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468 G. Gallavorti
1. Introduction and notations

In this paper T shall describe a recent approach to renormalization
theory leading to a description of the renormalized scries for the
effective potential and for the Schwinger functions in terms of a family
of “form factors™ containing an important resummation of “infinitely
many ordinary Feynman diagrams”.

The ideas exposed in this paper overlap partially with Polchinskii
(1984); they were developed by Gallavotti and Nicolo (1984), extending
previous partial results and techniques of these authors and col-
laborators. For extensive references see Gallavotti (1984).

Once the form factors are known, any perturbation calculation
reduces essentially to a calculation of nonrenormalized quantities.

To set up the notation, I reformulate from the beginning the
renormalization problem for scalar fields.

Let ¢ be a Gaussian random field on a torus A of dimension d and side
L (i.e., we consider a finite system with periodic boundary conditions).
The covariance (“propagator™) of ¢ is assumed to be the A-periodized
version of the function

B y)= g [ap S . (1.1)
7 2m) 1+ p°
1,
Cx—y)= 2, Cx—y+nlL). (1.2)
ncZd

The samples of the field ¢ are very irregular, being only distributions
which are locally in the Sobolev space H , r < —(d —2)/2. Further-
more, their values are independently distributed only if one compares
points at a distance O(1) apart; i.e., the local fluctuations causing the
roughness of the field samples cannot be regarded as independently
distributed.

It is therefore convenmient to think of such an “irregular object™ as a
sum of many “‘regular objects™:

o.=2 o). (1.3)

j=1)

Suppose that the ¢'"’ are independent Gaussian fields satisfying (1.3) in
the sense that the r.h.s. and the 1.h.s. have the same distribution and
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suppose that the covariances Y of ¢! are given by (1.2) with ¢

replaced by
- 1 T 2 2 _y
CHiGe= )= [v""ﬂ(w e dp, (1.4)
(2m)

where y¥ > 1 is some constant “‘scale factor’.
Suppose also that the Fourier transform of F, denoted F,, satisfies,
for some K, k, € > 0:
|62"'Fx{x}[ <sKe™M, s<n,
|0*F (x) —a*F(0)| < Kl|x|", s=n. (1.5)
Then one says that (1.3) is a “C""-multiscale decomposition of the field
¢ into regular fields”. Similarly, one can introduce the **C” -multiscale

decompositions’ of ¢ if (1.5) is replaced by the condition that there are
constant K__ such that

|6 F (x)| = K, (1 +]x]) *, Vj=0,¥s=0,Vx=0. (1.6)

The identity (1.3) means, in terms of the !:";, that

= =2 v E(y ). (1.7)
I+p~ -0

Inequalities (1.5) imply that the samples of @' are “living on scale

vy "5 in fact, they essentially say that

15 d=2)i2d

lo'e | = By"y ;S0 e ey (1.8)

holds with probability bounded from below, at fixed A, by
: — AN ;
[Ta-e ")y, (1.9)
j=0

for some A >0 depending only on A but not on j. Actually the A
dependence should simply be

[T (1 — ety ial (1.10)

j=0
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if A, is the value of A for A with side L = 1. Bounds like (1.10) actually
hold with some extra assumptions on F as explained in Benfatto et al.
(1980).

Furthermore, besides satisfying (1.8), (1.9), the fields ¢'’ of a
C"-multiscale decomposition possess the property of tdkmg roughly
independent values on points x, y with |x — y|>O(y '« '). Thus one
says that the fields ¢ ' of a C"-multiscale decomposition are “smooth
and regular” on the same scale y .

