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Abstract. We develop a technique for reducing the problem of the ultraviolet
divergences and their removal to a free field problem. This work is an example
of a problem to which a rather general method can be applied. It can be
thought as an attempt towards a rigorous version (in 2 or 3 space-time
dimensions) of the analysis of the structure of the functional integrals
developed in [9], the underlying mechanism being essentially the same as in
[11,3].

1. Introduction
The free euclidean field in IR? is the gaussian field with covariance operator:
C=(1-D)™1, (1.1)

where D is the Laplace operator in R

We call (¢y);.ga the random field with the above covariance and we shall
represent ¢ as a sum of independent, identically distributed up to scale factors,
random fields (p{"),.gas N=0,1, ... The field o™ has, by definition, the following
covariance operator:

C(N):(,yZN_D)—l_(y2N+2_D)—1 (12)
and y will be appropriately chosen close to 1. From (1.2) it follows that if d <3 the
kernel CY of C™ in R? is finite when &=7:

2 a
@a-any —1 d’k . .@—2)N
(27‘C)d f(l +k2) (yz +k2) _ny . (13)

M =W _
Ce'=Coo=v

Hence it will be convenient to introduce the normalized field:

™) ™)
M Py 3

VaCw Voo
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and to represent ¢ as:

=) )2y PN M. (1.5)
N=0

We shall furthermore define the cut-off fields ¢!=" with length cut-off y ¥ as:

N
(P[‘géN]: Z ]/chy("“z”‘ zgk’. (1.6)
k=0

Such fields are, also, normalizable : their normalized representatives can be defined
as:

[<N]
QL=
X(éN)= 'va _ (1.7)
l/zcy z ,y(d—Z)k
k=0
which obey the recursion relation:
xn 2 A VLXET (L.8)
: Y1+
where:
1— =N
NoLo@=2k { _y=@-2N y—z)l d=3
Iy= kZO ORI = 721 = (1.9)
- N d=2

We shall call P, the probability distribution of z® and &, shall be the

A

expectation operation (i.e. integration) with respect to P,. We define also P
N

=[] P,
i=0
If I denotes a cube centred at the origin the “bare interaction” is defined as!

Vi = —lg H(QEM)* Hde (1.10)
The “third order renormalized interaction” is defined as:
1 1 1
T =V = 57 <D0 = 57 V0= 57 <D 0 (L.11)
1 As usual
(PEM) = <2C, ki o Z”‘)mz H,X{) =2,y N1+ 1)) H,X),

where H, is the n-th Hermite polynomial, e.g. H,(x)=x*—3x?+2.
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where
1 2242.31 < <
§<(Véf‘?)2>(2)= > Ifzdfdn(c[;”])a:(<P‘.§=N1)2:, (1.12)
1 (h2 A%41 [< N4
3 <RI 0= 5 [dean(CE™, (L.13)
1 (N)3 24 3 [SNI2 (CLSN)2 (SN2
3—,<(Vo,1) >(0)=—§ ) (1) [ dednd{(CM)? (Chg™M2 (CL=M)?, (1.14)
. . 13

and
CLeM= [ pl=Nol=NIP (dz). (1.15)

The “ultraviolet problem” that we study in this paper is the following: prove
the existence of E (1), E_(A) such that:

i) exp—E_(A) 1| = fexp V[V Py(dz) SexpE (1) |1] (1.16)
if 1| is the volume of I;

i) lim 272 E () =0. (1.17)

The technique that we use would allow to treat more general problems and
does not distinguish between the d=2 and the d =3 cases.

Our technique is inductive: we shall obtain the estimates by successively
integrating over z™, 2~V and it will be necessary to really do only one step in
this process. The structure of the integrals does not change after each integration
because of our scale invariant choice of the regularization. The fields z™,
-1, are, in fact, essentially identical in a probabilistic sense and are
independent : the distribution of z™ is the same as that of the field z'* regarded on
a scale y~~. In probability one has z{V =z, and this makes it convenient to
introduce the random field

ZM =20, (1.18)

which will be useful later. All the fields Z®™ are identically and independently
distributed.

We have tried to make a self contained exposition, of our results. However we
think it essential that the reader gets, before looking at the details of this work,
some non-superficial familiarity with [2]. In the theory in [2], first reference, we
think, the deceiving “simplicity” of the superrenormalizable scalar field theories
becomes transparent and does not disappear in the mist of some heavy technical,
and uninteresting, details.

2. Reduction to Perturbation Theory

To evaluate the integral in (1.16) we shall use a technique which relies on the
estimates in Lemma | below and which is described in a slightly more general
setting.
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We shall, for definiteness, only consider the d=3 case.
Let S,S’, D,D’ be non negative integers and let k>0, f€(0,3). Let J, I be two
sets in R3 such that JCI and I is a cube centred at the origin. Define, for

sup LOZTO o ey <+ ooﬂ:

le-nl=1  [E—nl Eed
Ened

ZeCO(R?), [C(‘”(A) = { f

S
HyZ)= Y ) [Appe<iCoiznzre 7wde,
ni =
n,>

p

=1 DJr
i i=21 0 s
. —rd(§181...£q &5
ey deyt 3 ) ARl g0 Gt

q=1 m; <D’

1=1m;>0
4 N Ze—Z |\
f' é ’

11 (—;——Llé i) dendts 2.1)
ji=1 Jj J

where

1) d¢,,....¢,) or, more generally, if E,, E, ...E, are p sets in IR3,
d(E,,E,, ..,E,) denotes the length of the shortest connected graph linking
E,,...,E, (“graph distance of E, E,, ..., E}).

2) The functions 4, which will be denoted A4, will be supposed to have some
boundedness properties which can be most conveniently described in terms of a
pavement Q, of R? with cubic tesserae with side size 1 and with sides parallel to the
coordinate axes. If the generic tessera of Q, is denoted by 4 the boundedness
condition is

ldl=sup | |Appeldé,...dE,+sup ) | ATy ™ o dE

Ay X ... xdp Ay X A{ X XA x Ay
dé, <+,
(2.2)

where the supremums are over the possible choices of the tesserae 4, ..., 4, 4},
A7, ..., 4,47 in Q, and over the possible choices of p,q,n,, ....n,, my,....,m,.
We wish to estimate expressions like?

