BERNOULLI SCHEMES AND THEIR ISOMORPHISMS

Giovanni Gallavotti

Lecture 1

In these lectures I shall present some of the ideas and methods used in the proof of
the celebrated theorem stating that two Bernoulli schemes are isomorphic if and only
if they have the same entropy.

I shall concentrate, because of lack of time, on a well known partial result, Sinai’s
theorem, which states that two Bernoulli schemes are weakly isomorphic if and only
if they have the same entropy.

In these lectures I shall present some of the ideas and methods used in the proof of
the celebrated theorem stating that two Bernoulli schemes are isomorphic if and only
if they have the same entropy.

I shall concentrate, because of lack of time, on a well known partial result, Sinai’s
theorem, which states that two Bernoulli schemes are weakly isomorphic if and only
if they have the same entropy.

I shall outline Ornstein’s proof of Sinai’s theorem which gives an insight into the
coding problems that arise in connection with the isomorphism problems.

Let me start with some basic notions.

A Bernoulli scheme is a mathematical model for a “head and tail” game: we have k
symbols (1,2,...,k) and a machine that extracts out of a box one of these symbols,
randomly, with respective probability p1, po, ..., pr and so that successive extractions
are independent.

The output of the machine is a sequence {z;}*%° | where z; = 1,2,..., k.
We ask the question of which is the probability that the machine produces a par-
ticular sequence.

To make precise this question we proceed as usual, in probability theory:

1. Definition: The space K consisting in all sequences {x;}*, x; = 1,2,...,k, is
( il,iQ,...,il )
L1,%2,---,T1
entries with index (“time”) i1,ia,...,4; are x1,xa,...,x; will be called “cylinders” in

K.

called configuration space. The subsets E consisting in the sequences whose

It is clear that the probability that the machine output is in E( "2 ) 4 <
T1,L2,--+,T]
... < ip, should be

.. . 14
p(B ) < e (11)
=1

L1, L2y...,T

Once we have defined the probability of the cylinders it is possible to extend it to a
probability measure i defined on the smallest o-algebra of subsets of IC which contains
the cylinders. This is very easy to check in our special case but it is a particular result
of a more general theorem (also easy to prove in its simple version given below) which
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we state now for future reference.
Assume that with every cylinder E(;ll ;Zl ), i1 < ... <1y, in K is associated a
number M(E( 01,02, b )) and

L1,%2,-.-,T1

,LL(E( 02,0l )) >0 Viy,...,tg, Vzi,...,20;¢

L1,X2,...,T]
L i1, i
1,22y, . . )
p(BO 20 ) =1V Vi 12)
X1,eeeyTp
il)-..)iéﬂjla-.-’jp o ( il,iQ,...,Z’é )
B =u(E
yl;yp:u’( (zl,_,.,xe,yl,_“,yp)) H (:C17:C2,-..,I'l)

Vi1, ..., 0051, ..., e} j1, ..., Jp such that and js # i, (s=1,...,p;r=1,...,4).
Then the following theorem (Kolmogorov) holds

I. Theorem: there is a unique measure pu defined on the smallest o-algebra containing
11,82,..0500

L1,%2,-.-,T1

E( 12 ),Vﬁ,zl,...,w,zl,...,:cg.

21,T2,--,2]

the cylinders which assigns M(E( )) as measure (that we call probability) of

Of particular interest will be the measures, defined on the smallest o- algebra con-
taining the cylinders and which have the “shift” invariance property.

i1+ 1i0+1,... 00+ 1 11,892, -, g
(B )) = n(B( )) (1.3)
ry , T2 ,..., T L1, L2y ..., L]
Vi1, ..., 8¢, X1,...,2¢. If g is a measure on the smallest o-algebra ¥ containing the

cylinders, we shall always imagine it extended to the o-algebra X,, obtained by adding
to X the sets with outer measure zero, also called “null sets”: in general a measure p
defined on a o-algebra containing all sets with outer measure zero is called complete,
and the o-algebra is called pu-complete.

The reason why we consider the latter extension is the following theorem

I1. Theorem: A complete non atomic measure p defined on a p-countably generated
o-algebra is isomorphic to the Lebesgue measure on the unit interval.

“Non atomic” means that every measurable set with > 0 measure contains a mea-
surable subset with smaller but > 0 measure.

3

The o-algebra ¥, over which p is defined is said to be
it is obtained by adding the sets of outer pu-measure zero to a o-algebra which is the

‘u-countably generated” if

smallest o-algebra containing a denumerable family of sets.

“Isomorphic” means that there is a mapping 1 which maps equivalence classes of
p-measurable sets (with the equivalence relation E ~ F if u(EAF) = 0) of K onto
equivalence classes of Lebesgue measurable sets in [0, 1] (where the equivalence is
now with respect to the Lebesgue measure) in such a way that (K — E) = ¢(K) —
Y(E), w(ugﬁl 1/1(EZ)) = U2, (E;), for all measurable sets E, By, Ea, ..., and pu(E) =
(Lebesgue measure of ¥(FE)).

