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We consider a Gaussian process P on J'(R’) generated by a polynomial
in the Laplace operator. We prove some support properties for P. As a by-
product we strenghten earlier results on the stochastic Dirichlet problem on
bounded regions 4 C R?. We describe in this way the conditional P-distribution
of the restriction to 4 of ¢ € ¥'(R%), supposing ¢ is known outside /: a some-
what detailed description of the singularity of ¢ on / is given.

1. INTRODUCTION

The progress of constructive field theory has been so deep that it is too early
to appreciate the implications of its results in other areas of mathematics.

In this paper we present a discussion of some problems which naturally
arise in field theory and which, in our opinion, are interesting on their own.

Let A be a elliptic operator on R? with constant coeflicients. We shall actually
assume that 4 has the form

m—1

A =TT (%2 — D) (1.1)
i=0

with 0 < op? <7 ay? << =* < al_y and D = ZLI &*/éx2. Most of our results
should be extendable to a general elliptic operator with constant coefficients
and with the principal Green’s function exponentially decaying at infinity. We
shall consider only 4 > 2.
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We shall also consider bounded open regular! domains A and the formal
Dirichlet problem

Au =0 ind

(1.2)
oy =z ined, 1 =0,1,..,m—1,
where ¢¢ denotes the /th inner normal derivative of # on 4/ and 2z = (29,
& ., 2™m~1)) is a given mple of distributions on 0.
In field theory the above equation appears associated with the Gaussian
probability measure, on the Borel sets #° of & '(R?) relative to the S(R%)-
topology, with a covariance kernel given by the principal Green’s function of 4

d ikE—n)
f 22, P 4(dz) = d'k ¢

) ,me R4, (1.3
% () i (2,,,)d I’I;r;al (04,-2—!— kz) 3 7 ( )

Cfn =

to be thought as a distribution in %'(R® x R9).

The boundary value which appears in (1.2) is then the “trace” on ¢4 of the
first m — 1 normal derivatives of a distribution z chosen P,-randomly in
F'(R2).

The reasons for the interest of such a stochastic differential equation are
found in the following heuristic considerations.

Let u = L(2) = L(2'?, 2V,..., 2™~V be the “solution” of (1.2). Let { be a
Gaussian random variable in #’(R?) whose probability distribution is a Gaussian
measure on #° whose covariance kernel is the Green’s function &, 5 — CJ, of
the operator A with null boundary conditions on the complement A°¢ of A.2
We shall denote such measure P ,°, whenever A is understood: hence, if £, 5 € R4,

Ct = |

S(RY

Ll P 4(dY). (1.4)
)

1 This means that there are a finite number of points x € 84 such that, if they are
chosen as the origin of a coordinate system in R in which the plane x4 = 0 is the tangent
plane to 24 in x, v € P(R41) such that the surface x; = »(x), ¥ € R%1, coincides with 841
in an open neighborhood of 0 in R¢. Furthermore the “‘surface elements” of 04 thus
described cover 4. Later we shall impose some further regularity constraints.

2 That is, we consider the Green’s function of the minimal extension (Friedrichs’
extension) of the operator A acting on 2(A). Such function is a distribution in 2’(4) X
2'(A) which can be thought as a distribution in F'(R?%) x &’(R9%) if “extended by 0”:
we denote such extension C°: Cg, = 0 unless {, 7€ /A x A. The extendibility by zero
is a well-known property of the Green’s function of the operators A. It is also a con-
sequence of our estimates in Appendix 4 which implicitly imply that, Vfe S(R9),
Ja Cep f () dn is in C"~V(R?), which permits us to define C° as a functional in #"(R%) x
&’(R%). The appropriate continuity of such functional is also a consequence of the
estimates in Appendix A.
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Then consider the random field 2 € .¥'(R9) defined in terms of two inde-
pendent random fields {, € .¥'(R%) as

3y = L+ ulz), Ee R (1.5)

where { 1s P,%randomly chosen in .%'(R?) and % is P,-randomly chosen in
(R and

u(2) = L%, 0%,..., ¢ 717), ted,

(1.6)

uf(é) = %, §¢Av

where L denotes the “solution’ to (1.2) with boundary values given by the first
m — | inner normal derivatives of ¥ on d4.

Heuristic considerations suggest that (1.5), (1.6) should really make sense
and that the random field = “defined’’ by (1.5), (1.6) has the same distribution
of a P ,-distributed random field; i.e., V&, 5 € R,

(Le + w2, -+ (%)) Pa7(d0) Pu(dz) = Cp. (1.7)

“FURY S (RY)

In field theory (1.5), (1.7) would usually be written in a form more suggestive
and more appropriate for the applications as follows. Define for an arbitrary
open set {7 C RY

By ‘qub o-algebra of #° generated by the functions on

',\L
S'(RY) of the form = — 3(f) == | f(£) 5 df.fe F(u), 5 S (R

and, for an arbitrary closed set C,

P 0 O
:%C — ﬂ <%U .

Uusce

Call #, #, , B, the completion P ,-modulo zero of #°, #,,°, #.°. Further-
more, assuming that (1.5) makes sense and that the inverse images of sets in 4"
via the map ({, &) — = defined by (1.5) are P,° x P, -measurable we call P
the measure on %° which is the inverse image of P,” « P, . We call #', &, . Z,.
the completions P,-modulo zero of #°, #,°, A "

Then heuristic considerations suggest that & - A, A, = B, , B = B
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and P, = P, on #. Relation (1.7) can then be also written if G is & jc-mea-
surable:

J,

which expresses the “Markov property”” of P, and is called the DLR equation
for P, .

For Gaussian processes like P, the above formulas (1.5), (1.7), (1.8) have
been proven in a suitable sense in [1, 2]: the first problem that we study is to
give them a meaning strong enough for new applications to field theory.

Secondly we shall be interested in showing that, for a set E of distributions,
whose P,-measure can be well estimated to be “large’ the distributions
z e S'(RY will have good smoothness properties together with the traces of
their first m — 1 normal derivatives on regular surfaces.

The results on such ‘“‘support properties’’ are obtained by using a technique,
new as far as we know, which relies on the Markov property (1.8) and, rather
heavily, on some fine details of the theory of elliptic equations with constant
coefficients.

The results on the theory of the elliptic equations that we use should at least
seem familiar to the specialists: they are, essentially, a constructive version of
the main propositions of Chapter 11 of Ref. [3].> Unfortunately we have been
unable to find a reference for such results in the amount of detail needed here.
Since we feel that the proofs are not always straightforward we have given a
brief outline of our method in Appendix A.

In the next section we set up some definitions needed in the proofs and take
this chance to give a precise formulation of our results.

G(z) F(3) P(ds) = | G(&) F(L -+ u(z)) Pa(d2) P2(dL) (1.8)

‘(R F(RHYX L (RY

2. DErFINITIONS AND DESCRIPTION OF THE RESULTS

Our notation on the spaces of distributions will be the same as those of the
book of Lions and Magenes [3, Chap. I].

It is convenient to start by describing the theorem on Eq. (1.2) and set up,
at the same time, a convention for the nonconventional norms that we need.

We shall consider a bounded regular region A and its homothetic images
AMLA =1

To define the norms in the spaces of distributions on oA/l we shall associate

3 By constructive we mean here a theory, like those in [4, 5], in which the explicit
estimates for the isomorphism constants and for the dimensions of the defect spaces are
“explicitly”” given in terms of the geometric structure of the boundary of A (which are
possible because of our constant coefficients and decay assumptions on the operator 4,
very special in the class considered in [3]).
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to each set A4, A 2= 1, a covering oy ,..., n, of ¢Ad by regular, regularly spaced
(as A — o0), surface elements.?

To the covering o ,..., T, WE associate a partition of unity o ,..., o with
smooth, regular as A — oo, functions on ¢A/1.%

If £ 1s a distribution on dA/ then.«, f has support in ¢; and can be represented
in the local system of coordinates associated with o, by a distribution a;f on
RI-1 with support in {[ ¥ | < 4}

To measure the magnitude of f we introduce the following norms on the
space of the distributions on R4-1: for g€ Z'(R* 1), e = (0, I):

Gl = sup e (gl - 188
X,y6G : [
¥y

where G C R! is any set. So the space C*)(R%1), associated naturally to (2.1),
is the space of the Holder continuous function with exponent ¢ whose Hélder
continuity modulus decays at infinity as exp(—(| x )1/#).%

The basic space C'9(G) is used to define other spaces which we need.

The space CE(R¥), e€(0, 1), se R, will be defined to be the set of the
distributions g in .%’(R%1) such that

8l gt gary = I(1 — D)5 %g L oy oy < %, (2.

[\
o
—

* This means that 3Ay(4) > 1suchthat VA > A(A): (1) 3¢, ,..., f,,a € ¢/ and n, functions
Vi peeny V) € Z(R1) such that, in the system of Cartesian coordinates in which §; is the
origin and x, -= 0 is the tangent plane 7, to A4 in ¢, , the surface element o, is described
by ag = wi(x), |x1 -2 }; , ¥ = (%1 ,..., X4_1) € R""1 and the set o/ described by x, =~ v.(x),
aeS! s ixiix| < 1} is also contained in éAd. Also (i) 384! such that n, < é.'A"!
(iti) 36 ;* such that if d(s, , ¢;) > 0 then d(o, , 0;) = 8,® (iv) Ir, such that for each 7 the
number of values of the index j such that d(o; , 0;) == 0isr, . Weshall call ¢, ,..., o',,/‘ the
“‘enlarged covering” of 9AA associated with the regular, regularly spaced as A » «,
covering oy ,..., Ty * The system of coordinates used in (i) will be referred to as the “local
svstem of coordinates’ associated with o, .
® This means that supp «; C o, , }:?31 a; == 1 and (1) if ¥ — &{x) is the function which
represents , in the local system of coordinates associated with o, then &, & Z(R‘1Y),
&, o+ 0; (1) 3 a sequence g , 4y ,... such that | & o) ga-1) < @, , p == 0, 1,...5 V2, VA
Ao(A) (possibly readjusting the value Ao(A) previously defined); (iii) on each ¢; 2 o, we
shall imagine defined a function a; with support on o) and equal to 1 on o, and such that
LA e a1, < ay VA = A(A), Vi, Vp; (iv) we shall extend x; and «] to C” functions on
R to functions &, , & with support within distance 1 from o}, and with all the normal
derivatives of o} vanishing and such that | &, lcw gy | ¥ oo ge, < @p.p == 0, 1,.... We
can also suppose that such extensions are “‘canonically made.”

¢ We choose exp(— (| ¥ [)1/2) as weight in (2.1) for simplicity: it is by no means a natural
choice nor an optimal one. It will appear from our use of {2.1) that a natural and optimal
choice would be an exponential decay exp(— const | x|) with a constant proportional to v, .
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ie., ge CE(RY) if after being “differentiated” s — e times it is still Holder
continuous with exponent € and well localized in space; in (2.2) D :Zj: 02/ 0x 2.

We shall measure the magnitude of fe 2'(dAA1) by the norms defined for
ee(0,1), seR,

Hf“c‘(s)(gi,ai) = Wl aichs(.e)(Rdwl) (23)
Hf”cgs)(@,\/“ = Flsup HfHCS(E)(oI"&[) . (24)

For studying Eq. (1.2) it is also convenient to introduce the “space of boundary
data’’:

m—1
9an) = T] c¥yenn) (2.5)
=0
and put, for g = (&9, 2V, 2mV),
m~—1 .
li 2 H(fs(f)(a,) = Z [Ead “C}_‘_),»(O‘-,a’.) (2.6)
i=0
H 2 Hg’;e)(a,\/l) = i=1sup » ” 2 H?_s‘)("/) . (27)

Finally we shall associate to the above space of boundary data a space of
distributions which is very convenient to describe distributions % near dAA. To
construct it, let o; be a surface element on 0AA and let (x, x;) be the coordinates
of a point ¢ € R? in the system of coordinates associated with o, .

Let j = (jy -+ Ja) be d nonnegative integers and

d
1= 7, oY =07 axlt - axla.
i=1
Given u € #'(R%) and A == A(A) define?
(9%, x2) = &ulw, % + @)@ Pu)(z, x4 + vil2)), (2.8)

60 = (1 — D) 7" 2)(a, w0, (29)

where D = 2?: 2[ox2, e€(0, 1), se R. The function {¥ at fixed x, is the
trace of 3@« on the surface parallel to ¢; and translated by x, from it, multi-

7 Cf. footnote 5 for the definition of & .
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plicated by &, . Then define for G = R? or G := 4 and G’ -= RT or R?!
[0, 2©), respectively,

i — 0 ol
| u gl G080, Z L st 6oy » (2.10)
| il
S su™ |y ! 2
g SU Uigle) G, (2.1
=1, .0m) !

The above notions (2.8)-(2.11) make sense, when G := R% more generally
for an arbitrary surface o described by equations like x, == »(x), v€ Z(R* ) to
which is associated a function & € Z(R?): we shall denote ! u{i,‘f@md:(,‘i) the
number (2.11) thus constructed.

The space ¥(R?; 9AA) consists of distributions which behave rather nicely
on ¢AA: for instance, the finiteness of the (semi)-norm (2.11) permits to define
in a natural sense the trace of u on dA/ and, at the same time, the trace cu of
the first m — | normal derivatives of # on éA/A. Of course, the above definitions
are interesting since

| u }:W&’(a,\m <o)l u L6 DR (2.12)

for a suitably chosen ¢(s), VA = A(A); see Appendix B.
Therefore if makes sense to ask the following question: given z € €7 (R?; ¢AA),
find u € N, ., € (RY; M) such that

Au=0  inad
(2.13)
o=z in (AA)¢

which means that ue C*(AA1) and Au =: 0 in AA; furthermore u = z as a
distribution in (A4)\2AA.

We shall refer to the problem of existence and uniqueness of such solutions u
of (2.13) as the “Dirichlet problem in €{9(R?; AA).”

