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I. Generalities

To be definite we shall consider the problem of critical fluctuations with the purpose of
illustrating their relevance in the analysis of other difficult problems like field theory.
The Ising model on the d–dimensional lattice Zd is described by the Hamiltonian

H(σ ) = −J
∑

|i−j|=1
i,j∈Λ

σiσj − h
∑

i

σi −BΛ(σ ) (1.1)1

where σ = (σi)i∈Λ, σi = ±1, is a “finite spin configuration” in the cube Λ ⊂ Z
d
cen-

tered at the origin and BΛ(σ ) is a function which describes the “boundary conditions”,
i.e. defines a model for the walls of the box. For instance

BΛ(σ ) = J
∑

i∈∂Λ

σi (1.2)2

has the physical interpretation that the box Λ is surrounded by an array of spins +1.
The Hamiltonian allows us to define the “equilibrium state in Λ” of the system as the
family:

〈σx〉Λ =

∑

σ σx e
−βHΛ(σ )

∑

σ e−βHΛ(σ )

〈σxσy〉Λ =

∑

σ σx σy e
−βHΛ(σ )

∑

σ e−βHΛ(σ )

〈σxσyσz〉Λ =

∑

σ σx σy σz e
−βHΛ( σ )

∑

σ e−βHΛ( σ )
. . .

(1.3)
3

where the sums over the 2|Λ| spin configurations in Λ (|Λ| = number of points in Λ).
If we assign reasonable sequence B = (BΛ)Λ∈ set of cubes of boundary terms we can try
to take the limit

lim
Λ→∞

〈σx1 . . . σxn〉Λ = 〈σx1 . . . σxn〉. (1.4)4

If, for given values of (β, h), this limit depends upon the sequence B we say that the
model has a phase transition at (β, h).
Of course we should specify better which are the allowed choices of the sequence B: a
possible definition is that B = (BΛ)Λ∈ set of cubes should be such that

(i) max
σ

|BΛ(σ )|
|Λ| −−−−→

Λ→∞
0

(ii) ∃ δΛ such that
δΛ

|Λ|1/d −−−−→
Λ→∞

0

(1.5)5

and BΛ(σ ) ≡ BΛ(σ
′) if σξ = σ′

ξ for all ξ closer than δΛ to the boundary of Λ.

∗ In Lecture notes in Physics, vol. 54, 250–273, 1976, Sitges international school on statistical mechanics,
June 1976, Ed. J. Brey and R.B.Jones, Springer–Verlag, ISBN 3-540-07862-2, ISBN 0-387-07862-2.
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The existence of a phase transition at given (β, h) means that the system is so sensitive to
boundary perturbations that their influence does not disappear even in the limit Λ → ∞.
Possibly passing to a subsequence we can and shall assume that the sequences B, which
we consider, are such that all the limits of the correlation functions

lim
Λ→∞

〈σx1 . . . σxn〉Λ = 〈σx1 . . . σxn〉 (1.6)6

exist simultaneously: the set of all the functions 〈σξ〉〈σξση〉, . . . obtained as limits of the
homonymous finite volume functions for a given sequence B and given (β, h) is called an
“equilibrium state” for the model at given (β, h).
A possible interpretation of an “equilibrium state” is that of a probability measure on
the space of “infinite configurations”. The measurable events are those which can be
approximated by “local events” described by “cylinders”:

E
(σ1 . . . σn

ξ1 . . . ξn

)

=
{

σ | σ = (σξ)ξ∈Zd , σξi = σξi , i = 1, . . . , n
}

(1.7)7

where σ = (σξ)
ξ∈Z

d , σξ = ±1, is what we call an infinite configuration and σ1 . . . σn

are assigned values ±1: say that γ+ = (i1, . . . , ip) are the sites with σij = +1 while the
others σj are −1. The probability of a cylinder is, obviously

µ(E
(σ1 . . . σn

ξ1 . . . ξn

)

) = 〈
∏

j∈γ+

1 + σξj

2

∏

j 6∈γ+

1− σξj

2
〉 (1.8)8

As mentioned above the cylinders are not the only measurable sets: also those sets which
can be obtained by finitely many union and complementation operations are measurable
and receive the natural value for their probability. Actually all the sets in the smallest σ–
algebra generated by the cylinders can be measured: i.e. the measure µ can be extended
to a countably additive probability measure on the sets which are in the smallest family
of sets which is closed under the operations of complementation and countable union
contain the cylinders. This fact, although not immediately obvious, is easy to prove but
we shall not need such a result.
Therefore the equilibrium states can be regarded as probability measures (on the space of
infinite configurations) obtained through the above described process of thermodynamic
limit.
It should be stressed that conceptually it is not necessary to take really the limit Λ → ∞:
all systems are actually finite and only those properties of infinite systems which can be
interpreted in terms of properties of finite systems are physically meaningful.
Nevertheless it is sometimes simpler to pose the problems for infinite systems: for in-
stance when, as we shall do shortly, we wish to talk of macroscopic regions inside a
macroscopic system it is convenient (but by no means absolutely necessary) to have a
really infinite system and consider large regions in it. In this way the relative importance
of the orders of magnitude is more easily taken into account.
The situation resembles that which arises when we decide to make free use of the irra-
tional numbers even though we are aware that in no application shall we ever need an
irrational number: everything could be done (and is done) using only rationals.
Let µ be a probability measure which describes the equilibrium state of an infinite Ising
model at temperature-field (β, h). We shall be interested in investigating the distribution
of the magnetization in large, macroscopically large, regions.
There are several ways of formulating the problem, depending on which are the questions
really interesting us.
We can proceed as follows: divide Z

