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ABSTRACT

The theory of Kolmogorov-Arnold-Moser (KAM) is discussed in
detail from the point of view of the "renormalization group ap-
proach'". Similarly we discuss some aspects of the problem of the
existence of universal structures in the chaotic transition. The
quasi-periodic Schroedinger equation in one dimension is discussed
as a special case.

§1. Perturbations of integrable systems

A classical hamiltonian system is gaid to be integrable on a
region W of phase space {if:

i) the region W c.zmgbe mapped via .i canonical map € onto ‘ﬁ!
region of the form V x T" where Ve R is an open set and T7
is the f-dimensional torus.

i1) if the map € 1is such that
(E:_‘l) = &’(&)E) (1.1)

then the hamiltonian H, thought as a function h of the (A,¢)
variables, becomes a funectien of the A's alone

HOE (A.$)) = h(a) {195
A hamiltonian system with hamiltonian H ceonsidered on a
phase space region W will be denoted (H,W); in what Follows I

shall only consider hamiltonian systems and canonical maps of
class C™ or analytic,
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The notion of canonical map used here will be that usually
called "action preserving completely canonical maps" [1] (83.12
and p. 240 ): namely a map ¢', (of class C* at least with inverse
of the same regularity)s between W and W' is such a map if
and only if there is a C “-function © defined on the graph G(€&)

G(e) = {pya,p'sq' | (psq) = T(p's9")s (psgsp'sq") E W X W

such that (12

p o= dg =p" v dg" +dd on G(<) (1.3

If ¥ is canonical in the above sense and if X is a closed
curve in W' then

A(X) = ¢ p *dg = ¢ p! 2.dg? (1.4)
T(h) A

More generally if (H,W), (H',W') are two CDo hamiltonian systems
one defines the notion of relative integrability: H' is H-inte-
grable on W 4if there exists a canonical map £ :W+*W' and a
¢"~function F such that

B (E(,q)) = FHED s Ay(@a@seerh (222)) (1.5

where ,A i1s a maximal set of prime Integrals in invelu-
tion w1tﬁ each Sother and F is also supposed to be invertible
with respect te its first argument.

The preceding notion of integrability is a particular case of
the general relative integrability, just introduced, and it will
be referred to as "integrability by quadratures"; in terms of the
relative integrability it can be described as follows: a system
(H,W) is integrable by quadratures if (H,W) is integrable with
respect to a "free rotators' system". In fact, if (1.2) holds,
then in the (A,9) variables the system moves as

A=0
(1.7)

=B W= ww

i.e. each angle rotates uniformly,

In this connection it is useful to recall a theorem "of
Arnold-Liouville' which, under some technical assumptions of
invertibility of certain changes of coordinates, states that a
necessary and sufficient condition of integrability by quadratures
of (H,W) is the existence of £ dindependent (in the sense of the
rank of the Jacobian matrix) prime integrals in
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involution T3 = H, I,,..,Ip defined on W and such that the
surfaces I, =4i.,...,Ip = 1y are compact and their union is W
itself, (& “being the number of degrees of freedom), [2] (see

p 269), (see also appendix A).

Sinece the Greek times it was firmly believed that the most
general motion of a system would be described by equations (1.7)
("motion by epicycles") and only recently it has been realized by
the physicists that this is not the case (starting late in the
1800's with Boltzmann and Poincaré).

The surprise has been particularly strong in the case of the
theory of systems of the form

H (A,4) = h(A) + € £(A,0) (1.8)
with (A,9) & V % T’2 , V being a sphere (say). This is a system
that one would naively believe to move as the imperturbed rota-
tors. In this case one would have expected the existence of an

analytic family of canonical maps tfg, defined on We = Vo X T,
VEC: V, and of functions hE on VEc: V  such that

51 TﬁE:WE i TTE—(identity) o 0

hF:VF + R % hE = H—0
-7 £+0

with & _ ,h_ analytic in €,A,4 .
2) Vol UEfvol v E33 1 (1.9)
] T Ll i T
3) H (L (A%2")) = h (A")  on W,

4) max  d(A',3V) —r O
AEBVE = e+0

the last property means that V and V_ differ only because of
boundary effects (a difference to be obviously expected).

However, there are easy counter examples:

a) Let h(A) = A,  and consider

1
)
Al + £ E(AZ""’AQ’*Z""’¢i) ¢1:,.10)
o
In this case it is obvious that on a time scale ¢ the evolution
of the A ,...d .. variables is entirely determined by the per-
turbation of so, if one takes £ to be such that the motion

governed by the hamiltonian f are not quasi-periodic, the
perturbed system is not integrable.
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This case is a very pathological one and is called a "fully
resonant case' because all the motions of the unperturbed system
are periodic. More generally the latter situation is realized
every, time the unperturbed hamiltonian has the form ©+A with
we R having components with rational ratios. Then a situation
like the one in the above example arises provided the £ depends
only on suitable linear combinations of the coordinates

Exercises: 1) show that if Wy /wy is  rational then by a
linear canonical change of coo¥dinates one can change
we A dInto QAE_ for some 0O ., )
%) extend the above problem to the tase where there
exists ¥ ¢ Z%, r # 0 , such that w-r =0 but u,r, +
w, £, £ 0 Ffor all (r Y e, & 1
5 Fy A SRR

3) extend the counter-example in (1.10) to the
case when the unperturbed svstemis the linear system in
problem 2).

