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Abstract

We consider the pressure and the correlation functions of a one dimensional lattice gas in
which the mutual interaction decreases as r exp(—n’), (r, t>0), when the interparticle distance
n—00. We prove that such a system cannot show phase transitions of order k=1 in the sense
that the pressure and the correlation functions are infinitely differentiable with respect to any
relevant parameter (such as the temperature or the chemical potential).

§ 1. Introduction

It has been conjectured [1] that, for one dimensional lattice gases, the existence
of the k'® moment of the potential excludes the possibility of phase transitions of
order lower than k, i.e. the pressure should be k-times continuously differentiable
with respect to the chemical potential or the temperature or other relevant varia-
bles. This conjecture has been proved for k=0, 1 [2, 3,4, 5], and it has also been
shown that at least for k=0, 1 this result is the strongest possible since there are
examples in which the first moment is divergent and the first order derivative of the
pressure with respect to the chemical potential (or the temperature) does not exist
everywhere [6, 7, 8).

In this paper we examine the case in which the interaction is, roughly speaking,
decreasing at least like r exp(—nr') (r, £>0, n denotes the interparticle distance)
so that all the moments are convergent, and we prove that the pressure as well
as the correlation functions are infinitely differentiable.

§ 2. Notations and Previous Results

Let us consider a one dimensional lattice Z={..., —1,0, 1,2, ...} and sup-
pose that if N(X) particles occupy the set X = Z, their interaction energy is given by

Up(X)= Y, 2(5) 2.1)
scx
where & (-) is the (in general many-body) interaction potential and the sum runs
over the subsets of X. We require & to be translationally invariant (i.e. $(X)=
@(t,X) where 1, X={x+n:xeX}), and we suppose that the potential & is
rapidly decreasing, i.e.

Y. (diam S) |9(S)| <rexp(—n’) 2.2

0eS{[—n,n]
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where diam S denotes the largest distance between points in S. In the case the
interaction @(S) has only one body (chemical potential) and two body terms (2.2)
becomes

Y k|®(k)| <rexp(—n’)

k>n

where @ (k)=®(x, x+k) denotes the two body potential.

We shall call 4 the (linear) space of the potentials satisfying (2.2). If de2,
then

@] = on(diam S) [2(S)| <. (2.3)

We shall prove the following theorem.

Theorem 1. If Z,(P) denotes the partition function associated with an interval of
length n, then the thermodynamic pressure P(®):

P(&)= lim %-mg Z(®)=lim— Y o Ve 2.4

n— o nso N S<(0,n]

exists and is infinitely differentiable with respect to @ on any finite dimensional
subspace of B. Le., if D,Yy, ..., Y,€B, then the function P(®+z, Y+ +z,4,)
has partial derivatives of all orders with respect to z4, ..., z,.

We remark that since the correlation functions are derivatives of P along
directions { corresponding to finite range potentials (which therefore belong
to %) [9], the above result on the infinite differentiability holds also for the cor-
relation functions.

The proof of this theorem will be based on a theorem by RUELLE [2] (see
Theorem 2 below) which will be quoted for further reference after we introduce
some definitions.

Let us denote by K. the space of the configurations of a semi-infinite system
contained in (0, + o0), i.e. the class of lattice subsets X = (0, + o). It will be useful
to consider K, as a compact space by introducing on it the topology induced
by the following definition of convergence: a sequence X,eK, tends to XeK,
as n — o if, for every finite interval (0, /), there exists an », such that

X,n(0,D=Xn0,), n>n,.

Now, given two disjoint configurations X, Y such that X is finite and Xn Y =90,
we define the mutual interaction energy 74(X|Y) between X and ¥ and the quan-
tity Up(X|Y) as

L(X|Y)= ) &), (2.5)
Snriy
ScXuyY

Up(X | Y)=Up(X)+1o(X | Y). (2.6)

Using (2.3), we observe that I, is well defined even if Y is infinite. Finally let us
define an operator %, acting on the space C(K;) of the continuous functions on
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the compact space K, (configuration space)

(Zof)(N)=_ Y e W fxunY), feC(K,) 2.7

X<=(0,1]

where Y €K, and where X denotes a configuration contained in the lattice points
in (0, 1] (i.e. either the point 1 or the empty set) and t, Y is the set ¥ + 1 obtained
by shifting ¥ one unit to the right.