d into squares of side L. We parameterize these
squares by indices (n , L):

(n , L) =
{

ξ
∣

∣ ξ ∈ Z
d, niL ≤ ξi < (ni + 1)L, i = 1, 2, . . . , d

}

(1.9)9
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where n = (n1, . . . , nd) is a point in Z
d itself.

We then define the deviation from the total average magnetization of the box (n , L)
divided by a normalization factor to be chosen later:

Vn =

∑

ξ ∈(n ,L)

(

σ ξ − 〈σ ξ 〉
)

Ldρ/2
(1.10)10

where 0 < ρ has to be chosen. The variable Vn will be called a “block spin”.
The new variables (Vn )n∈Z

d will have a probability distribution µ′ which is obtained

from the probability distribution of the original variables (σn )n∈ZZZd : this defines a
transformation Kρ,L:

µ′ = Kρ,L(µ) (1.11)11

It is clear that there is no need for the original variables to take only the values ±. The
transformation Kρ,L can be defined likewise, as we shall assume, if the variables σn can
take arbitrary real values.
Then it makes sense to iterate Kρ,L and

Kρ,L

(

Kρ,L

)

= Kρ,L·L′ (1.12)12

Given (β, h) and a corresponding equilibrium state µ of the Ising model, we now ask
the question: can we fix ρ so that the limit

lim
L→∞

Kρ,L(µ) (1.13)13

exists and is non-trivial?
The existence and non triviality of the above limit can be defined to mean that there is
a probability measure µ∞ such that

〈Vξ1 . . . Vξn〉µ∞ =

∫

µ∞(d V )Vξ1 . . . Vξn = lim
L→∞

〈Vξ1 . . . Vξn〉Kρ,L(µ) (1.14)14

with the obvious meaning of the symbols and, furthermore, µ∞ is not the δ–function on
the 0-configuration (i.e. 〈Vξ1 . . . Vξn〉µ∞ 6= 0 for some n and ξ1, . . . ξn ∈ Z

d).
It is easy to convince oneself that if a value ρ is “good” (i.e. Kρ,L(µ) converges to a
nontrivial distribution) then any other value is not good.
The following basic result on the theory of the Ising model holds and is useful to clarify
the meaning of the next theorem on the transformation Kρ,L.

Theorem A: [1], If h 6= 0 there is no phase transition for the model (β, h) and, fur-
thermore, there is an upper bound for the decay of the correlation functions of the form:

|〈σξ1 . . . σξn〉T | ≤
C

n1! . . . nℓ!
e−κ∆(x1,...,xp) (1.15)

15

where C, κ > 0 and n1, . . . , nℓ are the multiplicities of the different sites among x1, . . . , xp

and ∆(x1, . . . , xp) = length of the shortest graph connecting x1 . . . , xp as a set in R
d. The

superscript T denotes “truncation”.

The truncated correlation functions are

〈σx1〉T =〈σx1〉
〈σx1σx2〉T =〈σx1σx2〉 − 〈σx1〉〈σx2〉

〈σx1σx2σx3〉T =〈σx1σx2σx3〉 − 〈σx1σx2〉〈σx3 〉 − 〈σx1σx3〉〈σx2〉
− 〈σx2σx3〉〈σx1〉+ 2〈σx1〉〈σx2 〉〈σx3〉

. . . = . . .

(1.16)16
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The general truncated function is defined as follows: let f be a function on Z
d and put

ZΛ(β, h+ f) =
∑

σ

e
−βHΛ(σ )−β

∑

ξ∈Λ
f(ξ)σξ (1.17)17

i.e. ZΛ is the partition function when the external field is modified from h to h + f .
Then, provided x1, . . . , xn ⊂ Λ:

〈σx1 . . . σxn〉TΛ =
1

βn

∂n logZΛ(β, h+ f)

∂f(x1) . . . ∂f(xn)

∣

∣

∣

f=0
(1.18)18

Clearly 〈σx1 . . . σxn〉TΛ is a well defined combination of products of correlation functions
with coefficients which are Λ-independent: hence it makes sense to define by the same
combinations the truncated functions for the measure µ.
The following theorem completes theorem A:

Theorem B: [2], If h = 0 and β is small enough, say < β, there is no phase transition
for the model (β, 0) and the same estimate as above holds for the truncated functions.
Furthermore there exists βc, βc > β such that there is a phase transition at (β, 0) when
β > βc. If the dimension d = 2 it can be shown that the truncated functions decay
exponentially although not necessarily with a bound like that in theorem A as far as the
combinatorial factors are concerned.

