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1 .  - T h e  m o d e l .  

The models tha t  we consider are 1-dimensionM ferromagnets  with a ra ther  

peculiar, nontranslat ionMly invar iant  interact ion [1-4]. I t  will be seen tha t  

the special form of this interact ion leads to a ra ther  simple formulat ion of the 

renormalizat ion group equation. Apar t  f rom the lack of t ranslat ion invariance 

these models are supposed to behave in m a n y  respects like ordinary 1-dimen- 
sionM ferromagnets  with (in the interesting ease) a long-range interact ion oi 

s t rength r -~, 1 < ~ < 2. 

Let  n = 1, 2, ... label the points of a semi-infinite one-dimensionM lattice. 

On each site sits a spin ~, which is a real number  a ,  e (-- c~, c~). For  each 

integer 10 we break the  latt ice up in groups of 2~ consecutive sites; the m-th 

10-group will consist of the sites 

(i.1) (m-- I)2p@ l<n~<~2 ~ , 

We denote this group by  the symbol (m, p). 

I t  is convenient  to introduce the magnet iza t ion of the 10-group (m, 10) 

(1.2) M(m.~ ) ~ ~ o%. 
ne(~a,m) 

23 - Rivista de~ Nuovo Cimento. 

m = 1, 2, . . . .  

3~1 
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Let AL=( I~2 , . . .  , 2L}, we define the energy of a spin 
_a ~ (~1,..., %~) in A~ by 

(1.3) H,(a) = -- ~ D r X M2~_~,r_~ M2m.r-~, 
~=l m=i 

in which the constants D r are given by 

configuration 

(1.4) /)~ = D2 - ~  ~ a > 1. 

This t tamiltonian will be called the hierarchical t tamiltonian; other versions 
of essentially the same Hamiltonian will be introduced later. 

The definition of the model is completed by giving a normalized, even 
probability distribution ~(a), which will be called the <(free-spin distribution ~> 
and which describes the probability of finding an uncoupled spin of length a. 
The partition function of the model defined by the couple (H~, ~} is defined as 

2 ~ 

(1.5) Zd~,/5)-----fII d ~  ~r(a~) exp [-- 
t = l  

We will always assume that  the free-spin distribution is such that  this in- 
tegral makes sense. Since H~ is a quadratic form with a lowest eigenvalue 
given by 

(1.6) 2~i~ = -- 
¼D(1 -- 2 (~-~)~) 

2 a - 1  - -  i 

distributions which fall off like 

are just admissible. Any distribution which falls off faster, and in particular 
the distributions with compact support~ are admissible. The models for which 

(1.8) :~(,~) = fa(,~ + 1) + ½ a( ,~-  1) 

will be called Ising-hierarehical models. 
I t  will be convenient to describe the system in terms of the distribution 

of the magnetization M(m.r) of the '~o-groups. Since the tIamiltonian is symmetric 
in the number m of a p-group it sllffices to introduce the distribution of M(1.r). 
Since one expects that  this distribution will spread out for large p it is useful 
to rescale it with a factor ~-~ and to define 

t *  

(1.9) ¢r~.~(~) v) : Z~-I (g, fl)|~(v-- Ml.r~ -~) exp [ -  #~(~_)] I I  n(a,) d,~, • 

]~Tormal dispersion corresponds to the value ~ = ~/2. 
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2.  - C o n j e c t u r e s .  

I f  the  above model  behaves like an <( honest  ~> fer romagnet  one should 
expect  the  following behaviour .  There  should exist  a fl~ such tha t  for fl<fl~ the  
magnet iza t ion of large groups of spins has a normal  dispersion. More precisely 

(2.1) 

and 

(2.2) 

/ ( f l im uL,~N(v) dv = 2~Zz(#))- exp [-- 
/)---> ~ 

v'/2Zz(fi) ] dr,  

l im lira f7~, ,5(v dv=(27Ig,(fi))-tfexp[--v~12Z,(~)]dv 

for all v~, v~. The convergence is not  assnmed to be pointwise to take  into ac- 
count  the  Ising case where ~ )  is a sum of &functions. 

The dis tr ibut ion corresponding to (2.1) will be called the long-long-order 
distr ibution whereas the  distr ibution corresponding to (2.2) will be referred 
to as the  short - long-order  distribution.  

At  fl = fi~ the  dispersion is no longer normal  and one expects t ha t  there  
exist  constants  ~ and  ~ larger t han  %/2 such tha t  

(2.3) 

and 

(2.4) 

dv 

li (z) Lm f / (v)dv 
171 V 1 

(for all vl, v~) in which ]z and ]~ are normalized distributions with a finite second 
n l o l I l e u t .  

I t  is usually assumed in dealing with the  normal  Ising model tha t  the func- 
t ions ]~ and ]8 and the  values ~ ,  ~ and Zz, Zz are all equal. However,  such 
s ta tements  are often not  proved.  We shall keep a different nota t ion for the  

short - long-order  and long-long-order  quanti t ies  because later  we shall become 
involved in a discussion on the  possible differences. 

3 .  - E x i s t e n c e  o f  a p h a s e  t r a n s i t i o n  for  1 < a~ < 2.  

The coupling in the  hierarchical  model  is of a ferromagnet ic  na ture ;  in fact  

is easy to ver i fy  tha t  the  in teract ion is of the  two-body type  and can be wri t ten  

1,2 L 

(3.1) Hz(~_) = -- ~ J~.~ (~iaj 
i , j  
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with 

(3.2) Ji,J -D2-~(~'J+I) 

where d~.~ is the largest integer such tha t  i and j are not  in the same d-group. 
Note tha t  this definition implies 

(3.3) ] i -  Jl < 2~'"+~ • 

By adding ferromagnetic interactions we can therefore reach from the hier- 
archical model a model with a t ranslat ion-invariant  interact ion of the form 

(3.4) ,7~,j = D l i  - -  j l  -~' . 

We will only consider models in which ~(a) is of the (( Griffiths ~> type  [5], 
which means ~hat either ~(~) can be wri t ten as 

(3.5) 
:t:l  1 , N  N 

t i , . . . , t N  , 4 = 1  

with J~. j  > 0 and Z~ a normalization factor, or z(a) is a weak limit  of distributions 

of the  form (3.4) ( i . e .  
/ 

~n(O') \ 

a) 1 a) 1 

such tha t  there exists a constant  C with 

(3.6) 
V \ 1 

, , (~)  < C exp i -  1~2i 
\ 2 ~ - 1 - 1 ]  ] " L 

The interest  of such ~'s resides in the fact tha t  ferromagnetic-spin models with 
a free-spin distribution of the  Griffith's type  (and a gami l ton i an  which behaves 
for large a's as in the present case) verify the GKS inequalities [6]. 

In  particular,  therefore, the existence of long-range order in the hierarchical 
model implies also long-range order in the corresponding translat ionally in- 
var iant  model defined by  (3.4). :Notice tha t ,  by  the results of [7], the presence 
of long-range order is equivalent to the  presence of spontaneous magnetizat ion 
at  least in the case of a t ranslat ionally invariant  model with discrete spins. 

Another Griffith's inequali ty tha t  we shall use is 

(3.7) <~ ~>~, > <a~ a~>~, L '  > L,  

where ( '>L denotes the average with respect to the model (H~, ~}. 
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Let  us now proceed to prove the existence of long-range order for large 
enough fi in the hierarchical models (1 ~ ~ ~ 2) and define 

1,2 p 

(3.8/ t ap)  = 2-~<~,~.~?~ = ~ - "  ~: <~ ~,)~ 
i , i  

and 

(3.9) l(p) = ~ £(p). 

Notice t ha t  the  above-mentioned Griffiths' inequali ty implies 

(3.10) t (P)  • fL(P) > ]~(P) . 

