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Abstract. We study the thermodynamic limit for a classical system of particles
on a lattice and prove the existence of infinite volume correlation functions for a
"large" set of potentials and temperatures.

§ 1. Introduction and Notations

In this article we shall study the statistical mechanics of a classical
system on a ^-dimensional lattice Zv . We assume that at each lattice
point there can be either 0 or 1 particle. We suppose that the particles
interact through symmetric translationally invariant many body poten-
tials φ(fc> (x1 . . . xk). Let X = {X-L, . . ., XN} be a finite subset of Zv, then the
potential energy U of N particles located at xl9 x29 . . ., XN is :

Σ Σ
..,

where Σ extends over all &-ples ?'1? . . ., ίk of distinct indices (between 1
and N); in particular £7(0) = 0. We shall consider only interactions
φ= ( Φ ^ ) ) ! such that

\Φ\\ = Σπ Σ \Φto(0,xί,...,Xκ-l)\<+o0 (2)
fc = l Λ Oφ*1...a;λ_1€Z»'

where the second sum extends over all (k — l)-ples xv . . ., x^-i °^ distinct
lattice points different from the origin 0 of Zv. With respect to the
norm (2) the set 3$ of interactions Φ such that ||Φ|| < -foo is a (real)
Banach space.

§ 2. Definitions and Inequalities

From (1) and (2) we deduce the following stability property:

\U({xlί...,xN})\^N\\Φ\\. (3)

We define a subspace £$' of $ by

&' - {Φ ζ 3S : ΦW - 0} .

We may write Φ = (— μ, Φ') for every Φ ζ 38 with μ = — φW and
Φ' ζ £8. We interpret μ as chemical potential and denote by U' the
potential energy corresponding to Φ' ' .

* On partial leave from the University of Aix-Marseille.
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If βis the inverse temperature, the grand partition function correspond-
ing to the region (finite set) Λ is then, if N ( X ) is the number of points of X :

Ξ(β, μ, Φ'} = Σ e~βu m = Σ e^N^ <r* V W . (4)
XQΛ XQΛ

It is notationally convenient to define

ZA(<&)= Σ
XZΛ

and, if V (A) is the number of points of Λ :

PΛ(Φ)
Then

'). (6)

Proposition 1. If Φ',Ψ' ζ&' then

ZΛ(Φ(l) + \\Ψ'\\, Φ') £ ZA(ΦV, Φ' + Ψ') £ ZA(ΦV - \\ψ'\\, φ') . (7)

Let indeed V be the potential energy corresponding to Ψ' then

N(X) + U'(X) ^ Φd) N(X) + U'(X) + V'(X] ^

Where N(X) is the number of points of X. The result then follows taking
the exponentials and summing over X.

Proposition 2. // Φ £ Si,

log(l + e~φ(1)-Hφ/H) rg PΛ(Φ) ^ log(l + e-φ(1) + ! l φ / l l ) . (8)

This is obtained from proposition 1 by taking Φ' = 0.
Proposition 3. The function Φ -> PΛ(Φ) is convex on 3$.
The proof is standard1 and will be omitted.
Proposition 4. // Φ' ζ J5', the following inequality holds:

\PA(ΦM - λ, Φ'} - PA(ΦV> + λ, Φ')\ ^ 2λ V φ(υ ζ Λ, V A ^ 0 . (9)

This follows from the fact that the derivative of PΛ (Φ*1), Φ') with respect
to ΦW is the expectation value of [ - N ( X ) I V ( Λ ) ] :

ZΛ(Φ) V(Λ)

and is therefore contained in the interval [— 1, 0].

§ 3. Existence and Properties of the Thermodynamic Limit

Let ^0C«^ consist of those Φ which have finite range i. e. ΦW = 0
for k sufficiently large and φ(fc)(0, α^, . . ., x^-i) vanishes except for a
finite number of values of xv . . ., xk^Γ

1 It follows from the convexity criteria for many variables functions and the
Schwartz inequality.
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Proposition 5. // Φ ζ &0> the following limit exists

P(Φ) = Km PΛ(Φ). (10)
Λ—

This result is well known (see [1], [2], [3], [4], [5]).
In this proposition and in the following Λ may be taken a parallelo-

piped and Λ-> oo means that each side of Λ tends to oo. It is also possible
to let Λ to go to oo in a more general manner (see [6], [7] for a definition
of Van-Hove convergence to oo).

Theorem 1. // Φ £ £%, the following limit exists

P(Φ) = KmPΛ(Φ) (11)
Λ—>oo

and satisfies the following properties
i) if Φ', Ψr ζ J" then

P(φ(i) + \\ψ'\\9 φ') ̂  P(φα>, φ' + ψ') ^ P(φα> - \\ψ'\\, φ'} (12)

ii) log(l + e~φ(1)-l|ΦΊI) ^ P(φ) ίg log(] + e-φ(1) + l i φ ' l i ) ; (13)

iii) ί&e functional P( ) is convex and continuous on the Banach space &.