Coming back to the block-spin distribution w can quote the following result:

Theorem C: If (β, h) is such that h 6= 0 or h = 0 but β < β (or just β < βc if d = 2),
the limit limL→∞Kρ,L(µ) = µ∞ exists for ρ = 1 and if

χ2 def
=

∑

ξ∈Zd

(

〈σOσξ〉 − 〈σO〉〈σξ〉
)

(1.19)19

it turns out

µ∞(
∏

ξ∈Zd

dVξ) =
∏

ξ∈Zd

e−V 2
ξ /2χ2

√

2πχ2
dVξ . (1.20)20

This theorem tells us that outside the region of phase transition the magnetization
fluctuations on a large scale are independently distributed and the distribution of each
of them is essentially the same as that relative to a set of independent spins (see next
exercise).

Exercise: [3], Prove that if µ(
∏

ξ∈Zd dσξ) =
∏

ξ∈Zd f(σξ) dσx with f(σ)dσ is a probability
distribution with finite second moment

α2 =

∫

σ2f(σ)dσ (1.21)21

zero mean and finite third moment (i.e.
∫

f(σ)σ dσ = 0 and
∫

f(σ) |σ|3 dσ < ∞) then

lim
L→∞

K1,L(µ) = µ∞ =
∏

ξ∈Zd

e−V 2
ξ /2α2

√
2πα2

dVξ. (1.22)22

This is a simple instance of the well known central limit theorem and the hint for the
proof is to analyze the characteristic functions or the Fourier transforms of the joint block
spin distributions.
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The physical reason for the above theorem is that away from the phase transition region
of the parameters (β, h) the correlations of the equilibrium states decay exponentially
fast and this essentially means that far spins are independently distributed around their
average value and therefore large collections of them behave as a collection of independent
random variables with values ±1 and their distribution verifies the central limit theorem
(see exercise above).
I shall try, in the next lectures, to sketch a proof of the above theorem: however I shall
present it in such a way that it will be adaptable to the case when β = βc, h = 0 where
the correlations between far spins decay more slowly than exponentially. To prepare the
discussion about the block spin distributions at the critical point let me remind you of
the conjectured properties of the equilibrium measures near the critical point (βc, 0), see
for instance [2].
Let us agree that the correlation functions of the equilibrium state (β, h) will bear the
subscript (β, h) and c will simply replace (βc, 0).
It is assumed, on the basis of the phenomenology of the critical point, that

(i) 〈σ0σξ1 . . . σξ2n−1〉c ∝ χ2n(0, ξ1, . . . , ξ2n−1), n = 1, 2, 3, . . . , where χ2n is a homoge-
neous function of degree ω2n of the coordinates (ξ1, . . . , 2n− 1) regarded as points in

R
d:

χ2n(0,
ξ1
λ
, . . . ,

ξ2n−1

λ
) = λω2n χ2n(0, ξ1, . . . , ξ2n−1) 0 < λ ∈ R (1.23)23

The symbol ∝ means that the sums over the sites (ξ1, . . . , ξ2n−1) in Z
d such that |ξi| < R

agree to leading order in R as R → ∞. If n = 1

χ2(0, ξ) =
C

|ξ|ω2
(1.24)24

and ω2 is usually written as

ω2 = d+ η − 2 (1.25)25

(ii)
〈σξ〉(βc,h)

def
= m(h) = m0 h

δ−1

(1 +O(h)) (1.26)26

and here the formula is meant to signify that

dn

dhn
m(h) = m0 (

1

δ
)(
1

δ
− 1) . . . (

1

δ
− n+ 1)hδ−1−n(1 +O(h)) (1.27)27

(iii) There are homogeneous functions (x1, . . . , xn) → ∆(x1, . . . , xn) of degree 1 on (Rd)n

such that, if ∆0(x1, . . . , xn) is the sum of the lengths of the lines of the shortest graph
connecting (x1, . . . , xn), then

0 < a ≤ ∆(x1, . . . , xn)

∆0(x1, . . . , xn)
≤ b < ∞ (1.28)28

for some a, b and

〈σ0σξ1 . . . σξ2n−1〉(βc,h) ∝ e−∆(0,ξ1,...,ξ2n−1)/L(h)χ2n(0, ξ1, . . . , ξ2n−1) (1.29)29

(iv) Similarly if β < βc

〈σ0σξ1 . . . σξ2n−1〉(β,0) ∝ e−∆(0,ξ1,...,ξ2n−1)/λ(β)χ2n(0, ξ1, . . . , ξ2n−1) (1.30)30

The symbol ∝ in (iii), (iv), means that the sum of both sides over ξ1, . . . , ξ2n−1 agree
to leading order in h−1 or (β − βc)

