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Abstract. We study the ultraviolet stability problem for the two-dimensional
Yukawa interaction λ J : cos uφξ : dξ in the region 4π < α2 < α2, where
6π < α2 < 8π. The results have a natural Coulomb gas interpretation, because the
counterterms do not depend on the field.

1. Introduction

The cosine potential

:cosaφξ:dξ9 ΛcR2 (1.1)
Λ

for the quantized 2-dimensional vibrating string has been widely studied for α2 < 4π
[1], as a perturbation of the elastic string, described in the euclidean formalism by a
gaussian random field on ^'(R2) with covariance Kernel

-yϊ> (L2)

This theory is equivalent to the classical statistical mechanical problem for the
2-dimensional Yukawa gas treated in the grand canonical ensemble, the activity of
the ±e-charges being λ and the inverse temperature β being such that a2 = βe2.
Since the Yukawa potential Cxy imitates [see Eq. (1.2)] the Coulomb potential at
short distances, the theory in some sense describes the "ultraviolet" part of the
Coulomb system. The condition α2 < 4π is equivalent to the condition that the naive
Mayer expansion has finite coefficients. For α2 > 4π (i.e. low temperature) it is no
longer clear that the classical Coulomb system does not collapse. One expects that in
fact the gas collapses but that the collapse takes place in a nontrivial and gradual
way, while α2 varies between 4π and 8π.

A very qualitative and not obviously convincing argument might be the
following. Assume that the gas is formed by neutral clusters of 2n particles with
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diameter equal to the value £N of the ultraviolet cutoff (so that in this situation one
would have collapse as ̂ ->0). Then our gas will be formed by independent particles
of species n = 1, 2, . . . , each with activity

(1.3)

ne
C0^=-—log^1 (1.4)

(2n}\ v 7

where U(N} is the cluster energy

fτw= C2 2 n(n~V n(n~
2 2

and (^}2n~1 is the phase space of (2n— 1) particles around the one which defines the
cluster's position. The cluster picture will be consistent only if the cluster's activity
does not vanish as ΛΓ-»oo, i.e. if

lim KN Ί ^2>0 (1-5)

So we see that, if α2e8π - , - - , the maximum cluster size is 2n. Hence, if
L 2n

α2 < 6π, the only possible clusters are made of pairs if α2 < the possible clusters

are made with four particles, etc. At α2 = 8π one should have "full collapse." Since
neutral pairs or clusters with infinite activity and zero diameter also represent a
collapsed situation, one may think that for α2 < 8π one has only partial collapse: at

the temperatures βn = —^ —— n = 1,2 ?..., there should be phase transitions where

the nature of the "infinite density background" of clusters changes type. This
sequence of tresholds was discovered in [1] (Frδhlich).

The above considerations show the interest of the cosine interaction's theory for
α2 > 4π and why it is a theory of the 2 dimensional collapse. In the following sections
we shall prove that the above heuristic picture is correct, as far as the stability
problem is concerned, at least for α2 < α2, with

α 2<α 2 = 2π(]/Ϊ7-l)<α2, (1.6)

20π

T
particles and six-particles neutral clusters [see Eq. (1.5)]. The value that we find for
α2 has probably no special meaning and it may be an artifact of our estimate
techniques, see comment after (B.I2).

2. Nonperturbative Renormalization

The cutoff field φf\ ξεR2 will be defined, as in [2], as the gaussian field with
covariance

D)-1, (2.1)

where α2. = 6π and o^ = — — denote the thresholds for the appearance of the four-
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where D is the Laplace operator in R2 and y > 1 is a constant which will be chosen
later suitably close to 1. φ(^} can be represented as a sum of independent, identically
distributed up to scale factors, gaussian fields

, (2.2)

where, by definition, φ(k] is the gaussian field with covariance:

^L , u, -^ -*- c Ί i ^ίn M\ / -*- -*-
(2 1}
( J

We call the "field of frequency k" the field φ(k\ Pk and Pk ($k and Sk) will denote the
measures (expectations) corresponding to the fields φ(k} and φ(k\ respectively.

Observe the scaling relation

Ck(ξ-η) = C0(ykξ-ykη) (2.4)

which implies, in particular, that the fields

7(fc) _ Λ(fc) n o
Zξ — Ψy-hξ \Z"D)

are identically and independently distributed with covariance C0(ξ — η). If / is a cube
centered at the origin, we define : 1

V(

0

N]

I = 2λ\ :co$aφ(

ξ

N):dξ. (2.6)
/

As a function of zf\ V^N\ can be written in the following way [using (2.5)]

V^ = 2λN J cosα«^>+z<»V£, (2.7)
yNI

where

will be called "effective coupling constant" for the frequency N. From Eq. (2.8)
follows that the theory is exponentially asymptotically free if α2 < 8π. For these
values of α2 we can then hope that the renormalization group analysis used in [2]
for the Φg theory works. However for α2^4π the theory with interaction V^\ is
divergent in the limit N-+ oo and we need to add some counter-terms in order to
regularize it. Call FJN) the renormalized interaction and define

ι
_%τ

n ,βh

(2'9)

where ^( n) is the truncated expectation of order n2 with respect to the measure
Ph and [£n cnA

n]t is the truncation to order t of the polynomial ]ΓΠ cn/ίn. Suppose now

-<^2>
1 As usual, if x is a random variable: cos.x: =e2 cosx.

2 If /j, ...,/„ are random variables we define

where 6" denotes the expectation. If /1 =/2= ... =/„ = /, we put also £T(f,n) = £>T(fJ, ...,/)
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that it is possible to choose the counterterms so that Vf } as a function of z(h\ is a
polynomial in λh with coefficients weakly dependent on h, at least for a set of values
of φ(h~ υ of large probability. Then simple heuristic considerations suggest that, in
some sense :

(2.10)
with

K?'~λί+V*|/|. (2.11)

This implies that we can hope to estimate the partition function

ZN(I) = gN(evn (2.12)

by successively integrating over z(N\ z(jv~1}, ...,z(0) only if the right hand side of
Eq. (2.11) is summable in h that is only if [see Eq. (2.8)]

. (2.13)
4π

These considerations also suggest that we need counterterms of order at most

[2 / 2 — — I . It turns out that, if α2 < α2 [see Eq. (1.6)], we can satisfy the conditions
/ \ 4π/J

on V^h) by adding to V^] only constant counterterms associated in the Coulomb gas
interpretation at the collapsing clusters. This is very important since the presence of
counterterms depending on the field would destroy the relation between the
renormalized theory and the Coulomb gas problem.

The idea of the possibility of a complete renormalization by the use of constant
counterterms only is not new : we learned it from Frόhlich. For the massless case see
[5].

We conjecture that it is possible to renormalize the cosine interaction by adding
only constant counterterms for all α2 < 8π. However we could not prove that much,
for reasons which will become clear in the following and which seem essentially
technical. We therefore assume the condition on α2 :

(2.14)

In this case we can choose in Eq. (2.9) ί = 4 and we define

). (us)

We are interested in proving the existence of the limit.

lim ^(exp(Ff > + φm(f))) = Z,(/) (2.16)

for feD(R2), <?<">(/) = f φf > f(ξ) dξ .
The main part of the proof will be the following theorem.

Theorem 1. There exist two constants E+(λ), E_(λ) such that, uniformly in N :

(2.17)


