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Abstract

These lectures together with the appendices contain all the es-
sential steps for a proof of the ergodicity of the dynamical system
described below as (M,T,v) or "periodic billiard's section) when the

obstacles are so situated that no collisionless paths are possible.

1. Introduction

A point mass moves, without friction, on a table; the particle
is either elastically reflected by the boundary of the table
(reflecting table) or, upon hitting the boundary, disappears to
reappear on the opposite side with the same velocity (toric table).

The surface of the table contains some obstacles: upon colli-
sion with the obstacles the particle's velocity changes its direc-
tion according to the laws of elastic reflection (equal angle of
impact and departure). The motion of the particle is clearly very
complicated and we shall deal with the problem of discussing some
of its qualitative features.

This problem hardly needs motivation: many authors have already
noticed its interest and relevance for many applications.

Here we shall content ourselves with mentioning its relation
to the Lorentz model.

The model consists of a particle that moves on a plane covered
by randomly thrown obstacles. The quantity of interest is the value
of the square of the distance r(t), from a starting point of a parti-
cle moving with unit speed on the plane and elastically colliding
with the obstacles

We denote the guantity by r(t)2 and define D{(t) as

t D(t) = E(r(t)?)
where the average has to be taken with respect to the distribution
of the random obstacles.

All the attempts to obtain rigorous estimates for D(t) have,
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so far, failed even for the simplest obstacles' distribution. There
is, however, considerable work done on this problem by theoretical
physicists and nonrigorous results as well as computer experiments
are available.

For instance, assuming that the obstacles are distributed
according to the Gibbs' distribution for a hard discs gas, it is
believed that

lim D(t) = D_ < +
100 o

where Dp is a value which depends on the density p of the distri-
bution of the hard discs and Dp > 0 if p is small enough.
It is also conjectured that o Dp is not analytic near p = 0.

It can be seen, at least formally, that the value D(t) is given by

1 T t
p(t) = £ 1 J dr j E(v(0)-v(t')) dt' = t 1 j D(t) drt
0 0 0
where v(0) denotes the initial velocity of the test particle and
v(t) its velocity at time t; the average is over the obstacles'
distribution.

The above formula should make clear that the real problem one
is facing is to control, in some sense, the average behavior of a
trajectory in the long time region: for fixed time it is clear
that the integrand in the above formula is analytic in the density
o of the scatterers near p = 0 (at least if the scatterers are
Poisson distributed with density p).

A similar but simpler problem can be obtained by assuming that
the obstacles are periodically and not randomly distributed: so we
have a nonrandom lattice structure for the centers of the obstacles
and we look for E(r(t)z) or E(v(0) - v(t)), where the average
is, now, over the possible initial unit velocities and position in

the unit cell of the obstacles' lattice. It is assumed that the
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initial positions are equally distributed in the "free" region of a
basic cell of the lattice, while the velocity is homogeneously
distributed over the angles.

The above problem is clearly a problem concerning a toric
billiard and the statement that the toric billiard is ergodic

implies, among other things that

—> 0

tro

t
L f E(v(0)-v(t')) dt'
0

which means that D(t) does not grow as fast as t 1in this
simplified version of the Lorentz model.

On the other hand there are no more general results on D(t)
even in this simple case and, amazingly, the problem is still
completely open.

We shall be mainly concerned in an exposition of the main
steps of the long proof of the basic ergodic properties of toric

billiards.

2. Geometry.

Z2 is a square lattice in R2 and its basic unit cell con-
tains s inequivalent points: therefore Z2 is divided into s
sublattices of equivalent points. Each point of Z2 is covered by
an obstacle with a shape and orientation and relative position which
is the same for all the obstacles covering equivalent points. The
obstacles are assumed to be open strictly convex sets with a clbmmd—
ary furthermore their closures are supposed to be mutually disjoint.

We can regard, in a natural way, the space R2 covered by the
set O of the obstacles as a torus Q with obstacles. A particle,
moving in R2/0 freely except when it collides elastically on the

surface 090, can be thought of as moving on the torus Q.
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We call "phase space" the manifold V (with boundary) con-
sisting in the points (q,8), g € Q/0, 8 € [0,21): g will repre-
sent the position of the "billiard ball” and 6 the angle between
its unit velocity and a fixed axis.

So V is a 3-dimensional closed manifold with boundary
% = {(qg,9) | g € 90}. V consists of "arrows".

If x = (q,9) € 3V we call x "colliding" if the angle ¢(x)
which x forms with the outer normal to 30 in g is between
m/2 and 3w/2 (counted counterclockwise). The points of the set

M= {x | x €3V, , x collides} can be parametrized by three

0
numbers: if x = (g,0) € 3V then x = (i,r,¢) where

(1) i 4is an index, i = 1,2,...,8, denoting the obstacle 0,
of O to which g belongs.

(2) r 1is a coordinate measuring the curvilinear abscissa
on aoi of g€ aoi counted, clockwise, from a fixed point of aoi.
If L; = length of Soi then two points on aoi whose abscissae
differ by L; are identical.

(3) ¢ 1is an angle, 7/2 < ¢ < 31/2, measuring the angle
between the arrow x and the outer normal to aoi in g, measured
counterclockwise.

Therefore M splits naturally into a disjoint union of s

cylinders Ml'MZ""’Ms° The billiards flow St: V -V 1is defined

in the obvious way and conserves the measure

W(dg de) = 9948
dg de

This completes the description of thg billiards' dynamical system
(V,St,u). The system (V,St,u) can also be realigned as a
"special flow" in a natural way which, in some sense (see below),
isolates the collisions as the main object of interest.

Let M= {x | x € 3V, x collides} be parametrized as above
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and let T: M+ M be the transformation which maps x € M into

the collision Tx € M which precedes it and let 7t(x) < 0 be the
time interval between x and Tx: our assumptions imply that there
is a lower bound Ty > 0 to the flight time -7(x).

If y € V we can clearly use as one of the coordinates of vy
the time 7T(y) < 0 which elapses between the instant the particle
is in y and the last former collision x(y) € M on the past
trajectory of y. Then y 1is uniquely determined, outside a set
of u-measure zero, by (x(y),t(y)) i.e. by a set (i,r,¢,t),
1=1,2,..08, 0<T <L, m/2<6<31/2, 0>t> (T x(y)).

It is easy to check that for t > O:

S_yy = S_(x(y),1(y)) = (x(y),t(y)+t)
if t(y)+t < 0 and
S_¥ = (Tx(y), t+r({y)+1(x(y)))

if T(y) +t >0 but Tt(y) + t + T{x(y)) < 0.

Furthermore simple trigonometric considerations show that

] - -
”B(r o, t) cos ¢
so that
_ - cos ¢ dr d¢ dt
uldr d¢ dt) = o o Tization
The St invariance of u implies then the T-invariance of the
measure Vv on M defined by
_~- cos ¢ dz d¢ _ - cos ¢ dz d¢
vidz d9) = S aTization
2 ) L,
i

We are therefore led to the dynamical system (M,T,v) which, above
the function T(x) generates (V,St,u) as a special flow [1], [2].

We shall discuss the proof that the section (M,T,v) is
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ergodic [1], [2]: it can actually be proved further. Namely it
can be proved that (M,T,v) and (V,St,u) are, respectively, a
Bernoulli automorphism and a Bernoulli flow: the proof of such
properties will not be considered here [12, [2], [3].

To proceed let us study the geometry of the collisions. The
reader is advised to spend some time in checking the gecmetrical
meaning of the statements below in the case of a billiard with only
one circular obstacle and with the help of the geometric relations
derived in the next lecture.

First we observe that T is not smooth and the space M 1is
divided by the singularity lines into several disconnected parts on
each of which T acts (very) smoothly (i.e. where T is as many

times differentiable as the boundaries 090), see Figure 1.

INTE
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It is easy to see that the singularity set of T (which consist
in the set M U T—l dM) which is outside ©9M consists in several
(finitely many) connected disjoint sets. Each connected part can
be thought of as a union of smooth "singularity lines" (at most in
countable number); more precisely it consists in at least one line
0 smooth and whose equation ¢ = ¢ (r) monotonically increases from

5 to é% , and in several other monotonic smooth lines merging into
e

z
m

ach other. A closer investigation {(cf. next section)

shows that the slope d¢/dr of the equation of a singularity line
is bounded away from zero and « and, furthermore, if x is a
point in which two singularity lines merge ("confluence" point) the
angle o between the tangents of the two lines at x 1is strictly
positive. When a connected family of discontinuity lines 1is
denumerable then the singularity lines accumulate at the inter-
section of ZO with ¢ = 7/2 or 3m/2 and nowhere else.

The singularity lines have "two sides": the side on which T
is continuous is denoted +, the other -.

The accumulation points discussed above are points x € 3M such
that t(y) 1is unbounded in the neighborhood of x.

As an example of the above structure we draw a few of the
singularity lines of the periodic billiards in which there is only
one obstacle of circular shape with radius R large enough (compar-
ed to the side of the torus). In this case there are 8 denumerable
families of discontinuity lines. The curves of each family accumu-
late around one of the 8 points which are marked in the picture.

The 8 points marked in the picture correspond to the eight
possible ways a particle can "escape" to <« without colliding.

We shall restrict our attention to the case of billiards in which
there is no free straight path to «: such billiards have only

finitely many discontinuity lines and finitely confluence points
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in which they intersect.

The reason for this restriction is twofold: these billiards
contain a large part of the general problem and mainly only leave
out technical difficulties which tend to obscure the ideas of the
proofs, on the other hand there seem: to be no detailed treatment
of the additional difficulties, present in the more general
billiards, in the published literature.

To get an idea of the transformation T it is useful to see
the image under T of the region shaded in Figure 1. It is easy
to see that such an image has a shape which is a mirror image,
around ¢ = 7, of the initial region. However the images of the
short sides are the long sides and vice versa: 1i.e., the transfor-
mation T stretches in one direction the region under investiga-
tion and compresses it in another direction. This happens for all
the regions in which the singularity lines partition M.

Let P be this partition: if we remember that the slopes of
the "long sides" of the atoms of P have a slope away from zero
and infinity, we can remark that the atoms of TP have a slope
transversal to that of the atoms of P. This means that the atoms
of TP will be cut by singularity lines of T, and therefore,
split upon action of T and subjected to a new stretching and
contracting. Thus the transformation T acts on P in a way
which vaguely resembles the baker's transformation, at least
locally.