−1.
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(v) There exist ν, ν such that

L(h) = ℓo h
−ν , λ(β) = λ0 (β − βc)

−ν . (1.31)31

Because of assumptions (iii),(ii),(i) and the definition of the truncated functions it follows
that:

d2n−1

dh2n−1
m(βc, h) =

∑

ξ1,...,ξ2n−1

〈σ0σξ1 . . . σξ2n−1〉T(βc,h)
(1.32)32

Hence there must be a simple relation between ω2n, δ, ν:

ν ((2n+ 1)d− ω2n+2) = 2n+ 1− δ−1 (1.33)33

The derivation of this formula is a useful exercise.
We can eliminate ν in terms of the more familiar exponent η by using ω2 = d + η − 2
(by definition of η): it turns out

ν =
δ − 1

δ

1

2− η
(1.34)34

and also we can rewrite the formula for ω2n:

ω2n+2 = (2n+ 1) (d− (2− η)
δ

δ − 1
) +

2− η

δ − 1
(1.35)35

Assumption (i) for n = 1 can be verified only in one interesting instance: in the two
dimensional Ising model and when 0 and ξ1 are on the same row, [4]. The theory of
Kadanoff on the two dimensional Ising model would allow us to prove (i) when all points
lie on the same row, [4].
Assumptions (ii) have never been verified except perhaps in the cases n = 0, 1 in d = 2,
[5]. Assumption (i) is a strict interpretation of the absence of characteristic length at
b = βc, h = 0, while assumptions (iii),(iv), which seem the most audacious, give a very
strict interpretation of the following loose but frequent statements which are the basic
ingredients for many theories of the scaling laws: there is only one correlation length
near β = βc, h = 0 and within the correlation length the spins are are at criticality. Of
course (ii),(iv) are not the only possible interpretations of the above statements which
are usually made (and used) only in connection with the single spin and pair correlation
functions.
The way in which the correlation length is introduced in (iv) is inspired by recent
rigorous results on the cluster property in the Ising model in the h 6= 0 or in the high
temperature region, [1,2].

II: Macroscopic fluctuation theory

We shall first outline the simple calculations, [2], necessary to derive theorem C and the
we shall apply them to discuss the critical fluctuations.
Let n 1, . . . , n s ∈ Z

d and let n i 6= n j for i 6= j and

E(ω1, . . . , ωs) =

∫

ei
∑s

k=1
ωkyn

k dµL,ρ(y) (2.1)2.1

where µL,ρ = KL,ρ(µ) and µ is the Ising model equilibrium state at values (β, h) of its
parameters. This quantity is the Fourier transform of the joint distribution of s block
spins.
By the definition of ZΛ(β, h+ f), (1.17), we see immediately that
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EΛ(ω1, . . . , ωs) =
e
−i

∑s

k=1

ωk

Lρd/2

∑

ξ∈( n
k
,L)

〈σξ〉
ZΛ(β, h+ i

∑s
j=1

ωjχj

Lρd/2 )

ZΛ(β, h)
(2.2)2.2

where EΛ is the characteristic function of the block spins computed in the approxi-
mate equilibrium state obtained by regarding the system confined in a finite cube Λ (so
E(ω1, . . . , ωs) = limΛ→∞ EΛ(ω1, . . . , ωs)); furthermore the functions χj are χj(ξ) = 1 if
ξ ∈ (n j , L), j = 1, 2, . . . , s and χj(ξ) = 0 otherwise. Therefore

EΛ(ω1, . . . , ωs) = e
−i

∑

s

k=1

ωk

Lρd/2

∑

ξ∈(n
k
,L)

〈σξ〉
exp

[

∫ 1

0

dt
d

dt
logZΛ(β, h+ ti

s
∑

j=1

ωjχj

Lρd/2
)
]

(2.3)2.3
and, using the definition of the truncated functions to write the Taylor expansion of the
derivative inside the above integral, we find after a straightforward computation:

EΛ(ω1, . . . , ωs) = exp
[

∑

k1,...,ks
∑

ki≥2

J
(Λ) k1...ks

n
1
... n

s

(iω1)
k1 . . . (iωs)

ks

k1! . . . ks!

1

L
ρd
∑

j
kj/2

]

(2.4)2.4

where

J
(Λ) k1...ks

n
1
... n

s
=

∑

Xi⊂(n
i
,L),|Xi|=ki

i=1,...,s

〈σX1 . . . σXs〉Λ (2.5)2.5

with Xi a subset of (n i, L) with possibly repeated sites and σX1 shortens the product
σξ1 . . . σξℓ if Xi = (ξ1, . . . , ξℓ); the subscript Λ recalls that the correlation functions are
relative to the finite volume equilibrium state.
Passing to the limit Λ → ∞, formally, we find

E(ω1, . . . , ωs) = exp
[

∑

k1,...,ks
∑

ki≥2

Jk1...ks
n 1... n s

(iω1)
k1 . . . (iωs)

ks

k1! . . . ks!