The interest of the above theorem lies in its implication that if £ C K is u-
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measurable and 0 < a < p(E),JA C E such that p(A) = a.

2. Definition: The triple (IC, 1, T') formed by a non atomic probability distribution of
the type described in theorem 2 defined on a space K of sequences and invariant under
the shift T of the sequences will be called a “shift”. The shift T has to be thought as
the map {x; 72 — {2/} T2 with ), = x;11. More generally a “dynamical system” is
a triple (K, u, T) consisting in a measure (IC, i) isomorphic to the Lebesque measure
on [0,1] and T is an invertible transformation of K — N onto K — N mapping in a
measure preserving way the measurable subsets of KK — N onto the measurable subsets

of K — N where N is a suitable null set.

Given an abstract dynamical system it is possible to construct many shifts: let
P = (Py,... P,) a partition of K (with measurable sets).

Let U : K — K be the mapping of K — N into the space K of sequences of k
symbols (1,...,k) defined by ¥z = {x;} 7% where ; is such that Tz € P,,. Clearly
the transformation 7" is mapped, in a natural sense, into the shift 7" on K. Furthermore
if we put

4
AEL-%,) = n(() TPy, (1.4)
s=1

we can check that ji verifies the conditions of Kolmogorov’s theorem and, therefore,
defines a measure z on K.

There is also another natural dynamical system that can be associated with a par-
tition P of K.

We need some definitions and conventions: every partition will always be regarded
as an ordered partition (i.e. if P = (P, P») then P’ = (P, P1) # P); if P,Q are
partitions of the same space we can consider the partition whose elements (“atoms”)
are of the form P; () Q; with P; € P,Q; € Q ordered lexicographically: this partition
will be denoted P Vv Q. If (K, 1, T) is a dynamical system and P is a partition of K
we can define V2 ___T*P to be the smallest complete o-algebra which contains the

1=—00

atoms of VY. TP VN > 0.

3. Definition: If (K, u,T) is a dynamical system and P is a measurable partition
of K we shall denote (T,P) the dynamical system (K,7,T) where T is obtained by
restricting u to the o-algebra V2 __ TP.

It is legitimate to suspect that the dynamical system (P,T) and the shift (IE, I, T)
associated with P in the previous construction are, in fact, the same thing. Therefore
the following definition of isomorphism is very natural.

4. Definition: Two dynamical systems (IC,u,T) and (K',p',T") are isomorphic if
(K, 1) and (K', 1) are isomorphic as measure spaces (c.f.r. theorem 3) and if the
isomorphism U of (IC, ) onto (K',u') commutes with T,T": i.e. T'V = UT (where
UT and T'U are regarded as transformations of equivalence classes of measurable
sets).

One then checks that (T, P) is indeed isomorphic to the shift (K, i, T') constructed
from (K, p, T') using the partition P as described above.
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Since the shift (I%, 1, f) is completely determined by the knowledge of the numbers
R(E% ) the process (T, P) will be completely determined, up to isomorphism, by
the joint distributions p(Ni_,T~% P, ), i.e. by the probabilities of the atoms of the
partitions \/f-vzng’iP.

We shall say that (T, P) and (T”, P’) are “copies” if P, P’ contain the same number
of elements and

14 ¢
w( N TP = ()T Play) (L5)
s=1 s=1
for all £,41,...,4¢,21,...,2¢. Clearly two copies are isomorphic as dynamical sys-

tem. Some dynamical systems admit what is called a “generating” partition P =
(Py,...P): ie., denoting ¥ the completion of a g-algebra ¥ with respect to p, a par-
tition such that ¥, = v§2_ __T?%P. It can be shown that, when 3, is the completion of
the Borel o-algebra of a separable metric space IC, such partitions are characterized,
when they exist, by the property that u- almost all € K are determined uniquely by
the sequence {z;}7%. In this case (K, 1, T) and (T,P) are isomorphic. If (K, i, T)
is a shift there is a natural generating partition: namely the partition P which parti-
tions K according to the value of the entry in {z;}7%° € K with index 0. The systems
(K, 1, T) and (P,T) are in this case isomorphic. The general problem solved by Orn-
stein is the one of characterising those dynamical systems which are isomorphic to a
Bernoulli scheme or, what amounts to the same, those dynamical systems which have
a generating partition which is “independent”, i.e. such that

p(Oiy TPy,) = [ u(Ps,) (1.6)
{=1

We shall be interested, in these lectures, in an easier problem: namely the one studying
when two Bernoulli schemes are weakly isomorphic: the notion of weak isomorphism
is the following;:

5. Definition: Two shifts (K, u,T) and (K', i/, T") are weakly isomorphic if there
are partitions P of K and P’ of K' such that (K, u,T) is isomorphic to (P',T') and
(K', ', T") is isomorphic to (P, T).

In other words two dynamical systems are weakly isomorphic if each of them is a
“subsystem of the other”.