One expects that in A4 U 8AA the solutions of (2.13), when existing, will
depend only on gz: we shall therefore denote them either u(z) or u(gz): the
second notation will be used only to refer to the solution of (2.13) restricted to
Ad U éAd. We shall also consider the distributions described in the local
coordinates of o; by wy(x, x;) 2(x, x,), which have support near o, and denote
u(&,%) or u(0&,%), the solution in the whole R? or in A/, respectively.

We are now in a position to describe the main results on the theory of (2.13)
or, loosely speaking, of (1.2).

ProrosITiON 1. 3 a continuous function (o, ') -~ 8w, &) null on the diagonal
(r.e., Na, x) == 0) with values in (0, n/2) such that, given A as in (1.1), if A is
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O(cty 5 oty )-conically regular® and if I' C A is a regular region well situated in
A® then:

(1) 3 a continuous function (e, s) — A(e, s) on (0, 1) X R such that YA =
Me, 8) and Nz € € (R?, OAA) the Dirichlet problem in €(R?, 0AA), cf. (2.13),
has a unique solution u(z) (which in AA depends only on 9z, cf. (2.12)). It verifies
Ve, 5,5 < s,

Il 4(2)ig 0 rainm = Cor el ® H«,@md;am) ’
. (2.14)
] u(az)H%’Sf)()\A;@/\A) =Cy . los H‘f}i’(am)

Jfor a suitable continuous C:’,s,e (A-independent).

(it) 3k > 0 such that, Ve (0, 1), se R, s > ¢, s — ¢ not integer and if
se=1[s— €]+ e YACTAA, 4 open, VA = Af(e, ), Vi = 1,...,m,

1 (05,2l popa) < Coe ™ 82 g, oy » (2.15)

where C . 1s a suitable continuous function (A-independent).)®
(i) VYee(0, 1), VseR, Vs' <s, YA = Mfe, 5),

Il Qu(2a;2)| (2.16)

?E,‘)(‘r,-.u,-"')

—«d{r;,04)
< ol s, ) €0 B2l g, )

Y choices of the surface elements o, C 0AA, v; C AL, if ¢(s', s, €) is a suitable con-
tinuous function and the «;" are defined as the «; .

8 A regular region A is “6-conically regular” if for all £e 84 the cone around the
outer normal in ¢ and opening @ has no intersections with 8/ other than the apex ¢ itself.
Note that this is not a local condition.

% Given a regular region I' C A we say that I' is well situated inside A if when 84
and I touch each other they do that on a not too large region and have a contact of
infinite order. Precisely either 8I'N 84 = ¢ or 3¢€dA N al' and vy, v, € D(R*Y)
such that in a Cartesian system of coordinates in which x; = 0 is the tangent plane to 4
in £ and € is the origin: (i) 3 a neighborhood U of the origin such that the equations:
xg = vy(x), x€ U and x; = vp(x), x € U describe two surfaces contained in 84 and aI"
and which contain 84 N @I (ii) The contact is of infinite order: i.e., if 82y is an | & |-th
order derivative of v = v, — »p:

[ o™ ()|
sup——— < oo Vae(0, 1)
xeU l V(@)! -

1 ¥8 > 0, B not integer, Y4 C R¢, 4 open
a(g) xX) — @m)u
uile® o = llulc®q) = Jullc®ig + Y sup | 97vE) 37[552})\ ,
sy pzed ¥y

f<1

where o = (x; ,..., %) are d nonnegative integers.
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(iv) V(e &, 5)e(0, 1) x R YA = A(s),

—xd{r .0,

| u(0d;=) < O, s, €) € T ow Lo (2.17)

|3?§§)(71,'va)
Y choices of the surface elements o, C 6AA, v; € OAI" such that d(z; , o,) = 1 if C is
a suitably chosen continuous function.

Remarks. (1) The important feature of this theorem is the uniformity in A

and the exponential decay property in the local, up-to-the-boundary, estimates
(2.15), (2.16).

(2) To use apparently more general data g € €{?(éA1) would not actually
be more general because such data can always be thought as the normal deriva-
tives of a distribution z € ¥{7(R?; 2A).

(3) 'The above proposition holds for operators . of the form (1.1) even
it some of the o’s coincide, provided o, > O (“same proof™’). The case (1 — D)
is particularly interesting: the main simplification, in this case, is that one finds
that Proposition 1 holds without anv conical regularity condition on ¢/1.

Although our naive double-layer techniques do not, for technically not by~
passable reasons, allow the removal of the conical regularity requirement in
the general case, it seems plausible that this condition is not really necessary.

Also the loss in regularity in (2.14), (2.16) (s" <Z s5) is probably not real: we
have proofs in special cases with s = s but the technique is considerably morc
complex.

Propositions 2, 3, and 4 illustrate the applications, proposed in this paper, to
the theory of the Gaussian measure P, of Proposition 1.

Given a function v € 2(R*1) and a function & € Z(R’) we regard v as the
equation of a surface o in R? (x; = »(x), x € R* ! describes o) and assume for
simplicity that all the normal derivatives of & vanish on o.

Then we can introduce the distributions (9, 89 like in (2.8), (2.9) replacing
o;. %, bv o, & and define the event, ¢f. (2.10),

Bl = {z|ze P (RY), ' ‘?(6"~(5)(R’1:r)uii < Bl (2.18)

The distributions in E§’)"* are quite nice on o: it makes sense in a natural way
to define the traces on o of their first m — | normal derivatives multiplied by .

PrOPOSITION 2. Let e, €(0, ), e <<€, ¢« ::m—d2 —(c —¢). Then
EE< i P ,-measurable and AC, , C, > 0 such that
PAESS ) << 1 — Cre B (2.19)
1

if v icoge-y < §.

"' 1 is not optimal. Actually, optimally there should be no such restriction,

580/36/3-0
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Furthermore the random variables (cf. (2.9))
60 =1 — D)V ), £=(ma)eR,  (220)

form a family of Gaussian random wvariables with respect to the measure P, ,
Vj, 1j| < m— 1: their covariance X'D(£, n) verifies, Ve" € (0, €')

|X('j)(§’ m — X(‘j)(fl’ 1)l (€] +]n])
7 o M ) < o0 2.21
i RS (3 ey - ey ey~ (221)

In—n"1<1,151<m—1

if u > O 15 small enough, provided || v |jcu(ga-1y << 1.1

Remarks. (1) The considerations preceding Proposition 2 show that this is a
“trace theorem.”

The arbitrariness of ¢, ¢’ in Proposition 2 and (2.12) allow us to conclude, by
simple arguments, that Proposition 2 means that P,-almost surely (see (2.19),
(2.18)) we have

“ @2’ “?S(e)(o,a) < +w’ H 2 H?x(()(Rd;g’&) < +w (2‘22)

if e€(0, §), s < m — dJ2, and gz denotes the trace (2, 03,..., 9™'2) of the first
m — 1 normal derivatives of 2z on ¢ which exist in the natural sense, provided
by (2.18), (2.19), when || » lcuren < }

(2) Clearly (2.22) and Proposition 1 allow us to give a rigorous “naive’
(hence strong) meaning to the r.h.s. of (1.5) as a random field on R¢ for regions
of the form A4 with A a region 6(og, ®,_,)-conically regular and with A >
Afe, 5), given €€ (0, ), s < m — dJ2.

In fact, assuming!? that A(e, s) > Ay(A4) and that AfA) is so large that
YA =2 M), || v; llerre-y << 1, one chooses { and Z in &'(R¢) with a probability
distribution P,° and P, , respectively. Then one solves the Dirichlet problem
(2.13) in FE(R?; 0AA): this is possible by Proposition 1. Call #(%) the solution.

By (2.14) and a continuity argument it is easy to see that #(%) is a P,~-mea-
surable random field. Hence we can define the P,° X P,-measurable random
field on R?

2 = { + u(%). (2.23)

(3) Once the map {,Z— {+ #(Z) = z has been P,° X P ,-almost
everywhere defined on &'(R?%) + &'(R?) as a P,° X P, -measurable map into
F'(R% we can use it to define by inverse images a measure P/, on the g-algebra
28° (of the Borel sets of the #(R%)-topology on &'(R%)).

12 As we may and shall do, possibly readjusting A(4) and A,(e, s).
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By standard arguments [I, 2, 8] it follows that any # ,c-measurable function
depends only on the field in /€.

To prove the Markov property (1.8) we have to show only (1.7) and to use
then the uniqueness of the Gaussian measures of given covariance.

The relation (1.7) is proven in [1] for m — d/2 > 0 and in [2] in general.
It can also be checked directly provided one has enough familiarity with the
distributions C° and C°: one first shows that the real problem is to prove (1.7)
for €, n € AA (cf. Appendix C); then if &, » € A4 and (1.7) is explicitly written in
terms of the covariances C° and C of { and % one realizes that it expresses a
relation between C° and C well known in the theory of partial differential
equations.!® Proposition 2 can be called a “local support property.”

Typically we call “global support properties’” the “good’” estimates of events
having the form {z | s € '(R?), | 2 |y << B} where I is a cube centred at the
origin and | 2 ll;(;) is some “local norm’ on 2: for instance,

EPf—={zlz€e LR 5 gy, 7 B {2.24)
In the following we shall only consider sets of distributions measurable with
respect to P,, P,° P,° X P, (as it will appear from the context) leaving
systematically the measurability problems to the reader: a very good and short
guide to the analysis of such problems is the theory in Section II of Ref. [6].

Another typical global event which arises naturally in connection with the
concrete exploitation of the Markov property (1.8) and of Propositions I and 2
1s the following.

Let O, be a pavement of R? with cubic tesserae 4 of unit side size. Shrink
each tessera about its center by (1 — 8), 8 € (0, 1), and then turn it into a regular
convex box by smoothing, in the same way for all £’s in (), , the edges and the
corners. Call 0, the set of the modified tesserae thus obtained and call 0, .
the set of tesserae obtained by dilating by a factor / the whole quasi-pavement 0, .

We denote [ the tesserae of O, ;: they have the form of /4, 4 ¢ 0, and on
cach of them we consider a regular, regularly spaced (as / —> o), covering with
surface elements (cf. footnotes 4-6). We call Y, ; the family of such surface
clements.

With this definition in mind it makes sense to consider the event

EZscl o fa | ze S(RY, ez e = B (2.25)

1% Let f € & (R") and consider the equation Au = f; it has a unique solution in ¥/ (R%).
Restrict it to 4 and call (2',..., 3™ Y) = z = Zu the trace on &4 of the first m 1
normal derivatives of « on 8. Then consider the problem 4v = fin A, év == z in #1,

v € C*(1): its solution v coincides with the restriction of « to 4. On the other hand u can
be expressed in terms of C and f and ¢ in terms of C*, f, 2 and the normal derivatives
of C* on é4 of order m, m - 1,..., 2m — | (by the Green’s formula). Choosing f &€ %()
and using its arbitrariness this implies a relation between C, C° which, if iterated once,
vields (1.7).
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where B >0, ec(0,%), s <m—df2,] >1and o€}, ; and

EBeet o () BBl (2.26)

aCl
€241

which is another example of “global event.”
As an example of good estimate of a global event we give the following
proposition.

ProrosrTioN 3, (i) Let m—dj2 >0, 0 <e<B <s<m—df2 and
suppose also B < [m — df2] — (—1)%2 and €€(0, §), B — € not integer. Let
B. = [B — €] + . There exist five continuous functions of €, B, s, denoted I, ¢, ,
&y, €y, €y Such that

P(EEP< A EP5Yy = exp(— | 1| 6,67%%) (2.27)

VB2 > ¢, + ¢ logl, VI = 1if | 1| = volume of I.

(if) Letec(0,3), s <m — dj2, se R, There exist five continuous functions
of ¢, s, denoted I, ¢, | ¢, , &5, &, such that

PAEF Y = exp(—ée 95 | 1)
A (2.28)
VB2 = ¢+ élog VI = 1.

Remark. This proposition is not the strongest we can prove and is not very
useful in the applications. We shall obtain it as a special case of a theorem (the
“integration grid existence theorem,”” Theorem I of Section 5) which we do not
describe here because for its accurate formulation we need some involved
geometric considerations. It will be written and proved in Sections 4, 5, and 6.

In the applications the above proposition must be coupled with its “‘opposite”’
which is much easier and standard and which is our last result.

Let G C R? be an open regular set and let G, be the smallest set of tesserae
of O, whose union covers G: let G, = (4, , 4, ,...). Finally call ¥2-® the charac-
teristic function of the event

{512 PR, | 2 20, > Bb (2.29)
and %2~ the characteristic function of
{#lxe (R, | 02 llg 0, > B (2.30)

where o is a surface element in 3 ; (cf. footnotes 4-6). Then, with the above
notation
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ProrosiTioN 4. If m — df2 >0 and Be (0, [m — dj2) — (—1)¥/2) there
exist two continuous functions of B, denoted g, and g, , such that VG C R!

N

) N
[ Patas) TT 82423 < 1 expley — 2287 (231)
=1 -1

VB, 2 0.

Similarly if m — df2 is arbitrary and s < m — dj2, € € (0, §) there exist two
continuous functions of € and s, denoted g, , g, , such that for all choices of N different
surface elements o, ..., on €3 4

. N N
| Pa@z) [T x07"(2) < [] exples — &8 (2.32)
* i=1 i=1

VB, = 0, VI = A[(A).

Finally the family 3, ;, of surface elements out of which oy ,..., oy in (2.32)
are taken can be replaced by the larger family 3, introduced later in Section 4.

It is fair to associate some names to the above propositions: the Markov
property (1.8) and the general theory of Gaussian Markov processes associated
with elliptic operators is due to Pitt [1], see also [2]. The idea that the spaces
€ I(R7; ¢A) are the natural spaces for the support properties of P, is duc to
Colella and Lanford [6] who proved Proposition 2 in the special case & - 2,
m = 1, and ¢4 flat; Proposition 4 is essentially a refinement of Proposition 2
and is based on the well-known idea of Wiener for the proof of the continuity
of the sample paths of the Brownian motion [7, 6]. Proposition | should, at
least, sound familiar to the specialists in the theory of elliptic equations: our
method of proof was inspired by [3, 4].