1

L
ρd
∑

j
kj/2

]

(2.6)2.6

where J ...
... is defined as J

(Λ) ...
... above by eliminating the subscript Λ on the right hand

side.
It is now easy to see that if

∑

X1,...,Xℓ
|〈σ0σX1 . . . σXℓ

〉T | < ∞ then, by choosing ρ = 1
the above series converges, term by term, to zero except the terms kj = 2, ki = 0 for
j = 1, . . . , s and i 6= j. And since

J2,0,0,...,ks
n

1
, n

2
,..., n

s
=

∑

x1,x2∈(n
1
,L)

(〈σx1σx2〉 − 〈σx1〉〈σx2 〉) (2.7)2.7

we see that

L−d J2,0,0,...,ks
n

1
, n

2
,..., n

s
−−−−→
L→∞

∑

x∈Zd

(〈σ0σx〉 − 〈σ0〉〈σx〉) = χ2 (2.8)2.8

and therefore limL→∞ E(ω1, . . . , ωs) = e
−
∑

s

j=1
χ2 ω2

i .
The problem of showing that convergence term by term implies actual convergence (as
well as the problem of taking first the limit Λ → ∞) are not too hard in he case in
hand and are based on correlation inequalities or on analyticity arguments (see [2]).
That the convergence of the Fourier transforms of probability distributions implies the
convergence of the probability distributions is standard in probability theory, [3]. The
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above argument also shows that at the critical point the above calculations fail: in fact
χ2, which is physically proportional to the susceptibility, is infinite at (βc, 0).
However, if we accept the assumptions about the critical behavior of the last section,
we realize that the above term by term argument can easily be made even at β = βc and
we leave as an exercise to the reader to check that the result of the calculation, if ρ is
suitably chosen as ρ = 1 + (2− η)d−1 is:

E(ω1, . . . , ωs) = exp
(

∑

06=
∑

i
ki

(iω1)
k1

k1!
. . .

(iωs)
ks

ks!
L( 1

2

∑

i
ki−1)ζ ·

·
∫

[n 1]
k1×[n 2]

k2×...×[n s]
ks

χ| k |(X1, . . . , Xs) d
k1X1 . . . d

ksXs

)

(2.9)2.9

where [n ] denotes the unit square of Rd centered around the point n ∈ R
d, | k | = ∑

i ki,
dX =

∏

x∈X ddx, and

ζ =
δ + 1

δ − 1
(2− η)− d (2.10)2.10

This formula is remarkable in view of the Buckingham–Gunton scaling law, [5] (ω2n =
nω2 = (d − 2 + η)n which yields ζ = 0), which holds under assumptions weaker than
(i)–(v) above: ζ ≤ 0. This shows that with the chosen ρ the limit term by term exists
and is Gaussian if ζ < 0 (i.e. only the terms with

∑

i k1 = 2 do not tend to zero), while
all the terms may be non zero if ζ = 0 and the limit distribution of the macroscopic
magnetization is not Gaussian (unless infinitely many integrals vanish).
Notice that even in the Gaussian case terms like k1 = 1, k2 = 1, k3 = . . . = ks = 0 may
be now present (while away from the critical point they were zero in the limit L → ∞):
this means that the block spins may be not independently distributed.
Of course the above argument works term by term only: before trying to make a rigorous
proof of the convergence, however, it seems more important to try to justify rigorously
the assumptions although we did not try to do anything in this direction here.
Let me finish the argument by remarking that ζ = 0 if d = 2, as it stems from the exact
solutions, [6]. If d = 3 it is not clear how to interpret the numerical experiments, [7]. If
d = 4 the exponent ζ is 0 in the mean field theory and it is not known if, in the true theory,
the value of ζ is zero: it is widely believed that at d = 4 the critical exponent cannot be
defined naively. One should in this case reformulate the whole discussion, allowing for an
L-dependence of the various exponents (to take into account the so-called “logarithmic
corrections”).

III. Applications to field theory [8]

Euclidean field theory tries to construct a probability measure on the space of functions
on R

d which is of the following formal form:

µ(dϕ) = C
{

exp−
∫

(z1|∇ϕ(x)|2 + z3ϕ(x)
2 + z2ϕ(x)

4) ddx
}

“dϕ” (3.1)3.1

where z1, z3 > 0, z3 ∈ R.
This measure is subject to the requirement that

∫

Rd

〈ϕ(0)ϕ(x)〉 ddx = m−2 > 0

∫

Rd

〈ϕ(0)ϕ(x)〉 |x|2 ddx = Z2 > 0

−
∫

Rd

〈ϕ(0)ϕ(x)ϕ(y)ϕ(z)〉T dx dy dz = λ2 > 0

(3.2)3.2
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where the values m, z, λ are, respectively, the vales of the renormalized mass, wave func-
tion and coupling constant.1