b) Another type of counter-example to (1.9) is obtained hy
considering

WA+ WA+ E(A) + £(0),8,)) |A1 |,|,\2| g7

(1.11)

This system is not integrable in the sense (1.9) even when W
is such that for some ¢, o > 0 n

I i [N
Jogey +upry |7 <6t [+le, DY vre 220
. o (1.12)
gl.e. w is (C,%)-non-resonant™), provided the Fourier transform

= of £ never vanishes for r#0. This is seen by solving

12
explicitly the (trivial) equations of motion and checking that not
all the motions are quasi-periodic, at least For the set of values
of &, of full measure, for which w/l+t is rational {exercise).

c) A classic counter-example due to Poincaré [3] is the
system

T T . i
HE(_;E) =3 (AI+A2) + £ t(Al,Az,m ,¢2) |Aj! < 1 (1,13)

1

with £ (ALa) 40, Y 40 (£_(4) denotes the
AT 0

s transform of £(4,4) ¢ Cw(vXT&), for re ZR).

it

Fourier
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If one had integrability in the sense (1.9) one could find
ifE and call ¢_. a generating function for it so that if (A,d) =
£o,8") it is

ad
= 1 £ L
A=A+ 5% A’
F}t}.\c
b e
o = ¢+ g (A1)
and ¢y would be defined for £ small and |A,| < 1/2 , say, and

&=+ 24" 4 ... . Therefore substituting into the Hamilton-
Jacobi equation' H (tf’g(é',ﬁ')) E hE(é') , see (1.9), and
developing both sides in powers of £ Tone would obtain

TAT he@ e B (A,0) + £(AL0) ¥ 0(eP) = F A7 + en' @A)
+ 0(%)
1aes ey
R LU R TTUR RS a.15)

which, by integrating both sides with respect to ¢ , implies

U = — [ A, 0d6 = £ (AT (1.16)

(2my™" T

where f (A") denotes the Fourier transform of f , for r e 7"
Then by-taking the Fourier transform of both sides one finds

LA £ D (A" =- £ (A" r#0 (1.17)

e i

which is5 impossible because £ (4') never vanishes while near
every A4 there exist values =of A' such that A'+1r =0 for
some E_# 0!

The above counter-examples' ideas can be combined in various
ways to provide other strange examples. However, they basically
exhaust the set aof all the posslble pathologies.

The following theorem illustrates the above statement [4,5].

Theorem: If the unperturbed system h asscciated with He(&,i) =
h(A) + £ E(A,9) verifies suitable "non—resogance conditions" one
can define EE » h. of class ™ on VX T or V, respectively,
and € > 0 , so that
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1) €_-(identity) = 0(e) , h - h =0()

2) there exists U€¢: ¥ where®
s

HCE (A8 € n(a) Vea',4")y e V. x T
(1.18)
3) wol \.’rfvcrl Y=
. =
|F}h'—“ _i ) .
4y v I g @ ezl < g le[T, Vrezhrd )

There is a variety non-resonance condition under which the
above theorem helds, One condition ("an isechrony" aor "twist"
condition)

3%h

det m (i) £0 on V {1.19)

and it is certainly the simplest. Another condition, wvalid when

h{(A) =w+*A, weR , is the existence of C, @ > 0 such that
|—:l &
lw = r|” < €lx] Vr#o (1.20)
and e
AET:
det (i\} #0 on V (1.21)
274

where 1 1is the average of [ over the g-variables.

But there are other conditions which one can impose: the cases
studied so far all have the common feature of putting conditions
allowing manipulations turning the problem intc a problem in which
(1.19) is verified. The most brilliant example is provided by the
deep results on the three-body problem in [6]. ’

The problem solved by the KAM theorem has a lot of connections
with other problems, some of which are of a non-mechanical nature.[7]

®Tf i,g are two C™-functions and § is a closed set one says that
f_E gon S, or £ = g on § in the C™sense, if all their deriva—
tives coincide on S.
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§2 Integrability, Wick Ordering and Quasi-periodic Schroedinger

Here we provide an example of a problem (and a related appli-
cation) which arises in the context of the theory of the systems
integrable by quadratures but which is of a somewhat different
nature compared to the problem studied by the KaM theorem.

In this problem the comnection with the theory of renormali-
zation appears in a different light compared to the one related
to the KAM theorem and in these notes I would like to discuss both

in some detail.

A problem related to the one of finding non-resonance condi-
tions which make the conclusions of the theorem of &1 wvalid is

that of finding sufficient conditions insuring that H_ 1is
Z # B
integrable by quadratures, see (1.8).

Typically, given [, one looks for an operator associating
with f a new perturbation 6{ f such that

H_(&,0) = h(A) + & £(A,0) + 6, F(ALD) (2.1)

ig integrable with respect to h itself on a large subset W_ of
the phase space (large in the sense of (1'9)ﬁ)' One has to

think of the perturbations integrable in the above sense with re-
spect to the unperturbed system as forming a "manifold" M, din

the space of the hamiltonfans. Then the operation of replacing the
original hamiltonian by

H + & f 4dis a sort
) £ £
[ = 7 of "projection" of f

on M.L ¥

Manifold M]

of h-integrability

Fig. 2
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In the applieations the 'bounterterm" J-f is not arbitrary (ob-
viously one could always take 6.f = —€f !) but its form is
restricted by the application itself, e.g. &.f(4,2) can be re-
stricted to be ¢-independent (in this case the operation of
replacing HF by Ht 5Sf is called "Wick ordering™),

The hest example where the above problem arises is in an ap-
parently unrelated problem, i.e. in the theory of the Schroedinger
equation in a quasi-periodic potential. Consider the equation

-q + r_V(Etjq = Eq tER (2.2)

where § + V(¢) 2 0 is analytic on T and we R verifies
(1,20) ("Diophantine condition”), and FE > 0 1is a parameter.