Finally we need the definition of ergodicity since we shall assume that all the dy-
namical systems we consider in these lectures are ergodic:

6. Definition: A dynamical system is ergodic if there are no invariant sets with
measure different from zero or one.

Exercise: shows that a Bernoulli scheme is ergodic and non atomic.
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e2.1

e2.2

e2.3

e2.4

e2.5

e2.6

Lecture 11

Let (IC, i, T') be a shift.

We start our discussion by remarking that not all the possible sequences will have
an appreciable probability of appearing.

This intuitive notion can be made precise in several ways.

Let us consider first the simple case when (K, u,T) is a Bernoulli scheme with
symbols (1,2, ...k) and probabilities (p1,...,pk).

Consider the cylinders of length N (i.e. look at the first N outputs of the machine
which generates the “game”).

If Eilj\é 18 one such cylinder we can write its probability:

N N
p(EL N ) =] e = exp ) _logpa, (2.1)
=1 1=1

Remark that if f: X — R is the function on K defined as

S{zi} 1) = log pa, (2.2)
the sum in the above exponential can be expressed as N times

N

S fTTie)  Va e EGNL) (2.3)

1
N A A0 R
i=1

(where we use the same symbol for the shift operating on the sets and on the points).

N
TLgeeey x

To estimate pu(E} ) we can make use of the Birkoff-VonNeumann theorem

lim 5 3 A(0) = [ fa!)(a) (2.4)

for almost all x € IC. This limit is therefore also reached in the L, sense and in
-measure.

We recall that convergence in measure can be expressed by saying that given £ > 0
there exists N. such that VN > N. the set

{wIIN_lzf(T"w) —fl > ¢} (2.5)

has measure < &. If we apply the above theorem to our Bernoulli scheme using

k
f{@i}L>) =logps, and / fdu=> pilogp; = —s (2.6)
K i=1
we see that the set of the 2’s such that
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e2.7

e2.8

e2.9

e2.10

e2.11

N
|Nflzlogpxi +s|>e¢ (2.7)
i=1
has measure < ¢ for N > N¢. It is clear that such a set is a union of cylinders of the
form E}:-%  (since N~ Zz]\;1 f(T'z) only depends on 1, ...,zy if z = {2;}1>°).
Therefore we can divide the cylinders with base (1,2,...,N) in two classes:
(1) the first class consists of a family of cylinders whose union has measure < ¢
(2) to the second class belong cylinders EL-~ such that

15--ZN

N
IN~! Zlogpzi +sl<e (2.8)

i=1

i.e. “all but € cylinders” have measure between

exp N(—ste) (2.9)
if N > N.. The number of cylinders in this class clearly cannot exceed exp N (s + ¢).
This is the type of result we were looking for: if we consider a string of N events
and N is large enough the number of strings that we can “reasonably” expect to see
is ~ exps N out of k% = exp N logk that are a priori possible (note that s < logk):
furthermore all the “possible” strings have roughly the same probability exp —s N.
The above discussion can be generalized to a general ergodic shift on a space of
sequences (Shannon-McMillan):
IV. Theorem: Let (IC, u, T) be an ergodic shift over a space of sequences of k symbols

(1,2,...,k). Givene > 0, IN. such that if N > N, the cylinders can be divided
into two classes Cx,C3; such that

MHu( U E)<e
pecy (2.10)
(2) if E € C% then u(E) is between e~ (s+N

where s is a suitable non negative number called “entropy” of the shift.

The proof of this theorem is analogous to the one given for the Bernoulli case
and it is very instructive when (IC,pu,T) is a “Markov process”, i.e. when VN >
O,on,xil, ooy TN

_ '.'.'.m, (2.11)

It might seem that if we construct a new ergodic shift (P,T) by choosing a gen-
erating partition of the ergodic shift the entropy of the new shift would be different
from the entropy of the original shift.

This is not the case and it is the content of the following theorem (Sinai):

V. Theorem: all shifts (P,T) obtained from an ergodic shift by choosing a generating
P have the same entropy.

This implies that two ergodic shifts with different entropy cannot be isomorphic.
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e2.12

e2.13

e2.14

e3.1

To obtain a better insight into the isomorphism problem let us strengthen the above
Shannon-McMillan theorem by combining it with the Birkoff-VonNeuman theorem.

Let (K, u,T) be an ergodic shift on sequences {z1}¥, z; € (1,2,...,k) = I. let
u > 0 be a fixed integer and let (z1,...,2,) be a sequence of symbols in I. Let
E;;;_'_'jgN be a cylinder in K; we can define the frequency a(x1,...,xy) of (z1,...,2y)
in E;i;::j’gN as: the number of 7's, with 1 < 7 < N — u, such that y, = x1,y,41 =
T2, ... Yrqu—1 = Ty divided by N.

