


RELAZIONE

letta e approvata nella seduta del 23 giugno 1977, sulla Memoria di
Grovannt GALLAVOTTI, presentata nella seduta del 14 maggio 1977
dal Socio D. GrarFy, intitolata: Some aspects of the renormalization
problems tn statistical mechanics and field theory.

La teoria costruttiva dei campi, ramo della fisica matematica sviluppa-
tosi soprattutto nell’'ultimo decennio, ha per scopo una trattazione matematica
rigorosa della teoria relativistica dei campi quantizzati. Le gravi difficolta
di questo problema sono state affrontate grado per grado, cominciando dal
caso semplificato di una sola dimensione spaziale e di interazioni polinomiali
fra campi puramente scalari, per poi risalire via via a due, tre dimensioni
spaziali e ad interazioni di piu diretto interesse fisico. Il problema centrale
di tale costruzione consiste nel controllo delle divergenze dovute al numerc
infinito di gradi di libertd insiti nella teoria dei campi: tale problema prende
in fisica il nome di rinormalizzazione e la sua risoluzione euristica ha portato
ai noti successi della odierna elettrodinamica quantistica, che fornisce pre-
visioni in ottimo accordo con l'esperienza.

A tutt’oggi la teoria costruttiva dei campi ha saputo trattare in maniera
esauriente tali problemi, per interazioni scalari polinomiali, in uno spazio-
tempo di due o tre dimensioni. Questi risultati sono stati ottenuti mediante
I'impiego di moderne tecniche di analisi funzionale, e recentissimamente
anche tramite analogie e metodi tipici della meccanica statistica.

In questa Memoria il Prof. Gallavotti affronta il problema della elimi-
nazione delle divergenze con tecniche, che, pur essendo ispirate dalla meccanica
statistica, sono completamente diverse da quelle fino ad ora impiegate. Queste
tecniche permettono di riottenere in maniera notevolmente pili rapida tutti
i risultati finora conosciuti e consentono una comprensione concettualmente
pit semplice e profonda della teoria rigorosa della rinormalizzazione in una
o due dimensioni spaziali,

Riconosciuto I'indubbio valore del lavoro, in un difficile e moderno campo,
la Commissione unanime propone che esso sia accolto per la pubblicazione
tra le Memorie dell’Accademia.

DARIO GRAFFI
CARLO CATTANEO
GIANFRANCO CIMMINO

Memorie, 1978, Vol. XV - Sezione [=. 2



Some aspects of the renormalization problems
in statistical mechanics and field theory

Memoria di GIOVANNI GALLAVOTTI (%

RTASSUNTO. — In questo lavoro vengono introdotti e studiati alcuni processi stoca-
stici non gaussiani la cul teoria presenta difficolta assai simili a quelle degli analoghi processi
che si incontrano nella teoria costruttiva dei campi in due ¢ tre dimensioni spazio-temporali,

La natura dei modelli qui considerati consente una trattazione dei problemi di rinor-
malizzazione assal semplice, concettualmente, e basata su idee e metodi della Meccanica
Statistica classica.

1. INTRODUCTION

We shall discuss two types of models, introduced below, the *“ Bernoulli
hierarchical fields "' and the “Markov hierarchical fields .

The first class of models presents only ultraviolet divergences and they
are well suited to illustrate the mechanism that works to eliminate the ultra-
violet divergences of field theory (d = 1, 2). The second class presents both
ultraviolet and infrared problems which can be treated, in some cases, by
using standard techniques developed in Statistical Mechanics to understand
the thermodynamic limit of the classical rarefied gases.

The mathematical mechanism that underlies the cancellation of the
divergences, both ultraviolet and infrared, appears to be extremely simple
and natural in such models which, in our opinion, contain most of the real
difficulties of the corresponding dimension field theory (cfr. the comments
in sec. 4).