Proposition 3 is our main result (or, better, our main result is the extension
of Proposition 3: the integration grid existence theorem (Theorem I of Section 5)):
in this paper we prove Theorem I in full detail and, also in detail, the parts of
the proofs of Proposition 2 and 4 which involve new problems with respect to
the earlier literature.

The support properties, in the simple form considered in Proposition 2, have
been studied by several authors in more general or different settings.

Actually one could derive Proposition 2 from our estimates of Section 3 (L.c.,
from the inequality (2.21)) using the elegant and general theory of measurable
norms ([9], see also the list of references in [9]) instead of proceeding via the
method of [6]. The analysis in Section 3 is, however, necessary to check the
validity of the assumptions needed to apply the general theory to our case.

Many extensions or parallel developments to the important work in [[] exist
in the literature. In particular attention has been devoted to support properties
in other natural spaces of distributions or with respect to slightly non-Gaussian
processes. For instance, local support properties have been considered with
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Sobolev spaces H, replacing our €' spaces and with a Ap(¢),-Markov process
replacing the Gaussian process [10].

Also the stochastic Dirichlet problem has been considered in several papers,
after [1], in Sobolev spaces and in a form weaker than ours [11].

We are indebted to the referee for pointing out to us some references thus
giving us the opportunity to think again over our reference list and to revise it.

3. PrROOF OF PROPOSITION 2

The work [6] reduces the proof of Proposition 2 to the problem, trivial in the
case considered in [6], of showing that the formal expression for the covariance
XU(£, 9) actually defines a distribution on R? X R verifying (2.21), (see also
Section 6, for details).

Hence we shall concentrate in proving (2.21) in our case (general d and m
and more significantly general d4).

To express the covariance of the random field 62 defined in (2.20) let us
first recall two properties of the Green’s functions of polynomials of the Laplacian.
They follow by direct computation from the definitions:

(1) If ¢ < 0 is not an integer multiple of } the operator (I — D)°, D =
Zf;ll 22/0x;? is a kernel operator on R%1 and its kernel is a distribution verifying

) . dk ek
N~ ) = (L= Dhiy = | oo Ty (3.0
Nos — ) = lx — ' PO L@ — ¥ W) + [ — &), (G2)
@EPN)s — ) < cpoexp(—§lx—x ) lx—v[>1, (33

where I, [, are real analytic in their arguments and 0'® denotes a pth-order
derivative of N, , p = 0, 1,..., and C,, are suitable constants.14

(2) Consider a pth-order derivative of the distribution C, on R%:

dk eike

C6) = (2my 1_11;1;1 (o + kz)

(3.4)

then 9'»’C has the form of a finite sum of “‘singular parts’’ plus a “regular part”
which is a real analytic function of the components of £, Vp = 0, 1,...,2m — 1.
The singular parts have the form

10 ag d s b;
TR (5) Do ()

i=1 "

14 The number % in (3.3) could be replaced by another number <1.
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where b, , b, ,..., b, are nonnegative integers, Ibl,,,2 ,,,,, b 182 real analytic function
of the components of ¢ and, finally, a; = 0 if 4 is odd while a; = 1 if d is even.
Furthermore, for suitably chosen ¢, ,p =0, 1,.... 2m — |

| eMC(E)] < cpexp(—3ay | € ). (3.6)

We shall now consider the random field 89 defined in (2.20) and we shall
distinguish between the cases when (m — | j| — 1)/2 is integer or not.

Let (m —|j| — 1)/2 be integer. The form of (2.20) then immediately
implies that it is enough to consider only the case |j| = m — 1.

The formal covariance of (2.20) is easily computed: let ¢ == (s — (m ~ 1) —€)/2
<2 0 (by assumption on s5). Then if (x, x,), (y, v,) € R?, &, y € R*"!

[ 62, 62, Puds) = [ Nfa — x) No(y — ¥) &l o)

X8y Vioug

(3.7)

~ 7 ’ ’
bt O‘i(,’_y,’ yd) ! (Cg('—g".v(._\")~v(,}") «nd--y,,) dx d)’ »

where ¢, § = (§; ,.r Jag) is some derivative of order | j & == 2(m — 1).13
The expression (3.7) after “performing’” the derivatives becomes a finite
linear combination of expression like

‘. ‘Na(ﬁ’-c — xl) Na(._y - _y/) a(gc/, ;}',, X » _vd)(a(j’)c)<'~n' > (3.8)
where a 1s a product of derivatives of & or v and has support in a bounded region;

We shall show that (3.7) verifies (2.21). To avoid repetitions of the same
arguments we shall present here only the discussion of the Hélder continuity
for %, ¥, x4, ¥4 in a bounded region, i.e., we shall multiply (3.7) by a function
x(*, v, x4, ¥q) with compact support and show that yX¥ verifies (2.21): the
other three cases to consider can be treated likewise (and actually turn out to
be simpler). Also, for simplicity, we only consider the 4 odd case.

By the properties discussed in (2) above (cf. lines before (3.5)) it will be
enough to study the Hélder continuity properties of expressions like

l:]: [(é\:/ _ 7]’)
(& —

; 4 &y
[ %(En o', ) Nt — ) Ny = T (52 0)
. Gl ) !

dx’ dv’

(3.9)

5 We call (3.7) the “formal covariance’ of 6'2 because strictly speaking we have not
vet even shown that (2 makes sense as a P4-measurable random field. As usual the proof
that (3.7) has the property (2.21) also implicitly provides the proof (which we wish to
leave to the reader) that 8'2 is a P4-measurable random field with covariance (3.7).
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where £ = (%, x3), 7 = (3, ¥a) ¢ = 0, 1, I is a real analytic function of its argu-
ments and § € P(R*-2) (because we are studying the Hélder continuity of (3.7)
in a bounded region).

With some repeated applications of the Taylor series it is possible provided
Il v llcarra-1) << 36 to express (3.9) as a series over n, ,..., 1, , integers >0, and
over ¢ = 0, 1 of expression like

Hypon(6,7) = [ daf dy' |3 — & |72 |y — y7 [-amse

an,...nd('x’ Q’, .ZC/, }"> Xq )yd)

| & —n' 772 U(If

X

& —m \™ (3.10)
-1 l)

where we changed the notation setting ¢ = (x', x5), ' = (3, y,) and ¢ =
(%, x5), 7 = (3, ¥a); here y,...n, are C= functions with uniformly bounded
support which have the property

H anl'”"dHc(l-)(R‘;dfz) < Kr,ym+ng+...+nd (3'11)

when y = 4| v|ciyge-1y < 1, and K, > 0 is suitably chosen.

Therefore the problem of finding the modulus of Hélder continuity of (3.9)
is now reduced to that of finding the modulus of Hélder continuity of (3.10)
and of showing that when (3.11) holds, i.e., when ¥ <C 1, this modulus can be
summed over n ,..., 74 .

By using the support properties of the a’s it is easy to see that we can replace,
in our analysis, (3.10) by an expression which is more convenient for our calcula-
tion

e~ 1x—x'] Patard e—1& 0’|
(3= 8 [P [y =y P TE =y e
(3.12)

Hy. o = f dx' dy’

I / n;

If[( = l) bry & Y, %5 Y X0 s Va)s

where the #’s verify the same bound (3.11) with a new constant X, but the
same v; they also have the same support property of the a’s: i.e., they have all
support in a common bounded region.

The common support properties of the 4’s and (3.11) allow to represent them
as Fourier integrals as

by(x, v, &', ¥, %4, va) = feXp[i(bzc T hx + ky + Ry + wxg -+ w'yy)]
byl ko B\ K w, ') db dk db' AR’ dw do’ (3.13)

16 The constant 4 is not optimal.
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and YA > 0 3C, such that

| byl B b K, ) SO+ b+ [ B |+ 1k~ ]~ ol + lw’ )
(3.14)

Furthermore, by first integrating over the radial variable | x ' or | £ | it follows

r ) e i¥l P D s
| deet e | S EpiEeie RERTLGS)
" deeite el L g™ E p i 3
‘.'(fl’ ‘!f[dAzI:[l(‘]f|) gm, CGR, (;l())

Va, ..., n, and for suitably chosen D, E. Hence the integral of (3.12) can be
written

[ dh dk dh' dk' dw dé dw dw’ expli(hx + kx - (v -+ DYy - (w — @)y

Dw — k) D(w — k') ‘

(] ,,‘, ‘Z_U + b' |)d,/’2~1—te’ (] i ‘ w— b' dez L€

» E(‘Z_U, (Zl) C/\(h) y b’) k/a W, w,)

SO @) (T TR TR TR R = o= o [
(3.17)

(- B (B — w)p)]

o

I3

where D(*), E(-), C(-) are functions whose modulus is bounded by the constants
with the corresponding name in (3.14), (3.15), (3.16).
If we choose A very large (say, 4 + 100) the variables [hi, ki, B, &,
w ., | w' | are forced to “stay close to zero” and this allows us to find a bound
on the Hélder continuity modulus of (3.17). In fact to compute the variation §
of (3.17) when x is varied between x; and x, ¥ between y, and s and x, between
fy and f, and v, between r, and 7, , we can use the inequalities: Y7 & (0, 1), 3B7:

ihx __ plhy
[elx ye\_"'] <|[h"B, ¥y yeR"
—t i (3.18)
[e',_e‘r*'§i’w‘3”3n Vi, re R
f — T ’

and we see that (3.18), (3.17) imply, if n = 2¢” < [, that | § = is bounded by
(=@ [y — 9, ¥ 'y — 1, 2L 1 — 7, %) times the integral

e dk db Ak db' dw do’ dw dé
I B O [ R R TR F T el T

R e TRl R -1
N (l . ’Z_U 7% b’ 4)!]/2———116'(1 + Iy) _ l?’ ])d/':l——] Ae’(l e “L_U 2 4 &‘)2)

(3.19)
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and the integral converges if ¢” <C €. Since the r.h.s. of (3.19) can be summed
over n, , the proof of the 2¢”-Hélder continuity is completed for the case when
(m — |j| — 1)/2 is integer and ¢, 7 are in a given bounded set: if either £ or 7
or both are far from the curved part of the surface in R? described by » the
proof proceeds along the same lines and, actually, is easier and, using (3.3) one
also finds the exponential decay property mentioned above. We omit the details.
It remains to study the cases (m — | j | — 1)/2 not integer. The argument just
given for the integer case can be easily adapted to cover this new case: i.e., one
can prove that

C(_j) e(l—D —(s—lil—e)2t1/2 e Ra ,
(1 — D) (R?) (3.20)

_a_c(_;) e(l — D)—(s—lg'[-e)/2+l/2 é("(Rd)
0x;,

for & = 1,..., d and then use a general technique in the theory of distributions,
that if
Le(l — D) CO(RY),
5 ( ) (%) (3.21)
—Lte(l —DPCYRY, k=1,.,d,
0x;,

then L € (1 — D)s-12CO(R%), Vé < e.

4. Proor oF ProrosiTioN 3. ParT I: GEOMETRY. THE INTEGRATION GRID

Before proceeding to the proof we must do a complicated geometric construc-
tion, referred as “‘construction of an integration grid,”” which is needed if one
wishes to use our Proposition 1 and does not want to get in involved in the
rather difficult theory of the Dirichlet problem (1.2) in regions with corners
and edges.

Let Oy, Qs,-rs Qasy be d + 1 pavements of R? with cubic tesserac with
side size 1. We suppose that the centers of the tesserae of such pavements are
on parallel lattices with step 1 and origin at the points

_ 281 __ ]
& ="z (L L e RY, (4.1)

respectively, for £ = 1, 2,..., d 4 1.
Now we turn each tessera into a smooth region by some deformations. Let
0 < 8 < (1029)71, say:

(i) We shrink each tessera about its center by a homothety factor (1 — 8):
after this first operation the d + 1 pavements are no longer such because they
leave unpaved corridors of width <<(5 - 29)~1 between them.
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(ii) Turn every corner into a smooth corner and, also, every edge, of any

order, into a smooth edge
— i/ case d=2

Ficure 4.1

(i) We now wish to modify more the boundaries of Qy, Oy ,..., Uy, In
such a way that they intersect in a smooth way between each other and with the
boundaries of Q; . We also want that the modified regions are conically regular
for cones with opening 0, at least. We add the further condition that if two
points belong to the same boundary X, which has been deformed in order to
cross smoothly another boundary X, and if they lie on opposite sides of Z|,
then their distance is larger than, say, 8/100: in other words, upon crossing, the
surfaces must stay adherent for a while.

The two-dimensional situation is easily described by pictures

20, ~_"_2[li__ N ol
r i 1l 1
il S

L [ P
»-Lri irlitl . _— ,_',‘«7:71_\‘i
! I i |
H i e
Ficure 4.2
11 [
i I
1t 1t
e ~ Do
i
11 |
Ficure 4.3

and the last condition means that if a crossing is enlarged in scale it looks like

t
1

- ]
———%—H—Y fat piece 00

Ficure 4.4

In the deformations that we consider we only allow displacements of 8/2 (at
most), of each point.

(iv) Finally we suppose that the contacts between different surfaces are
of infinite order in the same sense used in defining when a region is well situated
into another in Section 2 (footnote 8).
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After some meditation the reader will recognize that the above construction
is possible also if 4 > 2. Actually such constructions may be done in many
ways: e.g., if d = 2 we could do the following

Ficure 4.5

Note that the “sharper’ are the deformed corners the less conically regular the
region results: however, the above regions can certainly be constructed conically
with opening O (i.e., such that their closures are never intersected again by
their outer normals).

We call 0, ,, 0o 1 yor Ogira the sets of deformed tesserae. If we scale by a
homothety factor / such assembly of strange boxes we obtain new families
O11vees Oairr - We take [ large enough (i.e., [ > Iy, where /, is precisely
defined below).