This is the Schroedinger equation with quasi-periodic potential
V(ﬂt) on the line. The abscissa on the line, which is usually
called = , is c¢alled here ¢t i

1+|:|0‘ne :int;.[‘rprel.‘s the above system as a mechanical system on
R s (RXT7) with the hamiltonian

H(paByasg) =B+ (B -ev(e) T+ 8w (2.3)

L+f L
where (p,B.q,4) € R x (R*T7) are canonical variables.

Any solution of (2.2) deseribes a motion of (2.3) with $(0)
and vice versa.

I
(==

For the coming digeussion it is useful to change variables
replacing (p,q) with the action angle variables of the harmonic

oseillator p?+0q%/2 , which we eall (A,0): B" = B, @' = ¢ and
_ 1 1 ] 3 /’_-;
A== — (p4Ea") p = V2AVE cos 8
VE
(2.4)
i / =y
0= arccotg --_'-.q'v"-i: g = .—g-pi‘_ig gin 0
Vp "+Eq 7 VE
.

(i.e. H&AHE.G) are the pular coordinates of the point {(p, Eq)).
Then (2.3) hecomes

VE A+ B - = A V(#) sin? 8 (2.5)

vE

and since the map (2.4) is canonical the solutions of (2.5) with
#(0) =0 and the solutions of the quasi-periodic Schroedinger
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equation (2.2) are in one-to-one correspondence (easily explicitly
written by using (2.4)).

We now consider the problem of finding the values of E for
which the Eq. (2.2) admits a quasi-periodic, hence bounded, solu-
tion. It is the problem of finding values of E for which the
quasi-periodic Schroedinger equation admits "Block waves'". This
problem is closely related to that of finding the continuous
spectrum of the Schroedinger operator with potential G(Et).

One can clearly find a subset of such values of E by
imposing that (2.5) is integrable by quadratures. A way to impose
integrability of (2.5) is the following., Let A be a fixed real
aumber and let ¥E = Ma, n = &/()+a) and rewrite (2.5) as

M +we B - nAV(P) sin®D + ad (2.6)
Then we can try to impose integrability by fixing conveniently a
as a funetion of 1, A, if this ls possible. So in the above
context we are led to the problem of determining whether a counter-
term of the form &n = Aa turns the system J}A + w*B - NAV(6) sin?6

into an integrable system on, say, the whole phase space

RQ’H’ X 'l‘iH"1 , for 1 small at least.

If * is chosen so that for some o >0, ¢ >0

| Ay +_g°_£1-1 < C(1u|+1zj}ﬂ (2.7)
VLe) ¢ Z£+1. (u,r) # 0, then it turns out, as we shall show, that
the —above choice of a is possible for n small and a(n,?) is
analytie in n for 1n =mall so that

a(n,d) = a()n + ROIn? +... s all) 40 (2.8

This means that the original Schroedinger equation has the value
E=(+a)’ (2.9)

for which there exist Bloch waves, provided g verifies

a_ =att— ) (2.10)

E Ata
£

which alwavs has a solution for small & (because (X)) # 0 @
actually o(X) = {average value of V() cos?B} # 0, from V > 0).

The above-mentioned result Is a consequence of the following
theorem of which we shall present a proof in these notes [8,9].
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Theorem:  Suppose that _LQERQ' verifies a diophantine condition,
(1.29), and let f be an R -valued analytic function
on T" ., Then if € is small enough there is an analy-
tic function ¢ - EEE) such that the hamiltonian sys-
tem described on R¥ x 1@ by

H (A, 0) = w-d + cA-£(3) + Ara(e) (2.11)

is integrable by quadratures on the whole phase space.

Actually, the above theorem is a slight generalization of [8,9]
and is proved in a semewhat different spirit, along the lines of

[10]; the only other known result about counterterms is [10], the
following

Theorem: Consider EEERE verifying a diophantine condition, (1.20)

and let £ be analytic on V. X T% with
Ve = {AlA & R [Ay]<r} € RY .7 Consider

H (4,¢) = A-w + € £(A,0) (2.1)

then there is at most one analytic function K(A,e),
analytic in A € V_ and & for ¢ small such that H. - N
is canonically conjugate te w+* A in V¥ y X Th N r§ % i,
for © small encugh. - ¥

Furthermore, there exists a sequence of functions N (A)
analytie in A€ Vr, k=1,2,..., such that N ex%sts
if and only if the following series

Ik
g F Nk(ﬂj (2.13)
converges for small € . Its sum is then N.
The above result shows that, sometimes, the operator & f is
uniquely defined. (Exercise: Compute explicitly the series

B i e
Lkae in the case 2 AHA, + E(A2+f(w1,¢2)) ).

