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Matematica. – Zeta functions and basic sets. Nota di Giovanni Gallavotti, pre-

sented(∗) by the Member B. Segre.Summary. - We give an example of a smooth flow with a basic set whose zeta-function is not

meromorphic.

§1. Introdu
tion
Zeta functions considered here are functions of one complex variable arising from the problem

of studying the distribution of the periods of the periodic orbits generated on a manifold M by

the action of groups of maps homomorphic to R or N (the continuous and discrete, respectively,

cases).

The functions describe the distribution of the periodic orbits periods in the same sense in which

the Riemann zeta function describes the distribution of the logarithms of the prime numbers.

In the case in which the group of maps is a group of diffeomorphisms of a Riemannian manifold

homomorphic to N and, furthermore, the group satisfies the Axiom A (Cf. Appendix 2), it can be

shown that the associated zeta function is meromorphic.

Our purpose here is to show, by providing an example, that such property does not extend, in

general, to the case of a group of maps which, although satisfying the axiom A, is homomorphic

to R.

Since we propose an example this work is of a very technical nature and we shall suppose that the reader is

already familiar with the problem and ts interest (see for this purpose the paper [1], Chap. I, §1,2,3 and Chap. II,

§1)

§2. Formulation of the problem
In studying general properties of periodic orbits with respect to groups of diffeomorphisms homomorphic to N or

R the analysis of the properties of the “zeta functions” associated with them, [1].

Let M be a compact Riemannian manifold and let St : M←→M, t ∈ R be a Cr-flow (1 ≤ r ≤ ∞), on M (which,

obviously will be assumed to be of class Cr at least).

Suppose that the set Ω of the “non wandering points”, [1], contains a “basic set” Λ, i.e. a closed, St-invariant

∀t ∈ R set such that

(∗) Nella seduta del 13 novembre 1976. English translation, unpublished, by the Author.
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(i) Λ does not contain fixed points for St and all t ∈ R, and it is a hyperbolic set for the flow;

(ii) periodic orbits contained in Λ are dense in Λ;

(iii) Λ contains a dense orbit;

(iv) There is an open set U ⊃ Λ such that Λ = ∩t∈RStU .

We shall associate with each periodic orbit γ ⊂ Λ its period T (γ). The set of the periodic orbits

of the flow will be denoted op(St)t∈R.

If Λ is a basic set the zeta function for the restriction of the flow to Λ is defined by the infinite

product

(∗) ζ(s) =
∏

γ∈op(St)t∈R
γ⊂Λ

(1− e−sT (γ))−1

which can be shown to be convergent for Re (s) large enough, [1,3].

There exist flows whose basic sets have a meromorphic zeta function (i.e. (∗) admits a meromor-

phic extension to C), [3].

The just given definitions can be given, by natural analogy, also in the case in which the group

(St)t∈R is replaced by a group (Sn)n∈N homomorphic to the group of the integers. The extensions

are obvious, [1], except that in defining basic sets the condition of absence of fixed points is dropped.

Thus, for instance, if Λ ⊂M is a basic set for the group (Sn)n∈N of diffeomorphisms of M , let

(∗∗) ζ(s) =
∏

γ∈op(n)n∈N
γ⊂Λ

(1 − e−sT (γ))−1

where now T (γ) is an integer; it is possible to prove that the infinite product (∗∗) converges for

Re (s) large enough, [3].

It is proved that the zeta function associated with a basic set of a group (Sn)n∈N is always a

meromorphic function, [4,3].

The main result of the present work is the construction of a C
r–flow with a basic set whose zeta

function is not meromorphic (1 ≤ r < ∞). Such example can be used to construct a C
r–flow

satisfying the axiom A and whose zeta function cannot be extended to a function meromorphic on

C: see the final remark in appendix 2 below.