[exp V, P(dz), (2.3)
where ¥, is a function which is simply related to a function of the type (2.1), [cf.
(2.9) below], and P is the gaussian process on .#'(IRY) whose covariance operator is
the inverse of [cf. (1.2)]

A=@*-1)"'(1-D)(y*~D). (2.4)

The technique to estimate (2.3) is to introduce, for some f>0, the P-
measurable events:

EE={Z|Ze S R, | Z] cinay < BIL+d(L, 1))}, (2.5)

where 4 is a tessera of Q;, and their complements. We shall denote x5 the
characteristic function of Ef and 72=1—y% the characteristic function of the

2 Cf. Sect.4.
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complements of E5: obviously
1= ), (Hiﬁ)(ﬂxﬁ), (2.6)
RCQy \4eR A¢R
where R=(4,,4,, ...) denotes a subset of Q, which will often be identified with the

set R= | ) 4;. Then (2.6) implies

iz1
JexpV,PdZ)="Y [iExB.expV,P(dZ), (2.7)
RcCQ,
where R°=complement of R in Q,
=11 &= 11 2. (2.8)
AdeR AeR¢

We now suppose that 3c;, ¢, >0 such that
) (2)=H,2) i 1,2)=1,

. ) L 2.9)
2) Vi(Z)sc B AN IRAJI+Hpp(Z) if 1r(2)xg,r(Z2)=1
for all ROR, RCQ,. In the sequel we shall only be interested in
R={A|4€Q,,d(4,R)<B?}. , (2.10)
Then, obviously
[exp ¥, PAZ)2 [ 1, expH, P(dZ), 2.11)
[expV,P(dZ)< Y expc, B%|A| [RnJ|
RCQy
'fepoJ\f(j’(ﬁxgl\RP(dZ). (2.12)

Therefore concrete estimates can be obtained as soon as one finds a way of
estimating integrals like:

{7Rx5,rXPH 3 P(dZ) RCQ,. (2.13)

In [2] we developed a method of analysis of integrals like (2.13): the analogue in
the present case, of the results of [2] would be the following lemma:

Lemma 1. Let y be fixed close enough to 1. Given t 20, integer, there exist functions
B* G, G, 9,0, 0" >0 depending only on t,D, D', x such that, if B> B* and if R is any
subset of Q, :

[ 2 x5, re™" R PZ) <exp(|I|5(B, || All) +|RNJ|5'(B, | A]))

- exp {kil g—T(—IIg‘—Jiﬁ} (f 72 P(dZ))'?, (2.14)

where &T( - ; k) denotes the truncated P-expectation of order k* and
8(B, | A1) = GL(IA|| Beer I4137) 1 4 =B +elldie],
O'(B, | Al)=G'|| 4| Bee? 1417, (2.15)

3 See Appendix A for a precise definition of the truncated expectations &7, &7
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Furthermore, if B> B*:
[ 28, P(dZ)Zzexp—|1|3(B, | A))

t &T(H,; k
op{y 0L
k=1 :

The above lemma, which we prove in Sect. 5 and 6, allows, as it will be shown
in Sects. 3 and 4, to reduce the problem of estimating the integral in (1.16) to a
“perturbation theory” of order 3 problem.

The remarkable fact, in our opinion, is that the “reduction to perturbation
theory” is achieved via some laborious but completely straightforward algebra:
the real difficulty in the whole proof is that of proving Lemma 1.

(2.16)

3. The Lower Bound

The idea is to obtain the lower bound in (1.16) by recursively applying Lemma 1 to
analyze:

N N
§( T 2bor® exprs®( I P, a1
k=0 k=0
where y2 is the characteristic function of the event*
IX(k)__ X0
XXl y= [supRPI+ sup =5 '
ged Ssgone nele I&—n

B(1+7*d(I, 4)) VAeQ, } (3.2)

where Q, is a pavement of R* with cubic tesserae with side size y~* and sides
parallel to the coordinate axes of R?; B will be chosen once and for all equal to 1/4,
say.

The first remark is that V¥, defined in (1.11), thought as a function of Z™) cf,
(1.18), at X¥~ 1 fixed and such that y5_,(X® Y)=1, has the form (2.1) with I
replaced by yMI and 4 such that:

l4ll Ay~ ABg_, (1+2%), 3.3)
where 4 is a fixed constant and in general:
B,=B(1+k)*loge+17") k=0,1,.... (3.4

The estimate (3.3) easily follows from the explicit expression (1.12)=(1.15) and
(1.10) and some patience. Therefore Lemma 1 can be immediately applied to
(3.1)°: taking into account the necessary change of scale and the associated scale

4 The power (1+k)* and the choice f=1 are not optimal but just arbitrary and convenient. The
log(e+ A1) factor is also quite arbitrary and has been included to improve the small A estimates

5 Notice that X V|<B, || < )/1+I,B— ]/_B B imply, for B>0, that [X™|<B; also
XD —x - 1)|<B()’N He— 77|)/J |2V — Z(N)|<B(|§ nly™)? imply | XV — XV < B(E —nly")
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factors one finds from (3.3), (2.16), (2.15):

N
§( T 280 -exp Vi By az)
k=0

N-1 SNV k)
2 (exp i) T 2bor®)-enp| 3 X010, 6:)
k=0 k=1 .
where, for suitable g, G, g>0°:
e(k)=G(Ay ~ k)~ 12y3kei2® [ =0,1,.... (3.6)

Formulae (1.11)=(1.15) show that the expression in curly brackets in (3.5) is a
polynomial in A of degree 6. To give (3.5) a form suited for further analysis denote,
given a polynomial in 4, p(A)= ) ¢,A":

nz0
t

pM],y= Y " (3.7)

n=0

Then another algebraic analysis of the form (1.11)+(1.15) of V™ shows that,
possibly changing G, g, g in (3.6):

3 2T(/(N). 3 2T(/ (V).
k=1 k! k=1 k! 3)
if y¥_ (X®~Y)=1. Hence

N

§ ( [l & “")> exp ViV Py(dz)
k=0
N—-1 3 (r:@'T(V(N).k)

> XB(X("))> (exp RRALE S e )ex —2&(N)|1]. (3.9)
(L o) (o] £ L) Jp—2aooun

The very remarkable fact is that the function in square brackets in (3.9) has still
the same structure (2.1), if thought as a function of Z® ™V at fixed X¥~2, and the
new structure functions 4’ are such that || 4’| verifies a bound like (3.3), with N —1
replacing N, if y5_,(XN~2)=1.

