms of the above sets we can introduce several notions:

1) We say that a function /0 on Wx [ — 00,0o] *s (Qo^o^0)-sinalyuc if the
function fo(]/Dφ, ε) can be extended to a holomorphic function of (D, φ, ε) in
@(ρ0) x T(ξ0) x C(00) or, equivalently, if the function (D, ft, ε)

->(C/(ft)/o)(|/β'^ε)=/(|/D^ft,ε) can be holomorphically extended to ®(ρ0)
x H(ξ0) x C(Θ0). If in the above definition we replace T(ξ0) by f (ξ0), we say that

/o is strongly (ρ0, ξθ9 00)-analytic.
2) Similarly we can define the "^-analytic" or the "strongly ^-analytic"

functions on T as those / such that the function f(ψ) admits a holomorphic
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extension to T(ξQ) [or to T(£0)] or, equivalently, such that the function of ft,
h->(U(h)f)(φ) = f(φh), can be holomorphically extended to H(ξ0) or to H(ξ0)
(respectively).

3) A function / on W, see (3.2), will be called (ρ0, £0)-analytic or strongly

(ρo> £o)-analytic if it is defined on W and if the function (D, φ)-*fQ/Dφ) can be

extended holomorphically to ®(ρ0) x T(ξ0) or ®(ρ0) x T(^0) respectively; equiva-

lently: if the function (D, ft)-»/(j/ΐ)^ft) admits a holomorphic extension to ®(ρ0)
x /f(£o) or to ®(ρ0) x #(£o) respectively.

4) If / is analytic on T in either of the above senses we shall set

'= sup \f(g)\, \ \ f \ \ 2 t ξ = sup (l\f(φh)\2dφ\l/2,
' 0eT(ξ) fceίTOVΓ J

ί= sup |/(#)|, ||/r||2,£= SUP (I \f(Φfy\2dφ\1/2 - (3-5)
g e f ( ξ ) ' ΛeH(ξ) \T /

It is convenient to regard (3.5) as defined for any function on T: whenever the
function is not ^-analytic in the sense necessary to make some of the right-hand
side of (3.5) meaningful we interpret it as being + oo. Our proof will rely on general
results about the linearized Hamilton Jacobi Equation (2.24).

Since the H0-ΐlow conserves the value of H0 and the Poisson bracket is nothing

but the derivative along the #0-flow (i.e. j/D φ-^^Dφ e~Dσ*tl4, t e R) Eq. (2.24) can
be written as

f = 0

=f(]/Dφ). (3.6)

The theory of (3.6) with / (ρ, £)-analytic (respectively strongly ξ-analytic) will
be reduced to the theory of the equation:

d
(^Φ)(φ)=—Φ(φe~σztl2) =f(φ) (3.7)

dt t=0

with / ^-analytic on T (respectively strongly ^-analytic).
The first theorem on the theory of Eq. (3.7) is the following [2,3]:

Proposition 3. Consider the equation

&Φ = f (3.8)

with feCl(T\ T=r\PSL(2,R). Suppose that for every periodic orbit p of the
H0-flow on T (corresponding to a closed geodesic on Σ) and for all φtp:

e~a*tl2}dt = 0, (3.9)
o

where τ(p) is the period of p. Then:
i) there exists a unique ΦεCl(T} satisfying (3.8) and such that \ Φ(φ)dφ = Q.

ii) // /e C°°(T) then Φ e C°°(T). τ



Perturbations of Geodesic Flows 73

We shall need the following strengthened version of Proposition 3 :

Proposition 4. Let f be analytic on T and suppose that the equation (3.8) is solvable,
i. e. (3.9) holds. There are three constants C, q, δ > 0, independent of f and such that
forallξe(0,ξ0):

i) | |Φ||4 β-ϊgCΓβll./ΊI«. (3.10)

ϋ) lίΦίlί.-^Ctfφ-'DΊIί, V<S>0, (3.11)

where δ = (l — e~δ) and the notation (3.5) is used.
iiϊ) Suppose that f depends also on n parameters (x i , . . . , xn) e S C C" and that f is

holomorphίc on T(ξ) x S. Then Φ also is holomorphic in T(ξe~δ) x S and satisfies
(3.10) for all xeS. _

iv) In the same situation^ in iii) suppose that f is holomorphic on T(ξ) x S, then
Φ is also holomorphic on T(ξ) x S and satisfies (3.11).