If we regard C(K,) as a Banach space under the sup-norm

I fll=sup|f(X)],

XeK+

then the operator %, is a bounded operator on C(K,), and it has an adjoint Z§
defined on the dual space C*(K,), i.e. on the space of all finite measures on K .

In terms of the above definitions, the Ruelle theorem, which essentially gives
the main results of the theory of the largest eigenvalue of %, and of the associated
eigenfunctions, can be stated as follows [2, 4]:

Theorem 2 (RUELLE). If @€ %, then there exists a number Ay, a function hee C(K,),
a measure voeC*(K,) such that 14>1, h>0, v4>0, vgp(he)=ve(1)=1, and
Surthermore:

1) If Z,(®) is the partition function associated with an interval of length n, we have
e~ 12l< )= 7 (@) < o

where | ®| has been introduced in (2.3).
i) P(®)=logly, 1SAp<1+el®l,
iil) Lp ho=2p ho, s Vo=A4p Vo,
iv) lim |(dg Y o) f=vo(f) hol =0,
V) If X={x,X,,...}eK, and yz , is the characteristic function of the set of the
X’s €K, such that x;=X; i=1,2, ..., k, then
vo(tx, 1) >e 121 (1412l =%,

vi) Let C,, be the subspace of the functions fe C(K,) which depend on XeK,
only through X (0, m), i.e., f depends only on the coordinates of X which have
values in the interval (0, m]; then if feC,, and v4(f)=0

vo(ldg ' Lof)<(1—e 21Ny vy(1£1).
vii) If @, YyeB, then Ay is differentiable, and if Lo=(ZLy— Ag), we have

L4 _ . 0dp _ 0Zs
Vo (W hQ) =0 , L€ W— Vo (—a—w— hg) . (2.8)
where
Vo _Ddorsy| 0 0%s_0%euny
oy 0z  |z=0 oy 0z |;=0’
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or more explicitly

(%%‘f) (V)= —Xc§ 1]U,l,()( 7, Y) e_UO(XIHY)f(X ur, Y). (2.9)

viii) hg is norm continuous on ® when @ varies in the space % regarded as a metric
space under the distance | ®—®'||, where | - || is defined by (2.3).

RUELLE has in fact shown that the above results are valid for a much wider
class of potentials & : in fact Theorem 2 holds if we replace the space # of rapidly
decreasing potentials with the space # defined as the completion of # under the
norm (2.3), i.e., defined as the space of the potentials which have a finite first
moment.

In this paper we shall be concerned with obtaining a generalization of (vii)
by showing the existence of the higher order derivatives of A4 (i.e. of P(®)) and
by obtaining expressions of the form (2.8). To obtain these results, we need to
understand better the spectral properties of the operator .%,, and we shall see that
RUELLE’s analysis of the largest eigenvalue and the relative eigenfunction must be
complemented by a careful study of the singular operator (%p—A1g) %, i.e., by
the analysis of the spectrum of %, near the point A,; we shall be able to perform
this analysis only in the very restrictive case $€2.

In the next section we present our main results concerning the operator Lg=
(Zp—Ag). The properties of Lg will be used to prove the infinite differentiability
of Ay (Section 4).

§ 3. Some Properties of L!(Lg—4e) !

As explained at the end of the preceding section, the analysis of the operator
(Zp—Ag) ! is a prerequisite for the proof of our results.