This property is not obvious and is an important aspect of the theory to check
it by an explicit, quite long but straightforward, calculation of the various gaussian
expectations appearing in the r.h.s. of (3.9), see Appendix B.

Then it appears natural to define, inductively, for JCI:

n=vy (3.10)
Y= i Ex e (V" TET5))
! Jj=1 j! 3)

6 4—1/2is not optimal and in (3.6) we could replace 2*~'/2 by 1*(log(e+A~"))**P" The constant
¢ is some maximal constant introduced to avoid using too many constants and, finally, g, G, g are
B-dependent (but finite for B> B*)
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for k=1,2,..,N+1. It turns out that V{~1=0.

In Appendix B we give the explicit expressions for f/}N ~® cast in the form (2.1):
it can be verified on such expressions, with some patience, that the structure
functions A®® of V®¥~B  thought as a function of Z®V™9 verify, if
A Xk Dy=1, the bound:

JAN=P| <44y~ N"RBZ _, (1422), (3.11)

where fi, 0 are suitable constants.
Furthermore, if [X% "¥|<By _, for all ¢eJ:

3 @T (N—k+1). N
> éﬂ””‘“(V,’ ’])—VJ‘N"‘) <e(N—-k+1)|I], (3.12)
< !
j=1 .] .
where ¢ can be taken that defined in (3.6), possibly readjusting there the G,
parameters.

Therefore Lemma 1 of Sect. 2 immediately implies, by the already remarked
scale invariance properties of the gaussian measures P? that:

e (" [T 00 Py
i=0
2 (exp—o—k+ DD exp ) T] 22000 Py a2 613)
i=0

Hence, by iteration, (3.8) and (3.13) imply:

[(exp V™) Py(dz) zexp— 3 (k) 1| (3.14)

ie. one can take
E_(A)=G_(let-*)*"1/2 (3.15)

for suitably chosen G_,g_. This is the desired lower bound for the integral in
(1.16).

4. The Structure of V™ and the Upper Bound

To show that the upper bound can be deduced from the first estimate (2.14) in
Lemma 1 we have to go into a somewhat more detailed analysis of the structure of
ViP.

This function is, in general, a polynomial of degree not larger than 8 in the field
@'=" which we simply denote ¢, calling X =X®, z=z, . X'=X,_,, ¢'==""1.
The monomials composing the polynomial will have the following structure:
either they have the form, (x>0):

Ay (A2hy™s (A3 hY [ de, ...d¢ dn, ...dn,dn, ...,

(exp—ryd(Eys o ys o) (XPL LX)
'An1...npm1...mqm’1...m; (41)

=&1...¢pN1.. Ngnt .. r
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q )4 r

with p+2g+3r<3, Y m+ Y n+ Y m;<8 m;=0, n,20, m;=0, or they have
i=1 i=1 i=1

the form, (k>0):

"d(:m)M
ME—nh)'?

here x>0 is I,J, N-independent.

To describe the properties of the functions 4, which depend also on N, h, we
use the previously introduced pavements Q, of IR* with cubic tesserae with side
size 7" Then there exists A>0, I,J, N, h-independent, such that

A2yt sz dédnAze™™ (4.2)

G A S A
1% p+tg+r (43)
v | lAgldedn<A
A1 X4y

VA, ... 4, ,4,€0, Here y~3"=volume of 4€Q,.

To help the intuition it is important to realize that if

lX§|§b Véeld,
X —X,| Sb("E—n)'*  VEned

then in (4.1), (4.2) the terms which contain a power A? have a magnitude S b3(y "),
if b>1, ie., despite the appearances, the larger the value of p is the smaller the
corresponding terms are. This claim can be easily checked by writing the integrals
(4.1), (4.2) as sums of integrals over the tesserae of Q, and, then, applying the
estimates (4.3). This essentially means that, when (4.4) holds the counterterms and
the higher order terms are negligible compared to the “bare interaction” (linear in
A).

We shall write the sum of the terms in (4.1), (4.2) collecting them in groups
which appear naturally if one computes explicitly V*, cf. Appendix B.

Namely:

(4.4)

N—-1

=V Y 6 )+ AP
i=h

N-1
+ Y E MR-V = V), (4.5)

i=h+1

where V", V", have already been defined in Sect. 2 (we recall that the superscript
denotes the high frequency cut off of the field), &, , denotes the integration with
respect to the variables z#* 1), .. 7™ and A is a sum of functions of the type (4.1),
while W is, if C(&,n)=CED:

22423 3 3 [<i]_ [<il\2
— 7 (];did’?(ciﬂ(f,ﬂ)—ci(5,11))(1(%: =@ (4.6)
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ie. (cf. p. 2, Footnote 1)

N-1 _ . 22423
W= 3 &.,(Wd)=—

i=h

Idédn(C (&n)?*=Cyl&n))
__2'242

(=) = T%y(l +F;.)7“"(I;déd11
MO E 1) = CoEn)-(E—nlyy2y K=K @7
N> " (IE=nly"** '
So we shall rewrite (4.5) as
= Ay (W S 8 (00— V) @9
i=h+1

and we shall also need the fact that W is the only term in (4.8) which will be
thought of the form (4.2).

For the analysis of the upper bound it is convenient to introduce a new
interaction V™ obtained from V" by eliminating from J points where the field X is
large or rough

For this purpose, given X, z® we define in general:

DiX®)={&|EeR%, X 2 B,(1+y"d(E, D)}, (4.10)
DX D) ={&n|&neR> xR, ¢~ 1, IXP —XP)|
ZB,("|E—n)V* (A +y"(E, D)} (4.11)

R,(z®)={4]|4eQ, such that 3¢eA where
28] > By(1+7"d(4,1)) or 3¢,ned where
28 — 2P > B(y"& —n)/* (1 +y"d(4, 1)) and [E—nly" <1},
4.12)

where B, was introduced in (3.4) and Bj, will be chosen as’

B, =B,/50(1 +h?). (4.13)
So R,=(4,,4,,...) is a sequence of 4’s in Q,: however in the following we shall

identify R, with ) ACR>.
ACRp
We can now define ¥ in terms of the functions ¥, W, 4 describing V®:

) _ k)
4 Vithg + 480s + Wilogoing

N—-1
+ Z «oﬂh(Wng)z\D» (V§rpg = V&"02)) - (4.14)

i=h

This function does not have the structure (2.1) because it is not “polynomial” in X :
the X’s enter also in the A-functions and in the domains of integration. It is

7 Of course 50 is not optimal: it is however a simple convenient choice. Neither the (1 + h?) factor is
optimal
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therefore useful to introduce yet another function H® which, if thought as a
function of Z™ has the structure (2.1):

o _ 1/
HP =Vt + A% +WRbs o0s

N-1

+ Y W g Vg, = Ve ng. )- (4.15)

i=h+1

Clearly the function HY(X™) has, Vh, the structure (2.1) if thought as a function
o}f Z® [since DY_,(X*~ 1), Dy _ ,(X*~ 1) are z™-independent], with J replaced by
yJ.

