On the Ultraviolet Stability in Statistical Mechanics
and Field Theory (*).

GIOVANNI GALLAVOTTI (Roma)

Summary. — The uliraviolet siability and iis relation to the rarefied polymer theory are analyzed
for the hierarchical Markov fields in d = 1,2 space dimensions. We present a complete
derivation of an upper bound lo the ground stale energy and we give o defailed skelch of the
procedure for obtaining a lower bound with the same technique employed to derive the
upper bound.

1. — Introduetion and mnotations.

The definition of the basie object of this paper, « the Markov hierarchical field », (1),
is given in terms of a sequence (Q,i);‘; o of compatible pavements of R+ with
cubic (open) tesserae.

The side of a tessera 4 € QN in assumed to be 1, = 2~% and the compatibility of
the pavements means that each 4 € Qy is exactly paved by the tesserae of @y, con-
tained in it. -

To each 4 € {J @y we associate a ganssian random variable 24. The distribution
N=0
of the variables (z,) 4., is described by the formal density:

const exp —g [ 2F (ea—aa)® - o? Z zﬂ]
(4.4 ye0x A0y
where >* runs over the pairs of nearest neighbour tesserae of Qy.
The variables 24 and 24, will be assumed independent if |4] = (volume of A4) 5= |4'|.

More precisely the random field (2,),. {5, i8 the gaussian random field with
covariance: e

Bleyey) = 04y CH it AeQy, 4'€Qy,

where the matrix 0! is defined by:

om, gt exp ik (s — &) dk
44 (277)+1 d+1 3
Y (oc2 +2 > (1—cos ki))

i=1

where &4 = centre of A.

{*) Entrata in Redazione il 14 giugno 1977.
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The « free hierarchical Markov field » with «ultraviolet cut off of order ¥ or length
2%y is the gaussian random field on R#* defined as:

N
P =2 2V2,2,%48)
k=0 Aeak
where y4(£) is the characteristic function of A and the numbers (y,);>, are given by:
V= E=0,1, .. fd=1
ge= 281 k=1,2,..; 9y=9p i d==2.
The covariance of the field pi=* will be denoted:

[<NI __ [<N]_ <N}
O = E(p:""¢3~")

To define the «interaction » among the above fields let I be a finite union of tes-
serae of ,. Denote (Q,)2, the pavements of I induced by (Q,);2, and call P, PV,
PP the probability distributions of, respectively, the random fields (z,) AEEQQ” (Z4) 4 c ”E’JoQi,

(2.4) se0y
The «interaction » among the fields is deseribed in terms of

(¥} A o f o [EA]

B (<P):“;E g™ idE

I

where, in general, ", iy defined for an arbitrary gaussian random variable with
dispersion ¢ = H(«?) as:

o = (VEO)H, (\7";;(—}) n= 0,1,
where H, is the n-th Hermite polynomial:
Hy=1; H,=2; Hy=o—(1/2); H,=a*— 324 (3/4)
The « ground state energy is defined, if the limits exist, as:

E(J) = lim  lim [I|-tlog f (exp V™) de

I—RE+Y N-—»oo
where V¥ is just VIV if d = 1, while if d = 2:

1 1 1
vV = f]m”g‘, UV e —3i V&V — 30 VI w



GIOVANNI GALLAVOTTI: On the ultraviolet stability in statistisal mechanics, ete. 3

where:

T2 22 _
<( 31) >(0) - 2-4!f(0[57N])4d5d"

IxI

V(z\?) 2 22
<( 3 )>(,,) J.(C{E\%N])?;:(QD[E<NI)2:(Z§dn

21 9.6
IxI
(V)8 333
(5= | wogriegmpoEeraaa:.
IXIXI

The problem of finding upper and lower bounds to E(A) is called in this paper
« the ultraviolet stability problem » and the techniques to attack and solve it have
been discovered in (2) in the analogous, but slightly more difficult, ease of the euncli-
dean field theory, and they have been applied combined with other methods inspired
by (2), (3) to the case congidered here in (1) under the restriction of large «.

In this work we extend the results of [1], and the related techniques, to the gene-
ral case (« arbitrary). This is accomplished by essentially reducing the general case
to the large « cage treated in [1]. The reduetion proceeds via some ideas which appear
in the work of DiNABURG and SIivar on the critical point [41].

The main technical tool will be the theory of the rarefied gases well known in
Statistical Mechanics and its relation with the theory of continuous spin systems as
discovered by GruBer and Kuwnz, [5, 6], and independently by Grimm, JAFrm
and SPENCER.

2. — Intermezzo on Wick polynomials and gaussian processes.

In this section we recall, for the purpose of later use, some very well known defi-
nitions and properties of polynomials related to the theory of gaussian processes [71.

The first well known result that we mention is the « Wick’s theorem ».

