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E. Scacciatelli
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Abstract. We develop a technique for reducing the problem of the ultraviolet
divergences and their removal to a free field problem. This work is an example
of a problem to which a rather general method can be applied. It can be
thought as an attempt towards a rigorous version (in 2 or 3 space-time
dimensions) of the analysis of the structure of the functional integrals
developed in [9], the underlying mechanism being essentially the same as in
[11,3].

1. Introduction
The free euclidean field in IR? is the gaussian field with covariance operator:
C=(1-D)™1, (1.1)

where D is the Laplace operator in R

We call (¢y);.ga the random field with the above covariance and we shall
represent ¢ as a sum of independent, identically distributed up to scale factors,
random fields (p{"),.gas N=0,1, ... The field o™ has, by definition, the following
covariance operator:

C(N):(,yZN_D)—l_(y2N+2_D)—1 (12)
and y will be appropriately chosen close to 1. From (1.2) it follows that if d <3 the
kernel CY of C™ in R? is finite when &=7:

2 a
@a-any —1 d’k . .@—2)N
(27‘C)d f(l +k2) (yz +k2) _ny . (13)

M =W _
Ce'=Coo=v

Hence it will be convenient to introduce the normalized field:
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and to represent ¢ as:

=) )2y PN M. (1.5)
N=0

We shall furthermore define the cut-off fields ¢!=" with length cut-off y ¥ as:

N
(P[‘géN]: Z ]/chy("“z”‘ zgk’. (1.6)
k=0

Such fields are, also, normalizable : their normalized representatives can be defined
as:

[<N]
QL=
X(éN)= 'va _ (1.7)
l/zcy z ,y(d—Z)k
k=0
which obey the recursion relation:
xn 2 A VLXET (L.8)
: Y1+
where:
1— =N
NoLo@=2k { _y=@-2N y—z)l d=3
Iy= kZO ORI = 721 = (1.9)
- N d=2

We shall call P, the probability distribution of z® and &, shall be the

A

expectation operation (i.e. integration) with respect to P,. We define also P
N

=[] P,
i=0
If I denotes a cube centred at the origin the “bare interaction” is defined as!

Vi = —lg H(QEM)* Hde (1.10)
The “third order renormalized interaction” is defined as:
1 1 1
T =V = 57 <D0 = 57 V0= 57 <D 0 (L.11)
1 As usual
(PEM) = <2C, ki o Z”‘)mz H,X{) =2,y N1+ 1)) H,X),

where H, is the n-th Hermite polynomial, e.g. H,(x)=x*—3x?+2.
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where
1 2242.31 < <
§<(Véf‘?)2>(2)= > Ifzdfdn(c[;”])a:(<P‘.§=N1)2:, (1.12)
1 (h2 A%41 [< N4
3 <RI 0= 5 [dean(CE™, (L.13)
1 (N)3 24 3 [SNI2 (CLSN)2 (SN2
3—,<(Vo,1) >(0)=—§ ) (1) [ dednd{(CM)? (Chg™M2 (CL=M)?, (1.14)
. . 13

and
CLeM= [ pl=Nol=NIP (dz). (1.15)

The “ultraviolet problem” that we study in this paper is the following: prove
the existence of E (1), E_(A) such that:

i) exp—E_(A) 1| = fexp V[V Py(dz) SexpE (1) |1] (1.16)
if 1| is the volume of I;

i) lim 272 E () =0. (1.17)

The technique that we use would allow to treat more general problems and
does not distinguish between the d=2 and the d =3 cases.

Our technique is inductive: we shall obtain the estimates by successively
integrating over z™, 2~V and it will be necessary to really do only one step in
this process. The structure of the integrals does not change after each integration
because of our scale invariant choice of the regularization. The fields z™,
-1, are, in fact, essentially identical in a probabilistic sense and are
independent : the distribution of z™ is the same as that of the field z'* regarded on
a scale y~~. In probability one has z{V =z, and this makes it convenient to
introduce the random field

ZM =20, (1.18)

which will be useful later. All the fields Z®™ are identically and independently
distributed.

We have tried to make a self contained exposition, of our results. However we
think it essential that the reader gets, before looking at the details of this work,
some non-superficial familiarity with [2]. In the theory in [2], first reference, we
think, the deceiving “simplicity” of the superrenormalizable scalar field theories
becomes transparent and does not disappear in the mist of some heavy technical,
and uninteresting, details.