To investigate in more detail the action of T 1is is natural
to study its action on smooth curves Yy which are cut by singular-
ity lines.

Let ¢ = ¢(r), T <r < T , define a smooth (Cl) curve in M.
And assume that vy is not cut by the singularity lines of T.

So the image Ty will be a smooth curve, since T is a
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diffeomorphism in the complement of the singularity lines.
From the picture it is easy to obtain a differential relation
between the functions ¢ = ¢(r) and ¢' = ¢'(r') representing the

curves Yy and Ty respectively.

s Figure 2

It is simple to deduce from the picture in Figure 2 the

following relations:

- cos ¢ dr + da(-t(r,¢)) = - cos ¢' dr'

da = K(r) dr - d¢

doo = - K(r') dr' - d¢'
By eliminating doa we can deduce:
- cos ¢' dr' _ _d¢y, rlr,9)y _ ' de' 1t (r,9)
- cos ¢ dr (l + (K(z2) dr) cos ¢ ] = (1 k() + dr')cos ¢')
1A KD, 1
-cos ¢' dr' = cos ¢' T(r,d) + 1
‘ T ds _
-Ccos ¢(dr K(r)]
1 4 _K(x) 1
cos ¢ dr cos ¢ T(r,¢) + 1 i
——l———(%%T +K(r')]

cos ¢!

-1
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Remarks
. . . . dé
(1) If vy 1is a decreasing curve with equation ¢ = ¢ (r), ar < 0,
then v' = Ty is also decreasing and
-1 _ do' -1 -1
R\ < - Gr <R 41,

where R;l = min K(r), R:l = max K(r), Ty = min |T(x)|.

(2) Similarly if Yy 4is an increasing curve then the curve
T—ly = y' 1is also increasing and

-1 aé' -1 -1
R7 < @ <RI+ 1

(3) If Y and Ty are both decreasing

cos ¢ dr _0 - -1
-cos ¢' dr' hS [l + R+] - AO
where AO is defined by the last equation
(4) If vy' = T_lY and Yy are both increasing
-cos ¢' dr'
cos ¢ dr 2 AO

It is therefore natural to introduce the notion of p-length of
a curve Y,

ply) = - f cos ¢{r) dr
Y

as well as the notion of r-length

r(y) = J dr
Y
-1 -k .
(3') 1f vy, T Yy, «.., T 7y 1is a sequence of smooth curves such

that T—kY is decreasing (so that T—ly is decreasing for all

0 <i < k) then

e ) < agt e <<t e
s }\—(l—l)
(T ty) < ——Q:I—— r{y) ,
A
0

i=0,1,...,k.
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(4') If Y, TY, ey TkY is a sequence of smooth curves such that

k L . i . .
Ty 1is increasing (so that TlY increases for 0 < i < k) then

p(ry) < ast prt iy << st ),
~(i-1)
r(TiY) < —_79_:_I_ r(y) ’
0
i=20,1,...,k.

Finally we remark that if ¢ = ¢(r) 1is the equation of T_kY in

(3') or of Tky in (4') then T_(k_l)y,...,y or Tk_ly,...,y
verify the remarkable inequality
-1 d¢ -1 -1
R,” < Iggl <R+ 17

so that, on such curves, the r-length is equivalent to the Euclidean
length.

The above considerations show how natural it is to try to
define a "contracting fiber" as a curve Yo such that T—lyc,T—zyc,
..., are a sequence of decreasing curves; similarly one should
naturally look for an expanding curve Yo as an increasing curve
such that Tye,TZYe ; +.., are all increasing.

It is also worth noting that if such contracting curves exist

they must obey the following differential equations:

1 do _ ()
o5 ¢ dr (ajrbysayibyy.es)
where f(k)(--.) is the continued fraction
(k) _ ii_l_ 1
f (al,bl,azlbz,...,bk_l,ak) = 3 + : " T
1 1
a, +
b2 +
1
1
S
k
and ZK(T_(l_l)X) 1 3
i = ~(1i-1) < 'R+ H bi = 1(T "x) < —TO
cos ¢ (T x)
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Similarly an expanding curve should verify some analogous equation.
It is, however, clear that the r.h.s. of the above differential
equations is not continuous in x = (r,¢) but, instead, it is

expected to have a dense set of singular (discontinuity) points.

3. The Fibers

Let x be a point in M and define

dT(x) = distance of x from the singularity lines of T
d _l(x) = distance of x from the singularity lines of T_l
T
a(x) = inf (d,(x), dT_l(x)).
1 Definition. Let g > 1 and let k be a nonnegative integer.
Put
+ - - -
Mé{K) = (x| x €M -cos ¢(T™Px) ana a(r "x) > ¢ L+ 7L,
Yh = 0, yk}
Mék)_ = (x| x €M, —cos ¢(T k) and d(T x) > q L(1+n?) 7L,
Yh = 0, sk}
_ + _ had )~
whoo= e W= ] u®T
q k=0 9 4 k=0 ¢
+ - -
L Y I
g g 9 q gq q
The following lemma is a consequence of the Borel-Cantelli
lemma.
2 Lemma. Vv{( U M) = lim v(Mq) = 1.
q q—>00
The following definition is fundamental.
3 Definition. If x € M, cos ¢(x) > 0, we define the O-order
contracting fiber ;c(x) and the O-order expanding fiber ye(x)

as the curves with respective equations:
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e
I
o
5

Plr(x)) = ¢(x) , for ?e(X) '

L= xo, o(r(x)) = ¢(x) , for Y (x) ,

and the above differential equations are meant to define ¢ (r) in an

interval [r',r" around r(x) which is maximal in the sense that
the values of ¢(r') and ¢(r") are either g or —%1

It should be noted that this definition has a very simple
geometrical meaning: ?c(x) is the equation of a set of colliding
arrows which, after collision, are parallel, while ?e(x) is a set

of colliding arrows which are parallel (i.e. which, before colli-

sion, are parallel).

+
4 Proposition. Given x € Mék) there exists a A > 0 such
that the connected part of Tk§c(T_kx) which contains x 1is a

smooth curve lying, at least, above the interval [r(x)-A,r(x)+A].

The following theorem is the first remarkable result.

5 Theorem. Given g > 1, there is Aq > 0 such that if

x € Mék)+ the connected part of the set TkQC(T_kx) which con-
tains x 1is a smooth curve above the interval [r(x)—Aq,r(x)-i-Aq]EJX
at least. We call Yék)(x) this curve above I+ Its equation

o = ¢ék)(r) has a negative derivative bounded away from zero and
infinity (R_‘__l < - d¢ék)/dr < R:l + ral). Furthermore Aq can be so

+
chosen that if y € Yék) (k)

(x) then vy € qu

The above theorem allows us to define the germ of a contract-

ing fiber:

(k

(k) ) ,
the curve Yo (x) will be called

6 Definition. If x € Mq
a "germ" of a contracting fiber of order k.

(0)(x)

Notice the difference between Yo
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Similar theorems and definitions hold for the expanding fibers:

we shall not write them but we shall refer to them as statements

(5"), (6').
Notice also that the geometrical meaning of yék)(x) and
Yék)(x): they represent a set of arrows which, if followed k steps

steps in the past or in the future, respectively, become parallel.

They can also be defined by the differential equation

-1
, r(rlyy, 2K )

1 d¢ _ (k)[ 2K (x)
cos ¢(T_lx)

-cos ¢ dr cos ¢ (x)

k

~k+ 2K (T
., T(T k lx), ——5i3¥—§%——
cos ¢ (T "x)
for Yék)(x) and, similarly for yék)(x).
+
The above theorem tells us that, if x € Mék) , a solution

to the differential equation just written can be found locally and
extended at least to the interval [r(x)—Aq, r(x)+Aq].

Let us give an idea of the proof of the above theorem:
The points T_Qx approach "very slowly" the singularity lines of
T as & varies between 0 and k, because x € Mék)+.

Suppose we consider the smooth part Yi of TkQC(T_kx) defined

on an interval of size 2A around r(x). Then
-i
-i o o
r(T "y ) < 57—y 20 i=0,1,...,k,
0

but we also know that d(T—lx) > q—l/(l+i2) and - cos ¢(Tlx)

> q—l/(1+iz) so that if A 1is chosen small enough (depending on

)
lyk , the values

g but not on k) we can obtain that, if y € T

-cos ¢(y), d(y) stay larger than (2q)_l/(l+i2) for i = 0,1,...,k.
This is so because the curves T_iY; contract exponentially

rapidly while their centers approach the singularity with poly-

nomial speed. So the "difficulties" (i.e. having a piece of
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- '
T lyk cut by a singularity line of T) can arise only for small
values of i and will not arise at all if A is chosen small

1

1 -i -
(Ao—l) A

enough at the beginning (roughly so that q_l(l+i2)_ - AO

> (2t i, ¥i= 0,...,0, d.e. A < By gt - const.).

It is very easy to make the above ideas into a rigorous proof

by using an inductive procedure, see Appendix A.

4. Smoothness

The smoothness properties of the approximate fibers are of two

types. The first type concerns the smoothness of functions defined

69]

on the fibers as, for instance, the slope of Yea (x) at y as a

function of y € yék)(x) or cos ¢(y) or T(y) or K(y) etc.

The second type of smoothness concerns the x-dependence of Y(k)(x).
¥ c

+
Since the sets M(k)_ are open and T is differentiable on them

(k)

it is clear that Yo

(x) has very good smoothness properties of
the above types (for instance, if the boundary of the obstacles is
Cw, Yék)(x) is Cm in any reasonable sense).

Therefore the above problems have to be interpreted as ques-
tions concerning the uniformity in k of the smoothness. While the
problem of the first type of smoothness is rather well defined, the
second is susceptible of several interesting interpretations.