53. Existence of Quasi-periodic motions

The KAM theorem admits many proofs. 1 shall present a proof
formulated in the language of the rencrmalization group, of a
slightly weaker version ("Kolmogorov theorem") in which one only
shows the existence of a quasi-periodic motion with a given fre-
quency spectrum.
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I shall only consider an analytic hamiltonian hg(A) with

hg holomorphic in

s ={ala e ct, |a, | < pg,¥. ) (3.1)
By, e b i

: L
with an analytic perturbation £, , analytic om VG ®* T where

v =1{a laer” , |Aj| < pl (3.2)

The analyticity of fy; will be imposed by demanding that
(A,9) » Fy(A,d) regarded as a function of A €V and of

2= (Zy5.0002g) = {Eiél,...,ei¢£) is holomorphic in a set of the

I3
C(posto) = §, X ClEe) & ¢’ (3.3)

where § is defined in (3.1) and
Pa

7 = 2
ctto) = felze ety &7 < 2 | < ) (3.4)

Let us Introduce a few parameters measuring the size of various
quantities

= sl | o lwl = 5wl Vue® @5
B i I
and
'ho ghn || o b
iy = || = — (4) .
Eo = Iz, forag [y
=

_l . .
and £, "measures the time scale' on which the unperturbed (or

"free") system evolves. The quantity (in computing norms we regard
a matrix £x{ as a vector in €P, p = ¢ and use (3.5)):

4%n

= e (370
= N ™,

will be called "resonance mobility" or as "twist parameter" and
[, measures how fast the frequencies change as A changes, hence
how fast w(A) moves away from a resonant value as A varies.
The gquantity
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£y = ”gf f| +-—£— Hg£3[| (3.8) Proof: Introduce a convenient sequence of parameters & , k=0,
A Dn’gu o ié Poaty 1,..., which will be used in the estimates; for instance
s w so that & 58 =£2,/250
where 3§/84, = izja}ﬁz_ s is related to the time spale on which, s k=0 ke o/ 4
the perturbétion starts revealing itself, which is clearly £y .
Then the following theorem holds. 6 = Euf5ﬂ(1+k)2 (3.13)
L oey g:tthc be hOIUTorphic on Sg. and suppose FhAt Wy = Define the following "renormalization transformation', acting on
8 o qgc(gl verifies a non-resonance condition for the pair (hp,fo) analytic on Sp,X C(fy) and mapping it 1in
e R 2 > ; (hy1,f1) analytic on Bp % C(fg-ds) wia the following steps.
= 1 ; 7 o
lwy |7 < ¢, |x] Vrez . |z[ 40 5
1) Truncate the Fourdier's series of f4 in two parts
Let f, be a perturbation holomorphic in Sppx C(E ).
Consider the hamiltonian system on Vv x T% with ! _ e [5Ng] - [N ]
i | By = £ + £, o
hamiltonian ' .
Ho(4,8) = ho(4) + £,(a,8) (3.10) (3.14)
>N o o~ r
Assume, for simplicity, £,0,, £,/E;, 5, < 1 gl D](§=i) = T(A) ==
There exist two functions o, B holomorphic an G(£,/2) |Ew>N9 N
such that the torus J~ with parametric equations Eens
B oss 8y By ; [>Ng] . 52
A= @) where z— = z;l...z;" , chosing N, so that f is  (e¢7)
T '_;_ (3.11) i.e. for some B,
= ?_ + E(ﬁ'} 3¢ (>Rl nf [>No]
Yo 1 § D ’ |3
is invariant, for =, small, in the flow generated by |§Kh || . = 75 ||ﬂ || : £ BiC,E,
(3.10) and, actually, this flow is described on g by = Pgatip =%y e Fasfy =8
L L L
£ ) (3.15)

Furthermore mo, B tend to zero as £y * 0 and g; smal]
means that there are suitable constants depending only
on L, denoted G, a;, 455...5, G < 1/2, such that £
should verify

Since the (3.8) 1mplies bounds on the Tourier coefficients
AL /8 () L z|E (@), as

- —a1 ~1.-as, a of
€l WERREY AT (3.13) gk e . g |
| - ! = -J
|_:hh'| £ Ege M=y Iz fcr(&)” Sk &Y
BA - P
(3.16)
In ather words, in a non-resonant situation (Cp < + =, My €+ )
4 non-resomant torus is not destroyed by a small perturbation in it is easy to see that one can take
Fhe sense that in its vicinity there is another torus which is 1 L
invariant for the perturbed flow and is run with a quasi-periodic No= 84 1”g(CnEnﬁc_ ) el s
motion with the same frequencies (i.e. the "same spectrum’) as
the unperturbed one. which if inserted in the 1.h.s. of (3.15) provides the bound

appearing in (3.16). The number (3.17) will be called the "ultra
wviolet cut-off'",
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2) Define for |[|a'll < b<p/2 ,
B (A" 80
('{-\— '..71) & e (3.18)
: N e

where @ s chosen so small that w(A') - r stays away from zero
for all i£| SNy o dLees - -

lwgea™y «x|™t 22 ¢, ] |* ot || < 5 (3.19)

Using obvious dimensional estimates’ on the derivatives of hn we
find , wusing w(0) = w, and (3.9)

