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Abstract. We consider one parameter analytic hamiltonian perturbations of
the geodesic flows on surfaces of constant negative curvature. We find two
different necessary and sufficient conditions for the canonical equivalence of
the perturbed flows and the non-perturbed ones. One condition says that the
"Hamilton-Jacobi equation" (introduced in this work) for the conjugation
problem should admit a solution as a formal power series (not necessarily
convergent) in the perturbation parameter. The alternative condition is based
on the identification of a complete set of invariants for the canonical
conjugation problem. The relation with the similar problems arising in the
KAM theory of the perturbations of quasi periodic hamiltonian motions is
briefly discussed. As a byproduct of our analysis we obtain some results on the
Livscic, Guillemin, Kazhdan equation and on the Fourier series for the
SL(2,R) group. We also prove that the analytic functions on the phase space
for the geodesic flow of unit speed have a mixing property (with respect to the
geodesic flow and to the invariant volume measure) which is exponential with a
universal exponent, independent on the particular function, equal to the
curvature of the surface divided by 2. This result is contrasted with the slow
mixing rates that the same functions show under the horocyclic flow: in this
case we find that the decay rate is the inverse of the time ("up to logarithms").

1. The Integrability Problem and its Invariants

Integrable hamiltonian systems are important in mechanics because they provide
classes of systems whose dynamical behaviour is well understood and which can be
used as a "reference behaviour" for systems close to integrable ones.

* Part of this work was performed while the first and third authors were in residence at the
Institute for Mathematics and its Applications at the University of Minnesota, Minneapolis, MN
55455, USA
** Supported by the Mathematics Dept. of Princeton University and by Stiftung Volkswagen-
werk through IHES, and IMA



62 P. Collet, H. Epstein, and G. Gallavotti

There are, however, other dynamical systems whose behaviour is also well
understood, although very different from that of integrable systems. One should
naturally think to use such systems, also, as a reference for the behaviour of other
classes of mechanical systems. Therefore we shall extend the notion of integr ability
as follows: Let Σ be an /-dimensional compact analytic manifold and let T*Σ be
the phase space for the hamiltonian flows on Σ. As usual we shall denote a point in
T*Σ by (p, φ, q being the coordinates of a point of Σ and p being a conjugate
momentum in "the same system of coordinates. Geometrically p is a cotangent
vector.

An analytic hamiltonian system on T*Σ will be a pair (W, H) with WcT*Σ
being the closure of an open set and with H being an analytic function on W 1 and
such that, for every (p,g)e W, the solution St(p^qQ) to the equations:

with initial datum (p0, g0) e W, exists for all t e R.
Then the following definition extends the well known notion of integrability:

Definition 1. Let (W,H)9 (W\Hf) be two analytic hamiltonian systems on two
compact analytic surfaces Σ and Σ'. We say that "(W\ H') is (W, //)-integrable," or
simply "//' is //-integrable" if there is a C°° canonical map <& mapping W onto W'
and an analytic function defined on H(W), denoted F and such that F'=(dF/dE)
φO, and

H'(V(£, φ) = F(//(p, q)) , (p, q) e W. (1.2)

If ^ is also analytic we say that H' is analytically //-integrable.
The possibility that <€ is C°° but not analytic leaves us more flexibility in the

formulation of the results that we are able to prove.
The above definition says, in other words, that W is //-integrable if the flow

generated by H on W is canonically conjugate, up to a time scale change given by
F'(#), to the flow generated by H' on W'.

In our terminology a map Ή, (p7, q') = ̂ (p, q), of W onto W\ is canonical if it is
at least C°° with C°° inverse and, if calling

G(<0 = {(p, g, p7, 3OI(P, «) e Wζ (p', 20 e W, (p', gO = V(P, φ} , (1-3)

there is a Ψ e C°°(G(«)) such that:

(1.4)

A more precise name for such #'s could be "action preserving global canonical
transformations" : if λ is a closed curve in W and λ' = <g(λ)9 the "actions" of λ and λf

are the same:

' dq'. (1.5)

1 As usual / will be said analytic (or C°°) on a closed set W if it is the restriction to W7 of a
function analytic (or C00) in its vicinity
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More generally, in the literature one calls "locally canonical" a transformation
# such that dp/\dq = dp' Λ dq'. This last relation implies a relation like (1.4) in small
neighborhoods of phase space, but Ψ need not be "uniform", i.e. exist globally as a
single valued function on G(̂ ). We will not use this more general notion.

The simplest integrable systems are those which are part of a one parameter
family of integrable systems.

Definition 2. Let HE = H0 + fε be an analytic function on W x [ — θ, 0], θ > 0, with
(p, q, ε) analytic in W x [ - θ, ff] and divisible by ε.

We shall say that the family of hamiltonians ff ε, ε e [ — 0, 0], is #0-integrable if:
i) There is a family ^ε, ε E [ — 0,0], of canonical maps of W into T*Σ such that

#ε(p, q) is C°° in (p, g, ε) e W x [ — 0, 0], analytic in ε and differs from the identity
map By a quantity which is divisible by ε.

p, q)) = Fe(HQ(p, q)) , (p, 2) 6 W x [ - θ, θ] (1.6)

with Fε(£) being analytic in (£,ε) on the set (?x[-0,0], ^ =
(p,g)e W}ΞΞ#0(PF), and such that Fε(£)-£ is divisible by ε.

Equation (1.6) can be regarded, given JH"ε, as an equation for %,, Fε, and we shall
call it the "Hamilton- Jacobi" equation for the integration of HB with respect to H0.
Similarly we call (1.2) the "Hamilton- Jacobi" equation for the integration of H'
with respect to H.

Families of integrable perturbations with respect to the system

HQ(A,φ) = ωQ.A9 (1.7)

where (A, φ] denotes a point on V x Tl, Tl being the /-dimensional torus, ω0

("harmonic oscillators"), have been studied recently and enjoy remarkable
properties [9].

The case when W is as in (1.7) and H0(A,φ) = h0(A) is ^-independent is the
problem studied by the well known KAM theory.

Definition 3. If in Definition 2 we replace the requirement on ̂ ε to be of class C°°
with that of being analytic we obtain the notion of "analytically H0 -integrable"
family of perturbations.

In this paper we analyse the case when H0 is the hamiltonian for the geodesic
flow on a Riemannian surface of constant negative curvature, equal to — 1 (say),
and:

W={(p,φ\H0(p,q)Ell/2,3/2]}. (1.8)

Our objective is to find necessary and sufficient conditions for recognizing the H0-
integrability of a family of perturbations.

As in the classical case, arising in the KAM theory, it will generally be
impossible to conjugate two hamiltonian flows. The obstacles may lie in the
existence of "invariants," i.e. of quantities associated with the ίfε-flow that must
assume values determined by H0, just because the ίfε-flow and the Jf 0-flow are
canonically conjugate.


