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Abstract. An informal exposition of some recent results and conjectures.

A multidimensional Markov process (mdmp) is a dynamical system (K, m, T)
where:

K space of the sequences of symbols from a finite alphabet / = (α, fo,... z) indexed
by the elements η e Zd = lattice formed by the d-ples of integers. K is regarded
as K = TίηeZd I i.e. as a product space of copies of/; furthermore / is topologized
by the discrete topology and K by the product topology.

T is the translation group acting, in the natural way, on K: if σ e K, σ = {σξ}ξeZd

then Tησ = σ' = {σξ + η}ξeZd, if η e Zd.

m is a regular complete probability measure on K whose σ-field contains all the
open sets of K. Furthermore m has the "Markov property".

The Markov property can be easily expressed as a requirement on the con-
ditional distributions associated with finite sets A C Zd. Let σΛ = {σξ}ξeΛ

σ'= {σξ}ξeZd\Λ; then, with obvious notations, σΛvσ'eK and we can define
mΛ(σ_Λ/rf) as the conditional probability that a configuration σεK coincides
with σΛ inside A once it is known that, outside A, σ, and σ' coincide. The Markov
property is then the following [5, 17]:

mp for m-almost all σ_Λ u σ1 in K the functions mΛ(σΛ/σ') depend on σ' only through
the values σ'ξ with ξ e dA = {set of lattice points not in A but located at unit
distance from A}. Here A is an arbitrary finite subset of Zd. Furthermore,
mA(σΛ/σ') > 0 m-a.e. \/AcZd.

In the following we shall assume, for simplicity, that / is a two symbol alphabet

/={-!,+!}.
The following very interesting structure (and existence) theorem for mdmp

holds: [5,10,15,17].

Theorem. All ergodic mdmp in d-dimensίons can be obtained as follows:
i) choose d + i real numbers βl9 ...,βd,h;

ii) choose σ° e K;
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iii) introduce for each square ΛcZd, centered at the origin, the measures

[ Σ
[ξ,ηeΛu

exP
__ _ ξeΛ

~'-° normalization

if σ = σΛvσ', σΛ = {σξ}ξ€Λ, σ' = {σξ}ξeZd\Λ; here βξη = 0 unless ξ,η is a couple of
nearest neighbours lying on the i-th coordinate axis of Zd, in which case βξη = βt;
δ(^2o is the Dirac measure δ^^ = 0 if σξ Φ σξ° for some ξ e Zd\A and δ(f£0 = 1 if
σξ = σ«forξeZd\Λ.

iv) Consider the translation invariant, ergodic, weak limits of the measures PΛ>σo
when A -> oo. For all β1 ... βdh there are suitable choices of σ0 such that the measures
PΛtSQ have a limit as Λ-+ oo.

The measures PΛtSQ are called "finite Gibbs distributions with boundary
condition σ°".

A well known result is [5, 14, 15, 6].

Theorem. // d — 1 there is one and only one Markov process with parameters
(β,h) (see preceding theorem). Furthermore such a process is isomorphic to a
Bernoulli scheme.

A natural question is whether the above results concerning d = 1 extend to

We shall restrict ourselves to the case βι=β2 = '"==βd = β>Q and write
(β,h) instead of (β1,β2, ...,βd,h). The equality condition is a "simplicity" con-
dition; however the positivity condition is a real restriction and the qualitative
aspects of the discussion which follows would radically change if one of the /Γs
was negative.

The following theorem holds (see for instance, [9]).

Theorem. Ifd^2,3βc>0 such that for all β> βc the process (β, 0) is not unique.
The process (β, h) is always unique if h φ 0 and if h = 0 but β < βc.

The case β = βc, h = 0 is an open problem if d ̂  3. For d = 2 it is known that
0?c,0) is unique [19].