The guide to a more precise formulation has to come from the

use we wish to make of the smoothness properties. Consider a point

(k)(

X see
S,

x € Mq and draw through x the fibers Yék)(x) and y

Figure 3. Then consider a point y € M(k) N U where U is a small

(k)

neighborhood of x, so small that the fibers yék)(y) and Yo (y)

(k)

e (x), respectively, in points b and a.

intersect yék)(x) and vy
Observe also that the restriction on the diameter of U that this
implies depends solely on g. Call o, B the r-lengths of the arcs

ax and bx respectively.
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Yo (x) v ()

U

g ‘ >
Figure 3

Our purpose is to use the coordinates (o,B) to describe the

(k)

points of U N Mq or of a large subset of it, in the sense that

ék) N U and with an obvious abuse

we wish to write, for all EC M
of notation:

v(E) = J o) (a,8) do ag

i)
Our smoothness property will be the statement that p(k)(a,B)
can be uniformly bounded, above and below, on a subset of Mék) nu

which is a "sizable" fraction of it and has a simple geometric
structure; i.e., it can be thought of, in the (o,8) coordinates, as

the intersection of U with a rectangle. Furthermore the ratio

between the upper and lower bounds of p(k)(u,B) on the good subset
of UN Mék) tends to 1, as the diameter of U tends to zero,

uniformly in k and x € Mq

Let us make the above description more concrete: let

+
> (k) _ (k) A A wik)~ ~ (k) _ (k) A A ik
Yo (x) = Yo (x) U Mq/2 and Ye (x) = Ye (%) U Mq/2 .
Let (a,B) be, respectively, the natural coordinates (r-arc
lengths) on ;ék)(x) or ;ék)(x).

Pick a point Yo € ;ék)(x) and y_ € ;ék)(x); then define
_ (k) A ~ (k) . . .
y = Yc (ye) Ye (yc), which certainly makes sense if Yo and Yo

are in asuitably small neighborhood U of x (so that the fibers of
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(k)
q/2

It is clear that the set U of y's so defined is, in a

the points y € M N U are longer than diameter (U)).
natural sense, the intersection of a "rectangle" with U, and,
furthermore,

(k)

UnNnmM
q/4

ctcunuvco

~

We wish to show that p(k)(u,B)/p(k)(u‘,B'), (a,B), (a',B') €U

differs from 1 by a quantity which approaches 1 as the diameter of

U »~ 0, uniformly in k and in (o,B8), (a',B') € U.
Of course sometimes the set U N Méﬁl may be empty or very
small, but this does not affect the proof: if g 1is large Méﬁl

has large measure and so for many U's the content of the result
will be nontrivial. There are also other natural systems of

coordinates on suitable subsets of U: let x € UN M _, draw

Yék)(x); let ?ék)(x) = Yék)(x) n Méi;_; let U' = || {Yék)(y)};

then yEYc (x)

(k)~
e

k)~

a/2 nugcu

UNnM g' cuM

and if z € U' we can attach to z the coordinates (a,B) where

o = r-length along Yék)(x) of the segment between x and

(k) (k)
c

e

Y (x) N vy (z);

(k)

B = r-length along Ve (z) of the segment between z and

(k)
e

yék) (x) N vy (z).

Similarly we can define a set 0" and introduce on it coordinates
in such a way that the roles of the expanding and contracting fibers
are interchanged.

We shall be interested in the Radon-Mykodim derivatives of
the measures da dB on G', O" with respect to v in the same sense
discussed in the preceding case of U. This derivative will be

denoted with the same symbol p(k)(a,s): when we shall talk of
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(k)

natural coordinates and of the associated p (a,B) it will be

clear from the context which of the three types is meant.

To understand which are the properties that have to be proven

(k)

let us calculate p (0,B): it is of great help to note that U is

(k)

open, so that we can easily calculate p (a,B) by some local geo-

metric constructions. Let vy € U and let 61,62 be two "very small"

w
AN ~ /
81392
AN ;225
==

~

= /
%

Figure 4

(

e

(k)

segments of Y k)(y), Yo  (y) respectively. Let 51, 52 be their

images on ;e(x), ?c(x) under the mappings

(k)
e

0: 00 vy -7 s v By~ T

(k)

which associate to a point z € ¥y (y) N U the point

e
bz = Yék)(x) n Yék)(z) and to z € U N Yék)(y) the point
vz = v 0 0y @),

It is easy to see that ¢ and Y are, in the natural sense,
diffeomorphisms in the neighborhood of y.
Let E be the shaded region: some elementary geometrical

considerations on Figure 4 allow us to check that:
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—cos ¢(r) area E (length §,) - (length 62)[51n wlcos ¢ (y)

VI(E) = o alization = - normalization
(k) (k)
_ cos ¢(%y) cos ¢(Wyl,(ifg _ Efg} fo W ) £(T.) r(5.)
~cos ¢ (y) dr dr v normalization 1 2

where ¢e(r), ¢c(r) are, respectively, the equations of Yék)(y) and

Yék)(y) and fék)(y), fék)(y) are the Radon-Nykodim derivatives
p(él) p(Gz)
— and —
p(Gl) p(62)

Our problem is, thus, "reduced" to the search for a bound for

fék)(y) and fék)(y) in a sufficiently small neighborhood of
d¢ da¢
. (k) . e c
(=} —_— —_—
points x Mq and to an estimate of Ir and ar

The problem of studying p(él)/p(gl) (say) can be naturally
attacked by observing that, if we apply the transformation ‘I'_k to
ék)(z), z € 61 , we obtain a family of curves which form a very

smooth foliation, i.e. the foliation generated by the smooth differ-

Y

ential equation d¢/dr = - K(r). This means that p(T_kdl)/p(T_k 51)

is very easy to compute and is given, in the simple case K(r) = R_l

= const., by

. L d¢(k) .
- - e -
p(T 6l) _ cos EQ(T_k dy) RO+t & (T "oy) = F(k)(y)
p(T—k 95.)  cos ¢(T % y) - ag (¥ - !
1 R 1 + c (T k )
dr Y
where ¢ék) denoted the equations of T_k Yék)(y) or T_k Yék)(éy).

Then the ratio p(dl)/p(QGl) can be written as

p(T'iél)
p{8,) EI %1% Pt s () (o) 209 ()
—msy = F1 —————— = F; (¥ y
p(85,) 1 i=0 p(r T @51) 1 2

p(r "tes,)

(k)

The expressions for the p (a,B8) for the other natural systems of

~ ~
coordinates on U' or U" can be studied in a similar way: e.g. in
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{

the case of U' .the 0 k)(a,B) has an expression which can be con-

veniently derived along the same lines as in the case of U by intro-

06 ()

ducing an auxiliary smooth foliation which contains vy and

which consists of decreasing curves with slope verifying the usual

Ly TO)_l and - R;l). We shall discuss

bounds (i.e. between - (R_
the details of a slightly more complicated discussion in the proof
of Lemma 13 and therefore we omit the details here.

As we have seen in the geometrical considerations the expansion
coefficient at a point w of the p-length of a curve Y depends
only on guantities like «cos ¢(w), cos ¢(T_lw), k{w), K(t_lw), T(w),

d¢ (w)/dr: therefore it is through the study of the variation of

these gquantities as w varies along the curves T_lyék)(y) and

T_lyék)(y) that the desired bounds can be obtained.
The key theorem is the following:
7 Lemma. Given g > 1, k > 0, x € M(k) there exist constants

cq >0, » > 1 such that if y,y' € yék)(x) and Yyy‘ denotes the arc

between y,y"' on Y(k)(x), then:
-2 ) -2 p AL
i < A H T <
(1) p(T Yyy.) < p(Yyy.) r( Yyy.) A w— r(Yyy.)
for 2 =0,1,...,k.
L. . L , . -2 (k)
(ii) if ¢ = ¢"(r) is the equation of T Ye (x) then
2
- -1 -1
R+l < - %%— < R_T + To for & = 0,1,...,k.
(iii) the quantities
cos Q(T_z v) T(T_l v) K(T_l v)
— ’ . 7 =
cos (T £ v') (T 2 y') K(T * y")
are between exp + ¢ A_zr(y ).
- q YY
(iv) the quantities
2
d¢ do '
dr () / dr (y")
2

are between exp + ¢ A r{y _.).
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P '(I)(/Q) (r) - ¢(2+l)(r)| i c )\—Q' , 2 =0,1,...,k.
)

(v)
|<a 4
—q

su
| r-r(x

Proof: See Appendix A.

8 Corollary. Let x € M; and let ¢ék)(r) denote the equation
(k) . _ . (k) _
of Yo (x) defined on [r(x) Aq’ r(x)+Aq]. Then lim ¢c (r) = ¢c(r)

k>
exists in the Cl-sense and the properties (i), (ii), (iii) and (iv)

in the above lemma hold for the curve Yc(r) defined by ¢c(r) for all
£ =0,1,... . The limit is reached exponentially rapidly in the

Co-sense.

The above lemma and corollary tell us that each single k-con-
tracting germ of a fiber is very smooth and does not behave wildly
as k » =,

The following theorem provides the estimates needed for the

bounds on p(k)(a,ﬁ):

9 Theorem. Let k > 0, g > 1. Let U be a neighborhood with
diameter ©D(U) so small that a k-fiber's germ (contracting or expan-

(k)
g

ding) through any point of M N U (if such a set is not empty),

has a length larger than D(U). Let x € Mék)

N U and let O (G',G“)
be the set defined above and introduce on it the natural coordinates
(o.,8). Then there is a eq: (0,+°) » (0,+x), infinitesimal near zero,
and a Cq > 0 such that
k
o %) (a, B)

. (a,8), (a',8') €0, (U',0")
o &) (ar,8)

) (4,8) <, ¥(a,B8) €0, (0',0".

is between exp + eq(D(G)) and p q

Proof: See Appendix A.

The above theorem and corollary are enough to deduce that the
system (M,T,v) is a B-system (i.e. isomorphic to a Bernoulli shift)
once it is known that it is a K-system [3].

The reader may notice that the statements of the last theorem
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would make sense also if K = + = : It would be interesting to have
an explicit proof of such a result (see concluding remarks).
In the remaining lectures we sketch the proof of the ergodi-

city of (M,T,v).

5. Ergodicity

As we saw in the preceding sections the billiards possess
approximate foliations of contraction and expansion which are
absolutely continuous in the sense of the last theorem.

It is therefore tempting to try the classical Hopf method to
prove ergodicity.

A first step is described by the following theorem and
corollary which express rather weak ergodic properties.