The decomposition (1.3) will be called *‘scalednvariant” or “scaling”
if F (p’) and a™'F (x), s =n, converge exponentially fast to their j ==
Ilrmts uniformly in p, x, s, When this happens it is clear that we can
regard the ficlds as almost identically distributed up to scalings

(i) v ;r.:-:;.-:‘u f(f} '4(-1'—3!"2 ]]
ik 02, (1.11)

@

in the sense of distributions.
It is very simple to produce examples of multiscale decompositions.
The simplest is

y' -1

T AT

(1.12)

introduced in Benfatto et al. (1980). This exactly scaling decomposition
can be extended to higher dimensions and to higher regularity by the
following scaling (although not exactly) decompositions

¥ 2an+di2—|

s 2 (n—vy )
Flp )= +a"a’2f ————— dn, d=even,
,(! ] {” ) i (T]‘I‘[}'“)” di 2+ i

p? - Zivn+(d—-1)r2-1
Ep)=m+@-n2)| VY ) 4y, d=oda,

tontp)

(1.13)

giving scale-invariant C'"-multiscale decompositions.
Examples of scale-invariant C*”-decompositions are provided by the
identities

L _x(p) 5 x(vp)

2 - 5 (1.14)
1+p L pi- = LApT
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if x,. x are C -functions with compact support and y vanishes near the
origin, while

1 L Pl o PR ey EpY
SRS LY. = (1.15)
l+p~ 1+p° o 1+p°
or
lpl = arrilpl s 1 pl
l ‘:e ’+2t t1 (1.16)
L+p° 1+p° 5 1+ p°

provide very smooth decompositions (e.g., (1.16) is even “analytic™)
which fail to satisty the fast decay property in (1.6). Therefore the latter
decompositions are not multiscale decompositions in our sense and will
be banished from this paper.

Other examples, similar to (1.13) but “better”, can be found in
Gallavotti (1984).

2. Perturbations of Gaussian fields and renormalization

Field theory deals with the problem of studying probability measures of
the form

r N N
z= {exp > A};:’;f;f’(,,o'““"} [T Py, (2.1)
a=1 j=0
where ¢, @'", .. . are the components of a multiscale decomposition

of the field ¢ with covariance (1.2). A\’ are “*bare coupling constants™,
'™ denotes the “field with ultraviolet cut-off N** defined by

N
oM =2 o, (2.2)
i=1
and 1y, ..., I are a basis in a linear space ., which we shall call the

“space of the interactions™; Z is a normalization factor.

ff;:‘(‘p"‘”")=fl v et M e, . ) dx, (2.3)

the interactions are called “local’; relativistic field theory deals only
with such interactions.
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In order that (2.3) makes sense, one has to assume that the multiscale
decomposition is of class C'" with n so large that the integrand in (2.3)

makes sense at least with probability 1, with respect to the ¢ ~"'-
distribution.
To avoid having too much freedom in changing
! N
V=2 AL e™™) (2.4)
a=1
as N varies, | shall introduce the restriction
fP(dqo‘““)!r’.’,((p""*'”)z"ef.‘:u.-[(fi.‘i’.):11‘“(@“"“). (2.5)

where &,(-)[ P(de'")-.

Mathematical language calls (2.5) a “‘martingale condition™, i.e., the
I\ form a martingale of random variables. In physics literature (2.5)
is identified with the notion of “Wick ordering™.

The specification of the spaces of the interactions .9, on cach scale
k=0,1,..., with the Wick ordering condition (2.5), defines a “model™
and the problem of its analysis is that of finding if there are sequences
Al such that (2.1) admits a limit as N— .

For instance, the ¢;-model has t =4 and

") = J’l PN

=

f!é‘w"""”"}:fi (e,) da,

If\?J(‘Pi-..I.\.'])z','\ :plns\'ll:dx‘ !I[I\;IH((P#‘-.’\"P):J" ld,\f, (26)

where the colons denote the Wick ordering

X" =V2E0) H (x 2¢(x%)), n=0, (2.7)

for any random variable x, if € is the expectation over its distribution,
and H is the nth Hermite polynomial [using as generating functions the
exp(— ja’ +ax)=X’  (a"/n')H (x)].