Of course i), iii) follow from the much stronger (3.11).
The statements i), ii) of Proposition 2 depend only on the statements i), iii) of

Proposition 4 while the stronger result iii) of Proposition 2 follows from ii) and iv)
of Proposition 4.

In this section we show how i), iii) of Proposition 4 can be used to prove i), ii) of
Proposition 2. Actually we have written the proof in such a way that replacing
everywhere the words "^-analytic" by "strongly ^-analytic", '\ξ, ρ, 0)-analytic" by
"strongly (ξ9 ρ, #)-analytic" and the sets H(ξ), T(ξ) by H(ξ)9 T(ξ), one obtains the
proof of iii) of Proposition 2 from ii), iv) of Proposition 4).

The proof of Proposition 4, ii), iv), is much more intricate than that of
Proposition 4, i), so we provide independent proofs of i), iii) and of ii), iv). The
reader will easily see why the scheme of proof for i), iii) falls short of proving ii), iv):
actually it motivates the interesting conjecture that ii), iv) could hold in the form
obtained by deleting all the tildas. Furthermore it brings up some interesting
properties of the Fourier transforms of analytic functions on T.

In Sects. 4 and 5 we develop the proof of Proposition 4, i), iii) and in Appendix
G we develop the proof of ii), iv) which also proves (independently) i), iii) again.

For simplicity of notation let VF(ρ0,ξ0,00) = ®(ρ0)x T(ξ0) x C(Θ0) and
suppose:

o<£0«?o<i; 0o<i; £o<i/io. (3.12)

We shall consider hamiltonians of the form H0(g, e) :

H*(g,*) = hΌ(HQ(g)9ε) + f<>(g9B)9 (3.13)

where /0 is divisible by ε and

Σ £kh(k\E), E = D2β, (3.14)
k=ί

is holomorphic as a function of (Z), e) e ®(ρ0) x C(Θ0) Equation (3.13) is slightly
more general than H0 + /0, which is the hamiltonian we want to study.
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We now ask under which conditions there is a canonical map ̂ ε analytic in ε
and C°° on W x [ —00» #o]> with (^-identity) divisible by ε, and such that:

h0(H oC^fi(0))> ε) + /o( ε̂(0), ε) = Fε(H0(g)) (3.15)

for some Fε which is C°° on ® x [ — Θ0?^o] and analytic in ε with Fε(E) — E
divisible by ε.

As already mentioned in Sect. 2 there is a perturbation theory for this problem:
it is obtained from the one discussed at length in Sect. 2 by considering the family of
hamiltonians H0 + f0 with /0=/0 + (ft0(/ίθ5ε) —fί0).

We shall suppose that the perturbation theory for (3.15) is finite and then we
shall prove that #e and Fε do indeed exist for ε small and are analytic in ε: so
Proposition 2 will be a special case of this slightly more general case.

To proceed we introduce the following three sequences of positive numbers:

k k k

with (see Proposition 4 for the meaning of δ):

_ ίδ if we wish to prove only i), ii) of Proposition 2,
k ~ \( 1 + k2) ~1 to prove iii) of Proposition 2. ^ ' '

There will be no formal difference in the proof of i), ii) or of iii) in Proposition 2 if
one does not substitute the explicit expressions for δk: however many inequalities
will be true only for the first choice of δk when we only suppose valid i), iii) of
Proposition 4, while they will be true also with the second choice if we suppose ii),
iv) of Proposition 4.