So if we show tha t ,  for large enough fi, ]~(p)> C ~  0, we will have shown tha t  

(3.11) l~,~s~ 2 ~i~ <~, ~ > o, 

i.e. the system exhibits (short) long-range order. 
To s tudy  the funct ion ]~(p) write M~,~_I: s, M~.~_I= t; then  

(3.12) A(p)  = ~ - ~ ( ( s  ÷ t ) %  = 2 . 2 - ~ ( s %  ÷ ~.~-'-~(st)~ = 

= ½f~(p - -  1) ~- 2 . 2 - ~ ( s t ) , >  ½f~_~(p - -  1) -]- 2-2~(st)~.  

In  terms of the  distributions _(z) (defined in (1.9)) we have 

(~--1) (~--1) 
(3.13) @t}~ ~,-~a(s)7~_~.~(t) exp [~D2 -~* s t ] s tds  dt  

= (~o--1) (p--l) 
~ _ l , ~ ( s ) ~ _ ~ a ( t  ) exp [riD2 - ~  st] ds dt 

where we have taken  advantage of the fact  t ha t  the  Hamil tonian  couples spins 
in the groups (p -- 1, 1) and (p -- 1, 2) only through the product  st. 

We now make use of the following inequal i ty [2] which holds for any  random 
variable with an even distribution: 

(3.14) ( ~ x X P [ ~ }  > (V~x2~ tgh (h (V~x~}), 

which amounts  to the  es t imate  that the  average of a continuous spin in ~ field 
It with respect to a distr ibution ~r decreases when this distribution is replaced 
by the sum of two delta-functions with the same value for <x~>. Application 
of this relation to the random variable st in (3.13) yields 

(3.15) ( s t > ~  2z(~-~) / ,_~(p - -  1) tgh [fiD2(~-~)~-2]~_~(p - -  1)], 

where we have used the definition (3.8) to evaluate the dispersion in st. 
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The es t imate  (3.12) takes now the form 

(3.16) t , ( p )  > t~-~(p  - 1)[1 ÷ exp [ -  ~ ~n'~(~-~')"' '~ ~) ] ] - ,  

Define now ] o ( 0 ) - - ~ 2 z ( a ) d a - - 2 C > 0 .  Assume ].(n)>C ior  n < p - - 1 ,  then  
it  follows t ha t  

(3.17) In ]~(p) > in c + In 2 - ~ lu [1 + exp [ -  } ~DO2"-"~]].  

Since this series is convergent  for ~ < 2 one can take  fi large enough so t h a t  
the  to ta l  sum does not  exceed In 2 and one can conclude ]~(p) > C for all p b y  
induction.  

In  order to  prove  the  existence of a phase t rans i t ion one has now still to 
show the  absence of ]ong-range order  for high enough tempera ture .  In  the  
ease of the  Ising-hierarchical models this is a direct  consequence of a resul t  
b y  G~IFFImHS [8] which states t ha t  an Ising model  (with general two-body 
interact ion)  does not  show long-range order  for T >  To, where To is close to the  
mean  field crit ical t empera tu re  and  given b y  

(3 .18)  t g h  = 

Notice t ha t  (3.2) implies indeed a finite value for To provided ~ > 1. 

4 .  - T h e  r e c u r s i o n  f o r m u l a e .  

BAKEI~ [3] not iced tha t  the  s t ruc ture  of the  hierarchical  model  did part ic-  
u lar ly  well fit the  requi rements  for an exact  formulat ion of the  renormalizat ion 
group equat ions [9-11], which in the  case of the  hierarchical  model  reduce to 
ra ther  simple recursion formulae.  

We will first discuss a recursion formula  for the  dis tr ibut ion funct ion z ~  
of the  total magnet izat ion of a system of size 2 ~. ~o t ice  tha t  the  t t ami l ton ian  

H L can be expressed reeursively as 

(~.1) H~(~,, ..., ~,~) = 1L_,(~,, ..., ~ - , )  + ~ - , ( ~ , ~ - ~ 1 ,  ..., ~,~) - 

- -  D 2  M I ~ _  1 M~.L_ 1 . 

This re la t ion implies direct ly  

(~.2) 
1 

n o r m a n z a l ] l o n  

• a (vl + v . . -  ~v) dr1 dye. 
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A privileged (but a pr ior i  arbi t rary)  choice for ~ is ~ = 2 ~¢~, if we pu t  g:*~.~,~ =-- ~(~, 
then  we find 

/~  (/,--I) [ ~)'~ 
• ~'~L--1 ~ / 

(4.3) ~(LZ)(v) =- fK'~z_,(~-~>(v) dv ' 

where the  operator  K is defined as 

(4.4) K o ~ ( v )  = exp [ CC~v~ ] f dy exp [-- Cy~ ]z(~v ~ y) ~(~v - y) , 

with C -= riD2 -~ and $ ~ ½ $ = 2 ~I2-~. Other  choices of ~ lead to an explicit  
Z-dependence of the  corresponding operator  K.  

There  is a second recusion formula for the  par t i t ion  funct ion which reflects 
more the  idea of the  contract ion of variables in te rms of the  <~ block spins ~> 
first in t roduced by  KADA~OFF [12]. 

We s ta r t  by  observing the following a l ternat ive  recttrsion formula  for the  
t tami l tonian:  

! ! 

where we defined the  (( block spins >> 

(4.6) ~ ~ ~-~"(~_~ + ~, ) .  

The par t i t ion  funct ion is given b y  

(4.7) z~(., ~) = ] e x p  [-#~_~(o'~, ..., d~-,) + Z2)2-~[~, ~ + ... + ~÷_~ ~ ] ] .  

• zl(al) ... ~(a~) dal ... do'2~ • 

In tegra t ion  over the  in ternal  variables of each block, keeping the  (( block spins >> 
fixed, yields 

(4.8) z~(~, 8) = (2='2)~-lfexp [ -  ~ -1 (~ ' , ,  ' ' ... ' ..., a~=-,)]Ko~(al) Ko~(a~-l) .  
! I 

• d ~ l  . . .  d a , ~ - , ,  

where the  operator  K is defined in (4.4). 

This formula  expresses the  par t i t ion  funct ion of ~ system of 2 z spins in 
te rms of a hierarchical  model  with half  t h a t  number  of spins and with a new 
free-spin dis tr ibut ion Ko~.  The coupling constants  in the  I tami l tonian  remain  
unchanged by  v i r tue  of the  sealing chosen in (4.6). 

The formula  (4.8) can be wr i t ten  in the  form 

8)-=A Z,_I(~,#),  (4.9) Z~(~, 2~-' ' 
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where ~' is the normalized distr ibution corresponding to K o z  

(4.10) ~ ' - -  

and the constant  A is given by  

Ko~(v) 
~Koz(v) dr' 

(4.n) A ~- 2~Z*fKoz(v) d r .  

Since clearly z ( v ) ~  ~°)(v) we see from (4.3) tha t  g'(v) should be identified 
wi th  the  distr ibution z(~). 

I t e ra t ion  of the  recm~sion process yields 

(4.12) 

~nd 

(4.:[3) 

7I(~L)(V) - -  S K % z ( v )  dv  

Z~(z, t ~) - ~  2(~l~(~-l> f KZ oz(v ') d r ' .  
--vo 

The formulae (4.4) and (4.9) are examples of the renormalization group 
equations as introduced in [9, 10]. 

We shall come back to this point later. 
Final ly  we want  to s tudy  the short-order distribution functions lim ~(L) 

The recursion formula tha t  we just  derived applies only for the long-order dis- 
tr ibutions -~) An expression for the short-order distributions can be obtained 
from the following recursJve relation for the Hamil tonian;  

+ ~_Av~, ..., v~-~), 

where v~ -- ~-~ M ~  with  ~ = 2 ~1~. 
One obtains then  for ~ / , -  ~(P 

(4.15) 7~R t ~ - -  

1 
normahzat lon f [-- 

--  .. . exp fiHz--~] ~(v -- %)~(R)(%) ... ~(R)(V2L_, ) d% ... dvp-~ . 

The distributions for other values of ~ can be obtained from this relation by  
simple rescaling. The functions ~(~) are the long-order distributions which 
satisfy the recursion relations (4.3). 