We shall try to invert the operator % — Ao on a dense subspace of the *ortho-
complement” of the eigenvector hg: &p={feC(K,); vo(f)=0}. A dense sub-
space on which L, =(%p—A,) is invertible is the space 8o=& of the functions
f€8g such that for some r;, £,>0,

| fF(XD)—F(X A (0, n])| <ryexp(—n"). 3.1

We remark for later use that as a consequence of the uniqueness of the eigen-
function kg associated with the eigenvalue 44 (see (iv), Theorem 2), the operator
L4 is a one-to-one mapping of & into itself and also that any FeC(K,) can be
uniquely written as F=f+oahy with fey and a real.

Let us now state the main theorem on the operator Lg .

Theorem 3. Let fe&y. Then there exists a unique vector Lz fedy such that
Lo(Lg'f)=f and
a) the vector L3 f is given by the absolutely convergent series

Li'f=—Agiy Ag* LS (3.2)

k=0
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and the dependence of Ly f has certain continuity properties in @ and f which are
noted in items b), c) below.

b) (Continuity in z of Ly g,): Consider a family of functions g,€8q where z is a
parameter varying in a finite dimensional sphere. If g, is norm-continuous in z and
if the numbers r,, t, associated with g, 84 (see (3.1)) can be chosen independent of z,
then the function L;* g,€ & is norm continuous in z, and we can find two numbers

r, t>0 which (according to the definition (3.1)) can be associated with bothg,, L31g,
for all z.

¢) (Continuity in z of Ly, g,): Consider iy, ...,¥,6# and the operator
Lotz yitotzny, and suppose that {zi, ..., z,} vary in an n-dimensional sphere;
suppose also that we are given a family of functions 8,68 ,,y,+...+z,4, Stch that

the parameters r, t associated with g, (see (3.1)) can be chosen independent of z.
Then _
L'D{.I—zl Y+t zaPn g:

is a norm continuous function of z, and the parameters r, t associated with g, can be
chosen to be good also for L5i21¢,1+,_,+zn¢” gz

The proof of items b), ¢) are implicitly obtained in proving a). A sketch of the
proof of a) is given in the Appendix.

In order to apply the preceding theorem, we shall need the lemma below which
will enable us to prove that the functions f which will be encountered in the next
section are in &.

Lemma 1. a) The function hy has the property

|ho(X)—ho(X N (0, n])| <rexp(n™) (3.3)

for some r, t>0 and for ®eB; r, t can be chosen to be P-independent if ¥ varies
in a bounded finite dimensional subset of %.

b) Let Yy, ..., Y,€9%, and let us consider the operators defined by

a"='gl1-"+z1 Vit tza¥n a"‘g’@+zﬂh+-"+2n'f‘n (3 4)
oY, ... 00, d0z,...0z, ) '

If we apply this operator to any function f which verifies (3.1), the function

6"$0+Zl Vit +tzayn f

oYy ... 00,

still has the property (3.1) for all {z,, ..., z,} and the numbers r and t can be chosen
independent of {z,, ..., z,} if {z4, ..., z,} vary in a bounded set.

The proof of this lemma can be obtained by combining item iv) (with f=1)
and item i) of Theorem 2. We omit it.

Remark. The operators in (3.4) are explicitly given by

[a -gsa‘;:i-vﬁg-‘-l-/:z,.vru f] (Y)=(— l)nxc%)‘l, I]Um(Xl"-'l Y)..U, (X|1Y)

: eXP("‘ U¢+z1w1+---+z,.¢,.(X Ity Y)) SfXunY).

(3.5)
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§ 4. The Derivatives of i,

The existence of the first derivative of g has already been obtained in (vii),
Theorem 2. In this section we show that this formula can be generalized as

(4.1)

n &Ly 0" ¥ hg
=0,
Yo (1.21 il,;, i 6!/1,-1 a'l’ik 5%; a!pi;l—k)

where the sum runs over all the sets of k indices chosen from {1, 2, ..., n} and
{i1, ..., in—s} denotes the complement of {i, ..., i} in {1,2, ..., n} and

an—khqj
6‘lli'l’ veey a]//[-:’_k

are functions defined below.