If [ eQi_ .» I = 1, we can construct over its boundary a covering with
regular regularly spaced surface elements, for / — oo (see Section 2, footnotes
4 and 5) and associate to every such covering a regular (for / — co) partition
of unity: the function associated with a surface elemento will be called «, (cf.
footnotes 4, 5).

We shall naturally define coverings and partitions of unity on all the other
tesserae [’ of the same family §, , by “translation.”

We shall call 2, %, ,,..., 2,1, the family of surface elements obtained in
this way and 2, will denote the Uf:ll P
We call each 2, , an “integration grid’’ and the family 2, ;,..., X, ; a “com-

plete integration grid of conical regularity 0.

Such “complete integration grids’’ will be needed to prove Proposition 3 for
operators 4 whose conical regularity parameter 6(ay, o,,_,) is small enough.
For operators with large conical regularity parameter the above grid is not very
useful, but it is possible to reduce the problem to the preceding case, as ex-
plained in Appendix D.

From now on we shall, therefore, consider only operators for which 8(ay , o, ;)

is so small that the tesseraec in O, ;,..., Og.,, are all 8(a,, a,,_,)-conically
regular.1?
We shall suppose always [ so large that no surface element o € Z; has points
a1

on opposite sides of a surface d[] of some [ ] e |J;2; O;,;: 3, such that this is
true for all [ > [, because of the last condition in (ii1) (i.e., because of the flat

17 The set of values 6 for which a given region is #-conically regular is open. Also the
#-conical regularity is a homothety invariant notion.
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piece of Fig. 4.4) and because the surface elements have a maximum diameter D,
l-independent, by definition: take [(8/100) > D, for instance. We shall also
suppose [, so large that the construction of the surface elements and of the
associated partitions of unity is actually possible in the sense of footnotes 4-6.
F'urthermore we shall suppose that /; is so large that the norms | v; jcoyge-1y 0f
all the surface elements o, C d[] are, for / >> [, , smaller than } so that Propost-
tion 2 applies to them.

5. Proor ofF ProposiTION 3. RepuctioN TO THE Casg ([ =1

As said at the end of Section 4 we shall consider, for simplicity, only the
case of operators 4 for which 8(eq , o,,_4) is so small that the integration grid
2, constructed in Section 4 is (o, «,,_;)-conicallv regular: concretelv this
means (v, ; — o)/, <€ | (see Appendix A).

We consider the event associated with the surface element o & 2

E}" = {z|2e L (R, | 02 4, < B (5.h)
and in the Lhs. of (5.1) « does not appear because it will be fixed in (0, )
throughout the proof. Call ¥2°* the characteristic function of the event (5.1).

Proposition 3 will be a consequence of the following assertion which, as we
shall see, is much stronger (using the same notation as Proposition 3):

THEOREM . Given s << m — dj2, e (0, 1), there exist constants ¢, ¢y, ¢, .
ey by such that

[ Puds) [T 272 = exp(— 1 1] cie %) (5.

0eX,
¥l 2oy, VB > ¢y 4 ¢, log 1 if

B, = Blog(e + d{o, I). (5.

"’
~

Furthermore ¢, , ¢y, ¢5, ¢y, Iy can be chosen continuous in s, .

In this section we show that the above theorem is true “if it is true for small
boxes I’’ and we shall also show that the theorem implies Proposition 3. Morc
preciselv, we shall prove the following lemma:

Lemma . Suppose that there exist positive comtinuous functions ¢, ,¢,. of
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the parudmfters (e, ) €(0, %) X (—c0, m — df2) such that (see above) YB > 0,
1
VO e Uia Qi

[Po@) T 7240 = 1 — gloean® (5.4)

0EZ,

eCJ

then the above theorem is true. 18

Remark. Here P,° denotes the Gaussian process on £'([]) with Dirichlet
covariance introduced in Section 1. In the proof we shall use heavily the Markov

property (1.8).

Proof. Let Bys, I) be a continuous function of s, { such that
gl 5B’ L 1, (5.5)

i.e., By = &; + &4 log ! for suitably chosen continuous &3, &;. Call (1), (2),...
the corridors between the tesserae of §; ;, O, , -** which we think as closed sets.
Weput (12) = (1) n(2),(123) = (1) n (2) n (3) :--. Notethat (1) N (2) N »- N
d+1)=(12-d+1)= g:infact d((12 --- d), (d + 1)) = 8l at least, as it
follows from the construction of X, .

Choose 2d + 1 functions of s: 5] <sp <" <sp =5 < 5 < §5 < = <
Sg41 << m — dJ2 continuously dependent on s.

Let I, = Ay(e, 5), we suppose always, below, [ = I, = [, .

Call P(B, S) the integral in the Lh.s. of (5.2). Then using (1.8) and, then,
(5.4),

[1 x®

oC(1)

[ |[Pe@) T g+ )

060y, onD# o

P(B,s) = f P(d?)

I %2'(2)

oC(1)

| (1 )]

r1e0,,; ‘on=*o

= fPA(df)

(5.6)
| 10 e T s

€0y, * oN[#

[ (I we)

0e0;,; \on# o

[1 %)

oC(1)

> $.(B, s) [ Pa(d2)

18 Here we take the pragmatic attitude that there might be “false theorems™ despite
the contradiction.
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where, if B > 2B(s, 1),

$4(B, 5) = H exp{_2511d8~€2(82/4)(iog(e+tl( Dy
1edy, (5.7)

> expl—ée e | 1]}

for suitably chosen continuous functions &5, & .
We shall now use that, as it follows easily from the definition (2.2), (2.3),
there is an immersion constant N(s', s)!'* such that

I ¢z ]ifg’s(e)(a) < N(s, s') | 0z % o) (5.8)

if s > 5. The uniformity of N in ¢ and [ follows from the assumed regularity
of the partition of upity used to define the norms and from the regularity of the
surface elements (c§ footnotes 5, 5; see in particular footnote 5, part (ii)). It
also follows that N(s, s') can be chosen continuous in s, s, ¢, for 5" > 5, ¢ € (0, 1).

From (5.6), (5.8) it follows that

P(B, ) = $(B,s) [ Pu(dz) [] goeNsa(s)

oC(1)
(5.9)
< [T I1 %"*weE) VB <B
Cel;,; onO=0
On the other hand Proposition 1, (2.16), implies for each { €0, ,
1 ou(22)le
I—(___)M <L (s, 5, €) Z p—Kidlo,)
log(e + d(o,I)) o
(5.10)

B log(e + d(r, 1))
N(s s;) logle + d(a,I))

< hy(s, s,)B’,

where A,(s, ;) > 1 is a suitable continuous function of s, s, , ¢ whose existence
comes from the fact that the covering of ¢[] has been made with regularly
spaced surface elements (which guarantees that the sum in (5.10) can be bounded
l-independently and o-independently).

Therefore if we choose B’ = B[2k(s, s;), (5.9) becomes, setting K,(s, s') ==
2h(s, Y N(s, 8') = &y

P(B,s) > $u(B, s) [ Pu(dz) [ £77"(2). (5.11)

aC(1)

19 We do not add an index ¢, on which N(s, s') also depends since we are not interested
in such dependence.
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We now proceed as before by using the second integration grid §, ;: calling
P’(B; s) the integral on the r.h.s. of (5.11) we find if B/k, > 2B(s, , {):

H Ny U/kl Sl(z)

GC(IZ)

P'(B,s) = f P J(d7)

x ] U Pe@) 7] x;”“l'“(uu(i))]

0ed,, eNND# o

(5.12)
> (- n) [ Pa) | TT 5260

aC(12)

< T I zenwe)),
0e0y ; on(N DO 2 .

where ¢, can be supposed given by (5.7), possibly readjusting the values of &, , & .
To estimate the last integral in (5.12) define

(o) =5, if d(o, (1)) <1

ao) =5, it do, (1) > 1, (5-13)

and

- By, B exp[(«/2) d(o, (12))] _
log (¢ + d(o, I)) kl 3hy 5(51 5 $2) N(sy 52) o

ele/DdA.02) (5 14)

where, cf. (2.16), (2.17) in Proposition 12

A G 2 (1, 85(7), €, d(7, @) e~k/dlo.T) l_.____og(e + d(, 1))

i log(e + d(o, 1)) (.15)

and, by the regular spacing assumption, %, can be supposed to be finite and
continuous and /, o-independent.

Then if [T,ce x22*)(8) = 1, Proposition 1, (2.16), (2.17), and (5.15)
imply

= B,
I Qu(z)l"é’}f)(o) < ‘2—];1
and therefore, (5.12) says

P(B.9) > h(B. ) by (5 5) [ Palds) T 285%s)  (516)

oC(2)

20 Where ¢(s , 52(7), €, d(7, 0)) is ¢(sy, s5(7), €) if d(7,0) < 1 and &(s;, si(7), €) if
d(r, o) > 1.
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We now iterate the procedure and after {d + 1) steps we reach the conclusion

P(B,s) = (B, s)H¢l+1( i) [ Patdz) ] o=@, ()

oC{d+1)

where, for a suitable continuous function &, of s, €,

Sana(0) = 55 = 5,
(5.18)

pEITL

Basr.o __B eleidd+1) (a2 -d)) — B S

log (e + d(o, 1)) kg T kaa
by the remark, at the beginning of the proof, on d((d -+ 1), (12 -:- d)) (5.17)

holds provided B/k, == 2B(sq, I).
We now choose a continuous function of ¢, s, denoted /; such that

g('(/2)6l1 = de+] (519)
and we see that (5.17), (5.18), (5.19) imply VI 2> [,
P(B, 5) > exp(—&e~<s8" | I |) P(2B, s) (5.20)
VB2 7 4k A(Cy(sq) + €y(s4) log ) where &, and &g are suitably chosen continuous
functions of s, e.
Since. by Proposition4?! it easily follows that

lim PQ2"B, 5) = (5.21)

we have VB2 > 4K 2(&5(sq) + &y(s4) log )

P(B, s) > exp (—|1|c7}: ¢-2e,B ) (5.22)

n=0

which, clearly, implies that the theorem is true and the proof of Lemma | is
completed.

The next lemma shows which are the basic inequalities that still have to be
checked to prove Proposition 3.

Denote y2'# the characteristic function of the event

8,8 e
B2 = (x| 3 S(RY), | 5 e < B (5.23)
for an arbitrary choice of the open set G C R?and for 8 == 0.
! Proposition 4 is proved in Section 7 independently of the content of Sections 5 and 6.

580/36/3-7
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LemMmA 2. Suppose valid the assumptions of Lemma 1 (hence Theorem 1).

Suppose also m — d|2 > O and that there exist two positive continuous functions
a+1

& » &0 of BE(0, [m — dj2] — (—1)%/2) such that VB > 0 and VO € Uy%; O;,,
VI,
[ X Pa(dr) = 1 — glte-cront (5.24)

then Proposition 3 holds.

Remark, (1) This means that in order to prove Proposition 3 we have to
check (5.4), (5.24)

f Po@) (0 = 1 — e, (5.25)
[ P BE(0) > 1 — e (5.26)

VB >0,V e Uf:ll QNM , Vo C 2[], V tesserae 4 of a unit pavement Q, and for
suitably chosen continuous functions &, , &, of (¢, s) € (0, 3) X (—o0, m — dJ2)
and &5, &y of Be (0, [m — d/2] — (—1)%2) when m — dj2 > 0.

(2) The proof that follows is the first application of a rather general
technique of integration based on Theorem I and justifies the name of “complete
integration grid’’ given to X .

Proof. Note first that, if § = [8 — €] + ¢ Vs <m — dj2

P(E}") = Py (Ei"ﬂn N E”)
‘ o€z,

(5.27)
> P, (Ef’gm N Ef) — P(B,B, B, 5)

gEX;

so we only study the last term, choosing s > 8 and ! = (s, ¢).
Lets <s, <<+ <5444 < m — dJ2 and suppose s; continuous function of .
If /s large enough (287 > 1):

xi() = xtie)  T1  xBHie) (5.28)
Cel,, NI
with P -probability 1 (see Lemma 2). Hence the Lh.s. of (5.27) is larger than
P(B,B,B's) > [ Piaz) %) TI %)

oC)NI

| 11 [Pean ot T 20

Ded, ; on O &

< 11 x?’/“’(u(z»]. (5.29)

oNl# @
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If we suppose that B is larger than 4B, defined by /¢ ~6108¢" - 1 and (B'/2)?
¢y -+ cqlog I > By(s, ) (cf. Theorem I and (5.4) and (5.5)) we see that (5.29)
takes the form

P(B,, B',5) = (B, B, B s) [ Py(d2)

<xap@ 1 %@ 11 (xéf"ﬂ(u(~)> 1 o > (530)

oC)NI 0e0y, N ~

where for suitable &, - &4 continuous in ¢, 53, s
‘/‘1(13,37 B',s) = exp[—(&ze b ¢ i) 1] (5.31)

We can find, by Proposition 1, a continuous function of s, #,(s), such that if
B’ << B/hy(s) all the characteristic functions in the curly bracket in (5.30) have
value 1. Thus

(B’B’ B, $) = lLl(B E B, $) ‘ PA dz) X(l) z) n XE thyss 1(z

oC(1)

(5.32)
= (B, B, B',9) | Puldz) xivi(a) [ %2 "

oe)
provided (B'/2)? > ¢, + ¢, log I, B == 4By, and B’ <2 B/hy; here K| is another
continuous function of s, ¢ which is necessary to eliminate the characteristic
functions in the last product of (5.30), via (2.16).
Clearly after d -+ 1 iterations one reaches the conclusion

P(B,B, B, ) = dun(B, B B',5) [ Puldz) [] & “0n(z)  (5.33)
velX,
and 4, has an expression like (5.31) with constants ¢j; -~ &, continuously

dependent on 8, €, s provided
B® = B3, B = &g - Cay log |, (5.34)

where ky.q , fig.q 5 &9 5 Cao are continuous functions of ¢, B, s as these parameters
vary in the regions under consideration.
Hence Lemma 1 combined with (5.33) implies Proposition 3.