So we see that the situation in d-dimension is much more complicate.
Non uniqueness of the process (β, h) has a physical interpretation in statistical

mechanics where the processes (β,h) describe mathematical models for the
equilibrium properties of ferromagnets at temperature β~v and in a magnetic
field hβ~1. Non uniqueness corresponds to a phase transition: the ergodic mdmp
(β, ^describe the pure phases of the magnet.

Of great importance, in Physics, is the theory of the fluctuations in a pure
phase. Physicists think that in a "normal" situation the dispersion of a random
variable which can be expressed as a sum of many "elementary" random variables
should have a "normal gaussian distribution".

This statement can be made more precise in the context of the mdmp: consider
a finite square A C Zd and consider

MΛ(σ)= £ σξ σεK.
ξeA
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Then the variables

Ml*

where < > means expectation with respect to an ergodic mdmp (β, h) should have
an "essentially" gaussian distribution when A is large enough with the possible
exception of few (β, h). If d = 1 one has, in fact, the following theorem (see, for
instance, [14]):

Theorem. The (unique) measure (β, h) has the property that for a suitable
choice of A = A(β, h) the variable v introduced above has a probability distribution
PΛ(v) such that

b b e~^ΐ

^ j™ $pΛ(v}dv= J dy V α , f o e ( - o o , + 0 0 ) ,

- ~ ω2 + RΛ

β) I e"°v PΛ(v) dv = e Vωe(-oo, +00),
- 00

and RΛ^>Q uniformly for ω in a compact subset of (-co, + 00) and proportionally
Λ-+ oo

to \Λ\~*

V f c integers and, furthermore, Rf

Λ^>0 uniformly in k for
Λ-* oo

σ)>|<CMI* C>0.

It is easy to see that y) or /?)->α).

So we see that, if d= 1, the physicist's expectations are satisfied in the rather
strong sense y).

If d > 1 the situation is not so simple and the following result is available
[2,4,8].

(Central limit theorem for mdmp :)

Theorem. // h Φ 0 and β>Q then the obvious generalization to d > 1 of the
statement β) of the last theorem holds Vd. // h = 0 3 β'0 < β'ά such that if β < β'Q or
β> βo the ergodic processes (β, 0) have the property α) of the theorem above, If
d = 2 then β'0 can be taken equal to β'ό and β'0 = β'^ = βc.

The method of proof of this theorem used in [8] is "non standard" in the
sense that it uses methods rather different, in spirit, from the methods used in [14]
for the proof of the one-dimensional limit theorem. In Refs. [1,4] are obtained
results sometimes much stronger than the ones mentioned in the last theorem but
more restrictive on (β, h) : the methods are, in some sense, close to the ones of
Ref. [14].
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It is now intersting to look for the limit theorems of more general nature.
First we decide to regard a probability measure m on K as a probability

measure defined on (R = real line):

(regarded as a topological product of copies of the real line with the usual topology)
and carried by K regarded in the natural way as a subset of Kc.

Divide the lattice Zd into boxes with side /, / = 1, 2, ..., and label each of the
boxes by an element x e Zd, in a natural way. Then define the following random
variables ("block spins"):

ξex xeZd,

Fig. 1. Here/= 3, d = 2

where ξεx means that ξ is in the box with label x and <•> is the average with
respect to a probability measure m on Kc.

In the following we shall call the regular probability measures m on Kc "random
fields" if they are translation invariant and:

J \σξ\ dm < GO .

They will be called centered if §σξdm = 0.
If m is a random field on Kc then it is easy to see that the random variables

v = {vx}xeZd are also distributed as a random field which will be called m{.
The limit theorem problem discussed in the preceding sections can be now

formulated as follows.

Problem. Does the limit lim m{ exist (in some sense) if m is a mdmp ?
/—>• oo

In Refs. [7, 8] the following theorems are proved:

Theorem. The ergodic mdmp (/?, h) = m considered in the Central limit theorem
for mdmp are such that

exists in the "natural weak sense" (see below) if Q= 1 .