In the following we shall use the following observation: in general one can try to define, via (∗)

and (∗∗), the zeta function associated with a group of maps, homomorphic to R or N, of an abstract

space K into itself and with a set, invariant with respect to the group action, L ⊂ K however the

convergence abscissa for the infinite product will, very often, be infinite. In the following, when

considering zeta functions associated with invariant sets, we shall always suppose, whenever this

is not implied by the assumptions, that the considered infinite product converges for Re (s) large

enough.

§3. Generalized zeta fun
tions
In the construction of our example it is useful to consider a generalization of (∗∗), [3,5].

Let (Sn)n∈N be a group of maps of a space M homomorphic to N; let 4Λ be an invariant set

under the action of the group. Let op(Sn)n∈N be the set of the periodic orbits γ and let T (γ) be

the period of γ. Let f : M → R be a function defined on M ; define the “F–weighted period” of

γ ∈ op(Sn)n∈N as

Tf (γ) =

T (γ)∑

j=0

f(Sjx)
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where x is an arbitrary point of γ.

The zeta function with weight f relative to the set Λ and to the given group of maps of M is

defined by

ζ(s, f) =
∏

γ∈op(Sn)n∈N

(1− e−sTf (γ))−1

It is useful, for an alternative expression of zeta, to introduce the set õp(Sn)n∈N of the pairs

γ̃ = (γ, k) where γ ∈ op(Sn)n∈N and k = 1, 2, 3, . . . ∈ N
+. This is the set of the “periodic orbits

with period which is not necessarily minimal.” We shall set

T (γ̃) = T (γ, k) = kT (γ); Tf(γ̃) = tf (γ, k) = kTf(γ)

and γ̃ ⊂ Λ if γ̃ = (γ, k), γ ⊂ Λ

Simple combinatorial considerations show that

ζ(s, f) = exp
∑

γ̃∈õp(Sn)n∈N

e−s Tf (̃γ).

The interest of the above further generalizations of the zeta functions resides in the following easy

Lemma, [5]:Lemma. Let M be a space on which acts a group (Sn)n∈N of maps leaving a set Λ ⊂M invariant.

Let f : M → R be a positive function on M . Let (St)t∈R be the “special flow” (see appendix (2)

built upon Λ by a “ceiling function” f and the given group of maps.

Let ζ(s) be the zeta function associated with the special flow and let ζ(s, f) the zeta function

associated with set Λ and the group (Sn)n∈N; then ζ(s) = ζ(s, f) if Re (s) is large provided the

infinite products defining ζ(s) and ζ(s, f) converge for Re (s) large enough.

The Lemma will be used together with the following theorem, [2]:Theorem. Let S be the translation by one unit to the right on the space K of the bilateral

sequences of symbols 0 or 1 and let f be a Hölder continuous positive function on K.1

The special flow on K, defined by S and f , can be immersed as a basic set in a Cr–flow, 1 ≤ r <∞,

on a finite dimensional, compact Riemannian manifold.

By the above two results the construction of our example can proceed via the construction of a

non negative Hölder continuous function on K with a generalized zeta function, with respect to

the translation S cannot be extended to a meromorphic function on C.

§4 Certain H�older 
ontinuous fun
tions and their zeta fun
tion
Let K =

∏
i∈N{0, 1} = (space of the bilateral sequences of symbols 0 and 1) regarded as a

metric space with the metric

da({ξi}
+∞
i=−∞, {ηi}

+∞
i=−∞ = ap

where p = maximum k among those for which ξj = ηj if |j| ≤ k and a is a prefixed number in

(0, 1).

A function f on K is called Hölder continuous, [2], on K if there is a ∈ (0, 1) such that

supx,y∈K
|f(x)−f(y)|

da(x,y) < +∞. It is easy to construct examples of Hölder continuous functions on K;

we shall encounter interesting ones below.