The techniques used below are, of course, inspired by those of references
[1, 2, 23, 3, 4, 5, 6, 7, 8], and we hope that what follows provides a non trivial
simplification of their work if it is regarded as a method of analysis of the
models considered here,

The definition of the models stems out of the following remarks on the
“free euclidean field ”” which is defined as the gaussian random field ¢ over
R#1 with covariance given by the kernel of the operator, on L, (R%)

(1.1) C=(I—A"

where A is the Laplace operator on R4,

(*) Istituto Matematico. Universitd di Roma. Piazza delle Scienze, 7 — 00185 Roma,
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If d >1,C= +oc0,Ee R, and the field ¢ is not normalizable.
One can, however, introduce the fields o™, [1, 2], with covariance:

(I .2) C[Nl g (22N —_— A)_l - (22(N+1) o A}_1

such fields are normalizable since, for some y=> o ,CE'=vy2“""N. define for
e RY

(1.3) A = (2y 2 "
and represent

o0
(1.4) o =2 (2 o,

The random fields s™ have a covariance which can he easily seen to
have the following properties:

i) it decays exponentially on a scale 2%,

ii) it is almost constant in cubes of size 2,

iii) the fields ¢ and s are the same modulo a change in the

length scale:
(1.5) _'yr—;;l(r'i?i)'ﬂ C[EI:I: Z_YCL?IEEN,‘ N=o,r1,---.

This suggests introducing a new type of free field via the following
procedures.

Let Q, be a pavement of R by non overlapping cubic (open) tesserae

Define a gaussian random field on R by assigning a covariance i
which decays exponentially as | £ — 7 | — oo and which is constant as & varies
over the tcsqerae AeQ, and 7 varies in a tesserae A'€ Q,.

Denote 2% this random field (notice that zg) is constant as £ varies
over a Ae Q,) and define Y as the random field with covariance

= — o] ;
(1.6) CH' = Cangne N=o,1,

It is clear that the gaussian field over R4 defined by (1.4) using the
new random variables ™ has the three basic features listed above.

We shall only consider two special choices which correspond to the sim-
plest fields 2.

The first choice (Bernoulli hicrarchical fields) corresponds to choosing
CY) = o when £, 7 do not belong to the same A€ Q).
o The second choice, Markov hierarchical fields, corrcspor;.ds to choosing
Cz; = (covariance of the gaussian Ising model on the lattice Z of the centres
of the tesserae of Q,), £, 7€ 7.

We shall then study the o theory with respect to the above free fields.

It will turn out that the theory presented below is a rigorous version
of the theory of the renormalizationg roup (or, better, of some aspects of it)
in the sense of Wilson [23]. The Fourier transform being here replaced by
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the ““ cell decomposition’
the representation (1.4).

of the field associated with the pavement Q, and

The Bernoulli field is particularly interesting since the recursion formula
introduced in [23] holds rigorously for this model.

2. THE ULTRAVIOLET PROBLEM. DEFINITIONS

Let R4 be the (4 1)-dimensional euclidean space and let (On)N—o be
a sequence of pavements of R%™! with non overlapping cubic tesserae. The
tesserae Ae Qy have sides with length /y.

We shall suppose that the pavements are compatible: i.e. each tessera
Ae Qy is exactly paved by those of Qy,, contained in it.

For simplicity of notation we shall eventually choose Zy=2"%, which
turns out, also, to be the most difficult case.

We define for each Ae Q;,7=o0,1,---, a gaussian random variable
distributed as:

(2.1) (exp — 23) dza [ |=

and these variables are regarded as independent.

Then we assign a sequence (yy)¥_q of positive numbers and define a gaus-
sian random field, “ the free Bernoulli hierarchical field ", as the random
field over R¥! given by:

(2.2) ee=2 X Vzvixa(®) fe Ré

i=0 Ael);

where y4 is the characteristic function of A. We also define:

(2.3) oE = %1 V2 vx2a Ya ()
.N N - —
(2.4) PN = ZD L\ZQ:_ Y2vi%a xa ()

called, respectively, the ‘“ N-th frequency field " and the ‘“ < N-frequency
field ™.

The symbols Pﬂ,f’(nm,an’ will, respectively, denote the probability

distribution of o, cplm, cp[EN'.

Clearly g; and ¢, are independent if £ and 7 do not belong to the same
tessera of Q.