6. Locar EstiMaTES AND COMPLETION OF THE PROOF OF THEOREM I
AND PROPOSITION 3

As remarked in Section 5, we have only to show the validity of (5.25), (5.26)
in order to complete the proof of Proposition 3 and of Theorem 1.
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The technique goes, essentially back to Wiener. It relies on the following
general result: let 8, , £ € R? be a Gaussian random field on R? with distribution
P. Suppose

[ epias) < £, EeRe,
6.1)

[0 — 6 PE) <fl&m) | E—n1®,  EqeRh[E—q| <1,

for some bounded continuous functions f; , f, and for some 8 € (0, }). Then
the event

E¥B ={0]|0e L' (RT); |6, — 0,| = Bfy(€, n)'*log(e + | £ )
X | € — 5 |% for some pair £, 7€ R%, [ £ — | < |, or (6.2)
|6, = Bf,(£)'/2 log(e + | £ ]|) for some £ € R%}

has a probability
P(E¥B) < exp(k — kB?) (6.3)

provided 0 < 8 < § and K, K are two suitably chosen continuous functions
of &. A simple proof can be found in Ref. [6]. Consider for instance (5.25).
Let 0 C [, 0 € 2, and consider the system of local coordinates (x, x3) associated
with o. Let

() = a@)@?2)(x), seR, (6.4)

be the distribution which represents «,d'¥z in this system of coordinates;
h=1j|=01,.,m—1. To compute || 3’2”@5‘_’]_(0) we have to study the
distribution

0 — (1 . D)(s—lﬂ~e)/2 C(S:i). (65)

In order to apply the above theorem by Wiener we compute the covariance
of (6, — 6,) with respect to the probability measure P,°, for x, y € (1.
We note that

| o6, = [ Pad=)op,
(6.6)
[ P26, — 6,5 < [ Pu(dz)6, — 0,

because inside [] the Gaussian field P ,-distributed is the sum of two independent
fields one of which is P,°-distributed (cf. (1.5), (1.8)).
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Proposition 2 implies (cf. (2.21)) that the r.h.s. of (6.6) can be bounded by

e FIx!

or 6.7)
e RO |y — oy [

for some k > 0 and ¢” < % and all &, 3’s. Hence (5.25) follows immediately
from the result quoted at the beginning of this section.

Inequality (5.26) is proved along the same ideas as a consequence of the fact
that the covariance of a derivative ¢F)z of the random field =, P ~distributed,
1s bounded by

[ Poda)@ns, — 60z, < [ Py(ds)(owz, — e0s,)
v (6.%)

erI.E . eﬂm }2 N
- f m 1 ((X k2) (k) Y dk’

where (k)?? == H?=1 ki ZLI v; = | p | which has a singularity structure for
1 &€ — 9 | — 0 easily deducible. One finds that the derivatives of order equal to
the maximum integer v,, << m — d/2 have a covariance which ensures their
Holder continuity with exponent <<(m — d/2 — v, )*2 ford odd or <{(m — d/2 —~
v,, — %) for d even.

As before this means for instance that, if v, = (v, ,..., »,), Z?:l y; = v, and

if v, < B < [m— dj2] — (—1)¥2:
P2 1 82 | oio sy > BY) < explly — kB, (6.9)

where &, , k, are continuous functions of 8. To show that an inequality like
(6.9) holds also for the quantities

Pzl oWz B}) (6.10)

He@ay - =

with | v | < »,, one can proceed in a similar way.

7. Proo¥ ofF ProrositTioN 4

The proof follows a classical scheme and we sketch it enly, for completeness,
for (2.32).

Let O be a pavement of R?® with unit tesserae 4.

Consider the random field 6,2 or R3-1 defined by (6.5).

2 Qur argument here is close to that used in Section 3 (cf. (3.18), (3.19)).
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Given N different tesserae of Q: 4, , 4, ..., dy it is clear that, by using the
Schwartz inequality the problem of estimating (2.32) can be reduced to that
of estimating

“‘[ 754U 2) P (dz) (1.1)

where oy ,..., oy are chosen intersecting 4, ,..., dy, 0;€ 2, and 2" is the
characteristic function of the event

EP* = (=116 llpt0 gary > B} (7-2)

((cf)) (2.1), (2.18), (2.30)).

We may also suppose, by further use of the Schwartz inequality, that the
distance between 4, and 4; is so large that d(s, o') > 1, say, if e N4, # &,
odnd ;F g

Again one follows the idea of Wiener’s theorem.

Consider the tangent planes =, to ¢; used to set up the Cartesian system of
coordinates associated with o; . Image them dotted by the dense lattice of the
dyadic points of R,

Choose N integers py, ps,..., pv == 0 and on each =,, i = 1,..., N, two
points x,, v, lying on the dyadic lattice with step 2-7 and, there nearest
neighbors

| x; — Y | = 27" (7.3)
The probability of the event in which, writing 6, for 0;1)
B, — 8y, > BueWDWReD | gy e = ), (7.4)

Vi = 1,..., N, is bounded above by, Va ,..., ay € [0, o0):

f 2 ﬁ — A ; P.4(d)
= exp Z_: h(xz » Yis % ’y,'l)a i % Z )\io‘iSv (7.5)

where /% is a function which can be easily constructed from the covariance of the
P, process, and by using the methods developed in the proof of Proposition 2 it
can be proved that the there are a continuous function of s, ¢, f; , and a positive
constant & (which can be taken the same as that in (6.7)) such that in general:

O T S (R R T b e e L
(7.6)
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where x, y are points on the tangent plane 7 associated with a surface element o
which intersect 4 and ', y’ € 7’ associated with ¢’ lntersectmg 4" and d(4, 4%
is large so that d(s, ¢’) = 1; we have put, as in Section 3, § == m — di2 —
(¢’ — ¢) and supposed 2¢' << 1 and €" = (e -~ €)/2.

We note that the quadratic form in the r.h.s. of (7.5) is just

”‘50‘(0 % )] Puldz) = ‘ [ ) xilly, — "._»-,>|2PA’(dz), (1.7)

d=1 i=1

where P," is a Dirichlet process associated with 1 and some region A J o, o',
Therefore the r.h.s. of (7.6) is, also, an estimate of the event (7.4) with respect
to P,": this will be used to set up the final remark.

Then (7.6) implies that

N
Z h(x; , Vis X ,_y,~) &0

{i=1

k i
e = B (RS B OY)| K CA

™M=

1
-

fa

AN

3

and f, is a suitable continuous function of ¢, 5.
Hence, recalling (7.4) for the definition of A,, (7.8) imply that the r.h.s. of
(7.5) 1s estimated by

(N y
2" — . . —eps (179 Ry e
\Z [ 2o o @sdeladly 2 By g eni 1D nD (2! 3]l (7.9)

exXp .
PN ‘

Choosing «; as

-—(1/2)((‘,_-,4)‘/34,(; DY)
A 1 Bl ?—(s 25”)1)1 ¥ ¥

g 2 f e (RIDGX YD

(7.10)

(7.9) can be bounded by

exp [ Z 22(6 —6)171 [(xz s y )! (7l } )

with

fo ) =ep [SUal+1yD— Qa2 (x0™] )



374 BENFATTO, GALLAVOTTI, AND NICOLO

It is clear that (7.11) is an estimate of each of the 27 events obtained by
multiplying by —1 both sides of (7.4) for a subset of ’s. Hence an estimate for
the event

_ 1/ .
| Gac.- - 6!,- | > Be (1/2) ((xNV2 413,V | o — s ¢ Vi =1,.,N (7.13)

is 2V times (7.11).

Since the event |0, — 4, | > Be- 20z Pqzpty )y y |¢ for some pair
x,yinm {x— y| <1, implies that there exists a pair & ¥ of dyadic nearest
neighbors, on some dyadic lattice of spacing 2-*, such that

| 6; — 9_;, > K Be-1/2WEN 2143512 | % — _5, | (7.14)

(this simple fact is the reason for the validity of the Wiener’s theorem [6]),
where K is a suitable number (K = 2(d — 1)32% ., 2-9) it is clear that the
probability of the event

sup Ilij—_—;ﬂ—ele«w””+<lm”ﬁ>3i Vi=1,.,N (7.15)
g:,yari ¥ T
Jx—yi<1

can be bounded by

2
i

ﬁ [go 7,274 exp (— :_;2%; zzw-a)] < exp [ ;Nl (fs— f4B,.2)] (7.16)

with f; , f, continuous functions of ¢, s and ¢, , ¢; are suitable constants.
To complete the proof of Proposition 4 we still have to estimate the probability
of events like

sup |0, ]l > B, i=1,.,N, (7.17)

xezd1

and combine the estimates with the preceding argument to complete the proof
of (2.28): all this should by now be obvious: we omit therefore the details.
The inequality (2.31) is proved in exactly the same way.

Remark. The observation after (7.7) explains why Proposition 4 holds also
when P, is replaced by P,°, where P,° is the Gaussian measure associated with
the Green’s function of an operator 4 on any domain 4 and o, ,..., oy C 4 and
GCA
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ApPENDIX A: PROOF OF PrOPOSITION 1 (SKETCH)
For definiteness we shall only consider the case d == 3.

A.1. The Dirichlet Problem in R.?

Let § = (x, ;) € R3, &, > 0. Let g = (3'9,..., 2"~ 1}y € Z(R*)", where R? i3
identified with the x, = 0 plane.
The solution of Au = 0 in R 3, ¢'u = 2 can be written

m—1
U, = 3. f biln, §) =’ do (A.LD)
10 * R?

if (n—§€ =(x,e)ecR3 xeR:, >0, we write b(n, §) = b(c, x). The
Fourier transform has the form

; _ det V(g + B, (g + B et
bi(e, k) = det V(e + B, (o2 + FPR7%) (A1)

where V(zy,..., 2,,_;) is the Vandermonde matrix of z,,..., 2,5 and V(z,,...,
Zw_1; f (2), 1) is the matrix obtained by replacing the /th row of (2, ,..., #,,_1) by

(“’ 1)l(f(z(?))""f(zm-l))'

by(e, x) dk

x) = (277)25‘(6’@8%‘ (A.1.3)

Then
Lemma A.l. (i) The functions (A.1.3) extend, at fixed | x | > 0, to holomorphic

Junctions in the cut complex e-plane, I'(4-i | x |).

(i) The function (e, x) — byle, x) is of class C* in the whole R¥{| x| — 0,
e < O} and

Ab, = 0

(A.1.4)

(i) 3 constants k, ¥, , G such that if o'P denotes any | p |-th order derivative
of b, with respect to € and x

| 6Py, €] < 7 Nt (A.1.5)
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if
oo
e+ x> 1, — < L | x| AlS
(CAE ( )
Define
(062 P 2)1/2
B(og  op_y) = arctan ~—2 16% 0

(iv)  The following representation of b(e, x) holds:
el m{m—1)—1 [(m-1) /2] €\ 28
by(e, X} = e™hy(e, r¥) 4+ =5 2 Z (——) €2

B=0 a=0 r
a+B8>[(m—1)/2]

X hEE(e2, r?) -+ eledln-0/2012 (e ) log(e + 1) (A.1.6)

=0,1,..,m—1, r*+ x% and h,, k%, k, are analytic near zero in their
arguments.

Proof. It is a long exercise in the theory of Fourier transforms and on
analytic functions; the basic ideas of our proof are the following.

(1) Let », 8 be two small positive numbers. Define

2 2 2 2 2 2 2
of” = ay” 4 wla® — o), pt = oy — 0

(A.1.7)
Bt = 0‘;2 — Ba = Oy — %

choose v = (8%/2B%)? and 8 = min(B, «,/100) and let we U = {w | [Im w | < »,
—v < Rew <1+ v}. Let 2 = ((u® + E)V5)"Y, N, = m(m — 1) — [ and

o) = (S s (5 + (R ™) o2 — s

r<s
(B () o [ (LB 1)

(A.1.8)

The cuts of the square rooths start from -+4/8; and go to oo parallel to the
imaginary axis, on opposite directions. Therefore:

AN+2
be.3) = (— D Sl ) | (A.1.9)
where
) eAe(u2+l_<2)‘/2 1
Fuler 3) = [ db et S Pew ( T kz)w)' (A.1.10)
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(2) A formal power series for ¢, , and the formula

emupy? 2 i " P S v
(2 )12 = f dk €' mﬁj (AL
show that
P e—utyRexE
fule, x) = JE ym}% oy =€) (A 1.12)

and @, ,. 1s the Borel transform of (A.1.6).

(3) Itis immediate to see that the properties of @, imply that both sides
of (A.1.12) make sense and are analitic in [/}{0} as functions of w. Furthermore
they coincide for @ small because the various interchanges of integrals and sums
needed to deduce (A.1.12) from (A.1.10) are permitted if z is small. Hence,
Ve = 0

file x) ,f d«vr—j—z)T,q;, Wy =) (A.1L13)

(4) 'The function ¢, ,(2) is entire in both its arguments and, therefore, we
can use (A.1.13) for analytic continuation to /'(=-¢:x ) in the obvious wav.
Also property (ii) easily follows from (A.1.13) and from its validity for ¢ == 0.

(5) The exponential decay follows for ¢ <2 0 from the bound on ¢, ((2):

| P 1(2)] < cexp(B e o &) (AL 14)
valid for €, & real.