1 See §4 for a definition.
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Consider the elements of K as subsets of N: a point x = {ξi}
∞
i=−∞ ∈ K will be identified with

he set X(x) = {i| i ∈ N, ξi = 1}. Let Φ be a function defined on the finite subsets of N and such

that there exists a κ > 0 for which:

(i)
∑

{0}⊂X |Φ(X)|eκ(diameterX) < +∞

(ii) Φ(X) = Φ(Y ) if X and Y are congruent

Define, on the subsets of N (finite or not) the function AΦ:

AΦ(X) =
∑

{0}⊂L⊂X

Φ(L)

|L|

where |L| = number of points in L, and the sum is over L among the finite subsets of X . By the

adopted identification between points in K and subsets of N the function AΦ can be regarded as

a function defined on K. It is easy to see that AΦ is Hölder continuous on K.

We shall consider the following special case (“Fisher’s model”, [7]):

Φ(L) = 0 unless |L| = (diameter of L) + 1

If, instead, L = (i, i + 1, . . . , i + j − 1) for some pair of integers i, j we shall set

Φ(L) = ϕj .

The model is a well known “machine” to build examples and counter-examples in the theory of

phase transitions [7,8].

Let G > 0 such that min(G + AΦ and let f = G + AΦ and, furthermore,

Wℓ = ℓ
ℓ∑

i=1

ϕi −
ℓ−1∑

i=1

iϕi+1, ℓ ∈ N
+

Φ0 =

∞∑

i=0

; Φ1 =

∞∑

i=1

iϕi.Lemma. The function ζ(s, f) is given by

ζ(s, f)−1 = (1− e−sG)(1 − e−sG−sΦ0)(1 − F (s))

where

F (s) =
e−sG+sΦ1

1− e−sG

ω∑

ℓ=1

e−ℓ s Ge−sWℓ .

The proof of this lemma is a computation which proceeds, without any conceptual difficulty,

along the lines of reference [7], see the appendix below for a concise exposition of the technique of

[7]. If (ϕj)
∞
j=1 is defined by

ϕ1 arbitrary, ϕn = xn − 2xn−1 + xn−2, n ≥ 2, where

xn = log(1 +
ℓn

n
) n ≥ 1, λ < 1, ; x0 = 0

It follows that: Wn = nΦ0 − Φ1 − log(1 + ℓn

n
).

The example is the constructed since the function

∞∑

n=1

e−(G+Φ0)m(1 +
ℓn

n
)s
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cannot be extended to a meromorphic function as it presents a non polar singularity in s0 =
log ℓ

G+Φ0
< 0. Remark also that in s = 0 there is no singularity for ζ(s, f) and, in fact, ζ(0, f) = −1.Appendix I. Proof of the lemma in Se
.4

This appendix contains a proof of the lemma in Sec.4 through via a simple adaptation of [7]. We

shall first compute, for σ ∈ C

∆(ξ) =

∞∑

p=1

1

p
ξp

∑

Spx=x

e−TAΦ
(x).

The points x ∈ K such that Spx = x can be identified, (as explained in §3) with the periodic

subsets of N with period p or, equivalently, with the subsets of set {1, 2, . . . , p} ⊂ N.

Selecting the second of the just described alternatives, we shall call a subset X ⊂ {1, 2, . . . , p} ⊂ N

a “configuration”. If we imagine to group the sites in {1, 2, . . . , p}/X , i.e. “empty sites”, into

connected groups and if, likewise, the points in x, “occupied sites”, are grouped into connected

sets it is possible to describe a configuration by a sequence of integers according to the following

six possibilities:

(I) (v1, o1, . . . , vk, ok, vk+1), oi, vi > 0 ∀ i,

and v1, . . . , vk+1 denote the numbers of empty sites in the various connected groups of sites num-

bered from left to right; k ≥ 1 and

k+1∑

i=1

vi +

k∑

i=1

oi = p.