Given a continuous function f € C(M), put

- 3 —_t
wE = tx | xem |77 (gr *o-F )] < p, ¥h > k},
-+ -
where f , £ denote the future and the past averages of f.
Birchoff-Von Neumann's theorem tells us that

1lim \)(Wf

=1 Yo > 0 .
in k,p) ' o

10 Lemma. Let x € Mq and U 2 x be a neighborhood of x of

sufficiently small diameter. Let V =M N U and let £ € C(M),

q/4
Given 6 > 0, p > 0, HKp 6 such that if K > Kp 5 there is
I r
- £
N
W C Wk,p vV , and
(1) V(W) > (1-0)v(V);
(2) if x,y € W there is a sequence Y1rY20 Y30 Yy of alternatingly

f-expanding and 2-contracting fibers such that x € Yir Y € Yy

£ . . . .
Yi.m Yisl € Wk,p’ i=1,2,3, where 2 is an arbitrary integer.
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=%
This lemma easily implies that f has an "essential oscilla-
. 4
tion" < 4p on V i.e., that f is a constant on V. Hence

400
11 Corollary. The transformation T 1is ergodic on L_J ™ v .
n=-oo

By an application of Vitali's covering theorem the following

can be deduced.

12 Proposition. The dynamical system (M,T,V) break in, at most,

denumerably many ergodic components.

The proof of the above lemma shall not be explicitly given
since Lemma 10, Corollary 11, Proposition 12 will not be used in
the proof of global-ergodicity. It is not hard and involves only
a few technical difficulties: it can be deduced from the informa-
tion contained in statements 8 and 9 above without "further" use
of the structure of the billiards: 1t is also the strongest
result that we can obtain without further investigation of the
special properties of our system. In fact, in the theory of the
Anosov diffeomorphisms, the ergodicity is obtained from a local
ergodic property through a covering argument. In our case the
family of the sets of type V, of the above theorem and corollary,
is a priori too small to allow such a covering argument (notice
that the sets Mq are "badly" disconnected). It may just not be
possible to construct, for all couples, x,y chosen outside a set
of zZero measure, a sequence Vl’v2""’vs of finitely many sets
of a form to which Proposition 11 applies and such that x € Vl P
y € Vg and \)(Vi n Vi+l) #0, 1=1,2,...,s-1.

The following Theorem 13 will allow us to make a construction
(see Lemma 17) of a chain of alternatingly f-expanding and %-con-
tracting fibers connecting two points x,x' chosen outside a subset

of measure zero of a sufficiently small neighborhood of a point X,
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such that d(Ti xo) # 0 for all but one integer 1i.

The number K(x,x') of elements of such a chain will now
depend upon the two points x,x' but, if x,x' are outside a
suitable set of measure zero, will not depend on 2.

Furthermore the fibers can be chosen to have the property that
their successive intersections always take place in points in
which, an a priori given continuous function, attains its past and
future averages within pK(x,x')_l in i—steps, provided X is
large enough. This allows us to prove that the average of every
continuous function is constant in U.

Now we can deduce global ergodicity by means of a simple
covering argument. The complement of the set of the x 's whose
trajectory is at most once tangent is denumerable: therefore the
intersections of this set with the connected components of M are
linearly connected. This means that each connected component of
M is entirely contained in an ergodic component of T. This, of
course, implies that T is ergodic. We shall indicate some
details of the derivation of the just described results from the
main Theorem 13 (below) after describing its proof in the next

lecture. The complete proof is however in Appendix C.

The main lemma for the proof of global ergodicity is the

following.

13 Theorem. Let x be a point whose trajectory xO,Txo,szo,...

0
is never "tangent". Given € > 0, C > 0 there is a neighborhood

X, such that if y € U 4is a decreasing curve with
1

r(y) = 60 and with slope between -(R: +Tal) and R;l there is a

U(e,C) of

quadrilateral G whose boundary consists of Y2 = Y,Yr ’ Yu r Yq

where YpeYy = v are two disjoint decreasing curves while

Yqr Y, are two disjoint increasing curves with slope between Ril
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Figure 5

-1
0

is an arbitrary integer:

and (R:l+r ). Furthermore U(e,C) 2 U(e,C') if C < C' and, if k

(i) there is an open subset G_ € G which admits a foliation

k

with k'-expanding curves (k' > k) which join the opposite

sides Yor Yp without intersecting YurYa and have an

r-length > CGO-
(i1) v(&k) > (l-g)v(G)

(iii) Let y € G,

- []
y = Yék )(y) N Yy along Yy and of y along ¥y

be parametrized by the r—coordinates (a,B) of

ék')(y) from

y (see Figure 5).
Then the Radon-Nykodim derivative -cos ¢ dr d¢/do dR is

(k)

a function o (a,B) with the property that for all

%) 6,8y /0% (a1,8") is

(0,8), (a',B") € G the ratio p
between exp + n(do) where n(so) is a suitable real
function.

(iv) The side Y, can be chosen to be a curve contained in a

parallel translate, along Yu of the curve Yz(extended, if
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too short (see Figure 5), beyond its lowest extreme in an arbitrary

) and —R;l).

0
>0, i.= 0,1,..., and the

way which keeps it smooth and with slope between —(R:1+T

A similar result holds if d(T—ixo)
role of the expanding and contracting fibers is inter changed.
Similarly it is possible to prove an almost identical lemma in
which v = Yr instead of y = Yoo When we shall refer to Theorem 13
we shall also mean these last results.

Strictly speaking the properties of absolute continuity of the
approximate fibers are not needed in the proof of this theorem
sketched in the next lecture. However a crucial step of the proof
relies upon a lemma whose proof is, essentially, a repetition of the
arguments needed to prove the theorem 8 on the absolute continuity

(see next lecture).

6. About the Main Lemma

The proof of this theorem (statement 13 above) proceeds in a
very natural way. It needs a little extra information about the
structure of the singularity lines of the transformations T,T2,...TL.
This information is contained in the next lemma.

1 ~L

14 Lemma. Consider the set, S. = 3dMUT - MU ... UT oM

L
(which is the set of singularity lines of T = TL). Suppose the
billiard is "without horizon" (i.e. there is no straight path to =).
Then the set S consists of finitely many smooth curves. The set XL
of points of SL belonging to different curves (confluence points)
is finite and the lines meet at x & X \9M with a nonzero angle;
if x € X N 3M they have a contact of second order. So the
v-measure of the area trapped in a circle with radius /§ centered
at x € X, N 3M by the two merging lines is of the order 62 (while

3/2).

its Lebesgue measure would be "§
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The proof is based on the differential exXpression of the singu-

larity lines Yy which is of the form

a¢ - _ _cos ¢ _
ar - X0 - TR
s
and Ts(r,¢) = 17{r,9) 1if vy C 771 dM or, more generally, TS(°) is

given by a finite continued fraction (see formula in Lecture 2).
The main remark is that the fact that the two curves merging in
X € X, are different implies that the limit of Ts(r,¢) as (r,¢)> x

is different along the two lines. This easily implies the Lemma 14.

We now come to the proof of Theorem 13. It will be convenient

to put
z = R+(R:1+Tal) > 1
Consider a power T = TL so large that
Ay > ™ s 2, m=1,2,...,

1
(see Lemma 7 for the definition of A).
One starts with a neighborhood U of a point Xy v such that
-cos ¢(Tix0) >0, i=20,1,..., so small that it is possible to draw
through every point of U a kOL-expanding fiber with r-length
exceeding 4ZCD(U). The number k will be at least such that

- -k 0

4C7 Al <Ay where Az is arbitrarily chosen so that

Al > AZ > 2; however the final choice of kO will be made at the
end of the proof (to give its value now would be too complicated
since it involves a large number of different geometrical constants
which would have to be defined before their interest really appears).
Let Yo C U be a decreasing curve and r(yo) = 60. Draw
through the points of Yo the kOL—expanding fibers with r-length
exceeding 4%CD(U). Pick the point situated on the expanding fiber

through the upper vertex of Yo and at an r-distance 2ZCD(U) from

it (see Figure 6).



If the above construction makes sense the lines YurYarYerYy
determine a quadrilateral G: in order that the above construction
makes sense we may be forced to further reduce D(U), ahd hence U,

and possibly extend Yo slightly beyond the lower vertex (in an

arbitrary way which keeps the slope bounded between —(R:l+ral) and

1

and -R; )  so that Y is long enough to cross Ya-

Choosing U even smaller, if necessary, we can and shall assume
that for b > 0 to be fixed later:

- cos ¢ , > 6 (—%—)'4 , k= 1,... kgD

™G 0

> 8 K—le

ds (%) | , k=1,2,...k,-1
iy 7 0 0

the exact value of b is irrelevant provided it is large enough
(from the estimates below b = 9 will be large enough); d% is the
distance from the singularities of T.

If k <k the set & will coincide with G

0 k

If k >k, we shall obtain ék

in such a way that Gk is the union Gk = g:{ Gk,s
laterals which are unions of intersections of G with KL-expanding

by subtracting from G points

of quadri-
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fibers (i.e. are fibered by kL-expanding fibers).

Furthermore,

. =4
i .
cos o] . > 8, () i=1,...,kKL ;
G
k,s
a-(x) ] . > 5 76 i=1,...,k=1.
T ;:\[f‘lG 0
k,s
~ ~ _ ~k=1 ~
Suppose Gk-l,m have been constructed. Put Gk—l,m =T Gk—l,m'
The set ék—l n will, in general, be cut into "components"
I
. . . ~ o .
Ok—l,m,£ by the singularity lines of T. The sets T Gk,s will be

subsets of some of these components which will be called the "good”
components.

We immediately declare "bad" components all those which are
contained in the triangular regions defined by the lines merging
into a point x € X and a circle around x with radius

b/2

Go(k—l)— if x € X \ 3M, and with radius (60(k—l)_b/2)l/2: if

S N
b4 X oM.
Lemma 14 above expresses that the v-measure of the set of

points so far discarded does not exceed

2
60

const. YEjITE
Divide the remaining components into regular and irregular.
Regular will be those which have both bases on singularity lines.

It follows from the definition that the regular components 0
are such that

r(y_(0)) > const. 6y (k-1) >/

(provided the D(U) had been chosen small compared to the minimal
distance between disjoint singularity lines of T).
Let us call "big" a component 0 such that

iy (0)) > so(k—l)'4b )
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The regular components are all big if the k had been chosen large

0

enough.