The *“ interaction
is given by:

that we wish to introduce among the above fields

; A
(2.5) V® (p,3) = 4 [ QM. g

I
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where I is a finite region of R# which consists of a finite union of tesserae
of Q,, and:

o [<N]
(2.6) : ‘?IESN“ = “2 CEM .}‘l H, _ft:pg =
2 CLEN

EE

where H, is the fourth Hermite polynomial and:

-~

@) O = [ ol 4 PP (de) = 19 o).

More generally, if x is a random variable with covariance C = E (&%),
one puts:

(2.8) sl =3I EH; (ﬁ)

where H, is the #" Hermite polynomial: Hy=1,H, = x, H, = x — (1/2),
Hy=a*—(3/2) x ; Hy = 22 —3 2% + (3/4).

To imitate the characteristic divergences of field theory we shall choose,
if d=17:

(2.9) vi=log(iyll) i=1 , yo=logl’
or, if d > 1:

(2.10) Y=4"'—41 izt ye=4"

To make the above gaussian fields resemble as much as possible the
“ Euclidean free field ", i.c. the gaussian field with covariance:
400
(2.11) C&™ = (cost) | (1 + KO texpiK (§ —n)di1 K

—0a

one easily realizes that the ratio /; |//; has to be kept as small as possible:
hence the eventual choice /;_,//; = 2.

In the d = 1 case we shall study the following problem: do they exist
E_ and E. such that, for all N:

(2.12) expE. |L| < (exp\fhwll’ﬁfdz)gexp E.|1]
where | I | = volume of the set I?
Because of the independence of the fields relative to different tesserae
of Q, it is enough to study this question in the case 1€Q,, ie. |[I|=1.
In the d = 2 case we shall consider the same question but we shall
replace V&V by:

- I = I
(2.13) VB =Y E)N) o [\’fJNm]m = =T [Vémz]o === 3l [Véms]u

I
2!
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here

I (N2 =
1y (V=L [ P‘N’(dz>—— C ™ dE dy
2! 2

I I I
o 5) ? [V::)N)S]lm oy ? f Vgl\l)a P::]N) (dZ) =

B3 J‘c""*”- CIENECLEN? dE dy d¥
I (N = = =
16) 2Vl = [ P d an,

The choice of the ‘“ counterterms’ comes from a formal perturbation
walysis which turns out to be identical to the usual renormalization theory
, 10] because the Bernoulli hierarchical field with: g*: interaction originates
synman diagrams which present the same divergences of the ordinary: ¢f:
teraction theory over the free Euclidean field.

3. THE ONE DIMENSIONAL BERNOULLI HIERARCHICAL STRING

This case is the simplest.

The lower bound theory is totally trivial: the Jensen convexity inequality
ys that:

1) f exp V§V Py (d2) = exp f VI P, (de) =1

7 the orthogonality properties of the Hermite polynomials.

This remark, however, is too general and does not provide a key for
e search of an upper bound, neither it can be generalized to the d = 2 models:
this last case it would give in fact:

2) f exp VY Py (ds) = exp — - [VE*] ) — 4 Vi

6

«d the r.h.s. of this expression approaches zero as N increases, as it is easily
ecked from the expressions for [\-’f]N)g]m, and [V§"],,, given in the last
ction.

Our first step will be, therefore, to find a lower bound with an alternative
ethod which can be generalized to d = 2 as well as adapted to the derivation

the upper bounds.

We start by remarking that ¢

e (2.3)).

Iaﬂf] is constant over the tesserae of Qg
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It is convenient to normalize ! and introduce the variables:

[=F]

_ Ry — P2 f cAe
(3-3) A (2 CLy or & Qs

which can be expressed in terms of the 2’s: if AeQ,and Ac A;,i=1,2,---

see, b— 1, then: -

Y2vi2a +Z§) Vevesm g 4 ATT Xay

(3.4) Xp=— 25 = —
& |
J .'f' ¥:- | Fk
/2 i
where 1 ; ¥
k—1
(3-5) M=) 2L,

=0 Tk

Using the above remarks and definitions the function V¥ can be conve-
niently rewritten:

(3.6) V¥ = —hox 3 (1 + I Hy (Xa)
Ae N
Acl
where
; 123
(3.7) oy = ‘STN ;

Let B = 3 be a constant to be fixed later and put:
(3.8) By =ByN?,N >1 and By, = B (1 + (log »)?).

where the features of B to be retained are that B, > 3 and B, diverges as A
approaches zero faster than (log X).