= i =i
W A" 2|7 = [Cwy + WA = wp)) -x| 7 <
AT =1 |(E‘in(i\.l)_ﬁu(9.)'5| |
£ Juwyez] 2 - : |7 < (3.20)
.Eu'E!
] ) i+l 2Ep ~ (-1
< ¢ x|™ |1 - regn,” —3£ Bl
which shows that one can take
. 41
B = p2(20C,EN; ) (3.21)

ghen we can easily estimate, using (3.16), (3.19), the Function

o
p =284+1
”"’0“5,33-—50 £ B0 0, (3.22)

hence by dimensional estimates, and by £3.41)

+ = Cm“

1

w U§g|| E

I <
3;2,Fn-260

En_‘?én

i =24 s ) 7 F i
< B; LGLU[SG palB = B3(J.nE;EI(.:DI:CQ:\IU.\.+l{,3|:| 28 (3.23)

for a suitably chosen B' s B_. (Exercise:find ici ;
il 4 e:find explicit estimates

*
By dimensional estimate we mean the estimate of a derivative of a
holemorphic function in a point by the supremum of the function
in a domain divided by the distance of the point to the bhoundary

ol

||cr’\dA p

22 E il if p<puK2 , for instance.
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3) Define on G(8/2,£,-28,) the canonical maps, inverse of
each other, generated by &, via

A=A a““ (A", 1) (A,9) = C@A' 3"
= (3.24)
=g+ E;'E' (A7, (4',9") =2 (4,9

The possibility of this can be imposed by requiring that £, and,
hence, %, and its derivatives be small. By using a simple impli-
c1t functions' theorem one finds that, under the cogdltion that
3% o/3A8A 1is small compared to 1 and 30, /3A, P T99,/3¢ are
sma11 ‘compared to Gy,% the maps ¢, ' can be deflned with the
following properties

a) €, CiC(B/b,5-36,) + C(B/2,5,-264)
) G,E' = €' = identity on c(ﬁ/s,gu—aé ) (3.25)
c) T(C(P/32, Eg=58,)) D C(P/64,E(=55, g

and (A,z) = T(4',z"), (&',2") = £'(A,z) are defined as

A=A"+Z (a',9") , A=A+ E'AD

e s (3.26)
=3 +AQGD » =0+ A
with .
E(a'.8") = 55t (A0) = - E'(Ad)
i (3.27)
A (A",9") == (A'40) = -A"(A;9)
so that, by (3.25)
o - ddg
||5—”ﬁ{8,50—46n’ |EW|5f3-€u-450.5 H§§’||§;2,gu_250
(3.28)

(|22
UA' OIZ g 260

283

TP

=

|
“Hs,ag—aéo /8,5 =48,

The mentioned smallness condition to be imposed on e, to insure
the existence of T, (' with the above properties can be easily

#The first such condition will insure local invertibility while
the second will guarantee global extension of the local inverti-

bility and will allow control of the domains.
*%32 ,64,5,6 are here quite arbitrary and this choice will be useful

later.
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deduced by estimating #%d,/043¢ , d,/84 , at, /o¢  dimensionally,
starting from (3.22). Not surprisingly the three smallness condi-
tions basically coincide and can be imposed through a single
condition like .

B =281
T o o e Ll < (3.29)

The fact that (3.29) is sufficient, for By large, to guarantee
(3.25) + (3.28) is easily proved (see [1], §3.11, p. 490, and
appendix N},

4) Define

hy(a') = he(a') + T, @a" (3.30)

£(A%,8") = B, (EQ",8")) - b, (A"

and hi,f; are holomorphic at least on C(0/8,Eq=48,), by the
properties of & : and the motions starting in the ¢ -image of this
set can be described in the (A',$) = coordinates as hamiltonian
motions with hamiltonian H =H "+ f , at least as long as they

do not leave the set & (C(B/8,%,-48,).

Then we look for a point A'e ¥ which would move with
the right spectrum wy if f£1 were kéro (by construction f; is,
in any case, much smaller than £, as we shall see) i.e. we look

for a solution of

BE
T (A ; (3.31)

AT (é)=

wg (A') +

where f; denotes the average of fEI off T

The solutlon to this equation can be found by recalling that
Ly = E(g; and rewriting it using the Taylor expansion and calling
M(A) = 5°h,/3A34 = duy /HA
SR o Tty = goy <1 v B
9 e e Y L Vi —y E‘a(__) - _2' M(Q)& =+ T (A )] =£}

L.e. as

Al +n(A') =0

- 7 1 o 37
ATY = 2 1 !"ﬁ T d v 2
n(A") = M(D) .R‘é,(é s _,rﬂ art fu d =57 w, (8A")

(3.32)

s0 that for a suitable B, >2 amnd ¥& < p/2 it is, by a dimen-
sional estimate

lInllg = Bgny (2, + Géi)zﬂc) (3.33)
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Hence, if B = pD(EG}’ED)l it is

HE.Hg £ 2Bg N, Ep (3.34)

By an implicit function theorem it can be easily seen (see [1],
p. 490) that if HEHB is much smaller than B the (3.32) has a
solution Al wverifying, of course, |§fn| < ;L2||B<< g. Souif
B's is a suitably large constant and B HE|;? Bm1<1, i.e. with
the above value of £ and by (3.34) if 3

B (NeEgpo ) /%i <1 (3.35)
0

there is a solution A"y to (3.31) verifying

||Q;H < 2B, By T (3.36)

Since we want that A's be well inside the region where h, is
defined, e.g. [A'|| < 9/16, we impose 2B, e,n; < P/16, Recall-
ing the (3.2 we see that the latter condition as well as the
(3.35) and (3.29) can be imposed simultaneously by requiring the
single inequality