For ¢ == 0 it follows from the usual argument on the shift of the integrati(m
over k, , k, to an hyperbola Im %22 = %2 = Re k2 i = 1.2,Im ], >

(6) All the detailed analysis of the structure of the coefficients b, can be
read out of a patient analysis of the integral (A.1.8) or, better, of its singular part

>

R o ulyt—xht2 .
| Py — E)(‘,T*x )f,d_\’ (A.L.13)

with 0 <0 R <2 0.3
# One should first prove, by suitable Tavlor expansions the basic relation
[:, o mlvtext1/t
¢

(v €)' ———————dy = g,le, x?) = ( e Fixte; X“’)) log(e - (&2 ¢+ XH)''H
- (yz - 102)”“' i Pl —) ‘zé" w j (__ | X

( Z ey, (P )) = 2)1“ ( Z en i ]._\”zj(zm,(€2‘3’2)) (e2 4y 2

2;
S i1l

where the ¢’s are real analytic,
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From this one finds series expansions for the b;’s in powers of €%, x* with
coefficients which are either constants or constants times log(e -+ 7) or (1/r")e’.

Vast numbers of such coefficients are zero because the original expressions of
bi(e, k) (see (A.1.8)) were expressed as determinants (note, for instance, that
by(e, ¥) must have a zero of order m at e = 0 if x = 0, cf. (A.1.2); but this is
not the only “‘cancellation’ that takes place: developing the determinants in
(A.1.8) in powers of z other relations arise).

Another important property of the functions b, is that of acting naturally as
operators on C!?(R?) to analogous spaces of functions on R,3.

Such properties are based on the following lemma on the theory of distribu-
tions.

Letd, ={z|2eC,|Imz| <tany|Rez |} and 4,- = 4, N {z | Re 2 > 0}.

LemMmA A2, Let £ = (x, 1) = (%, x5, 2) € R.3, ¢t > 0, and let n = (n;),
1 <j, 1,j =1, 2,3, be six nonnegative integers. Consider the functions

17 (4 )n”. (A.1.16)

4
Jol, 1) = @+ 2Cz)s/zl]g (t2 + x?

(i) There exists a family of combinatorial coefficients (w,),eqx such that
Soear | e | < '8¢ > 0, and a family (vi(«), vo(o))seer Of integer-valued functions
such that the Fourier transform of (A.1.16), with respect to x, has a representation
like

Y ul(e)(cos 8y (sin 6)+ g, (k2), (A.1.17)

where 0 = polar coordinate of k = (k;,ky) and k = (k2 + k)2 and
vi(a) + vele) <2 |n| = 22;‘@' Mg -

(i) The function x — @,(2) is entire in z and, given ) € (0, w/4), verifies
the bound

lz‘iz]—j%(zw <y et e d, (A.1.18)

where y; , 8 depend only on i, ¢ > 0 is a constant.

Proof. Note that

fall ) = f oy vy € 1 +t262)3’2 (t2 —t: zcz)n33 (t2 fzﬂ)nn

.

% () () () () @A)

124 x? 12 | x? 1?4 & 12+ 2
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Rotating the %, , x, axes by an angle 8 equal to the polar angle of & = (%, , k.)
we can rewrite (A.1.19) as a finite sum of 2271+ 4%5)+%3" 723 terms each of
which has the form

(cos B)*(sin 6)° p(kt) (A.1.20)

where k = (k2 + k,?)'/2, a, b are nonnegative integers and

¥ X t 2 ) x?
. (xit)
P(2) = ' dx dy e*t* (12 F 22 1 272 (t2 T ),z‘) (,2 2 z)

Vz‘z( Xy )1.’( vt Y13 yt 3
12 + 22 + yz, 2 2L .\'2,,’ ‘\,52 4 ox? ;\,2)
(A.1.21)

. yg )
“(tz T a2
with
vy + ves + vpa) F vig ey = 2myy F Mgy o myp) b omyg oy,
2vgy =+ vy = vig = gy + Mg Mgy, @+ b =2ny Ny -+ Myp) T Mgy + Hoy.

This proves (A.1.17).
The function ¢ has several useful integral representation. Changing x/7 — x,
(A.1.21) takes the form:

1 1
T+ 2 F 22 (1 + 22 - 3w (= y%’

x2 et

g(2) = | dxdy e

. 2 Ve V12 E i3 5 s
(5 T .%vz + y2) (5 + :év T+ y?) (1 = x: + _\72) (1 ‘{?2 _vz)
| dx e (x). (A.1.22)

¢ is implicitly defined in (A.1.22) and is a holomorphic function of x in the
complex plane cut along the imaginary axis from ¢ to -~io0 and from —i to
—ioC.

In polar coordinates the integral (A.1.21) takes the form

—_— ¢ 1 od zz )
(P(z) = f P dp d(p £rPeose (z2+ P2)3 2 (2‘2 . pz)
pIZ v’ 2p o Sfes 5 A
w (zz - pz) (22 - p2) (cos @)"(sin @), {A.1.23)
where 20" o = Qugy - vy vy, 207 o = vy b v bovp) vy, Vs

Vo 2y vy, U= 2wgy 4 vyg; 0 == 0, 1, so that o has the same paritv as 7 - .
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Performing the integral over ¢ and calling

J@) = [ dp eieeome(cos g)(sin g (A.1.24)

and changing variables /2 4 2% — r?2

pe) =3 Lty (ﬂ) () = (a12)

2\, 2 2
. TE\7r r

The functions ], are entire in { and

‘dCN]a(Z)| = ey | L |7exp(| Im { ), VN >0,
(A.1.26)
N
1 déZ)N“ T | <en(l + L) Noexp(| Im L ]), VN > 0.

The second statement of the lemma follows now easily from (A.1.21), (A.1.25),
and from the bounds (A.1.26) and

| ()] < = % Ly, yedy, (A.1.27)

1+IVI2

where ' is arbitrarily chosen in (¢, 7/4).

The formulas (A.1.25), (A.1.26) can be used to continue analytically ¢(z) to
complex z: we interpret the integral as a contour integral from 2 to 1 along a
contour avoiding the origin plus a contour integral along the real axis from
to - oo.

The origin might be a branch point for ¢: however, there is no singularity at
z = 0 since the integrand in (A.1.25) has a nonnegative, integer, formal power
in 2 and has no odd powers of 7.

So @ is an entire function of z.

We now distinguish two cases

@) |z|>1 zed,*
(i) 2] <1, Rez >0

Case {(i). We use the representation (A.1.22) and change the integration
over x to a complex contour I" drawn in the picture.

r
P x-plane
i 4
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It is then easily seen that the integrand in the r.h.s. of (A.1.22) can be bounded
for z €4, by

—(1/2) 2] |w|sin(w %) (1R 1
e e 5
+ja?

which obviously means that the jth derivative of @ can be bounded in 4, by
(A118)if =) > L.

Case (ii). For Re z > 0 we interpret (A.1.25) as a contour integral along a
contour from 2 to 1 plus the integral from | to -+ oo along the real axis.

It is easy to see that the integral from 1 to -+ oo together with its z-derivatives
can be bounded as wanted by using (A.1.26).

The contribution to (A.1.25) from the integral from 5 (j 2 ' < 1) to 1 comes
from a contour integral on a contour close to the origin: we may choose the
contour as the segment from z to | (since we have taken Re & >~ 0).

Then this integral can be calculated “explicitly’”’ by developing f({%) in
powers of {2 and, then, bounding term by term the jth order z-derivatives of
the resulting series. The result is, again, the wanted bound and (A.1.18) follows.

It is important to draw some corollaries about the functions (A.1.16).

CoroLLARY A3,  Define the maps

(Fp. 1) = 1 — D)2 o [astitfly — v e gl (AL29)
(B3, 1) = (1 = D)7 o [ dsfifyy — e #20] g(a) (8.1.29)

SJor j, 1 =0,..,m— 1.

(i) The operator F maps CO(R?) into (1 — D) " 9RCOR,3) -
C(R._3); the operator F maps C\9(R2) into C(R,3), Vs’ < s, Ve (0, 1).

(i) If a norm on C'(R2 x [0, 1]) is introduced in the natural way (ie.,
the norm of g == (1 — D)~¥'~92F with § e C'9(R,3) is put equal to the norm of )
then the operators F, F act continuously with a bound on the norms

IFIL I Fl < yle, 5, 8) C1¥, (A.1.80)

where ¢ is a constant and y is a suitable continuous function of e (0, 1), s R,
seR, s <.

Proof. It is easy to see that the statements on F imply those on F. In fact if
we define the operators

(Hg)(y) = e 2’g(), (A.1.31)
(Tg)y, 1) = e %g(y, 1) (A.1.32)
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we see that
F = (1 — D)2 H(l — DY2TFH (A.1.33)

and it is easy to see (cf. also Appendix B, estimate for (B.3)) that Va, b € R the
operators

H, = (1 — Dy H(l — D)=

map continously C{(R?) into itself and TH, maps the space C{?(R.3) =
(1 — D)-0-972 C\(R,3) into C{(R,3) with continuity if C{?(R,3) is endowed
with the natural norm.

The continuity statement about F is then the statement that

Hi_sonT{F( — DY — Dy "% Hy y g (AL34)

maps C©(R?) into C*¥(R,3) continously.

The continuity statement about F means that the operator in curly brackets
maps continously C9(R?) into C©(R,3): then the above continuity properties
for H, and H,T together with (A.1.30) for F imply (A.1.30) for F (with new
values for the constants).

We shall now prove the bound (A.1.30) for F.

Since F, by (A.1.17), can be written as a sum of operators of multiplication
of the Fourier transform of g, it will suffice to consider instead of F the operator
of multiplication of the Fourier transform of g by

ef(1 - E2)in -:—;; (Pe~Pp(kt))(cos 0)(sin 0. (A.1.35)

If g =1 — D)y ‘925 e C'9(R?) we have then to consider the multi-
plication operator of the Fourier transform of g by

(cos 8)(sin 6y

) ol
1+ B (e k) (e

(A.1.36)

Performing the derivative allows us to restrict the attention to multiplication
operators like

(cos 8)(sin 6)"

o . ; i
(ei = e*tz) (1 + B2)-0)/2 frhpi=p—hey(i—p-1)(kt) 'm?)(s——s‘)/_z“

(A.1.37)

with | -~k >0, j—p— % >0. To eliminate some fractional powers we
regard the above multiplication operator on Fourier transforms as a diagonal
2 X 2 matrix acting on the Fourier transforms of the elements of C*}{(R?) x
C'9(R2): we shall, eventually, be interested only in the action of such a duplicated
version of (A.1.37) on the space of the elements of C(R?) x C*)(R?) having

the form x — (Zg;)
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We also introduce on C©(R2) x C©)(R?) the “linear Laplacian’”:
l—g-8=1—Y 0-— (A.1.38)

with o, = (3 %), 0o = (§ _}), which has the property
(l—g-&(1+c-&=1-D (A.1.39)

as operators on CO(R2) x C(R2).
Then we can rewrite (A.1.37) as (if & = (k2 - &,7)12)

1 L dghk)eh ti-hgpt-r-n(kt) | et i‘: i
P

ki—h—P (1 —dg - k)" (cos 0)(sin 0)7
X g(] - RR)URE (] 4 RRYISRZ (] kz)ufﬂ'ﬁ('

(A.1.40)

The operator in curly brackets maps C(R*) into C'9(R?) if s ~ ¢ with a
norm bounded by 27 times a constant, since the Fourier transform

eik1:1'1+ik2;€2 (k 2 kZQ)(% hoomi2
N(x) = fdkl dk, (1 + k% + RAG72 (1 1; R k)i
| — toyk; — fosky !0 k, ¥ R v 41
s ((1 + k24 k22)1/2) ((kxz 3 kz?)l,’z) (EEI"Z*EE)*JT’ (A.1.41)

can be written, after a rotation which brings x parallel to (1, 1}/2!/%, as a sum of
2v+¥ integrals of the type (A.1.41) with o, , o, replaced by (cos s, , - sin fo, ;)
if § is the angle of the rotation and with exp(ikx; -+ ikyx,) replaced by
exp[i(x/2'2)(k, + k,)], and, finally, with 7,V replaced by two nonnegative
integers with the same sum.

The Fourier transform (A.1.41) being in the sense of distributions, can be
computed by deforming the %, , k, integrations to the contour drawn in the
picture (i) is arbitrarily chosen in (0, #/4)).

T K;— plane

. ~
.
Niﬁ .

This shows that N(x) can be bounded by a constant times | x |~=*5". Since
the kernels IV are locally summable they map C(?(R?) continously into C9(R?}.

580/36/3-8
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It remains to show (cf. (A.1.40)) that the operator of multiplication of the
Fourier transforms by

P
(et dgﬂ, o Lt CAL L ) R Y A Y W R Y BN
(A.1.42)

map C©(R?) into C©¥(R,3) continously. Obviously we can disregard the first
two factors and prove the statement that, for ¢ € [0, 1], the operator in curly
brackets maps continously C)(R?) into C*{R? x [0, 1]).

The Fourier transform (k = (k% + k?)!/?)

H(x) = f dk e%5(g - k)" @7k (A.1.43)

is a C= function since by Lemma A.2. ¢ (k) decays exponentially at co. By
shifting the integration contour to the one drawn in the picture (this is allowed
by Lemma A.2), after rotating the axes so that x = | x | ((1, 1)/2!/2) we see that
H# (x) decays at oo as | x [7¥"72.

K;-plane

F13
L[4y s

So the only case for which £ "(x) may not be summable in x is /” = 0.
However ¢!'")(k) is entire in k and we can write

PVI(R) = e~Fkp™M(0) 4 (! (R) — e~kpt™(0)) (A.1.44)

and we see that if ke 4d,* both functions decay exponentially as & — oo and
have the “same’’ analyticity properties in 4,*.

The second behaves as & at the origin: so its Fourier transform, by the
previous argument, decays as | x [~3 as | # | > oo. The first term has a Fourier
transform which can be explicitly computed being proportional to the Poisson
kernel:

I

[CEaFIOd (4149

hence it also decays as | x | 3.

It is now easy to estimate the norm of (A.1.42) (without the first two #-
dependent factors) as operator from C®(R?) to C9(R? X [0, 1]): it amounts to
studying the Holder continuity of

Fo0) = [dr g ot (B2 L) f@) = [ A @ f(y + m)ds (A146)
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when fe C©(R?). We see that

‘f(y,t)—"f(é"»t'ﬂ — |f~(;y’t)_f~(,y”t)l

T

ly— e+ t—t = [y —y I

S f ot [[ 14 @1 dx = [ 1 @) 121 da].
(A.1.47)

Ly =1l

Tt

_{,

This completes the proof of Corollary A.3.