2. Reduction to Perturbation Theory

To evaluate the integral in (1.16) we shall use a technique which relies on the
estimates in Lemma | below and which is described in a slightly more general
setting.
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We shall, for definiteness, only consider the d=3 case.
Let S,S’, D,D’ be non negative integers and let k>0, f€(0,3). Let J, I be two
sets in R3 such that JCI and I is a cube centred at the origin. Define, for

sup LOZTO o ey <+ ooﬂ:

le-nl=1  [E—nl Eed
Ened

ZeCO(R?), [C(‘”(A) = { f

S
HyZ)= Y ) [Appe<iCoiznzre 7wde,
ni =
n,>

p

=1 DJr
i i=21 0 s
. —rd(§181...£q &5
ey deyt 3 ) ARl g0 Gt

q=1 m; <D’

1=1m;>0
4 N Ze—Z |\
f' é ’

11 (—;——Llé i) dendts 2.1)
ji=1 Jj J

where

1) d¢,,....¢,) or, more generally, if E,, E, ...E, are p sets in IR3,
d(E,,E,, ..,E,) denotes the length of the shortest connected graph linking
E,,...,E, (“graph distance of E, E,, ..., E}).

2) The functions 4, which will be denoted A4, will be supposed to have some
boundedness properties which can be most conveniently described in terms of a
pavement Q, of R? with cubic tesserae with side size 1 and with sides parallel to the
coordinate axes. If the generic tessera of Q, is denoted by 4 the boundedness
condition is

ldl=sup | |Appeldé,...dE,+sup ) | ATy ™ o dE

Ay X ... xdp Ay X A{ X XA x Ay
dé, <+,
(2.2)

where the supremums are over the possible choices of the tesserae 4, ..., 4, 4},
A7, ..., 4,47 in Q, and over the possible choices of p,q,n,, ....n,, my,....,m,.
We wish to estimate expressions like?

[exp V, P(dz), (2.3)
where ¥, is a function which is simply related to a function of the type (2.1), [cf.
(2.9) below], and P is the gaussian process on .#'(IRY) whose covariance operator is
the inverse of [cf. (1.2)]

A=@*-1)"'(1-D)(y*~D). (2.4)

The technique to estimate (2.3) is to introduce, for some f>0, the P-
measurable events:

EE={Z|Ze S R, | Z] cinay < BIL+d(L, 1))}, (2.5)

where 4 is a tessera of Q;, and their complements. We shall denote x5 the
characteristic function of Ef and 72=1—y% the characteristic function of the

2 Cf. Sect.4.
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complements of E5: obviously
1= ), (Hiﬁ)(ﬂxﬁ), (2.6)
RCQy \4eR A¢R
where R=(4,,4,, ...) denotes a subset of Q, which will often be identified with the

set R= | ) 4;. Then (2.6) implies

iz1
JexpV,PdZ)="Y [iExB.expV,P(dZ), (2.7)
RcCQ,
where R°=complement of R in Q,
=11 &= 11 2. (2.8)
AdeR AeR¢

We now suppose that 3c;, ¢, >0 such that
) (2)=H,2) i 1,2)=1,

. ) L 2.9)
2) Vi(Z)sc B AN IRAJI+Hpp(Z) if 1r(2)xg,r(Z2)=1
for all ROR, RCQ,. In the sequel we shall only be interested in
R={A|4€Q,,d(4,R)<B?}. , (2.10)
Then, obviously
[exp ¥, PAZ)2 [ 1, expH, P(dZ), 2.11)
[expV,P(dZ)< Y expc, B%|A| [RnJ|
RCQy
'fepoJ\f(j’(ﬁxgl\RP(dZ). (2.12)

Therefore concrete estimates can be obtained as soon as one finds a way of
estimating integrals like:

{7Rx5,rXPH 3 P(dZ) RCQ,. (2.13)

In [2] we developed a method of analysis of integrals like (2.13): the analogue in
the present case, of the results of [2] would be the following lemma:

Lemma 1. Let y be fixed close enough to 1. Given t 20, integer, there exist functions
B* G, G, 9,0, 0" >0 depending only on t,D, D', x such that, if B> B* and if R is any
subset of Q, :

[ 2 x5, re™" R PZ) <exp(|I|5(B, || All) +|RNJ|5'(B, | A]))

- exp {kil g—T(—IIg‘—Jiﬁ} (f 72 P(dZ))'?, (2.14)

where &T( - ; k) denotes the truncated P-expectation of order k* and
8(B, | A1) = GL(IA|| Beer I4137) 1 4 =B +elldie],
O'(B, | Al)=G'|| 4| Bee? 1417, (2.15)

3 See Appendix A for a precise definition of the truncated expectations &7, &7