The coefficient functions of H® denoted H®, verify®:

||I;I(h)|| §/U'_I'y_th_ 18313 (4.16)

if H,& are suitably chosen constants.

There are some simple algebraic relations among V™, ¥ ¥V® H® which
either immediately follow from (4.2), (4.9), (4.14), (4.15) or from (3 10) (4. 14) (4.15)
after some simple gaussian integrations.

Such properties are the aspect that we need of the formal positivity of A:¢*: for
¢ large. Technically they hold because of the positivity and the bounds (4.3) on
A, A,, and because of the very special recursive form of V®. A crucial role is
played also by the superrinormalizability which allows to say that if & is large the
terms in the V®’s are of different orders of magnitude (according to the powers of
/. that they contain): the terms with A? have order y ™", cf. (4.8).

Lemma 2. 3 an integer valued function h(B, %) and two constants C, B>0 such that
for all h=h(B,2), VJCI,VB=B:

iy YM<p™ (4.17)
ii) f/J(h) < (5185;3))21136)))_ 3h # (RhﬂJ)) + H(Jh\)Rh , (4.18)

where R, ={A|4€Q,,d(4, R,(z") <(B,)*y "}, (see (2.10), (4.12), (4.13))° ; #(R,NJ)
=number of elements of R, intersecting J.

T gy (k) - R s
é" (HJ ;k) — V=D < |1 GAFTBE_ p Yy (4.19)

ii) z

1v) h(B A)=0 if 1 is small enough (but this property does not hold uniformly in
B=B).

In Appendix C we illustrate the proof of Lemma 2.

8  The natural estimate would have (1+4°) instead of 1e”*’ in (4.16). It is however notationally
convenient to use the bounds 1e?*

9  Again C is a maximal constant introduced to avoid using too many symbols
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It is now possible to complete the derivation of the upper bound.
Choose once and for all B=B+ B*, cf. Lemmas 1 and 2.

The inequality (4.17) shows that the integral:
[exp VIMPy(dz) (4.20)

provides an upper bound to our integral (1.16).
To estimate (4.20) via Lemma 1 we apply the identities (2.6), (2.7):

expPPPyd) = 5. B2 a2)

X

-(exp V}"’)Ph(dz("’) , (4.21)

where 2, 72 are defined by (2.8), (2.5) with, naturally, I replaced by y*I; V* is now
to be thought as a function of the field Z™®. It is immediately realized that, the scale
factors are such that {5 Z®™)- y5\ o(Z®)=1, if and only if R,(z™)=7 "R : this gives
to (4.21) a simple meaning.

After the appropriate scalings we can try to apply the method of Sect. 2 to
estimate (4.21): therefore we apply (4.18) to (4.21) to obtain:

[ (exp V") P,(az") < Z {TIRAZ) 15\ (ZP)

CQi
(expH%,, p) Py(dz™)} expAe™y*"Bly =34 (Ry"]), (4.22)

where R is defined here by (2.10) with By, replacing B.

We can now apply Lemma 1 because, H?, as a function of Z®, has the form
(2.1), cf. (4.15): we obtain, using (4.19) to elaborate the curly bracket term arising
from the application of (2.14) to our case:

[ (exp V™) P,(dz™) < (exp V{*~ ) (exp|I|y*"
OBy, [H™])- Y, (exp[cie™ By~

RcQ:
+8'(By, | HP|)] # (RAy"D)- ([ 7BH2Z®) B,(dz"))1/2 (4.23)

provided h = h(BJ).
The dangerous-looking sum in (4.23) can be easily bounded by the use of the
following tail lemma (cf. [8], Proposition 4):

Lemma 3. 3c,,c,>0such that if R=(4,,4,,..)CQ, and I is a cube centred at the
origin:

[ 1k(2)PodZ) < [T exp(c, —c,BX (1 +d(4, D). (4.24)

After the obvious change of scale we deduce from Lemma 3 that the integral in
the r.h.s. of (4.23) can be bounded by:

(J 2R(Z®) P (dz")'? < [ [ expile, — ¢, B(1+d(4,y"D) (4.25)
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which permits to bound the sum over R in (4.23) by calling p, the term in square
brackets in (4.23):

Z,QI (1 +Texp (Wr % - %2(32.)2(1 +d(4, y"I))))

S -ZBn2

<explese™ 2 27 Ty (4.26)

for a suitable c¢; >0, Vh.

Recalling (2.15) and (4.16) the error terms in (4.23) give rise to the following
expression

[1]p3" {G(( |H®| (B;‘)eeg’lll_ill (Brey

eI | exp G (B
ermenaey 9 ll <, (4.27)

where ¢,(4) can be thought as given by (3.6), possibly readjusting there the
parameters g, G.

Hence (4.23) becomes, for h>h(B, ):
[ exp Vi) P,(dz) < (exp V"~ V) (exp[e,(4)) (4.28)

which by iteration implies, if h=h(B, 1):
[exp VP (dz) <exp <|1| 3 g,,(x))
h=h

[ (exp VD) P;_ (d2) (4.29)

and, if A is so small that h=0, we can take in (1.16), cf. (3.15):

E.()= hio e N)=E_()) (4.30)
or generally if:

E'(3)=sup sup (1]~ 7"~ 1(z)) (4.31)
we can take

E.(A)=E_(A)+E(). (4.32)

This concludes the theory of the ultraviolet bound to third order.
The following sections will be devoted to the proof of the Lemma 1.
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5. Geometric Preliminaries to the Proof of Lemma 1. The Integration Grid

The proof of the main lemma is identical in spirit to that of [2]: this can be fully
realized after acquiring the basic properties of the gaussian processes associated to
the fourth order differential operator (2.4), of strong elliptic type, and a good
understanding of the theory of the Dirichlet problem associated to (2.4).