A heuristic argument for (4.1) is based on the identity L4 hy=0, which, if
differentiated, becomes

" #Ly " iy
=0, q’
o0 2 3,0 Ty Vs 0

and integrating both sides of this identity with respect to v, we get (4.1), and the
term with k=0 vanishes because of (iii), Theorem 2,

We shall in fact see that the argument is really formal because we are unable
to prove that 4 is differentiable. Nevertheless we shall show that the above argu-
ment can be made rigorous by conveniently defining the function 6*hg/0,... 8y,
which will turn out to be transverse derivatives of A, with respect to the sub-
space &p.

Let us first give a precise meaning to the quantities in (4.1); for this purpose
we need only to define the symbols 0*Ap/0y, ... Yy, 0% he/0Y, ... Oy, (the
symbols &* %[0y, ..., Oy, have already been defined in (3.4), (3.5)). We give
the following inductive definition: suppose that

EYR Plo  Ohg " hy
Yy’ OO, YT By O,y

have already been defined for all ¥, ..., y,€4, and suppose that 6*1,/8... are
real numbers and

4.2)

ﬂ’;egm n—-12kx1, (4.3)
allll...albk
“ P (Lo—2e) " Fhe
=0 4.4
v¢(k=1i1...ikallji1"‘alllik a'/’i;---alﬁi;"_k) “9

for m<n. It follows, therefore, that the function integrated in (4.4) with respect
to vg is in &, (we are using item b) of Lemma 1 in the preceding section and (4.3));
applying a) of Theorem 3, we can now define

" hy —1( - (Lo~ o) """ hy )
T e __r 4.5
Yy ... oY, ? k;,-l;ikalhl---a'ﬁm 0y, e OV, @3
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(this formula is heuristically suggested by (4.1)), and we can also define
0"t Ap/0V, ... OWyyq (using (4.5)) in such a way that (4.1) holds with n replaced
by n+1. So we see that in order to define inductively the symbols (4.2) we need
only to define 6' A,/0¢, in such a way that (4.1} holds for n=1, i.e., in such a

way that
0% 61,,,) )
h 0 4.6
((am o9, ) (*-6)
and
0% 6,1,,,)
hge & , 4.7
s L *.7

and this can be done by defining 8' A,/8\, to be the derivative of A, in the direc-
tion ¥, :
0'do _ 0lgrry,
dyry 0z

(4.8)

z=0

and by using vii), Theorem 2, to insure (4.6) and Lemma 1 to insure (4.7).

The remaining part of this section is devoted to proof that the symbols
0" Ag/0Y4 ... Oy, are the derivatives of g, i.e.,

Tho _ Fhorspisoto,
oYy ... 00, dz,...0z,

(4.9)

Zi=zp= . =2,=0

Since a clear idea of this proof can be gotten from the cases n=2, 3, we treat
only these two cases, and for the general case we shall only sketch the induction
argument.

Consider the case of the second derivative: if ¢, y €4, then using the formulae

O _ (a.z:,,
oy oy

and items b), ¢) of Theorem 3, we can go through the following chain of equations:

L(Siecse_Ts)_

) and va(Ls f)=0 forall feC(K.,)

z oy N
- v¢+,:—v¢ (a‘g’g’;w h¢+z¢)+
+%v¢ (&S’(;Zm _ 65?) hoses+ve (aéio h¢+z:—h¢)
- _%"d’ (aL;;w h¢+z¢) +% 6,1;:;,,, (Vo+:6— Vo) Pao+z4
+%v¢ (( a%./jw - 054,) h¢+z¢)+v¢'(a;!‘; h«bh:“’%)
+ou e (feer)
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and, using (4.5) in the form L, % (Z;’ hg, we have
— L¢+z¢ ah¢+z¢) l (agfb+z¢ _ ag@
""“’( z o )72\ ) hosze
0Ly hopirp—ho\ , 1 {0dpi,e Oho
+V¢ ( alp z )+—; ( a‘// - a'ﬁ ) : v¢(h0_h¢+z¢)'

