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Abstract. We study the ultraviolet stability problem for the two-dimensional
Yukawa interaction Af:cosag,:dé in the region 4n<o®<&’, where
6m <& <87 The results have a natural Coulomb gas interpretation, because the
counterterms do not depend on the field.

1. Introduction

The cosine potential

V(p)=2A[ :cosap,:dé, ACR? (1.1)
A

for the quantized 2-dimensional vibrating string has been widely studied for o* <4n
[1], as a perturbation of the elastic string, described in the euclidean formalism by a

gaussian random field on %/(R?) with covariance Kernel

1 | 1
ny= le{kmzﬁlogm +C+0(|X—y|). (12)
This theory is equivalent to the classical statistical mechanical problem for the
2-dimensional Yukawa gas treated in the grand canonical ensemble, the activity of
the +e-charges being 4 and the inverse temperature f8 being such that o? = fe?.
Since the Yukawa potential C,, imitates [see Eq. (1.2)] the Coulomb potential at
short distances, the theory in some sense describes the “ultraviolet” part of the
Coulomb system. The condition «? < 47 is equivalent to the condition that the naive
Mayer expansion has finite coefficients. For «> >4 (i.e. low temperature) it is no
longer clear that the classical Coulomb system does not collapse. One expects that in
fact the gas collapses but that the collapse takes place in a nontrivial and gradual
way, while o varies between 4n and 8.

A very qualitative and not obviously convincing argument might be the
following. Assume that the gas is formed by neutral clusters of 2n particles with
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diameter equal to the value 7, of the ultraviolet cutoff (so that in this situation one
would have collapse as £,—0). Then our gas will be formed by independent particles
of species n=1,2, ..., each with activity

2n

TR (13)
where U™ is the cluster energy
- nn—1) nn—1) ne? _
G _ —eZ[nZ— B o= — S togty! (1.4)

and (/3)*"~ ! is the phase space of (2n— 1) particles around the one which defines the
cluster’s position. The cluster picture will be consistent only if the cluster’s activity
does not vanish as N— oo, ie. if

. _(12__2) 2n -,
lim £y ‘4" /| ¢5°>0. (1.5)
N-ow
2n—1 2n+1 ) .. .
So we see that, if ocze8n[ k ,n—+——>, the maximum cluster size is 2n. Hence, if
2n "2n+1)

. L 20 .
a? < 6m, the only possible clusters are made of pairs ; if a* < —gz the possible clusters

are made with four particles, etc. At a? =8 one should have “full collapse.” Since
neutral pairs or clusters with infinite activity and zero diameter also represent a
collapsed situation, one may think that for «* < 87 one has only partial collapse : at

8n 2n—1 ..
the temperatures 8, = e—z _n2 n=1,2, ..., there should be phase transitions where
n

the nature of the “infinite density background” of clusters changes type. This
sequence of tresholds was discovered in [1] (Frohlich).

The above considerations show the interest of the cosine interaction’s theory for
o2 >4mand why it is a theory of the 2 dimensional collapse. In the following sections
we shall prove that the above heuristic picture is correct, as far as the stability
problem is concerned, at least for «? <&>, with

0l <@ =2n()/17—1)<a2, (1.6)

207
3
particles and six-particles neutral clusters [see Eq. (1.5)]. The value that we find for
&* has probably no special meaning and it may be an artifact of our estimate

techniques, see comment after (B.12).

where o2 =6n and o= denote the thresholds for the appearance of the four-

2. Nonperturbative Renormalization

The cutoff field ¢f”, ée R? will be defined, as in [2], as the gaussian field with
covariance

Cy=(1=D)"'=(*"*2-D)"*, (ORY)
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where D is the Laplace operator in R? and y>1 is a constant which will be chosen
later suitably close to 1. ¢ can be represented as a sum of independent, identically
distributed up to scale factors, gaussian fields

N
PP k=0,1,..,N|, o™= kp®, (2.2)
0

where, by definition, ¢ is the gaussian field with covariance:
1 A 1
(2n)? [ dpe™e= (y2k+p2 - y2k+2+p2>’ (23)

We call the “field of frequency k” the field . P, and P, (&, and &,) will denote the
measures (expectations) corresponding to the fields ¢® and @™, respectively.
Observe the scaling relation

Ce—n=

Cue—m=Coly"e—7"n) (24)
which implies, in particular, that the fields
28 =M., (2.5)

are identically and independently distributed with covariance éo(é —n). If Iisa cube
centered at the origin, we define:!

VN1=24{ :cosapl™:d¢. (2.6)
I
As a function of z, V§"} can be written in the following way [using (2.5)]
Vi =24y yi[’Icosoc(go(v]‘i;g)%—z‘é"”) dé, 2.7)
where . o
2w = (E-oN

Iy=der Ty TN =dytmyan 28)
will be called “effective coupling constant” for the frequency N. From Eq. (2.8)
follows that the theory is exponentially asymptotically free if a* <8n. For these
values of «® we can then hope that the renormalization group analysis used in [2]
for the % theory works. However for «®> Z4n the theory with interaction V§"} is
divergent in the limit N— co and we need to add some counter-terms in order to
regularize it. Call V™ the renormalized interaction and define
t
~ 1 -~ ~
V= anéa,,TH(V}"“’;n) h=-10,..,.N—1,
0 .

t

- ¥ (2.9)
Vi =V} >

where &T(- ;n) is the truncated expectation of order n? with respect to the measure

P,and [}, ¢,A"],is the truncation to order ¢ of the polynomial ), ¢,A". Suppose now
l<x2>

1 As usual, if x is a random variable: :cos x: =e2 COS X.

2 If f,..., f, are random variables we define

EN Sy )=
riondd= 551
where & denotes the expectation. If f,=f,= ... =f,=f, we put also §*(f,n)=&"(},f, ....f)