The above theory should be constructed in a non-perturbative way by introducing in-
frared and ultraviolet cut-offs.
The infrared cut-off is introduced by confining the fields in a box Λ and the ultraviolet
one by discretizing the space (for instance). So if L is the number of lattice spacings into
which the side of Λ is divided, let a be the size of the lattice step. The volume of Λ is
then V (a, L) = adLd and we shall also introduce the quantity

(aL)−d
∑

|n1|,...,|nd|≤
1
2L

|n |2 ∝ a2L2 (3.3)3.3

which measures the size of Λ. We shall denote by CL the box in Z
d
with side L. Then

∫

(z1|∇ϕ(x)|2 + z3ϕ(x)
2 + z2ϕ(x)

4) ddx
}

≃

≃ ad
∑

n∈CL

(z1
∑

e

ϕn+ e − ϕn

a2
+ z3ϕ

2
n + z2ϕ

4
n )

(3.4)3.4

where e is a unit step along the lattice directions and ϕn is the value of the field ϕ(n a).
The above measure µ, to be constructed, is by definition “approximated” by the “reg-
ularized model measure”:

µ(L,a)(
∏

n∈CL

dϕn ) = const exp
(

∑

n ,m∈CL
|n− m |=1

α1ϕnϕm −
∑

n∈CL

(α2ϕ
4
n −α3ϕ

2
n )

)

∏

n∈CL

dϕn

(3.5)3.5
where α1, α2, α3 are simply related to z1, z2, z3 and z1, z2 > 0 implies α1, α2 > 0.
The values of α1, α2, α3 are to be determined by imposing that the quantities y1, y2, y3
defined as

y1 = ad
∑

n∈CL

〈ϕ 0 ϕn 〉

y2 = ad+2
∑

n∈CL

〈ϕ 0 ϕn 〉 |n |2

y3 = −a3d
∑

m , p , q ∈CL

〈ϕ 0 ϕmϕ pϕ q 〉T

(3.6)3.6

have the appropriate values m−2, Z2, λ, respectively.
The theory of correlation inequalities implies that m2, Z2, λ ≥ 0, [8,9,10].
The question now is to find which are the triples (m2, Z2, λ), “allowed values” of the
“renormalized constants”, which can be fixed so that for all L, a there exist values
α1, α2, α3, “bare constants”), which correspond to them via the(3.5),(3.6) formulae.
If (m2, Z2, λ) are allowed, then the correlation inequalities can be used, [8,10], to guar-
antee that, passing possibly to a subsequence of L → ∞, a → 0 so that La → ∞ too,
the measures µ(L.a) converge (in some sense which we do not discuss here) to a limit
measure with all correlation functions bounded in terms of the 2-fields correlation. This

1 These names are not quite appropriate: for instance in the physical interpretation m
−2 is not the

inverse of the square of the physical mass of the “particles”. It is, however, the sum of the “mass
diagrams”.
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is a statement about renormalizability of the above ϕ4 theory: it proves that by conve-
niently fixing the “bare” constants α1, α2, α3 s functions of the cut-offs L, a we can make
all correlation functions uniformly bounded with respect to the value of the cut-offs.
The correlation inequalities of interest here are the Lebowitz-Newman inequalities
which bound the n–fields correlations in terms of the pair correlation: for more details
see [8] and its references. The discussion of the allowed values of Z2, λ,m2 can be made
as follows.
The boundary of the set in R+×R+×R of the allowed values of α1, α2, α3 will contain
the following four pieces

M1 = { α |α1 = 0}
M2 = { α |α2 = 0}
M3 = { α |α1 = +∞}
M4 = { α |α2 = +∞}

(3.7)3.7

Let F : (α1, α2, α3) → (y1, y2, y3) be the map defined by the (3.5),(3.6) above. It is an
easy task to find the set F (M1) ∪ F (M2) ∪ F (M3) ∪ F (M4): it will turn out that it is
the boundary of a certain region in the space (y1, y2, y3).
The conjecture is that this region is the region of the allowed values for (y1, y2, y3). This
is not obvious because the map F is not necessarily one-to-one, at least this is not known,
nor it has necessarily an differentiable inverse; also one may wonder what happens to the
other pieces of the boundary of R+ ×R+ ×R (e.g. α3 = +∞).
We shall assume that the above region is the region of the allowed values and refer the
reader to [8] for a deeper discussion of the “hidden” assumptions just mentioned.
To avoid talking about 3–dimensional sets we shall fix the value y1 = m−2 and we look
at the intersection of F (M1) ∪ F (M2) ∪ F (M3) ∪ F (M4) with the plane y1 = m−2.

