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SOME PROBLEMS ON THE HAMILTON-JACOBI EQUATION
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I shall devote attentlon to some old, but still open, problems on
the Hamilton-Jacobi equation reviewing the context in which they
arise.

One can formulate the Hamilton-Jacobil equation as a rather
general conjugacy problem between dynamical systems.

Suppose given rwo regular (i.e. real analytic) Hamiltenian
systems (H,W) and (Hy,Wy), defined respectively by the Hamilton
functions H and Hy, regular on some W and Wy in phase space
(i.e. W and Wy are open subsets in the cotangent bundles to
regular Riemannian manifolds). We consider the problem of the
existence of a regular completely canonical map €, mapping Wy
onto W, and of a regular function F, defined on Hp(W) = {range
of Hgl, such that:

Yy T 2 Wg ++ W

1i) H(C(p',q')) = F(Hg(p',q')) (p',9") € Wy (1)

ii1) there 1s a regular function ¢ defined on the graph
G(C) = {p,q,p",a'[(psa) * (p',q") € W x Wg,
(psq) = C{p',q')} such that:

p +dg=2p' « dqg' + d¢ on G(C) (2}

f.e. € 1is "action preserving”.

The properties i), ii), 1ii) are a global way of giving a meaning
to the Hamilton-Jacobi equation, so that it is relevant for
applications to mechanical problems. Tt is easy to check that the
function on G(C)

s(p'vq) = p' - g+ o(p',q)
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defined wherever this makes sense (i.e. (p',q) determine a point
(p.q) * (p'.q"') € G(C)), wverifies the classical Hamilton-Jacobi
equation

B (p',9),q) = FlHglp', 2 (p',q))) (3)
aq aq

and one can regard 1), 1i), {i1i) as a precise way of stating the
requirements on S to consider it an interesting solution of (3).
Often one considers only the special case in which Hp depends only
on p'; then (3) has a slightly similar form [1].

The meaning of the equation (3), or better of i), 11), iii), is
easy to understand. It simply implies that the Hamiltonian flows
(H,W) and (Hg,Wp) are pointwise isomorphic, up to a trivial time
rescaling (in fact € maps orbits into orbits together with the

motion on them, up to a time rescaling equal to g%'(E) if E is the

orbit energy, (Hg = E on the orbit)).

The above formulation of (3) is not very natural when (Hg,Wg)
has nontrivial regular constants of motion Aj(p',q") = Hp{p',q),
As(p',q"), . 0,AL(p',q') dindependent and in involution. In this case
the equation (3) is more naturally generalized to a form which,
interpreted more precisely, amounts at replacing ii) above by:

ii') H(C(p',q"')) = F(Ay(p',q"), .- .s8,(p",q")) (4)

with F now regular on the domain A(Wg) image of (p',q') +
(Al(p',q‘),...,&r(p',q')). The replacement of i1) by 1i') im 1), ii),
111) means that (H,W) 4is a flow which is a linear combinarion with
“constant coefficients” of the (commuting) flows generated by
Ay v

Here r < n, if n 1is the number of degrees of freedom: so if
(Hp,Wp) 1s ergodic on the energy surfaces it is necessarily r = 1,
while if (HO,WO) is integrable and Aj,...,A; are the n action
variables, it is r = n and the solubility of 1), ii'), iii) means
that (H,W) dis also integrable and its motions are quasiperiodic with
frequencies and invariant tori trivially related to those of (Hp,Wg)-

Let me recall here that (Hp,Wp) is said to be integrable if in
suitable canonical coordinates Wp can be given the form V x e
with V open in R" and T® = n-dimensional torus, so that if
(A,9) ¢ V. x T" it is Hy(A,e) = hg(A) for some hg [1].

A concrete example of the case when r =1 s the Hamiltonian
flow corresponding to the geodesic flow on a compact surface of

constant negative curvature: 1in this case Hp(p,q) = %—g(q)p p 1s

the kinetic energy (g being the metric) and for 0 ( E_ < E4 < =
Wo = 1(p,q) [Hp(p,q) € (E_,E4))} .

We considar now the case in which H = H_ = Oy + ef, where f_ 15
regular in & too for |a small: i.e. we consider the situation
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arising in "perturbation theory"” in which one is glven & one parameter
family of Hamiltonians.

One can look for sclutions of 1), 11'), iii) of the form of a
power series in e:

C = identity + €C; + ¢2C, + +++ on W, C Wp
(5)
Fo=Ap +eF] + e2Fy + aen on J, C A(Wp)
with domains Wey Jo being also unknown.

One says that perturbation theory is "well defined” on Wy if
one can find a formal power series (5) solving 1), 1i'), iii) on Wy
and Jp = A(wo).

In general perturbation theory is not well defined.

For instance the condition 1), 11) and 1i1) of existence of a
globally defined generating function ¢ implies that, if
yi(e,E),yi(e,E} are two isocenergetic periodic solutions to the
system (H,W) with energy H = E and depending analytically on e
for ¢ =small enough, then (i{f 1), ii'), 111) are verified):

p o+ dq
1, (€,E)
— = very special g-dependence (6)
4 p+ dq
vy (e, E)

as it is easy to check. Expanding (6) in powers of & one finds a
family of conditions on (H,W) which have to be necessarily verified,
if formal perturbation theory exists.