A2, The Double-Layer Formula and Its Properties

Let A be a conically regular region with conical regularity parameter larger
than (o , o,_;) = arctan(a,_; — o) ?/Gey, cf. (A.15). Given el let
7, be the inner normal to ¢A4 which we use to define the vector / and the quota «.
Define

By(n, §) = bi(e, 1). (A.2.1)

daA
-0
/ S
g - A
e/
[ )
(\ /

If { = ({9,..., {1V e C=(aAA)" the formula
m-1 o
— f Bin, &) {9 do. (A.2.2)
=0 12
defines a C*(AA)-function such that
Au—0 inA (A2.3)

which for obvious reasons, is called the “‘double-layer’ potential generated by
the “double layer density”” { = ({©,..., {mD).
The first property of (A.2.2) is summarized in the following lemma.

Levmma A4, The double-layer potential (A.2.2) is a continuous map from
F(2AA) to EL(AA; AA), " < s, (cf. (2.11)) if A és large enough:2 X = X(s', s, €).
Its norm is uniformly bounded in A.

Proof. This lemma is a consequence of Lemmas A.1, A.2, and of Corollary
A3

24 This restriction is not really necessary here. It has been made to make use of the
geometric definitions stated in Section 2.
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Let o, be a surface element on 9/, o; the associated enlarged surface element
and «;, o the functions corresponding to them (cf. footnotes 4-6). We call
E,, E/ the projections of o; , o, on the tangent plane =, to &; (cf. Section 2) and
define the quantities &', y', ¢, p, 7, 7;, £ as in the picture

Ficure Al

We then write u = Y2, ¥ where u'®) is the double-layer potential corre-
sponding to the double-layer density «,{, using the partition of unity on ¢A/4
associated with the covering oy ..., oy, (cf. footnotes 4-6).

It is clear that the problem of the proof of the lemma reduces to the analysis
of the behavior of #¥ near o, or near the neighboring surface elements. This
means that we are really interested on the function obtained from (A.2.2) by
replacing { by &, and By(n, €) by &i(n:) Bi(n, , £) oi(€) or by &(n,) By(:, €) oif(€)
if d(o;, 0;) = 0. We only discuss the first of such functions for A large: the
other can be treated in an identical manner.

Then #'? can be written as a finite sum of addends each coming from one
of the terms in the representation (A.1.6) for the b,’s. We consider one such

expression and call it # dropping systematically the index j of the surface element.
Let

wn) =y, = [ d @05 (5) Mo ¥E,050) ) (A24)
or

u(n;) = ij dx' &(y', t) em log(e + r) k(e, 7%) &' (2", 0) &(x") {(x") (A.2.5)

and suppose || of [|c(9, (ra-1) < =0 for some given ¢ € (0, 1), se R
Let us study (A.2.4). First we express ¢, r in terms of the natural coordinates
Y,y —&,and t. If y', ¥ € E" and ¢ € [0, 1] and A is large enough:

2
e=t+ Y ay(x,y — &, (¥ — «)(¥; — «)), (A.2.6)

£,§=1

2
= (y — &P+ 2+ Y bylx, ) — &, )i — %) — %) (A2.7)

%=1

2
p=ri—e =y P+ 3 @,y — & )y — ¥y — ) (A2.8)

2, j=1
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and the functions a, b, ¢ may and shall be assumed to be of class C* with common
bounded support (recall that & has support in a neighborhood of ¢}, and also

Ay Ic(l-‘)(kﬁ) ’ \\‘ bu HC("')(R5) 3 !} Cij iéC(L‘)(R5) = SIL(A) Fuae 0. (’—\29)

By a simple application of the Taylor series we find that the integration
kernel in (A.2.4) can be rewritten as

lZ+1 Zt tl+14y+25 B o
5 7 ety
L L, EEE - P
1,=1,2,igi
1,2 L -
A Gyp) ey =y, @210
iy R ) ]

where ¢, = y; — x; and A ¢ are suitable C*-functions with common bounded
support such that

[ A owgs < (@0i(A)) 2le] (A.2.11)

and the constants ¢, ¢, can be taken independently of the particular surface
element under consideration (also the supports can be taken inside a given
bounded region for A large enough).

By using the idea of Section 3 we express the function 2,7 by a Fourier
transform (cf. (3.13)) and we can reduce the problem to that of the theory of
the operators with Kernels (A.1.29).

It is an immediate consequence of Corollary A.3 that givens” << sand e€ (0, 1),
there is a constant C such that the inequality

Z (1 . D)(s'_(ji——e)/Q 8(_5)1‘(2}1, t)“@(g)(R+3)

12‘%m«1

S CY s, s’y €) il | dhdl do | Agh b o) (1+ B 4 b 16 T
Y "

X "‘V;,S',e(ba h,) '\ (XZ HC‘,(‘_),(R% (A'z‘lz)

where ,° denotes the Fourier transform of ¢, and where ¥, - (&, 1') 1s the
product of the norms of the operators, depending on &, &’ on C'@(R?) defined by

g8 @) = (1= D)WY TIR SR Py IR g(), (A.2.13)

¢ ~‘)g/’ gl(lC) . (1 . D)(s—l—é)/Z el’ix(] i _D)A(ﬂ—l—s)/'l g(x,)_ (A‘2.14)

580/36/3-9
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Such norms are easy to estimate by noticing, considering (A.2.14), say, that

¢(®) = ¥ + [ dy ¥ N — #) o) (A.2.15)
N@) = [de e ((1 J(Fl (f_ ;‘2)5‘_)(?__;_:1,:)/2 ~1), (a2

and by the method of the proof of Corollary A.3 it can be shown that there are
constants v; , v, , v; such that (see also Lemma A.4)

I-}-l |V —V3|2C[

| Nx)l < v %] ¢ (A.2.17)

1R

with »; , v, , v, depending on s.
Hence it follows from (A.2.17) that 3v, v/, depending on s, s’ such that

Noo B B) <v(1+ B+ |F ). (A.2.18)

The bounds in (A.2.9), (A.2.11) imply that one can find constants, depending
only on s, s, €, denoted &, & such that

| A B, @) < @8y N) (1L + [B]+ B |+ ). (A219)

Therefore if ¢, ¢(A) << } the series (A.2.12) converges proving the wanted
result for the contribution (A.2.4) to the double-layer potential.
To treat (A.2.5) observe that (A.2.6), (A.2.8) imply that if we define

&(r) =7+ Y ay(a; — yi)G — ¥7), (A.2.20)

1,j=1

where the subscript ¢ recalls that a;; depend also on ¢ we note that

fog(e+ (< + pA12) = log(ell) + @(F + ) — [ o
= log(&(1) + (&A1) -+ p1)
1 dr
B G T e o

(A.2.21)

where f;; are C= functions of ¢, e, #’, y which have C® norms tending to zero
with A — oo.
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Clearly inserting (A.2.21) into (A.2.5) it is easily seen that, if A is large enough,
the first logarithm gives a contribution to (A.2.5) which fulfills the inequalities
that we want to prove. In fact, if A is large enough, it is a C* function of all its
arguments on the support of &(y’, ) &(x’, 0).

The contribution to (A.2.5) from the second term in (A.2.21) is treated by
rewriting it as

1 1 6
dr [ do — s
Jf ! J; [62 + (E - )2 + 222',5':] fij(xi - ."vi)(xj - :vj)]&_

1 1
- dT ’ ’ v 7 /
J;. [+ & — 'V + 58 Fix — v — yP?

(A.2.22)

and clearly the second integral here contributes to (A.2.5) in a trivial way (as
already seen for the first logarithm in (A.2.21)).

Therefore we only have to study the contribution of the first term in (A.2.22)
to (A.2.5).

However at fixed ¢, v the operator corresponding to the first integral in
(A.2.22) is of the type just discussed on the first part of the proof and the result
that we are looking follows from the previous considerations,

To continue the analysis of the properties of the double-layer potentials
consider now the enlarged surface elements o; D o, associated with a surface
element o; on 9/ (cf. Fig. Al and footnotes 4-6). Let o , «; be the two functions
on ¢AA associated with ¢} , o; (cf. definitions in Section 2).

Letj = (j, »J) be two nonnegative integers. Define on (¢AA1)? a function af?
which has support in o X o; and has, in the local system of coordinates as-

sociated with o, , a representative @&’ defined by
? ? v

@', ) = () — MY, — v B &) (A.2.23)

Let (¢'(2))? be the square of the gradient of the function v, describing o, in its
local coordinates.

Then using Lemma A.4 it makes sense to define the “curvature coeflicients”’
of dA/ of order (j, , p), /, p integers, as

C2/n) = tim [ dog wi(n) @2, O, Buln, . €) — By, ), (3.2.24)

where B,?(n,, €) is defined as 9,7b,(¢, x"), if x” is the projection of ¢ on w, (see
Fig. Al). '

CoroLLARY A.5. The curvature coefficients are in C*(cAA) and Yk == 0,
Vp, L= 0,...,m — 1, ¥j = (j;, jo)s

(Z).Z 1 —
Ly Ve®@aa —

lim sup ||C
np

A= =1,

0. (A.2.25)
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This is a corollary to the preceding lemma since the subtraction of B,? in
(A.2.24) amounts to removing from the various contributions to 2,”B, from
the various terms in (A.1.10) the formally most singular ones and in modifying
slightly the others: direct computation shows that such differences do not
matter and the corollary is proved just in the same way as the Lemma A.4.

Finally define, for { € C=(AA)

@, L
Lt ) = (Ce -2 3—@ ij—"’) o, (A.2.26)

where j! = j,17,! and 2% denotes the Jth derivative of { with respect to the
coordinates ¥’ of 7 in the local system of coordinates associated with o, .

Lemma A.6. Let { € C=(8\A), then
(K,i0), = l}_l)l';l 0,7 f Byn;, &)edo,, p,1=0,..,m—1, (A.2.27)
can be expressed as

3 1 »,é G 4
Sula + ), Y = C) (P

L
i1 1i1<pei J!

np ‘
+ Z J;M [0.°Bine , €))imo £50,(&, ) do, (A.2.28)

where vy, = p — 1,25 provided X is large enough.%®

For the proof one notices that {;v , has a zero of order v, at 9, as a function
of £, and if one looks at the structure of 8,?By(n,, &) — B,?(n,, £) one finds that
uniformly in t — Q

c

| &I ___ y’ I
(A.2.29)
[ 8°By(ny , £€) — B®(n;, &) < ¢, p <l

| & — ¥ 171 | 87Bilne , €) — B(ne, )] <

and, from this remark, and from the fact that the 4, are the solution kernels for
the Dirichlet problem in a half-space Lemma A.6 follows.
We shall write

Ky =8, + K%, p1=0..,m—1, (A.2.30)

* With the convention that meaningless summations give 0.
26 See footnote 24.
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and regard K° as an operator on C*(cAA)™
m—1
(K°0), = ), Kal®, L e @y, (A.2.31)
1=0

and call it a “‘trace operator.”’
We call the formal equation for {

|2
[l
T
|
=
[
—
-
()
2
3]
p—

the “double-layer density equation.”

A 3. Trace Operators
An immediate consequence of Lemma A.1, (A.2.10), and of the fact that if

¥y — x' then e — 0 as | 3 — x" |? is the following lemma.

Lemma A7, Let €, meo; X o; and call x', v’ their local coordinates. Then for
1= 1,..,n,

[ x — y/ }m~p+em_; ([) ) X’ . y/ .
&,B N AL AU S .
[ t l(n( ’ é:)][——() th ___ ;yr '2+,,“ qsl?.l \ ’ é", _7 3)I ! X }’)
. r g 2lmeptie, ) 1 g G QC’ - ._y’_) roa)
NEd oglx =y I (7= ¥ )
Loy XM=y / \ 2
-+ _Q,;‘, (TF—:% s XL, Y ) Vé, nea, < o, (A3.D

where €, = 11f m — lis even, €, ;, = 0if m — lis odd; 6, i, 2 are C* functions

of &', ' and of the polar angle of (x" — ¥')/|x" — 3! in which they are polarlv
even.*?

The functions ¢, i, £2 have support in o} X o (but they verify (A.3.1) only
in o; X 0;). Furthermore the C%®-norms of ¢, , 2 tend to zero as A -»> =,
Yk > 0 uniformly in the surface element index 7, 7 = 1,2,..., n, .

It is convenient to supplement the above lemma by a description of the
analyticity properties of the Fourier transforms of functions of the type of those
encountered in Lemma A.2:

*" That is, their Fourier series in the polar angle of (x” — 3 })/| a" — 3" | contains onlv
even powers (exp 2ing).
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LemMa A.8. Consider the functions

1 L2 xx, " .
f‘;’,’l(x) - x [2HP-l-e H ( [ x |]2) eIl (A32)
02(x) — log | x| L2/ xw; \™ s A
7o3a) ixl”“’H(l_P) e 15, (A.3.3)

where n = (;);,j-1.0 are some nommegative integers and g > 1, g < 2m, say;
Lp=0,..,m—1

Call f %°(k) the Fourier transform of the distributions
> [ f1o0@) gpals) dy, @ e F(RE). (A.3.4)

Thenfz,"7 are holomorphic in &, 2, inthe 4o={zcC || Im 2| <tany | Re 2 |}
Y €(0, w/4) and there they verify the bound

| o) < y0) (1 + | B2 log( + k) (A3.5)
Y(ky, ky)edy X A, (if 1 k|2 = [k |2+ | &y [?), and y(A), ¢(A) are suitable posi-
tive constants.?® Finally lim,,,, ¢(A) = lim,_, ¢(}) = 0.
The proof of this lemma is analogous to the proof of Lemma A.2. Actually
the above lemma is slightly easier since there is no ¢ around.