We shall use a recursive algorithm whose steps will be indexed by an integer
n= 1,2,.... The purpose of the algorithm is the construction of a sequence of
canonical transformations parametrized by ε, ̂ (0), ̂ (1),... such that:

i) (^(w~1) is holomorphic on W(ρn, ξn, θn) and, as a map (φ,ε)->(φ\ε/) with εx

= ε, then

9ξn.l9θn.1)9 (3.18)

ii) H^-^-identityll Qn^θn^CΘ0e-n\ (3.19)

where || \\βtξtθ denotes the supremum norm W(ρ, ξ, θ).
Note that it immediately follows from (3.18), (3.19), (3.16) that the composition:

«e= limtf^...^11-1* (3.20)
n->oo

exists and is C°° on W(ρaQ9 ξ^, θ^) and analytic in (D, ε) and even in φ if ξ^ > 0, i.e. if
δk is given by the second formula of (3.17).

The map #(l l~~1) will be constructed inductively. ̂ (0) is obtained by requiring

9 ε) = h^(HQ(g\ ε) + /1(g9 ε) , (3.21)



Perturbations of Geodesic Flows 75

with h1 analytic on ^(Q1)xC(θ1) = W(ρlyθ1) and differing from h0 by a
polynomial of order 1. Then one builds successively ^(1), ̂ (2), ... by requiring that

(3-22)

with fn divisible by ε2" and that hn — hn^ί be a polynomial in ε of order ε2""1

divisible by ε2""1.
If we define Efc, εfc, λk such that:

dhksup

εk > sup
W(ρk,ξk,θk)

λk > sup

fif
Jkί~^ (3.23)

we shall also require that, for ε0 small enough, and for suitable constants B, b, for
all the considered choices of ρ0, ξθ9 Θ0 the following hold:

e0ίί *)(3/2)k; 4 < (Bβ0{0"*)(3/2)k - (3-24)

It is clear that if (3.16), (3.18), (3.19), (3.24) hold, the limit λJE, ε) - lim hn(E, ε)
exists and is holomorphic on ^(ρ^) x C(θ^) and: "^^

Hί(*.(flf)) = Aβ)(Hoto),6). (3.25)

It "remains" therefore to check that, with the definitions (3.16), (3.17), (3.23) it is
possible to define ^(0), ̂ (1), ...9hl9h2,...9fl9f2,...so that (3.18), (3.19), (3.24) hold
for ε0 small enough : in fact since /0 is divisible by ε one can always reduce the value
of ε0 by redefining Θ0 (which does not appear explicitly in (3.24)).

The remaining parts of the proof will be organized in several steps:

1) Definition of the Generating Function of ^(n)

Assume inductively we have constructed #(0), #(1), ..., (^(w~1), /0, fv /„, ft0,
hl9...9hn verifying (3.18), (3.19), (3.24) with the //s and the h s verifying the
properties mentioned after (3.22). Then ^(n) will be defined via a generating
function Φ. The function Φ will be the solution to the equation:

2 n + i-1 ]

' (3'26)

where [^p] denotes the truncation of a Taylor series in ε to order p. Eq. (3.26)
arises from the requirement that:

,

hn+1—hn = {polynomial in ε of order 2n+ 1 — 1 divisible by ε2"} .
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In fact the above requirement leads, via a simple calculation similar to the one
needed to define the first order of perturbation theory (discussed in Sect. 2), to the
requirement that:

e) + Gn(H0(g), ε) + 0(ε2"+ (3.28)

with Gn a polynomial of order ε2n+ 1 ~ x divisible by ε2". Equation (3.28) is equivalent
to Eq. (3.26).

The solvability of (3.26) has to be proved. It follows from the in variance of the
fϊniteness of perturbation theory under canonical transformations (discussed in
Sect. 2) that hn + /„ admits a finite perturbation theory. However the perturbation
theory for hn + /„ yields a series for the generating function of the integrating map
which starts from the order ε2", and it is easily seen by power counting that the sum
of the orders between ε2" and ε2n+ 1 ~ * is a function Φ verifying (3.28) so that (3.28)
and hence (3.26) do have a solution.