Furthermore let us denote y (something) the characteristic function of
the set of fields where the “ something V' is verified and denote:

N
(3.9) B = ITTT % (IXa| <By
i=04ez;
ALT

’I‘h(‘)n, taking /N = Z_N, so that FN — N :

(3.10) [ exp VEY P (d2) = [ exp V) 289 BV () =

I P,

|

"2-{- V-l X

L (0 ) o
AeQxn_y ’ ) P '

y1+N V=

ACT
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We can evaluate the integral in parenthesis by an asymptotic expansion
in A. Before doing this it is useful to remark that:

; e 2, g1, (7 VRX
s+ X —A(14N) u;\H4( ﬁ;n) _,2 dz
(3.11) i || === <Bx])e CoyR T
JT+ N "
R {1 +N)9uNH4': z_::lv N\)\) 2 dz 2
- 2 il TR (I) e de
= 1
e
e | ¥NE] L5
Vi4N

because Hy () > o for |y | > 3. Here as well as in the sequel we shall adopt
the convention that the symbol O, (s), where & is some index, will denote a
function for which there exists a constant C, such that:

(3.12) |Ou(8) | <Cy |5 |,

Hence the above integral can be written, developing the exponential to
second order by the Taylor expansion, if | X | < By_;:

s+ INXY) _p»de
et R

(3.13) t—ao (o 4+ Ny [ 1 T -

=

a3
TN+ Ny?

0, 0 BEN® o ¢ )+ 0L (1) exp—%Bgst

2 don (14+Ny?

=1 —hoy N*H, (X) + O; (0* Bf N o} ¢4
which is identical to:
(3.14) exp 05 (3* Bj ¢ N 63) - exp — doy N? Hy (X)
where ¢ =1 + max 3/2 (1 + N)?oy.
N

Since 405 N? =6y, (1 + (N — 1)) we realize that is has been shown:

(3.18) fcxp VE 8 PV (d2) = (exp —Cy 2 B e N® ok 5% | 1))
. (exp V=D o 0-B piN-2 g,

therefore it follows, inductively, that we can take:
(3.16) E. = —C33"Bge™ Y N oy /5%
o

This method for the estimation of the lower bound can be easily adapted
to obtain an estimate for E, .
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It is useful to remark that the above calculation also prove the existence
of C; such that, if | X | < By:

/N X s+IN X 2 ds
1 —) I—L\I H (%) ('7 <B‘) ZTE
317 [ exp—n(1+ Ny oy H, ) x| <)
< (expC,;2° Bf ™ N*oy) (exp — AN® "NHrl(XDJ ( -;:—‘QFN—XKB ) _Z“,j;_'

With this in mind we look for the upper bound as follows; if Q; N I means
the set of the A's in Q; contained in I, we can write:

N
i) 1= H{Hz(;xal‘>B“H/(|Xal<B‘)}

D, CQ,I“\I i=0 \AeD;
i—l] AEQ:F‘I
and
(3.19) [epv@rru) =3
DC‘;F"Il
. G=0,1, 1D
B e CIENER Dl 0 MI<B;,] exp VIV PP (42
=2 R ach.b

Consider a single term of this expansion and call:

:
Gao)  EO=TI{I[x(%Xs|>B) I 2(%Xa|<By)|
* AEQ,DI

then the integral to be studied is:

(3.21) | 59 B2 (as) -

J { T (exp—oy (1 +N)2H, (X)) %.( B dfj].