We conclude tha t  the short-order distributions are obtained by computing 
the e]]ective single-spin distribution of a hierarchical model of infinite size 
where the successive iterates of the long-order distributions appear as the ]ree 



THE HIERARCHICAL :MODEL AND THE RENOR:MALIZATION GROUP 3 4 9  

single-spin distr ibutions.  We are in te res ted  in cases where  the  dis t r ibut ion 

funct ions t e n d  to a wel l -behaved p robab i l i ty  d is t r ibut ion  with a scaling fac tor  

chosen in such a way  t h a t  the  l imi t ing  dis t r ibut ion has a finite dispersion. There  
is no a priori reason to  assume t h a t  such a ~ indeed exists. I t  is also not  guar- 
anteed,  as we will see in an  explicit  example ,  t h a t  the  same value of ~ will lead 

in the  shor t -order  and  long-order cases to a l imi t ing  funct ion wi th  finite disper- 
sion. We will come back  to this poin t  in our  discussion of the  influence of 
surface t e r m s  (see Sect. 8). 

5. - Nonrigorous considerations and Wilson's theory. 

I n  this Section we proceed heur is t ical ly  and  t r y  to give an  exposit ion of the  

ma in  ideas of Wilson's  theory  [9] as appl ied  to the  hierarchical  model.  I n  the  
preceding Sect ion we derived a << s imple  )> expression for s~z), name ly  

K%~(v) 
(5.1) s~L>(v)- f K % s ( v ) d v '  

where s is the  ini t ial  free-spin d is t r ibut ion  and  K is the  in tegral  opera tor  de- 

fined in (4.4). This opera tor  depends expl ici t ly  on the  t empera tu re .  I t  will 
be  convenient  to rescale in the  sequel the  var iables  of all d is t r ibut ions (with 

a common  factor)  so t h a t  K becomes t e m p e r a t u r e  independent  (say fi = 1). 

The t e m p e r a t u r e  dependence is then  shifted to the  init ial  d is t r ibut ion which 
becomes now a one-pa ramete r  fami ly  of ini t ial  free-spin distr ibutions.  

Le t  us fu r the r  normal ize  the  opera tor  X and denote  its normal ized  version 
b y  

¢~ . . exp [C~ 2 v2Jfs~(~v + y)s~(~v -- y) exp [-- Cy ~] dy 
(5.2) a o ~ t v )  = T~. 

j j ~ v  + y) ~ ( ~ v  - -  y) exp [ C~2v ~ - -  Cy 2] dy dv 

with  C ~ 2 -~D and  ~ ~ 2 ~/2-~. 

We  are in te res ted  in the  case tha t ,  for some fl = fl~, ~ZO~o tends  to a 
l imi t ing p robab i l i ty  dis t r ibut ion ~(~) wi th  a finite, nonvanish ing  dispers ion.  
( I t  seems tha t ,  in order  to be  able to use the  a rgumen t s  t h a t  follow, one should 

require  the  pointwise convergence of the  character is t ic  functions and  of the i r  
first and  second derivat ives.)  

This l imi t  should t hen  be a fixed point  of the  opera tor  ~:: 

(5.3) ~c~)= ~o~(,,). 

The na tu ra l  quest ion concerning the  existence of fixed points  for K is 

easily answered b y  observing t h a t  an  obvious solution to this equat ion is 
the  << Gaussian )) fixed point  

(5.~) ~(o=>(v) = V~./~ exp [ -  av'] 
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with  a ~ ~D/(2  ~'-~- 1). There  m a y  be m a n y  other  fixed points for K in the  
above sense. 

The existence of a l imit ing probabi l i ty  distr ibution with finite dispersion 
implies tha t  the  magnet izat ion will have  an  average square value of the  order 
of 2 ~1~z, which is an anomalous dispersion (because ~ > 1). Consequently the  
value  fi~ should be in te rpre ted  as a crit ical point  of the  system and we therefore  
expect  it  to be an isolated point,  in the  sense Chat for /~f i~  the  distr ibution 
Kroz~ will not  have a good asymptot ic  behaviour.  Since 2i:Zo~ depends 

(( smoothly  )) on fi one expects on the  other  hand  tha t  for  finite bu t  large Zo 

and f l -  fi~ small 

(5.5) 

where ~ is (( close ~) to zero and fy~(v) dv = 0 due to normalization.  
I f  ~ is an ordinary  funct ion (and not  a general probabi l i ty  measure) the  

smoothness of the  dependence on /~ necessary for (5.5) is obvious if one re- 
members  (4.4) and the  change of variables which transfers the fl-dependence 
f rom the  operator  defined in (4.4) to  the  free-spin distr ibution.  In  the  general  
case (which includes the  interes t ing Ising model) eq. (5.5) has to be inter-  
p re ted  in a different  way since, as we are assuming t h a t  ~r (~ is a smooth func- 
t ion,  h~ cannot  be small in a t r ivial  sense. The correct  in te rpre ta t ion  of (5.5) 
in the  case ~ (v )  is a sum of delta-functions should essentially be tha t  the  mass 
of the  points  v which have  nonzero measure with respect  to KZoo~g will be 
propor t ional  to ~(~)(v i d-W~(v) with ~(v)  smooth. In  the  rest  of this Section we 
shall however  assume tha t  z~ is a smooth funct ion and we leave to the  reader  
the  reformulat ion of the  ideas of this Section in the  Ising case using the  above 
(~ in terpola t ion ))idea. We suggest, however,  t h a t  the  in teres ted reader  first 
read the  nex t  Section where a concrete example  of the  in terpola t ion scheme 

is described in some detail  f rom a rigorous point  of view. 
We proceed now to s tudy  what  happens for L > Z0, and linearize the  op- 

era tor  ~ around ~r (~.  A direct  computa t ion  yields 

(5.6) Ro(~ (~) d- ~)  --~ ~(~) + T ~ ,  

where the  l inear operator  T is defined as 

(5.7) 

in which the  opera to r  T is given by  

(5.8) Toy~(v) ~ 2A  -~ exp [C~ ~ v~]f ~p(~v -4- y) ~r(~°)(~v --  y) exp [--Cy ~] dy ,  

and A is chosen such tha t  T o z  ( ~ - -  2z  (~.  
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Notice t ha t  f rom the  fact  t ha t  ~(~) is an eigenfunction (with eigenvMue 2) 
of the  operator  T, it  follows tha t  T has the  s~me spect rum as the  opera tor  T, 
with the  except ion of the  eigenvalue corresponding to ~(~ which is zero for the  
operator  T. 

To get some feelings about  the  operator  T, consider it  as a l inear operator  
in the  Hi lber t  space Z~o~(R, exp [(2a--~)v~]) of even functions which are 
square integrable with respect  to the weight exp [ ( 2 a -  ~,)v 2] with 

(5.9) ~ = ~2(2~°--  1) 

(~ot ice  t ha t  the  allowed distr ibutions are contained in this space.) The op- 
era tor  I '  is t hen  a compact  operator  as can be seen b y  using the  large-v be- 
h~viour of ~(¢o). 

I f  one assumes in par t icu lar  t ha t  the  model  {Hz, a} is such tha t  at  /~ ~ ,8o 
the distributions KZoz#. t end  to the  Gaussian fixed point  (5A), t hen  T be- 
comes a self-adjoint compact  operator  T~ 

(5.10) T,~o~(v) = 2 V y / ( 1  - ~):~  exp [ -  v~a]. 

• fexp [ -  (711 - v ) '  + ay2] ~(y) dy. 

The t [ e rmi te  functions 

(5.11) ~,(v) ~- exp [-- av 2] H~,,(v) 

with 

(5.12) H o(v) = e p[ T ~v ~ ] 
( L ~ ' O  

are eigenfunctions of _T o with eigenvMues given b y  

(5.13) ~ = 2~ ~ , n ---- 0~ ~, . . . .  