Let Φ'n ζ <%Q be such that lim \Φ'n — Φ']| = 0. From proposition 1 we
n-*oo

obtain :

PΛ(ΦV> + |[Φ' - Φ'n\, Φ'n] < PA(Φ) ^ PΛ(Φ(I> - W - Φ'nl Φή) (14)

On the other hand ZΛ(Φ(V, Φ') is a decreasing function of ΦW so that:

from proposition 4, the difference between extreme terms in (14) and
(15) is bounded by 2||Φ' — Φ'n\, hence

\PA(Φ) - PΛ(ΦU, Φ'n}\ < 2||Φ' - Φ'n\ (16)

from this it follows that

;) = P^(Φ) (17)
n— >oo

uniformly in Λ. On the other hand by proposition 5

lim PΛ(Φ(I>, Φ'n) - P(ΦV, Φ'n] . (18)
Λ— >oo

The existence of the limits (17) and (18) and the uniformity of (17) imply
the existence of

lim PΛ(Φ) = lim lim PΛ(ΦW, Φ'n) . (19)
Λ— >oo Λ— >oo n— >cx5

This proves (11), (i) follows then from proposition 1; (ii) from proposi-
tion 2 the convexity of P( ) implies its continuity in ΦW and then by (i)
its continuity in Φ follows.
22*
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Remark. From the above theorem we have the existence of

β p(β, μ, Φ') = Hm V(Λ)~ι logΞ(β, μ, Φ') (20)
Λ~>oo

where p is the thermodynamique pressure:

μίΦ')}. (21)

§ 4. Existence of Correlation Functions

Let Λ be a finite subset of Zv, Φ ζ &, the correlation function is
defined by :

(22)

if X Q Λ and ρΦΛ (X) = 0 otherwise. By averaging over translations we get

4- x, ., xn + α) (23)

so that if ψ ζ £% with corresponding potential energy F:

" n€Z ί'

Ψ(X)

Let T C & be the set of Φ such that the graph of P has a unique
tangent plane at Φ, i. e. there exists a unique αφ in the dual ^* of &
such that for all Ψ ζ ̂

Ψ)^ P(Φ)- aΦ(Ψ) (25)

we note that ocΦ(Ψ) can be interpreted as the functional derivative of
P(Φ) in the direction Ψ [8].

Theorem 2. // Φ £ T then if V is the potential energy associated with
any Ψ ζ 3$ the limit

lim ZΛ(Φ)~l V(Λ)~l Σ e~U(X) V(X) = αφίS7) (26)

exists and defines an element <Xφ ξ_ £8* the following limit therefore exists :

lim QΦ,Λ(X) = eΦ(X) (27)
Λ— >oo

<md defines the infinite volume correlation function ρφ.
For finite /I, the function PA( ) has a unique tangent plane at any

Φ ξ & corresponding to <XΦΛ ζ έ%* :

*Φ. Λ(Ψ) = ZΛ (Φ)-1 V (/I)-1 Σ <
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From (3) it is clear that jα^l ^ I I Ψ \ \ , i.e. \\*ΦΛ\\ ^ 1- Let A be a
total sequence in $ (£% is separable), one can choose a sequence Λn -> σo
as n -> oo such that ocφ)An(Ψ) converges for every Ψ ζ A. Since ||αφ/ιj ^
= 1> α ΦΛ Λ converges weakly.

Let (Φ + ϊ7, I) be a point strictly above the graph of P in & x #,
then for large Λ, (Φ -f- ϊ7, |) is above the graph of PΛ and therefore of OCΦΛ :
in particular if αφ is the limit of αφ yln

I = P(Φ) - αφV) + «Φ(Φ) (29)

is the equation of a tangent plane to P at Φ. If Φ ζ T, the tangent plane
is unique, therefore

weak limαφyl = αφ . (30)

Remark. If —

Λ

λΨ)

dλ = ocφ(Ψ) exists for a certain IFthen

We note also that the existence of -j-~, , for Ψ in a total
dλ Λ = O

set is a necessary and sufficient condition for the existence of a unique
tangent plane at Φ.

These results follow by inspection of the proof of the above theorem.
We conclude with the following :
Theorem 3. i) The, set T contains a countable intersection of dense open

subsets of & and therefore is dense (Baire theorem [9],).
ϋ) There exists a dense subset T' of &' such that for Φ' ζ T' and almost

every (β, μ) ζ E+ X E the point β(-μ, Φ') ζ T.
i) follows by inspection of the proof of reference [10].
Let en be a base of normalized vectors on the space £8' [11]. Let Φ('0)

be an arbitrary point of £%' and let {Cn} be a sequence of positive numbers
oo

such that Σ @n < + °° Let K be the set
n = l

K = {Φ'ίW: \Φ'n - Φ[0)n| < <?„} (32)

Λvhere Φ'n, Φ[o)n are the components of Φ', ΦJ0) along en.
Let us consider the space E+ x E x K of the variables (β, ΦW, Φ')

as a topological space with the topology product of the natural topologies
on E+ and E and the relative topology on K as a subset of &' (it is easy
to see that this topology on K is identical with the product topology

CO

on K considered as JJ In where In = (— Cnί + C^j).
n-l

Let us introduce on B+ X R a normalized measure g(dβdφW)
equivalent to the Lebesgue measure and on K the measure γ(d Φ')

— fj ~p . Let μ — g X γ be the product measure of g and γ defined