An application arises, for instance, in the above mentioned case
of the geodesic flow on a surface of constant negative curvature: in
this case (Hg,Wy) 1is, for every Hp = E, an Anosov flow and admits
a dense set of periodic orbits which can be numbered ¥((E),yp(E),...:
they have nonzero Lyapunov exponents and, by structural stability,
persist under perturbatlon for rE| small enough. Hence they can be
continued analytically in ¢ into families of orbits vy;(e,E)
periodic for (H,W).

Then, in this case, (6) becomes

¢ p + dgq
Tj(E,E) Ly
aij(E'E) = = g-independent = -— (7)
£
p +dq ]
¥y (&,E)

if #; 1s the length of the closed geodesic on which the i-th
pericdic orblt runs with energy E (in fact § p » dq = V2E Ij,
as 1s easy to compute). ¥,(0,E)

In fact one can prove [2]: i
Proposition 1: (Collet, Epstein, G.): If (HD,HD) is a peodesic
flow on a surface of constant negative curvature then the condition
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that for every pair 1i,j of periodic geodesics the nontrivial Taylor
coefficients of the expansion In e of (6) vanish is necessary and
sufficient for the existence of perturbation theory for a given family
(H,W) of perturbations.

A comparably simple result in the case in which (Hp,Wg) is
integrable is not easy to formulate: 1f we use action—angle
coordinates so that

Wg =V xT' V open in R"

(8)
Ho(A,@) = ho(A)  (A,0) € V x 17
the only simple criterion of existence of perturbation theory is,
("Birkhoff theorem"):
hg(A) = wg « A and mg such that for
some Cp, 8y > O
5 (9)
Iwo-v]>——-——5-—, ¥ ezl, v# D,
cilv] °
0
which physically corresponds to a "harmonile osclillator” of
"nonresonant type" [3,1].

The nonintegrability theorem of Poincaré can be formulated, on
the other hand, as a eriterion for nonexistence of perturbation
theory: 1if (Hp,Wy) has the form (8) and

azhom)
det ————
EYETY # 0 (10)

then, "generically" on the perturbation £ (e.g. if fo{A,p) has
nonvanishing Fourier ceoefficients in ¢), perturbation theory does
not exist, ([4], and for an expository article [5]).

We come now to the gquestion of convergence of perturbation
theory. It is well known that, even if existent, perturbation series
(5) need not be convergent. For Instance Iin the above nonresonant
harmonic osclllators one easily builds a counter example by choosing
n =2 and

£(A,0) = (A + gla)ele2)) (11)

which can be shown to be nonintegrable unless g 1is very special, and
yields formal perturbation series which can be formally summed into
functions which exhibit a simple but remarkable structure of dense
singularities in e, [6,5]. For a general class of results on
nonconvergence, see [3].

There is, however, a (restrictive) convergence criterion working
in the above nonresonant oscillators case [7]:
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proposition 2: (Rissmann): 1f Fg,Fq,Fp,... in (5) have the form
F,(A) = ¥4(wp,4), for some y;, then the series in {5) converge in
domains &E,JE with boundaried close within 0(e) to those of
Wg.Jo-
As we shall see later it is remarkable that the above criterion
is really relevant for some nontrivial applications. Unfortunately no
satlsfactory necessary and sufficient criterion is known for
convergence, of perturbation theory of integrable systems even In the
above nonresonant harmonic oscillators case.

The situation has to be contrasted with the following result [2]:

Proposition 3: (Collet, Epstein, G.): 1in the case of proposition 1
perturbation theory is convergent, whenever it exists, for & small.

In other words the adiabatic invariants (6) associated with the
pairs of isoenergetic periodic orbits form a complete set of
invariants for the conjugacy problem posed by the Hamilton—Jacobi
equation, i.e. by 1), 11'), 1ii) above.

The above result extends a rigidity theorem of Guillemin-Kazhdan
dealing with the geodesic flows on (variable) negative curvature
compact surfaces perturbed by a (very) special perturbation, namely by
a perturbation quadratic in the p-variables [8]. It has been extended
to surfaces of variable negative curvature, with rather different
methods, by De la Llave, Marco, Moryon [9].

A natural problem related with the above proposition is the
following: suppose that e =1, 4{.e. that (H,W) 1is not a family of
Hamiltonians but, rather, it is a given fixed system. Assume that the
periodic orbits of (H,W), (Hg,Wg) can be labeled by 1 = 1,2,...
and by their emergy as <vy(E). Suppose that

¢ p-dg
oo (E) 2
— -, L, 505 1,200 (12)
§ p-dq i
¥4 (E)

where ¥4(E) 1is the i~th periodic orbit on the surface H = E, for
(H,W), and g; is the length of the closed geodesic on which the
corresponding periodic orbit for (Hp,Wp) runs. Then: are (H,W),
(Hg,Wg) conjugated canonically in the semse i), 11), 1ii)7?