The corresponding eigenvMues of 9~G are found b y  replacing in this sequence 
A o = 2  by  zero. In  ease 2 - ½ < $ < 2  -~, which corresponds to 1 < ~ < ~ ,  the  
opera tor  Ta possesses one eigenvalne (21= 2~ 2) which is larger t han  one. As 
we will see, it  is this s i tuat ion tha t  one expects to occur in the  description of 
ordinary  critical behavionr.  

Le t  us assume for the  momen t  t ha t  the  operator  T has in the  general case 
only one eigenvMue larger t han  one (*) and express ~# in (5.5) in terms of the  

(*) This, as it will become clear, is an essential assumption for the Wilson's theory of 
<~ ordinary ~> critical points (a different situation arises for critical points of higher order 
like tricritieal points). More precisely it means that the spectrum of ~ in the linear 
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eigenfunctions of 

(5 .1~)  ~a( , )  = e~(#) ~ ( v )  + e~(#) ~ , (v)  + . . . .  

We obta in  t hen  b y  (5.6) 

(5.15) /~z°+~°g~ = / ~ ° [ ~  -~ - V~]---- x (~ '@ T~V~----- 

l%r  D = / ~  this expression should t end  to ~(~) as 1 -+ oo; this implies e~(~) = O. 
Should there  have  been ano ther  eigenvalue larger t h a n  one, then  fi~ would 
have  satisfied several  equat ions of this t y p e  a t  the  same t i m e  so tha t  only an  

accidenta l  solution is possible. An except ion seems the  case where special 

symmet r i e s  of the  sys t em guaran tee  the  absence of some t e rms  in the  eigen- 

funct ion  expans ion  of V~; notice however  t h a t  this fae~ would be au tomat i ca l ly  

t a k e n  into account  b y  our definition of the  domain  of T and  it  would s imply  
m e a n  t h a t  a priori possible funct ions are, for s y m m e t r y  reasons, absent  f r o m  

the  domain  of ~ .  Fo r  fi _~ fie we wri te  

(5.16) e~(/~) _____ e-(/~ - - / ~ ) ,  

and we see t h a t  /~°+~o~ s ta r t s  to  dev ia te  apprec iab ly  f rom ~(~) as soon as 

/ > In (# - fio)/ln l~ (*). 
I n  the  above  contex t  it  is possible to find expressions for the  cri t ical  ex- 

ponen ts ;  we give some examples .  
The exponen t  U describes the  long-range behaviour  of the  spin-spin corre- 

la t ion funct ion a t  t he  cri t ical  po in t  th rough  

1 
(5.17) @~aj> ~ -, 

i - -  jl,-1- I 

This implies t h a t  the  to ta l  magne t i za t ion  of a subvolume of 2 z spins should 

diverge as 

1,2 ~" 

(5 .1s )  <M~.~>~ = y£ <~, ~> _~ 2 ~'~-* . 
i d  

space tha~ is generated from the successive iterates KZoz has only a single eigen- 
value larger than one. 

In particular this means that the couple ~(G ~) (Gaussian fixed point) and domain of 
2 = L  .... (R, exp[(2a--y)vP]),  hereafter often referred to as the ((Gaussian ease~), 

cannot arise from the theory of an ordinary ferromagnetic hierarehieM model if 
~ < ~ < 2 .  
(*) Notice that  we are making use of the smoothness of the dependence of ~ on ft. 
This might be a peeularity of the hierarchical model [13]. 
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In  the  ease of the  hierarchical  model  the  spin-spin correlat ion funct ion is not  
t rans la t ion  invar iant ,  consequent ly  the  relat ion (5.17) cannot  be direct ly  used, 
we take  instead (5.18) as the  relat ion defining ~. As ment ioned ~lready the 
existence of a fixed-point ~r (~ with a finite width  implies in view of the adopted  
sealing tha t  

( 5 . 1 9 )  <M~,L}z  ~ 2 ~ . 

One concludes therefore  that 

(5.20) ~ = 3 - c t .  

Another critical exponent  is y which describes the  divergence of the  suscep- 

t ib i l i ty  Z as fi->/3~ via 

(5.2:[) z (~ )  ~ ( ~ -  fio)-~' • 

The (long-order) susceptibil i ty can be defined as 

z(~) = ~ z~(~) (5.22) 

with 

(5 .23)  X~(fi) = .o-~/\ ==~1,~/~\ = 2 cx-~)~J/~ ~ • up(v) v ~ d r .  
? 

We now recall f rom the  preceding discussion t h a t  for L0 large enough ~nd fl 
close enough to tic one has 

and 

/~°o=~_~ =(~) + e(~ - ~0) W~ ÷ s.4fi) ~ ÷ ... 

(5..~) 

From this one obtains 

(5.25) -'~'L ~-Z0+l , - k  ! K °o~  ~ ~- °z~o+(~-~o)/~ --  ~2 V~ ~ . . . .  

I f  the  l inear approximat ion  was exact,  a repea ted  applicat ion of /~ to this 
formula  would make  the  te rms containing the  eigenveetors V~, %vs, etc. vanish. 
We assume tha t  this persists to be the  case also for the  nonlinearized equations.  
The conclusion then  is 

(5.26) lira (/~%=z -- 1~+Io= z--->¢o flc+(~-/~c)/Zl J ~ 0 ,  
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which should be valid asymptot ica l ly  as f i--f l~-~ 0 in the  real case. When  
we assume, more  specifically, the  equal i ty  in the  l imit  Z--> co of the second 
moments ,  we find by  the  definition of the  susceptibil i ty the  asymptot ic  ex- 

pression (as fi--~fi~) 

(5.27) 

which allows us to conclude this heuristic der ivat ion with the value 

(5.2s) y : ( ~ - - l ) l n 2 / l n ~ l .  

For  the  Gaussian fixed point ,  with ~ - - 2 ~  :, one finds in par t icular  ~,--~ 1, 
which is the  classical or mean  yield value. 

As a th i rd  example we can s tudy  the  correlat ion length ~ and its critical 
behaviour .  We only s tudy what  should be called the  long-order correlat ion 
length,  i.e. the  pa ramete r  t ha t  describes how large has to be the  system's 
size )5 in order  t ha t  the  correlat ion between two spins a~ and a~ located at  a 
distance 2 z s tar ts  depending on JL as the  interact ion potential .  

I f  ~ :/: fl~ one expects  t ha t  the  correlations ver i fy  Kadanoff ' s  assumption 

tha t  near  fi~ the  spins have the  same correlat ion t h ey  have at  fi~ provided 
thei r  distance is smaller t han  the  correl~tion length, while if their  distance 
is much larger then  thei r  correlations are of the  order of the  interact ion potential .  
This fact  is clear f rom a heurist ic point  of view in the  above renormalizat ion 
group scheme: if we are close to fi~ then  ~(Lo)__L. - -  J ~ ' o ~  will be close to ~t~), 
however,  for  L -~ L0-~ l, ~ )  will substant ial ly  deviate  f rom ~(~) if fi # fi~ and 

(5.29) ~ ( ? - # o ) ~  

(compare with (5.15)). 
Therefore  2 ~ should be identified with the  correlat ion length and we find 

(5.30) ~(~) = ~' ~ I ~ -  ~oy'°~'(~')= l~-#o[  -~, 

which means v-~ 1 / ( ~ -  1) for the  corresponding critical exponent  in the  Gaus- 

sian ease. 
I t  is easy to ver i fy  t ha t  the  critical exponents  obta ined so far  satisfy the  

well-known scaling relat ion 

(5.31) y = (2 --  ~) v .  

The other  crit ical exponents  can be computed  along similar lines and one can 

check tha t  t hey  obey the  sealing laws. 
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So far  we have  only considered the  long-range values of the  critical exponents .  
The proper  short-r~nge value of ~, ~]~, should be  ob ta ined  f rom the  divergence 
of ( 3 / ~ , ~ }  ~ as R - +  co. 