Before formulating the basic propositions on the above questions we must do a
somewhat complicated geometric construction whose motivation becomes trans-
parent only after seeing its use in the proof of Lemma 1.

The construction which follows is identical to the one of [8] where we called it
the construction of an “integration grid” for the measure P associated to (2.4).

Let Q,,Q,, ..., Q, be four pavements of R* with cubic tesserae with side size 1.

We suppose that the centers of the tesserae of such pavements are on the step-1
lattices of R® with origin, respectively, at the points

. 21
§k=7ﬁ—(1, 1,1) k=1,2,3,4 (5.1)
and with edges parallel to the coordinate axes of IR3.

After constructing such pavements we turn each tessera into a smooth region
by some deformations.

Let 6 be smaller than 1/80 (cf. Sect. 4 of [8]).

i) Shrink each tessera about its center by a homothety factor (1 —9): after this
first operation the four deformed pavements are no longer such because they leave
unpaved corridors of width <1/40 between them.

ii) Turn every corner into a smooth corner and, also, every edge, of any order,
into a smooth edge.

Fig. 1. Case d=2

iii) We now wish to modify more the boundaries of Q,, Q,, Q, in such a way
that they intersect in a smooth way between each other and with the boundaries of
Q,. We also want that the modified regions are conically regular for cones with
opening zero at least (cf. Appendix A, definitions). We add the further condition
that if two points belong to the same boundary X’ which has been deformed in
order to cross smoothly another boundary X and if they lie on opposite sides of &
then their distance is larger than say, 6/100: in other words, upon crossing, the
surfaces must stay adherent for a while.
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The 2-dimensional situation is easily described by pictures and the last
condition means that if a crossing is enlarged in scale it looks like:

'/ flat piece

—_— z
\

Fig. 3

We also require that in the deformations we only allow displacements of at
most §/2.

iv) Finally we suppose that the contacts between different surfaces are of
infinite order in the following sense. Let 2, 2’ be two boundaries which cross as in
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a0

Fig. 4

ii); let £e2Z N2’ Set up a cartesian reference system with origin in ¢ and with
plane x, =0 coinciding with the tangent plane to X in £. Then the surface X has a
contact of infinite order with X if

1) The surface 2’ can be described in the above reference system and in a
neighborhood of 22" by a function

x3=v(x) x=(x;,x,)eU, (5.2)
where U is a suitable neighborhood of 0eR2.
J1 J2
2) If j=(j,, j,) are two integers and if 0¥ denotes O then Va>0, Vj:
1
dlv(x)
xE(I]) ;C)E)—l_—d <+ 0. - (53)

We call Q 1,15 Q2 © Q3 " Q4 , the sets of deformed tesserae. If we scale by a
homothety factor / such assembly of boxes we obtain new families (ORI o
The factor # will be chosen later.

As usual in the theory of partial differential equations we introduce on each
OeQ,, i=1,...,4, a covering of 0 [] with regular surface elements, regularly
spaced as £ — oo (see Appendix A, Definitions 3), which will be denoted ¢, g,,... .
To each surface element we associate its local system of coordinates, cf.
Appendix A, Definition 3, see also Fig. 4. If f is a distribution in 2'(0[1) and if
Oy g,y --- 18 @ partition of unity on d[J associated with the regular regularly
spaced covering (see Appendix A, Definition 3), we consider the distribution «_ f
with support on ¢ and call «_f its representative in the local system of coordinates
associated with o0, fe 2'(R?).

The following norms will be used to measure the magnitude of f:

”f”csm(a): ”05—07]|c§s>(m2) , (5.4)
where for all seIR, Vee(0, 1):

“g“cgm(w) =1 —D)Tg|lé(e)(R2) s (5.5)

“h”é(a)([RZ) = Suﬂg €Vm Ih(l(f)‘

sup oVIEI VT [h(x)— hgy)' (5.6)
x;:lﬂi |x— y,

+
I
02 0?

dp=4 O
andD=sat 5

IX I
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In the theory of the elliptic operator 4 appears a “conical regularity”
parameter, associated with the theory of the double layer potentials, ©(y) which
tends to 0 as y—1. We shall therefore choose the value of y, so far arbitrary, so
close to 1 that all the tesserae [1€Q, ,,i=1,..., 4 are conically regular with respect
to the cones with opening @(y). This is possible, [cf. requirement iii) in the above
construction], since the conical regularity is a homothety invariant notion.

We are now in a position to formulate the results on the theory of the elliptic
operator A and of the associated gaussian process on &'(R3).

Proposition 1. 37,>0, k>0 such that Y{ =/, Vee(0, 1), VseR the equation :

Au=0 in [

. . 5.7
Pu=z9 on 001, j=01 5.7

4 1
for(Je U1 0, . and for z=('",z")e ‘]_[O. CY (000)'° has a unique solution, u(z),
i= j=

s—

taking the boundary value in the sense of the traces on surfaces parallel to the
boundary (see Appendix A, Definition 4).
Furthermore if s>¢, £ 2¢,, 3¢ such that

1

u@,2)llcoranmy S C e D 3 (129 0 - (5.8)
=0

The following result on the theory of the gaussian measure P on %'(IRY
associated with the operator 4 will play a major role in the proof of Lemma 1. It
concerns essentially a support property for P.

Call 2, ,, 2, ,, 23 4, 24, the families of surface elements of 6Q~M,... , 6Q~4’/
considered before and call 2,=%, ,u...u%, ,. We shall refer to X, as to a
“complete integration grid” for P, [8].

Given a cube I centred at the origin, let:

_B,s;s,é’_
proe= s

1
ze S (RY), Y
j=0

ajZ'cgc),(a) <Ba} > (5.9)

where 6eX,, B,=B(1+d(c, I)) and ¢’ denotes the j-th normal derivative of z on ¢
(cf. [8], Proposition 2).

Let 7555 be the characteristic function of E®** which we shall abbreviate

7257 or 72° or ¥% when & appears clear or when ¢, / appear clear or when ¢,7, s

appear clear:

10 f is said to be in C¥(000) if

1 fllew ooy = SIUP I le@ioy <+ 0
1=1,..,n

where ¢,,..., 0, is the covering associated with 9]
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Proposition 2. Fix ¢€(0,%) and s<%, ¢<s. There exist constants c,Cy,...,Cg, 2,
such that V¢ =¢, :
1) VBzcy+c,log?