Let @, @4,y ..oy Tpy Bpiay ony Tpiq DO p 4 ¢ gaussian random variables, not neces-
sarily independent. Then the integral:

B(@ . 8 0y oo Bpyg)

where #,, ..., n, are integers, ean be computed via the following efforts:

1) draw a graph with p + ¢ vertices with open lines emerging from them:
from the vertex 1 emerge #, lines, from the vertex 2 emerge n, lines etc. The lines
emerging from a given vertex are regarded as distinet (this can be reminded by at-
taching a label to each of them).
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2) form the set I" of the graphs obtained from the preceding one by collecting
all the lines in pairs and joining the lines of the pairs into single lines (if the total
number of lines is odd I” is empty).

3) if yeI" and if the lines A, 4,,..., 4, of y connect the pairs of vertices
(814 34), (%0, Ja)s -y Uiy 7u), Tespectively, assign to y the « value»:

k

I B(z; ;)

I=1

4) sum over the possible graphs y € I” their values: the result is the value of
the above expectation.
The formulation of the Wick’s theorem can be used to introduce the natural
notion of « Wick monomial »:
L e
This is a polynomial in a4, ..., #, whose coefficients are determined by imposing
that the rule for computing
B(oP o2 %, 0, )

is obtained from the one described before, (for arbitrary ¢), by modifying the effort 4)
into:

4%} sum over all the graphs y € I' which contain no lines connecting pairs (4, j)
of vertices chosen among the first p ones («graph without self contractions among the
vertices 1,2, ..., p»).

Such polynomials are uniquely defined once the gaussian integral F is given,
and exist. They generalize the definition of Wick power .. and enjoy a remar-
kable property: if oy, 0,, ..., 0, are real numbers:

r % '

. . i n - -

. E g;%:) . = Z ———!———'g’;hgzz - Ggp.xlx‘..xpp' .
i=1 Byt Fp=n Fope ooe Hpl

If P is a polynomial:

P(@y,y oy @) = 3 0, ., OV 0,7

figenaltp

the symbol [ P(#y, ..., 4,); will be used to denote the polynomial:

CP@yy ey @) = Y W ey T
Ny, llp
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The polynomials of this form ave a basis in the linear space of the polynomials
in #, .., %, for all choices of the gaussian integral E.

To avoid confusion it would be better to add to the dots a symbol referring to the
integral ¥ which is used to construet the Wick polynomials: in the sequel we shall
not do this since the Wick polynomials that we shall encounter will be systematically
the ones associated with the gaussian measure considered at that moment.

Another interesting property of a gaussian field (z,),,,, defined over a finite
set @, of indices by a covariance matrix C is that this field can be represented as:

2a= 2 (V20)10 Ly

A'eq,

where 4/C is the square root matrix of the matrix € and the (£ ,), cq, Te independent
gaussian variables with distribution:
d
T (exp— %) %2,

A€Q, ’\/7_3

We shall be interested in using the above representation for the fields (¢,) 4.0, © = 0,
1,2, ..., introduced in sect. 1.

In that case the matrices (C™),,, A, A'€ @,%xQ,, have a most remarkable
property: given «, f there exist § > 0 and a function y(g), ¢ € (~— oo, co0), such that:
Vo€ ({— oo, + o0), V4, A€ Qs XQy:

‘(C[N})Q)AA" <y(e) exp — ZNG[EA‘“ &4l

where &4, = centre of A.

Again there should be no confusion between the finite matrices (C1) and the
infinite matrix (C""). Their matrix elements with indices 4, A’ Q, coincide only
for o = 1.

In the appendix we remind the proof of this property of the second difference
operator.

3. — Polymerization of the fields.

In this section we consider a general problem of some intrinsic interest in Stati-
stical Mechanics of continuous spin systems. Its relation to our ultraviolet problem
is not immediately manifest to the reader unfamiliar with [1] where it was pointed
out: s0 he may look at the coming sete. 5 to see why it is so interesting for our porposes
to attack the problem formulated in the next few lines.

Consider the gaussian random variables (z,) .o, , Previously defined, whose distri-
bution is denoted P© and whose covariance is 0.
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Let (94)aeq,s (94,44, 0,e00 -3 Gay..na)a,....00e0, D€ @ family of polynomials in the
variables (24)c0,5 (%4,5 #4,) 4,4,c0,1 -+ TeSPectively and consider the function:

—H=3 iges): + 2 04y, 45) 04,4024, 24,)0 +
A, A1.48,6Q,
+ . +,4 EA 6(dyy ...y 4,) Gadynt,Bayy ooy 24) 0

where the coefficients ¢ will be supposed to have the property that there exist 4,
% > 0 such that:

10(Ayy oy A)| <A exp—nd(E,, .y &) s=1,2,.,7

where &4 = centre of 4 and, in general, d(§4 , ..., &) = length of the smallest connected
graph countaining &, ..., & = «graph distance between &, ..., & ».

‘We shall also assume that the maximum degree of the polynomials is D and also
that all their coefficients are bounded by 4.

Furthermore we shall suppose that the indices of the summations defining H
run over gets of mutually distinct tesserae.