An effective approach to the theory of the limit of (2.1) is through the
notion of “effective potential™ on scale y *. It is defined simply by
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exp V¥ (59) =J exp V(e ") P(de™ ).+ P(de™)
=%, |%7Fk+: e Ey(exp V). (2.8)

One then requires that V*'(¢'™*') converges to a limit as N— =, at
fixed k, at least with probability 1. Actually onc wishes to have stronger
results, namely

V‘“ZEJW(X,,....xr,,.yt...,,yu.n] ..... Pl My s w5 m,)
» ]_[ ((P.fl;f-.k})u, ]_[ (H(pijs-ikl)mrl“l_[ (HZ‘P:'-.J.-})M e
! i 1
xdx,-edy, odz e (2.9)

with kernels W having strong decay properties as |x, — x|, |x,—
¥il....—> on the scale y * and with the field monomial in (2.9)
involving only a fixed number of derivatives.

It is clear that starting from (2.8) and expanding the exponential in
powers of V and then each of the resulting expressions in powers of A,
one can find a formal power series expression of V*" in powers of A,,.

The “*renormalization” theory problem is to find ¢ formal power series

Ay=A+ D Im:N)A", mezZ' . (2.10)

|#m|=2

in f parameters A= (A", ... A"") so that V*(o™*)) admits a formal
expansion in powers of A with coefficients admitting a limit as N — =,
with probability 1 with respect to the distribution of ¢, ¢.g. if ¢!
satisfies (1.8) (see also (1.9)).

The first problem is to fix an algorithm by which the coefficients of the
series (2.10), called the “counterterms™, can be constructed if their
existence is assumed from the beginning. It is, however, clear that the
solution of the problem cannot be unique. In fact, given one formal
power series (2.10) with the good property, i.e. such that the power
series for V%' have coefficients converging to limits as N — =, “*(pertur-
bative) ultraviolet stability”, then one can construct other formal power
series by setting A = A’ + g(A") with g(A’) being a formal power series
starting with second-order terms. Substituting in (2.10) A’ + g(A") for A
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and reorganizing the result as a power series in A’ one finds a new series
like (2.10), in A", with coefficients ['(m; N) # I(m; N), which also leads
to an ultraviolet stable perturbation theory.

In the following I shall make use of this ambiguity in the definition of
the coefficient of (2.10) in order to simplify the expressions of the
effective potentials and their analysis. This will be done by using special
rules for defining /(m: N) which provide a rather substantial limitation
of the ambiguities (although they still leave some arbitrariness).

3. Formal perturbation expansion and its graphical interpretation
Consider the series (2.10) and define its jth-order part

= 1m; NA™ . a=1,...,1; (3.1)
m| -y

this polynomial will be called the *‘jth-order counterterm’ of type a.
The jth-order interaction will be defined as

i

Vi=2 w13 ™). (3.2)

=1
With the above notations the interaction with cut-off N becomes
V=V +V,+V,+---, (3.3)
The effective potential can be calculated by using the notion of

“truncated expectation™. If x,.. .., x are p arbitrary random vari-
ables, once sets

"

@
ET(x), oo Xy) = 5 log Elexpoyx, +--- + @,5,)|

- fehdat ]
(3.4)

i dw, * - dw,

where € denotes the integration with respect to the distribution of the
random variables and the ““truncated expectation’, € . is defined by the

form (3.4). multilincar and symmetric in x,, ..., X
Since
ptimes
i e ,::jﬂ

,-..
‘ad
in

o

€k, . .. )= P log &(exp wx)

iew [ =
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it 1s formally clear that