[ PW2Z) [] 7 zexp—c e F|1|. (5.10)
oeXt

il) Let SCX,, VB, 2c;+c,logl, oes:

| P( dZ)H(l—)’(f’s)g [1exp(cs—ceB?). (5.11)
oeS geS

iii) Let x5 be the characteristic function of the event
={Z|ZeS"(R), | Z| cor sy <B(L+d(4, 1)},

where AeQ, (cf. (2.5)), then if B,=B(1+d(4,1)):

[ P(d2) (H XA)(H x(,) >exp—c e Pl (5.12)
4eQy
VBZcy+c,logt, and if RCQ,:
| P(dz) (]—[ (1—y5 )) < |] exp(cs—csB3). (5.13)
AeR 4eR

iv) The estimates (5.11), (5.13) hold also if P is replaced by a probability measure
P° which is a gaussian measure associated with the operator A considered with
Dirichlet (i.e. null) boundary conditions on some set (cf. Proposition 3 below).

Finally we shall need a representation for the P-distribution of a random field
Z conditioned to taking a given value Z outside a given regular region A.

Given an open set O CIR* we call 4, the g-algebra of P-measurable sets of
F'(IR®) associated with the functions on %'(R3) having the form

Z-Z(f)= ff(é)Z dé  ZeS'(R%) (5.14)

with fe 2(R?), supp f C 0. Define
B 1= 0_930 Bi = ﬂ_ B, (5.15)
0o>4 0> A,

where A, =complement of A in R?® and the bar denotes closure, (4,= A1,).

Proposition 3. i) P-almost surely a randomly chosen distribution Z is locally Holder
continuous with exponent ¢ <%. Furthermore Z has, P-almost surely, a trace on the
boundary of a given regular region A together with its first normal derivative 0Z.
The pair (Z,0Z) of distributions on 04 is in

CO@A)x CO (04), Vee(0,3), Vs<3

[8]. The trace of Z on 0 is the same (except for the sign) both if A is considered
as the boundary of A or of the complement of A.
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i) The solution u(Z) of the equation

Au=0 in A
u=7, ou=0Z on oA (5.16)
u=27 in A

with ue C*(A) and taking the boundary value in the sense of the traces on parallel
surfaces in the spaces

CO@A)x CO (04), ee(0,3), s<i,

is a random field in &'(RY) with samples almost surely Hélder continuous with
exponent <3. We shall denote (£'(R®), B, P) or simply P the measure image of P
under the map Z-u(Z). .
_ iii) The random variables Z —u(Z) and w(Z) are P-independent and the variable
=Z—u(Z) has the same distribution of a gaussian random variable on ¥'(IR%)
whose covariance is the Green’s function of ‘the operator A‘with null boundary
conditions on 0A. We shall call (¥'(R%), 8, P°) the measure on &'(R3) image of P
under the map Z—{=2—u(Z).

iv) The map Z—({, u(Z)) is an isomorphism (mod. 0) between the measure
spaces

(#'(R?), #,P) and (¥ (R®)x L(R>), B xR, P°xP).
v) If F is #z-measurable and G is 9 , -measurable :

[ PAZ)F(Z)G(Z)= | P(AZ)G(Z) | PO(dL)- F({ +u(Z)). (5.17)

The above proposition is essentially due to Pitt [10]; the parts i) and ii) are
discussed in [8].

_We shall use Proposition 3 via the “Markov property” (5.17). The random field
u(Z) is called the “center” of the conditional distribution in A of Z given its value Z
outside .

A corollary of Propositions 1 and 3 is

Corollary 4. Let 0<e<s<1 and let Ze S (R?) be such that

~ 4 o)
[1 222)=1 forsome e ‘!1 Qi

oeo
with /-large enough (depending on e,s). Then the center of the conditional
P-distribution in [J of Z given its value Z outside [] verifies the bound

~ TR In) P ~
Hu(Z)HC(&)(AnD)éK(S,S)Be 2 (”chge)(aa)‘i‘“aZl|c§e_)l(a|:|))~ (5.18)

VAeQ,, YVB=0 and for suitably chosen constants K(e, s) and k.

Combining Corollary 4 and Proposition 2, iv) and (5.8) and some geometrical
considerations we obtain also the following corollary (see Sect. 5 in [9]):
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Corollary 5. Under the same assumptions of Corollary 4, there exists ¢ >0 such that

if

~ > 4 )
ZeS' ), ][] 2°@)=1 forsome Oe ) 0,
i=1

© oe0d

then, YVB>cy+c,log?:
B .
froao 11 xZnD(c+u(Z~)))(n B +uZ)| Zexp—ce =P |00], (5.19)

AnO#*0 ecd
gext

where ¢, c,, ¢3, ¢, can be taken the same as those in Proposition 211,

6. Proof of Lemma 1
Given RCQ, we have to estimate, cf. (2.10), (2.13):

Y= [ (expH \g) 116, r4P - (6.1)

Using the notations of Sect. 5 consider the four smoothed pavements Q1 »
Q2 o Q3 o Q4 , with #=B? and choose ¢,s in (0,1/2), e <s. We shall then choose
B >B* with B* such that (B¥)? =7, +¢,(c, s), (cf. Propositions 1 and 2 and Sect. 5).

Recalling the definition, preceding Proposition 2, of ¥ for ¢ belonging to the
integration grid ¥,=2%, ,u...uZ, ,, we see that:

= 3 (ILa-2)(T12) 62)

Sc X, \oeS

Let:
A(S)= {set of the [1’s which touch some o€ S}
R(S)={4]4€Q,,d(4, #(S) < B*}.