The number 7 will be fixed once and for all togheter with the parameters » and o
and $. In the following, when we shall say that some constant is an «absolute con-
stant » it will mean that it depends only on the values of these fixed parameters and
on the dimension 4.

We shall consider the following probler: given B > 0 consider:

J(exp e ) TT 7([Ca] < B) Po(de)
T z(Jal < B) P(dz)
Ae@,

where the variables ()., have been introduced at the end of the preceding sec. 2
and y(|{,] < B) is 1 it |{,] < B and 0 otherwise.

We want to find sufficient conditions that guarantee that, given an integer k,
there is &, such that the above integral can be written as:

k i
exp { > ZCHYT + [G[(4 e D)+ + 2 exp --1%2/2]}
=ot!
for some 7 e[— 1, 1], where (H">T is defined by:

CHT :JEﬁ(m(dz)
CH?T zfgz]ﬁ(o)(dz) —_— UHPW’(dz))Z
CH mfﬂap(‘”(dZ) _ 303}?(0}((12))2 (fHP(D)(dz)) + 2(fHP(0)(dz))

..............

and ¢ is small enough.



GIOVANNI GALLAVOTTL: On the ultraviolet stability in statisticol mechanies, ele. 7

To find the conditions of validity of the above formula we first eliminate the 2
variables by expressing thern in terms of the [ variables. The numerator of the ex-
pression which we are considering becomes:

. 9L
f(expeﬁ) 1T 2(1¢a] < B) exp — % —=
deg, V7
where H has the same expression as H with new polynomials § replacing the poly-
nomials g and with new coefficients § replacing the coefficients 4.

The linearity of the transformation linking z to { implies that the maximum
degree of the new polynomials § is still D and, algo, the maximum number of tesserae
which appear in the indices of the polynomials § is still ».

Furthermore the decay properties of the matrices (0™)7% and (0™), as |£,—
— &4| = oo imply that we can assume that the coefficients of the polynomials § are
all bounded by 1 and, that there exists a constant y; such that:

[0(4y, ..., 4))] <Y;1A exp — 71’“1(54117 Y 543)

and the constant ), is an absolute constant in the sense specified above.

The above discussion shows that the considered problem is reducible to the case
in which the { and the z variables coincide.

The above change of variable was ingpired by Sinai and reduces the above pro-
blem to the one solved in [1] using the Gruber and Kunz polymer theory [5, 6].

In the next section we give a proof of the result that we need for the sake of com-
pleteness since we are using here a slightly different notation and, also, because the
proof presented here will be somewhat simpler than the one in [1].

Before continuing it is convenient to stress that the above problem could be
formulated and solved using ordinary polynomials rather than Wick polynomials
and the results would be essentially the same. However, in the application that we
have in mind, to the theory of the Markov hierarchical fields, Wick polynomials
arise much more naturally and greatly simplify the algebra,.

4. — Technical aspects of the polymerization of the fields.

Let 5 be the family of the subsets of @, consisting of one, two, ... up to r cubes.
Then the function I defined in the previous section can be written as

H=73H/)

FeF

with the gelf-explaining meaning of the symbols.
Given B > 0 we shall use the short-hand notation:

ya(de) = x(¢| < B) eXP_CZ%/fx(iSK B) exp—~szj_§r
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and consider:

2(e) = [exp e 3 () TT yalda)
fed”

A4€Q,

which can be transformed as [5, 6]:
Z(e) sz expstHyB {dla) —f]__[ (expeH, —1 +1) Hyﬁ(dCA) =
feF

““““ f]__[ (expeH,; —1) H;};B dia).
1657

fege deQ,y

Examining this expression it appears very natural to define a « polymer» R as
o subset of F: R = {fy, fay ---, fn), Which is connected in the following sense. Given f,

and f, in R there is a sequence i; = @, iy, ..., 4, = b such that f, and f, have at least
one tessera in common (recall that the f’s are sets of up to r tesserae) fork =1, 2, ...,
g— 1.

If B={f,.., fn) we define |[RB| = m, and if R denotes the family of the poly-
mers we shall say that two polymers R,, F,e R «do not overlap » if:

[UUa]n[U(Ua)] =0
feR, def feR, Adef
and this ocenrrence will be denoted by R, N E, = 0.

With the above notations and definitions we realize that every F c & can be
thought as composed of mutually non overlapping polymers and the sum can be
written:

ZJ
Ze)= 2 TTC(R)

(BysnsRp)eR  4=1
Rin Byj=B. i3

where

== f 11 (exp eH, —1) HVB(dCA)
feR
and 4 € R means that A is one of the cubes consituting one of the f's in R.
Let us denote |H,| = max |,), where the maximum is taken over the {’s such
that |l4|<B, V4.
Clearly there exists an absolute constant y, such that:

Hﬁfﬁ < AB®y, exp — y1xd(f)

which is implied by the decay properties of the coefficients of the polynomials de-
fining I if d(f) = d(&,,,...,&,) when [ = (4, ..., 4o).
The Taylor’s formula pushed to order k, with remainder of order k -+ 1 allows us

to deduce that
(expeH, —1) = i EnH e et L [{¥texp Tel
Petlr == 2 0 &+ 1! b el

for some 7 <{0,1].
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So for k= 0 we find:
IL(R)] <f1€;1 (el ] exp e]H,])

and more generally:

t PN e
=503 [T )T ey +

-+ §: £t Efgzh fH

feR

h=k+1
1€ny<k+1

for some 7,[0,1], which implies:

k

L(R) = 3 &"{M(R) - F*17ETD(R; o)

n=|B|

7
H

(H*

7y !

exp rfeﬁf) ;Igyz;(ezaj)

where if B, is a suitably large absolute constant (e.g. ¥, = ke* would be good enough):

'L P(R)] < H (B, ”ﬁf” )

52260 E)| < [ TT (Bl ] exp el )] (e mgie [, ymes 111
feR

D
More generally if I' = (R,, R,, ..., R,) € R and if [I'| = > IR,], and if one puts:
i=1

LI =TIL,(R)
i=1

it follows that:

L) = 3 S LOT) 4 g )

ho=|I]

and if F,> E, is a suitably large absolute constant:

LD <TT T (Fee |2,

1=1 feR;

2 ~ ot Lo .
|e¥t1LEAn(T; g))| <11=—11' f!ﬂ__[i (F.e|H,| exp e|H,[)(max e[ H,| ymas (0.%+1~{77)

Finally it is very important to remark that the limits:

f“*)(R) =lim {®R) h= 1,..

B—ooo

EW(P) = lim ¢®(P) b =1,

B-—>o0

ok

ey B
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exist (this is an immediate consequence of the above expressions for the {*(R) where,
if h< k -+ 1, no exponential appears in the iotegrals); furthermore the decay pro-
perties of the § coefficients and the boundedness of the poefficients of the polynomials
in H, imply the existence of an absolute constants F, such that

eIy = gh{®(I") + exp — B2[2 ﬁ TI (FiAe exp —y 2 d(}))

i=1 feR;

whose strenth is in the absence of a B-dependence in the last product.

We call 7, = Inax max (Fuy Fry vs).

We are now almost ready to formulate and use the main result of the theory of
polymers [5, 6,1].

Let N be the family of the sets I' = (B, ..., B,) e K%, p =1, 2, ... congisting
of « completely overlapping polymers »: I'e N if, given any two R,, B, I, there
is a chain 4, = a, 4, ..., %, = b such that R, overlaps with R, in the previously
described sense, for 1 =1,2,...,5s— 1.

Then if 4 € I' means that one of the polymers in I” contains 4 and if diam (I") =
= [maximal distance among the cubes which appear in the polymers of I'], the fol-
lowing lemma holds [5, 6, 1]:

LEMMA. — There exists a real function ¢ defined on N such that:
i) @7 is translationally invariant (i.e. p”(I") = @*(I") if I"" is a translate of I').

i) given ¢ > 0 there exists z,(0) < 1 such that: Vi>0:

Z l‘PT(F)' H 11 (ZO(O') exp — gd(f)) < 91

I'sA Rel' feR
diam I'=1

iii) if {: R — R is such that:

L(R)| <2(0)™ T exp — od(f)

feRr
then:

IT £(R) = exp 3 (T

(BiyernBp)cR =1
RinRy=0. i+

T12®).

Rel'

Collecting all the above remarks and using the lemma we can therefore obtain
the following theorem (see (1) for some more details):

TaEorEM. — Given an integer k and B > 0 and assuming:

AF eB? < zo—(?;iﬂ
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there exists an absolute constant G, such that:

Z(g) = exp { 2?};—!<H">T + [I|3G,{exp— B2 - (3A2B-D)k+1)}

Fom=
2 Aala —; o
T1 x(j¢al < B) exp — &% —= = exp |I|3' G, exp — B2
Aeq, '\/7'6
where 7, T'e[— 1, 1].
This is the main technical estimate that we need.

5. — Ground state estimates. Upper bound.

The d = 1 case iz the simplest and we outline it because it teaches what to do in
the d = 2 case and, also, opens the way to an estimation of the lower bounds.

With the notations of sect. 2, 1 we can express V¥ in terms of the random variables
(¢4) seqy 204 X, = @i=VV20IEN where e A eq,.

It is useful to first remark a recurrence relation between 25 and Xyu: if d = 1:

2, *}L'\/FX 4 . ’ !
XA:M‘E:/T:# i Ae@Qy, A/€Qy_y, ADA
while if d = 2:
X4
XA :%%i
Then we can write:
VN X4
'[7(1‘7) Ju— ___110‘ 1 N ZH L—
0 NAE%N( + ) 4( \/1 _I_N
where:
2—21\’
Oy 273, N

Then if B,= Bi for ¢>1 and B, = B and B is any positive constant (which
we take larger than the maximum zero of the fourth Hermite polynomial, say B > 3)
we see that

N
fexp Vf,”’l“”’(dz);fexp 145 g Al—g 2{|Cal < B;) P¥(dz) .