) , % AV s V)
expVy | = “f.-v(e‘ )= j CVP(d‘Pm ") = exp 2 L p! .
4 !
¥ (3.6)
A convenient graphical representation of (3.5) is
yN- 4 1 /
N-1 N 21 N1 N\
1 N
31 N1 N\ x 41N N& (3.7)

y N—2
The calculation of V'
manner, and one finds

can be performed again in the same

[N-2) -
v N-2 N-1 N

N V()
_2,‘ n(d) (3.8)

where the sum runs over all trees 9, i.e. partially ordered sets “with no
loops™, which have one smallest vertex r, called the “root”. out of which
emerges only one branch: the clements of the tree should be such that if
one climbs the tree from the root r to one of the top vertices one meets
exactly as many points as necessary to label them from N —2 to N + 1;
the root receives label N — 2 and the top vertices receive label N + 1,
not marked in the above figures. The number n(9) is a suitable
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combinatorial factor. (3.8) follows by expressing V™ ~*) in terms of
V™1 via a formula similar to (3.6) and then expressing V¥ " via
(3.7) and using the multilinearity and symmetry of the truncated
expectations.

It is then easy to prove the induction that

V(ka :Z V({})

n(9) (32

it

where # are the trees which have one smallest vertex r, the “root”, out
of which emerges only one branch and with as many elements as needed
to be able to label r by k and all the other elements of 1 by integers so
that along any totally ordered path going from r to a top vertex one
meets exactly N — k vertices with labels increasing from k + 1to N + 1.
Before explaining how to constuct V(&) and n(J), it is convenient to
observe that any tree 9 of the above type can be considered as a pair of a
tree & which has inner vertices, if any, which are all “nontrivial”, i.e.
where @ actually bifurcates, and aset h = {h} . ; of labels appended to
each vertex of 9 so that k= k, i.e. the root has index &, and each top
vertex v has label h, = N + 1, and, furthermore, if v’ <wvthen h,  <h, .
Out of the pair (¥, k) one reconstructs the above more complicated
trees ¢ simply by inserting between any pair of nearest-neighbor
vertices v’ < v of & exactly h, — h, — 1 new “trivial” vertices, i.e. inner
vertices where no bifurcation occurs.
Then (3.9) can be rewritten

v‘*’=2}2%, (3.10)

and now  is an arbitrary tree whose vertices v can be labeled by
integers h, so that h, =k, h, =N+ 1 if v is an endpoint, h,.<h if
v' < v; from now on by tree we mean a partially ordered set with no
loops, one minimal element r (root), a finite number »(9) of endpoint
and with inner vertices v such that at each of them a nontrivial
bifurcation takes place; furthermore, at the root no bifurcation takes
place (the trees should have a “trunk™).

The number n(#) is defined as follows: If % has no inner vertices,
J= = 3 then n(49) = 1. Otherwise 4 bifurcates at the first inner
vertex v into s trees ., . . ., ¥,. Regarding a tree as a partially ordered
set, in general not all the ¢ s will be distinet. We call &, . . ., J, the p
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distinct tree species in (&, . . ., d,) and call g,, g,. . . ., g, their multi-
plicities in 9, ..., d,; of course s = g, + -+ g,. Then we set
P B
n(9)=1] (qr! [ n(ﬂ,.)‘f-) . (3.11)

i=1 '

which allows us to define n(+3) inductively.
It remains to explain the meaning of V(43, k). Again its definition is

inductive: If & = TR then

(S, k)= %, €,(V)=2 AQIO (@), (3.12)
o=1

where the Wick ordering property has been used. Otherwise, ¥ has a
first inner vertex v, where ¢ bifurcates into 9, . . ., 9, which inherit
from 9 the frequency labels. Then one puts

VO, h)y=¢,. - &, &, V(3. h),....V(9,h)), (3.13)

if hyoooo, h_ are the frequency labels inherited from h. (3.13) and
(3.12) provide an inductive definition of V(#, k).
One can also say that (4, h) represents the following operations:
(1) each inner vertex v bearing a label £, represents ‘6’;]1
(2) each branch joining two vertices v', v with v’ < v represents

gh,.*l"'%’ji tEg’
(3) each endpoint of 1 represents V(o' ™).