- 41, -25-1
S, 0" BT g T B LS
(where we use £,/E; = £4Co/E,Cy € £,6, because (3.9) implies
CoEy 2 1)
S0, if (3.37) holds we can draw around A% a polidisk of

radius [/16, at least, contained inside SHJS

5) Let A, = /32 g <<1, and let

B =9
Ay = (A'-A',)) for ||A'-A",[[ < B/32

]

(3.38)

Then the variable A; wvaries again In 35_  as A' varies. We
finally define Hao
hp(a) = ho(hy A+ 2g Ay) ~ Ba(a%)) _
-1 (3.39)
£ 0800 ) = Xl (A X Ay 8,)

for (A1,21) € €(pgs5,-58;), and on this set the above functions

are holomorphic.

This is the final step in the construction of the renormali-
zation transformation Jp. Its domain comsists in the functions

hﬂ’En verifying (3.37).
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It is now very easy, although a little long, to check, using
dimensional estimates and (3.16), (3.25), that if (3.37) holds,
then

<21
Ey 2B+ , My & Apng{(14Baeyngpy )
g 2 ol =hy B i _
El = B‘.‘.CDE'U (CDEG) NO Ug T ey ‘::uc = g By = QD

(3.40)

with Bg,Bg,b1 suitably chosen. For details see for instance
(L], §5.12, pp 510-512,

The above construction can be iterated to build 1 [T £
The construction is identical to that of Jp with . replacing
9, . The above analysis implies that if we define

(2 -c,, +5
n (En—l T E:rl—l)
== =1
T ie1Tga 6 F8a B alaiPa ) i ]
(3.41)
= 5 ; 2 — 41 . =ba
i ByCot -1 (C”En—l) Nn “n
L Sn T o1 T 3 h'n—'l oo By SRy
: i =1 s =R — — i1
th N, =35 T — AR ik
wi 3 8, log(LnLnan b i An 32 4»C”Enﬂn and

for n =0 the barred quantities are identified with the un-
harred ones, and if

" E n "0 E.GN
B7(Tn e ) nfUEnCUVn Gn Sl § (3.42)
it will rESLL].Ea .’7 w2 I
e R & = T o =g
hr| - 1:11’ n = S ¥ Ty = Mo @ “n lr’n By it

(3.43)

It is easy to check by induction that if Eo/E, is small enough
the (3.41) imply the (3.42) for all n and
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n
n Treed - K ]
(Coee)® 2 CE, < (Gyee) 73

= = -1 -1 2n* (4
T HEENTE, mateEpl 1o R

(3.44)
E < 2E,

and "small enough' means a condition like the (3.12). Tor a com-
plete discussion of the implication of (3.44) from (3.41), (3.42)
see for instance [1], p 512-515. However, the discussion by in-
duction is so simple that it should be worked out as an exercise.

A more careful analysis of (3.41), (3.42) easily leads to the
conclusion that in (3.12) a; > 2, a, > 2, a; > 2(i+1l) are

allowed choices. It is very instructive to try to find an explicit
value of G fixed 4,,a,,a, Or even to try to optimize all the
above bounds. There seems to be no really satisfactory analysis

of such bounds.

To summarize, we have found that under the condition (3.12)

T & Ty ed Lol 5 4,0 (3.45)

uniformly in the compact sets of C(p,,£,/2) (just use a dimension-
al estimate on 9%h /BABA  to see that hy —+ wy *A via Vitali's
theorem on sequences of homomorphic functions; = b implies
that f — 0 . Actually, it only implies that" " £ tends to a
constant.” However, in the proof of (3.41) cone finds first a bound
on fy itself (rather than directly a bound on its derivatives)
and then by a dimensional estimate the bound £, on the deriva-
tives of £; is found. It turns out that even the bound on £,
goes to zero, Note, in any case, that for the purposes of the
coming discussion replacing 0 by a constant would be irrelevant,

see [1], (5.12.59) ).
We can read (3.45) as saying that for £, small enough the
chain of renormalization tranaformations drives the system "to a

trivial fixed point", i.e, to the harmonic oscillator.

To summarize, we have defined a sequence &, F,... of maps

- B . 1
tfj(éj+i’9j+ﬂ) = t}(éj + kj é-j+—1’i°-j+l)
(3.46)
which, although not canonical, map solutions of the hamiltonian
equations relative to Hj+] on Vp ® T* dinto solutions relative

to H, on V_xTF,
j P
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By construction the maps ¥¥; are close to the identity, see
(3.28), (3.44), in their holomorphy domains, within

gfa)n
D¢, F
i |
while the holomorphy domain itself shrinks only by kj in the

action variables (and almost nothing in the angle variables) which
by (3.41) behaves = n;”" i.e. goes to zero at a rate which, even
If raised to an arbitrary power, is much slower than

’c}((cg}-_n)(”z)n_

This immediately implies, by a dimensional argument, that

€= lin T,...C (3.47)

TR 2

exists and, by Vitali's theorem on converging sequences of holo-
morphic functions, is holomorphic on Sr * CLE) , £ = L,/2.
; .

Furthermore, Ef(é',gf) = (A,9) is ciose to the identity in
the $'-variable. However, on Sp % C(g.)
0
AE (4", 4"
e 0 (3.48)
aA!
because by construction this derivative is proportional to

o
5

N S
=X j

This means that & is A'-independent.

