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Abstract. We study, in the context of the Markov hyerarchical fields (d=2, 3)
the role of the Markov property, of formal renormalization and of formal
positivity. We determine upper and lower bounds for the ground state energy
and discuss their relation with the perturbation theory series.

Introduction and Motivation

The basic property which allows to prove the rigorous validity of the perturbation
expansion in euclidean field theory of ¢* type in d=2, 3 space-time dimensions, is
the “ultraviolet stability”. The ultraviolet stability is the existence of a lower bound
to the minimum of the spectrum of the renormalized Hamiltonian. In this paper
we propose a model and a method of analysis which allows, in our opinion, to
clarify the statistical mechanical aspects of the ultraviolet stability theorem. To
motivate this model, and to illustrate the reasons which make it essentially as
difficult as the euclidean field theory, we proceed as follows.

The euclidean field on R? is a gaussian field with covariance
C=(1-D)* 1)
where D is the Laplace operator on R%. The ultraviolet divergences, originate from

the divergence of the kernel C, , of the operator C, as operator on L,(R?), as
|€—n]—0, if d=2. This remark leads to the idea [1], of representing C as

C= ¥ [@¥—D) '@ v—D)1] @
N=0

and, correspondingly, the field ¢ as,

b= ) o 3)
N=0
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where @™ are independent fields (with respect to the integers index N). If d=2, 3,
@™ has a bounded covariance :

E(@ENH) =272, y<oo )

and it can be normalized by setting:
5™
M _ Pe

Z¢ (2926@-2N)I72 (5)

It is easy to check that the field Z{" is almost constant on a scale 27~ and that its
covariance decays exponentially fast on this same scale. We can imagine to
construct a good model of the above field ¢ admitting a representation of the type
Equations (3) and (5), where the random variables z{" have the following
properties:

i) they are “constant” over squares with scale 277

ii) they decay exponentially fast on a scale 2%

A precise definition of such a field, is given in the next section and will be called
a Markov hierarchical field. Using this field as a “free field”, we shall then study
the ¢p*-interacting field. This problem, as it will turn out, presents exactly the same
difficulties and divergences as the euclidean field presents.

1. The Model: Definitions and Notations

The free hierarchical Markov field over R? is described in terms of a family of
gaussian random variables indexed by the tesserac of a family (Q, ), o of
compatible pavements of R?. Each tesserae 4€Q; is a cube with side size 27!
i=0,1.... The random variable associated to A will be denoted by z, and the
variables 24, A€ Q;, 24, A’€Q; are assumed independent if i#j. Given i=0, the
distribution of the z,’s for 4eQ,; is described by a gaussian Ising model with
nearest neighbour interaction with formal density proportional to

exp—g ZN* (zg—z4)+0* Y 25 (1.1)

4,4°¢Q, 4Q;
where ) * runs over the pairs of nearest neighbour tesserae 4, 4’€Q, and f, a are

positive parameters fixed so that the expectation of z% is % ; o, f are fixed once for
all.

The free hierarchical Markov field with ultraviolet cut-off of length 27V is
defined as the gaussian field over R?:

N
PEM= 3 ¥ 2z (1.2)
k=0 AeQs
Eed
where

po=200"2k  k=0,1 (1.3)

PEEEE
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We define the normalized field with cut-off 2=V

[=N]
x(AN): P

—, ({edeQy (1.4)
|/2§i’yi

which obeys the recursion relation

i Zat VX Lyxa ™" (1.5)
/14Ty '

where

N—1
I'y= Zk )’k/?’N"

We shall denote é ~(+) the expectation with respect to the probability distribution
P, of the field (z,) seox- We shall define

= (1.6)
i=0
The “interaction” is defined for d=2,3 as

Vil = =4[ :(EM* e, 2>0 (1.7)
I
where I is a bounded set exactly paved by Q,,

H(QEM) (‘/ 2y, y) H,/(x,), fedeQy (1.8)

and H, is the n-th Hermite polynomial (H,(x)=1, H,(x)=x, H,(x)=x*—1/2,
H ,(x)=x*—3x?+3/4). The “renormalized interaction to order 3”, will be defined