If we define x to be the characteristic function of the cylinder Ej: =% we see that

the above frequency is

u

N=YN (T "2) re BLN (2.12)

Yi,--YN
=0

The Birkoff-VonNeuman theorem tells us that this frequency tends, in measure, to

/xdu = (B e (2.13)

This remark allows us to formulate the following, only apparently stronger, version
of the Shannon-McMillan theorem:

VI. Theorem: Let (K, u, T) be an ergodic shift over a space of sequences of symbols in
I=(1,2,...,k). There exists s > 0, called the “entropy”, such that givene > 0,u > 0
there exists N, with the property that if N > N, the cylinders E;’l;::jgN can be
divided in two classes Ch,C%; with

(1) 1(Upecy B) < e,
(2) If E € Cx; then u(E) is between exp —(s £ &)N.
(3) The frequency vg(x1,...,24) of the strings (z1,...,x,) in E € C% is such that

> e, we) — By k) <e (2.14)

Lecture II1

In this lecture some of the basic properties of the entropy will be recalled. We shall
also state some other auxiliary results and definitions.

From the proof of the Shannon-McMillan theorem it emerges that the number s,
the entropy, is given by

. 1 1,..N L,...,N
s= lim —— ¥ p(Ey) log (Bt (3.1)
Yi..yn

such a formula can also be immediately derived from the text of the theorem itself.

To list the properties of S it is useful to introduce the following definitions concern-
ing measurable partitions P, Q, of a measure space (K, p).

7. Definition: If P, Q are measurable partitions of a measure space (K, ) we set
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e3.2

e3.3

e3.4

SP)Y =3 w(P)logu(P),  SP/Q)ES(PVQ) -5(Q) (3.2)

PeP
note that S(P) > 0.

The following theorem collects all the results we need about the entropy:

VII. Theorem: Let (K,u,T) be a dynamical system and P,Q, R be measurable
partitions of K. Denote S(P,T) the entropy of the process (P,T) (regarded as a

shift):

(1) S(PVQ)/R) <S(P/R)+S(Q/R),  S(PVQ)/R)=S(P/R)
(2) S(P/(QVR)) <S(P/Q)

N
(3) S(P,T) = lim S(P/ \/ T-iPp)

(4) S(P,T) = lim_ NTIS( \? T"P) (3.3)

b
5)S(\/ T'P,T) = S(P,T)

k
(6)If P=(Pr,...,Pt), Q= (Q1,...,Qu) and ¢ L AP, Q) = 3 p(PAQ)
=1

then |[S(P,T) —S(Q,T)| < —(eloge + (1 —e)log(l —¢€)) + € logk

Point (6) of this theorem is the key to the proof of the theorem 3 of lecture II.

Let us introduce some more elementary notions about partitions:

8. Definition: Let P = (P1,...,Px),Q = (R1,...,Ri) be two measurable partitions
of a measure space (IC, 1), we denote

(a’) d(P) = (M(Pl)a cee ’M(Pk)))
k
(b) d(P, Q) = Z u(Pi) — p(Qs)]

(¢) if F is a measurable subset of K we denote by P/F (34)

the partition of F' defined as P/F def (PLNF,...,P.NF); and

WP NE) u(PkﬁF))
p(F) T p(F)

d(p/F) < (

Another basic tool in these lectures will be the following Rokhlin-Kakutani theorem
(RK)

VIII. Theorem: Let (IC,u,T) be an ergodic non atomic dynamical system. Given
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e3.5

e3.6

ed.1

e > 0,N > 0 there exists a measurable set F C K such that the sets F,TF,... , TN"1F
are pairwise disjoint and
p(UNGITF) > 1 —¢ (3.5)
Furthermore if Q = (Q1,...,Qy) is a given partition of K the set F could be so
chosen that
d(Q/F) = d(Q) (3.6)

i.e. F' could be such to be “divided” by Q in the same way in which Q “divides” the
whole space.

TF

F

Fig. 1 The interval I, base of the tower, should be imagined divided into smaller intervals represent-
ing the sets F'N E(go); the interval E represents the points left out. The map T should be imagined
to act by shifting upwards the points of each level with the exception of the highest level: the action
of T on the latter will send its points part in the residual set E and the rest somewhere in the lowest

level.

We shall refer to the objects defined by the RK theorem as the “RK tower”’, or
“RK-stack” of (IC, u.T') with base F, partition Q, height N and approximation e.

The reason for the name “tower” is that the sets F,TF,...,TN~'F can be repre-
sented as N horizontal segments of length p(F) on which T acts by shifting a point
upwards to the next line along the vertical direction: in this picture the measure p
is represented as the Lebesgue measure on the segments; the set of segments plus a
little extra piece E of length (1 — Nu(F)) < e can represent the space (K, 1): note,
however, that the action of T on TN~'F or on E is not defined in the picture.

Lecture IV

In this lecture we consider two processes (T',P), (I”, P’) extracted from two ergodic
non atomic dynamical systems (but not necessarily isomorphic to them) and we try
to “copy” (T,P) into (T',P’'), i.e. we try to find a partition P € VI°T P! such
that the process (T’,ﬁl) is a copy of (T, P), i.e. it has the same joint distributions

d(’\_];0 T=P) = d(’\_];0 T'~"P) YN >0 (4.1)

Assume, to begin with, that (P,T) and (P’,T’) have the same entropy s and that
5> 0.
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ed.2

Let P’ be a partition measurable with respect to VI22T” P’ and assume that

S(P'.T)—S(P'. T =—-6, s>6>0 (4.2)

(such a partition exists because of the continuity property (6) of theorem 2, Lecture
III). The value of §, will be chosen later.