As we have  seen in Sect. 4, one can wri te  this as 

(5.3.9) 

where the  average  of v ~ :  M~. o is to be  t a k e n  wi th  respect  to a model  wi th  
free-spin d is t r ibut ion /~%~r~. This equat ion implies the  same value for ~ 

and  ~ p rov ided  t h a t  the  r.h.s, of (5.32) remains  finite as R - +  co. 

Suppose now that/~%~r~° tends  for R - +  co to the  Gaussian fixed point  ~r o 
and  let  us calculate l im (C,  ~r~} L. 

L--+ cO 

At this po in t  in our heuris t ic  discussion we by-pass  a s t udy  of the  in~er- 
change of l imits  involved here. 

Le t  us in t roduce a general  Gaussian spin dis t r ibut ion b y  

(5.33) ~r,(v) = exp [ -  (a + r) v ' ] ,  

in par t i cu la r  one has ~ro oc _(~o~ The average  value of the  r a n d o m  variab]e v 2 Y/~G " 

can  then  be ob ta ined  f rom 

(5.34) 
8 r  

Recall  now formula  (4.13) to ar r ive  a t  

o~ 

A direct  calculat ion yields 

(5.36) 
Z--1 

= {u e./<,o + o +,,:.)l. ..... }o., E-<o 

Consequent ly  we find 

(5.37) • - ,  ½ (&12)'  

with  C =  D2 -~ as defined in (4.4) (p = J). 

Since 21 = 2 ~-1, one has 21 < 2 for g < 2, which is the  range  of interest  to 

us; in this  case the  second t e r m  vanishes for L - +  co, while the  first gives a 
finite l imi t  

(5.38) (v~; ~a-(~)\/~ = 1/(2a q- C)(2 - -  ~1). 
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One therefore  sees t ha t  the  quest ion of the  iden t i ty  of the  short- and long-range 
values of U is l inked to the  above interchange of limits. Notice however tha t  
the  ampli tudes (i.e. the  l imiting distributions) do not coincide in the  two cases. 

The equal i ty  of the  long-range and short-range exponents  is a feature  of 
the  special hierarchical  model  t ha t  we are considering now. La te r  (in Sect. 8) 
we shall encounter  other  versions of this model  where not  only the  ampli tudes 
bu t  also the  exponents  differ in the  two cases. 

6. - The  theorems  o f  Bleher  and Sinai i .  

In  the preceding Section we have seen t h a t  in case 1 < ~ < ~ the  Gaussian 
fixed point  offers an example of the  s i tuat ion tha t  one expects to occur in normal  
crit ical behaviour.  The linearized version To of the  operator  K has the  prop- 
e r ty  t ha t  the  fixed point  ~r(o ~) is stable in the (( critical hyperplane  )~. This 
means tha t ,  whenever  a small deviat ion ~v~o from the  fixed point  is contained 
in the  hyperp lane  (of the  appropria te  Hi lber t  space) defined b y  (~V~o, W~)~ 0, 
the  repea ted  applicat ion of Ts yields ~o~v~o-+0. 

W ha t  one would like to show now is t ha t  a similar s i tuat ion arises for the  
nonlinear  opera to r /~ .  More precisely one could hope to find a subset 0~ of the  
hypersurfaee of (( critical )~ free spin distributions surrounding -¢~) such tha t  ~b G 

(~o) f o r  7 ~ C 0  G. 

The critical hyperplane,  defined above, is expected to be (~ tangent  ,~ to 0~ 
in z(G ~). For  such ~'s the  conjecture made in Sect. 2 about  the  (long-order) 
crit ical behaviour  would be proven  with ~ =  2 ~2. 

The impor tan t  contr ibut ion of BLEttEI¢ ~nd SI~AII [4] is t ha t  t hey  have 
proven the  existence of a set 0 a with the  required properties.  Since the  shape 
of the  cr i t ica l  surface is not  known, thei r  result  is formula ted  in the  following 
way. Le t  ~ for fi ~ [fl-, fi+] be a one-parameter  fami ly  of spin distributions 
which are close to -(~) in a way to be specified, t hen  there  exists a fi~ e [fl-, 8 +] 
such t ha t  /~Zo~ ~- j~e-(~ . The precise conditions on ~r¢ are given in the  following 

theorem. 

Theorem 1. Le t  l < g < ~ .  Le t  b, q and ~ > q ~  all be numbers  between 
zero and one and let  d be larger t han  one; the precise allowed values of these 
parameters  depend only on ~ and are given in [~]. Let  ~ be a family  of spin 

distr ibutions of the  form 

(6.1) = exp [- + (1 + 

with L(fi) and b(fi) differentiable and with the  p rope r ty  tha t  there  exists an no 

such tha t  

(6.2) i) tb(fi)i<b(~+)/fi+= -- b(fi-) /f i-= b'°; 

if) if [z] < d v ~ o [ a ,  
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then 

(6.3) Q~(z) ~- ~(~)H~(z) ~ R(z, ~) , 

where H~ is the  l : iermite po lynomia l  defined in (5.12) and  where 

and  

(6.~) 

In(z, ~)1 < q"° 

iii) if lzl > 4V~/a then 

(6.5) 0 < 1 -t- Q~(z)< exp [ - / ~ z  4] 

where  0 < / ~ <  (1/10)5(fi). 
I f  ~ s£tisfies these conditions~ then  there  is an  in te rva l  [fi;, fl+] c [fl-, fl+] 

such t h a t / ~ o z ~  satisfies the  same conditions wi th  no replaced b y  no ~- n. 
Not ice  tha t  the  condit ions on ~ are such t h a t  ~ cannot  be  too far  f rom 

z(o ~) bu t  moreove r  guarantees  (especially by  condit ion i)) t h a t  the  curve described 

b y  ~ crosses the  cri t ical  surface. Since ~ ~ ~(~) "~p ~ , ~ a  for no-~ c~ the  desired resul t  

is a direct  consequence of this theorem.  

Corollary. When 

(6.6) = ,, [fi~, ft,] then l i m / ~ Z o ~ o :  ~a • 
Z--~  CO 

We do not  describe the  proof  of the  above  theorem,  which is accomplished 
b y  a r a the r  laborious induction.  

The second theorem of :BLEttE~ and SI~AII is essential ly identical  to the  

first  bu t  ~llows the  funct ions ~ ( z )  to  be  sums of del ta-functions.  Assume we 

are given a f ami ly  of funct ions ~ ,  fie[fi-, fi+], which are superposi t ions of delta- 
funct ions wi th  masses  on the  la t t ice  

2 ~ - -  2 ~ ~- 2 2 ~ 
(6.7) A~ ~ - -  2(~,/2)~, 2(~m)~ ~ ... ~ 2 ( ~  ~] . 

We t ake  this la t t ice  because it  is the  la t t ice  over  which the  var iable  
2h  r 

v----2-(~/~)~ ~ ¢~ takes  its values  when ¢~ ~ ~ 1~ however  the  theorem quoted 
i=1 

below could be  phrased  for more  general  latt ices.  

F u r t h e r m o r e  assume t h a t  there  is a f ami ly  gp, f i e  [fl-, fi+], which ve r i fes  
the  hypotheses  of Theorem 1 and  which in terpola tes  the  masses of ~ :  

(6.s) (mass of ~ in v) oc ~ ( v ) ,  

24 - R i v i s t a  d e l  N u o v o  C i m e n t o .  
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then :  

T h e o r e m  2. Under  the  above assumptions the  functions / ~ " o ~  can be 
in terpola ted  f rom functions wi th  the  same propert ies  as those l isted in Theorem 1 
for the  functions ~ - o ~ .  

There  is a ft, ~ (fl-, fl+) such tha t  for all t~, t2 e [-- co, co] and Corollary. 
m -~ 1~ 2~ ... 

tS ~z 

tx t l  

The following theorem,  s ta ted bu t  not  proven  in [4], describes what  happens 

for / /vafi ,  bu t  close enough to it. 