V=V g Ry 7 0= 57 R (19)
where
=5 4731 (1 dednC (ol (110
1<V<N>2>(0)—A—4!IJ“ J deanCizMy® (-1

3
1 V0N1)3>(0) /1 () (21)3 “‘I déd,,]dC(C[<N])Z(C[<N])2(C£§§N])2 (1'12)

31 IXIXI
and

CEM= [ =Ml NP (dz). (1.13)
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The “ultraviolet problem” that we study in this paper, is the following: to prove
the existence of E_ (1), E_(4), such that, VI, N (]I] is the volume of I):

i) exp[—E_(AI1= fexp V" Py(dz) Sexp[E  (AII]] (1.14)

ii) lim E,(4)/A*=0. (1.15)
-0

The technique we use would allow to treat more general problems and does not
distinguish the cases d=2 and d=3 (see §6).

The results i), ii) are obtained in this paper by using a technique which is
completely different from the one used in [2] and seems to simplify the classic
approach, {1, 3] to perturbation theory, at least for the class of models considered
here. In this paper we also give a complete derivation of an estimate for E , along
the lines which were only summarily sketched in [2].

2. E_(4): Structure of the Bound

The estimate for E_(4) will be obtained by studying and bounding
[exp ¥ MPy(d2) @.1)

where ¥V is a suitably chosen characteristic function. To describe ¥ and the
other characteristic functions which will appear in the following, we shall adopt
- the convection that y (“something”) is the characteristic function of the events for
which the “something” is verified. We introduce the sequence

B,=B(1+k)*log (e + %) (2.2)

where B>0 will be chosen later, and if 4eQ,
Xa=x(xP|<B[1+2"d(4,1)]) (23)

where d(4, 1) is the distance between the sets 4 and I.
We than define

N
1®=T1 TI 4 24)

i=0 AeQ;

of course the sequence B, has been chosen so that there exists a function e(4) such
that (see Appendix A)

D) A VPy(dz) zexp{—e(AI]} (2.5)
i) lim2A *e()=0, k=0,1,.... (2.6)
A0

To describe the inductive procedure to find an expression for E_(1) we need few
more definitions.
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The first is the definition of “cumulants” (or truncated expectations) of a family
of random variables x, ... x, with respect to the probability measure P:

ak1+ . tks

T, . _
ET(xpy s Xgi kyy o k)= 205 o0 logfepoIGLxldP():O,
= 2.7)
k,=0,1,... .
which makes sense in an obvious way if | [x,'P(dx) < 00, [=0,1,...;i=1,2,.... The

second definition gives a meaning to the symbol [p(4)], for any polynomial p(4): if

p(l)= Y, eA* we denote:

k=0

t

[P()v)](z) Zk ek . (2.3)

Finally we define the symbols I~/I("’ inductively for h=N, N—1,...,1,0, —1:

T — p®
ro 2.9)

~ - ~ 1. “
VN =18y () + zc’?g—kﬂ(VI(N—kﬂ);Z)

1 - N—
g B (TP
: (3)

It is not difficult to realize that ¥{~ " =0. The bound is obtained recursively by
proving that there exists G, g, ¢, ¢” such that

[ 1™ exp (V) Py(dz)=y*~ Dexp(V*~)
-exp {tGe(k, A)|1[} (2.10)
where
olk, 1) =[ke2™ @7 D jee 2 ]~ 120 2.11)

where 7 is some function which takes values on [—1, +1].

It will turn out from the proof that in (2.11) 4—1/2 can be changed in 4—¢
provided G is accordingly changed in some G,.

The above (2.10) implies that one can take

E_(j,) — G(Aeg’/l‘?")4-— 1/2 Zk [kgz—(ét-—d)k]él-— 1/29dk . (212)
0

The proof of (2.10) will be given in §5.

3.E,(%)

In this section we remove the field cut-off making explicit use of the positivity of
H ,(x) for large values of x.

The basic idea is to represent the integral as a sum of integrals in each of which
the regions where the fields x™, x¥ 1) are small, are specified. We then treat the