We notice that the decay properties of the matrices (v/CWi)*! as funetions of the
separation between the centres of their indices (which are cubes) discussed at the end
of sect. 2 and the relation between the z variables and the ¢ variables (cfr. end of
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sect. 2) imply that when |{4] < B;, V4 €@,, Vi <N the following bound holds:

| Xa|<ysB, it 4€Q,, k=0,1,..,N

k
where Ek = ZBi and y, is an absolute constant.
=0
This remark implies that we can rewrite the function V{" ) in the form considered
in seet. 4 with the following values for the parameters D, 7, %, ¢, A:

D=4; r=4; %=g; £ =0y
A =6i1+ NPB:,.

Hence if Z, = 2,(y.%) we see that
oyAF,BY_ Bie<3,

for N large enough, say N>N,.
Applying the lemma of the preceding section we see that:

_ Ea o) 2 004
fPW v(de) TT T1 2(ICal < B,)-fexp V" T1 z(164| < By) exp—C5—= =

i=0 Aeg: A€Qy 7

:fP(N—l)(dz)lﬁ TT 2(12a] < B) (expfvgv)P(m(dz)) .

i=0 JdeQ;
-exp |I|22¥7 (2 exp— B3/2 + G4(6A(1 ++ N)22-¥ By BY)*)

where 7€[—1, 1}.
Since:

Ve PWae) = V=D

we realize that the above relation means that:

[ Pt (exp Vi) TT TT 261 < B) =

i=0 deQ;
= exp |I| Y 2% (2 exp—B2[2 + G,(6A(1 + N)%-“‘"B};,AB;)’) 7'
NET,
N,
[ Peoaz) (exp V) T TT #(16al < B) = exp [IB_(1; B) ¥
i=0 deQ;
where 7', ¥e[— 1, 1] and:

=3 229(2 exp — B3j2 + (6A(1 + N)2B5_ B427)2) + Jdow,(1 + No)*Ho(By,) 2.
N=0

The d = 2 case is basically the same as the d = 1 case.
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We now find that, if oy = (27%y)/3!, V™) can be rewritten as:

V= — L3 [0y dH (X ) + Aoy A)2H (X 4) + Aokyyy(d) — 2263yiy(d)]

AeQN

where the coefficients py, vy, vy verify the bounds: 3y, such that

0<uy(d), vyd)<y(N+1) N>0

Proceeding as in the d = 1 case we see that:

N—1
f exp V0 Pode) > | T TT 2(0af < B.) Po-(dz)

d
f(dlegv %([lal < By) exp—{4 :/%:i) exp V¥,

Ag in the d == 1 case it is easy to determine the values of the parameters 4, D, », x, ¢:

0

D=4, r=4, x=3, e=oy, A = 6(1 + 3Ny, 4B .

Hence we can apply the theorem of sect. 5, now taking k = 3, for N large (say
it N>N,). We find:

f(l;;[ X(ICAI < BN))P(N)(dZ)(GXp V(N)) = exp [<VN>T + <(V(2N;)2>T 4 >(V;N;)3>TJ .

~exp |T|G,7 (2 exp— BE[2 + (6-4-(A + 22) Ny, By _,0,)1) 27 .

The caleulation of the gaussian integrals in the (->7 can be explicitely performed

and does not offer particular difficulties to the very patient reader [1]: it is in this

calculation that the properties of the Wick polynomials discussed in sect. 2 (namely
the « Leibnitz formula ») are very useful.

After some labor we obtain that for some constant Gy the r.h.s. of the above
expression can be written as:

exp [I10,7' (2 exp— B2 + (6-4- (A + 42) Ny, B Bl o, ))2ev
-exp {VN(—I) 4 Ww-n L - _ f V-1 W(N~1)P(N—1)(dz>}
where:

WD = 4.622%% T 6@, (N—1):X%X%:

(4,4’)eQn-y
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BW-D = 32¢% ¥ SN —1):25%: +

A0~y

+ %% 3 > PN (XX — 5,0 X%) +

A4,4'€Qn-; d=1or3

A#A"
5
+ Aoy 3 T OO 11X 4
Q- i=1

+ 2%y X > SN -—1)(XLX, — 0,01 X5)
4,8'€Qn-y 1+5=2.6
A+4" 4L.i>0
+ VBey > > 8 (N —1): XL X0, XE,
4,4, 4"€Qu~;  t+i+k<12
A#A"#A"£4 6L k>0

and the properties of the coefficients J are the following: there exist two absolute
constants y;, v, such that:

BN —1)], [N — 1)<y, + N)
[N —1)),  |8AN —1)<yy(1 -+ N) exp— uy 2" |€,— &,
ISSZC')A"{N‘ 1); <7’5(l -+ N)exp— "7’62Nd(§m "EA': 54")

At this point one might become afraid that the expression which we would gef
out of the integration over the (N — 1)-order variables is no longer treatable. How-
ever it is not go: continuing the integrations does not lead to more complicate expres-
sions.