If a component is big it is possible to draw the L-expanding

fibers which cut Yr(o) in points at a distance <So(k—l)“8b from the

bases. This is easy to see if account is taken of the fact that
the r-length of an increasing line joining Yr(O) to YQ(O) and veri-

fying the usual bound on the slope is bounded by A;kéo. We call 0'

the set obtained by cutting, off 0, the two sets between the bases
of 0 and the just drawn fibers. We discard 0 as bad if

T O CUV {x | —cos ¢(x) < 6,0-1+ 1%} or if

k-1+1/L,4

TOr A Y = {x]|-cos ¢(x)< sk /%),

'nN
k-1+41/L,4 7 @ Put 10" NV 4

If T.0'" NV and TO' we draw through

k-141/L,8 7 @ % Vy,3/2

yr(TO') n av and through YQ(TO') n av an (L-1)-

k=-1+1/L,4 k-1+1/L, 4

expanding fiber and cut out of TQ' the points between the bases of TO'

and the just drawn fibers. We repeat this process (L-1l) more times

using for the ith stage the set Vk—l+i/L,4 instead of Vk—l+l/L,4'
Let ék n be the sets obtained in this way from the big 0's and
14
- ~_l~ -
let 0 =T Gk,m' 0 C 0.

Lemma 15 and Corollary 16 below allow, after simple considera-

tions, the deduction that

v (0 \0)

)4b
v (0)

< const. (k-1

I

in fact the Lemma 15 allows us to estimate the above ratio in terms
of r(y, (0 \5))/r(Yr(0))-

Consider now the irregular small components. They will some-
times be kept and sometimes be discarded.

To decide whether to keep them or not we define k(0) to be the
number of times f—l has to be applied to an irregular small compo-
nent 0 before seeing it contained as a part of a big component

0 cut out of some Gk—l-K(O),ml'

k—l—K(O),ml,ll
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Jant _ 3
2 -

Define also n(k) so that ( k7. Then if x(0) > n(k)

we declare 0 bad. If «(0) < n(k) we declare it bad if also

~=Kk (0)
r(Yr(T ok"l ,m,!b)) -3

< k
r(yr(O

k—K(O)—l,ml,ll))
Notice that
~=Kk (0) 0

(1) 1If 0 = Ok—l,m,z is irregular and if T

~=1i .
c
Ok—K(O)—l,ml,ll’ then all the sets T ~ 0, 0 < i < x(0), are
contained in irregular components and, therefore, the component

L 4k {0) k (0)
Ok—K(O)—l,ml,Ql can contain T 2
with given value of «(0).

0 only for different 0's

(2) 1If Ok—l m = 0 is irregular and small it follows that
r 7

~—Kk {0)

r (% -k (0) -k (

v ) < 1552y 00 < 250 5 - TP

A

-k (0) .
Sy r(Yr(Ok—K(O)—l,ml,Rl))’

hence, if 0 = Ok—K(O)—l,ml,Zl , the Lemma 15 below shows

v(0) o =< (0) const.
v(dy ~ 2

(3) If 0O is irregular but not yet bad it follows
k=1,m,2%

that
K (0) ~~k (0)
R LA A Ve Ot ,m, 2
AK(O)
2 -4b . -3
> r(y_ (0 Y)Y > 8, (k-1-k(0)) k
=3 rk-1-k(0) ,my 800 = 70
so that
-5b

1Oy pnog)) 2 8 (k-1)

(if ko, b had been chosen large enough).
We continue our construction by looking at those irregular

small components which are not yet bad according to the criteria
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so far exposed. Let 0 be such a component: We apply to it the
same treatment applied to the big components and construct out of 0
0' and then 0 (if TO' is not such that 0 itself has to be declared
bad, see case of the big components). If 0 is good the same argu-
ments used for the case of big 0's allows us to say, via simple

considerations based on Lemma 15 and Corollary 16 below, that

3b

v{010) < const. (k—l)— .

v (0)
The sets TO = ék s are added to the similar sets obtained from
’

the big components and the union of this family of sets is ék= T Gk'

Remarking that v( < const. dg/k3 and collecting all

Y, 3/2)
the above estimates we realize that the amount of points in G \G

has a measure not exceeding

const. 85 ] K3,

Thus Lemma 13 is proved, at least as far as the first two items are
concerned. The proof of the third item is briefly commented upon
after Lemma 15 below.

The measures of the little pieces of G discarded in the
inductive construction have been estimated above by the following
lemma which, essentially, tells us that, in the natural coordinates,

a connected subset G C G consisting of expanding fibers of

k,m
kL-order and embedded with the measure v can be treated as a

rectangle with ordinary Lebesgue measure in the natural coordinates
(c,B), provided its side is not too long: so that the ratio of the

v-measures of two strips 0 and 0 in G is close to the ratio of

the r-lengths of their sides. More precisely,

15 Lemma. Given C > 0, 60 > 0 let Gy be a gquadrilateral

such that all the increasing lines which join its two decreasing

sides v, (Gg), Y,.(Gy) have r-length > C §, but < 4Cz8;. Assume
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also that the slope of YQ(G } is between —(R:l+Tal) and —R;l.

0
o ~*o
Let ko be such that Xl 4 C2Z< A2 , where xl,xz are
the same defined at the beginning of this lecture.

k

Suppose that for some k > k, the sets fGO,...,f Gy are

0
quadrilaterals and %kGO consists of O-expanding fibers (i.e. the
O-expanding fiber through every point of %kGO joins the opposite

. . ~k . . .
decreasing sides of T GO without crossing the other two sides) and:

~h -
(v (TG )) < 6,1+ m) >, h=20,1,...,k
-cos ¢| ;26,1 + %)_4 , h=290,1,...,kL
TG
0
Then we introduce on ihGO the natural coordinates (o,B) the Radon-
Nykodim derivative of the Lebesgue measure do d8 on ThGO with

respect to the v-measure is constant within exp + 6(c)/(l+h)6_4,

Yh < k, where 6(°) is a suitable function.
Proof: See Appendix B.

16 Corollary. In particular if 0, 2 02 are two connected sub-
sets of %hGO , h=20,...,k-1, which are unions of (k-h)L-expanding
fibers the ratio v(Ol)/v(Oz) is bounded by const. r(yr(Ol))/r(Yr(Oz))

LE Ty, (0) > 6, (1+h) T3P,

The proof of the above lemma is an easy repetition of the
absolute continuity proof sketched in Section 3): one has to follow
the same chain of inequalities taking some care in not being too
generous in the estimates and making full use of the strong conver-
gence pfoperties of the continued fraction which appears in the game.
This proof yields also, implicitly, the third part of the main lemma.

The proof of Lemma 15 also yields, as a byproduct, item (iii)
of the main lemma (actually this part can be proved directly and is
much simpler).

In the Appendix B, Lemma 15 is derived in detail.
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7. More About Ergodicity

+
Let £ & C(M). Let £, f be the pointwise future and past

averages of f£. Let

M, o= x| T o= )
h-1 :
W o=l xew, Y st Em] <o, vho Kl
4 l=0

Theorem 13 allows us to prove the following lemma.

17 Lemma. Let the trajectory Tlx0 r 1 =0,+1,... be never
tangent or once tangent.

There is a neighborhood U of such that if £ € Cc(M)

%0
J a subset Vf C U with full measure with the property that if

x,y € V. and p > 0 then one can find k(x,y) and s(x,y,f,p) such

£
such that for all s > s(x,y,f,p) there is a sequence of alternat-
ingly f-expanding and f%-contracting fibers Yyree oYy with
£
€ S n S
k < k(x,y) and x Y1 - 9 Yy v Vi Yit1 Ws,p where £ can be

arbitrarily chosen.

This lemma implies the
+co
18 Corollary. The transformation T 1is ergodic on [_J Tn u,

n=-—-«
hence it is ergodic. 1In fact the lemma implies that the function
f (x) = E (x) = constant on Ve i.e. almost everywhere in U. This
implies global ergodicity through the already mentioned covering

argument.

The proof of Lemma 17 is quite simple in principle but very
messy in its details. The main reason for the origin of complica-
tions is the fact that our fibers are only approximate. Of course
they can be as approximated as one wishes and their absolute
continuity is in some sense "uniform" and this allows us to over-

come the problems that arise.
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To give an idea of the proof we assume that the natural

version for K=+ =, i.e. for exact fibers, of Lemma 13 is true,

and also that for almost all points x € Mq (g =1,2,...), the

fibers Ye e(X) intersect in a set of full arc~length a fixed set
r

of full measure . Then we show how the analogous version of

Lemma 17 would arise.

This argument is interesting because it shows the path to
follow in our more complicated case in which only approximate
fibers are available.

Let £ € C(M) and U = U(e,C) where the value of ¢, C will

=)

appear later and let x,y be two points in Mg 0 (L] (Mq \Mq_l))

g=1
N U such that Yc(x), Ye(y) have full intersection, with respect
to their arc lengths, with M. Let x &€ M \M -1 and
4, 9%

eEM \' M
Yy qy
Draw through x the lower segment Y1 of Yc(x) (which extends

..-l .
dy

A
dx Figure 7

on the r-axis by an r-length A, if x € M_\ M Let Yi be its

).
x O

intersection with the lowest strip of the four strips with equal

width drawn in Figure 7 (i.e. with region 1).
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We apply to it the main lemma and find an expanding line Y which

extends beyond region 4 and has full intersection with M_. and inter-

£
sects v, in a point of M (remember that the slopes of the fibers
are uniformly bounded away from zero and « and C can be suitably
chosen (say, C = 10 Z would be large enough)). Let ;2 = inter-
section of Yy with the region (1 VU 2 U 3 U 4) in Figure 7. We call
y; =Y, N (region 4) and apply again the main lemma to Y;, etc.

A similar construction is made starting from y. Clearly two
sequences of alternatingly expanding and contracting curves with
successive intersections in M, and containing at most
const. (A;i + A;l) lines can be constructed using the above
procedure. Let Y Yy, and ;m be the first two fibers of the strings
=z # g

Let 2z be a point (if it is an arc the argument is much simpler).

starting in x and y, respectively, such that Yy N Y

We consider two little segments 51, 62 of equal r-arc length

having 2z as common vertex and contained in Yor Yp respectively.

We construct two quadrilaterals G and G' by applying the main lemma

to dl and 62 (with Z_l 0 (say) replacing C and the same ) .

//Yﬂ

Then, if € had been conveniently chosen, close to zero, the sets
G, G' have an intersection G N G' such that v(G N G') > 0: we
can assume that G and G' are constituted by fibers with full

intersection with Me and intersecting 61 and 62 (respectively) in

Me: in this way we can construct two expanding contracting
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segments ?2 and ;m such that ?2 8} Yo 1 Yy n ?m R ; N Yo are in

m

M This completes the construction if Xg is never tangent.