Given £ > 0,u > 0 assume that /¢ < S(P’,T’) and fix N very large (see later) and
construct two RK towers with parameters €, N associated, respectively, with (P, T")
and (75’,T’) and with respective bases F, F’ and partitions Q = \/ij\;lT*iP, Q9 =
VNI TP

Assume that N is larger than the N, , needed for the conclusions of the Shannon-
McMillan theorem to apply both to (T,P) and (T”,P’).

E’ E
TN—lF/ TN—lF
TF’ TF
| | | | | F’ | N T Y N I O | F

L L.

Fig. 2 The sets Fr and F!. The interval I, base of the stack, is divided into smaller intervals repre-

0..N—-1

senting the sets F'N E(UO~~~UN—1) with o(...,0n_1 chosen in the large frequency collection (352 (N)7

except the rigthmost interval, denoted F, which represents the intersection of F' with U E(SG;?Y;NEI)
where the union is over the cylinders with oy, ...,on_1 in the collection C2 (N) of rare strings.

For the purposes of better visualization we can assume that the atoms of O, Q'
which belong to the classes C%;,C’ ?v respectively, of theorem 4 lecture II, intersect
F F' in a sequence of adjacent intervals whose extremes are represented by tick-
marks in fig. 2. The atoms in Cj, C'y intersect F, F’ in a little interval F, F., drawn
as the rightmost interval in the RK towers bases F, F’ (respectively with u(F.) <
ep(F), u(FL) <ep(F')). In fig. 3 the dotted vertical lines are drawn to help visualize
where the image of an inteval of the base is mapped, upon application of T' or T” or
their powers up to n — 1.

1=/ —1 7
NI N-1F

levels levels

Byt JA

Fig. 3 Illustration of the stack levels of the towers.

The vertical dotted lines symbolize the points where the boundaries of the atoms in
C2%,,C2 cut into smaller sets the sets F = F'/F. and F = F/F. and their respective
images under 77, ..., T N=Yor T,...,TN~1: the smaller sets are represented by little
segments which we call levels.
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e4.3

ed.4

The levels can be used to reconstruct out of the above pictures the partitions P’
or P on the set G' = UlN:BlT’iFI or G = UlN:BlTiF (i.e. almost perfectly since the
sets G’ or G fill up almost completely their respective spaces: more precisely the
measure of their complements is bounded by 2¢): in fact if the atom of Q/F at
the base of a column is (NY;'T~?P,,) N F this means that this 0-th level (i.e. the
segment ﬁfVZBIT*iPzi N F) is in P,, and the 1-th level above it is in P,,, etc.: so if
we associate with each level the appropriate name we see that we reconstruct the set
P,NG,0=1,2,..., k; similar argument holds for P/, N G'.

Note that in the picture we have drawn many more columns in the RK tower with
base F than in the RK tower with base F': this is because of the Shannon-McMillan
theorem and the fact that S(P',T') < S(P',T') = S(P,T), and because we have
implicitly assumed 2 < & and N very large (this could have been achieved by choosing
at the beginning § = 1/2).

It is therefore possible to associate with each atom of Q’ /F/ an atom of Q/F in
such a way that different atoms of Q’ /F/ have different correspondents in Q/F.

Each atom F'N ﬂZJ-V;Ol T~P,, € Q/F is determined by its “name” i.e. by the string
(zo,..., zn_1). We can use the name of the atom ¢ € Q/F associated with an
atom ¢’ € @’/F to relabel the levels above ¢: the i-th level T''q' obtains name z; if
(o, ..., xN—1) is the string associated with q. If we collect together levels with the
same new labels we construct k sets (if P = (Py, ..., P;)) which we call (ﬁll, ceey ﬁ;)
which partition G’: we extend this partition, arbitrarily, outside G’ and obtain a
partition P = (P, ..., P,) of the space K.

The new partition, because of the property 3) of the Shannon-McMillan theorem
(theorem 4 of lecture II), is such that

AN TP VN TP (4.3)

is infinitesimal with §,¢,1/N.

The partition P’ has also the property of having an entropy S (5/,T) such that
IS(P',T') — S(P,T)| is infinitesimal as e — 0, N — oc.

The reason is connected with the fact that we have associated different strings to
different atoms of Q' /F/: this implies that the partitions of G’ into the levels is refined
by VN T" (5/ V F') where F’ is the partition of K’ into F and K'/F’; the reader
should look for the simple geometrical meaning of this statement.

Therefore the partition @' /G’ is also refined by \/Z-]\LfNT”'(ﬁl V F’') hence P'/G’ is
refined by VX  T"(P v F/).