Hence if z -0 (taking into account viii) of Theorem 2), we have

ﬁmi(%w 6,1,,,) (an, 6h¢)+ (az.z’., h)

v02 \ Y i op oy oy o¢
(4.10)
+lim v, (aL‘” . hd’”‘*_hd’) .
z=0 all’ z

Now let us introduce the projection operator Eg from C(K,) on &4: Epf=

f—=ve(f) hg, and consider E, — (h¢+,¢—h¢) Using the identity L4 by =0, we
find that

L¢+ZZ¢—L_”¢ he+.4=—Lo hd>+z;_h‘b =-Ly Eow' (4.11)
z

1
Clearly, it follows from (4.11) that - (Lo+:6—Lo) ho+.4€8p and as a function
of z, fulfills the hypothesis of Lemma 1. Therefore, from (4.11) (4.5) we get

hosss=ho __ o1 Loy _ O
ETZOE e LG 2 ho= e (4.12)
Using (4.10) (4.11), we see that we have proved that
lim 1 ( 0lp+:4 _ 6/1¢) (aL‘p 6h¢,)+ ( aZL,,, )
20 oy Oy oy ¢ oy 0¢
( oL, ahq,) (4.13)
o oy

and that the right hand side in (4.13) is also the definition of the symbol 92 14/éy 8¢.
Therefore 0% 1,/0y 0¢ coincides with the second derivative of A, whose existence
is proved by (4.13). The continuity of 8% A,/0y 8¢ on the finite dimensional
subspaces of # follows from the continuity of the first derivatives of L, and
continuity of 0hgy/0Y, 0he/0P and vy.

At this point one could naively guess that the general formula for
0" hel0Yy, ..., 0¥, is simply

8" ho i B 1( " hosry, 0" 'hy )
Oy 0zs s Oy zoo 2\ gy, Oy g, Oy )

Since this is not the case, we give the derivation of the formula for the third
derivative from which the general situation can be easily inferred.
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Let ¢, Y, xe & be three potentials, and define (as from (4.5))

ho+

ho _ - (6L¢ Oho . 0> Lo oL, aL,,,)
o 3y o6 Tovoe "t o oy )
and similarly define 0%he/0¢ 0y, 02 ho/OY Ox. Let Aot p—ho=Egp(ho+ze—he)+

a,(¢) he. Now to prove an equation of the type of (4.12), we consider the identity
which follows from the definition (4.5) for n=1:

Ohe 6L¢,

From this we deduce

L<D+z¢_LO ah¢+z¢ +L 1 (ah0+z¢ ah\’b)
z o o7\ Ty

1 aL¢>+z¢ aLo) 0Ly h¢+z¢—ho a,(¢) 0L, _
+'z"’( 5 oy ) Meret gy Be = Gt he=0,

and then it follows that

1 ah¢+z¢_ah¢) 2(¢) -1 Lo
Bor (Tt H L i he
_ -1 Lovzs— Lo Ohg. e (5L¢+z¢ 5Lo) 0Ly hoi¢—he
=—Llo — o Ta\Ta ey ) tereet Gy Fem

Using item b), ¢) of Theorem 3 and Lemma 1 and (4.5), (4.12), we find that

0> he 1 1 (8hpi.g  Oho a(¢) -1 0L,
sgayimEer (Thpe -G+ S e (19

Now we can easily compute the third derivative of A4, and, after a straightforward
but lengthy and cumbersome calculation, we get

im 2 (Gaessi—gg) e (agay ) e (B )
2 2 2
+”"’(§¢? %)+ (a;}@ aa¢gfa)+ (aalx}f f gfb) (415)
2 2
(‘Z;’ Sx,’;;;)+ (aq‘zalffax ""’)'

Since the right hand side of (4.15) coincides with the definition of the symbol
0% 1p/0¢ Y y, we have concluded the proof of the existence of the third deriva-
tive of Ay and that it coincides with the symbol 83 1,/0¢ dy 0.