Applying Proposition 3, since (3.26) has the form (3.6) and can be regarded as
an equation of the form (3.8) parametrized by E (or D), we see that Φ can be
bounded by:

[ f — 7 ~Jn Jn

h',(H0,e)]
(3.29)

and using dimensional bounds:

fn-fn

89
(3.30)

βn,ξn

where R is an estimate of the length of the maximal distance of two points in
W(ρ0,ξ0). Hence:

C1β. if En<\/2, (3.31)

where Bί is a suitable constant and we recall the notation x = (1 — e *), for x > 0.

2) Definition of %(n}

Recalling (2.11), (2.12) we define Ή(n} by inverting (2.13) in the form:

g = g' + A (g') = ̂ ^(g'), g' = g + A \g) = ̂ (n\g), (3.32)

the first being obtained by solving the second of (2.11) with respect to q and
substituting in the first while the second of (3.32) is obtained by solving the first of
(2.11) with respect to p' and substituting in the second. We want to have A, A'
defined on a domain as large as possible, say W(ρne~*σn, ξne~^δn, θne~^τn). This
can be reasonably well achieved by using an analytic implicit function theorem,
(see for instance [10] where a similar theorem is proved when W(ρ\ξ',θ') is
replaced by a different multiply connected set).
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It is, in any case, easy to see that inversions in (3.32) can be made under the (very
strong, but dimensionally natural) conditions:

da "^n""' ~2 3-3« ^ A > (3.33)

where || || denotes the supremum over, say, W(ρn e 2<Tn, ξn e
 2<5n, θn e

 2τn) and B'2,
82 are suitably large positive numbers [note that in (3.33), the second condition
guarantees the local analytic invertibility, while the first provides the globality of
this local inversion of (2.11)]. Therefore, under the conditions (3.33) the functions
A, Af can be defined on W(ρne~3σn, ξne~3δn, θne~*τn).

The conditions (3.33) can be implemented using (3.31) and dimensional
estimates by the conditions:

53(f A)~βC \( £A4Γ2 < 1 , En < 1/2 , (3.34)

where £3 is a suitably larger number. Here the inequality ρn > ξn has been used to
replace ρ"1 by ξ'1.

Since A and A' are equal to some derivatives of Φ computed at suitable points
[see (2.11) or (2.13)], we infer from (3.31), (3.34) that, by dimensional estimates and
if || || denotes the sup on W(ρne~*σn, ξne~*δn, θne~^n\

IMUΛl^KAΓV^ (3.35)
β4

where B4 can be given any arbitrary value provided we readjust the constant B^ in
(334): for later use we fix the constants so that e~4δ° + §0/B4<e~3δΌ.

So under the conditions (3.34) A and A' are defined on W(ρne~*σn, ξne~*δn,
θne~3τn), and by the last inequality of (3.35) and by the choice of B4:

(3.36)

Here as well as above we keep changing the coefficients of ρn, ξw θn simultaneously
even when this is not really necessary (e.g. in all the above inequalities θne~pτn,
p>l, can be replaced simply by θne~τn)ι this is done to make the notations
uniform.

Furthermore on W(ρn e ~ 4σ», ξne~ 4<5", θn e ~ 4τ«) the maps Ή(n\ $(n} differ from the
identity map by less than:

B^n§nr^~^n§nanr\. (3.37)

Finally a remarkable property of A, A is related to the very definition of Φ as
solution of (3.26), (3.27), i.e. setting H0 = H0(g):

= /r^^^^^ (3.38)

.fo*)= ~ Pfa ''̂
L A»(Ho,fi) J

[just multiply both sides of (3.26) by h'n~].
Therefore, again by dimensional estimates,

(339)

(3.40)
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with B5 a suitably large number, and R arises when, as in (3.30), we bound /„ — Jn by
dfjdg (expressing the first as a path integral of the latter).

Equation (3.38) could be expressed as relations involving A, A' by expressing
dΦ/dg in terms of them; we do not need to do this explicitly.