AeDy ik

: . - -2 dz,
: f { T (exp—2oy (1 + NP H (Xa)) x( Xa| <By)e ° A}
J | aéDy V=
Ae@Qnnl
We shall first replate Hy (X,) by zero for all the A’s in Dy such that

AcA’eQy, and | Xy | = By, otherwise if Ae Dy, | Xy < By, we replace
T2
it by 5 H4(X4a,): in fact this is possible, for the purpose of obtaining

e Em:
an upper bound, because H,(y) > o0 and increases with y for | | > 3.
We consider, next, those A’s such that | X,|< By but | Xs/|> By,
where A'EQ\ 4, A’> A, In this case we wish to replace, to obtain an upper
bound, H, (X4) by zero. To show that this is possible define:

(24 VNX|

_?.GN(1+N)2H4L i ] z+ N X | e dz
(3.22) J(X>=fe e x(l—},.-l-__T <B.\-)e =
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nd show that, if | X | > By, ] (X) < px where:

3.23) szjx(‘w‘<BN)e'zzl—j
J1 +N &

rovided the constant B is chosen large enough.
In fact, setting:

P [ | SEIEX | o 1 Y &2
1+ N 2 V=

re see that ] (X) < py if :

—
P<Py-— . B

ex 3 Aoy (1 ENP—exp—iey (I +N)32H, 7
P = J P =

nd this can be easily seen to be true if B is chosen large enough.

Finally, if |X,|< By and |Xa]< By,,Ac A’,A’€Qy,, we can
pply the iterative method described for obtaining the lower bound and this
10ws (cfr. Remark at p. 30) that in this situation we can replace to obtain
n upper estimate, — oy (1 ++ N)* H, (X4) in (3.21) by:

3.26) —doy N2 H, (Xa0) + C,2* BS ¢ N® o3

nd this proves the existence of C, such that:

.27) f exp VE? PV (d2) < (expCaX* Bi e N¥ ok /5% |1 ]) -
[ ™exp —x Y ofy N*H, (Xar) P& (dz)
Dps+-+,Dy A'eQny
Dy CQynl
i=0,1,..+,N

here oY, is zero if | Xa/|> By, or it is oy, if | Xa | < By -
The integrand in the above expression is no longer dependent on the

"-frequency variables via the argument of the exponential and the sum over
1e Dy can now be easily performed to get:

..28) {cxp VI PV (ds) < exp C, 2® B o™ N® ok /52 | 1]
[ 7V ep—r 3 ok N*H, (Xa) B (de)
Dgy--- Dy o Alelinay
D;CQini

hich can be iterated.
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Calling ey the argument of the exponential in front of the sum in the
r.h.s.: of (3.28) and proceeding as before we obtain in fact

(3.29) f exp V§¥ PEY < exp (ex -+ ex-y) DZ
Doy Dyogi Dy

[75 (e —2, % oho @) p (@) @ — 17 Hu (%) P @)
€Un-z
where oy _»(A)=o0 if AeDy.,, on_»(A) = oy, otherwise, and p (A) = (frac-
tion of the volume of A occupied by the tesserae of Ry_, which are not
in Dy_y).
To continue the iteration we wish to replace p(A) by 1 if A¢Dy,.
For this purpose call DY ; = (set of the tesserae of Dy, not contained
in tesserae of Dy _,) and %% ; = (number of tesserae in DY_;). Then the r.hs.
of (3.29) can be majorized by

(3.30) exp (ex - ex—1) Z E exp Aoy N2 H, (Byy) ”qu_r

Dy---Dy_g DEX
f"*“ﬂJ IT % (| Xa|>Bx.)exp—2 8: ok_a(A)(N —1)2 H, (Xa) P (d2) -
AeDS, AeQn-2
Then, since |Xa|> By;,AeDY.; implies that |zy|=| yN Xs—

— yN—1 Xa/ |= N By, — JN—1 By, > 3/2 B, N*? if A’oA, A€ Qny,
it follows:

< ol Y ( N2BL: . BEN®)# ..
: = -1/ N— N- N—
(3.31) [(3.30)]<exp(ey +=x Er 2[ exp (hoy_y N” By, — BgN”) sy 4

Yot Ths X
Dg++ Dy_g DX,

; on-2 (A) (N — 1)* Hy (Xa) PP (d2) <

Aelly_s

fim_"” exp — A

= exp (EN = EN--I) .([ + exp O\GI\ g N? BN j — Bg Ns))gti\' =Ly .

f-_.m 2 exp — A ? on_z (A) (N — 12 H, (Xa) pN-2 (dz).