The simplest way fto proceed seems fo formally infegrate over the variables of
order N —1, ..., N— I -+ 1 using the formula given by the theorem of gect. 4 without
checking its applicability and, afterwards, proving by induction that the result so
obtained is indeed correct.

The induetive hypothesis suggested by this procedure is the following [1]: there
exists an absolute eonstant G such that, supposing 4| < B;, V4€Q,;,, 1 =0,1, ...,
N —k:

Jespvon T [ 1T alltal < B Pogas)] =

i=N—k+1b deQ,

N
=expt'[I|G 3 [(A+ A%)toih*2B12%% | 2 exp— B2[2 h? 294]-

h=N—k+1
k
-exp {V(N—Ic) + i(W(N—h,k—h)__. f V1) PWAN—hTe~h) P(N—k)(dz)) -+ z E’(Nwh,k—-h)}
h=1 Q=1
where 77e [~ 1, 1]

WA~ E—R) _ j‘ WA= PE—W(gg) . PA—E+D ()
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and E@-"*-" is given by an expression similar to the one for E¥ " previously
deseribed (in the case % == 1) with the following substitutions:

i) the coefficients 6-(N — h) are changed into coefficients &+(N — h, k— h)
with the same indices. These coefficients verify the relations:

B (N —hy & —R)| <y, (N —h) + 1) (exp— /2 y,252d(...)) - 27/26—0

where # is the degree of the Wick monomial to which §- is the coefficient and d(...)
is the graph distance among the points which are the centres of the cubes which appear
as lower indices. The constant y, can be assumed to be an absolute constant.

ii) the indices appearing in the random variables which are the arguments of
the Wick monomial 2% %47 appearing in BY™" (with Ay, A,, A;eQy_,) will
be changed into A,, A,, A, where

AzDA.L @':1,2,3 Z’ieQN—'k-i-l'

Actually with some patience one could write down explicit expressions for the
above coefficients § (N — &, k— h). This shows that there is no real difference between
the d = 1 and the d = 2 cases: the d = 1 case is technically simpler because in that
case the calculation can be done to first order while in the d = 2 case the calculation
has to be done to third order.

We shall call ¥¥—® the function in curly brackets appearing in the above induc-
tive hypothesis:

pE—n _ ya-mn kz ([W(N—h.k—h)__f W(N—h,h~h)V(N»k)P(N—k)(dz)] 4+ E(N—h.k—-h)) )

h=1

In the next section we shall check the induetive hypothesis.

6. — Checking the inductive hypothesis in the d = 2 case.

To check the inductive hypothesis we would like to apply the theorem of sect. 4
to perform the (& - 1)-th step.

Clearly the polynomial definining V¥ ~® have the form contemplated in sect. 3, 4.
The value of the parameters r, D, =, &, are now, respectively, 12, 12, ygx, oy—;. The
only problem is therefore to find a value for A and to show that, in spite of the sum-
mation over h appearing in V¥, it can be uniformly bounded in N.

To find an estimate for A consider, for instance, the coefficient of A%:X%: in the
sum of the B’s (4 € Qy—,); it is bounded by:

k 1 N
P2 2 (Ut (N =W)oh gy = 702 2ot = O(03y)
4eQy-n
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Similarly the coefficient of A%:X% X3 : is bounded by:

® )
Bry o 3 (=R 2 oxp — /2 y2d(Eay £4)2%D = O(c3 (N —F)) .
= _dc4d

A AN EQn-n

Slightly more complicate is the analysis of the coefficient of A2(:1 X X — :X%:)
which can be estimated by 0 if A= 4" and, if A5 A’, by:

k
const y,42 Y (N — h)o? ——1——w2<k*’l> = O0%_,(N —E)) .

o) F—htl O (k~h)

The remaining coefficients can be estimated in the same way. In this manner
one sees that the inductive hypothesis implies that 4 does not grow beyond some
fied constant A, times (A 4 A%)B2 .. This means that the inductive assumption
implies that the induetion can be pushed one step forward provided N — % is such
that:

— #
(A -+ %) FyAgon_ 3 Bi Bige < 30(717’6 g) .

Since the induective hypothesis had been previously formulated by just applying
the formula of the theorem of sect. 4 without checking if it was really applicable,
it is clear that if we now make one more step the result will be anthomatically con-
sistent with the induective hypothesis with the possible exception of the remainder
term; however from the theorem we obtain a rigorous estimate of the remainder at
the (k -~ 1)-th step and after some long algebra one reaches the conclusion that if G
hag initially been taken large enough the inductive hypothesis, is valid as long as
N — k does not become too small and it is also possible to estimate how small is the N,
such that when N — k becomes smaller than N, the inductive hypothesis is non longer
correct. N, is not an absolute constant but depends only on /.

We do not present here the mentioned algebraie caleulation.