£
The case when X, is once tangent can be treated in a similar
way: the reason the proof does not fail is linked to the fact
that the main lemma requires only that Tix0 is never tangent or
T—ix0 is never tangent if i > 0: so one has to be careful in
constructing the string of curves in such a way that when the

string has to cross the singularity line through x. the segment

0
that does the crossing is the one whose existence can be guaranteed
by the lemma.

The proof of Lemma 17 which is of interest to us, just follows
the above ideas: it is of course complicated by the fact that we
have to deal with approximate fibers and therefore the role of M
has to be played by Wi,p which does not have full measure.

See Appendix C for a complete proof.

8. Concluding Remarks

To go beyond ergodicity one can proceed along the general lines
discussed in Weiss' lectures. The easiest way would be to prove
the validity of the k = « version of Theorem 9. Such a result
would provide us with a set V of positive measure which is
foliated by germs of contracting and expanding fibers which on V
are absolutely continuous. Then a smooth partition of P, thought

©

of as a parition of M = L_J ™ v would have a tail of o-algebra
whose sets are trivial a;a} therefore, T restricted to M is a
K-system. Ergodicity implies that v(ﬂ) =1, so (M,T,v) is a
K-system. This, in turn, implies that (M,T,v) is isomorphic to a
Bernoulli scheme.

The version for K = « of Theorem 9 (and of Lemma 13) does

not involve too much work after the proof for K < «. The details
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of this proof are, however, missing in the literature. This is the
reason why we have not relied on such a result in these lectures.

The mixing character of (M,T,v) insures that (V,St,u) is an
ergodic flow (in the sense that there is no St—invariant
(Yt € (-w,+)) nontrivial set in V).

To prove that (V,St,u) is a Bernoulli (or a K-) flow one has
to construct foliations of expansion and contraction in (V,St,u)
and prove their absolute continuity and their "nonintegrability"
in the sense discussed in [4] or in Weiss' lectures.

The existence and absolute continuity is easily obtained
without much extra work while the nonintegrability does not seem

to have been derived in detail in the published literature.
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Appendix A. Proof of Theorems 5, and 9, and Lemma 7.

(i) If y is smooth and has equation ¢ = ¢(r) and dp/dr < 0

2 -
and T,T ,...,Tk are smooth on y, then a repeated application of
the formulas expressing the equation of the curve in terms of its

T-image yield

1 dg _ k) [ 2 K(x) -1 -k
eos (o) ar (x) £ [cos S =) T{T "X),e..,T(T 7x),
- Q§ + K(T_kx) ————~—£~—————\ )
[ dr T_kx cos ¢(T—k x)J

where d$/dr] X abbreviates the r-derivative of the equation
T °X

T—ky computed at r(T—kx) and
a
(k) -1 1
£ (al’bl""’bh-l'ah) = = + il
b, +
1 a., +
2
1
1
bpo1 * a

(i) The only property of f(h)

£ (h)

that we shall really need
is that if h is large, then depends very little on the
variables with large index provided the entries of the continued

fraction are not too small; more precisely, we shall need the

following statement: if 0 < ¢ < min |b, ai+l! and
1<i<k-1  *
0 <o < min J|a, b,| and if the entries a,, b, all have the
1<i<k i i’ Fi
same sign there is a constant Q such that
(k)
B el x . e
8 (1+0) i
(k)
'8 S5 ‘ <oy 5 =120k
i (1+0) i

(Q could actually be chosen as 2(l+02)). In the case ai,bi have
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the values in (i) above the parameter ¢ could be roRll

(iii) From simple trigonometric considerations it is

possible to see that 3 ¢ > 0 such that

- cos ¢(x) < C d(x)

£]
- cos $(T77"x) > C d(x)
It | < dC(X)

(iv) The proof of Theorem 5 proceeds as follows. Let

+ - - ~ ~ —
S M(k) and put di =c. =g l(l+i2) l. Let Y(k)(x) = TkYC(T k

i
(k) (k)
c

X X) .

o
<

The set ; (x) consists of a union of smooth curves. Let ;

be the smooth curve which contains x. Let A > 0 be so small that

the curve $(k)(x) is at least above all the points of the interval
I = [r{x)-A, r(x)+A]. cCall Eh = min |cos ¢(T-hy)[ and

~ - y&I

dh = min 4(T hy). The formula for the contraction coefficient

y&I
p(T dy) / p(dy) in Section 2 implies (see the remarks in

section 2):

sl ;(k) ~h (k)

p( ) < A v, h=0,...,k,

where XA > (1+T0/R+) > 1 (note that we are using that, by construc-

tion, the curves T_h $(k) are decreasing Yh = 0,...,k).

The a priori bound on the slope of T_h i(k) imply that the
Euclidean length |T_-h §(k)| is related to p(T_h i(k)) by (if ¢ (r)
is the equation of T_h i(k)(x)):

-h = ' -h =
|T h y(k)] = J dr l+(%%)2 < C' dr < == p(T h Y(k)) ,
~ “hT C
o h;(k) T h Y(k) h
for some suitable C'.
Hence
~ _ -h-1 2 (k) _2c' ,-(ht+l)
dpe1 2 dpyy 17 VUl 2y A Ao
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and (iii) above implies for suitable " > 0:
~ c" ,~h-1
%her 2 dher T g b-

Similarly for some c¢" > 0,

~ . d m" _h_ l
®nt1 = Cnt1 " |sin ¢115%’dr 2Che1 T

Th—l;(k) h

‘O
>
>
~

[oRs

from the last two formulas it is easy to infer by induction that

there is Aq > 0 such that if A < Aq then cy > ch/2, dh > dh/2.

Cleariy this implies Theorem 5.

(v) Suppose that k' > k > 1 and consider the two curves
v
Yék)(x) and Yék )(x); they are two decreasing curves stemming
from x and defined "above" the interval [r(x)—Aq,r(x)+Aq] = JX

Let r € J, and define the vertical segment

( (k'
c c

=

)(f)}: this segment
k

Yp = {r,¢ | r =1, ¢ is between ¢ k)(f) and ¢

can be regarded as an increasing curve; so that T

and with slope between R;l and R:l + L.

Yz is increasing

Furthermore T-kyf is

0
connected: otherwise, if h < k is the maximum h for which T_hYE
is connected, there would exist a singularity line for T—l
which cuts T-EYE . This would imply that there is a singularity
line which crosses either T"}_1 ék) or T_Eyékl) which is impossible
impossible because &h > (2q)_l(l+h2), Yh = 0,...,k on such curves.
The r-length of Tkyf has an upper bound B = max Li' (Where

i<i<s

L. = length 30,); therefore
i i

A-(k—Z)

0
=(TYg) < 5o B
0

which easily implies that there is a geometric constant B' such

that

168 @6 * (B | < ATk VK> k.

ly=| =

This proves (v) of Lemma 7.
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(vi) The statements (i), (ii) and (iii) of Lemma 7 are either

already implicitly proved or are a simple consegquence of the expon-

ential contraction of the length of Tthék)(x) as a function of h
and the remark that on T_hyék)(x) the quantities Cpr dh are bounded
below by 3 S and % dh respectively. Statement (iv) of

Lemma 7 is also a simple consequence of (i), (ii) and (iii) in

Lemma 7 and of the continued fraction formula for the slope

d¢(h)/dr of T_hyék)(x) and of the convergence property of the

continued function discussed in (i), (ii) of this appendix.
(vii) Theorem 9 for the case of ﬁ now easily follows from

Lemma 7, Corollary 8 along the lines discussed in Section(iv) from

(

the explicit expressions for p k)(cx,B). The cases of 6', G" can be

treated along the same lines as U: i.e. it is easy to find for

p(k)(a,B) an explicit expression which has essentially the same

(k)

structure as the expression for p in the case of G.

We do not give the details of this part of the proof, not only
because of the similarity between the proof for the case of U and
the case of G', U" but also because in Appendix B a detailed
proof of a more difficult similar result is given.

The expression for p(k) in the cases ﬁ', 8" can be easily
found with the help of an auxiliary smooth foliation & which

(k) (

contains Yo (x) or Yek)(x) respectively: the formal expression

K . . .
for p(>in this case is the same found in Appendix B for the quanti-
ty that, there, is called p(k).

The proofs of this appendix follow ref. [3], [1].
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Appendix B. Proof of Lemma 15

Let £ be the smooth foliation of G0 with lines parallel to

YQ(GO) along Yu(GO) (if YZ(GO) is too short we continue it a

little keeping its slope smooth and still between R;l and

1

@+ ph).

If vy € & we denote ¢2(r) the equation of Thy. If z € G0
h
we denote (d¢2/dr)(T z) as the slope at Thz of the curve of Thg

which contains Thz. Our assumption on the slope of v, 6(G,) allows

2770
us to deduce that
h
dcpg h
-1 dr
4 L ——— < Z, VYz,z' € GO H
ao
g h 1
dr (T"z")
1

where, we remember, 2 = R+(R:l + 16 ).

Assume, for simplicity, that L = 1. Then the sides
yr(Go), YQ(GO) € £ and yu(GO),yd(Go) are contained in k-expand-
ing fibers (by assumption).

If z € Gy we define the intrinsic coordinates of z to be
the r-arc lengths (o,B) of the arcs xz and zz along, respec-

tively, YQ(GO> and the k-expanding fiber through z.

Figure 8
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Let E be the set dashed in Figure 8 where the decreasing

dotted lines represent close elements of ¢£.

Let |+| denote the Euclidean length of an arc of a curve;
then 6|
5 5,1
= 1 = 2 ,
r8y) = &, a7z ") s @, 17
[1+ & @) L+ (22 ()

and the angle w between dl and 62 is

(a6o/dr) (2) - (do./ar) (z)

sin w =
dé 1/2 d¢ 1/2
g€ 2 e 2
[l + [F (Z)] J [l + ((? (Z)} J
so that (remembering that, by definition, =-cos ¢ r(d8) = p(S§) for

an infinitesimal arc § 2 (r,¢)):

18,1 16,1
p(k)(d,B) = _v(E) = E 2 sin w cos ¢(z)
r(Gl) r(62) r(dl) r(62)
_ p(s,) (d¢ d¢
= - cos ¢(z) _1 EEE (z) - E}é (z)

p (S

An identical construction can be performed on ThG0 around Thz using

the system of intrinsic coordinates similar to the one used for GO:

i.e. defining the a-coordinate as the r-length of the image under
~

Th of the arc xz along ThYQ(GO) and the B-coordinate as the r-length

of the image (under Th) of the arc zz on the k-expanding fiber

through z.