Finally, & still maps solutions of the hamiltonian equa-
tions with hamiltonian H,(A',¢') = wy; <A’ on V., x ?L inta
solutions relative to the hamiltonian H, on VD o i

0

Since & is independent on  A' and close to the identity in
§' we may write it as (a4 = P@',g") with
4 = alh)

9 =3+ B

(3.49)

The functions o,F are holemorphic on C(5,/2) and small of
f)(COSD) and the motion (A',9") = (A'32" + w,t) becomes in the
(A,0) variables, via (3.49) a solution to the equation of motion
with hamiltonian H; lying on a torus with parametric equations
(3.49) and the proof is complete., For more details on the above
simple implications of (3.44) see [1], pp 515 - 517, (where the
rescalings of the domains by A: are not done but, as it is equi-
valent , one deals with shrinking domains and essentially constant

ﬂj's).
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84, Comments and Generalizations

A)  The preceding discussion is very close to the simplest
versions of the renormalization group applications. The annoying
feature is that we do not iterate the same map J but we apply
recursively Jp...% and U} depends on 1 wia the a priori

given constants 0.

This can be manifestly avoided if instead of defining
4. a priori we define them through hj, £y 3 a possible defini-
tion could be :

85 = £,/(log(log(c,e )1 (4.1)

+1
This would lead essentially to the same proof with gt replacing

'3;:%_1...33

B) It is nice to give a picture of the proof of the pre-
ceding theorem.

Define the 'surfaces of resonance of order n" by consider-
ing the surfaces
ih
n
7

(W +xr=0, 0<rl sN (4.2)

The position of such surfaces depends on how non-linear h, is
(recall that hy(A) =+ w, * A). They are roughly planes in A-space
gpoing through the point x:

-1

x =M (4.3)

n
The larger n is the further from the origin is x and the less

is the number of such surfaces crossing a given neighborhoond of
the origin. MNote, however, that this is so only because Nn < oo
and Ny + = much slower than Mﬁl(as :EHCD compared to

=log (ExC,) 1),
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Then we can think of the renormalization transformation Uo
as follows.

1) Draw the resonance surfaces of order 0 and find a non-
resonant vicinity V. of 0 .

2) Map Vg x T% canonically, with a map close tg the
identity, into V. x T over a set containing Vi/16 % T4  and
locate 4A'y where El has spectrum w,

3) Take A'; as origin and rescale tEe (A'-A" ) coordi~-
nates so that Vs/32 % T becomes Vpy X T" again and draw the
resonances of hi of index r, 0 < x| <N, i.e. the "resonances
or order 1",

/ it

a/32

B/16

A'-projection of (A',§")-
space

? 5/32 2 /16

A projection of (A,f)-space

Y] ol =

Ag(a'-4a'y) = A, - projection in

ho(A'=A"1),8') space
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==t
4) Tterate (after a while _Mh w, gets out of the picture

but some resonance lines still may cross it, closer and closer to 0
41 -

bhecause p = QDKAQCDNH En ﬁ;&ﬁ .

C) Another important comment will be about the approach
necessary to prove the full KAM theorem quoted in §2.

In this case we cannot, of course, define a family of re-
normalization transformations conjugating our system with a given
linear oscillator, since every quasiperiodic motion will have its
own frequency spectrum.

We shall define our renormalization transformations on
triples (h,£,V) where V 4is an open region. The transformations
will still be defined in terms of a sequence of numbers
8y = Ea/5m{1H) 2 , Ch = Co(14n)? (this time also € varies with
n). We then define J; as follows. Draw inside the phase space
the resonances of order £ Ny (the picture deals with the special
case hg(A) = A"/2 , d.e. the surfaces 3hg/3A (A) =T = 0, for
0 < |r| £N, . Around them draw corridors of width fgs B0 large
that, v 0 < |z] 2 N,

2+1

|ug ()« x| < ¢, x| (4.4)

for A outside the corridors.

Calling V, = V,/{corridors} we proceed as before to build
(hl.fl,Vl)L This time, however, we do not rescale and we simply
set hy = hy,f; = f1, and iterate.

At the end one will be left with a set VY,V with a dense
open complement but with wvery large measure for Cp large, because
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. S
the widths of the corridors are of of|z| k YCo * (as it ecan be
seen from an argument similar to the one following (3.20), (see
for details, [11]) hence summable. At the end we define Cp in

terms of £ so th gg——0 and Cp——m i
Ep at Cp nf,'u"’D af:ﬁ*ﬁ to obtain the

final result vol v_/vol VQEE:?l .

§5. The Chaotic Transition's Problem and a Related Problem

From the discussion of the preceding lectures it EMELrEes
clearly that in some sense each invariant torus has to be regarded
as sitting din a neighborhood of phase space where the hamiltonian
looks like a perturbation of

h{A) = wo* A (5.1)

5 b g
with w; ¢ R" verifying the non-resonance condition (3.9).

We call wp the spectral vector of a glven torus and we
imagine to fix w; and to let the perturbation size & , in the
original hamiltonian (1.8), grow. Very close to the selected in-
variant torus the system will loock , in suitable coordinates, as
deseribed by a hamiltonian

H_(A,8) =, *A + of (A,4.0) (5.2)

where 0 = ¢(g) 1330 and A,$ have to be identified as the

rescaled coordindtes found in the proof in §3,i.e. with Anstn
with n quite large.