If we denote:

| Py = sup W‘;ﬁlﬁ Elix(JCAK B,)

the validity of the inductive assumption implies the we have found:

fexp v ﬂ TI z(Z4) < B.) P™(dz) = exp vE-(Z, B)|I|

i=0 deQ:

where re{—1,1] and:

E_(3; B)= | V7% + @ % (2 exp — B + (0, 4,B2B3(J + 23))4) 23k
k=0

This concludes the analysis of the upper bound to the ground state energy.
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The above result is not immediately applicable to the derivation of a lower bound.
We have to make some remarks whose interest will be clear in the next section.

An aceurate analisys of the above proof shows that the real property that we have
needed of the covariance was that the decay properties mentioned at the end of sect. 2
were uniform in 7 and N. We could in fact consider a much more general situation in
which the box I is not necessarily paved by ¢, but only by @y and, furthermore, the
2’s of a given order could be allowed to be distributed according to the distribution of
a gaussian Ising model with Dirichlet type of boundary conditions on some given
tesserae.

The caleulation would be essentially the same and, since the decay properties of
the covariances would be uniform in the larger clags of covariances that we are al-
lowing we would find that the gquantity #(1; B). could be faken the same for the
whole class of models that we are now considering.

‘We do not discuss the above statements in detail but we shall have to make use
of them in the sketch of the proof for the existence of a lower bound to the ground
state energy.

7. — Lower bounds., Sketch in the d = 1,2 case.

We first remark that the decay properties of the covariances imply that if B, = B
¢ for 4>1 and EG = B then there is a B such that the relations:

[ X4|<Bi it A€Q,, Vi=0,1,.., N
imply that:
|Cal<B, if AeQ,, Vi=0,1,.., N

This means that the result of sect. 6 implies that:

fexpV(N)H TI 2(1 X < B,) <exp E_(4; B)|I] .

i=0 deQ;

We can now proceed as in [1] and write:

[exp 7P d2) = Jexp v II (H #(1Xa < B) T1 2(1Xal > B) ) PD(d)
D: Cg° = 0 N IeDi AED:

Let us examine a single term of the above sum and call:

7= 1 (1 2(%al < B) TT #(%:] > B)

i=0 ‘4¢D; deD;

2 ~ dnnali di Matematica
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It is natural to consider the regions:

i)N:UA? g)N-—J: U A, iD:*(’DNU‘l)N—l-

AeDy €Dy

We now start integrating with respect to the N-th order variable associated with
the tesserae A ¢ D after fixing the values of the z-variables withi ndices contained
in D as well as those which are not in D but have a nearest neighbour which is in D.
The union of the tesserae of this last type will be abridged in 6M and the meaning
of the symbol oM will make sense in the natural way also for more general sets.

The integration can be performed basically in the same way we did in the case
treated in the last section. There are of course some obvious modifications: in fact
the conditional measure with respect to which we are integrating is a non centred
gaussian measure with the covariance associated to the gaussian Ising model with
zero boundary conditions on oM (cfr. appendix). The already mentioned properties
od decay of the covariances imply that the gaussian variables 24 are centred at a
point which tends to zero with exponential speed (exp — 027d(£4, 9M)) when &4
goes far from the boundary 0M; also the new covariance differs from the old one only
near the 0 M and the difference between two matrix elements with the same indices
tends exponentially to zero on the scale 2~¥ ag the minimum distance from the indices
to the boundary oM tend to grow. Another minor difficulty is due to the fact that
now our functions are no longer naturally written as Wick polynomials, the cova-
riance having changed, again they are «almost» Wick polynomials except when
they contain random variables with indices close to the boundary.

These facts imply that the result of the application of the theorem of sect. 4 will
be, cfr. also the remaks at the end of sect. 5:

(6) 7%(exp 3 VE)(exp PE)(exp 22 D]0(oy ABE)
A€Qn
4acdh

exp G2¥|I|(2 exp— B/2% + (oy 4,BEBR(A + A7)

<where p is some high power, 17%"“” is the expression which would have been obtained
starting from a I of the shape IND and with a free field in which the variables with
index N were distributed with a zero boundary condition on 6M; the V" is:

— Aoy AH (X ) — 22o%un(A)2HAX ) — 220 vy(A) + PBvyg(4) .

The next step is to say that (%) can be majorized by:

S VS (exp— Dyl doy(BY/2)

€Dy D
AeQy

- (exp 27 |Dy_N\Dy|0(Aoy)) (exp G227|I|(2 exp— BY/2 + (1 + 4oy BRBY Y) -

7 P(exp VE ) (exp — Aoy
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This bold step is made possible using the positivity properties of the Hermite
polynomials which allow to make a very strong majorization in the regions where
the fields are high.

Since we shall majorize the remainder terms by their maxima we see that the
integration over the conditions involves only the characteristic funetions relative
to the tesserae inside . The integral:

Jep—2 3 V70 PO g
4Dy N\ Dw

can be estimated by:
(1 4 exp— By/4)"17 [ 70 Poo(az)
and it is now possible to perform the sum over the choices of Dy: the result is:

fexp Vo PO(day< 3. f;z(N"” exp V&Y. Dy -

Dy.Dn—y

-ex] G23N|I|(2 exp — By + (ox4,(1 + 33)33\313’33)4) -

The procedure can be easily iterated and therefore one arrives at the lower bound:

H.(A;B) = E_(4, B) + > 2%exp — B /4 L O(oyN?).
N=0

Appendix: Covariances and their properties.