We find that, in this case, the Radon-Mykodim derivative of v

with respect to da dB can be written as

h
U

(*) -cos ¢ (T ar (T°z) - azév(T z)r ,

p(él)

where 61 and 61 are infinitesimal arcs on the fibers of the
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foliation through, respectively, Thx and Thz; the relation between

61 and 61

they lie, by the same two (k-h)-expanding fibers (as in Figure 8).

being that they are cut, on the fibers of ThE on which

We observe that the above infinitesimal arguments make sense beca
because of the smoothness of the foliation Thi and of the (k-h)-
expanding foliation.

We observe next that

L a9} k (T2)
S . T T —
cos ¢(Thz) dr cos ¢(Thz)
1
+
T(Th—lz) + o1 1
2k (T z) ..
cos ¢(Th_lz) 1
1
T(z) +
1 (P k)
-cos ¢(z) |dr
L agh K (T%2)
T B =
cos ¢ (T z) cos ¢ (T z)
N 1
h 1
(T 2) +
2k(T ey
cos ¢(Th+lz) 1
T s — L
2k (T 2)
cos ¢(Tkz)

We now consider the various elements that enter into the expression

. . h
(*) and study how much they vary inside T Gy~

Clearly
h -4 -1
cos ¢(ThZ)_ - 1| < const. (1+nP7%) ' Vz,2' € Gy, h=0,...,k;
cos (T °z")
h -1
K(T 2z) _ 1 | < const. (1 +hb) ’ Yz,z' € Gor h=0,...,k;

R (Tlz")
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where the const. depends upon C but not on 50; if we were only
interested in k > k0 then the constant could be chosen C-indepen-

dent (for the definition of kO see Section 5).

It is also not difficult to see that

b-4 -1

T (t? 2) .
| —=—+—=- - 1| < comst. (l1+h~ %) , ¥z,z' € Gyr h=0,... k-1.

T(Thz')

This, in fact, immediately follows from the easy trigonometric

estimates
9 log t(x) _ const. .
| 9 r | < cos ¢ (Tx) LE
9 log t(x) _ const. e
| 3 ¢ | < cos ¢ (Tx) vx M.

The above estimates on the maximum variations of the guantities T,

h

cos ¢, k on TG will be considered with the estimate of the

0
logarithmic derivatives of the continued fraction expressing
d¢h/dr or d¢2/dr (see above) considered in Appendix A.

We then easily obtain, using the continued fraction expressions

for d¢2/dr and d¢2/dr that h=20,1,...,k,

1 asy
(thg) I (z) h -2i b=4, -1
-cos ¢(T'z - - 1| < const. [ (1+0) “T(1+(h-1)°7%)
1 40 =0
h dr (z")
-cos ¢(T z'")
< const./(l+hb_4) ;
. asg
A & @ h -
cos ¢ (T z) - - 1} < const. | (l+o)"21(1+(h+i)b_4)_l
1 d¢e i=0
— % a& (%)
cos ¢(Tz') b-4

S

const./(1l+h )
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where 0 can be taken TO/R+ and the constant depends on C

(but not on 60). It remains, therefore, to estimate the variation
h -

on T G, of p(Gl)/p(dl)-

As already remarked in the lectures
Th+i

Pl 8,)
p(5)) k=h-1 p(r s ) p (T* 6,)
o(3,) | i=0 p(r™i ) p (T 5.)
1 1 1
p(Th+l+l gl)
and, assuming for simplicity k(r) = R;l = const. on the obstacle
802 ’
h+i .
d¢ . h+i -
h+l=y _ [3 h+i - T(T z)
g-po1 L (KT - o5 (T Z))cos (P 3
) 0 h
i= +i .
. d¢ . h+i
1+ (k) - b (P 51T~ 2)
dr h+i
cos ¢ (T z)
ooae
) R t 3 (T 2)
51 d‘bék) o 3
dr z

where R—l is the curvature of the obstacle on which Tkz, TkE

collide.
The just derived estimates on the variations of K, 1, cos ¢,

and d¢2/dr on ThG allow us to immediately conc ude that the

0
quantity appearing in the r.h.s. of the last equation differs from
2 -1
1 by at most const.'(l+hb 4) , h=20,1,...,k and the constant

is 6O—independent.

This completes the proof of the lemma when L = 1 and the
obstacles are circular: the general case is a simple adaptation of
the above arguments and we do not insist on the few obvious changes
of symbols and of the numerical values of the constants (remember

that L does not depend on C, 60 etc. but only on geometrical



283

constants) .
We notice that the above proof is essentially a repetation of

the proof of the absolute continuity.
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Appendix C. Proof of Lemma 17.

Let C = 5R+(R:l + Tal) = 5Z. Let € be a cettain geometrical

constant whose choice will be clear later. Consider the neighbor-
hood U= U(e,C) of X,
Let % >n > 0 be a fixed positive number. Determine g = ap
so that

v(iU\unwM ) < n” v(U)

q/4

Let (say) £ = 107% arctan R+l, and let x,y € M N U such

q/4
that y is in the horizontal cone with vertex x and opening
angle o such that tan o = &. Assume also that x,y are so close
that it makes sense to speak of the gquadrilateral G obtained by
drawing through x,y the expanding and contracting germs. We also
assume that the diameter of G is so small that Theorem 9 applies
in a neighborhood of x containing G and, furthermore, the

function Sq(D(G)) defined by Theorem 9 is such that

lexp + 6q(D(G)) - 1] < n2 .

Let I be the family of the (closed) gquadrilaterals constructed
as above. The family ¥ covers the Lebesgue set of Mq/4 N U in
the sense of Vvitali.

Let {Gi}: be a sequence of pairwise disjoint sets

9}
m
™
=
I

=0,1,2,..., so that Gy c u, ) Gi oM N U (mod 0).

i i aq/4
* 2
Th G, \M nujl < v(U).
en v(iZ% i ‘Mg/a ) < )
Let I be the set of indices i = 0,1,... such that
(a) v(G; N (Mq/4 nUu)) > (I-n) v(G;) . i€er
then
(b) I vi(G) <n v .
i€1

We can choose a set J, finite and still satisfying (a), (b)
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above when J replaces I and, by relabeling, we can put
J = (1,2,...,N).
Let 2dn > 0 be the smallest between the r-lengths of arcs
joining the opposite sides of Gy e
-1

in modulus, between R+ and (R:

..,GN and having slope bounded,
1

+ Tal). Let co(n) be the

smallest between the measures v(Gi), i€ J.

Let K, be an integer such that for all k > Kn the gquadri-

(k)

laterals Gi obtained by drawing hrough x50, the k-germs of

expanding and contracting fibers are so close to the respective Gi

(k) (k)

that Gy C U and property (a) above holds when Gi replaces Gi'

This also means that

N

v [ ¢\

nu)| < 2n v(V)
=1 1 a’4

It is by virtue of Corollary 8 that the above Kn exists.
Corollary 8 also implies that Kn can and will be so chosen that

the smallest of the r-lengths of the segments of arcs Jjoining

(k)

opposite sides of Gi and with absolute slope between Rll

and (R:l + T_l) is > dﬂ'

0
(k)
Gy

+
Consider (k)

and let 1z € Mq
(k)(

contracting fiber Yo

n Gik), draw the k-

(k)

(o]

z) or the k-expanding fiber vy (z)

through z. Then

(@ 0 ey > a
r(r3 @) 06y > a

Let us open a side discussion in order to define like constants
Ci(n), i=1,2,...,5.

Consider a decreasing segment Y- € U with slope between

1 -1

- -1 1
- (R_™ + Ty ) and "R, and such that «r(y) > Gz d (say).

Draw the five equispaced horizontal lines as in Figure 10.

Their spacing is A¢ v order of dn.
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Apply Lemma 13 to the lower "half" vy_ of Y to construct a quadri-
lateral G for a k z-Kn. The choice of C guarantees that the
right side Yo of G is above the uppermost line. Let D be the
dashed region (i.e. the intersection of G with the strip between

the fourth and the fifth line).
k)

(k)

If we introduce on G the intrinsic coordinates mentioned

in Lemma 13 and use that p (a,B) is bounded away from zero and

infinity we see that Hcl(n) such that

(k)

v (G N D) > c.(n) ¥k

1

where cl(n) is a suitable n-dependent (but k-independent) constant.
Also 3c2(n), k-~independent, such that

(k)

(G Ny ) > eyn) rly) >0 .

Similar constructions can be performed when y_ is taken to be the
right side of the quadrilateral G or when Yy is assumed increasing
(with the usual slope restriction) and is taken as the upper or
lower side of G: we may, and shall, assume also that the constants
cl(n), cz(n) are good also for the corresponding statements in
these similar cases.

We consider next two segments YyrY. C U such that
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g # Yy Ny = 1z € U. Let §+ ’ ;_ be the two longest (in the
r-length sense) parts into which z cuts Yy and Y_ respectively.

We assume that Y,ry_ are respectively increasing and decreasing

with absolute slope between R;l and R:l + Tal

r(;+), r(y_) > const. dn where the constant is suitably small (say

Suppose also that

const. = 1/6 2). Finally suppose that r(§+) = r(? ).

We can apply the constructions allowed by Lemma 13 to §+ or y_
with C = 2 (say) and the same ¢ fixed at the beginning (and not
yet exhibited) and arbitrary k > Kn. We obtain, in this way, two
quadrilaterals G+, G_.

It is easy to see that there are geometrical constants e(xo),

A(x (n and k independent) so that

o)

v(G, N G)
+ - -1
elxg) < __UTEIT_ﬁ_ < elxg)
v(G,)
+ -1
A(XO) GTajT*— A(XO)

Such inequalities follow from simple geometric considera-

tions on the slopes of the sides of G,r G_- Then

v((e, \aik)) na, Nac) <vie \&ik)) < e vi(g)
Therefore
v(G, NG) - v(@ik) NG, NG) <evic)
or
v(aik) N6, NGl > (elxy) - elvig) i

and similarly
v(éfk) n (g, n G_)}) > [g(xo) - E) v (G_)

Hence

v((a, \Gik)) neg® (G, "e)} < vle, \Gik)} <evie) .,

or



288

vig ne, ne) - vie® 0% ng, ne) < e vigy
or
viel® a gl = y@® n g™ a6, ne) > (elxgme)via)—ev(a,)
e(xo)—e 3
KTEET__ - er(G+)

it is now clear that € should have been chosen so that

e(xo)—e

W—‘E>0.