As Corollary A.3 and Lemma A.4 follow from Lemma A.2, the following
lemma follows from Lemmas A.7, A.8 (we shall not prove it explicitly):

CoroLLARY A.9. 3Tk > 0 and A[(A) such that YA = A (A1)
00 K, g0 gag) = Yes(R) €747, (A.3.6)
where v, () is a suitable function such that
Yesld) 75> 0- (A.3.7)
Hence 3\ (¢, s) such that YA = (e, 5)
1 K g ann < % - (A.3.8)

28 Note the z-independence of the r.h.s. of (A.3.5), i = 1,..., my . All the constants are,
however, ¢ dependent.
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Furthermore K° maps € (0M) continuously into €<),_4(eAA), ¥8 > 0, with a
continuity modulus bounded in a way similar to (A.3.6) for each fixed 8 > 0. In
other words K° “regularizes’ and is compact in € (o\A).

We remark that the exponential decay factor in (A.3.6) appears naturally
because of the decay properties of the b;’s, cf. Lemma A.1. The case of the above
corollary is the case d(o; , 0;) = 0 when all the previous work becomes necessary.

This time there is no loss in regularity (as in Lemma A.4 where ¢ <)
because in (A.3.1) there is no term as singular as |x" — v ~27"s.. Property
(A.3.7), of course, follows from Corollary A.S.

Corollary A.9, (A.3.8), show that if A == A/(e, s) the double-layer density
equation has a unique solution in #{9(AA).

This fact together with Lemma A.6 and (A.3.6), (A.3.7) and Lemma A4
permits us to prove statement (i) of Proposition 1. Statement (ii) has also been
implicitly proved in the above series of lemmas and we do not discuss it ex-
plicitly.

Statement (iv) is clearly a consequence of the regularity, and of the exponential
decay from the boundary, of the 4;’s and of the exponential decay in (A.3.6).
Statement (iii), however, is still nontrivial and some more work has to be done
to prove it. It is a consequence of Corollary A.9 and of the following lemma:

Lemma A.10. Let { € C(eAA)" and let w(«,l) be the double-layer potential
of ayl. Let I'C A be a well situated region in /A (cf. footnotes 8, 9).

Let o, 7 be two surface elements on 0A4, ¢AI": 38 > 0 such that YA 2= A(e, 3)

(@2, g,

= (050 ey o dd(r, o) log(e + d(r, 0))P] | 02 lgeq,, > (A3.9)

where ¢ ; ., €, . are suitable constants.
The proof is given in the next section.

A4, Proof of the Last Lemma

The proof is based on the following steps which are described for simplicity
in the case o is flat.

We only have to consider the case when o and 7 are verv close: consider for
mnstance the case in the figure

Ficure A2
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‘We imagine that 7 is contained in the surface described in the local coordinates
associated with = by the function v € Z(R4'). Again for simplicity consider
only the case in which 7 is contained in the part of 2AI" “above” ¢} .

A closer analysis of the Vandermonde determinants involved in (A.1.2) shows

that 0.7b,(e, x) has a Fourier transform of the form

67, k)
m—1 2 2,1/2 2 2\ 1/2
= 2 2y1/2\p—1 —eta 2R ot (0 T k Oy +
((x® + B2y 722 Z;]e H; ((a02—|—k2) ’ .,( a? + B ) )
(A4.0)

where H?"* is a polynomial. Let 8 be one of the m terms in the above sum and let

Ble, ) — [ db ex((ay? + BV2p Ble, B)

Z:: i i: )1/2, - ( aj';;l_:_kgz )1/2)’
(A.4.2)

— J' dk e5((ag? + E2)1/2)r-1 e-ela?+32 Iy ((

where H is a polynomial.
Clearly our problem is to study the transformation

(Z1)e) = [ a@) Boie) + 1, s — P a0 F (P dy  (A43)

for supp a C E; , and we have to show that &: €', — %, and that the norm
of # in such spaces can be bounded by a continuous function of s, §', ' < s.
From the calculation the singular behaviour when s > s will also appear
manifest. Of course we are interested only in estimates which are uniform in ¢,
for small t. To compute the norm of & we consider the operator # on Ct
defined by the kernel

B(QC, y) _— (l — Dm)(s'—zﬂ—e)/2(l —_ Dﬂ)—(s—-l—s)/Q ﬁ(V(@) + t!_y _ @)

+ (h ’JT_ k)Z}(s’—P~E)/2
(1 + b2)(s——l‘s)/2

= f dh dk eE-D+ilx(q 2 | p2)-D/2 0

x § [ dx’ e Bot) + 1, @)g. (A4.4)

We call j(k, &) the function in parenthesis and remark that at fixed % it is holo-
morphic in &, , %, for #; and &, in the connected region obtained by considering
the hyperbola Re(2? + (y/3)?) = 0 and by translating it from — |k | to | 2|
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parallel to the real axis (actually it is holomorphic in a much larger region):
furthermore j(k, k) is bounded uniformly in t > 0, by

(1 -+ k3

ik, B < B (T b 1B (A.4.5)
A ’
/&/ 717 /7/// ,
-fi [ -
i K;-plane
|

Ficure A3

VB,y > 0 and all &’s in the region dashed in the Fig. A2 (which has to be
thought a closed region).

The inequality (A.4.5) can be proved by integrating by parts suitably many
times in (A.4.2) and use the co-order contact assumption for the contact of 7
and o when ¢ = 0 (recall that I" was supposed well situated in ).

We may, and shall also suppose that x — y = (1 ¥ — y [/2')(1, 1) (otherwise
we change the axes, at the beginning). We can, then, deform the %, , &, in-
tegrations to the upper path I"in Fig. A2: the form of the contour shows that
the term [1 = (k& 4 £)*]'*~7/2 has no singularity in the dashed region.

Then the expression for B(x, )

R iy L1 (B + RpPJer-or
B(x, y) == JR2 dh frxr dk, dk; € (g2 + BT D2(] I p)s-t-a72

% ei([g—,_v[/21/2(751+k2)]'(b, klx— ), (A.4.6)

where j has “become’ a function also of x — y by our new assumption that

x—y=(xy—yl22%(1,1):
jl kg — ) = [ dx e 2PHR ) + 1, B, (A47)

where R,_, is the rotation which brings x — y to (| & — y [/21/2)(1, I).

Eanrd

It is easy to see, as in (A.4.5), that, Vy, B > 0

: L+ kP
sup (b, &1 3 = )| < ch, (s (A4.8)

x—¥

for a suitable constant Cy , > 0.
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The result now follows by “power counting,”’
the formula (A.4.6), and the estimate (A.4.8).
Consider for instance the case s’ <<s. Let w = s — s'. Then if we denote
B(x, y) = B(x, x — y) we see that if 7 < 1, (3.18), (A.4.6), (A.4.8) imply, for
a suitable c:

using the inequalities (3.18),

| B 2) — B@,o) _ . ¢

| — &' |7 Sy re?

Vo e R? (A.4.9)

and

<
iB(% 2)| < Tﬂét(—w_—y)’

Yoy e R? (A.4.10)

which implies that if fe C9, x, ye 4,

I f & B(x,y — %) — B,y — &) ) |

|z — |

B,y — %) — B(x',y — x —f(y+z—«
<fdyl (x, .2)_ lC(| y— ) )+ Jd_ylf(y) Iz{(g ! |9: )l
X | B,y — ) < Cyll fllpou (A4.11)

for a suitable C, .

It remains to study the ‘“‘easy part’’ of the problem, i.e., the behavior as
| x| — co: we do not give the details.

In the above calculation we have not been careful in keeping track of the
dependence of the various constants on the parameters ¢, s: it is however clear
that this also can be done easily (to prove the assertions on the continuity). If
s' 2= s one proceeds in the same way.

ArpeEnDIX B: PrROOF OF (2.12)

By definition

Il gu H(gga(m.m., = 7)Tz_ll‘(l — D)tsimaz O‘_i@(a’_-“)(@)“c&)(kdﬂ)
m—1 ‘ . !
= Z " Y. (1 — DY 7972 q(x) y; (&) Pu)(x, W(x)) | , (B.)

i=0 " |Bi=i 'Cle) (ri-1y
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where y; 4 are C= functions depending only on the derivatives of v,(x) of order
one; and from the hypotheses on the surface elements 3g, , p == 0, 1,... such that

| Vil oo ga1, < & - (B.2)
Therefore by (2.8), (2.10) we can take in (2.12)
C, = sup (1 — D)s=i=e12 0y o(1 — D) tei-e)2 (B.3)

o<r<m 118
where the expression under the norm sign is regarded as an operator on C(¢(R%-1).
Therefore we have only to show that, Vae R, (1 — D)* »(1 — D) is
bounded, as operator on C'®, in terms of a continuous function of a and of
the norm in (B.2) for p == 0, 1,..., p([a]).
This follows from (A.2.14), by representing y in terms of its Fourier transform
(k) and then using that $(k) decays at infinity faster than any power.

Arpenpix C: Some Derarcs Asour THE ProofF oF THE MARKOV PROPERTY

Let A be a 6(xy , «),_;)-conically regular region.

Using the notation of Section 2 we shall first note that, as is well known, the
Dirichlet covariance C° relative to the region A/ is bounded in the operator
sense bv the free covariance C. Therefore since our support properties, as
expressed in Proposition 2, are a consequence of moments inequalities it follows
that Proposition 2 holds for the P,°-randomly chosen distributions.

Let o be a surface element on ¢A/ and let & be the function associated with it.
We have to consider the random variable 2( f) = [ f(£) z, d¢ on #'(R%) with z
chosen P -randomly (given f € .#(R%)), and the random variable u(2)( f) + & f)
with %, { chosen P, X P,° randomlv. We have to show that in the sense of
probability distributions

2(f) = u(@)f) + {S) (.0

assuming that (C.1} holds if supp f M éAAd = ¢ (which can be shown to be
true as explamed in Section 2). Also it is nonrestrictive to suppose supp f C
188 — 1)

The idea is that u(2)( f) +- {( f)is a limit of functions of the form u(2){ f ®™) -
L f ) with supp f ™ N dxd = &,

Let x'™ € C*(R?) be a function whose representative ¥ in the local system
of coordinates depends onlv on x, — »(x) and has the form described in the
picture:
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Put
F =y f (C.2)

and, as we show below
lim w(Z)(f ™) + L(f ™) = @) f) + L f) (C.3)

P,° x P -almost everywhere.

The limit exists by the support property of #(), { and by Proposition 1.

In fact, for instance, using the bars to denote representatives in the local
system of coordinates of o

wE)(F ) = [ dx dxa f(x, %) 7 (%) W)z, %)
— [ ds da f, %) 7(x0) 8, %) WEN, %) (C.4)

— [ dy dxal(l — D) -3(x, x4)) X )(1 — D22, ) @), %)

where (1 — D,)* g(x) denotes symbohcally the result of the application of the
operator (I — D)* = (1 — Z, ) /0x2)* to the distribution g; s < m — dJ2,
€€ (0, 1). We have used that & = 1 on supp f.

Then by Propositions 2 and 1 it follows that [(I — D,)s9/2qu(%)|(x, ;) €
C'(R?), i.e., it is a Hblder continuous function, rapidly decreasing at oo, of
x, Xy
So by dominated convergence we have

lim w(z)(f ™) = fdzc dixq flx, xo)[@u(E))(x, x0) = w(Z)f) (C.5)

P -almost surely.

An identical argument can be set up to treat the convergence of {(f ™) to
{(f)- We have only to show, now, that the random variables u(Z)( f ™) + {(f ™),
which are distributed as 2( f ), by assumption, converge, say, in L¥(P, x P,°)
or, respectively, in Ly(P,} as n - 00. But, of course, this is once more a con-
sequence of Proposition 2 and a dominated convergence theorem. We have

By = f LB(f ™) — 2(f)P P (dz)

= J‘f(lc, x )X (xa) — X" (*)) F(3s ¥R (3a) — 7™ (34)]

X &(% xg) &(;,Vr Ya) C._\—y,v(g)—v(y)wkwdfyd dx dy dxgdyg . (C6)
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It can be shown that K(x, x;; y, y,) defined by
(1 — D)=L — D) 92 &g, %4) &Y, ¥a) Coy it —vip)—agmy,  (C7)

is in C(R4), € < ¢ (cf. proof of Proposition 2 or (2.20), (2.21)).
Therefore, by rewriting (C.6) as
Sum -+ ' (1 —= D)7 f(z, xa)] - [(1 — Dy)* 92 f(y, va)]

< [X(xa) = ¥R ™ () — X (va)] R(3, 3, %0, va) dx dy dxq dvy

we can conclude by dominated convergence

lim 8, = 0.

n,m-%

In a similar way one deals with {( f ‘). This completes the proof of the reduction

of the check of (C.1) to the case supp f N A4 = .

AppENDIX D: (o, o,,_;) LARGE Cask

Note that, Va, b, ¢, b # a
b—a _ b—cl N ¢ —a ‘ (D.1)
(a+t)d+1t) (c+-DbB+-1 (a=1t)c-+1)

therefore if ¢, < @, < a,
c—a

a; — a, - ag — ¢ N
(a ~1)ay + t)ag + 1) (c+ )@+ t)as + 1) (a + t)ay + 1)(c + 1)

Hence it is easy to show that, in general,

(B »-es Brnt) (D.3)

t
CEFO@L TN g GRG0
By>ag, [8,-8;1<8

with ¢(8, ,..., Bn_y) > 0.
This means that, replacing ¢ by —D, we can always represent the Gaussian

process with covariance 4! as a sum of processes, finitely many in number and
independently distributed, associated with covariance operators of the type (1.1)

with conical regularity parameter as small as we please.
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It is then clear that Proposition 3 for operators of the form (1.1) holds in

general if it holds in the case of operators with small conical regularity parameter.
Hence the restriction in Sections 4, 5, and 6 to such operators does not affect

th

E.

W N =

10.

11.

e generality of the result.
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