Let M be a union of A’s in @, and call 9.M the set: {£[34 3¢, AeQy, 4 ¢ M}.

Consider a gaussian field of Ising type with zero boundary conditions on 3M,
with formal density

constex -§( > {ga—aa) oty zj,)
2 (4.4 yeMu M deM

where the first sum runs over the nearest neighbour pairs in M U 9M and zs=0
it Ac oM. '

This field is the gaussian field with covariance:

O = o2 — Doyt

where D, is the second difference operator with Dirichlet boundary conditions

on oM;C is a « M X M » matrix.
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Let I ¢ M be a set which is exaetly paved by §,, then we call € the « I xI » matrix:
Oup=C4p it A del

We are interested in studying properties of the matrices 0%, (¢ when g € (— co, oo).
Let us introduce the following auxiliary matrices A¢, A° with indices in I xI
and (M;I) xM/I) respectively: they are the matrices generated by the quadratic
forms:
ﬂ( D (ea—egP+ mZZzi)
A.4)er <1 4
and respectively:

( (84— 24)* + o Zzit) .
A, 40e(MNI) x (MN\T) 4

Introduce also the maps between E! and R/

(B)p=2 3 2z, AeMI
4 nearegteieigh. 4°

and its adjoint:
(B¥za=2 3 &, Adel

A'el
4 nearest neigh. 47
Then it is easy to see that:

0= Ai— LE* (A)E

Finally let (A,, %), {41, 8, ..y (4, %) be «a Brownian path on @, » which starts
at 4, and stays there a time f,, then jumps to 4, and stays there a time 7, ete. If
denotes the above path define the time spent on the boundary by w as:

M=

flw) = . n,(A4) 8

§i=0

1l

" where n,{4) is the number of neighbours of A which are not in 1.
If W, is defined as

Was= ﬂa]éawe*.l + BHE*AE) 4

where 0, is zero if # and 1 are not nearest neighbours.

Then our starting point will be the representation:

(exp— (O — D)) =3
5= Ag=Andy= A’

% k—1
[TL @t 0(Eut— 0 TT Wa s, 050 — (@ + 1) + 026 + 1)
i=0 =0

valid for Re < 0.
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The C has the simpler representation:

_ = NEM(A, 4"
(exp — Ct)gs = 2 M

thexp—(2(d + 1 + a?)t.
¥=0 k!

Where N2¥(A, A') = number of paths with nearest neighbour jumps joining 4 to A’
and not entering (0M).
These formulae imply that:
(%) [(exp— (C—1— )1) 44| < (exp— C—*t),,, Rel<0
(k%) {(exp— (C1—p t)M,K (exp—C1t),,, Rel<0

which imply integrating over ¢:

1
(0_1—C)AA'
! 1 _

‘(6—1 — C)M;<0M Re{<0.

Next observe that the brownian motion representation for ' implies that the
covariance with Dirichlet Boundary conditions on some set is such that every matrix
elements of it is bounded by the matrix element with equal indices of the covariance
without boundary conditions which is well known to decay as the distance among
the indices grows, exponentially fast.

Hence we deduce from the above that there exist constants §', § such that for
all M, I:

<§AA’ ReC< 0

|02 — &40 <0 exp— 0]6,— &,.]
01— ) 0<8 exp—0}f,— E4

Let now I' be a contour as drawn in the picture:

A,

b N
NG /

A? =3(d +1)for + o 4w.
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Then:
(C9) = L _M% € (—oo, +
a4 = 271 Cc— — 21 A4 ¢ ! OO)

and a similar formula holds for C® This is due to the choice of A2 which is large
enough so that the spectrum of every matrix € and C for all T and M is in the in-
terval [«?, 4°].

By the spectral theorem on selfadjoint operators the functions

fas (L) = (0_1;__5)‘44, ’ }M'(é) = (@ i_ C)M,

are uniformly bounded is a open region containing /" and connected to the left half
plane.

By the Riemann mapping theorem there is a holomorfic funetion which maps
this open region into the unit circle and sends to the origin a chosen point 2z in the
region. Consider such a map & = £(z) and then write the functions f,,(£) and
fA8) in terms of their Taylor series around the origin in & plane.

We can estimate the coefficients using the Cauchy formula taking as integration
contour either a small circle around the origin which we can assume so small that
on it:

[Fa,0E) s |1ax(€)]| <0 exp—067d(4, 4')

or we can take a large circle, so large as to contain in its interior the image of the
contour I". Using the equiboundedness it follows that we can choose between two
bounds for the Taylor series coefficients of the functions that we are studying. If
me choose one or the other possibility in order to minimize the sume of the absolute
values of the terms of the two power series we find that there are on §, §’ such that
for all 1, M:

(O 4l léfm't < exp — §d(d, a7
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