Continuing the case by case analysis, with similar notations, the other possibilities are:

(II) (v1, o1, . . . , vk, ok), oi, vi > 0 ∀ i, k ≥ 1,

k∑

i=1

vi +

k∑

i=1

oi = p

(III) (o1, v2, . . . , , ok, vk+1), oi, vi > 1 ∀ i, k ≥ 1,

k+1∑

i=2

vi +

k∑

i=1

oi = p

(IV ) (o1, v2, . . . , vk, ok), oi, vi > 1 ∀ i, k ≥ 2,

k∑

i=2

vi +

k∑

i=1

oi = p

(V ) o1 = p

(V I) v1 = p

If X is of the type I, II, III and if x ∈ K is the point of K such that Spx = x associate with it

via the described correspondence we find

TAΦ(x) =

k∑

j=1

Woj

where

Wn = nϕ1 + (n− 1)ϕ2 + . . . + (n− n + 1)ϕn

Whereas if X is of the type (IV) it is: TAΦ(x) =
∑k−1

j=0 WOj + Wo1+ok
.

If X is of the type (V) it is: TAΦ(x) = N
∑∞

j=0 ϕj .

If X is of the type (VI), finally: TAΦ(x) = 0.

It is now easy to compute, by summation of a few geometric series, the function ξ∆′(ξ) and,

therefore, ∆(ξ). The result is that ξ∆′(ξ) can be written as:
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− ξ
d

dξ
log(1− ξ)− ξ

d

dξ
log(1− ξe−Φ0)−

− ξ
d

dξ
log(1−

ξ

1− ξ

∑

ℓ=1

ξℓe−Wℓ)

and from the latter formula the proof f the lemma follows immediately.Appendix 2. Some definitionsDefinition 1. Wandering and non-wandering points.

Let (St)t∈R (or (Sn)n∈N be a group of invertible maps defined and continuous on a topological

space M . A point x ∈M is said “wandering” if there is a vicinity U of x such that U ∩ St(U) for

all t with |t| large enough (respectively U ∩Sn(U) for all |n| large enough). It is manifest that the

set of wandering points is open, hence the set of non-wandering points is closed.Definition 2. Hyperbolicity of a set (flow case).

Let (St)t∈R be a group of invertible maps defined and continuous on a compact Riemannian

manifold. An invariant set Λ ⊂ M is “hyperbolic” if for all x ∈ Λ it is possible to decompose the

space TxM tangent to M in x as:

TxM = V (s)
x ⊕ V (i)

x ⊕ Vx

in three subspaces depending continuously on x ∈ Λ and such that

(1) dSt : V
(s)
x ←→V

(s)
Stx ; dSt : V

(i)
x ←→V

(i)
Stx ; dSt : Vx←→VStx ;

(2) There exist a, b > 0 such that:

||dSt||s ≤ ae−bt, t > 0; ||dSt||I ≤ aebt, t < 0; ||dSt||0 ≤ a, ∀t

where ||dSt||s, ||dSt||i, ||dSt||0 denote the norms of the restrictions of dSt to the spaces V
(s)
x , V

(i)
x , Vx

respectively.

(3) Dimension of Vx ≡ 1.Definition 3. Hyperbolicity of a set (discrete case).

Let (Sn)
n∈N be a group of diffeomorphisms on a compact Riemannian manifold. An invariant

set Λ ⊂ M is “hyperbolic” if for all x ∈ Λ it is possible to decompose the space TxM tangent to

M in x as:

TxM = V (s)
x ⊕ V (i)

x

in two subspaces depending continuously on x ∈ Λ and such that

(1) dSn : V
(s)
x ←→V

(s)
Stx

; dSn : V
(i)
x ←→V

(i)
Stx, ∀n ∈ N

(2) With notations similar to the one of definition 2, there exist a, b > 0 such that:

||dSn||s ≤ ae−bn, n > 0; ||dSn||i ≤ aebn, n < 0; ||dSt||0 ≤ a, ∀tDefinition 4. Axiom A (discrete case).

Let (Sn)n∈N be a group of diffeomorphisms on a compact Riemannian manifold. It will be said

the satisfy axiom A if:

(1) the set Ω of the non-wandering points is hyperbolic.
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(2) The set of periodic orbits is dense in Ω.Definition 5. Axiom A (flow case).