This problem is very hard as it cannot be attacked by
perturbation theory even if H 1is very close to Hj (but 1is not, a
priori, a member of a one parameter family of perturbations for which
perturbation theory exists), and really new ideas seem necessary.

De la Llave has made progress in questions analogous to the
latter in the case of conjugacy problems for maps [10].

It is amusing to remark that one can think of a lot of other
necessary conditions for the solubility of the conjugacy problem i),
11), 1i1), for instance it is clear that special e-dependence has to
be fulfilled also by the ratios of the perieds or of the Lyapunov
exponents of corresponding isoenergetic periodic orbits [2]: however
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such invariants may not be sufficient to ensure the solubility of 1),
ii), 111): a counterexample is discussed in [2].

The problem 1), {i)', iii) is only one example of a class of
problems related te the Hamilton-Jacobl equation.

I wish to mention here a further extension of the equation (4),
which is inspired by remormalizatlion theory im the theory of fields
[11].

Suppose (H,W) to be a family of perturbations of (Hp,Wy), as
above, for which perturbation theory does not exist or, even if
existent, is not convergent.

Then given a subset ( C {analytic functions on Wol one can
ask: can one find a family N_ ¢ C, regular in & too, such that
(H + N_,W) admits a convergent perturbation theory with respect to
(Ho,w0§ in the sense of i), 11'), 1ii) and (5). And one can either
prescribe F or leave it free; thus defining twe related problems.

We say that the above problems are well posed in ( if, up to an
additive constant, there is one and only one formal power series
solution for N_.

To show the interest of the above gquestion let me present an
interesting case in which it arises naturally (which, unfortunately,
is also the only case known to me).

Suppose that (Hg,Wp) 1s a nonresonant harmonic escillator and
C = {set of linearly A-dependent functions on Np}. Then the above
problem becomes whether or not one can find a function NE(A)
analytic on Wy and € for e small such that

wg = A+ eF_(A,9) + NL(A) on V x TMw, (13)

is conjugate to wg 4 in the sense i), 11), 111) (here FE is
prescribed}.
It can be shown, easily, that the problem is well-posed (in the
above sense): however, the question of convergence is rather unclear.
It can be shown, in fact:
Proposition 4: (G., Chierchia): The above problem is well posed and
yields convergent power series solutions for N ¢ C, as well as for
€ and F. Therefore N can be written

N.(A) = A + a(e) (14)

and a(e) 1is analytic in & near e = 0.

The proof of the above proposition [6,5,12] {s, in essence, a
repetition of the proofs of the Rilssmann proposition 2 guoted above,
and of the main proofs in the theory of Dinaburg, Sinai, [13],
Riissmann [14] for the (apparently unrelated) quasiperiodic one-
dimensional Schrédinger equation.

Basically one determines N_(A) by imposing that the criterion
of proposition 2 for convergence of Birkhoff series 1s verified order
by order in ¢ and, simultaneously, one proves the convergence of the
algorithm [6,5,12].

The interest of the result is {its mentioned relarion with the
Sehrtidinger equation [6].
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Consider the problem

-q" + (eV(wgt + @) - Edg =0, teR (15)
there V 1is periodic, analytic, on T", ¢ ¢ T® (e.g. ¢ = 0) and
2
sg € R verifies the nonresonance conditfon (9)r g¢" = ‘ﬂi "
dt

It is easy to check that (13) are the Hamilton equations for a
lamiltonian system described by canonically_conjugated pairs of

rariables (p,q),(B1,91),+++,(By,p,) In R® for (P,y) and In
" x T for (B,p). The Hamiltonian is, in fact:

2

.g_ +-%_,_ (B + eV(e))a2 + wy + B . (16)

teplacing (P,a) ui&h the action angle variables (A,¢) for the
scillator + Eq“)/2 one describes (16) via the Hamiltonian

VEA+u ¢ B+ — eV(g)cosp . an
VE

't is easy to see that an Iinvariant torus for the system (17)
.orresponds to a quasiperiodic solutien of (15), f.e. the value E 1is
.n the continuum spectrum of the Schrédinger operator.

However, (17) needs not be integrable: mnevertheless the above
yroposition 4, applied to the present case [6,5], yields the existence
f a function a(e,E,A), analytic in e such that

M+ ug + B +A—E V(o)cas?y + Aa(e,E,2) (18)
VE

s integrable and conjugated to A + wg » B if (d,uwp) = w € R.n+l

lso verifies a nonresonance condition like (9).
Tt follows that for such A's the value E_. such that

/Ee = A+ ale,Eg ) (19)

3 in the continuous spectrum of the Schridinger operator. On this
emark one can build the theory of the continuous spectrum of the
uasiperiodic Schr8dinger equation developed by Dinaburg, Sinai,
{issmann (see Chierchia [12]).

It seems plausible that the type of questions like "is it
ossible to add to H a term 6&H of specified form so that H + &H
ecomes conjugate to a given Hp" may arise in applications other
han the above and therefore it would be nice to know more results in
his direction.
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