(i) Study of F (M1): If α1 = 0 the variables ϕn are independent in the distribution

µ(L,a) and, therefore,

y2 = 0, y1 = ad〈ϕ2
0 〉 = m−2, y3 = −a3d(〈ϕ4

0 〉 − 3〈ϕ2
0 〉2) (3.8)3.8

a3dy2
1

y2

y3
Fig.1: The boundary F (M1).

and the value of y3 varies between the values of the variable

y = −a3d
(

∫

e−α2ϕ
4+α3ϕ

2

ϕ4 dϕ
∫

e−α2ϕ4+α3ϕ2 dϕ
− 3y21

)

(3.9)3.9

where α2, α3 vary in such a way as to keep

y1 =

∫

e−α2ϕ
4+α3ϕ

2

ϕ2 dϕ
∫

e−α2ϕ4+α3ϕ2 dϕ
= m−2 (3.10)3.10

The minimum is y3 = 0 (when α2 = 0, α3 < 0) and the maximum is 2y21a
3d which is real-

ized when α3, α2 → ∞ in such a way that the distribution const eα3ϕ
2−α2ϕ

4

approaches
1
2 (δ(ϕ−√

y1) + δ(ϕ+
√
y1)).

(ii) On M2 the measure µ(a,L) is a Gaussian distribution: hence the four point truncated
correlations vanish and y3 ≡ 0. If the matrix Gn ,m = −α1δ|n−m |,1+α3 δn ,m , n , m ∈
CL has gn ,m as inverse matrix then
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y1 = ad
∑

n∈CL

g 0 , n , y2 = ad+2
∑

n∈CL

g 0 , n |n |2. (3.11)3.11

Notice that this makes sense only if −α3 > dα1: in the other cases what follows should
be properly interpreted by fixing α2 > 0 and the letting it tend to 0
The extreme cases at fixed y1 are

y2 = 0, (independent fields), (α1 = 0) (3.12)3.12

or gn ,m = const corresponding to α1 = +∞ (meaning that all fields have the same
value: i.e. are coherent), which gives y1 = adLdconst and y2 = ad+2const

∑

n |n |2,
i.e. setting D(L, a) = a2L−d

∑

n |n |2

y2 = y1D(L, a), (coherent fields), (α1 = +∞) (3.13)3.13

y1D(L,a)y2

y3
Fig.2: The boundary F (M2).

(iii) On M3 the α = +∞ means that all fields are coherent so that again y2 ≡ y1D(L, a)
while y3 varies from 0 (Gaussian case with α2 = 0) to the limiting case when the coherent
value of the field is distributed as 1

2

(

δ(ϕ−
√

〈ϕ2〉) + δ(ϕ +
√

〈ϕ2〉)
)

when

y3 = 2y21a
dLd. (3.14)3.14

(iv) This part of the boundary is obtained by letting α2 → +∞: however, to get a well

defined limit, we need to tie α2 and α3 so that the ratio α3/2α2
def
= γ2 is kept constant

and > 0. In this case e
−α2ϕ

4
n −α3ϕ

2
n is replaced by

1

2

(

δ(ϕn − γ) + δ(ϕn + γ)
)

(3.15)3.15

leading to an Ising model at inverse temperature α1γ
2, and

y1 = adγ2
∑

n∈CL

〈σ 0 σn 〉(α1γ2,0)

y2 = ad+2γ2
∑

n∈CL

〈σ 0 σn 〉(α1γ2,0) |n |2

y3 = −a3dγ4
∑

n ,m , p∈CL

〈σ 0 σn σm σ p 〉T(α1γ2,0)

(3.16)3.16

So the final picture of the (conjectured) allowed region that we get is

a3dy2
1

y1D(L,a)

y2

y3

B

2y2
1
(aL)d

A

Fig.3: The boundaries of F (M3) (horizontal) and of F (M4) (from B to A).
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where the equation of the AB line is given parametrically in terms of β
def
= α1γ

2 ∈
(0,+∞):

y2
y1

=
a2

∑

n∈CL
〈σ 0 σn 〉(β,0) |n |2

∑

n∈CL
〈σ 0 σn 〉(β,0)

y3
y21

=−
ad

∑

n ,m , p∈CL
〈σ 0 σn σm σ p 〉T(β,0)

(
∑

n∈CL
〈σ 0 σn 〉(β,0))2

(3.17)3.17

We can also easily see that, when a → 0, L → ∞ (and aL → ∞), the part of the curve
which comes from the interval |β − βc| > ε > 0, for any ε > 0 fixed (before taking the
limit L → ∞, a → 0) collapse either into the lowest point A (β < βc) or into the point
B (β > βc): an exercize (hint: use the exponential clustering in the non critical Ising
model).
Therefore, removing the cut-offs, we realize that the whole curve is determined by the
critical behavior of the Ising model!
It is even more remarkable that the assumptions about the critical behavior permit us to
write down axplicitly the equation of “half” of the curve AB in the limit a → 0, L → ∞.
We can proceed as follows. We consider only the case β < βc because we did not describe
the critical behavior for β > βc. The description of it along the same lines would lead to
the other half of AB.
Applying the assumption made earlier we find, for β > βc

∑

n∈CL

〈σ 0 σn 〉(β,0) ∝
∑

n∈CL

c2
e−ε(β)|n |

|n |d−2+η

∑

n∈CL

〈σ 0 σn 〉(β,0) |n |2 ∝
∑

n∈CL

c2
e−ε(β)|n |

|n |d−4+η

∑

n ,m , p∈CL

〈σ 0 σn σm σ p 〉T(β,0) ∝
∑

n ,m , p∈CL

e−ε(β)∆( 0 , n ,m , p ) χ4( 0 , n , m , p ).