[t is convenient to stress some combinatorial aspects and to make a
precise tree drawing convention. The trees @ above are topological
objects so that

T,

= /’/
/’& 5 2

A

and we imagince to have selected. once and for all, one representative for
each species, which will be the one that we draw and which should
always be the same graph.
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The labels & are imagined to be laid on the representative graph of
each species; one should realize that in this way the graphs

P q
and

q PN

will not be equal if the decorations are taken into account (although, of
course, they give the same contribution to the effective potential).

It is also important to realize that there are “‘few” trees with n
endpoints (i.c. few partial-order relations with one minimal element
and n maximal ones); e.g., their number can be bounded by n-2"
(because the total number of branches is the total number of inner
vertices plus the number of endpoints and. hence, it is bounded by twice
the number of endpoints; then one observes that one can associate with
each tree a one-dimensional walk on a mesh-one lattice with twice as
many steps as there are branches in the tree).

The above formula (3.10) provides us with an expansion of V% ina
power series of the bare couplings: the trees with n endpoints contribute
precisely a polynomial of order n, in A, to V'*). If one wishes to
express V'*! in a power series of the renormalized couplings A see
(2.10), one has to think of each V as a sum like (3.3). Then, by the
multilinearity of the truncated expectation it is clear that the expansion
of V' in powers of A can be described in terms of trees with extra labels
Jj attached to each endpoint, as in the example
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The meaning to be attached to such more decorated trees (&, j, k) is
easily understood if one thinks of computing V(49, j, ) by the same
sequence of truncated expectations that would be used to evaluate
V(#), but with the V corresponding to the ith endpoint replaced with
Z, o 1, I (@), die. by the jith order of V. So the expansion of
V* in terms of the powers of the renormalized becomes

WS sy V(B4 k)
Vv %‘%E,,:—-n(ﬂ} . (3.14)

A formal proof of (3.10) is very easy by induction based on the
multilinearity of the truncated expectation and on (3.13). (3.14) is an
easy corollary of (3.10) and, again, of the multilinearity of &',

4. Recursive definition of the counterterms

The counterterms can and will be defined, whenever ambiguities may
arise, in such a way that the renormalized V'*) admits a simple
representation in terms of trees.

The key objects are what we shall call *localization operators on scale
k"', which we denote by 7, and the ““dressed trees™, which are trees
carrying an index R over every inner vertex to recall that, instead of
é ,',“, the inner vertex v with frequency index A, represents (1 — I, )€ I
where the “localization operator™ £, is an operator mapping functions
of ¢~ into “interactions™, i.e. is an operator with range in .%,.

A second key object will be the “form factors™, which are sequences
A(h)=(A'"V(h), ... A" (h)) of formal power series in the renormalized
constants A; they will be introduced below.

To see how one can set up the search and the definition of the
counterterms, one can start by looking at the second-order effective
potential; it receives contributions only from the trees

and

given, respectively [see (3.10)—(3.13), (3.1), (3.2)]. by
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s

Z f—l-“:d.]:‘.ui aﬂd

1 2 o
i (zh )‘.l'ul],\(:1:)%‘;[k‘h"tg;lr{)(:;n]‘ !Lu:}) ) (4-1)

Now we discard the “‘trivial case™ in which the second of (4.1)
summed over h between k+ 1 and N is “ultraviolet stable™, i.c.
converges to a limit as N— o for all smooth ¢‘=*'.