It is now obvious how to generalize, by induction, the preceding argument to
the #'™ derivative. We give only the formula for 8" hg/0V, ... dY,, which generalizes
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(4.14). Let us write

6kh¢+z¢n akh.p
6‘//i1...5lpik_alll,-l...61//ik (416’)
=E ( Fhossyn __ O ho )+a(w- Vis Yn) b |
° al/lil"‘all/ik 5\0,-1...6t/1,-k Z\Fiy> =00 V> ¥n) '

for ksn—1, iy, ..., ,=n—1. Then it can be proved, by an argument similar to
that of (4.14), that

1 an-—]_h an—lh n—2
lim E —( gredn ’ )—
o 2z Oy .0,y OYy...00,_4 k=0 iy,..., le<n—1 (4.16")
W s Vi W) T e 2y '
4 awf;""’awi;—l—k awl'--a'/’n

where J"he/0Y; ... 0y, is defined in (4.5). Now from (4.16) one can prove the
existence of the (n+1)"™ derivative of 15 and its coincidence with the number

0" A0y ... Oy

Appendix

We use the symbols introduced in § 3 throughout the Appendix; however, we
shall not write the subscript @ (e.g., in L4, Ay, etc.).

Theorem 3 is a consequence of the following lemmas.

Lemma A.1. If ge &, then there exist r', t' >0 such that
V(AT @) gl)<r exp(—n'), n>0. (A.D)

The proof is based on (2.2), (3.1) and item i) of Theorem 2 which lead to the
inequality

G g (N- (A ) g(Y A O, n])| <roexp(—n),  (A2)

where ry, ¢, are some positive numbers (determined by g). Then, using this ine-

quality and the techniques, due to RUELLE [2], which were used to prove lemmas
6, 7 in [4], one obtains (A.1) with ' >ry, t' <t,.

Lemma A.2. If ge&, then there exist r'', t"' >0 such that
A" g) <+ exp(—n'"). (A.3)
Proof. Let Y, eK, maximize |A""¥"g|, ie., |A7" L "g(Y)|=|A"" £"¢gl, and

define
L={XeK,:|A"L gl —12" L g(X)| <2r'exp(—¥(n))}  (Ad)

where r’, t" are the same as in Lemma A.1 and {(n) is an integer valued non-
decreasing function to be determined later. From formula (A.2) it follows that if
Xn (0, y(m]=Y,n (O, Y (n)], then

127" 2" g(X)~ A" " g (V)| <2roexp(—¥(m) <2r exp(—¢ ().  (A.5)
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Now from (A.4) and (A.5) it follows that the set I, contains the set S, ={X €K, :
Xn(0, y(m)]=Y,n (0, ¥(n)]}, and from (v) of Theorem 2 it follows that

W) (S,)Z e ¥ ™ il (1 4 gloly—vim (A.6)
so we find from (A.6) that
v(IAT" L gD2v(L)(1A7" 2" gl —2r exp(—¥* (m)))
2(1+e?hy=2¥® () 27" L g || -2+ exp(— " (n))).
Using Lemma A.l, we have
127" 2" g || <(L+e®)?¥® . ¥exp (—n")+2r exp(—y* (n)),

and so Lemma A.2 follows by choosing, say, y(n) =the largest integer less than
e
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After completing this paper, we received a preprint of H. Araki, “Gibbs states of a one
dimensional quantum lattice” (now published in Comm. Math. Phys. 14, 120, 1969). This paper
deals with exponentially decreasing interactions and much more general quantum lattice systems,
and in it is achieved the proof of analyticity of the thermodynamic pressure in the relevant
parameters. Taking into account of results ArRaki, we can complete McCoy’s conjecture as
follows: If the parameter # in formula (2.2) is = 1, we have analyticity (as already proved by
ARAKI), and if £ < 1, we have infinite differentiability (as proved here) but not analyticity.
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