We shall need the following properties of H, which follow easily from its

definition (2.1): given any two sets paved by @, (R and %) there are constants
d1,9,,0 such that:

)nggl\RHJ\f{ = iﬁ%g,\R(HJ\fzué +g,'I1 41 B @mJ|) 6.4)

and

(6.3)

éaT(HJ\Rqu, T(HJQk)

t
-2 d ! Iégz 4] e - (RAJ|+IRNJT)). (6.5

b

It is perhaps worth stressing that in (6.5) the sets R, Z are arbitrary sets paved by
Q, (and have nothing to do with regions where the field z is not well behaved).
Also it should be noted that (6.5) is a simple consequence of the polynomial nature
of (2.1) and of its locality properties [expressed by the exponentials in (2.1)].
Therefore (6.5) should not be confused with the (4.19) which though quite similar,
rests on the much more detailed positivity and structure properties of V¥,

11 1In (5.19) we use the choice B/2 and B in the two characteristic functions because this is the choice
that we shall need later: of course this is a quite arbitrary choice
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To apply (6.5) to the analysis of %y notice that if % =%(S) then |%| < (2B)°|Z(S)|
and, also, |R|<(2B)°|R|: therefore (6.2)-(6.4) imply:
%,z [ 1y (Hzﬁ) (expH,)P(dz), (6.6)
el

%= Y (expg, )| 4] (2B |AS)NJ))

Sc Xy

ViR x (H (1- )"cf)) : (H zf) (expH \zoas) Pd2). (6.7)
eS o¢S

We shall first see that (6.6), (6.7) allow to “reduce” our problem to the proof of
the following, apparently even more difficult, lemma

Lemma 4. With the above notations, givent=0, 3M, 0,,0,,05 such that YB large
enough, VRCQ,, VSCZX,:
EXRXQl\R ( ﬂ (1- 7(?)) (H Zf) (eXPHJ\Ru@(S))P(dZ)
€S

o¢S

< (exp{ 5 M}) (exp3(B, | A1) )

k=1 kt
-(f (F[S(l xf)) dz)) (6.8)
with
S(B, [ Al)=MI[(|| 4| Bore 14117+ 1 4 goall4lIB7 —asB2] (6.9)
Furthermore :
i, ( Iz )(GXpH,)P(dZ);(eXp—g(B, A1) 1)
-(exp {k§1 éa—(%l’—k—)}) (6.10)

While it is obvious that Lemma 4 solves the lower bound problem i.e. proves
(2.16), some more work is necessary to obtain (2.14) from (6.8).
In fact combining (6.7), (6.8), (6.5) we see that

= (exp{ ) %}) (T a-zpaa)™

geS

-expl(g, +9,) [ 4]l e141-2B)°* ((RAJ [+ l%(S)ﬂJI)])

([ 7RdP)"%-expd(B, | Al 1] (6.11)

using (5.11) the sum over S can be easily estimated [as in the similar case dealt with
in the formulae (4.23)—(4.25)] and the result is just (2.14).

Hence Lemma 1 will be proven once we shall have proven Lemma 4.

We now prove Lemma 4. The proof that follows is an obvious adaptation of
the proof in Sect. 5 of [2]. We shall try to make it using notations which underline
the similarity of the hierarchical and the euclidean fields.
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Denote J,=J \RUZ(S) and let C=RUZ(S), C . =smallest set paved by 0, and
such that C,>C, d(0C,,C)>3B>

Call P the probability measure P(dZ IZC ) which is the P measure conditioned
to a given value Z of the field in the region C,.

Consider the A-functions in (2.1) and set:

p
A= () g
6.12)

q
A= (T 425

where ;, is the characteristic function of the set J,, and introduce the following
very symbolical notations:

Al ez 2y,
— An..np,—Kd(&y, ..., Ep)7n n
= [ AmemwesGueniizm zmede | de, (6.13)
Ay X... XAy

and similarly:

—Z g)\™
Aml —xd(Ax A1, ..., Ag, Ay)
H (IA —A Il/4)
= f d¢,dgy...d¢de, Ag%lyTﬁéqéae_Kd(g‘ """ ca)

AL X AL X L X Ag X Ay

ﬁ (Z ~Z, ))""

s \g=&lt)
where 4,, 4, ..., 4, are tesserae of the pavement Q,.
The above notation is not really necessary, of course, however we like it
because it suggests explicitly that Z is “constant and smooth” on the tesserae 4 of
Q1 this is not strictly true but the reason why the proof works is that it is

“essentially” true.
Given any set F paved by Q, we set:

(6.14)

HEP)=Y Y % Appeseeszn zy

p=1 mn SnD,, A1, ..., ApCF
s’ q Z _ Z m,
D e e | {2
4=1 mi,mg A A%, AgdpcF i=1 \|4;— 4
Zim, =D
. (6.15)
If J, is the smallest set paved by Q, and containing J, we see that
H, =H(J,) (6.16)

and, therefore, we are led to the analysis of integrals like:

f( [1 xﬁ(Z)>( I1 xf(Z))(CXpH(fO)F(dZ). (6.17)

AeQ1\R AN
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By the definition of P, cf. lines before (6.12), it is immediate to realize that the Lhs.
of (6.8) is just the integral of (6.17), thought as a function of the conditioning field Z
which appears in P, with respect to the measure

(}1 23(2)) (ll (1- if)) P(dZ). (6.18)

So, if we can prove that (6.17) is uniformly bounded from above by the r.h.s. of (6.8)
without the last factor, we shall have proved (6.8) itself.
Similarly to prove (6.10) we have to prove that (6.17) is bounded below by the
r.hs. of (6.10) when R=S=4§ (in this case C=@=C, and P(dZ)= P(dZ)).
Therefore we shall prove:

J P(dZ)( [T £@\( I1 xf(Z)) (expH(J,))

4eQ1\R ) (GEE/\S

= (exp] & TN exp 8. 1401 (6.19

and for R=S=0, ie. for C=C,=0:
) P(dZ>( I1 xﬁ(Z)) ( I] x?(Z)) (expH(J))

AeQ1 geXs
t T TY-
2 (exp{ ¥ CEE N exp - 5101, (6:20
=1 !

The estimates (6.19), (6.20) can be estimated as follows (cf. [2]).
Given two different regions T, S, paved by Q,, define the “interaction between
T,5” as

H(T, S)=H(TUS)— H(T)— H(S). (6.21)

Call (1), (2), (3), (4) the closed unpaved corridors of Q~1’ » Q~2, ” Q~3, ’ Q~4’ . and
(12)=(1)n(2), (123)=(1)n(2)n(3). By the construction d((4), (123))=6-7.
Consider the quasi-pavement Q; , and the tesserae Deél, P
Call I'; =largest set paved by Q, contained in (1). Let (1’ be a cube inside
DeQNM whose boundary is at a distance 67 from 0[]:

_ J

- N (

k J &
(=r,

Fig. 5



118 G. Benfatto et al.

Recalling that /= B? and that the only restriction on B was to be larger than B¥*
o . o-¢
(cf. beginning of Sect. 6), so far, we may suppose that B is so large that 5 >1.

This means that B is thought to be larger than some constant B**: to say that
B is large enough will, from now on, mean that B> B**/(g/2)* where ¢ is the
constant of Corollary 5, Sect. 5.