The only way the theory can be “‘renormalizable™ is that the above
mentioned divergence arises because the sum over & of the second term
in (4.1) has a too large component on .¢,. Therefore we fix a special
value of k, called k,,, and define u 5"’ to be exactly as large as necessary
to compensate the orthogonal projection , of

N

I e al :
E 2‘ A{u,.'l)l{ugj 2 cé-tk“"”(f’{hm}, ILU_-]] (42)

LR = h=ky

on the space 4, [with respect to the scalar product in L,(P(de™*"))].
If

1

i (F)= 2 SENFIE | (4.3)

o=

where SL‘:‘ are suitable linear functionals. this means that

a 1 I\; oy a; @) g o o a3
,uf\. '=—3 Z 2 AIAS JSL.,’(g(m.,h:\énr“L W 15; 7)) (4.4)

2 h=ky Ly
and ultraviolet stability of the second-order part of V' follows if it is
indeed true that the divergent part of (4.2) is its projection on %, .
Assuming the latter property, it does not yet follow that the

second-order part of V', k>k,, is also finite. To discuss this
question one introduces the operators #, with range in %, defined as

L F=2 85NE 4 P (4.5)

=1

and %, = m, . Then, if

) ] o (L5 J\I = L o £
(=)= o SN T B HEH Y (4.6)

St AR h=k+1



Structure of renormalization theory 481

converges to a limit as N—x, we see that V', k=k,, will be
ultraviolet stable to second order because the other second-order part of
A

I3

> w1+ %,

=1

] S 4 5] = o o
2 z 2 )‘t J’Af -l%lk.h}gl—(li ]" I:r‘l))

2 [ P S d

t n
I3 I o l ¥ 1) oo T a @
=2 I ’{pf\,wa;”](— 2 2 Nengvew SN ',1;-1))}

a=1 2 Qo >k

[ 1 . o 58 R o o (i8] .
=3 £ {80 (3 2 X anatvw miei, )],
a=1 oy, fr =gy
(4.7)

where in the last relation we have used (4.4): so eq. (4.7) is N-
independent and therefore ultraviolet stable.

The ultraviolet stability on scales k < k,, follows from that on scale k,
provided we assume that the second-order part of the effective potential
V®*) is uniform in Mgy L,(P(de'™)), as will be the case in our
applications; in fact, one can compute V*' for k < &, directly from v
without any reference to N.

Of course the scale & is rather arbitrary. It seems better to avoid
choosing one special value for k; by the following formal trick: we shall
think that

g =l ThiplPes weppl® (4.8)

x *

where ¢ " is an auxiliary field, is independently distributed from the

. =1
others and has covariance C'";

d X
(;:; LY T?(] + 7' cos %T 2:1 (2= ‘v‘)) \ (4.9)
where i, 7" > () are two parameters which will be eventually put equal to
zero, so that ¢' '"'=0.

Then we shall choose k; = —1 so that the “subtraction scale k" is
k, = —1; no physically meaningful scale is preferred in this way and one
obtains a more symmetric theory.

Repeating the above discussion in the case k, = —1 we assume:

(1) If ¥, is defined via (4.5) with k,=—1, then
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N
(T2 D, BTl i
h-k
=2, Bl =%)E W, 1 (4.10)
hok

(where the basic identity 7, &, ,,=¢ .7, is used) converges to a
limit as N — o and can be bounded uniformly (in N) by D||¢™*||2..,. if

|(_‘m :qu y k(d—2)}2 z y _jk|ajtp_[l-=“ (4.1])

j=n

="

for some D, 8 =0, if n is the order of the regularization used. (4.11)
implies that (4.10) is inN, ., L, (P(de'™"")).

(2) If 8{“'55‘_“[’ are the linear functionals associated with the
orthogonal projection 7, on .J_,

o I o J\; o ; a 1
pe =3 3 167 (3 €, Tu 1) (4.12)

It is possible to introduce a natural notation for the second-order
contribution to V*:

.-'/ :
=

| N 4
k ;T Y. 7 h\/\
h=k
I

P

|

2.

/ ral % i "
_ ¥ [T B R~
2 r\ 4 Z SHME——.

! :

S

k b=

] :
\ / ok \\\\

-

|

where in this graphical identity the R over the vertex with label means

that in evaluating the expectations symbolized by the tree, one replaces
&, by (1— #,)€ ] and the first term represents

1
Y

+

>
b |

s )
L . . .
i k o~
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At this point one can make the following inductive ansatz: If
V=V, +---+V,, then the effective potential on scale & is represented
by trees “partially dressed to order p™ defined as follows.