T h e o r e m  3. Under  the  same assumptions of Theorem 1, if fi < fl, and close 
enough to  fl~, t hen  the re  exists gz(fl) such t h a t  

(6.10) 

~g 

Lira 
v,  

• | A  _ d v ~  ~-.~lnn K%g~(v(~/2~ /2 re)L) dv  : 
J 

vl  
~a 

= (2Jr%,(#))-½fexp [-- v~/2Z,(//)] dv 

for all v~, v2 e ( - - c o ,  co) and 

The  results (6.6) and (6.10) confirm the  conjectures made  in Sect. 2 about  the  

long-order correlations. 

7 .  - T h e  c a s e  ~ > 3 a n d  t h e  e - e x p a n s i o n .  

In  this Section we consider the  case ~- < ~ < 2 where a crit ical point  still 
exists bu t  the  <~ Gaussian case ~> has no longer the  desired s t ructure  since the  
l inear approximat ion  t o / ~  around this point  possesses two or more  eigenvalues 
larger t han  one. We want  to give heurist ic arguments  tha t  a t  the  point  ~ ~ 
a new set of fixed points branches off f rom the  Gaussian fixed point  and tha t  the  
l inear approximat ion  t o / ~  a t  these points seems to  have on some na tura l  domain  
(for ~ > ~) a single eigenvalue larger t han  one. This eigenvalue gives rise, as 

we will see, to a (~ nonclassical *> behaviour.  
I n  our  a rgument  we take  ~ l~rger t han  ~ only b y  ~ slight amoun t  of order  s 

and expand the  fixed-point equations in ~; for convenience we shall in fact  
define e ~ 2 5 4 -  1. The procedure tha t  we follow is a simple example of the  
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so-called ~-expansion which has been used to  calculate in the  context  of the  
renormal izat ion group the  deviations f rom the  classical exponents  for a dimen- 
sionali ty smaller t han  4 ( e ~  4 - - d  in this case [11, 14]). The  same method  
has been employed also to  calculate, as in the  present  case, the  deviat ion f rom 
the  classical exponents  for interact ions falling off fas ter  t han  r -~ in ordinary 

Ising models [15, 16]. 
Le t  us consider a dis tr ibut ion z~(x), ~nalytic in x near  x ~ 0 and of the  form 

(7.1) 7ts(x ) - -  exp [(-- no-I- r ) x  ~ - -  bx ~] ~ O(ea) , 

and falling exponent ia l ly  fast  a t  infinity, which is a fixed point  for the  renor- 
malizat ion group. This equat ion determines  r and  b up to second order in s~ 
the  value of ao is t h a t  corresponding to the  Gaussian fixed point.  We shall 
assume tha t  r and b have asympto t ic  expansions in ~ near  s = 0. A direct  
calculation yields then  

(7.2) 

where 

J~og~(x) _~ exp [(-- ao ~- r ' ) x  ~ -  b' x 4] -I- 0(~8) , 

6~2b (1_~ 2r 6b ) 
(7.3) r ' = 2 $ ~ r  C ~ 2 a o  C-[-2ao (C -~- 2ao) 2 ' 

36~b  ~ 
(7.4) b ' :  2$'b 

(C ÷ 2no) ~ ' 

and 2 ~  1 ~ -e  (i.e. ~ slightly larger t han  ~). 
F r om these equations one can heurist ically derive the  first-order t e rm  of 

the  asympto t ic  expansion of r and b; consider (7.3) and (7.4) as mappings 
of the  plane into itself and  see whether  f ixed-point  solutions can be obtained.  
An obvious solution is of course r * =  b * :  0, which is the  Gaussian fixed point.  
We have,  however,  a l ready noticed tha t  this fixed point  does not  have the  de- 
sired s t ruc ture  for the  descript ion of ordinary  critical points in case ~ ~ ~. 
A new type  of fixed point  can also be found and is given b y  

(7.5) and 

C-~ 2no 
r*(~) - -  6(2 -- yr2) e -~ "'" 

b*(e) - -  18 e -~ . . . .  

Consider now the  l inear approx imant  to /~ around this fixed point  ~* in 
the  space 8K of distr ibutions given by  

(7.6) z(x) • ~*(x)(1 ~- ~(x)) ,  
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where ~(x) is bounded at  infinity and analyt ic  near zero 

(7.7) ~t)(X) ---- ~ 1 X 2 +  (~2X4 + ~3X6~  - . . . .  

To proceed one has to make the  addit ional  assumption tha t  the  space ~K is 
invariant  u n d e r / ~ .  Then the action o f / ~  on ~ results in replacing ~ by 5', 
for n =  1, 2, ...; a s traightforward calculation yields the  following result for 
the  linearized expressions for d'.: 

(7.8) 

( 1 ) (  ( 7)) 2 
) + y ~ e (¢ + 2ao)~ + "'" + O(e~), 

~ = (1 -- ~) c~ 2 -- 15(1 -}- s) O @ 2a----~ + "'" + 0(s~) ' 

3e) c~+ + 0 ( ~  ~) ~ = 2 -} (1 -~- ~ ... etc. 

The linear t ransformat ion defined by  (7.8) has a tr iangula r form, its eigen- 
values are simply the diagonal elements. When e is positive and small there is 
a single eigenvalue larger t han  one with the value 

(7.9) 

According to formula (5.28) this value of 21 corresponds to a value of ~ given by  

(7.10) 
(a - -  1 )  I n  2 

r = l n ( V ~ + _ ~ V ~ e  ) + O(e ~) . 

The value of e can be expressed as e =  3 +  e/2 ln2 ,  consequently one has 

(7.11) 
E 

= 1 + g i ~  + o(~) .  

This value agrees with the value obtained in [16] for long-range L i n g  models. 
(Notice t ha t  the  definition of s in this reference differs by  a factor 1/ln 2 from 
the present definition.) 

The value of ~ remains classical as long as a fixed point with a finite second 
moment  is reached. 

We note tha t  the  above evaluations m a y  be relevant only for models {H, zl} 
for which one can check that ,  for fi close enough to rio and for some Lo, ~°)  is 
close to ~* in the  sense tha t  it  can be expressed by  (7.6) within the space 8K 
and (~ small ,> (in the sense tha t  all the coefficients ~ should be small). Such 
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a p rope r ty  is, of course, ve ry  difficult to check in any  par t icular  model:  we 
have a l ready seen what  k ind of results the  analogous problem gives rise to in 
the  case of the  Gaussian fixed point  (see Sect. 6). 

For  some problems it  might  even tu rn  out t ha t  the  fixed point  re levant  
to the  critical behaviour  is the  above s* bu t  the  deviations ~ have to be allowed 
to va r y  in a different space: the  spectrum might  then  be different. One m ay  
be helped in this search for the  r ight  space by  a priori considerations based 

on propert ies  which are conserved under  the  action o f / ~  (see Sect. 9). 

8 .  - S u r f a c e  t e r m s .  

In  this Section we s tudy  the  influence of models with addit ional  interactions,  
which can be in te rpre ted  as surface terms,  on the  long-order and short-order 
correlations. We consider a more general hierarchical  model  defined by  

(8.1) 
2/,_ ~ 

~ ( D ,  B;  ~, . . . ,  ~ )  = --  D ~-~" ~ M~,,_~,~_~ M~,~_~--  
~=1 m=l 

.L 2 L -  p 

--BZ~-°,2 M~,. 
~=1 m=l 

Up to now we only considered the case B----0, which was int roduced by  
D ¥ s o ~  [2]. When  we take  B ~- -- ~D the  model  is t ha t  s tudied b y  BAKER [3]. 
The value D ~ 0 leads to another  model  studied b y  D ¥ so ~  [1]. 

There is a close connect ion between the  model  (8.1) and the  model tha t  
we studied so far.  A direct  calculation shows 

(8.~ o) 

with 

H~(D, B) ~ HL(b, 0) 

(8.3) b = D ÷ 2 B / (1  - -  ~ -~ ) .  

We res t r ic t  our a t t en t ion  to cases where B > -  ½ ( 1 -  2-~)D, so tha t  D > 0. 