Since the complement of G’ has measure < 2¢ this means that

P <o VN _NTU(P VF) (4.4)

where the symbol <. means that, by suitably collecting atoms of V¥ T’ i(ﬁl vV F),
it is possible to construct a partition 75£ <v¥ NT,i(ﬁl V F) refined by the partition
VN _ TP v F')) such that D(P',P’) < 2e.

Therefore S(P’,T") is very close (because of item (6) in theorem VII, lecture IIT)
to
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e4.6

SP . T)<SWN TP VvFE),T)=SP vF T)<SP T)+SF), (45)

Since S(P',T) < 8(P',T) < 8(P, T) this means that |S(P', T")— S(P, T)| is infinites-
imal with 0 and € (notice that S(F) — 0 as € — 0).

So we have proved the following copying lemma

1. Lemma: Given ¢ > 0, u > 0 and two ergodic non atomic processes with equal

positive entropy, (P,T) and (P, T’), it is possible to find a partition ’Pu . of K' such
that the processes (P, T) and ('Pu & T") have the properties:
AV T PNV T =P, ) <e,  |S(T,P)=S(T",P,.)|<e  (4.6)

At this point it is natural to let u — 0, ¢ — 0. However the space of the partitions
—
of K with k atoms is not compact in any useful sense. So the risk is high that P, .
wanders without limit points in the space of the partitions.

We are stuck unless we make some further assumptions on the process (7', P) that
we are trying to copy: at this point the above lemma represents the best we can do
without further assumptions.

In the next lecture we shall try to understand which is the property to impose on
(T P) in order to be able to copy it in (T”,P’) by trying to 1mpr0ve the partition
’P - keeping track of how much the new partition differs from 7)

Lecture V

Since the discussion of this lecture is essentially heuristic let us make the simplifying
assumption that S (Pu er) <S(P',T') (a priori we might have equality).

Fix u/,¢’ and &’ will be much smaller than ¢’ = S(P’,T") — S(f;yET’)

Let R be a refinement of P, . = P (here after we suppress the two lower indices)
such that S(R,T') < S(P',T') = & and S(P,T') — S(R,T’) = §” very small
compared to §’; and assume that ¢’ is also much smaller than S” (i.e. the ratios

" ’

%> 57 are very small: see later).

We choose N’ so large that }\‘,—/, is very small and Shannon-McMillan theorem with
parameters €', u’ applies to the partition P with the transformation 7 and to the
partitions R, P’ with the transformation T".

Construct the RK for the dynamical systems (P,T) (P’,T") and with bases F, F”,
parameters ¢/, N’ and with partitions Q = V§'*T~P and V) 'T'7'R.

We proceed exactly as before and construct the sets F, T which are partitioned by
the ”good” atoms of Q, Q" = vN 1T' “P//F’.
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1= —1 7
, VIR ——— 7V F

levels levels

0..N-1 )
Bloyiidyty)

Fig. 3 Illustration of the stack levels of the towers.

The partitioning of F' UT'F’...UT'N=1F’ associated with the partitioning of F'’
into ”good” atoms of Q" is denoted by the vertical continuous lines.

Since R refines P the partitioning of G/ = Ufi BlT/iF will be denoted by dotted
lines and no continuous line can be between two dotted lines associated with a single
atom of Q' (some dotted lines, however, may be superposed to continuous lines).

We denote the "bad” atoms of Q' which are contained in good atoms of Q" by a
bold face segment, as in the picture: notice that the union of the bold face segments
in F’ and of their images under 17, ..., T ¥~! has measure < 2¢.

We could now construct 5;',5 by simply associating strings of "good” Q-names to
the ”good” atoms of Q" and proceeding s in the lecture IV to construct fuﬁ.
The partition so obtained would however be quite unrelated to the old P

!

There is, however, a possibility which would allow us to have a 5%8,, very close

to 5;,5- Suppose that there existed a measure preserving mapping between F and
F' (thought as probability spaces with the measure u and p (respectively) suitably
renormalized) such that corresponding points have names with respect to the parti-
tions VN, TP and VN, T"~'P
0(e, ) =50, with the possible exception of a set of "bad” points with measure
< O(g,u).

Then we could use this mapping ¢ to wisely assign new names to the good atoms

;76 which coincide for all but 6(e, p) N’ indices where

of Q'/F': precisely if a ”good” atom ¢’ of Q'/F’ contains the image of a good point
2 which was in a good atom ¢ of Q/F then we give to ¢’ the name of ¢q. Of course
there are some ambiguities: i.e. the same ¢’ may contain images of two good points
which belong to two different atoms. These ambiguities may be resolved by making
an arbitrary choice provided care s taken to make sure that different ”good” atoms of
Q' /F’ receive different names (here of course enters the fact that if N’ is large and the
ratios g—f,, g—,,, are small the number of ”good” atoms of Q'/F’ greatly exceeds that of
the good atoms of Q”/F’ while on the other hand, their measure are arranged in the
opposite scale. We do not enter into the details of this construction because they are
of technical nature and not too difficult and, in my opinion, they are not the central
point of the proof.