3) Definition of hn + ̂  fn + 1

We shall naturally define:

hn + ί(E,s) = hn(E,s) + Un(E,s)T2n+ί]

/π + ι(ff^) = /Λ(0' + Λ(^ '

and we proceed to estimate en+1, En+1, λn+l on W(ρn+^ ξn+i, 0B+1).
The estimate, based again on dimensional considerations, is straight-forward

but quite technical and it is developed in detail in Appendix A, where the following
bounds are proved: if (3.34) holds one can take for En + 1, εn+1, λn + i:

n2
n+ί)(τJnξnΓ

b7, (3.42)

τπ2«+1)^^
A simple inductive argument shows that there are J3, ί?>0 such that (3.24) [as

well as (3.34) for all ή\ hold.
This completes the reduction of the proof of Proposition 2 to that of

Proposition 4.

4. Fourier Analysis on L2 = L2(r\PSL(2,R))

In this section we develop some tools for the proof of Proposition 4. We suppose
the reader is familiar with the chapter on SL(2,R) of [5], as well as with the first
chapter of [6], where the theory of the unitary representations of SL(2,R) and the
related Fourier analysis are developed.

Let / be ξ-analytic (respectively strongly ^-analytic) on T^r\PSL(2,IR). It is
easy to prove by using the Cauchy theorem that there is a constant Ci such that,
using the notations of Sect. 3 and (2.30),

H2.*< \\f\\ξ, 11/11 *-<< Cif-3 11/11 2,{, (4.1)

(respectively U\\2tξ< \\f\\ ξ, U\ξe-*<CJ-*ϊf\\2.i)

(this is basically the well known procedure of bounding a holomorphic function by
some integral norm).

Let us define the unitary representation U of PSL(2, R) on L2(T) = L2 induced
by the action of PSL(2,IR) on the homogeneous space Γ\PSL(2,1R):

(U(g)f)(φ)=f(φg). (4.2)

Here the scalar product considered in L2 is ( f 9 f / ) = ί f ( g ) f / ( g ) d g 9 with dg
denoting the normalized Haar measure on T. T
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Let

L2=@Y™ (4.3)
aeA

be a decomposition of L2 into ^/-invariant, pairwise orthogonal subspaces on
which U acts irreducibly: such a decomposition is always possible, [6].

We denote U(a} the restriction of U to Ύ(ά] and we briefly recall some known
facts about the above decomposition and a few of their developments that we shall
need in the proof.

One associates with a hyperbolic fuchsian group FcG0^PSL(2,IR) the
following four classes of entities:

1) The automorphic forms of order n = 1 , 3, 5, . . . , i. e. the functions which are
holomorphic in the upper half plane C+ and such that Vy e Γ,

φ(zy) = φ(z)j(z, y)n + i if y= , j(z, y) = (bz + d) . (4.4)

They form a n(g— l)-dimensional linear space, g being the genus of the
compact surface associated with the given fuchsian group.

We shall, once and for all, choose a basis in the above linear space and we shall
label its elements as φ(n'jt +\j= 1, ..., (n — 1)0; we shall also suppose that φ(njt +)

are orthonormal with respect to a convenient scalar product:

(4.5)
T

2) The antiautomorphic forms of order n = 1,3,5,...: they are just the complex
conjugates of the corresponding automorphic forms. We shall put:

φ(n,j,-)=.φ(n,j,+) (4φ

and (nj, +), (nj, —) will be often denoted by the symbol a.
3) The eigenfunctions of the Laplace-Beltrami operator relative to the

eigenvalue (1 — w2)/4e(0, +00). The normalization that we choose for the
operator A on L2(Σ) is such that, in the ordinary cartesian coordinates on the
upper half plane C + , it is

/ P2 p2 \

(4.7)

The variable u will then only take finitely many values in (0,1) and countably many
of the form is, s e (0, + oo) (this is a consequence of the general properties of the
spectrum of the Laplace operator on a compact Riemann surface).

The elements of a basis in the space of such eigenvectors will be labeled with an
index a = (uj), where the first number fixes the eigenvalue and the second
distinguishes the independent eigenvectors associated with the same eigenvalue
(l—u2)/4 whenever the latter is degenerate, otherwisej = 1.

We fix once and for all the basis and we also suppose that it has the property:




