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In these notes I collect, togethér with the talk that I gave at
the meeting (represented by §6,7) some other introductory topics
like the theory of the Bernoulli fields [(1],[2] in a form which
takes into account the results in [3], [4], [5].

It seems to me that the Bernoulli field theory already contains
the problems typical of the euclidean field theory (i.e., the

renormalization of the ultraviolet divergences) in a form essen-
tially identical to the one in which they appear in the more
interesting euclidean fields. However, such models are simpler
as they do neot present some additional difficulties which do not
seem to me teo have much to do with the ultravioclet stability.
See concluding remarks for references and historical comments.

1. The Hierarchical Model

The role that the hierarchical model will play in these lectures
is that of providing a guide to the understanding of the mech-

anism which allows the cancellation of the wvarious divergent con-

tributions to the ground state energy to actually occur, in a
controllable way. The hierarchical model is a model of field
theory in which the free field is replaced by some new free
field of simpler structure but which leads to essentially the
same ultraviolet problems.

o«

Letfon}n=k be a sequence of pavements of Rd with cubic tesseran:
the tesserae of Q have side size 2‘k and the pavements will be
supposed compatible,

To each tessera A4 we associate a gaussian random variable z,

(4]
normalized so that E{zfj = 1,¥h €U Q ; we shall also suppose
that z and =z are independent unless A,A' € Qk for some

dl
k=01,.4.

The variables associated with the same pavement Qk af Ra will
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be supposed distributed with the following formal density

PN dz, )~ ex -2 L {z,~-2 }2-§i £ 22)n az (1.1)
AEQk 8 ¢ s.4'n.0 2 8 % A 8 s #

1.2, Zyr A€ Qk' is the gaussian process on the lattice of the
centers of the tesserae with invariance operator

- u’p + g* t1.2)

when D is the second difference.

We define the "free field":

-5 \,fé“"z’k 2 ¢ e nd (1.3)

A3t f
bEQ,

e

and the cut-off field

N
¢§SN]= £ Shtas2k cerl (1.4)

: k=0 Oy

where Ao, 51""'6N areirlco,...,QN and contain E. To resolve

the ambiguities at the boundaries let us suppose, for instance,
<

that the A's are open. The field m['N]

trast to the field 4. Its normalized copy

\pld=2)k,

A
A £ 2P (1.5)

is normalizable; in con-

(N)
He

3 e
\/r 2(d—2]k
k=0

| P

verifies a recursion relation which stems from its definition:

(1) \/T_ (N=1)
-l i 5 S {
xiN} i N A (1.6)
N

where 4 < O Ll # ]

nr B8 N1t A' 2:A and XEN} denotes the constant

value of xﬁ“i on A, finally

N=1 bf_*‘T"*——“—
o (d-2) (k-7 _ <
=, W = <1_2—N(d-2] (147)

o
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soifd =3, rNit,ifd=q,rN§%etc..
The "interaction" that we wish to consider is defined by

v(N!

4
e [<n)
0,1 (®) = -3 { e ae (1.8)

where 1 is a cube paved by qh.
The above guantity is the "nonrenormalized" interaction,

We define for an arbitrary gaussian random variable x the random
n
variables :x : by

m
*
I

VIE™H =), ¢ = E(x7) (1.9)

2

where Hn = n-th hermite polynomial (e.g. Hzfy) =" o 12y

HQ{yJ = y4 = 3y2 + 3/2 ete.). The "renormalized interaction" to

first order in A" is

V{N)

popry=-1/ st A e, (1.10)
. ;)

£ £
We shall later define the higher order renormalized interactions

VEN;(¢), t 2 2. The ultraviolet problem to order t is to show
r

the existence (or nonexistence) of a function Et{hl such that

exp - B (M {I) < | exp viﬂ(mi B{ ¢} S exp E_(A)(1)

lim A E (M =o.
A0
We shall consider only d = 2 or d = 3, The formulation of the
ultraviolet stability in d > 4 would be different and, anyway,
it is still an open problem.

The d = 2, d = 3 cases are special because the models are "super-

renormalizable” in such dimensions. The mathematical aspect of
(N)
1
is piecewise constant: since

superrenormalizability can be seen by writing V
(™)
2

say, as a

sum using that X

CialsNl 4 L J2(d-2)N 2 (N}
(¢ ) i (1+TN) dexﬂ )

£
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we find

(N} _ (d-4)N (N}
v == X X 2 (14T ) H, (X )
1,1 AYE QN N 437

i.e. if we look at the interaction as a function of the normal-

ized fields we see that if d < 4 the "effective coupling con-
(d=-4)N

A2 2

stant” is this will allow the use of perturbation

theory for N large: the fact that iz(d4¥ i O is also called

"asymptotic freedom".

2. Analysis of the Ultraviolet Problem in the Bernoulli Model

to Order 1 in d = 2. The Lower Bound

The Bernoulli field is defined by setting a = 0 (i.e. all the
z's become independently distributed), see (1.1).

The theory of the ultraviolet problem for the Bernoulli field
is guite easy but very instructive, already in the 4 = 2, t =1
case. We first find a lower bound for

= (N
Z(1) = [ Py (dz) exp Vi () (2.1)
by saying
(N)
N B v
Z(I) = [P (dz)( I n xﬂltx‘“}je Tk (2.2)
i=o 4€Q; N
AT

where x? are suitable characteristic functions: xﬁ is the c.f.

of the event, if & € Qk:

(x| fxf;"f < Biiro? logle+i™1y} (2.3)

where B » 0 will be chosen later and is supposed at least such
that: H4(b} z - mian4}= 3/2, ¥b = B, The log(e+A_1} has been
inserted to improve the estimates, automatically, at A small,
and is not the optimal choice.

To estimate the above integral we notice
N-1 B,
z(1) 2 Jpg  (azy( M T T
i=o A€Q C
N-1
AcI
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2,-2N 2
B A . ;
o U M. B G e 8
& Vo

bEQy s

(2.4)

Hence the estimate can be obtainedapplying the following easy
lemma

1
remmal: Tet |x'| < B! ang letx=%&,BZB1; 8 >,

let B = BYTIT — yTa' » 1, then:

2
2 B B e™?* az
exp - A{T+T)"H, (X + = =
[ exp gL+ o= 0] =
2 1 e
= exp - AT" H,(X') + Erluw.,a,ﬁ} 8 =5
and £ can be estimated by
P =2 2.4
B CyA(1+T ) B =CLB =g (ATB )
2
lep, o088 s (ar? 8Y e i B4 c, e 3 1 B
(2.6)
= fp (A B,B)

uniformly in |X1| < B',

Progf: 1t is an easy exercise.

The application is immediate: the integrals in (2.4) are bounded
by

2
_ -2n -z

{ XBN(XfN})P MIHT D2 TTH (%)) A iy B

A VEp e e ="
(2.7

=-2N {N=1) , y=2N =
> exp - A2 Iy Hy (X, )+ n[.N(a\z ¢ Bys By)
where

B, = VTFTZ B, - T B, . = o(n3t1/2g, {2.8)

N N N ¥ TN

Since in (2.4) we are only interestedin the case 1X5?A1}| < By 4+
4 o

Next notice that I = {1+TN_T) (recall d = 2) and 4+27
so that (2.7}, (2.4) imply, denoting

N _ ,-2(N-1)
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] B.
B
Xg = 0 n xal
i=o AEQ '
AET
N
5 o
Z(T) = fxy & 7T By la)) 2
B . (N=1), ,=2H .
= f R 1H exp dﬂq{xa ) 2 t1+FN} PN_1(6¢}
BEDy—y
exp - np {lZ_ZN, By v EN) 22N|I|= (2.9)
N
N=1
= [ V:'I | P _(d4) exp - (32728, B, B
- KN-1 N-1 P ”.-"N' + By By
Hence
2(0) 2 exp - (1| = n, (A273, 8., By (2.10)
j=o 3 L

provided B is so chosen that vj, ﬁj T lg.g, B'= 7).

It is clear that the above series converges and, from (2.6), we

see that the sum can be bounded by

8

6 1% (1ogle+r” 1)) (2.11)

for A small enough.
Before continuing let us interpret the above calculation:
i) It is clear that

i UEN {H=1)

)
1.0 ) {2.12)

[

(M) e )
(d ) Pyldz) = V‘i.o

and it is natural to attempt to use this information to prove

the bounds.
ii) The naive bound Z(I) < exp max Véﬂl gives 2 (I) exp +
’
1(1+TN)2-2N % 22N |1] = =. However, we can take better advantage

is a sum

of the asymptotic freedom and of the fact that the "1””1
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of random variables little correlated.

We try to write

(M) 2 oa _ IF (N} 1 2T )
| exp vy Hiidz) = exp{zEN(Vz b+ oy EN(VI # A
(2.13)
iy N ;
+ouut =g tNtVf ) i t}} + {errori]
where EN is the average with respect tofPNdz] T distribution

T ;
of tzA)AEQM' and ENfo;s} Eruncated expectation of order s.

The fact that the za variables are not too correlated {in our

case they are actually independent) will tell us that the error

is of the order of the volume of I in units of 2_N, i.e, const

|]|2dN and not const {ill;lcm]"’+.I as it would be for strongly

correlated fields {z“}bEQh' The asymptotic freedom says that
& 5

(d-4)n8

the constant is of the order of (A2 {1+FNJ}.

Hence we see that the errors in (2.13) will be of the order

Rt+1 2¢t+1}{ﬂ—4] sz (1+ywl

20t4+7) (2.14)

and therefore summable over W as soon as (t+1) (d-4) = d, i.e.

1f d = 2 already for t = 1 (if d = 3 we should take t = 3).

iii) The calculation made before was just an attempt to estimate
the error of (2.13) form below: the attempt was successful even
though the result was not as good as the naive estimate 2145
{e.g. we have not found a bound like A2 but only like
.Jl.z{log{ew\-.I
s E o

3}4. which is, howewver, of order larger than 1 as

1. The Upper Bound in the Bernoulli Case

We proceed, again, recursively. The basic remarks are the fol-

lowing.

i} Let & = {z,) be a randem field.

AED
y .EbiQi
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Let
= i -1 34172
By = VAT By = VI o By o = O (B logle+} ') [14N) )
(3.1)
i 2 -1 2
B = B 1+ =0 (B loglet+ti) '(1+N)%)
N N
and define
Dais) = \'.l'a|l‘-.EQN 5 ]Xal 5 BN] (3.2)
= [ } 2
RN(¢} ih.AEON " |za| = BN' (3.3)
and notice that Yé:
R. 2 Do DB (3.4)

B
(N) N-1 N N N-1
Wiyt = [0 2 e :

ii) The positivity of Hd(b}, b 28, implies, c.f.i. (1.10):

N
(M) (N}
Vypte) 2 th\Dme (3.6)
hence (M)
()
1,IADy o
Zi1} = fe P (de) = Z, (1), (3.7)
Also, from (1.10)
(M) () - o B g M -y
V1,I Dﬂtm} < V1rl\{DN i RN} + o4 # (Ry) 5 4 2 {1+ N) (3.8)

where ﬁffﬂn} = number of tesserae in RN' and RN is the smallest
set paved by 0N-1 containing RW' Remark then that (3.8}, (1.1Q),
{3.5) ilmply

(M) {N) . z ;P . .
v ¢y = WV + 4 # (R,) 5 A 2 (T+0.) +
1,I DN 1,I\RNUDN_.I 2 N

(3.9)

i meEN 5 =
= o f1+.N} H4{BN U1+_N} # ”ﬁ-1}'
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Hence
() (w) »
v (¢) v .
1.IND T TP 4% (R.)2)2 147
J e N oa <fe R R (T
N
(3.10)
(M) .
= v 3,,-28
s 0 3Btz) W T 1/ IND_ o URy 4 (RIZA2 T (14T )
BERy MERy xgtz)le e ap,
where Eg is the ec.f. of the event
12571 = . (3.11)

Hence if R is a set paved by QN:

(N)

v 2 3 -28
_ B 1,1\D,_, U A (R)ZH (14T, )2
< I [T Xptm T (1-%P(2)) e L . N ap
REI AER hER
(N) g
pe LINDy_, UR 4% (R)-3-2 (141, )27 2N
s £ [ mx,(z)e e de
Rel ~ AER W
, " 5 (3.12)
3 A (R)A (147 ) 272N "Fiay
= £ [ 135z e ‘ . e—v--——hl :
RET  AER 3

-
clon . fexp- noar )2 B xM) 2 e qohiap
A" EI\RUD N 477 Vi N-

1

applying the lemma of the preceding section the last integral
can be bounded by

_sz
Adz
-B A (H-1) n
LfUn x(z1e )rexp - V (3.13)
BRI A€R v 1:INDyqUR +
-3N 3 2'—2!\1

« exp + L B =

P nl.N( ¢ Bye By g ) [I] exp + 4 (R)SX (14T )

= B =

Applying
(R=1) 1) maGer 22 ™ g )
1,1\D_{URg = 1,1\, By N 4581
{3.14)
we have found:
2 . =2H
5 B (R (1+7.0% 27 Vam, (B,
aMin 3V, 1 te R A 78
ReT
= =3 -2N
exp - c By # (R)) exp n, (A2 + By BN-l}III (3.15)
N
=2V n) expin, + 027, B, B )+ TN 1)
"N
where
1 B = 5. N
n'(N) = loglitexp - 8By + 8(1+7)°A27 7 H, (BY)). (3.16)

Hence
Z{NJII) SexplI I ("F (A2
2 N=0 N

-2N 1
¢ Byr By 1) + n (4N (3.17)

and it is easily realized that the series in parenthesis behaves
as A = 0 as (2.11) with a different G, say G'. Hence:
R2

=71\ B (3.18)

E(X) £ (G+G") log{e+h )

4. Hierarchical Model to Order d = 2

We define the renormalized interaction to order t, for d = 2, as:

T,...(N)
t (v ik)
M) _ (8 e Vi1
vt;i = V'I;I kiz _k;_-___ = (4_1‘

Consider for example t = 2.,

It 1s natural to proceed as before: however, it will no longer
be so easy because



- 418 -
(H=-1) {N] LU A ;
Vo1 # E v, + 3 EN{VZ;I,ZJ. {4.2)

Therefore we introduce, recursively

giN=k) _ <y S (N=-k+1) SN-k+1})
= |E 3 7
Vour [ ka1 Voo ) 3 By oy T2 oy auy
oMY _ (M)
VE;I = VZ:I (4.4)
where [ 1{2} = truncation of a polynomial in % to order 22
= (N-k)

To proceed as before one needs to first get an idea on how U2 T

locks: like: it is easy to see that (by induction )

(N k) _[gT (M) 1 g7 my
Vait [ =k Vo) T3 Bk (Vg 23]{2, (4.5)
hence if ¢ = ¢[€N], 4 = glsN=kl,
GORY L f o sgShr < B0 gy f NIE 4
2.1 = . 'mi' E=3 41 [1 “En de dan 14.6)
vk [ A% [(eets 1etsy av d{d——jk Jhmy g
2 Mps whLRY AP, n 297 gp: dE dn
The integral
"N T
[ oabgr st Ay (4.7)

can be graphically represented as the integral of the graph

XAOf

(4.8)
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where each line represents $ and each internal line represents
(Nj. Integration over ¢ simply gives the same result described
by (4.8) but with the lines interpreted as ¢,now. The last term
in (4.6) can be treated likewlise and yields the same result as
(4.8) with the external lines interpreted as 4 and internal ones

also interpreted as C{N_k].

Therefore we can write (4.5) as

{Nk}_ (Nk) 2 L .
+ 31 47 :@: ; (4.9)

when a bar on a graph means that it has to be computed as the

difference of two graphs with the internal lines once considered

() (N-k)

as C and the other time as C

Since the model is herarchical it is clear that the structure
(N-k]

of V2 will be
U S (on 2 207K qp w8,
Y231 4EQ !
N-k
(4.10)
& A2E £ (x Nk

N,N-k "HN,N-k i)

and we are now concerned by finding some expressions for £

N,N-k*
(M- k)
We want to show that f (X can be written as
N,N-k
VB =B [N~k —f4] {N=-k)
H X + H, (X
A (CN,N—k { ¥ C S 4( A Y &
(4.11)
A = (N-k)
=2y (N-k) = (o) -4 6
Oy HylXy Y+ 8y g (GES =T
and 3 ©
283 | < ¢ ¥ N,k (4.12)
N,N-k rike .

If this were true we would have proven the lower bound: we could



- - 421 -

in fact proceed recursively using the following lemma: by its second order truncation with respect to A. This is done

: =1 i i £f hetween these two guan-
Lemma 2: Let |x1| = B1 and let ¥ = z+\ﬁ+'x 31 =1, B = BYTHT - easily, sinee, clearly, the difference q
1 ' tities is
B'VT = 1 then if V has the form

= non  BEE , (4.17)
ViX) = E a’ X (4.13)
n=1
and, therefore, it can be put into the error.
- I 2 -
ang: Ll iuf\’ L Hhen It remains to prove the bounds (4.11), (4.12), Consider for
*
i 24 : i i ffi dad erous:
il 15 iH ; instance =—5— :—@—.which is the most difficult an ang
=2 dz i s
Jeo VP s etz B o sl e 2

3

3
314 2 (N) (N-k) ]
A | =G : ;=
where, for suitable constants Gyr Cqr Cyr €50 €y 7 " { &, tcc'n T, )¢ Gty
(8]
2B ilallc {4.18})
lept®, 8, Haiy| =6, {(c, 8° nall e 2yt41
3 3
{4.14) 412 (N-k) N7 _ N-R)T) Ly ;
s D = I = Vi | 1 {c | ){Cf_.,ﬂ CT,n { A .'31}' dfdn
—C3 BY + c4 B™ llall A =T Axh Ayh
+ Cz =] 1 i B4 EQN-k
which allows to deduce notice that C:N) and C;m;k] must be equal, unless E,n are in the
o £y )
"F(N-k) 5 ET [{r(NFk]- iy same tessera of QN—](' Then the above term is
N B . {@5) = [expl £ N-kz,x 73
-k Tm-k p 521 i1 5 3
1k d-2) (N=k L(N) (H-Xk)
(4.15) ’éQ 47 g (E=21L }{1+rN_k} H, (X, ) (,\J;“‘En - Cey ydgdnl.
i i
7 b N-k
FoniaLNy 1] D - 558
where ;H,NJ is
6iq=2N. =
2BX2 C.E
G, (¢, BE CRC R % }3 + So let us study
(4.16)
=2 =6 =N = 3 3 N <id =3
=Q5 B % s 2 =
e L o= [ (Céﬁl - Ry gean- & (efB” - eli M dean
= A? = f=N-k+1 42 ST 1
which can be summed over N giving a result = O[Aj(lg e+}-._1}1s].
(4.15), (4.16) are not yet the result that we want because we N % (i-133
have still to replace - T ¥ é;} - &2 y dtdn <
i=N-k+1 A'E Q. L (a')? .
“ {H-k) . i=1
2 B, Var 03 Aleh
N=-k ’
E 1
B i
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N ,
< ¥ (1+F.}3 23{5‘231 ?-Zd(i—1) 2[[i—1)-fN-k]]d ¢
i=N-k+1 1 M N e
co= Volume ele- #elements constant
variance” ment of (A} in A

which can be bounded by

- N
e =

(147,) 3 2(28-6)1 ,-d(N-k)
5 i

Skid (4.20)

Hence the coefficient of H,(X,), called before € can be
) 2N N,N=k*
bounded by

2, N
41)%4c , (2d-6)1 -2 (N-
0 & D T = 2 (147, ) 2~ 2{N-K)
2 VEEY oS s i (4.21)
and this is bounded by
¢ 2 4 ,+2(d-4) (N~
C X {1+rN_k} 2 ) (N-k) d =2
(4.22)
= .2 4 _+2{d- = N
BR” Jherg o™ @ ERIR) (E 1 a=3
i=N-k+1

hence, if 4 = 2, (4.11), (4.12) are proven.

In three dimenslons this point would be the only different point
in the whole proof. In order to avoid this problem the definition
of renormalized hamiltonian will be changed so that the coeffi-
cient of HZ{XQJ’ just computed, turns out to be just zero.

This can be achieved by introducing in VéN{ a "mass counterterm",
i

i.e.

o) _ o (=t 2 4.3 ten1? | (eng?
Vo, 1 = X I B0y A i oy “"r[' 7, at.
IT=T of
(4.23)
Then the interaction renormalized to order t becomes
(9 _ [Ny 1o
W =) - s i .
£,2 7 Vg = E o5 B G g3 (4.24)

(t)

=823 = =

and the above scheme works for all t 2 3. The only thing that
has really to be ckecked is the bound on the coefficients Cy . ;-

s
This is long but straightforward.

5. The Upper Bound in the Case d = 2, £t = 2

This is essentially a repetition of the argument in §3. How-

ever, some comments seem to be important.

In fact, the presence of very high order polynomials in V{N)

puts some doubts about the possibility of removing the field

cut-offs.

The reason why such terms do not cause problems is that at the
beginning one can make use of the locality of the interaction

to "eliminate"™ the interaction from the regions where the fields
are large.

Let us recall the structure of VéN}:

(N) _ . 2 =N _AE kWY g o
Vi = MI+T )" 2 ‘z Hy (X, 5 E ‘Vo,z'z’ =
AcT
(5.1)
= = Apen? T x owixg - 42 el S
Ll AcI et
and Yy has a bound like
1 [N],4 dgdn v g
¥, == 41 (o fmadd =l 5 0 d e, (5.2)
A 2 Aer NN 5= 2N
Therefore, if we introduce the constants
By = VT¥Ty By =VTy Byq
{5.3)
- 2
By = By / (1+N)

and the regicns



Dle) = {4] & € O |xaj 5 B

(5.4)
- |
R (4} s 4 eq |z,| > Byt
It is then, as already remarked, true that
Ry (6) > D (8)\Dy, _, (#) (5.5)
vd, because in DN\DN—1 one has |z]| » EN *> Bop also:
By-1YTx "By

: - | [N} 1
L4 € Dy g {#INR (2] = Ay | a——m—— Bis Broog aaw s

Therefore
LR LS DR .
I = - YTAp (5.6)
N
and to obtain an upper bound it is enough to study
~(N)
[ exp Vo Py (dz) . (5.7
B
Let us call b the characteristic funetion of
2] |2,] < B loglesr™ ")} (5.8)
°oB
and put Vi = 1 —xi. Then
4 SN
N V.
JexpVI[}PN{dzl‘—-E fon %N g wPat (5.9)
REQ, AER AER

We are still bothered by the fact that VéN] contains "interac-
tion" inside R where something still "goes wrong".

Therefore, we make a "generous" estimate: if

(N) 2N M)

e A 2 -
V. < A
1 Ch e (14N} H,(By) 2 # (R) + YI\D. UR (5.10)
NN
and if R denotes the smallest set paved by QN—1 containing R
S(N) =1 b 2 =2N (N}
V. g 0 X 1+8 B 4 i) -
T e (1N Hy (B) 2777 @ (R + VI\DNUR\] {5.11)
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By <5 :
when oy 1 A= 1 and, under this condition, we see that
KER AER °
G 2 el sk 2 —ZN (8) " 5.0
Vy = 0 he [14H) Hq[BNJ 2 # {RNJ + VI\DN‘1URN‘ (5.12)

1t should be stressed, perhaps, that u, is a2 "non local" term
{involving an integral over I) therefore modifications of the
region where there is interaction produce errcors due to the
change of v, : such errors are very large, being proportional to
the areas 02 the deleted regions, They have heen absorbed in the

errors as indicated above because of positivity or because H4[BN}

=1 - ;
is large (this explains why we have not set C = 4C , as it
would be the case if this Ffact had been overlooked). Notice,
(™) 1)
however, VT\S = a; : VA ;¥ 5 paved by RN—1'
A=INS
We can now perform the integration over th); we proceed as usual
6 R B, B
— N-1 N &N N
fPN{dA]L T Bl E
R
g 'fZiN] 2
" SN, (W) = : (N) 1 5
< [P (dz) ¥x.," (2 ) i = dz, wic
= 2TN-1 R e T ATERUD,
Rl e T » (5.13)
s - (SR I ) —{z)
e VIFT 8wt =
= =
=5 v I¥=1)
fg1-ggﬂN] # (R) I\RUDN_I
< IPN_1{dzJ e . e =
. & dRUDy

g B2 B (. R
efq1 9,BL) # (R) [Py, (dz) exp UI\DN_1UR exp e_(N)|I|

where g (N} is the estimate of the error in the lower bound
n - i 3 i N=1
(changed in sian). However, inside I\DN_,I the field X{ !
N1 :
small (<HN_1] hence the high order terms in U[N ! which are

not constant are really "neglegible" compared to the leading
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term: so
A=Y S(N=1) —2N =yt 2 A
vI\DN_IUR < VI\Dq_ + # (R)2 € [T+N) Hq{BN_1}le
{5514
and since
e T =2 M= 2 3
; [gT gZBN}# {RNJ # (R) 2 G [1+87) H4EBN_I)ﬂ e
a e =
R
g,-058%  meta NE v gy Hy (B o) 55
= (1 ¥ 8 e - | x)zs (5.15)
we have shown
aul
[ e P ld2) = exp (c_(N) +n(w)) L] -
[5.76)
2 iN=T)
«f exp vV B (dz).
D 5 N
It is now natural to define
~h i
el ulf\])}h I (Rl
and, of course
S ih) o (h) LR 2.<2h
VI\Dh < I\DhURh + (R € re"(14+h) %2 Ha(Bh} (5.18)

because the high orders do not matter since we are removing the

fields only from regions where !XEN}|<BN1

Similarly
o ih) S (h) 24 2 -2h
v =W + #(R) € hed(1+h)° 2 H, (B )
Dy I\DhURh h 4'"h
(55197
S ih) " Sl st 2 .=2h
SVI\Dh—‘IURh + #(RE) C ded(1+h) T 2 H, (B, )

where the last step is perhaps the most interesting. It is pos=~

the field x‘h’ though not too large

sible because in D, “OUR
(hy B=1 *5H~"h 5
(% <By) is still very large {|X|t }3Bh/(]+h)2): hence the higher

= #IF =

order terms are really small compared to the leading term which
is positive because Bh/t1+h}2 is wery large. This is true ¥i if

h is large encugh: h = hA' Since the higher orders are of higher

order in A this will be true for all h =2 0 if & is small enocugh.
m - T

i = \ _
the exp V when ¥ 1
O, _,UR E *oe

Finally integrating cver z

ives us a result
& (5.20)

B ~(h=1) =
< explg,-9,8 ) # (R) fPh_1{dzj exp Vé\uh UR exp «_{h)|I|
ind Sih=1)
by the very definition of v 2
order terms are reéally "higher order" we immediately realize

that

Since outside Dhoq the higher

SUh=1 . SlE=7) R 2 2 o
VD, uR < VI\D + (# (R) C e {(1+h)° 2 H B, 1))
h-1 h-1
{5521)
= Véh'il + lerror).

Therefore we are in a inductive position and we have achieved

the estimate:

E () = & {c_(h) + n(h)) + E(X) (5.22)
+ hzh, ™
b

where

4 ~ () -1

B(A) = max Vo ' (g |1 (5.23)

]

and étk) =0 if 4 i5 small enough.

Since E (%) is easily seen to have the wanted form (i.e.

- E (#) = 0 as A = 0} the proof is finished.

We have now all the pasie ingredients and mechanisms to attack
more complex problems 1ike the hlerarchical Markev field aor the
Buclidean field.

6. The Euclidean Field Theory

I shall now directly ponsider the case of the three dimensiocnal
4

¢" theory without illustrating the case of the Markov field fsee [3]).
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We define a gaussian field 7z distributed with covariance operator

(1-D) (v>-D)

A =C
ty2-1)

(6.1)

where D is the Laplace operator and the constant € is chosen
80 that

2 1
E(2d) =3 (6.2)
L. %
101 g%y @k _a o
m? € 3 (k®) a? 2 i

Then the euclidean field 4 is defined as
g N (N
$_ = _E i Zf ! (6.4}
5 N=0 i

(N :
w?cfc K ) are gaussian fields independently distributed so that
N

i has the same distribution of 2
PRl
PALE o 7
g prob. N. ~ fbay

L

The field (6.4) has covariance operator L, = V-5 and (G35,

{6.5) is the probabilistiec interpretation of the obvious relation

o
1 1 1
- = B (— — ] (6.6)
"D n=g y2M.p RO,

It is natural to introduce the cut-off and the normalized fields

N
¢EEN] = r \/r?zcﬂk} SR &5, 71

k=c

- cp{[s:q] ZFtN] 5 \/T'; xéN"”

B Bl it . (6.8)
Vzﬂmésmzz) IR

We then define the "third order renormalized interaction" VéN]

as
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)y _ ) [=N] & 6.9
Yoy =3 £ 2 (0, Y ¥ oac (6.9)
N bl A N2 oo G 220 (N}, 3
Vo = Wea T 1 Py T e e “ 3T We,rt T
(6.10]
where
)
1 (N}, 2 RS 4s31 ) [sn)y2 [N, 2,
3 Wy 7 gy = Jz agdn (Cp 717 tlep
I
1 ANy 2 BoET P dan alsihA A
2 Yol e T 2 5 TR gy '
i
; 3
1 (M), 3 _ N el 3 <wl 2 fswl 2 [s8],2
31 <NO,I] >[D] T3 :2} f I3d5dnd£fcﬁn } £Cn£ 3 e !
I
and
[=N] _ {sw]  [<N]
Con =1 9 be P, (dz) {6.12)
L (o)
and PN = Pi denotes the probability distribution of Z ,
i=o
Zt1], el
Our problem is to show the existence of E(}) such that
(M) - ST
| exp vy Py (dZ) = exp BE(|T| £64 13
where 9 € |=1,1] and
-
lim 3 © E{A\) = 0. (6.14)

A+0

This problem contains a new difficulty with respect to the al-

ready treated models: the field ALk is not built with simpler
-N

fields which are "independent on a scale vy ": however, the co-

-1 .
) decays exponentially over a scale y ~ . This

variance of Z
means, in colourful language, that the ultraviolet problem is
now coupled with an infrared problem: the volume of I "felt by

the high frequencies" will always be wvery large (n Y3N|I|J.
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The idea of the proof of (6.13), (6.14) is the same as the one
used in the former case, One integrates over the high frequen-
cies showing that the result has the right form in order to
apply a recursion argument.

Therefore it is natural to introduce, as in the hierarchical

{h}

cdse, the guantity V defined as

S L N .
VT. = U’I {6.1
Bt T [h+1} 1 T ~{h+1) S h+1)
VI =1 h+1 i1 taT E]+1tV H2) +——Eh+1tVI 341

with the notation naturally following the one previously used.

Before continuing it is good to get a feeling, and also a work—

able form, for VtNh. This is the so called "small diagram theory",
The result is
“(h) 2h 2 (hy. 4
W = = | 1 3 . . -
’ 3 J’T v (140, .{XE Yih HE
th)__(h), 2
X=X Yool h
2 4n+ i = :
1 ¥ R, - 111/2 g T digsm) (6.16)
I>I = (B2
3 1 1 4
FoEor o5 pwePu2 RIS T L S -
=0 g=0 r—O fA,...0_ M ...m. , m
r2ge3r = 1 o | o] r
OR[nl+ngi+m'fB
Noeoo Moy o mt -yhd[f SESE r_)
J A e el R L T
o ' - - e A1, x
Fpe ey nghy 1 = aalli 2
n n m m m
*xf_T...xﬁpx'...xq %5
=1 P F11 ﬂq i

{3
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where in the above formula the choices of the indices which give
L}

rise to meaningless expressions (e.g. if r = 0 or n = 0O ny or E!

can be defined) should be interpreted by simply ignoring the

indices which cannot make sense.

The coefficients A°'° +turn out to have the following properties:

3 A > 1 such that

=7

A s A, (Men T2 min M eenl) < R
' i 5% |
/ A T O (ot
-— e
E1Y&2X " 1

The calculation leading to (6.16) is a long but simple algebraic

analysis. It can be most easily done using diagrams., Represent

v ()

a5
——0—: - o - @ (6.18)
£ ¥ -3 £
Then V(h) will have a representation like

{6.19)
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where the T means that "there is a hard line connecting all the
points of the graph": the combinatorial coefficients and the
actual combination of covariances entering into the above ex-
pressions have to be found by more careful analysis (this is
reminded by the index R). See, for details, appendix B of [3],

50~ T.H

Look for instance at :—@—-.‘ it gives

2 3 3
A 2 [=n-1 [=n] 2
= 1 i - s - B ¥ =
+5— 314 Iilmgn Cep ) tldg0 -8,.7): didn
(6.20)
2 2 3 3
_ _ A7314 h [=8]7 _ .[=h] I o o NG D
el :|+rh>1£1 (CE11 Cen ) .(xE X, 1% didn
S0
h 1/2
2 tv'1E-n) N
= 314 3h ~le=n| ~v " |&=n]
SUEE AL S S— »
Arg 1 (110 v = le e
3 i
| P o
2 ¥ B T . [« T T
_ 3;4 (141, ) (B gmny3PV2 Y LEn] Y ey,
2 h
314 h =3 2 - - o ;
= _E__Y(Y | E=n]} 1/ a ! |€=n| (1-e L1 m1n(1,YN|£—nr
(6.21)
hence
2 el
= 314 - -6h e 3
I? AEH < [—4 ¥{l=e )1y Ia—'mdx . (6.22)
& R |K| 0
3
?
As another example we consider the graph: which
gives rise to (if ¢, = C = Jis8 £
3 N
AL 42 2.4 2 2 A
5= 4780 ol . Jadsdndn (C{(Esn) = Ci_qlEsn) CF(nor)
E
- 2-
Mg (6.23)

and this corresponds to r = 1, m'r = 2 and the A coefficient is

3 N
3 2, .4 2
4% (g T T wRS andzicite.mi-c]_, (Eaneini o)
i=h+1 12
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E g, B e “_e-vili—nl) 3 i_1|E—n| (.l_e—‘rl r.-n|}
- BRIy 2 | a I S T
i=ht1 |2 (Y |&-n| ) (" lg=n|)
52 N ! - x| B I
22 ; if;%j T yiooe 5 dx i 1 83 &0 = hRlE
T T I
ishet 3 Ix| g3 Ixl
3 B st o = o8
cer y E 3ot £ Bl hu (6.24)
i=h+1
. (N
S0 we shall be able to bound the interaction v( ) when
|M(m|€BN VEET
£ (6.25)
. M.
Ixﬁ'\]J - xr(‘N}I = ENIYN!E"HHL“‘ ¥ E,n €L, YO |E=n|<].

It is therefore natural, following the scheme of the Bernoulli

case to introduce the following regions

pd(4) = (g] Ix;N)| > B (1+y a(g, 1))

Dyle) = {&] 3 n, [N e-n) |<ts.t. IxéN}—xT[]NJP (6.26)
> (™ aee, ) eenl 7

R (4) = {Ala € Qy such that 3 £ € 4 where

|zéN)|>a; (1+vY a(g,1)) or 3 £,n € A where |Z£N)-Z;N)|z

= Blje (YN}E-HIJV

b e cg,)) and |enyN < 1) .

Notice that Dg, D; are "arbitrary" open sets while RNt¢) is
pavable by QN' by definition: i.e. RN iz defined in a substan-—
tially different way from Dg and D;. ARlternatively we could
also define Dg and D§ to be the smallest QN-pavab]m sets con-
taining the above defined sets: this would not be, however, a
natural definition as it was,"by accident",in the hierarchical

case.
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We also define

VéhJIQ) = {same as (6.16) with I\DE(@) replacing every-
) (6.27)
where 1, and (I\DJ(#))%\nf (¢) replacing Ixr}.

Calling I = I\Dglal this means that we replace T by 1 every-

where and, then, IxI by (IvI}xD§(¢} or IxI=I by the set obtained

by taking out of I*Ix*I all triples containing a pair in D;. The

A-coefficients that are put into the integrals defining (6.27)
are those relative to the region 1.

The above definition of @ ig slightly simpler than the eone of

ref, [5]: it seems, however, as good. On the other hand it makes
the proof of the basic inequalities (6.28) + (6.30) below slightly
harder, (see [5]). The functions G verify some inegqualities, as

in the Bernoulli case: suppose that B is large enough, (i.e.

B larger than the largest zero of Rétb)]' then 3 h,, T, and

i) U;N! < é:”) (6.28)

. cL o
GAyRIT: X &SP 2 Bﬁ)? 3 # (B (6)01) + uthl
S\By (1)

(6.29)

‘ =ik
11} VI

3 Tl
where R (8) = {a] & €Q,, (1{&.Rn(d|th)JJS-{Bh‘.l v} and
H;h] is defined as (6.27), replacing I everywhere in the inte-
gration regions, by S\D§_1tm} and, then, (I\DEE¢]JE by

ES\ugdi(fp}lE\D;_1 {in the same sense), and using A-coefficients

associated with the region S.
T

£ (H. 2
3 RUTINR, (4):K) “(h=-1) - . Cx. € _-h
R {kf K } 1 shaash = A

4¥3h|11

(6.30)
iy} h, =0 if is small enough,
All the above properties of th:, Véh} have obvious analogues
in the Bernoulli model and are what we need to copy the argument
already explained in the Bernoulll case to the Field theory of

Euclidean fields: the only missing tool is an algorithm for
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estimating the error involved in the integration of the highest
frequency field.

such algorithm is provided by the following lemma of probabili;y
theory which allows to conclude that even the results of the
integrations are as if the model was hierarchical. Let Z be the
standard field with (6.1) as covariance operator and let:

5 o DHPRPE | i 4 i IR £ |
up(z) = x T ] AF‘ ..rp e 1 P
P=1 'x; nysSD P %1 p
"p
5.1"'ZE dE1,...d£p + (6.31)
o]
1 _ . Z, -2
. s m, . .mq Kd(§1.. gq) q P mj
t BB g b B ey e gv Cap .. ap? “] x
qlz1 I;m. <D .29 14 gq'q 1 - G 5 Ejl
where the A's are such that
n,l...n
llall =sup [ &' Plag,...dg +
= Lqe= -k P
ﬂ‘x...xﬂ 1 2]
B
(6.32)
Myeeamy
+sup lag g0 Tp ool @8gadby <+ =
1 A ! PR B RCHL S ] v
ﬂ1xﬁ1x...xuqan b q°q
Let xi{z) be the c.h.f. of the event
(z] 'zal ¢B WEEN |2 -2, <8 |5-:;|‘/"‘,
(6.33)
vV iLn€EAa, If_—n!‘ﬁl]
. B _ . B
A € Qo. Let Xy = 1 L Then

Lemma: Let y be c¢lose enough to 1. Given t 2 O integer 3 B*,
Gy GV P n',nN Yqe ¥y depending only on £, D, D', ¥ such that

L}
if B p* and if R e Qo' g =% and HJ\% is defined from (6.31)
as after (6.29)
H
BB INR o s
[ Xg xoyp © P (dz)

S exp (|I| S(B,|| &) +& (B]|AlR])
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2l £ ET(ugik)
exp (Y,-Y,B ) |R| exp{ I ——0}
12 il k1! (t) (6.34)
T
u £ OEIETR)
| xBQ e prazy 2 exp - |I|&(B,||All) exp{ £ ___TﬁL__
=, k=1 2
where
W il g
5(B,||A||} e G[f” Aler EO 1l A||Bp}]t+1+e-u B +p BPH B]L
[6:35)
e oIl als®
Bl Al =6l Al e = (6.36)

In the next section we show how the ultraviolet estimate follows

from the above lemma.

7. The Upper and Lower Bounds

To find a lower bound we simply write
i i

N N
fet pgtam 2 fe T, 1 (1)

b= 9) Polar = 2 (W)

{7.1)
where x{DN{m) = mN] is the characteristic function of the event
Dy (4] = 2. Then

oL () :
z_(N) =] XD (e} = ) (x0T (4) = #) P (dB)
i=o
(7.2)
exp Vi) B (a2).
Since VEN) has the structure (6.31) after an appropriate change

of scale and 3 C > o s.t.
C =
s =N A ¢
lall=eBy 4 2 e (7.3)

we can apply the basic lemma to conclude

;. ol N X E, L3N .
Z_(N) = exp § {C EN—1 Ay e F BNJ e )|
(7.4)
N-1 , ~
[ 1 x(M®) =) exp vO
1=0
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(N=1)

and since UI has again the structure (6.31) we can indefinito.

ly apply the lemma to conclude that

= - -
= -N_Ck 3
2 (M) = exp-{ & &(C Bc_ e T N]|I|_ 7.5
= N-1 N {7.5)
N=0
To find the upper bound we use first (6.28) tp cbtain
ViN] G;N]
[ e P ldZ) £ 2 (N) = [ e P, (dZ). (7.6)
Then we use the decomposition of 1
T 'C(BN XBN
- = T
Re o, BT QMR ()
N
and write
bBN BN U;N)
Z,(N) = E I x ¥ oo e P, (d2Z) -
+ Re @ R Q N\R N (7.8)
N
and using (6.29)
- Tk T - (N)
Z (N) S % exp[CleC o Bg\f EN# (RNI) }* oxp }11\ g
B QN g b
;. (7.9
Using now the basic lemma, after a change of scale [noticing
that H;N] has, ¥S, the appropriate form (6.31)) ane finds by

(6.34), {6.30):

= e N _+* C 1
2 (N) € exp + S(C B . Ay e P BgK]T]
[ exp [8' (Gxe® v ¥ 8C_; By 12
; o ;= !
Re Q N-1" STy To(By Vi#F (RY) .
N
O U L
*oaxp (c BN—1 Ay e )1 Z, IN-1) (7.10)

and, by our construction, Z+(N—1] nas the same Structyre as
Z+{N} and the argument can be iterated , as long as p > h.:
A

(N} = Z+{hk} exp hfh (eth} + nthi)|1| (7.11)
Ry
where
= = B 1 —h ch S - T ..=h ¢
e{h}) = [d(C By 4 My e 3 Bh‘J] +_C Bl W e A
= o g _ 1
n{h}) = log (1 + exp &' (CH &Sy Bygh #¥y Yy Byl
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Finally the basic idea is, of course, the phase space cell decomposition
of Glimm-Jaffe, [61).
ﬁ{hl—1h
E,(h,) = exp max Vv {(¢) . a1
[ It seems to me that this idea is closely related to that in the
Henca analysis of the structure of the functional integrals developped
by Wilson [7]: the relation should appear clear in our proocf.
3 = + i) . <
L exp |11 i (efh) +m(h)) + e(h))) (7.14) The proof discussed here is in the works [31, [5].
- The above presentation is mainly taken cut of my notes from
where e{})|I| is an estimate for sup ; A (4). Since h, = o, lectures given at the Ecole Polytechnigque in October-November
if A is small enough, we see that one can take: I 1978, in Palaiseau.
o
T {eth) + nth)) R )
h=h,

and this concludes the proof since it is easy ta ses that

lim 2T E (M) =0 . (7.16)

A0

So it only remains to prove the basic lemma, last of the § 6.

8. Concluding Remarks

The proof of the lemma of § 6 is discussed in ref. [5] where it
is reduced to a general support property of free flelds roughly
saying that the probability that a gaussian field, associated
with an elliptic operator "with positive mass", is gverywhere
in a region I bounded by B times the square root of its covari-

ance is hounded below by
exp = Cy & | 2|

YT oe Rd, if C1, C2 are sultably chosen and B is larger than
B* (I-independent). This support property, very easy to prove
in the hierarchical models using techniques of statistical me-
chanics or gaussian processes, is much harder in the continuum

cases. It is proven in ref. [4].

As it is well known the results presented here were all well

known see the basic references quoted in [3], [5].

The method, however, seems to be somewhat different (although
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