If n, is the number of endpoints of a tree that can be reached by
climbing it, starting from v, we consider all vertices v with n, < p (if
p = 1 only the endpoints qualify for consideration). Then on cach such v
we put cither a label R (for “renormalized™) or we enclose in a frame
the part of the tree between the predecessor v’ of v and the endpoints
rcachable from v. Then we append frequency labels only on the vertices
of the partially dressed tree O which are outside the frames, obtaining a
“partially dressed tree ¢ with frequency labels ™. The tree 7 obtained
by deleting all the frames and their contents will be called a “trimmed
tree”; 71 is partially dressed because some labels R may be present
above some of its vertices, Then the ansatz is, if n(9)= n(r9);

The counterterms can be defined so that the effective potential V'
corresponding to V, +---+ V is given by

_ V(9, h)
(k) _ Y, 4.13
vo- 22 ey )
dressed to
order p

where the vertices of & which are outside all frames and bear frequency
index A have the meaning
(1— %,)€, if they have a superscript R, or
&, if they do not have a superscript R, (4.14)

while the end lines entering an external frame, after leaving a vertex
with frequency index A, have the meaning

Y, D L keI (4.15)

I 1 my, « M

where L' (m, k, o) are some, possibly N-dependent, coefficients which
depend on the tree o enclosed in the frame; note that o will have all its
vertices dressed except the first inner vertex (which was dressed by the
deleted enclosing frame).

It is easy to check by induction that the above ansatz, clearly valid for
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p =1, works also for p+1 if the (p + 1)th-order counterterms are
defined as below. Let & be a tree dressed to order p but with p + 1
endpoints. Let h be frequency labels for & with A, = —1. We define the

counterterms ——————— as
—1 ptl

N
-

+ 2 2
il Hy=
dressed to

order p

and with
£+ 1 vertices

%:;{1 % —0. (4.16)

5| i
W {

where v, 1s the first inner vertex of 6 (necessarily undressed) and
h=(h,,h'), with h' being the frequencies of the other vertices of 6.

Then it follows easily that the inductive assumption holds forp + 1if a
tree like

i
"

with o dressed to order p and with p + 1 endpoints is defined so that
(4.13) becomes

i TS 8“'(V(o b))
- —_— I, 4.17
hy=0 h' a1 "(‘7) ¥ ( )
which defines L'“'(m, k, o) inductively.

If we suppose that the coefficients L‘“'(m, k, o) are uniformly
bounded in N (trivial for p=1), and that the contributions to the
effective potential due to the trees of order p + 1 but dressed only to
order p are ultraviolet stable after the application of the operator
(1 —%,) (“renormalizability assumption™), in the sense that for all N

2 (1= % )WV(@, b)| <D, ll¢" || &) (4.18)

for some D, , 8, >0, see (4.11), then we see that (4.17) is uniformly

tr? S

bounded in N.
Therefore, after defining V, for all p it follows that

yo= 3 % V,E?a;‘_) (4.19)

dressed
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By our renormalizability assumption, V*' will be finite to all orders in
the perturbation theory in the renormalized couplings, uniformly in N,
and its nth order will admit a bound like (4.9) for some D, 8 >0 as a
function of ¢'**’ [which implies that it is in N, ., L (P(de"*")].

5. Form factors and resummations

A dressed tree will in general be rather complicated to evaluate.
However, it should be stressed that the real problem is to evaluate only
trimmed dressed trees: if two dressed trees J,, ¥, have the same
trimmed part 79, = 78, = 9, then (3,, k,), (9, h ;) provide the same
contributions to {hc effective potential up to multlpllcatwe factors which
depend on h and on the tree shapes which are enclosed in the external
frames.