With this choice of € we also have

v@® n gy s e > o

v(éik) 0 G) > cy(n)
@* ney > eyt

where c3(n) is a suitable k-independent number, Yk > Kn (one could
e{x,)

take c,(n) = KT§57 cy n).
Using intrinsic coordinates on Gik), as in Lemma 13, we also

find

r(G, Ny > c4(n) r(y,)

+

r(G_NY) > c ) ry)

where c4(n) is a suitable k-independent number, Yk z-Kn' These
inequalities imply the inequality that we describe in the next
proposition.

Let El be a subset of Yy and E2 Cy_ ; then if El' E2 fill

a large enough fraction of §+,§_ , respectively, the set

PN k
E xE, = {z|z=y( )

L (x.)N (k)

(k)
e 2 Yo + 7

(x)), x €y, NE NG

- ~(k
x, € Y_NE, N ¢y,

is such that
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v{(E;x By 0 (&ik) n gy > g (n)

the fraction of §+ and ?_ that has to be covered in order that the
above inequality holds depends solely on n (and not on k > Kn).
We may and shall assume that cs(n) measures the fraction of §+,§_

that can be left out of §+ n El or y_ N E2 still keeping the last
inequality valid.

Let ¢ = min c., (n).

i=0,...,5

We are now ready to complete the proof of Lemma 17.

Given n > 0 we choose k so large that all subsets A C U
such that

via)>> = c(n)

have the property

vt A > @ - o) v
k'p
where f 1is a continuous function on M, Wf is the set of points

P
where the Birchoff average f is attained within p > 0 after k

steps at most; the function o(n) will be determined later.

Fix K > K + K

0
Consider the quadrilaterals Gik). Let
e = ( 2 n 6. Then

Zqu/4 0G;
(k) < alk) (k) ) * (k)
M4 A A M2 SHIch
and
vie® awt ) s @ - e vielRy .
i %0 i

So, using intrinsic coordinates as in Lemma 13, we can write this

inequality as

a . a a
f do | oK) (5,8) @ > (1-o(m) J da J o) (a,8) A8,
0 m 0 0
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where a, 8(a) are the natural integraion bounds and u(&ik)nwg p)
’
denotes the r-measure of the intersection between WE N Gfk)
k,p
and the arc Yék) which has coordinate «
This implies that the set N of the a's such that
f 0 %) (a,8) ag < (1 - vomy) J as o™ (a,8)
a¢f® nwt ) 0 (@)
k,p

has the property

J( da J o) (a,8) a8 < voTm v(éi(k))

N a(é?k))

i

If

f 0 ) (a,8) a8 > 1-/5T) f ag 0% (a,0)

A ~ (k)
a@® nwt a(G; )
i -

k,p
it follows

0@ ) —a@® nwl ) s 26 a6l

i = i
k,0
since
(k) ~
D(k)(drﬁ) -1l < n2 < % on Gik) ,
o (a',B")

by our construction of the G(k).

f

This means that the set V of the points =z € U through

which it is possible to draw a k-contracting germ of fiber with

r-length at least dn and filled (in the r-length sense) by WE o
14

within 2v/o(n) has measure > (l—(2n2+2/c(n)+2n))v(U).
Let x,x' be in Vﬁ = Véf n Wf (then
k,p
£ 2 —_—
v(Vn) > (1L - 20(n) - 2n" - 2¥0(n) - 2n) v(U));

we show that there is a number Nn and a chain YorYyr eer¥y of

n
alternatingly k-increasing and k-decreasing semgnets of k-fibers
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ewt ,i-= 0,1, ..,N -1.

k,p
Let Yé = k-contracting fiber segment hrough x which is

such that x € Yo r Y€ Yo Yy n Vil

filled within 2/G by W.
k,p
Draw the five equispaced parallel lines, as in the above

discussion, relative to the arc ya.
- 1
Notice that the lower half yé of Y, must be filled within
cl/o(n) by Wf (where c

k/p 1
which could be taken as 42Z).

is a suitable geometric constant

Next we apply Lemma 13 to the segment yé— with £ and C chosen
as in the preliminary discussion and K > Ko+ K. Notice, also,
that r(yo_) > const. dn (with const. = 1/3Z (say)). Also, by

our choice of K:
£

k,p

VENDNW. ) > (1 =-a(n)) viGN D)

where D is the dashed region in Figure 10. On the other hand

the relation

[ do f o) (a,8) @8 > (1-0(n)) f do J o X (a,8) as
®) 4@ gt
k.0

v'NG Yéﬂa a (GND)

which is a rewriting of the preceding eguation using the natural

(k)

coordaintes (o,B8) on G and symbols consistent with the preceding

notations. This means that

£

k.,p

except for a set J of a's such that

s@npnw )y > @a-/o Bi) a(G 0 D)

J do J o) (a,8) a8 < o172 v(G n D)
J a(G N D)
. (k) (XY, v o
where 0 < w < 1 and Bn is the bound on p (0,B)/p (o' ,B")
on G.
So if W C é(k) N DN WE is the set of points with intrinsic

k,p
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coordinates (o,B8) the k-expanding segment through (o,B) is, inside

D, filled within /G(M" B, by points of WS

k,p

A _ 2-w ~
VIWN GND) =v(im > (1 -vo(m ) v(END

has measure

which implies that, if E C ?é is such that z € E @ the k-expanding

(k)(z)

fiber Yo has nonempty intersection with W, we must have

2-Ww
r(Yé \E) < const. Bi Vo (n) r(yé_)

where the const. is a suitable geometric constant (which is an

upper bound for the ratio of the r-lengths of the arcs obtained by
k
( )y,

intersecting D with two k-expanding fibers of G

Therefore

2 o 2-w o
r(g) > (1 - B Vo (n) const. ) r(ygy)

w

2=
> (1 - Bi Yo (n) const. ) c4(n) r(Ygl)

Remembering that Yé— was filled within cl/o(n) by Wf we realize
k,p
that (if @ and d(n) so chosen that

% c4(n) > oy vo(n)

2-Ww
Bi VG (M) const. < %
5 w
B> Vo (n) < ¢y Yo(n)

n 1
(k)

there will be a point Xy € ?é n G whose k-expanding fiber has

intersection with D filled within BTZ]‘/O(n)UJ by points of Wé N D.
Let Yi be the expanding fiber through %y cut at the P
intersection with the uppermost of the horizontal lines and let yi+
be Yi N D. The third property required on o(n) allows us to deduce
that y{ is filled within cl/ETHT by points of WE . and

’

r(yi) > —%E dn. Hence we can iterate the construction.

A similar construction can be performed starting from x'.
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In this way we easily obtain a chain Yore-erY and x € Yor

n
x' € vy_ , ¥, Ny, € Wf with only one possible exception
n i i+l K, 0
r
occurring at some i = iO; furthermore, the lines Y; are alternating-

ly k-expanding and k-contracting segments (this sequence of arcs is
obtained from the sequence of segments, constructed in the above
interactive scheme, Yé,yi,...,y& by cutting off each yi the pieces
that "stick out of the chain").

The exception occurs, possibly, where the chain starting in x
and one starting in y meet.

Let us consider the first step in the above construction before

continuing the proof. It is clear that

v@e® awt ) s a-emn vie™)
kep
by our choice of K. Which means that the set WC 6(k) consisting
of the points (a,B) € é(k’ such that the k-expanding fiber through
w
them is filled within Vo (n) B2 by Wf has measure exceeding
2-w A (%) T 2-u  k,p 1
(L -vom_ ) v@e™) > 1 -Yg ) e >Fecn if

2~

(L - Yo (m) ) > 1/2.

So the set W has the property that

VIO W. ) > (1-o(n)) V(W)
Also ke
- ~~ 2w 4 _ c4(n) -
(WO vy > (1 - /o) B const.) r(yy) > —5— r(yg)
2-w 2
if 1 - Vo(n) B, const. > 1/2.
] 1 ~
So we could replace in the above construction of MTACIERE G(k)

by W: this is the reason why we have used the generous factor 1/4
(instead of 1/2) in the first equation defining o (n).
Using this refinement of the above arguments we can construct

the chain YorYpree-rYy SO that also the property that Yi is filled
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W

£ sy — .

by W within const. Vo (n) Bi holds (the geometrical constant
k.o

coming from the fact that y has to be chopped at one extreme to

give Yi).
We shall henceforth assume that the segments y; are chosen
to also have this last property.

Consider Yi and v, . We notice that we can always assume
0

10+l

without loss of generality that Y5 n is just a point (and
0

Tigtl
not a segment): this comes from the fact that every time a new
element of the chain is built it is chosen out of infinitely many

possibilities.

10+l

be the longest between them (in the

The point Z divides on each of the segments Yy and vy
0

two segments. Let §i ’ §i +1
0 0

r-length sense).

By construction r(\—(i ), r(yl +1
i 0 0

c
Yi o1 Yy 41 @Tre filled, in the r-arc length sense, within El Yo (n),
0 0
at least, by points W_ .
k,p
We can cut the longest between Y and y
1o

) > 1/4%2 dn. Furthermore

i +l to obtain two

segments with equal arc length which we shall Stlll call ;i ’Qi Y

0 0

but which are now filled only within const. Yo(n) by Wf where
k,p

the constant coujld be taken to be cl/4 Z.

n) smaller, if necessary, we may assume that the

- = s . ~
sets E, = vy, NW and E, = Yi nw fill "enough" of v,
1 ig %, 0 2 0+1A k o iy

and Y10+l respectlvely that the set Ele2 has measure > cs(n) (we

use here the same symbol ElXE2 introduced in the preliminaries to

By choosing ©

I Hh o~

our proof).
xE ,) must be nonempty and if z € Wf n (g, x ﬁz)

Then Wf n (E 1
k,p

1

the k- flbers Y( >(z) and y(k)(z) will intersect E, and El’ respec-

tively, in Wf . It is clear that we have in this way constructed
k,p

a sequence ?0'?1""’?N+2 of alternatingly k-expanding and

k-contracting fibers which have successive intersections in
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f ~ ~
€ 'e .
WE , and such that x Yo ¢ X Yy+2
1
This completes the proof since we can choose
£_ 0t
vi = || v .
n=1 1/n