/ .
so constructed will, on each column

u’ e’
with base a "good ‘’ segment of Q'/F’, differ from f;ﬁ
measure (g, 1) with the possible exception of a set of columns whose total measure

adds to less than (e, u) + 2¢’. This means that

It is now clear that the new partition P

only on a set of relative

—/ =/

D(P, o, Py o) <20(g, 1) + 3¢’ (5.1)
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Hence the new process (1", P, .+) will be a far better approximation to (7,P) and,
at the same time, it will be only 26(e, ) + 3¢’ far from 5;75.

Since u’, ¢’ are arbitrary it is clear that we can iterate the procedure in such a way
that the changes in 5;,5 from one approximation to the next are so small that there
is a limit partition P’ such that (T”,P) is an exact copy of (T, P).

Note that to perform the above construction one does not really need a measure
preserving map of F onto F’: it would be enough to have an isomorphism of the
measure spaces (F, E(H?)) onto (F’, #—/(FL/)) such that: if a € VI 'T~"P/F then its
image 1 (a) consists in points which have Q’-name differing from the Q-name of a by
at most (¢, u) N’ entries aside from a few exceptional points which add up to a set
of measure < (¢, u).

This remark is important because it shows that the existence or not of the map
is only a property of the numbers d(\/ZN:/O_lT’*iﬁl/F’) = d(\/lN:/O_lT’iﬁl) =d(Q’) and
AN TP/ F) = d(vY ' T'P) = d(Q): i.e. it does not depend upon F, F’ but
only upon (f/, ), (P,T).

The conclusion of the above semi-heuristic discussion is that in order to be really
able to perform the above construction (aside from the mentioned technicalities) we
need to be able to infer from the information (which can in the particular cases be
extracted from the lemma 1 of Lecture IV) that if a process (77, P') imitates (T, P)
in the sense that for some nc,d., (given € > 0):

!

d (Ve TP, Ve T ~P) < 6., |S(T", P') = S(T,P)| < 6. (5.2)

then, for every fixed N, it must be possible to construct a isomorphism 1 between
(K, 1) and (K', ') (see theorem 3) such that the points of the images v(a)) of atoms
a € VY T~"P have names with respect to vi]\;OT'_lﬁ which agree for all but a set
of e N indices aside from a set of possible exceptions which has total measure < ¢.

This property however does not at all follow in general.

Processes (T, P) for which the above property holds can be naturally called “finitely
determined’.

This notion is particularly interesting since it can be proven, without too much
work, that finitely determined processes exists and in fact every Bernoulli scheme is
finitely determined.

Ornstein has been able to show much more: namely a process is isomorphic to a
Bernoulli scheme if and only if it is finitely determined.

It is clear how the above construction, if completely performed in its technical
details, would then lead to the conclusion that it is possible to copy any finitely
determined process (T, P) into any ergodic non atomic process (7", P’) with the same
entropy.

Together with the fact that Bernoulli schemes are finitely determined, this implies
the weak isomorphism of two Bernoulli schemes with the same entropy.

I stop here these lectures after giving only one references: [1], for further reading;
in the reference all the details missing in these lectures and many more insights into
the theory of the isomorphism between ergodic processes can be found.

Finally let me thank the participants in the school for correcting several mistakes
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present in the draft of these notes.
References
[1] D. Ornstein: Ergodic Theory and Randomness, Yale Univ. Press, 1974.

Problem 1: (Rohlin’s stack), Under the hypothesis of theorem IV condider a Borel
partition @ = (Qo,...,Qx) of {0,. ..,n}Z. Show that the first statement of the
theorem implies the second if the system is mixing: i.e. it is possible, given N and
e > 0, to find F so that u(Q; N F)/u(F) = u(Q,) foralli =0,...,k, and " FNT/F =
0, V0 <i#j<N. (Hint: Let Fy be the set whose existence, in correspondence of
the given N and ¢, is assured by the first statement in theorem I'V and which satisfies
the properties described therein. Set Fy = 7'Fy, t € z, and use the mixing property
(assumed to hold for p) to infer that

i F)
tlim ‘MQH t

—u(@i)| = Jlim 7, =0 (5.3)
If one chooses n; < p(F;) = u(Fy) (by the 7-invarience of p) it is clear that, being
({0,...,n}%, 1) isomorphic mod 0 to the Lebesgue measure on [0,1] (¢f. theorem II)
and regarding in this way Qo, ..., Qk and F} as sets of [0, 1] it is possible to take out
of F; a set A C F; of points having small measure with respect to n; < u(Fp) to
obtain that u(Q; N(F: \ A)) = w(Q:)p(F: \ A) without deteriorating the bound on
the measure of Uij\;l TU(F; \ A)), i.e. keeping it larger than 1 — €).

Remark: Rohlin’s stack theorem does not require the hypothesis of mixing: ergodicity
of p suffices; however the proof is, in the latter cases, somewhat more elaborate.