It is therefore natural to collect together all the dressed trees with the
same trimmed part; thus one obtains the following representation for
the effective potential (recall that n(8')= n(rd")):

s o« V(&L h)
tk]: e oy 5.1
v 32 2 SH) e
trimmed tree

It is therefore convenient to define the “form factors™ A(k)=
(A“)(k)),_,» k=-1,0,..., so that A(=1)=A and, if m=

(ml‘ R m,)» Am = )‘(Ijml . A(IJm,:
E tu}(k)l{uj 2‘ )‘{G?i{(\‘] 4 Z = U\
a=1 a=]| : ot
nuntnvldl
= L“m; k)A™I® (5.2)

«.m

where o are all the possible trees with the first inner vertex not dressed
(but cxisting; thc first term on the r.h.s. corresponds to the case of
e . of a tree without inner vertices). If we now introduce
trees 9 w1th0ut any frame but with endpoints bearing “heavy dots™ or
“fruits” and everywhere else dressed by R's, it is clear that (5.1) can be
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rewritten in terms of these new “‘renormalized trees' as

o R+
TCC IR B i /1)) (5.3)

T n(d)

renormalized

where the rule of evaluation of V' *(#9, k) is the same as that of V(3. h),
i.e. of the case of a tree without heavy dots at the endpoints, but the
interpretation of the end lines

- 5
h
will be
' L
> AN instead of > A (5.4)
w=1 a=l

This means that the calculation of V"' as a power series in the
renormalized coupling constants is basically the same as its calculation
as a power series in the bare constants once the coefficients of the formal
power series for the form factors are known. Their calculation, by (4.1),
is in turn reducible to that of the bare expansion of V*' It is
remarkable that (5.2) immediately implies that A(k) satisfies an interest-
ing equation. It is deduced immediately on a graphical basis starting

from
o ——— = P
/ Y 7 /R -\_ )
—e = - + I | —t |+ — |+ A}
k k koo A £ g Ji ik /
A b N, s A
e, o — S i

which just expresses (5.2). and which can manifestly be rewritten as

— — e
N R
. \ /
k k P k A / ;
N N % K /

Fd

where @ ., with o - being a nontrivial tree o dressed com-

pletely except on the first nontrivial vertex and without any frames and
with heavy dots on the endponts, is defined simply as the similar term
in (5.2) interpreting during its calculation the end lines : ® as
L _ AL rather than X!, A1\, :

D=1
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[t is easy to write explicitly the above equation for A(k). For each tree
o with no frames and p (non-heavy) endpoints, we define the coeffi-
cients (see (4.16)) B, so that

3" (V(o; h
2 1\{“”'")l{(tp)B::Ju)(h;ﬂ'l,..-‘ﬂp;o):__(L")_)-

ey, .., ¥, n(a-)
(5.5)
Then one defines, given p>1, k= 0:
B Rl s B v g a,)
= > > | a0) 5
with p :ntlpnintk I h:_":’_ J h;l f_;
=ty hy =h, (5.6)

where v, is the vertex to which the ith endpoint is directly attached by a
tree branch, and A, 1s the label to the first nontrivial vertex of o.
The equation for A(k) in the limit N— = is then (simply see (4.1))

g &
Wil =19+Z 3 X 2 Bk ks a)

=2y =0y hy=hy o
P

X 1_[| )t{""(hj). (5.7)
=

It is important to remark that the coefficients B (k; h; @) become
N-independent if N > p; in fact, we sec¢ from (5.6) that the sum over h
runs over a finite set and the B, are N-independent as long as all the
trees o can be labeled by labels h increasing along the tree branches but
all = N (i.e. as long as o does not contain a chain from the root to the
endpoints with more than N vertices; this cannot, in fact, happen if the
number of endpoints is =N).
Eq. (5.7) is very interesting because if one writes it as

A=A+, (3.8)
where A= (A(k)); ;. A,=(A)]_, and if one defines

‘\An el AA‘“ + %":H ) (5.9)


