(3.18)3.18

Furthermore ε(β) = κ0 (βc − β)ν , hence

y2
∝

a → 0 y1

∫

|x|≤La
e−κ0ξ|x| ddx

|x|d+η−4

∫

|x|≤La
e−κ0ξ|x| ddx

|x|d+η−2

(3.19)3.19

where ξ is a new name for ξ
def
= a−1|β − βc|, and

y3
∝

a → 0

y21 a
ω4−2(d+η−2)

∫

|x|≤La
e−κ0ξ∆(0,x1,x2,x3)χ4(0, x1, x2, x3)dx1 dx2 dx3

( ∫

|x|≤La
e−κ0ξ|x| ddx

|x|d+η−2

)2 (3.20)3.20

which, as ξ varies between 0 and ∞ parameterizes the part AB of the curve, associated
with β − βc < 0.
Notice that

ω4 − 2(d+ η − 2) = d− (2− η)
δ − 1

δ + 1
= −ζ (3.21)3.21

hence if ζ < 0, i.e. if the Buckingham–Gunton scaling law holds with inequality
sign (which we recall corresponded to a Gaussian distribution of the block spins at
the cricial point), we find that the curve AB collapses into the line y3 = 0 (i.e. zero
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renormalized coupling constant or trivial theory). If ζ = 0 the line AB stays non trivial
when a → 0, aL → ∞ and this indicates that non trivial theories exist in such case.
To reach really the above conclusions one should perform a similar analysis of the other
part of the curve AB corresponding to β > βc (as already mentioned). This is not yet
done and we shjall not enter into this problem.
It is quite clear that the above discussion can be used to approximate in terms of the
critical properties of the Ising model the field theories wose renormalized parameters lie
close to the AB line whose equation was just derived.
The discussion just made shows in a very concrete way the deep connection between
two very interesting and unsolved problems: the critical point in the Ising model and the
relativistic quantum field theory of type z3ϕ

4.

IV. Remarks

(1) If ζ = 0 the critical point recedes to ∞ in the cut-off removal process. So the allowed
region of (y1, y2, y3) depends only on the critical region where β < βc (high temperature
side). This is probably due to the fact that by imposing

∫

〈ϕ(0)ϕ(x)〉 dx < ∞ we have
excluded spontaneous symmetry breakdown, i.e. the possibility that 〈ϕ(0)ϕ(x)〉 → m2 >
0. A similar theory to the one developed above should be possible allowing a symmetry
breakdown: this is an interesting question.
In such a theory the “allowed region” will probably be determined by the critical region
where β > βc (low temperature side).

(2) The above theory assumes perfect scaling: it would be interesting to see what would
happen if scaling is not perfect (i.e. logarithmic corrections or more length scales are
allowed).

(3) λϕ4 field theory is known to exist in d = 1, 2, 3. It is an open problem to derive from
this fact information about the critical behavior of the d = 2, 3 Ising model (converse
problem).
(4) Let us sketch the renormalizability question. Let f be a smooth function with compact

support on R
d. Define

ϕ(f)
def
= ad

∑

n∈CL

f(n a)ϕn (4.1)
4.1

then, since α1, α2 > 0 the Newman inequalities, [10], i.e.

〈ϕ(f)2n〉 ≤ (2n+)!!〈ϕ(f)2〉n, ∀L, a (4.2)4.2

but

〈ϕ(f)2〉 = a2d
∑

n ,m∈CL

f(ma)f(n a)〈ϕnϕm 〉 ≤

≤ (max |f |)ad
∑

n∈CL

|f(na)|
(

ad
∑

m

〈ϕn ϕm 〉
)

∝ a→0
aL→∞

∝ a→0
aL→∞

(max |f |)(
∫

Rd

|f(x)| dx) < ∞

(4.3)4.3

hence all Schwinger functions make sense and are uniformly bounded as a → 0, L → ∞
(at least if tested with smooth functions). So renormalization is achieved by fixing
0 < y1 < ∞.

(4) Exercise: derive the equation of the curve AB when d = 1 (hint: if ξ1 < ξ2 < . . . < ξ2n
the exact solution of the 1-dimensional Ising model is
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(a) 〈σξ1 . . . σξ2n〉 = 〈σx1σξ2〉〈σx3σξ4 〉 . . . 〈σx2n−1σξ2n〉
(b) 〈σξ1 . . . σξ2n〉 = (tanhβ)|ξ1−ξ2|

(4.4)4.5

The result is y2

y2
3
= 1

18y
3
1 .
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