Consider now the  model  defined by  the  couple {HL(D , B); so} and compare  
it  wi th  the  model  defined by  the couple (Hz(D , 0); ~0} with 

(8.4) ~0(v) N exp [2-~B~B 1 v~] s0(v) ; 

i t  turns  out  then  t ha t  the  difference between the  two models is given b y  the  
last t e rm  of (8.2). The contr ibut ion to the  energy of this t e rm  per spin is of 
the  order 2(~-~)z~ and vanishes for I - +  co, at  least if So has compact  support .  
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I n  this  case th is  t e r m  will therefore  be  in te rp re ted  as a surface te rm.  The 
quest ion %hat we ask  is to  wh~t ex ten t  this  surface t e r m  influences the  long- 
order  and  short-order  correlations and  the  crit ical propert ies .  

A direct  consequence of the  re la t ion (8.2) is t h a t  the  renormal iza t ion  group 

opera to r  K~. B belonging to the  models  defined above  can be expressed as 

[_B ] (8.5) K..~o:~(v) = exp ~ v~ .Ko~(v) , 

where  K is the  in tegra l  opera tor  used so far  (with D ----/)) and  ~ is g iven b y  (8.4). 

I t e r a t i o n  of this fo rmula  yields 

(8.6) K~,.o~(v)---=exp[~----Blv~]KRo:~(v). 

So we immed ia t e ly  see t h a t  the  long-order correlations do depend on the  pres- 
ence of surface te rms .  (We shall discuss this poin t  in more  detai l  ls ter .)  This 

dependence  on the  surface ~erms of the  long-order correlst ions should eout ras t  
the  expec ted  surface t e r m  independence of the  short-order  correlations. This 

is, of course, h~rder  to check;  in the  c~se the  model  is assumed to  have  a Gaussian 
fixed poin t  i t  is possible to see heuris t ical ly  t h a t  a t  least  the  shor t - long-order  

p a r a m e t e r  is independent  of the  surface t e rms  for B > -  ¢XD. 
To s tudy  the  shor t -order  behav iour  we consider again  the  quan t i ty  

TIR 0 \D,B (8.7) 9,-~R~IV/~ ~ lira <v2; ~ . ~  ~o?L , 
- -  \ ~ ' ~ l , R /  co L . . . ~ c o  

where  we use the  no ta t ion  of Sect. 5. 

to the  Gaussian fixed point .  

B y  (8.6) one has 

(8.8) h m  K;,.o:%(v ..o7~0(v) 
R---> a)  

Suppose t h a t  K%~o tends  (for R -+ cx~) 

[- ] dv __~ exp 2~ v ~ • 7~(v) . 

Le t  us for the m o m e n t  in terchange l imits  and  inser t  this  l imit  in (8.7). Wi th  

the  same  m e t h o d  as used in Sect. 5 and  employing again  (8.6) we find 

lira 2-~'~/M~ \~,B--_ lira/--2-L--8 [ln rexp [ ~v~-]K%Tl,(v)dv 
,, 1,R/~ ~--,~ 8r ..J [ 2 

where 

~,(v) -~ exp [--(a -F r) v ~] 

and  

½B 
D + (2 ~-~- 1)(1 (8.9) a - -  2a_1_~  2 ~ - 1 -  1 - -  2-a) " 
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A direct  calculation yields 

(s . io)  
R-i ! q(a-2)~ 

l im 2-~R< > 2  ~.n~ = l im ~ ~ ~ - - - -  + 

+ l im 2 (~-~)~ ~v2 exp [-- v2(iD + B)/(2 ~ - ~ -  1)] dv 
.--~ Iexp  [-- v~(~D + B)/(2 ~ - ~ -  1)] dv " 

The first t e rm  in (8.10) is identical  to the  result  obta ined in Sect. 6, whereas the 
second t e r m  vanishes f o r / ~  --~ c~. I n  this heurist ic consideration therefore the  
surface t e rm  does not  appear  to have an influence on the  shor~-long-order 
behaviour .  Note  however  tha t  the second t e rm  in (8.10) vanishes provided 
B>--~D. In  the  case B<--~D the  interchange of the  l imits is clearly a 
more  delicate mat te r .  

A possible way of dealing rigorously with this problem might  be to t r y  
to write recursion formulae  for the  short-order  correlation functions.  These 
functions,  however,  do not  obey simple recursion formulae as the long-order 
correlat ion functions do, ~nd one has to in t roduce a more complicated scheme. 

Consider a sys tem of 2 L spins and Hami l ton ian  (8.1) and define 

( s . i i )  _% = ( %  ..., ~ ) ,  
! 

_ ~ =  (0, O, ..., %~+~, ..., a2~). 

Define fur ther  

(8.12) 

2 L 

M t _ 

Z--B 

U~ = D ~ 2 -~(~+" M~.~+~, 

and observe that 

(8.i3) 

MI.~ U~ + ~ r2-~+1 ~ ~ '  (2 - ~ -  2 -~ )  M ~ . - ~ ~,~ 1.~ ~,~1.~ ÷ LB} 

Therefore if 

(8.1~) W(2(U, M')dUdM'= {probabil i ty with respect  to the  Gibbs dis- 
t r ibu t ion  of {H(D, B); ~o}, condit ioned to al . . . . .  a~---- 0, t h a t  

the  variables Uz and M'I. ~ E (U, U + dU) × (M', M ' +  dM')}, 
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we find 

(8.15) 

(8.16) 
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,-~ (R>t M [ B (2-=L_2-=~)M2 ] .  

• fw~z)(U, M')exp[MU 2~_12B (2_~,Z)M,M] 

I f  we introduce rescaled variables 

and define 

(8.17) 

then  we obtain  

(8.18) 

u = 2 (~/')" U = 15 ~ 2-(~t~)~(2 -(~i~)('+~ M~..+~),  

V = 2 -(~I~)R M 

~)i = 2-(al~lZ .M/ 

W(~)(u, v') ~ W(p(2 -("/~)" U, 2 (~/~)~ M') ,  

d U d M ' .  

Z(~L~(V) ~__ 7~R)(v) exP [2~B--I (1-- 2~(~-Z~) V~] • 

2B (2(~n)(~_z)) vv, ] "fw~'(u,v')exp[uv ' 2~ 1 

When  we employ the relation (8.6) we obtain 

du d r ' .  

(8.19) 
[ B2~(~-L~ ~,1 

• fw(~z)(u, v') exp[uv '  2B2(~m(R-Z) vv'J d~ dv' 

The factor  in front  of the  integral, in the  limit L - ~  c~, no longer depends 
on the  surface terms.  One would like to obtain enough information about  the 
probabi l i ty  W to see whether  the  second factor  shares this property.  This 
is not  a hopeless problem since W ~z) satisfies a recursion relation tha t  we want  
to derive now. 

Consider ~ sys tem of size 2 ~+1 and observe tha t  

(8 .20 )  
II ! Hz+I(D , B; ~_'z+~) = HL(D, B; ~_z+l) + Hz(D, B; ~) - -  
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where ~z+~ ~ {%~+~, ..., (%~+,}. Hence it follows that 

(8.21) ~ + ' ( u ,  v') = exp [(/~2~ ÷ D~)~'2]- 

f - - ( b ( ~ ¢ + y )  ) 
• W(~ ~) u 2~/~)(z_~) ~ ~v'--  y exp [-- Dy~]~r(z~)(~v'+ y) dy .  

The above recursion formulae seem quite natural ,  bu t  so far it has not  been 

possible to really employ them and the invest igation of the short-order cor- 

re]ations remains an open problem. 

We now come back to a discussion of the  long-range correlations. Consider 

again eq. (8.6) for 1 < ~ < ~- and suppose tha t  J ~ o ~  tends to the Gaussian 

fixed point.  Let  us proceed heurist ically and assume tha t  for some Ro one 

arrives at a form 

(8.22) normal izat ion exp [-- av 2 --I- rv ~ -- by 4] -~ O(r~ b 3) , 

where a has the value a = }/9/(2 ~ -- 1) corresponding to the  Gaussian fixed 

point  ~nd r and b are bo th  small. B y  the  same method  as used in the s-ex- 

pansion one obtains for/~°+~o~ a similar form with parameters  r, and b~ given by  

b,=  (2~)~, ,  ~ ~ - - ~  ~ > o ,  

and 

(8.23) r~ = (2~2)~[r-- @~], @z ~ @~ ~- @' ~ .  