DN—& !

It is now clean that we can iterate this procedure and that we can take
(3-32) E, =C,» B3/ 2“\1
+ E 228V log (1 + exp (Aoy_y N® B&_; — Bj N*)
i
i.e. there exists C, such that we can take

(3-33) L =Ty B,

By expanding to second order, rather than to first order as we just did,
one could find that the upper and lower bounds could be taken proportional
to A* (rather than to 2*(log 2)¥) for small values of A.
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4. THE TWO DIMENSIONAL BERNOULLI HIERARCHICAL MEMBRANE

With the same notations of the one dimensional case we put:

=2, yo=4' , w=L'—&L, ifNZ=1
N-1 3 2
Vi Ix YN
4.1 F — =1 i F oA —— el
(4.1) N2 N =
Kot o
SV oy
= b TN _ 2+ Xa , ,
Xp=—"TrF—— e AeQy,AeQy,AcA".
‘jl_ Yi )2
i=0 YN

We shall rewrite V™V defined in (2.13) as

(4.2) V™ = —xox X 4 Hy (Xa) —2 ok D) iy 2 Hy (Xa) —
AeQy Ay
— e %v* Lo et ¥ s
N VN NQQN N
Before continuing it is useful to remark the following relations:
: i\ 3
(4-3) ON YN — ( N ) o vy = = ox 34 (N)
/N1 4

where, in general, 8, (N) = (1 + FN)’“ — Ik and

N— /, By . i )
(4-4) o e YN-1 ( N ) ox_1 BN_y = 60y 85 (N) N1
T~ I e
' / 3 ,
(4.5) v — (=) af s vii=
/
N-1
2 33 ; 5

which, are easily checked to be valid, without the above special assumptions
on the values of /y and yy.

Let us proceed to the estimation of a lower bound to the integral in (2.12)
which, as remarked in sec. 2, is no longer obtainable as a consequence of
the Jenssen's convexity inequality, as in the d = 1 case.

Define By and 3§ as in the preceding section (cfr. p. 8); the arbitrary
constant B which appears in the definition of the By will be fixed along the
lines of the d = 1 case, when we shall study the upper bound.
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Consider the integral:

(4.6) Y (X) =f dz g ('if—x | < BN)-
¥= J2
exp {—— hox 4 H, (3—:2;h ) — 3ol ux2H, (z_—l;gX ) =T eloue 0P ol

assuming | X | < By .

We wish to proceed as in the d = 1 case, iteratively. However since:

(4-7) st ox /" = + o0 NEOU; IN*<+ oo

we have to evaluate the integral to third order exactly.

This can be easily done with the help of the orthogonality of the Hermite
polynomials which allows to deduce the following relations:

(4.8)" fﬁi flf (1 +T)2H, ( Z )E X ) — T2 H, (X)
J ¥ y1r+7T

(4.8)" [ 2 ey mym, (200X b pag g
B I y1+1

and, if 8, = (1 + I')¥—I*:

8" fe w21 ((1 LI H, (LF‘()):
| jr 4 D
- [% 8, + 68, TH, (X) + 9 8, T* Hy (X) + 48, T? Hy (X) + (I Hy <x>>'3]
48" | o 2 g [N o (PEER
fm y1 +T yr +7T
=48, IH, (X) + 3 8, 'H, (X) + I'* H, (X) H, (X)
i : AT a
(4-8)" | & d ((; 1+ I H, (ﬂ)) .
Y J= y1+7T

5

== (FHq (X>)3 r .3El aq —;1 Az Ss—t | B sz (X>

where the numbers A,,A;, Ay, Ay, Ay, are defined by the development

(4-9) (Hy (X))* = Hyp (X) + 3° +;1 Ay Hy (X).
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It then follows, after some algebra and making use of | X | < By_; and
the relations among wu,v, v given by (4.3), (4.4), (4.5):