Problem 2: (Sinai’ theorem) Let ({0,...,n}%, 7, 1) and ({0,...,n/}2, 7, 1) be two
mixing shifts with s(p/, 7) > s(u, 7). Con51der the partitions P and P’ of {0,...,n}~
and of {0,...,n'}% into the cylinders with base 0 (i.e. P = {C3,C?,...,C%} and
P ={Cp,...,C!9} respectively).

Given ¢ > 0 and u integer > 0 consider the partitions Py = VI’ '7P and Py =
VY TLriP" and choose N > N(u,¢), where N(u,¢) is such that for N > N(u,¢) the
approximability in distribution and entropy hold. Let F c {0,...,n}% and F’ C
{0,...,7/}% be two sets for which (c¢f. problem 1)

QN F) WQNOF)
p(F) wW(EF")

and simultaneously 7 FN\ 7/ F =0 = 7' F' 7/ F', for alli # j, 4,7 =0,...,N — 1.
Represent F' and F’ as two intervals (see Fig.2), and represent as intervals also the

= u(Q), for all Q € Px; W' (Q') for all Q" € Py

sets N1
ST F

g N-1 g N1
E={0,....,n}%) U r'F, E ={0,....n"}2) U 7'F
i=0 1=0

Check that the action of 7 is naturally represented as an upward translation except
for its action on E and E’ and on 7V "1F and 7V"1F’ (where it acts differently
and in a way which, in general, is not simply representable graphically): in this
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representation the measures p and p’ are represented by the Lebesgue measure on
the several intervals whose lengths, in every stack, add up to 1.

Problem 3: In the situation of problem 2 draw as segments the several elements of
the partition induced by @ = Py on F (c¢f. Fig.2): (Q()F)geco; and represent as
an interval also the set F. = JF (N C2 -1 where the union is over the choices of
(00,...,0n—1) in the collection Cs . ,,(N) of sets realizing the aproximation in entropy
and distribution. Perform the same construction over the stack relative to F’. Check

that pu(F:) < ep(F), p'(FY) < ep'(F').

Problem 4: In the situation of problems 1,2 set F' = F/F. and F = F'/F!: such
sets are split into disjoint parts by the partitions F () CO J\QNl , and ol N CO J\QNl |
with 0g,...,0n8-1 € C14(N) and oy,...,0_; € CLE,U( ) (¢f. problem 2). Fix
also N > u. We shall call “level” of the stack every image 77 (F (N C2:-N-1 ), with

0<j<N-1andoyg,...,on-1 € C1u(N). Likewise we define the levels for the
stack with base I . See Fig.3.

Remark that by the Shannon-McMillan theorem, if 2e < s(p') —s(p) and N is large
enough, the “columns of levels” with base F’ are much more numerous of those with
base F'.

Put arbitrarily into correspondence every column with base on F with a different
column with base on F’ by assigning to the j—th level of a column with base on F
the symbol 0’» of the column with base on F’ associated with it.

Collecting then the levels that, in this constructlon come to have labels equal
to 0,1,...,n’ respectively, form a partition of U 0 Y7F inn/ + 1 sets PO, cel sz,:
imagine extendlng such a partition to a partition P’ = {P},..., P.} of the whole

space Q = {0,...,n}%, arbitrarily.

Show that if F is the partition of {0,...,n}% into F and {0,...,n}%/F we get
that VY, 7/ (P’ V F) contains a partition P with n elements formed by unions of its
atoms and such that: d(P,P) < 2e. (Hint:The partition V¥ 7i(P’ V F) reduces on
va 01 7*F to the partition into levels and, therefore, we reconstruct from it, by means
of operations of unions of atoms, the partition P on U 0 Y7F, ete.)

Problem 5: Show that the partition P built via the procedure illustrated in problems
1-3, is such that

Yo W@ ) = P ) e 0

n—1

s(P',7) — (P, 7)| ==

It is therefore possible to “represent a process with larger entropy into one of lower
entropy and within a prefixed approximation” without losing in entropy more than a
prefixed quantity beyond the obviously necessary loss (s(u/,7") — s(u, 7)). (Hint:Use
the Shannon-McMillan theorem and the fact that if NV is very large the strings (short
because the length u is fixed) o{,...,0l,_; appear with frequency almost equal to
u’(C’g;U'v'ff;;l 1) in the sequences of Cy ¢ ,(N).)

Problem 6: (Copying a dynamical system into another)
Deduce from the results of problem 4 that, under the same hypotheses of problem (2)
but with s(u’,7) = s(u, 7) = s, then, given a positive integer u and given £ > 0, it is
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possible to “copy” the first dynamical system into the second in the sense that it is
possible to construct a partition P of {0, ..., n’}Z so that

|s(P, 1) —s| < ¢
—0...u—1

> 1(Coy ) = W (Poy ) <€

0g...0n-1€{0,...,n}*

/! /!

(Hint:Find in {0, ... ,n’}Z a partition P such that 5(73 ,T) = 8 — 2e. Apply then
/

again the construction of the Problems 2,3,4 replacing P’ with P ete).
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