I n  this approximat ion  the  system is critical when we set r = @~ since then 
bo th  b~ and  rz tend  to zero. F r o m  (8.6) we conclude tha t  

(8.24) /~;+~ozo(v) = 1 [ B - } - ½ D  2 ] 
normalization exp ~J'-~1--1 v -t- (2$4)~(e'v ~-  fi~v4) . 

I n  case B > -- } D one obtains in the  limit 1 -+ oo a l imiting funct ion with 

a finite width. This implies t ha t  in this case the long-long range the critical 

exponent  ~ is not  affected by  the surface terms,  the corresponding amplitudes 

however do change with the surface terms. The conclusions tha t  we obtain 

here in a heuristic way  are made rigorous in [5], BLE~E~ and SI~AII prove 

indeed the  convergence, under  the repeated act ion of .~.~,  B > - - ¼ D ,  of 

initial distributions satisfying the conditions of Theorem 1, towards the Gaussian 

fixed point. Their bounds on the sequence of distr ibution functions are quite 
similar to those assumed in (8.24). 

The next  case to consider is B = -- ¼D. I n  order to obtain a l imiting func- 
t ion with finite width one has to rescale the  variable v to 

(8.25) v '=  (2t~)~v = (2-~)~M. 
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I f  one neglects the  fact  t h a t  (8.24) is, in fact,  an approximat ion  valid for small v 
and takes i t  l i teral ly  also for large v, t hen  one finds in this scale 

1 
(8.26) (~°+~> ' - " =  ~.+,~.'/'t" J normal iza t ion  exp [-- fl~v ~ -1- (259'I~@'v~], 

which for I ->  oo seems to t end  to  a dis tr ibut ion with a finite width Z. The 
change of scale implies t h a t  t he  exponent  ~ has now a different value, namely  

----~-. This result  was obta ined along similar lines in [17]. 
I n  this (and the  next)  case a rigorous proof is still lacking. The results of 

BLEHEI~ and  SI~AII [18] provide,  however,  for v large enough the  es t imate  

(8.27) o <,~(~:~"(v)/~(2)(v) < exp [ -  ~(2~)' vq. 

The only rigorous conclusion therefore  is t ha t  the  rescaling factor  chosen in 
(8.25) is at  least  a lower bound for the  t rue  scaling factor. 

The last  case is B < -- ~D;  again a different scale has to be used, namely  

(8.28) V ' =  (2½~2)~V = 2 {~/~-a/2)~ M .  

One obtains then,  again heurist ically 

(8.29) (R,+~) ,_,, Jg,Bo+Z,2ala-°4t=~, "U ) : 

where 

1 
normal iza t ion exp [(2~')-~(Azv ~ --  ~,vd)], 

A ~ =  ¼ D - - B  
2 ~-~-1 g(2¢~),. 

In  the  l imit  1-+ oo one obtains a dis tr ibut ion o£ finite width  ( 5  0) con- 
sisting of two delta-function located symmetr ica l ly  with respect  to and at  
a finite distance f rom the  origin. The new value of ~ which is implied in this 

case is U = ~ .  

9.  - C o n s e r v a t i o n  l a w s .  

We conclude this paper  with a few rigorous remarks  which might  be re levant  
in the  s tudy  of the  renormMizat ion group equat ion for the  hierarchical  model.  
As we have seen in Sect. 7 informat ion tha t  can a priori  exclude certain ansatz 

for the  fixed-point  x (=) and l inear space ~K can be v e ry  useful since t h ey  m a y  
give some informat ion about  the  spect rum of T. I t  is in this context  t ha t  we 
point  out  the  following (( conservat ion laws >> which are most  easily formula ted  
in t e rms  of the  renormal izat ion group operator  ~ _ ~  in t roduced by  BAKEB. 
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l~rom the  definition (8.5) one easily finds the  explicit  form 

(9.1) /~v_~Do~r(v), ---- normalizationl f:~(~v ~ y)z(~v -- y) exp [-- D2 -~ y2] d y .  

Le t  us assume tha t  K~._~o~ o tends  weakly to a fixed point  ~(~, i.e. 

v~ v z 

(0.2) l im f/~_i~OZro(V)dv =f~<~'(v)dv 
L--~ co J " 

for all v~, v2. We can then  formula te  the  following conservat ion laws: 

i) Conservation of the  <~ bells ~>: if ~ro(V) is a piecewise smooth even func- 
t ion  which is monotonic  for v>O (i.e. if ~r0 is << bell shaped ~>), then  this prop- 
e r ty  is shared by  K~_~o~ o. The l imit  ~(~) is then  also bell shaped (but no 
longer necessarily piecewise smooth).  

if) Conservation of the  Fourier  type ;  if x0 is a posit ive normalized measnre 
with positive Fourier transform, then K~_~o~ o is of the same type. If ~r (~°) 
is also normMizable, then  ~r ~¢°) is ~lso of posit ive Fo~rier  type.  

iii) Conservation of the  Griffiths' t ype ;  we recall  f rom Sect. 3 tha t  ~o 
is said to be of Griffiths' t ype  if e i ther  

(9.3) z0(v) ~ ~exp[J~J¢.jt~t¢]~(N-~t~--v) 
t~,. . . , t~v i,~ i = i  

with Jc¢>~O, or ~o is a weak l imit  of distr ibutions ~ ,  satisfying (9.3) such t h a t  
there  exist  a C > 0 and s > 0 with 

(9.4) ~,(v) < e x p  [-- evil .  

The condition (9.4) is an adapta t ion  of (3.6) to Baker ' s  formulat ion of the  
hierarchical  model. The p rope r ty  of being of Griffiths ~ type  is conserved under  
the  action of/~.-~D provided D is such tha t  for all i, j 

(9.5) O<D2-'~N-2a<4J¢~( 1 ~ )  • - -  

in the  case tha t  s0 is obta ined f rom a sequence this relat ion should hold t e rm  
by  term.  ~o t i ce  t ha t  the  condit ion (9.5) is em p ty  in the  case of a so of the  

. A 

Ising type.  The fixed point  sc~  is also of Griffi~hs' type  provided thatK~_~so~r o 
satisfies the bound (9.4). 

One could have s ta r ted  the discussion of the  conservat ion laws also in the  
context  of another  version of the  hierarchical  model, tha t  of DYso~ [1], leading 
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A 
to the renorm~lization operator Ko. n. In  tha t  c~se Griffiths' type  is conserved 

wi thout  ~n extra condition of the type  (9.5). 

The conservution luws i) and ii) nre then no longer v~lid bu t  hold modulo 

G~ussi~n f~ctor. 

A proof of the ubove s ta tements  cun be found in [19]. 

The fixed point  which ~rises in the e-expansion (for ~ > ~-) is neither bell 

shaped nor of positive Fourier  type ;  we can then use the conservation l~ws i) 

~nd ii) to conclude tha t  the ubove nontrivi~l fixed point  discussed in Sect. 7 

c~nnot become relevant  for ~ critical point  of ~ model  with ~ ~o which is either 

bell shaped or of positive Fourier  type.  This le~ds to the conjecture thut  models 

of this type  might  be ~ssoci~ted with the Guussi~n fixed point  even for ~ ~ ~ (*). 

Of course ~lso other, nontrivial~ fixed points  might  become relevant  in these 

cg~ses. 
The nontriviul  fixed point  found in the e-expansion is compatible with 

Griffiths' type  ~(o), hence it is possible to encounter  it in the theory  of bhe Ising- 

hierarchical model. 

(*) The domain of T should exclude ~he eigenfuncticn Ha; in such a ease fhe critical 
poin~ will remain classical even tor ~ .  The G~ussian model [20] is an example. 
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