10) Y (X) =1 —(doy Hy ++ 2% ok uy Hy + 2% oy vy — A oy vy) +

1 5 g y W g
+?(—2'}.25§48,=+2'6RZG§83H2+2‘9126§821{4 _l"

+ 2. 4036y 8, Hy + 2* o Hf + 22° ck uy He H, +
-‘_-2'4130§IHX31H4+2'37\35:;193\:821'13+27\35§VNH4)'—

1 < 5 .
T (7\3 o Hi + 3° 3, o ‘i‘; A o By Ay I"Ia;.-) i o

0L O B N Y
ere &= 1 -+ max (oy + o% (uy -+ vy) + ok vy) and H; = H; (X).
To express this result in terms of VD 1 corrections define Ay = A

=R (I —9 6 8 Ay, foro<gA<=N—1

Then some more algebra leads to:
11) Y (X) = exp O, (' ¢ Bl 6§ N*) .
exp 2% [Ay— ox-y 4 Hg (X) + A% 1 651 y_1 2 Hy (X) +

5
+ :"ﬂz\l. 1 Glil 1N — }‘i'—] 5?\1_] \":’\'—1] £ tl 4 2 7*?\1 Gi A% (N) Hy,. (X) -+
i=1

+ 42 o} Hy (0
ere the coefficients Ay, (N) verify:
12) | Ay (N) | <C; (1 + N)-
The above relations are what we need to set up a recursive scheme.
Notice, in fact, that if %, () is defined as the smallest integer such that

all 2 = %,(x) one has (1 —9gad,06,)> 1/2 then: 0 <, <} and:

£3) =2 II (1 —92 8,0 V& = ho (M)

h=ho(%)

> notice that %, () = o for & small enough, while /%, (%) oclog & as A —oc.
It is natural to formulate the following inductive hypothesis: for suitably
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chosen constants C,,Cy and for 2 < Z:

(410 [ (exp V™ (9,2 287 P () =
= exp — Oy (| I th: M By e (N — i) ok _ Zﬁii) .
f (exp VI (o, ay) y& " PG (da)-

k-1
I (1433 [+t s im0+

AeQy_z i=o

5
-+ 4"4 Al g E A-;s (N—1i, £)Hy (XA>:|)
and

(4.15) 1B (N — &, B) | SCy (1 + (N —)) .

Using the technique explained to prove the truth of the hypothesis for
# =1, it is simple to check that the inductive hypothesis is true for 4 = 2
provided N — £ = /, (1) where 4, (}) is the smallest among the numbers
£ > hy (A) such that if 2> % then:

(4.16) 8-4BiN ol +8:5:6-C,2° B’} < 2-8-4Bia e < }

this restriction on £ is necessary to insure the positivity of the factors of the
product appearing in the recursive hypothesis. Notice that £, (X)) = o for A
small enough.

After N — 4, (2) iterations we get an integral which can be estimated
by the minimum value of the integrand and one finds that one can take E_ as:

(4.17) BL=—C; 3 MBR A NE okl

NZ=kg(h)

— 8% () log 2 — Mo (&) 4P By — 2* &o (0) 25% (B 0y ey + Vign)-

The reader can check that the coupling constant renormalization (i.e.
the change of %, as £ varies in the inductive argument) is not really necessary:
one could obtain a similar iteration scheme with A, = A at the price of keeping
a term proportional to oX_;H,(X,) togheter with the one proportional to
ox_+Hg(X,a) in the formulation of the inductive hypothesis. The hypothesis
would still be true with some minor modifications of the algebra: this second
approach becomes the simplest in the case, treated later, of the two dimen-
sional Markov membrane and we shall use it in that occasion. A term propor-
tional to ox_;H,(X4) would however ruin the iteration scheme: this is, of
course, the reason of the necessity of the counterterm [V§*]s,.

The upper bound can be obtained by slightly modifying the d =1,
argument.
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One has to be more careful because in that case the linearity of V¥ in A
ras implicitely used and it is no longer true for V.
Let us analyze the expression:

$.18) {(CXP \AR) -ZE(N) PV (dz) = f (exp V™).