Then we notice that

H(J )= (H(F1)+ §w5> +HO9=HA(J,)+H (6.22)

if H9=H(J,)—H(J,) and, if [J is the smallest set paved by Q, and containing []:
po=HO)+HO.T). (6.23)

The short range nature of H(J), cf. the exponentials in (2.1), allows to say that
H' which represents the “interaction between tesserae separated by a corridor of
size ~25¢, can be bounded by (recalling that /2> =B* is a measure of |0[]]):

‘H“" (H xﬁ)

A¢R

<S, 4| BPP e 2 (6.24)

and S, is a suitable constant which can be easily found looking at (2.1).
Therefore our problem is to estimate

| P(dZ)( [1752)( 1] z@)expHlT,) (6.25)
A¢R ceX\S
since neglecting H® will cause, by (6.24), an error of the same form of the second
contribution to § in (6.9) (with some other constants but with the same | 4| and B
dependence).
We first prove a lower bound for (6.25) supposing C=6,i.e. R=S=0. We have,
in this case:

[62502[PaD)( T1 @) ( 11 2@)e™

An(1) sc(l)
: H{j P(O)(dc ( H Xg{’\z[l (CD + “(Z)))
[m] AnO*0
: (ICTD 2o+ u(f)) (eXwa)} : (6.26)

where we have used the Markov property (5.17) denoting {4 the Dirichlet field
relative to [J and to the operator 4. We have also used the remark thatif 4, =4n[J
and A4,=4n[], and fe C*(4) then:

1 ey NS llcarmay + 1 lcarmay - (6.27)

Let now ¢e(0, 1) be the constant introduced in Corollary 5, Sect. 5, and set

A(Z)= (MIIL 0 xﬁff(zl)(Z)) (LII) 124Z) )
XD’B(Z)=( [T xi2a( ))(PDX?(Z))’

And=0

(6.28)
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and denote Pz O /Z) the P-conditional probability for the field Z in [] given its
value Z in the corridor (1): by Proposition 3 we may identify { +u(Z) with Zg
Then 3f,, f,, s, >0 such that:

[6.25]=f P(dZ) v eBeH D
{ H (fﬁ(dzmIZN)XD’B(ZD)ewmx‘:"B)

OnJo*0
[ I PEZa 29252
_Z_fﬁ(dZN)XF"QBeH(r‘)
i r71¢ ([ PAZ 5| Z)evox™ ™) [D 1;: ((P(AZ512)- 125z )

“(exp— A (Jo) fre” /2P IANER TS, (6.29)

where A/(J,)=number of [T’s in @, , such that (JnJ,+8: A(Jo)<|I|/¢>. In
(6.29) the error term arises because we replace in the intermediate integral in the
r.h.s. of (6.29) one of the two y™+% by 1. Such error can be estimated easily by using
the inequality, valid for any random variable X with values in a Banach space and
with distribution u:

(J dX) 1(IX || < B)e" ™) = (] u(dX)e" ™)
(§ @) y(1X || < B)Y o2 Wll= ge[—1,1], (6.30)

where y(||X || <B) is the characteristic function of the event {X|||X|| <B} and ||V,
is the L, (u)-norm of the, arbitrary, function Ve L (1). The above relation applied
to P(dZ /Z) and combined with Corollary 5, Sect. 5, to estimate

[ PAZ ) 2) 1P 3(Z o) zexp—c e 2B 43 (6.31)

immediately yields (6.29).

The inequality (6.30) is an elementary inequality (for a proof see [2], p. 156).

Since A(J,)<|I|# 2 the error term in (6.29) has the same form of the second
contribution to § in (6.9) (with other constants) and therefore we do not have to be
worried by it anymore.

We now compute the intermediate integral in the r.h.s. of (6.29) by a cumulant
expansion, (see Appendix A, Definition 1), to order ¢:

log [ P(AZ5|Z) (expy ™ P)

= { i ﬁw%ﬂ} + (error), (6.32)
k=1 .

where &7 denotes the truncated expectation with respect to P(dZ|Z) and 3s, >0
such that:

20 (4 1)1
(t+1)!
“(exp2s, || A|| BPTP'2?) (6.33)

3

with te[—1,1].

(error)=1 (s3BP2 23 Al !
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We see that the error (6.33) has, apart fro_m the different values of the constants,
the same form of the first contribution to o in (6.9).
Combining (6.29), (6.32), (6.33) we have obtained:

[(6.25)]2 [ P(dZ)y '+ BTy

[ H (jﬁ(dZDIE)XD’B(ZD))J

OnJo=0
sy
i l;[¢ (GXp{ é‘j —Z(lp%ﬁ})-(exp(error)), (6.34)

where the (error) has the form §'(B, || 4]))|I] with 6’ given by (6.9) with, possibly,
different values of the constants M, o,, 0,, 5.

The next step consists in observing that the difference between
2" PE (o™ B k) and " BEZ (1 ; k) can be bounded, in absolute value, by an
error term of the form [I|6(B,||A]) where & has the same form as the second
contribution to 6 in (6.9) with possibly different constants: so

[(6.25)]= fﬁ(di)[‘» 0B LH(I'y)
[ [1 (fp(dZDIZ)XD’B(ZD))J

OnJo=9

(DXPZ ¥ &; (wu,k))

NnJo*0 k=1
~(exp—(&'(| 4], B)+ (141, B)III). (6.35)

We now try to replace the conditional expectation & by the unconditional
one: of course this will be possible only “far from 0[]”. To explain what this
means, let:

o =(H(O)+H(T, O,) +H(O,, I}) + H(O,) + HO
=pL+ypL+H where O,=0\0 (6.35")

and H® can be bounded in the same way as (6.24) (because it contains interactions
“across a corridor of width ~§-#): therefore, modulo an error &'(|| 4|, B)|I|, with
0'(]| 411, B) having the same form of the second term in (6.9) with different constants
we can replace in (6.35) the sum of expectations by :

z‘: EFwh+whsk) i 1w, Wik ky) (6.36)

k=1 k‘ - k=1kyi+ky=k kl‘kZ‘ ’
where we have used the Leibnitz formula for the cumulants (see Appendix A,
Definition 1).

The gaussian integrals in (6.36) should now be grouped, before explicit
computation, as:

t

Ewl sk k) &1
Wi kS0 Tt Xy S, (6.37)
= 1> 1°%2 =1