As £ prows a critical value ¢_ may be reached when for
g »e there will be no longer an invariant torus, with spectral
vector W, , continuously merging with the family of tori, with
given spectral vector, defined for £ < £,

To study the phenomenon of disappearance of the torus with
spectral vector gy there are several routes. A possible one

is the following., Fixed Wy consider the interval where the
invariant torus exists and is analytic. Let for & & [0,8 ]
c

| =
1}

o (')

b=+ B (6"

{5:3)

be its parametric equations, see (3.11). Of course we have only
proved in 53 that (5.3) makes sense for = small. Here, however,
we are proceeding in a heuristie, non-rigorous, way.
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To analyze a case slightly simpler, but already very non-
trivial, suppose £ = 2, Consider the circle

| =
I

o (4!,0)
T (5.4)

1]

&= ($],0) + ﬁt(d“l .0)
and the map generated on it by the evolution looked at integer
multiples of 2m mz'l

Ao (9 +2m %l i )

A ws
(5.5)

: i L i LU

B> (o' + 2 I 0) + B (¢ + 21 i 0)

We describe this map by introducing the arc length on the circle

(5.4), which we call & and normalize so that the circle's length

is 2m , and then rewrite the map (5.5) as the circle's map

6+ 8+ g_(8) (5.6)

Of course, by construction, this map is smoothly conjugated to

the perfect rotation of the ecircle, with rotation number r = iy /ws,
for £ small, As long as the torus exists and is smooth it is
clear that the above map of the circle must be smoothly conjugated
to a perfect rotation (the conjugation being again given by the
map & <+ 'y ).

If for some value & such smooth conjugation with the
circle's rotation breaks down, it will necessarily mean that the
torus (5.3) becomes non-smooth or disappears or more generally
the equations (5.3) become singular in ¢' and no longer des-
cribe a diffeomorphism of T into the phase space Vv x T& .

The smooth conjugability with the cirele's rotation can dis-
appear elther because g, develops a singularity at g = ¢ or
because B8 +8' =g (8) + 0 becomes non-invertible as acmap of
the cirele (without any singularity developing in £ ), or because
of other reasons.

The above discussion shows well the relevance for the theory
of the disappearance of the quasi-periodic motions (''chaetic
transitions") of the theory of the maps of the circle depending
on one parameter £ and having a fixed rotation number.

The study of maps of the form

8+ 8 + 27 r(e) - € 5in 0 (5a78)
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with r(£) so chosen that the above transformation keeps a fixed
rotation number v = r(0) ("standard map of the unit circle") has
been pursued in considerable detail [12], and it is treated in
the parallel lectures. It illustrates what can happen when the
conjugacy of the motion with the perfect rotation is broken
because 8+ 8 +g (8) develops at € = €c an Inflection point
becoming non-inverfible.

Note also the strong analogy between the problem of finding
a function 1t(g) such that (5.7) has a fixed rotation number as
€ grows and the problem posed in §1,2 of finding counterterms
§.f which make (2.1) conjugated canonically with the hamiltonian
w*A independently on t .

This remark leads to the following problem. Imagine that
we are given a one-parameter hamiltonian system, with &L = 2 , of
the form

wy* A+ e £(A,4,8) (5.8)

which for € small is canonically conjugated to w, *A om a
large phase space region Wgc: VD x T8 (i.e. W~ B(qu Ty Yo

This problem certainly arises in some applications. In §2
we have explained this in connection with the theory of the quasi-
periodic Schroedinger equation, when we fix our attention on a
Block wave described by g o= (A,w).

Then it might happen that, as = grows through € , the
integrability is lost in the whole phase space leading fo a
phenomenon like a phase transition which, by the remarks related
to (5.7), could also be relevant to the theory of the chaotic
transition. In the next section we discuss in some detail the
theory of systems like (5.8) which are canonically conjugated to
Wy A for all 0_<e<f;c.

In the final section we point out some problems which in our
opinion arise naturally if one tries to study what happens at &
in the above systems, using the ideas of the renormalization
group.

§6. Renormalization and Isochronous Systems

The purpese of this lecture is to define a renormalization
transformation acting on the one parameter hamiltonians of the
form
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H_(4,9) = w, A + £(4,0,€) (6.1
with £ analytic in € at ¢ =0 and divisible by £ , and Wy
verifying (3.9).

T should be designed so

The renormalization transformation
is canonically con-

that ¥e e [0,E] it 1sTD Hsmo » A & HE
jugate to w,*A on aset W. D VD x Tt for e ¢ [0,) where
p >0 4is some given radius,

The renormalization transformation is defined as follows

k n-1 n
1) Suppose that f{ is divisible by & , 2 Kolde £ 27
, and define the "truncation" operation on the formal

= T2
power series as usual®. Then define
n 50 g .
gl g Y £, 8
i k
=l (6.2)
iz i
£ =—7 [, f@apd
{Zm) T
Consider
2 —[<2™]
Ho(A) =, sA+ E@e) - T2 T@e)  (6.3)

and let © be such that

n
L5 e+ M i) -T2 Ny = 0 (6.8

If f dis holomorphic in the region

Clp,Es 8) =5 X C(E) X 5} (6.5)
f
[,_,B < =1 k
*i.e. ifg= | Ek g, one defines gI n] = £ gy and
k=0 k=0
5 [<n]
i

