N
IT ( IT 1 (| Xa| > Bi)AE_X (| Xa| < B«:)) PEY (ds)

i=0 ZAeD

."
ACT
where we are using the same notations of the d = 1 case.

Exactly the same arguments used in the d = 1 case show that if the
constant B is chosen large enough the above expression is majorized by:

(4-19) exp Oy (" ™ BYN*/57) | T |- f 70 PRV (dz)-
1T exp [A 1onqaH (Xa) +
AeDyoy
AgDy 3

+ 2N_16N_1 nog 2 Hy (Xa) + 2Nt Okt Vit }\:I;q—: ON-1 "":\'—1} :
a
: [1 +8 (4005 2" He (Xa) + 220k DA, (N, 1) Hy, (XQ)] ]
s=1

and the sum over the Dy can be immediately executed to vield the same
expression with 7™ PV (dz) replaced by 7&Y PNV (de).

To continue the procedure let us perform, in fact, one more step; proceeding
as in the former step we now get:

E ..3 o — o - 4 3
exp | T |Oy (0 ™ (o N* BN/R® + ok (N — 1) BY , 75%))-

| 50PN @) - TT fexp—p (A) Pxa on-e 4 Ha (Xa) +
Afmys
N-2

+ lil_e Gi:—» -2 2 Hg (Xa) lir_z 0';:. 2 VN-2 }?\2 G?:J_2 "’;r_a] 2
' [‘ +8p (A) (4 0% 2 Hy (Xa) + 40k Myt Hy (Xa) +

1 b
42"k 3 A (N, 2) Hys (Xa) +43° o 3 Ao (N—1,2) Hy, (Xa]}

where p(A)= fraction of tesserae of Qy_,\Dy_; which are contained in A.
To continue the iteration one would have liked to have p (A) = 1.

This replacement is possible exactly for the same reasons discussed in
the d =1 case (introducing an extra error of the same form of the one found
(in that case) as long as N > £, ().

Memorie, 1978, Vol. XV - Sezione I». 3
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chosen constants C,,C, and for £ < 4:

(4.14) [ (exp V¥ (g, 3)) 287 PE (ds) >

o

k-1

> exp — O, (] INDIPAS:H e™ (N — ) o4 s Zﬁi‘,) :
i=0

f(eXP VAP (e, M) xb P PE (da)-

k—1
I (1483 [4ctkob B+

AeQu_p 1=0

. 5 -
+ 4706k, E Agy(N—7, £)Hyy (Xa)])
§=1
and

(4.15) A (N—, 8| <Cp(1 + (N —).

Using the technique explained to prove the truth of the hypothesis for
£ =1, it is simple to check that the inductive hypothesis is true for 4 = %
provided N — £ = £, (2) where 4, () is the smallest among the numbers
% = iy (M) such that if #= % then:

(4.16) 8:4BiA" 0 +8-5-6-C, 2" B’k < 2-8-4BfN e} < 1

this restriction on £ is necessary to insure the positivity of the factors of the
product appearing in the recursive hypothesis. Notice that £, (A) = o for A
small enough.

After N — £, (1) iterations we get an integral which can be estimated
by the minimum value of the integrand and one finds that one can take E_ as:

(4.17) E.=—C ¥ MBl A Nl —
NZ=kol#)

— 8% £o(2) log 2 — My () 450P Bitoy — A° &g () 2" (BE 6y ooy + Vig0o)-

The reader can check that the coupling constant renormalization (i.e.
the change of ;. as £ varies in the inductive argument) is not really necessary:
one could obtain a similar iteration scheme with &, = & at the price of keeping
a term proportional to ox_; H,(X,) togheter with the one proportional to
on_t Hg (Xa) in the formulation of the inductive hypothesis. The hypothesis
would still be true with some minor modifications of the algebra: this second
approach becomes the simplest in the case, treated later, of the two dimen-
sional Markov membrane and we shall use it in that occasion. A term propor-
tional to o) _;H,(X,) would however ruin the iteration scheme: this is, of
course, the reason of the necessity of the counterterm [V§ %]y, .

The upper bound can be obtained by slightly modifying the d =1,
argument.








































