Let (St)t∈R be a group of diffeomorphisms on a compact Riemannian manifold. It will be said

the satisfy axiom A if:

(1) the set Ω of the non-wandering points is hyperbolic and contains a finite number of fixed

points disjoint from the remaining part of Ω.

(2) The set of periodic orbits is dense in Ω.Definition 6. Special flows.

Let (Sn)n∈N be a group of diffeomorphisms on a compact Riemannian manifold. Let f be

a strictly positive function on Λ.Consider the space Λ̃f of the pairs (x, m) with m ∈ Λ and

0 ≤ m ≤ f(x). Let Λf be the space obtained by identifying the points (x, f(x)) and (S(x), 0) of

Λ̃f , x ∈ Λ. Define a group of maps (St)t∈R of Λf as (t ≥ 0)

St(x, m) =(x, m + t) if 0 ≤ m ≤ f(x)

St(x, m) =(S(x), m + t− f(x)) if f(x) ≤ m + t ≤ f(x) + f(S(x))

St(x, m) =(S2(x), m + t− f(x)− f(S(x))) if

f(x) + f(S(x)) ≤ m + t ≤ 0 ≤ m ≤ f(x) + f(S(x)) + f(S2(x))

etc.; furthermore let St = (S−t)
−1 for t ≤ 0.

The latter group of maps of Λf is called the “special flow” built upon Λ via (Sn)n∈N and the

“ceiling function” f .

To understand the interest of the notion of basic set it is convenient to quote the following

theorem, [1]:Theorem. If (Sn)n∈N is a group of diffeomorphisms of a compact Riemannian manifold M and

(Sn)n∈N satisfies axiom A then the set Ω of non-wandering points can be decomposed in a finite

number of pairwise disjoint basic sets.

The obvious version of the statement for flows satisfying axiom A is also true, [1].Remark. The Cr-immersion theorem in §3 of a special flow built via a Hölder continuous

function upon the space of the sequences of symbols 0 and 1 on which acts the group of translations,

can be strengthened so that the image of the special flow consists, together with two more isolated

fixed points, the set of the non-wandering points of a Cr-flow on a compact Riemannian manifold.

This follows from the proof in [2] and from the considerations on the construction of the “horseshoe”

in [1].

From the latter remark we see how the example discussed in the present paper also provides an

example of a flow satisfying axiom A whose zeta function cannot be extended to a meromorphic

function.

Acknowledgements. I am indebted to D. Ruelle for suggesting and encouraging this work: I thank

him and also R. Bowen and F. Diliberto for many stimulating dicussions; in particular R. Bowen

showed me how to perform the immersion of the special flow in Cr, via his immersion theorem.

Bibliography

[1] Smale, S.: Differentiable dynamical systems, Bullettin of the American Mathematical Society,

73 , 747–818, 1967.

17/febbraio/2007; 12:54 7



[2] Bowen, R.: One-dimensional hyperbolic sets for flows, Journal of Differential Equations, 12,

173–179, 1972.

[3] Ruelle, D.: Zeta functions for expanding maps and Anosov flows, Inventiones Mathematicae,

34, 231-242, 1976.

[4] Manning, A.: Axiom A diffeomorphisms have rational zeta functions, Bullettin of the London

Mathematical Society 3, 215–220, 1971.

[5] Ruelle, D.: Generalized zeta functions for Axiom A basic sets, Bullettin of the American

Mathematical Society, 82, 153–156, 1976.

[6] Ruelle, D.: Statistical Mechanics, Benjiamin, 1969.

[7] Fisher, M.E.: Theory of condensation and the critical point, Physics–Physica–Fyzika, 3, 255–

283, 1967.

[8] Felderhof, B.U., Fisher, M.E.: Phase transitions in one-dimensional cluster-interaction fluids,

work divided into four papers: IA. Thermodynamics, IB Critical behavior, II. Simple logarithmic

model, III. Correlation functions, Annals of Physics, 58, p.176–216, 217–267, 268–280, 281–300,

1970.

17/febbraio/2007; 12:54 8


